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Introduction

Networks have been studied since many years with motivafimm and applications to
classical natural sciences. As typical examples we meitiod-webs, electrical power
grids, cellular and metabolic networks, chemical procgsseural networks, telephone
call graphs, coauthorship and citation networks of scastfinancial networks, ecolog-
ical webs, — and, of course, the World-Wide Web. As S. H. Sttogyrites in his review
article [StrO1]: “The study of networks pervades all of science, from newlolgy to
statistical physics.”

The main goal of these studies is in most cases to charaeteetzvork anatomy — that
IS, to give an accurate and complete description of compfsiems. In this direction
much progress has been made and we refer to standard bookapimtigeory [And91],
[Bol98], [KV02] etc., orto M.E.J. Newman [NewO03] for a sugven recent developments.
However, on p. 224 of [New03] he say$&Ffhe next logical step after developing models
of network structure, (...) is to look at the behavior of misd# physical (or biological
or social) processes going on on those networks. Progregsofiont has been slower
than progress on understanding network structure.”

Clearly, in graph theory, many discrete or combinatorig¢nactions in networks have
been treated. In the monograph [Bol01] an overview is giveam already autonomous
discipline, the theory of random graphs which serves for efiody, e.g., gene networks,
ecosystems and the spread of infectious diseases or campuutsees. Other impor-
tant discrete processes traditionally studied in grapbrthare Markov processes, see
e.g. [Rob03].

In this thesis, we are interested in so caltythamical graphs Here the edges do not
only link the vertices but also serve as a transmission maaiahich time- and space-
depending processes take place. Such problems have bdestud®d by G. Lumer
[Lum79, Lum80], who proved well-posedness of second-omteblems on ramified
spaces. Later J. von Below (see [Bel85] — [BN96]), handléfiision processes in net-
works modelled by polygons. F. Ali Mehmeti in [AMe89], [MRP3&nd other papers
investigated wave equations on different types of netwoBksNicaise also contributed
to the study of elliptic operators on networks. We only ciécB8.1], [Nic88.2], and
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the monograph [MBNO1] on this topic edited by these threda@nst Recently, C. Cat-
taneo studied in [Cat97] and [Cat99] the spectrum of the a@ph on networks, con-
necting it to the discrete Laplacian in graph theory. Shelgsenigroup theory to prove
well-posedness of the problem. For aspects of numericdysisand control theory of
dynamic elastic linked structures we refer to the monogfapB94].

However, there seems to be no systematic treatment of dgrfanamiesses different from
second-order problems. The main goal of the present work psdpose an appropriate
functional analytic setting and to investigate linéansport processesr flowsin net-
works. To do this we use sophisticated semigroup and spéletaretical methods and
refer to [ENOO] and [Nag86] as main references. The resuésrainly based on the
papers [KS04], [MS04] and the preprint [Sik04].

In Chapter 1 we give a short overview on important notatioms gesults from graph
theory that will be used during the treatment of the funaloanalytic problem. We
model the network by directed graphwhere a substance is flowing on the edges in the
given directions and redistributed in the vertices.

In Chapter 2 we discuss transport processes in networksstdtit ramification nodes
More precisely, we require for all times in each vertex that total incoming flow mass
equals the total outgoing flow massiichhoff law) and that the outgoing flow is dis-
tributed on the outgoing edges according to given propastioVe show that the corre-
sponding system of partial differential equations with rympiate boundary conditions
can be rewritten in the form of an abstract Cauchy problem@&aaach) state space. We
prove well-posedness of the system by showing that the lymdigloperator generates a
strongly continuous semigrouf’(t)),., which gives the solutions of our original sys-
tem. Using spectral theory and semigroup methods we willdbe t& describe precisely
the asymptotic behavior @ff’(¢)),., — that is, of the process in the network. In fact, we
prove a dichotomy for the asymptotics of such flows based amzber theoretical condi-
tion on the flow velocities on the edges, see Definition 2.8 'bne case, treated 2.4,
the process converges uniformly towards a periodic flow whmesiod is determined by
the structure of the graph (see Theorems 2.4.8 and 2.4rifh)elother case, s€2.5 we
obtain that the flow always converges (in the strong opetafmlogy) to an equilibrium.
Most of these results are obtained in collaboration with Mardar and T. Matrai (see
[KS04],[MS04]).

We then investigate in Chapter 3 transport processes, whdfree ramification nodes
adynamiccondition is specified. More precisely, the velocity of théat outgoing flow
mass is prescribed as a (weighted) sum of incoming flow quesplus a term depending
on the outgoing flow mass in the vertices. This second termbeamterpreted as a
feedback-controbf the outgoing flow velocities along “imaginary edges” iretgraph
— that is, edges having endpoints in our original graph btinegessarily belonging to
the original edge set. To handle this problem we modify thmigeup approach to
delay differential equations developed by A. Batkai andPtazzera in [BP04]. Again,
we can prove well-posedness by rewriting the problem in dine fof an abstract Cauchy
problem and therefore obtain a semigroup determining thatisns. We then prove
that this semigroup has important regularity propertie® (fheorems 3.3.2 and 3.3.4)
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implying the validity of the “Spectral Mapping Theorem”. Vgaow in§3.4 that if the
semigroup is positive, the stability of the system depemndshe spectral bound of the
so-calledadjacency matrixsee Definition 1.3.6) of the graph obtained by adding the
“imaginary edges” to the original graph, along those thalbeek-control takes place
(see Corollary 3.4.6 and the interpretation below). Fynalle obtain in§3.5 that the
semigroup converges towards an equilibrium if the joinicure of the original and the
“imaginary” graph is strongly connected (see Theorem 3.5.3

In the final Chapter 4 we discuss examples onRaterserandHerschel grapHor the
situation studied in Chapter 2 and compute the converggueedstowards the periodic
flow. We also investigate how this depends on the distributteights of the edges.

In this thesis, we suppose the reader to be familiar withelgrarts of semigroup and
spectral theory from [ENOO]. Furthermore he needs somerepm with the theory

of operator matrices from [CENNO3] and Greiner’s approachlistract boundary value
problems, developed in [Gre87].
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Chapter 1

Some graph theory

In this section we summarize some graph theoretical notiwatswve will use frequently.
Our terminology is common to graph theory, based mainly ennionograph [And91],
but see also [Big93], [Bol98], [CDS95], [God93], or [GRO1].

§1.1 MAIN DEFINITIONS

DEFINITION 1.1.1— LetV = {vy,...,v,} andE = {ey,...,e,} be two disjoint
(finite) sets and~ a function fromE to V x V. The triplet(V, E, i) is called adirected
graph The elements o¥ are theverticesof the graph and the elementstoits (directed)
edgeqor arcs). Here( prescribes the two ordered endpoints of the edges and whaiay t
the edges; connectghe vertices/; andyv,, if G(e;) = (v;,v,). For the sake of simplicity,
a directed graph will be also denoted only @&y We call the graplts, a subgraphof G
induced by the set of verticdg, C V if it is obtained from the vertices i, and all the
edges that connect themdn

DEFINITION 1.1.2— In a directed graph, if the edge is associated with the vertex-
pair (v;, v,), v; is called thetail of e; andyv, is called theneadof e;. The edge; is called
aloopif its tail coincides with its head.

We restrict our investigations to the following type of gnap

DEFINITION 1.1.3— A directed graph is calledimpleif it contains no loops and no
multiple edges (that is, edges connecting the same vextices

From now on we always assume tldats a simple directed graph.

REMARK 1.1.4— Inthe subsequent part of the thesis we often use the noétwork
By that we mean a directed graph on which a dynamical proe¢ss place. Hence we
do not only consider the “static” structure of the graph bsb@ome dynamics on it.
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§1.2 STRONGLY CONNECTED GRAPHS

First we have to introduce the definition of two importantgraheoretical notions.

DEFINITION 1.2.1— A (directed) pathis a sequence of directed, adjoining edges in
G (that is, except the last edge, the head of every edge isitted the following edge).

It can be uniquely defined by a sequence of vertiggs.. ., v;,, such that(vik, le) are
alledges inG for k = 1,...,1 — 1. A (directed) cyclas a directed path defined by the
verticesv;,, . ..,v;, such thav;, =v;,, andv;,,...,v;,_, are all different from each other.

We also can define tHengthof such paths/cycles as the number of their edges. Directed
paths/cycles are callagrtex-disjoinif no two different paths/cycles among them contain
a common vertex.

In every directed grapty we can introduce a relatiafion the se¥ of its vertices which

satisfies the following propertieg;Ev; for each element; € V; for two distinct elements
v; andv,, of V, v;€v, if and only if bothv; can be reached from, andv, can be reached
from v, along directed paths i@

Obviously,£ is an equivalence relation.

DEFINITION 1.2.2— LetVy,V,,... be the partition of the sét of the vertices in7,
induced by the equivalence relatiénwe have introduced above. The subgraphg;of
induced by the setg,, are called thetrongly connected componeiotsG'.

The following definition is natural.

DEFINITION 1.2.3— A directed graph is calledtrongly connected its vertices be-
long to one single strongly connected component — that isgfery two vertices in the
graph there are directed paths connecting them in bothtairsc

Hence, in strongly connected graphs we can find directedszattth directed cycles.

In networks, where the process on the edges is of high impcetave define a special
class of strongly connected components.

DEFINITION 1.2.4— In a network we call a subgragh, of G aninvariant strongly
connected componeittit is a strongly connected component, and there are nosiige
G having tail in and head outside 6f;.

§1.3 GRAPH MATRICES

We now introduce important matrices that can be associatea directed graph (see
[And91, Chapter 3]). Le¥ = {v4,...,v,} bethe setof the verticeB,= {e,, ..., e, } the
set of the edges of our simple directed graphWe first begin with matrices describing
the connection between vertices and edges.in

DEFINITION 1.3.1— Theoutgoing incidence matrip~ = (d);j)nxm of G is defined
by
1, ifthetail ofe;isv;,

i = { 0, otherwise. (1.1)
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Accordingly, we call the edge; anoutgoing edge fov; if ¢;; = 1 holds. Respectively,

we define théncoming incidence matri$* = ( j])nxm by

o = { 1, ifthe head of; isv;, (1.2)

0, otherwise,

and call the edge; anincoming edge foy; if ¢;; = 1 holds.
REMARK 1.3.2— The matrix

S =t — o
is called thancidence matriof the directed grapky.

We also need matrices having the same zero pattern as tdermoei matrices.

DEFINITION 1.3.3— We define theveighted outgoing incidence matia the graph
G as

o = (wi;)nxm (1.3)
with entries
0< wy; < 1
satisfying
w; =0 & ¢, =0, and
j=1
foralli=1,....,n,j=1,...,m.

The name “weighted” comes from the fact that in networks titeesw,; will denote the
weights according that the flow mass is distributed to thgaag edges in the vertices.
Condition (1.4) implying the row stochasticity @f, will play an important role in our
studies.

REMARK 1.3.4— We have N
o~ (qf) =1, (1.5)

w

wherel denotes the x n identity matrix.

PROOF — By a straightforward computation,
_ N T = -
[(I) ((I)w) ]ip B Zgbijij'
j=1

If i # p, from the definition of the outgoing incedence mattixw, . = 0 for all j, hence
[@* (@*)T} _ = 0. If i = pthen by condition (1.4);.w,; = w,;, and so

[ — sy
w ip P P

[qf (@;)T} = iij ~ 1.
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DEFINITION 1.3.5— Theweighted incoming incidence matrix
GREES (uﬁ

Z.j)nxm (1.6)
is defined with entries

Jr
w;; 2> 0

satisfying
w;; =0& gb;; =0.

Note that in this case we do not require any extra conditionthe sum of the weights
Wi

(]
The following class of graph matrices describes the conmesbetween the vertices.

DEFINITION 1.3.6— The matrixA = (a;,),,,,, is called theadjacency matrixf G if

- _ J 1, ifthere exists an edge with tail and head,,
ip = 0, otherwise.

REMARK 1.3.7— An easy computation shows thAt can be obtained from the inci-
dence matrices as .
A=3 (o7) .

DEFINITION 1.3.8— We call a matrixweighted adjacency matriaf G if it has the

same zero pattern as the adjacency mairix
Let G be a network admitting a weighted adjacency matix = (b;,),.,.. Then the

X

entry b;, can be regarded as the weight of the edge connegtiagdv,. Hence, it is
natural to match the weighted incidence matrices of thelgtaphe weighted adjacency
matrix. The next example will play an important role in outtig.

EXAMPLE 1.3.9— Let A be then x n matrix defined as

ijpjo

(A) [ wiw ., ifthe edgee; has its tail inv, and its head in;,
» | 0, otherwise.

(1.7)

Clearly, the matrixA is aweighted transposed adjacency mafox the grapha and
A=ap (o)
holds.

We now cite a result from [And91, Theorem 3.2] that turns oubeé very important for
the subsequent theory.

PrRoPOSITION 1.3.10— A directed graph is strongly connected if and only if its ad-
jacency matrix is irreducible.

As usual, a positive matrik is calledirreducibleif there is no permutation of the canon-
ical basis such that in this basis the matrix has the form

D, 0
D= ’ .
<D2,1 D2,2)
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Hence, this property only depends on the zero pattern of dséiye matrix. Therefore
in the above Proposition 1.3.10 we can substitute the adiggamatrix by any weighted
adjacency matrix.

We also need the adjacency matrix of {ivee graph(see [Bol98, Definition 111.6.15]),
which is roughly the graph obtained froé by exchanging the role of the vertices and
edges (maintaining the directions).

DEFINITION 1.3.11— Them x m adjacency matrixA ; of the line graph ofG is
defined by

(A), — 1, ifthe head of; coincides with the tail o&,,
it= 1 0, otherwise.

In general, we call a matriweighted adjacency matrof the line graph if it has the same
zero pattern aa\ ;.

REMARK 1.3.12— An easy calculation shows that

A= (o) o (1.8)

ExaAMPLE 1.3.13— Asan example for aveighted transposed adjacency maththe
line graph we can take

Ay = (@) @ (1.9)
This will be needed in the proof of the well-posedness of gatesm in Theorem 2.1.5.

Finally, we cite the Sachs Theorem on the determinant of #ighted adjacency matrix
that will be used in Sectiof2.4. We first define a special type of subgraphs.

DEFINITION 1.3.14— A subgraphG, of G is calledlinear subgraphf it is a vertex
disjoint union of (directed) cycles.

Before stating the theorem we have to introduce some nosatio

NOTATION 1.3.15— LetG, alinear subgraph a. We denote by (G ) the number

of cycles inG . Furthermore, ifA , is a weighted adjacency matrix @f W (G) denotes
theweight of the linear subgrapty,, i.e., the product of the weights of the arcs (taken
from the corresponding entries &f,) contained in that subgraph. Lé&t be the set of
linear subgraphs aff having exactly- vertices.

THEOREM 1.3.16 [Sachs Theorem, Theorem 3.1in [CDGT88}] LetA, be ann x
n weighted adjacency matrix of the directed graghThen

det (21 —A,) = 2" +a2" '+ +a, with

o = Y (D)W, r=1,n (1.10)
Gﬁe»cr
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§1.4 GRAPH THEORY VERSUS FLOWS IN NETWORKS ?

In the following two chapters we will discuss several flowgesses in networks. People
being familiar with graph theory certainly know of flows swaghtreated, e.g., in the mono-
graphs [And91], [Bol98] or [Die00]. There, one can think afetwork of roads (modelled
by directed edges) where goods are transported freaueceto asinkpoint. This “flow”

is limited by the transmission capabilities, i.eapacitiesof the arcs. The time consumed
by the transportation process (depending on the lengtleabid-sections and the speed
of the transporting vehicles) is disregarded. The main gotd determine the maximal
quantity of goods displaceable from the source to the sinét,aacorresponding itinerary
of the transportation with the quantity of goods nowhereeexiing the capacity limits.
The famous “max-flow min-cut” theorem of Ford and Fulkersoonf 1962 states that
this maximum amount of flow is equal to the minimum of @lit capacities (that is, of
flow amounts being transportable out of vertex groups coimgithe source but not the
sink). For more recent results on this topic see e.g. [KV0a@r08, Schr03].

In our setting, the flow can be modelled by atgntinuousmaterial distributed on the
directed edges of a network, and no capacities are needezlmaterial is transported
with given (space dependent) velocities and also absarfiitow along the edges is
allowed. The whole transportation process — that is, theiligion of material in the
network — can be described at evegntinuous timenomentt > 0 by space variable
functions on the (parameterized) edges. The question wensmeested in is how the
system behaves farconverging to+oo.



Chapter 2

Flows with static ramification nodes

The physical situation motivating our investigation instichapter is the following. Con-
sider a network (e.g. a closed system of pipe lines or a tigfuvires) in which a sub-
stance is flowing with space depending speed. Along the ealmgesption or creation of
mass may happen, but in each node (vertex) we assume cdi@enfanass in form of
a Kirchhoff law. In mathematical term we describe this sysby the equations

(0 0
auj (tv S) = Cj(s)%uj (tv S) + QJ(S) 'uj(tv S)v s € (07 1)7t > 0,
(F) Uj (07 S) = gj (S) , S € (07 1)7 (IC>
G (1) = wi > dhux (£,0), >0, (BC)
\ k=1
fori=1,...,n,andj =1,...,m.
The network is modelled by a simple, directed grapinaving verticess,...,v, and
directed edges (arcs), . . ., e,,. The arcs are parameterized by the intefval], contrary

to the direction of the flow. Therefore we use the notatigii) for the tail ande;(0) for
the head ot;.

The distribution of the material along an edget timet > 0 is described by the function
[0,1] 3 s — u; (¢, s) for s € [0, 1]. The functions:;(-) are the space dependent velocities
of the flow on each are;, while the functionsy;(-) describe the absorption along the
edges. We arrange them into the diagonal matrices

c1(9) 0 ¢1(9) 0
C(s) := , Q(s) == : (2.1)
0 cm($) 0 qm(s)
We also assume that the absorption functignand velocitiesc; are bounded, that is

belong toL>[0, 1], and in addition that;(s) > ¢ > 0 for almost everys € [0, 1], for
eachj = 1,...,m and some > 0.
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The boundary conditionsBC') depend on the structure of the network and contain the
incidence matrice®* and®~ of the underlying graph, see (1.1) and (1.2). The entries
0 < w;; < 1 of theweighted outgoing incidence matrfgefined in (1.3)) express the
proportion of the mass leaving the vertgxnto the edge;.

Summing up for; = 1,...,m the two sides of the equations in the boundary condition
(BC), we obtain using the condition (1.4) thérchhoff law

S ogui(t,1) =Y 6hu (1,0),i=1,....m, 2.2)
Jj=1 j=1

I.e., in each vertex the total outgoing flow equals to thd totaming flow. This condition
requires that in every vertex there is at least one outgamngedl as at least one incoming
edge.

To treat our probleni /") we rewrite it in the form of an abstract Cauchy problem and
prove its well-posedness using semigroup methods. Forasie botions and techniques
on semigroups we refer to [ENOO]. We then investigate thetspleproperties of the
generator of the solution semigroup. Finally, we givé2ri3-2.5 an accurate description
for the asymptotic behavior of the solutions. This chapgem updated version of results
obtained in collaboration with M. Kramar and T. Matrai ($&€804] and [MS04]).

§2.1 WELL-POSEDNESS OF THE PROBLEM

Our first aim is to write the equatiorig”) in the form of an abstract Cauchy problem on
a Banach space (see [ENOO, Definition 11.6.1]). For this pagowe introduce thstate
spaceof L!-functiong on the edges

X = (L'0,1))™ = (L'[0,1],C™), (2.3)

endowed with the norm
171 =S Wil o fOX £ = (frseees fin) € X.
j=1

Denoting byM,, the multiplication operator with the functiap, we define the operator

d
Cl(S)E + Mth 0
Ay = (2.4)
0 ( )i + M
Cm (S Ts dom

with (dense) domaih

D(Aw) = {f = (fr,. .o, f) € (WH[0,1))™ : £(1) € ran(®y)T}.

1In the following, without further qualification, the poinvauation for functions in.'[0, 1] and the derivative of
functions inW [0, 1] are understood almost everywhere.
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Before proceeding we explain the conditif(l) € ran(®, )" appearing in the definition
of the domain of4,,. The nonzero elements in theh row of the matrix®,, correspond
to the arcs with tail;, and in each column ob,, there is exactly one nonzero entry.
Therefore, the condition

f(1) = (®,) = for somex € C" (2.5)
implies for fixed; that
fi (1) = Wi Ti if Wi £ 0.
Note, that the index is uniquely defined by and the condition;; # 0. If w;, # 0 for
some othek, 1 < k£ < m, then (2.5) implies
fe (1) = wyai,

that is,
£ A

Wik

Wij
This means that the values ffat the pointl on the arcs with the same tail are related by
the corresponding weights.

The boundary conditions&3C') will now be added using twboundary operatord. and
M (see [CENNO3] where this terminology is explained and usedn abstract frame-
work). For that purpose we call

ox .=C" (2.6)

the boundary spaceln the physical interpretation, this is the space of flow snasthe
vertices. Then we define tloaitgoing boundary operatak : X — 0X by

L:=0 ®6, D(L):=(W"[0,1)", (2.7)
whered; is the point evaluation at 1, hence

Lf =@ f(1)for f e (W"'[0,1])™.

REMARK 2.1.1— The operatol is surjective fromD (A,,) to 0.X.

PROOF — Observe thaD (A,,) contains all constant functiorfssatisfying the bound-
ary condition (2.5), i.e.f = (®,) "z for somezr € 9X. The statement now follows from
(1.5). [ ]

The incoming flow will be taken into account by tirecoming boundary operatob/ :
X — 0X,
M:=90"®d, DM):=WH"0,1])", (2.8)

where), is the point evaluation at, hence
Mf =" f(0)for f e (W' [0,1])".

Observe that the equatidnf = M f expresses the Kirchhoff law (2.2) for each vertex.
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After these preparations we are ready to introduce the tgrerarresponding to problem
(F).

DEFINITION 2.1.2— On the Banach space we define the operatdrd, D(A)) as the
restriction of(A,,, D(Ay)) toker(L — M), i.e.,

D(A) == {feD(A): Lf=Mf}, (2.9)
Af = A.f.

By the definitions of the operators,,, L andM one can easily see th@B(C') implies the
conditions in the domain ofl.. Taking f € D(A), we obtain by (2.5) that

f(1) = (@;)Tx for somezr € C”

and
O f(1) = ©* £(0).
By (1.5),
7 f(1) =2 =27 f(0),
hence

J) = () == (2,)" " /(0)
implying (BC'). Therefore the conditions in the domain @dfare in fact equivalent to
(BC). If we write u(t) = (u1(t),...,un(t)) = (u1(t,-), ..., un(t,-)) € (L0,1))™,
then the Cauchy problem

{u(t):Au(t), t>0,
u (0) = ug

with ug = (g;),_, ., IS an abstract version of our original problem. By standamis
group theory (see [ENOO, Theorem 11.6.7]) this problem idlywesed if and only ifA
generates a strongly continuous semigr@figt)),., on X. In this case, the solutions of
(2.10) have the formu(t) = T'(t)uo yielding solutions for F') asu (¢, s) := (T'(t)uo) (s)
for s € [0, 1].

(2.10)

To show the generator property we will use the Phillips teaoas in [KS04, Lemma 2.4]
and recall from [Nag86, Section C-II.1] the definition of gssive operators on Banach
lattices.

DEFINITION 2.1.3— An operatorA on a Banach lattic& is calleddispersivef for
every f € D(A) one hasRe (Af,v) < 0 for somey € X! such that||s)| < 1 and

() =171

Clearly, our state spack = (L![0,1])" as well as our boundary spad&’ are Banach
lattices and, by physical reasons, we expect the solutibfi8 ocorresponding to positive
initial valuesg; to remain positive for alt > 0. In terms of semigroups this means that the
solution semigroup should be positive. We refer to [Nag®B]d systematic treatment,
but recall some basic notions in our concrete situation.

DEFINITION 2.1.4— Let X anddX be the spaces defined in (2.3) and (2.6).
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1. We call a vectorr € 0X positiveand writex > 0 if z; > 0 for all coordinates
i =1,....,n. Wewritez > 0if x > 0andz # 0, i.e.,z has at least one
nonzero coordinate. We callstrictly positiveand writex > 0 if z; > 0 for all 4.
Analogously, we use the same terminology for matrices.

2. A function f € X is positiveand we writef > 0 if f(s) > 0 for almost alls €
[0,1],andf > 0if f > 0 but f # 0 (understood almost everywhere). Furthermore,
the functionf is calledstrictly positiveand denoted by > 0 if f(s) > 0 for
almost every € [0, 1].

3. An operator]’ on the Banach lattic& is calledpositiveif 0 < f € X implies
0 <Tf. Asemigroup7'(t)),», on X is positiveif the operatord’(¢) are positive
forall t > 0. -

Using the notion of dispersivity and Theorem C-I11.1.2 froNBp86], we can show that
the operatord generates a semigroup pdsitiveoperators on the Banach lattiée

THEOREM 2.1.5— The operator(A, D(A)) generates a positive strongly continuous
semigroup(7'(t)),~, on X.

PROOF — Our operatord can be written as the sum

d
cls) - 0 M,, 0

d 0 M,
0 m - qm
Cm(8) 7
We show first thatd. generates a positiv€,-semigroup(7'(t)),-,. For this purpose we
introduce a new, but equivalent lattice norm_gndefined as

m 1
|f5(s)l
1=y [ e (2.11)
]Z; o ¢(s)
Itis clear that
min el 1]l < 1A < max il - £l (2.12)

We are going to prove that., D(A)) is dispersive on the Banach latti¢&, ||-||.). To
verify the required inequality in Definition 2.1.3, it is eigh to consider only functions
contained inD(A) with values inR, because the operatdy. is real. To each real function

..........

{ cj%s)’ |f f] (S) > 0,

0, else.

P; (s) =

Then satisfies all the conditions in the Definition 2.1.3 for thevneorm defined in
(2.11). Now it suffices to prove that

(Acf, ) <0.
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From the definition ofd,. andv we obtain

Af) = Z / ) £ (s ds—Z / e

= ([fOI" = [FO)]" Irn g »
wherelz~ denotes the constamtvector inR™. Furthermore, forf € D (A) we have
Lf=Mfandf (1) eran(®;)" which implies
eTf(1) = ©7f(0),
fa) = (®) «
for somer € 90X = C". Sinced~ (@;)T =1 by (1.5), we have
o (0y) z =2 =" f(0)
and . N .
f)=(2,) == (2,) @7f(0)=ALf(0).
HereA ; has entries

(AL>].I _ { wi;, ife(0) =V = e;(1),

0, otherwise

and is positive column stochastic by (1.4). The maix is actually a weighted trans-
posed adjacency matrix of the line graph — see (1.9) — wherakesb,, = ®*. Contin-
uing the above estimate and using the positivityAgf we obtain

o) = ([Aro] =[O den)
< (ALFOI = [F O 1mn) = (O] Allgn = 1zn) =0

R"’L
by the column stochasticity ok ;. Hence the operatdid,, D (A)) is dispersive on the
Banach latticg{(L'[0,1))™ . |-]|,). Clearly,(A., D (4)) is closed and densely defined.

For the final step we use Corollary 2.2.15 below, which shdvas tesolvent set(A.)
is not empty. Therefore we can use the Phillips theorem frhiagB6, Theorem C-
I.1.2] and obtain thatA., D (A)) generates a positive contraction semigrolit)),-
on (X, |-]|.), hence it a positive bounded semigroup(of ||-| ). -

By the assumptions om;, A, is a bounded real multiplication operator ai hence it
generates a positive multiplication semigraqufit) ), , with ||S(¢)||. < e~* for somew >
0. Since(U(t)),-, is contractive for|-||., we can apply th&@rotter product formulgsee
[ENOO, Corollary 111.5.8]) to the positive semigroups (¢)),-, and(S(t)),-, obtaining

T(t)f = lim [U(t/n)S(t/m)]" f. f € X.

This formula clearly defines again a positive semigrgiigt)),., satisfying the norm
estimate||T'(t)||, < e, t > 0. n
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Observe that in the special case when the velocities on tseaae all constant and equal
and there is no absorption, we even obtain a semigroup ofaxiians for the original
norm.

COROLLARY 2.1.6— If¢; = candg; = Oforall j =1,...,m, then the semigroup
(T'(t)),>, is contractive or( X, ||-|).

PROOF — The estimate (2.12) and the contractivity/ft) for the norm||-||, implies

max; ¢

IT@)] < 7@, <1,

min; [|¢j[
and this is what we wanted to prove. n

We state explicitly our first main result.
COROLLARY 2.1.7— The problen{F) is well-posed.

§ 2.2 SPECTRAL PROPERTIES

In order to obtain qualitative properties of the solutioh$®) , or of the semigroup gen-
erated byA, we now start with a careful analysis of the spectrumiof-or that purpose
we use a perturbation method as proposed in [Nag97] and dinsiader the operator

AO = Aw |kerL7 D(Ao) = {f ebD (Aw) : Lf = 0} (213)

This means that we consider homogeneous boundary corgitibere the right hand side
of (BC) is equal to zero. In fact, by (1.5), the domainAfis simply

D(Ao) ={fe (W"[0,1])": (1) =0}.
To proceed, we will write the resolvent df, explicitly using the following two notations.
DEFINITION 2.2.1— Takej =1,...,mandsy, sy € [0,1]. We set

%2 ds
; = 2.14
7—](517 52) \/Svl C](S) ( )
and = g,(s)
2 q_] S
; = ds. 2.15
o s0) 1= [ 200 (2.15)
We denoter; := Zax, 7;(0,1) andr_ := nin 7;(0,1).
INTERPRETATION — The valuer;(sy, s;) is exactly the time needed to pass on the

edgee; from s; to s, moving with velocityc;(s) at every points € [sy,ss], While
€;(s1,52) Is the rate of the mass gain or loss on this journey resultiom fthe factor
¢;(s). Note that our assumptions on the flow velocity and the altigorfunctions imply
that the integrals in (2.14) and (2.15) are finite.

With these notations, the resolvent 4§ — which exists for every\ € C — can be com-
puted explicitly.
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LEMMA 2.2.2— For every\ € C and with the matrice€’(s) and Q(s) defined in
(2.1), we have

(RO\ A0)f) (s) = / A($)er(0)1C(0) f(o)do, s€[0.1], fEX,  (2.16)

where

ex(s) := diag (e”&/ (@A (0:)) s € [0,1]. (2.17)

REMARK 2.2.3— The expression,(s)e,(o)~! occurring in the resolvent is actually

qu'(u) . o d
ex(s)e(0) ™! = diag (efs Bl >) |
j=L,...m

-----

PROOF — An easy calculation shows that

&\(s) = ex(s) (—Q(s) + \)C(s) ™. (2.18)

Clearly, the function

0,15 5 > g(s) = / Cas)e(o) 1 Clo) (o)do
is contained inD(Ay). By applyingA — Ay to it and using (2.18) we obtain
(A=Ao)g)(s) = Ag(s) = C(s)g'(s) — Q(s)g(s)
= 206 O [ o) Clo f(o)o
+ C(S)EA(S)EA(S)‘10(2)‘11‘(8) — Q(s)g(s)
= [ aBal) 00 o

— O(s)eals) (—Q(s) + A) Cs) ™! / r(0)"'C(0) " f(o)do
) - Q) / er(5)er(0)1C(0) " f(0)do

= 3 [ aBa) o) o

= aw | e (5)er(0) o) (o)

- e (9)er(0) o) (o)

b0 -Q) [ o)) Clo 1o = 1),

using the fact that the diagonal matrices commute.
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For the other direction takg € D (Aq) and compute the formula (2.16) fak — Ay) f.
/ e (9)x(0) o) O — Aof) (0)dor
= [ a@)ai0)"Clo) (450 - 001 0) - Qo) (o)) do
= [ oG a0 A0 - [ o) o

— —e,\(s)/ (e)\(a)_l)lf(a)da—e)\(s)/ ex(o) " f'(o)do

= —as) [alo) " f(0]7Z, = f(s),
where we used (2.18) an{1) = 0. This completes the proof. ]
We also obtain thatl, generates &/,-semigroug7y(t)),-, on X which can be expressed
explicitly. From this formula we see théfy(t)),-, is nilpotent.

LEMMA 2.2.4— Letj € {1,...,m} fixed. With the notations of Definition 2.2.1, let
5(t) € [0, 1] be the location where the flow moves to on the ed@®m the points during
timet < 7;(s, 1). Hence the functiof € C [0, 7;(s, 1)] is defined by; (s, 5(t)) = ¢. Then
the jth coordinate of the semigroufy(t)),., generated by A, D(Ay)) is

&i(:30) £.(5 ' T
aon = { o s T 2ag)

PrROOF — If we write
[ eSO E(5(t)), i 0<t<7i(s,1),
S0, ={ § othermise. (2.20)

we have to prove that,(t) = 7(t) for everyt > 0. Observe thag;(s, -) is continuous
with (s, s) = 0 for everys € [0, 1]. Furthermore, by the continuity of(s, -),

5(0) = sand zlsin% 5(t) = s. (2.21)
From these properties follows th&§(0) f = f and(So(t)),, is strongly continuous in

t = 0.
Since

7 (5. 5()(1) = 73(5,5(w) + 75 (3(u), 5(0)(0)) = w+ £ =75 (5, 5(u+ 1)),

S(u)(t) = §(u+t).
Sofor0 <u+t <7(s, 1),

(Sou+1)f); (5) = €554 £ (3(u + 1)) =
= DS (S0 £ (Su)(1)) = (Salw) (So(1)1)), (5).
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sinceu < 7,(s,1) andt < 7; (5(u),1). If u+t > 7;(s,1), then eithens > 7;(s,1) or
t > 7;(5(u), 1), hence(So(u + 1) f); (s) = (So(u) (So(t)f)); (s) = 0. In the same way
we can prove that

So(u +1t) = So(t)So(u)

also holds. ThugSy(t)),-, is aCy-semigroup onX. Let B, denote its generator. We will
show thatB, = A, by proving that the resolvents of them coincide. By the Vkelbwn
formula for the resolvent of a generator (see [ENOO, (1.@8]have for everyf € X,
sefo,1]andj =1,...,m,

00 7'.7'(571) 5
(RO\ Bo)f), () = / e N (So(t) ), (s)elt = / e NS eI £ (5(1)) .

From (2.16) and (2.17),
J7 b [T hdu 1

1
RN\ Ag)f),; (s) = s et
(RO A, ()= [ o
In the last formula we want to substitute= 3(¢). Therefore we compute

1 %g(tm}z — 3(t)

1 s(t+h) ! ]
$(t+h) —5(t) /g(t) mdU] =¢;(3(1)),

where we used the continuity 6¢-). Hence, substituting the variable= 3(¢) in (2.22)
we have @ = ¢;(5(t))dt = ¢;(o)dt. From this and the definitions ef and¢; we obtain

f; (o) do. (2.22)

= lim
h—0

7j(s,1) B
(B(A Ao)f); (s) = /0 oSS (3(1)) dt = (R(A, Bo)f); (s)-

REMARK 2.2.5— In the case that all the velocities are constdfi,(t));>o is the
weighted translation semigroup

. ef(f qj(erch)dej(S + Cjt), s+ Cjt S ]-7
(To(2)f);(s) = { 0, otherwise. (2.23)

PROOF — From;(s, 5(t)) = t follows that in this casé(t) = s + ¢;t holds. Then
Lemma 2.2.4 implies the result. [

In order to compute the spectrum of the generatave use operator matrix techniques
as developed by K.-J. Engel, R. Nagel, A. Rhandi (see [EngB@jg97], [Rha97]). We
extendA to an operator on the product space

X=X x0X.

For that purpose we first define the operator matrix

Ay = < Ao ) D (Ag) == D(A) x {0}",
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whose part on the closure of its domain

D (Ap) = D(A,) x {0}" = X x {0}" =: &, (2.24)
can be identified wit Ay, D(Ay)).

Using ideas of Greiner [Gre87] we are able to compute thdwesbof .4,. For this we
need the so-calleDirichlet operator(see e.g. [CENNO3]), characterized in the following
two lemmas.

LEMMA 2.2.6— The operatorL |we.(x—4,) iS invertible for anyA € p(A,) = C. We
denote its inverse by

D)\ = (L |ker()\—Aw))_1 . 6X — ker ()\ — Aw) (225)
and call it the correspondin®irichlet operator

PROOF — Observe that the conditions of [Gre87, Lemma 1.2] are fatfifuse Remark
2.1.1), hence. |ker(r—4,,) is @an isomorphism dfer (A — A,,) ontod.X, and the statement
follows. [

In order to determiné,, explicitly we use (2.17) and the notation
E, = 6)\(1) = d1ag (eigj(o’l)Jr)\Tj(O’l)) . = (226)

— diag (exp ( / 1 %d)) -

LEMMA 2.2.7— The Dirichlet operatorD, has the form
Dy =By ()", (2.27)
that is
(Dyz) (s) = ex(s) - [E/\_l(@_)w z foranyz € 0X, s € [0,1].

PROOF — We setN, := e, F, ' (®;) T and obtain
LNy =& ()" =1
by (1.5). We also need to show that
NAL |ker(r=40)= Tker(r—Au)-

Observe, that the kernel of the operator A, is spanned by the vectors

s —45 (o)+A

f(s)= <e 0 THg@ ¥ (E;l)jj aj) for some(a;),_, ,, € C"

satisfying (2.5). This means that
f (1) = (a;) = (®,) "= for somez € OX,

i.e., by (2.17),
f=eakb ' (®,) x= Ny for somer € 0X.

Hence,
Lf = l‘andN)\Lf = NAI‘ = f,

which implies (2.27). [
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A simple computation now yields a formula for the resolveht4y. First we state a
lemma which can be found in [Gre87, Lemma 1.2].

LEMMA 2.2.8— Forevery\ € p(4y) = C we have
D(A,) =ker (A —A,) ® D(A). (2.28)

Furthermore, the corresponding projectionsl/in(A,,) are Dy L|p(a,,) ontoker (A — A,,),
and R(\, Ag) (A — A,,) onto D(Ap).

NOTATION 2.2.9— In the following, the identity operators on the spacésesp.X
will be denoted byl x resp. byZ.

PROPOSITION 2.2.10— Forevery) € C, the resolvent o4, is given by

R(\ Ay = ( R(A(;A‘” % ) . (2.29)

PROOF — For A € C we show that the operator matrix

Ry = ( R(AdAO) % )

defines the right inverse ¢A — Ay, D(A,,) x {0}") on X. We compute formally
A—A, O R(MNAy) D
()\—Ao)'R)\ — < )( ( 0) )\)

L A 0 0
_ < (A= Ag) R(X, Ag) (A= Ay) D, )
B LR (), Ay) LD, '

From the definition (2.25) of the Dirichlet operator followsat (A — A,,) D, = 0 and
LD, = 1. From the definition (2.13) of{, follows thatLR (), Aq) = 0, hence

(A—A0)~RA:<]6( g)zz.

To prove the left-inverse property we compute again forynall

R(\A)) D A=A, 0
Ra-(A— Ay = ( (0 0) OA).( . /\)|D<Aw)x{0}n

_ ( R(A, Ag) (A — Ay) + DaLlpa,) 0 )
0 0/

By Lemma 2.2.8,
R(X, Ag) (A = Ay) + DaL|pa,) = Ipay)-

Using this we have
R - (A= Ao) = Ipa,)x {0}
and this is what we wanted to prove. ]
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In the next step we add the operator matrix

B::(AOJ 8) D(B) := D (M) x 0X

to Ay and obtain an operator oti given by
D(A) = D(A) =D (A,) x {0}",

A, 0
A = A0+B:(M_L 0). (2.30)

REMARK 2.2.11— The part of the operator matri® in & (see (2.24)) is
D(Alx) = D(A)x{0}",

A0
= (20,

Hence it can be identified with the operatbon X.

The extension of the operatdrto the operator matriXd helps to determine the spectrum
of A using a simple perturbation argument (see [CENNO3] for @esyatic exposition
of this approach). As a result,(A) can be determined by a “characteristic equation” in
0X = C". Thisis based on the fact that for every C, the productV/ D, is well-defined
and yields an operator ahX —that is an x n matrix.

PROPOSITION 2.2.12— Let A and A be the operators defined above ahand X,
respectively. Then the following assertions hold.

1. For every\ € C we have

ANeog(A)<= N€og(A)<=1€o(MD,).

2. Forevery\ € p(A) = p(A) the resolvents oft and.A are

R\ A) = (Ix + Dy (1 — MDy) ™" M) R()\, A) (2.31)
and )
R(\A) = ( R(AO’ 4) Dy _OMDA)_ ) . (2.32)

PROOF — Since\ € p(A,) for every\ € C, we can decompose
A—A=X-A—B=(T—-BR(\ Ay)) (A—A). (2.33)

Observe that — A is invertible if and only ifZ — BR (A, Ay) is invertible, and in this
case its inverse is
R\ A) = RO\ Ao) (T — BR(A, Ap) '

By (2.29), we have

T —BR(\ A = ( _MR%’AO) L _?WDA ) . (2.34)
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It is easy to see that this operator matrix is invertible dl amly if 1 — M D, is invertible,
and in this case

. Ix 0
(Z-BR(MNA)) = ( (1—MD,) "' MR(\ Ay) (1—MDy)™" ) '

Hence\ € o(A)ifand only if 1 € o(MD,). From these identities we also obtain the
formula for the resolvent ofi:

R(MA) = ( R(/\dAO) %A ) ' ( (1 _MD/\){)l(MR (A, Ag) (11— ]SDA)_l )

_ (R (A, Ag) + Dy (1 — MDy)"" MR (N, Ay) Dy (1— MDA)_l)
0 0 '

Its upper-left part is obviously the resolventfsince A is the part of4 on X x {0}".
From our computations follows the form given in (2.31). Thius assertions are proved.
]

We now state two consequences for the resolvents and th&)gpectrum oA and.A.

COROLLARY 2.2.13— Theresolvent® (A, A) and R (), .A) are compact for all €
p(A).

PROOF — Observe that the domain dfis contained if{WW-1[0, 1])™ that is compactly
imbedded inX. So, by [ENOO, Proposition 11.4.25], the operatdts\, A) are compact.
Since the other entries d@f (\, A) have finite range, the corresponding statemeni4or
follows from the form (2.32). [

COROLLARY 2.2.14— For A € o(A) andz € 90X the following properties are
equivalent.
(a) MDyzx==x (b) DM (Dyz) = Dyx

(¢) ADyx =ADyx (d) .A(Dam) = )\(Dax)

PROOF — From the above Corollary 2.2.13 follows that the operatérand.A have
only point spectrum (see [ENOO, Corollary 1V.1.19]). Letwno # (5) € D(A) be an
eigenvector of4 corresponding to the eigenvalbe Formula (2.30) obviously implies
that (fy”) is an eigenvector ifand only if = 0 andf € D(A) is the appropriate eigenvector
of A, that is

Af = M.

By Lemma 2.2.6, this is equivalent to the fact that
f = D,x for somex € 0X

such that
Lf=Mf{.

From this we obtain
Lf =LDyx=x= MD)z,
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hence the equivalence @f) and(d) is proved and they implya). If
T = MD)\SC,

then
LDyx =x = MD,zx,

thereforeD,z is an eigenfunction ofl corresponding to\, hence(a) implies (¢). Ap-
plying D, to both sides ofa) implies (b) and by applyingl. to both sides ofb) follows
(a). ]

The operatoM D, appearing in the characteristic equation is actuallyzann matrix
and will play an important role in the following. We write

Ay:=MD, = (2" ®&) (B (®,)") =T E ()"
having entries

—efi(OD)=AG 00 - if v, = e (0) andv, = e; (1),
(Ak)z‘p:{ gme el\s/e 0 e (2.35)

where we used (2.26). It isvaeighted (transposed) adjacency mawix’, as defined in
Definition 1.3.8.

Let us investigate the matriX usingzg.”:1 w;; = 1. If ¢ < 0 for all [, then by (2.15),
the column sums oA, are all less than or equal to Therefore in this casgA, ||, <
|Agl|; < 1for ReA > 0, which implies the following.

COROLLARY 2.2.15— Forevery) € C we have
A€o (A) <= det(1—-A,) =0. (2.36)
In particular, if ¢, < 0 for all [, this implies

A € p(A) for ReX > 0. (2.37)

COROLLARY 2.2.16— If¢; =candg; =0forj =1,...,m, asin Corollary 2.1.6,
we have L
AA = e_?A,

which is a scalar multiple of a weighted transposed adjagematrix A given as

iy . wy,, ifvi=¢;(0) andv, =e; (1),
(A)sp = { 0, else. (2.38)
In particular,
Aeo(Ad)e=etco (A) . (2.39)

REMARK 2.2.17— Clearly, this matrix is also obtained as

A=t (o)
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and is column stochastic by (1.4). It coincides with the Wwi&g transposed adjacency
matrix (1.7) with®;, = o+,

For the study of the asymptotic behavior of the semigroupegErd byA we use the
spectral bound
Gg:=s(A)=sup{Rer: Aea(A)} (2.40)

of A. In the case of positive semigroups @A-spaces this number characterizes the
exponential growth of the semigroup, see [ENOO, Theorerh.V5]).

REMARK 2.2.18— For thegrowth bound
wo = inf {w € R : 3M,, > 1 such thaf|T'(t)|| < M,e*" forall ¢ >0}

of the semigroup we have
wo=¢q € oa(A), (2.41)

if § > —o0.

This and more subtle spectral propertiesdodnd of (7'(t)),-, will allow us to describe
the asymptotic behavior of the system. -

§2.3 ASYMPTOTIC BEHAVIOR

To obtain results on the asymptotic behavior of the semgrou X, we first restrict
ourselves to networks with strongly connected graphs (ssfanilon 1.2.3). It turns
out (see Lemma 2.3.2 below) that for such graphs our senpgoecomes irreducible.
This fundamental property of positive semigroups and itseguences are systematically
investigated in [Nag86, Chapter C-III.3] and we use theoiwihg characterization.

DEFINITION 2.3.1— A positive semigroup or.}(Q, ), u a o-finite measure, with
generatorA isirreducibleif for all A > s(A) the resolveni(\, A) maps positive nonzero
functions to strictly positive functions.

In the following we will see how the underlying graph struetiwan be related to this
property. By Proposition 1.3.10, the gra@hs strongly connected if and only X, from
(2.35) is irreducible for one/all € R. Using this fact, we can relate the irreducibility of
our semigroup orX to the strong connectedness of the underlying graph.

LEMMA 2.3.2— Letthe graph be strongly connected. Then the semigr@iify))
is irreducible.

>0

PROOF — It suffices to show that fok > g andf > 0, the functionR(\, A) f is strictly
positive. By (2.31) this means that for< f € X

RN\ A) f+Dyx(1—MD)) " MR (X Ao) f > 0. (2.42)

Take an arbitrary\ > . First note that, due to (2.162 (A, Ao) f € X is strictly
positive everywhere except on the largest intefdal- ¢, 1] for which f |q_.q= 0.
Applying M to it we obtain a vectoR™ > d > 0, see (2.8). Observe that under our
assumptions the matrix/ D, = A, is positive and irreducible. From the form (2.35) of
its entries follows by [Sch74, Corollary 1.6.4] that its sprl radiusr (A.,) is a strictly
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monotone decreasing function dkatisfyinglim,_., . 7 (A,) = 0. The positivity yields
r(A,) € o(A,), see [Sch74, Proposition 1.2.3] — thus, being a spectrumtpo{A )
is also a continuous function of the entriesAf hence of\. Furthermore, by (2.41),
1 € 0(Ay) andl ¢ o(A,) for A > §. These facts imply that

r(Az) =1>r(A,) forevery\ > q.

Now from [Sch74, Proposition 1.6.2] follows that — AA)_1 is strictly positive for\ >
g. Hence(1 — MDA)_1 d > 0, and applyingD, to it we obtain a vector of positive
multiples of exponential functions — which is also strigblgsitive, see (2.27). Adding it
to the positive functior (A, Ay) f, we finally obtain (2.42). [

Using the irreducibility of the adjacency matrix, we canygohe following result on the
asymptotic behavior of7'(t)),.-

PROPOSITION 2.3.3— Assume that7 is strongly connected. I, < 0 for all [ =
1,...,m and there exists at least one indgsuch thatg; # 0 (thatisg; < 0 on a set of
positive measure), then< 0, hence the semigrouf’(t)),., is uniformly exponentially
stable. -

PROOF — From Corollary 2.2.15 follows that < 0 holds, hence we only have to prove
thatg # 0. By (2.36) and (2.41) this mearse p(Ay). Let Ay = Ay and letAg»
be the weighted adjacency matrix for= 0 in the case when we replageby 0. From
Proposition 1.3.10 follows that both matrices are irredleciWith the notation of [Sch74,
Chapter 1], from the form (2.15) of; and from (2.35) follows thatA, ;| < |A|, and
there is at least one entry in the first matrix that is strittlys than the same entry in the
second one. Using [Sch74, Corollary 1.6.4] we obtain th@h,;) < r (JAg2|). Since

r (|A0’2|) < ||A072||1 <1,we have thatlet (]_ — AQJ) 7é 0 and sol € P (AQ) |

Because of (2.41), the behavior of the semigr@tift));>o is governed by the constant
q: for ¢ > 0 the flow blows up, while fof < 0 it decays exponentially. To obtain a finer
description, we work with the rescaled semigrdli) := e~%“T(¢). In the following

lemma we summarize the properties(@f(t)).>o which follow directly from those of
(T'(t))e=0-

LEMMA 2.3.4— Therescaled semigroqgf(t))tzo is positive and strongly continuous
on X, and its generatord := A — ¢lx satisfiess(4) = 0 € o(A). Furthermore, if the
graph is strongly connectedl'(t));>¢ is irreducible.

We also obtain that this semigroup is bounded.
THEOREM 2.3.5— Assume that the graph is strongly connected. Then the seapigr
(T'(t))e>0 is bounded onX..

PROOF — From the Banach-Steinhaus theorem follows that it is endagirove that
forallg € X, f € X'there exist¥, ; > 0 such that

(9. T@) )] < Kgp, t 20, (2.43)

whereX’ = L= ([0, 1], C™) is the dual space of . Using the positivity and irreducibility
of the semigroug7'(t));>o and the compactness &f(\, A) (see Corollary 2.2.13) we
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obtain thats(fl) = 0 is a first order pole of the resolvent. By [Nag86, Propositiin
111.3.5] it admits a strictly positive eigenvectér € X’ also for A’. From the form of4
and A’ follows thath is an exponential function, hence we can assume/thatl. Since
A'h = 0, we have thafl"(t)h = h for all t > 0, see [ENOO, Proposition 1V.2.18] and
[ENOO, Theorem IV.3.7]. To prove (2.43), take an arbitriirg X'. Then|f| < |/ f]. - I
From the positivity of the adjoint semigroup follows that

T fI < T < MMl - (TR,

hence
IT(#) flloo < 1 flloe - N1T(E) Plloc = I flloo - NP1l -
From this we obtain

(g, T < lgll, - /]l - Al forallg € X, f € X,

where||h||  is fixed. ]

Having a bounded irreducible semigro((t)),-, with compact resolvent of its genera-
tor, we can use the theory developed in [ENOO, Section V.ar] obtain the following
decomposition of the state spake

PROPOSITION 2.3.6— Letthe graph be strongly connected. Then the followingprop
erties hold for the rescaled semigroup.

1. There is a projectio) : X — X, hence a decomposition
X=X®X,
with X; = ran@Q, X5 = ker () such that
X, :H{fep([x): aaeR:Af:iaf}

and
Xzz{feX: T~(t)f—>0,tﬁ+oo}.

2. Moreover,X, := ker A is one dimensional and is spanned by a strictly positive
eigenvector.

PROOF — Since A has compact resolvent, the first statement is Corollaryl9.2f
[ENOQ].

Using the fact thatl has compact resolvent, we obtain by [EN0OO, Corollary \9] that

all the elements of the (point) spectrumfre poles of the resolvert(\, A) with finite
algebraic multiplicity. Since;(A) = 0 is an element of the spectrum (see (2.41)), the
irreducibility of the semigroup@T(t))tZO implies by [Nag86, Proposition C-111.3.5] that

is an algebraically simple pole and admits a strictly pesigigenvector ford, hence?.
holds.



§ 2.3. ASYMPTOTIC BEHAVIOR 25

It turns out that the following properties of the velocitiae decisive for the spectral
properties ofA and for the asymptotic behavior 6f'(t)):>o.

DEFINITION 2.3.7— We say tha{LDg) [(LIg), resp.] holds if the numbers
{r,(0,1)+---+7;,(0,1) : ej,...,e;, formacycle inG}
are strongly linearly dependejimidependent, respoverQ.

Here, we call a set of numbestrongly linearly dependeraverQ if the quotient ofany
two elements is rational. If this does not hold, the set i©(gjly) linearly independent.
Strong linear dependency immediately implies the next krfgct.

LEMMA 2.3.8— AssuméLDg). Then there exists a real numbesuch that
c(7,(0,1) + -+ +75,(0,1)) € N

foralle; , ..., e, thatformacycleirG.

We now state an important consequence of the cond(tidg).

LEMMA 2.3.9— AssumgLlgy). Then for every fixed > 0 there existp € R arbi-
trarily large such that

p(75,(0,1) + -+ 4+ 7;,(0,1)) — 27| < & (2.44)
forall e;,,ej,, ..., e, forming a cycle inG and for an appropriaté € Z depending on
the cycle.

PROOF — By simultaneous Diophantine approximation, see e.g. [d?6oposition V.
55], for any set of real numbets, . . ., (; containing at least one irrational number and
for anye > 0, there existg arbitrarily large such that

lg- ¢ — 1l <e (2.45)

forallv =1,..., k and for appropriaté, € Z. Taking the quotients
7;,(0,1) +--- 4+ 75,(0,1)
7,(0,1) +---+7,(0,1)
for each pair of cyclege;,,...,e;,} and{e;,,..., ¢, }, by condition(LIg) we find at
least one irrational number among them, say
G m 75,(0,1) +--- 4+ 7;,(0,1)
7,(0,1) +---+7,(0,1)
for the cycles{e;,,...,e; } and{e;,,..., e, }. Then define
_ O+ +7,001)
G = 7,(0,1) +--- +7,(0,1)
for all cyclesZ, = {e,,,....e,,}, v =2,..., N inG. Letus fixé > 0. The inequality

(2.45) for(y, (s, ..., (v ande = % > ( implies that we can fing arbitrarily large such
that

q 4]
0,1 0,1)) =1, < —
Tll(o,l)+"'+7—lk,(0,1) (Tpl( ) )+ +Tpu( ’ )) 27T

for every cycleZ, = {e,,,...,e,, }, v =2,..., N and appropriate integés. Multiply-
ing both sides by we obtain the desired result. [

In the sequel we will treat the above two alternatives seplra
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§2.4 THE (LDg) CASE

Let us first investigate the characteristic equation (2i138)e case when conditiqi. D)
holds. Using the Sachs Theorem (see Theorem 1.3.16) andrtheof the entries oA ,
given in (2.35), we can easily prove the following.

PROPOSITION 2.4.1— The determinandet (1 — A ) has the form

det 1—Ay))=14+a1(N)+--+a, () (2.46)
with
r p
- -711(0,1
aN) =Y (1" > I (wj-e ez T )>.
p=1 Kyt tkp=r j=1
Z1 e

Here the second sum runs over all positive inteders . ., k, having sumr such that
there exist vertex disjoint cycles,, .. ., Z, in the graphG havingk,, ..., k, vertices,
respectively. The numbets are defined as

— - 0.1
wj = H Wiy eSO

ekEZj
wherew,, # 0 is uniquely determined by, in the cycleZ;.

PROOF — We have to apply Theorem 1.3.16 in the case 1. To compute the coef-
ficientsa, = a, (A) from (1.10) we have to take the sum over s@fscontaining vertex
disjoint unions of cycles such that the sum of the verticethese cycles is at most
The weightlV (G,) is the product of the entries &, corresponding to the edges in the
cyclesinG,, see (2.35). [

In the case conditioriZ Dg) holds we even have a simpler form for this determinant
occurring in the characteristic equation. Let us fix a numbabstained in Lemma 2.3.8.
We can take the greatest common divisor

[(c) :=ged {c(75,(0,1) + - +75,(0,1));ej,,...,e;, formacycle inG}

and observe that the fractidfﬁcﬁ) does not depend on the special choice.ofherefore
the number

= @ (2.47)
is well-defined. This leads to the following expression fog termsz,. () in (2.46):

T

p
M= (17 Y Jlw- (™" (2.48)
p=1 ke thp=r j=1
Z1yoiZy

with
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Figure 2.1: The spectrum of in the (LDg) case

The form (2.48) implies thatet (1 — A ) can be written as

det (1 — Ay) =p(e™) (2.49)
with a polynomialp. This immediately leads to the following result on the spattrof
A.

PROPOSITION 2.4.2— Suppose that the conditigih. Dy) is fulfilled. Then the eigen-
values of4, hence that ofd, lie on finitely many vertical lines.

PROOF — By (2.36) and (2.49) the zeros pf(e—M) are exactly the eigenvalues af
hence the statement follows fdrand A sinces(A) = o (A) — §. n

We are now able to relate the spectral properties of the geordo those of the semigroup
as already shown in [KS04, Proposition 3.8].

PrROPOSITION 2.4.3 [Circular Spectral Mapping Theorem}- Suppose that the con-
dition (LDg) is satisfied. Then the semigro{p (¢)).>, satisfies the so calledircular
spectral mapping theorerhat is

T-e”(A) =T o(T (t)) \ {0} for everyt > 0,
wherel" denotes the unit circle.

The subsequent proof is based on a result of Greiner and $lp@@&91, Corollary 1.2]
and the following result on almost periodic functions (s€er68] and [Pit37]).

LEMMA 2.4.4— Let h be an analytic almost periodic function in the vertical ptri
Sap = {2€C:a<Rez<b}andh(z) # 0. Thenl/h(z) is analytic and almost
periodic in any stripSi,, 5,) C S(,p). Moreover, ifh (z) = 377 a;e®™, r; € R, then
1/h(z) = > 2, bie* for suitableb;, s, € R in any stripSi,, 5,]-

We prove the statement for the original semigr@iijft)),..,. The result then follows by
0(A) = o(A) — Gando (T (t)) = e %o (T(t)).
PrRooF — The inclusion

L@ T o(T(1)\ {0}
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is the spectral inclusion theorem (see [ENOO, Theorem &}j3hat holds for allCy-
semigroups. Clearly, fot = 0 the opposite inclusion also holds. #f> 0, we have
to prove that for the elemenis € p (A) for which the entire vertical lin®e i + iR is
contained irp (A) , we also have

!Renti®) — ot C (T (t)) U {0}.

In order to show this we use Greiner’'s criterion from [GS9brdllary 1.2]. Take an
elemente’* € T - e'*. We then have to prove that+ i (27/t)Z C p(A) and that the

sequence
N-1 g

Sx Z > R(A+i(2r/t)k,A), N €N, (2.50)

Jj=0 k=—j

is bounded inC (X). The first fact is obvious from the assumption. To prove theriob
edness of Sy ) yon We use ideas from the proof of [GS91, Theorem 3.1]. By (2&2i0)
(2.31), the resolvent ofl is

R(MA) = Dy(1—MDy) " MR()\ A)) + R(\ A) =
— B (®5) (1= AT MR (), Ag) + R(A, Ag).
For the sake of simplicity, we write

R)\ = R()\,Ao),
A = A+ (2n/t) k.

So, Sy has the form
Z Z (E)Vc )\k w (1 —Ay) ' MR, + RM) :
Jj=0 k=—j

We can now estimate its'-norm by

J
Z Z E)we (1 - A)\k) 1MR)\k

J=0 k=—j

zzm

Jj=0 k=—j

ISnlly <

= [1UNly + IVl -

For the estimate of the terffi’y ||, observe first thaR, is the resolvent of the generator
of a strongly continuous nilpotent semigro(t)),-,, as we have seenin Lemma 2.2.4.
For any semigroup?’()),, and its generatad the formula

R(p, A) (1 —e™T(u)) = /Ou e T (s)dsfor u € p(A), u >0,

holds. Take any: > 0 such thatw: > 7;(0, 1) for all j. Then from Lemma 2.2.4 follows
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that7(u) = 0. Using the above formula we obtain that

—Z zj:R (A + (27 /t)k, Ag)

N
=0 kif—j
N z > [feemiee s = [“o(ams e Ty
=0 k=—j
t 27;“’ —Atv t
= 5 on(v)e 3 Ty(3-)dv,
where
1 N-1 g
_ —ivk
=N Z Z e forv € R.
J=0 k=—j
An elementary computation shows that
1 1—cosNv
_ 251
o (v) = N 1—cosv ’ ( )
hencery is periodic with period@r, and
21
v) >0 and/ on (v)dv = 2. (2.52)
0

Choosingu = [ - t for an appropriaté < [ € N, it follows that
Wally <t-t-C

with C := sup {|le™*Ty(s)|| : 0 < s < u} . This estimate is independent &t hence we
only have to continue withjUy |, -

According to Proposition 2.4.2, our assumption implies ti@ zeros of the analytic
functionh () := det (1 — A,) lie on finitely many vertical lines, hende(\) # 0 on a
Strip S(.,5) containing). In the case whe(LDg) holds,2()) has the form (2.49), hence
is a finite linear combination of exponential functions. Tfiéfere we can apply Lemma
2.4.4 forh(\), and using the well-known formula for the entries of the nseematrix, we
have that for\ € S, g

]_ — A)\ ZB[@ASZ

for suitableB, € M,(R),s; € R, and this series converges absolutely. Continuing the
estimate of|Uy f||,, we obtain by using (2.8), (2.16), and (2.17)

U~ Sl =
m 1 1N—l 7 . 0 L

A <A VA o) 3 mear [T, (“)1C(U)‘1f(u)d“> ds
p=1 0 j=0 k=—j 1=0 0

p

m 1] oo J 1
= Z/ Z % Z efp(871)+>\k(51—7'p(5,1)) / ((@;)T qu)+€)\k (u)*l C(u)—lf (u)> du
p=1"0 0

=0 " j=0 k=—j P

ds.
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In order to proceed we introduce the x m matrix

U, = (o) Bt = (¢,

Z])mxm

and obtain for the-th coordinate

|@xs,|
1| & 1 N-1 j m 1
— _ 5,,(3 1 +)‘k S1— Tp S, 1 e )\kTh(O u)—fh U du
/0 ;Njok /0 Z ph cn(u) (W)
1|1 00 m N-1
_ /0 Z Z w}l) hegp(s,l)Jr)\k(slpr(s 1)) /O Z )—Ar7h (0,u) fh (u) du
=0 h=1 j=0 k=—
1 oo m
< / Zz‘w e p(8,1)+A(s1— Tp(Sl))‘X
0 1=0 h=1
1
1 2 1) — 0
X / Ch(u) eﬁh(O,u)—ATh(O,u)o_N < m (TP(87 ) tSl + Th( 7u))) i (u) dul ds
0

o m 1
1
< C, 1/}l eASl / fh u _eﬁh(&u)f)wh(o,u) %
;;‘ ™| 0 ( )ch(u)
2 1) — 0
X / on ( W(Tp(s, ) tSl +Th( ,u))) dsdu
0

with

Crp = max e (HD7AT(L),

s€[0,1]

Using the above properties (2.51) and (2.52) of the functigw), by an appropriate
variable substitution we obtain that

< Oy 27k Z Z Wé,he/\sl} [raln
efh(O,u)—)\Th(O,u)

cn(u) } '

Summing up fop = 1, ..., m and using the definition Q,f)éh we obtain

lUnfll, < Cx-2m- ZZZ

=0 h=1 p=1

|@xh),

with k,, € N and

1

Cyp = cCyrp - max { sup

1<hsm | uefo,)

/1l

( qu)-i-) Asl
h

< Cvomem Y |(@)7 B[ 11,
=0

< Ov2meom|(0)"| [l (fj |5 \@Sl\) £,

ds

ds
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1

-39 -2 -1 ¢ {0 1

VR U(T(t))

Figure 2.2: Circular Spectral Mapping Theorem

with
C)\ = 11%’;{?1(% C)\7p]€p7t.
This completes the proof since the estimate is independe¥it® N. n

The Circular Spectral Mapping Theorem and the above Lem#ha Enply that the spec-
trumo (7 (t)) lies on finitely many circles, where the largest one is the cinile I" (see
Lemma 2.3.4). This immediately allows the following decasition of hyperbolic type

of the semigroup.

PROPOSITION 2.4.5— Suppose that conditiofl Dg) holds and the graph is strongly
connected. Then for the decomposition in Proposition 213t& following assertions are
true.

1. X, and X, are (closed)'(¢)-invariant subspaces.

2. The operators(t) := T(t) | x, form a bounded’;,-group onX;.

3. The semigrouéTN(t) \X2> is uniformly exponentially stable, hence
t>0

IT(t) = S#)llx < Me™*

for some constantd/ > 1, ¢ > 0.

PrROOF — Using Theorem 2.4.3, denote the second largest cirat¢iit)) by ' - e 7
with n > 0. Take anyd > 0 such thato := —n + 6 < 0, then the spectrum of the
rescaled semigroufil,(t)) := (e **T'(t)) does not intersect the unit circle. Hence we
can use [ENOO, Theorem V.1.17] f¢7,(t)) and obtain a decomposition that has the
desired properties for the original semigroup. [

If the graph is strongly connected, our (rescaled) semigisurreducible (see Lemma
2.3.2). The Perron-Frobenius theory for positive irretilecsemigroups (and the com-
pactness of2(\, A)) imply that

0(A)NiR = iaZ for somea > 0,
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where eaclk is a simple pole of the resolvent (see [ENOO, Theorem VI]Jloi f]Nag86,
Section C-l11]). In the following we want to identifyw. The statement (2.41) and the form
(2.49) of the characteristic equation (2.36) imply that= g is a zero ofp(e ") =
det (1 — A,), therefore all the numbers = ¢ + iQw%k, k € Z, are also zeros of
det (1 — A,) — hence eigenvalues af. So we obtain

1
iQﬂ';Z C op(A4), (2.53)

wheres,(A) = o(A) N iR denotes the boundary spectrumAfindeed, we show now
that equality holds in (2.53). For this purpose we need theviing lemma.

LEMMA 2.4.6— LetBg = (b;,);,—, be a positive irreducible matrix having a strictly
positive vector: satisfying
Bo.’lf = X.

Let B denote any matrix obtained froBy, by multiplying each of its entries by a complex
number having absolute value 1, that is

(B)i,p = emi’f’b@p.
Thendet(1 — B) = 0 if and only if

S
[[e" =1
=1

for every sequencg, is, . . ., ig, is11 = 71-

PROOF — Observe first that by similarity transformation, we can assu = 1 :=
(1,1,...,1), hence

Byl =1. (2.54)
By definition, the determinant of anyx n matrixD = (d; ,);,—, can be written as
det D = Z(—l)Sigmdl,w(n a2y dr,7(n)s (2.55)
TeP

whereP denotes the set of all-permutations. Furthermore, any permutation defined as
™ = {(1,7(1)),(2,7(2)),...,(n,7(n))} can be (unambiguously) written as a product
of disjoint cycles of the formiy, is), (i2,43), ..., (is,71). The “if” part now follows by
applying (2.55) to the matrix — B and usinglet(1 — By) = 0.

Suppose now thatet(1 — B) = 0, that is there existg = (v1, . .., y,) such thaBy = y.
Since|B| = By andB1 = 1, we can apply [Sch74, Proposition V.7.4] and obtain

-1

B= By - . (2.56)

That means that
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foralli,p=1,...,n. Computing

S S

s
Wi, yoo_
H biz,iz+1e P = H biz,iz+1 - H biz7iz+17
=1 Yi1

=1 =1

we obtain .
Heiﬁilvil+l =1
=1

for every sequenca, is, . . ., is, is11 = i1, and this is what we wanted to prove.
||

COROLLARY 2.4.7— Suppose thatl Dy) is satisfied and that the graph is strongly
connected. Then the boundary spectiayt) is given by

op(A) = iQWEZ, (2.57)
Y

where~ is defined in(2.47)

PROOF — By (2.53) we only have to prove thatiift € o,(A), theng e %’TZ. By the
characteristic equation (2.36) we have o(A;.is), and by (2.41)] € o(A;). Applying
the above Lemma 2.4.6 f@, = A; andB = A;,ig, and using (2.35) this can happen

only if
ﬁeiﬁm (01) _ 1,
=1
that is .
B> 73,(0,1) = 27 - kg, for somek, € Z
=1
forall Z, = {e;,,...,e;,} forming a cycle in the graph. Takingfrom the definition

(2.47) ofy we have
2 S
¢ kg =c Y m(0,1) € Z
b =
for all cycle Z,, hence

2
c- % ~ged{ky, - Zscycle} =c -,

which implies the desired result. n

Applying now the result of Nagel [Nag84, Theorem 4.3] geheed in [Nag86, C-1V,
Theorem 2.14] we obtain that undet Dg) and the strong connectedness of the graph
the rescaled semigroqﬁf(t))tzo behaves asymptotically as a periodic rotation group on
L' (T') whererl is the unit circle.

THEOREM 2.4.8— Suppose that the conditiqi. Dg) holds and that the graphy is
strongly connected. Then the decompositlon= X; & X, from Proposition 2.4.5 has
the following additional properties.
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1. X, is a closed sublattice oX isomorphic toL! (T").
2. The grou(S(t)),, is isomorphic to the rotation group oh' (I") with period
T = 7 (2.58)
= % ged {e(75,(0,1) 4+ -+ 4 7;,(0,1)) : ¢j,, ..., e, formacycleinG},

wherec is any number such that(r; (0,1) +---+7,,(0,1)) € N for all edges
e, ---,¢j, forming a cycle inG.

PROOF — By Lemma 2.3.4, the semigrouf’(t))>o is irreducible, positive and by
Theorem 2.3.5 bounded. Sineed) = 0 and because of the compactness of the resolvent,
0 is a pole ofR()\,/l). By the above corollary, we also know that there are nonzero
spectral points on the imaginary axis. So, all the hypothe$¢Nag86, C-1V, Theorem
2.14] are fulfilled, and we obtain the statements 1. and teeHalf of 2.

By [Nag86, C-IV, Lemma 2.12 (c)] the perio;dequals%”, wherea € R is determined

by .
o(A)NiR = iaZ.
Due to (2.57), formula (2.58) holds. [

In less technical terms the above result can be expressetiasd.

COROLLARY 2.4.9— Under the assumptions of the above Theorem 2.4.8, the egical
semigroup(7'(t)):>o is asymptotically periodievith period

1 .
7 ==ged {c(7,(0,1) + -+ +7;,(0,1)) s &;,,...,e; formacycle inG}
C

wherec is any number such tha(7;, (0,1)+---+7;,(0,1)) € Nforalle; ,...,e;, that
form a cycle inG.

REMARK 2.4.10— Observe that the period does not depend on the weights on the
edges.

We extend our description of the asymptotic behavior wiielg ) holds to the case when
the underlying graph is not strongly connected. For the sékenplicity, we assume that
all g; = 0, implying that the adjacency matri, is column stochastic, hendec o (A,)
and by (2.37)4 = 0. Using invariant strongly connected components of ourctiée
graph, defined in Definition 1.2.4, we obtain the followinguk for the asymptotics.

THEOREM 2.4.11— Consider aflow in an arbitrary network modelled by the diestt
graphG, and assume thdt.Dg) holds andy; = 0, j = 1,...,m. Then the correspond-
ing rescaled semigroup behaves asymptotically as a diwatt af rotation groups. The
period of these rotation groups are given by the modificatbbthe formula(2.58) for
each invariant strongly connected component/of

PrROOF — By Proposition 2.4.5 we have a spectral decomposikion X; © X, of the
state space such the(t)),., := (7'(t) |x,)e=0 is @ bounded’y-group and7'(t) | x, )i>o
is uniformly exponentially stable. By Proposition 2.3.6,

X, = m{f € D(A) : aﬁeRsuchthaanf:iﬁf}.
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Therefore, ift — 400, the semigroup converges (exponentially) in norm to thended

group(S(t)),-, acting on the closed subspace generated by the eigenviwbizelong

to the imaginary (that is, the boundary) spectrumiofVe want to prove that this limit is
isomorphic to a direct sum of rotation groups with the prqpeniods.

For this purpose we first characterize the spectral valtieso(A), 5 € R. Taking into

account the characteristic equation (2.36), we have tcstigage in which case

1e O’(Aiﬁ)

for somes € R holds.
Observe, that the positive matriX, is similar (via a permutatiorP of the canonical
basis) to a block-triangular matrix, i.e.,

Q 0 ... 0
0 0
P'A\P = Bl Qi ... 0 , (2.59)
B) 0 ... Q)
where the diagonal blocks?, ..., QY are irreducible and if thé, x ko matrix Qg is

non-empty, then at least ori#? is nonzero (see [Sch74, Proposition 1.8.8]). This form
is unique up to permutations of the coordinates within eaafahal block and up to the

order of QY, ..., Qg. It is easy to see that, since the zero-patterns of the reatAg
coincide for every\, the same permutation matriXyields an analogous block-form
Q 0 ... 0
P'A\P = B @ ... 0 for every\ € C. (2.60)
By 0 ... Q)

We now renumber the vertices 6fsuch that the adjacency matricAs have the above
block-triangular form (2.60). Clearly, this does not charige spectral properties we
need. From the block-triangular form (2.60) follows that

q
o (A)) =[]0 (Q)) foreveryr e C.

p=0

We will show that thek, x kg matrices@if for # € R do not contribute to the boundary
spectrum ofA. This means that iAigxr = z, then the firstk, coordinates of: have to
be equal td. Let us first investigate the cage= 0, hence we assum&,z = z. To the
column stochastic matriA, we can apply [Sch74, Corollary of 1.8.4] and obtain that
is contained in the direct sum of the minimaj-invariant ideals irnC". By the proof of
[Sch74, Proposition 1.8.8] this direct sum is exactly theedi sum of the ideals spanned
by the basis vectors that correspond to the blagks . ., Qg. Hence we obtain that the
first ko coordinates of are(. It means that is not in the spectrum of the positive matrix
QY. Furthermore, because of the column stochasticithgfall the column sums of))
are less than or equal to 1, hene@))) < 1. Since at least on®; # 0, the Perron-
Frobenius theorem yields (see, e.g., [Sch74, Proposit8]) thatr (Q)) < 1. From the

form (2.35) of the entries oA , follows that’Qgﬁ = () and using, e.g., the column-sum
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norm we obtain that*( if) = r(QY) < 1. Hencel ¢ a( gﬁ) for all 3 € R and
therefore .

leo(Ap) —=1e|Jo(QY). (2.61)

p=1

Foreactp € {1,...,q}, the irreducible bIocIQ; is the weighted (transposed) adjacency
matrix of a subgrapldz, of GG, which is by [And91, Theorem 3.2] strongly connected.
From the form (2.60) of the adjacency matrix of the whole grédfollows that that there
are no outgoing edges 6f,. HenceG), is aninvariant strongly connected component,
see Definition 1.2.4. This implies that the subspA@eC X of all functions having their
support on the edges @, is invariant under the semigroufi’(t)),>o. We can apply
Theorem 2.4.8 to the restricted positiveeducible semigroup(7},(t));>0 := (T(t) |x»
)i>0. Hence its generatot,, — which is the part ofl in X” — satisfies

o(A,) NiR = i, Z for someq, € R.
By (2.36) we obtain the equivalences
1 €0 (QF) <> iB € 0(A,) <> B = a,k for somek € Z (2.62)

for eachg € R. By Theorem 2.4.8 the semigrom@,(t))tzo converges exponentially to
a rotation group on a subspa&€ of X* having the form

X? =1Tin {f € D(A,) : A f = ia,kf for somek € Z} . (2.63)

The period of the rotation is given by the formula (2.58) fbe tcycles inG,. Since
X? C X; for eachp, we conclude that

V=X & - ®X!CX.

We will show that equality holds, in this way proving that themigroup converges to a
direct sum of rotation groups with the appropriate peridets. this purpose it suffices to
show that if for somes € R and f # 0 we haveAf = igf, thenf € Y. By Corollary
2.2.14 we know that .
Af =ipf <= Ais(Lf) = Lf.
Let L) .= ¢, ®0d1, p=0,...,q, where® ~ denotes the matrix obtained from the rows
of &~ belonging to the vertices that correspond to the bl@gk'n the adjacency matrix.
Similarly, let D§p> = ey B, (®,,)" whered is obtained fromb,, in the same way.
Sincer(QY) < 1, clearly
LOf =0.
Hence there exists € {1,..., ¢} such thatL.®”) f £ 0 and
jSnﬁ L) f= ) f.

Again by Corollary 2.2.14, this is equivalent to the facttttee identity

Ay (DfE)L(p)f) =if (fo?L(p)f) (2.64)
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holds, hences = o,k for somek € Z. Forp =1, ..., ¢ we denote

R if 5= a,l for somel € Z,
P71 0, otherwise.

A simple calculation shows that

q q
f= DL =3 DYy =Y Doy
p=0

p=1
By (2.64),
A, (DB LW F) =iayk, (DHLYf),
and using (2.63) we obtain thite Y. [ ]

§2.5 THE (LIg) CASE

We have seen that conditidih Dg) yields periodic limit semigroups. As we will show
now, this condition is also necessary for the existence oh s nontrivial limit flow.
First we prove that under the conditioh/g) the eigenvalue structure dfis completely
different from the(LDg) case.

THEOREM 2.5.1— Suppose thatLly) holds and that the graply is strongly con-
nected.

1. With the notations of Proposition 2.3.6 we haXig= X;. In particular,

o(A)NiR = {0}.
2. On the other hand,

sup{Re)\:)\Ga(fl), )\7&0} = 0.

PROOF — Letif € o(A). This means, by the characteristic equation (2.36), that
o(Agz4ig). Sincel € o(A;), from Lemma 2.4.6 follows that this happens only if

S
Heiﬁle(Oal) — 1’
=1

hence .
52%(0, 1) =2m - ky, for somek,, € Z

=1
forall Z; = {e;,,...,e;, } forming a cycle in the graph. I§ # 0, this contradict§LIg).

We now prove the second statement by showing that for evafinite” rectangle

R.g={2€C: —e<Rez<e K<Imz} (¢,K>0)
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....................................................................................................

Figure 2.3: The spectrum of in the (LIg) case

we haves(A) N R. x # 0 (see Figure 2.3). Consider the holomorphic functign) :=
det (1 — A,). By (2.36),A € o(A) if and only if L(\) = 0. For every rectangl&. x
we construct a rectangl®’ C R. x such that the curve(0R’) goes around zero with the
multiplicity of the root0. This clearly proves the existence of a roothah ', hence in
R. k.

Fix nowe, K > 0. From conditionLIg) follows that also the set

{r5,(0,1) +---+7;,(0,1) : e, ...,e;, form vertex disjoint cycles i+ }

is strongly linearly independent ov&:. Hence, according to Lemma 2.3.9, for any 0
we can findp > K such that

lp(15,(0,1) +---+75,(0,1)) —27l| <6 (2.65)

forall e;,,ej,, ..., e, forming vertex disjoint cycles id, and for an appropriatee Z
depending on the edge indices. As we have seen in (2.46)ytioéidnA(z) is a sum of

terms of the form
co? (731 (D) +-47;, (0.1))

I

wheree;,, ..., e; form vertex disjoint cycles iid/. For —e < Re z < ¢ we have

P (75, (0475, (0,1)) _ Cez(rj1(0,1)+---+7jk(0,1))’ <

< |C|e€(7j1 (0,1) 4475, (0,1))

ot (731 (O D)+, (0.1)) _ 1) .

By (2.65) and using that the exponential function is holgphiz onC, there exist€' > 0
such that

(T O D447, O) _ gomt| « &g

o1 (Ti1 (O.D)+475, (0.1)) _ 1’ _

for every appropriate indiceg, . . ., ji. S0, there is a constaat for which

|h(z+1ip) —h(2)| < C-§ (2.66)
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holds whenevers < Re 2z < e.

Sinces(A) is discrete, one can find a rectangle

R'c{-e<Rez<e¢}

such that?” N o(A) = {0}. Since0 is a root ofh, the curveh(0R") goes around zero
with the multiplicity of 0. If ¢ is small enough, (2.66) faR’ := R” +ip C R. x implies
that the curveh(OR’) also goes around zero with the multiplicity @f which completes
the proof. [ ]

In case(LIg), not only the periodic limit but also the uniform convergens lost. The
following theorem is the counterpart to Theorem 2.4.8.

THEOREM 2.5.2— Assumé Llq) and that the graplt: is strongly connected. Using
the notation of Proposition 2.3.6;(¢) converges strongly but not uniformly iorx, — the
projection to.X, —on X.

PROOF — The strong convergence on means that
IT(t)f = Prx,fllx — 0 (2.67)

foreveryf € X. By Theorem 2.5.1.1, for the projectighof Proposition 2.3.6.1 we have
ran@) = Xy, SOQ = Prx, which gives (2.67). By Theorem 2.5.1.2 this convergence can
not be uniform. [






Chapter 3

Flows with dynamic ramification nodes

In this chapter we still consider flows in a network, but chatige transmission process
in the nodes. Instead of conservation of mass as in Chaptex @ssume that theslocity
of the outgoing flow mass in the vertices is determined by d¢ted tncoming flow mass.
In addition, we take into consideration a control processaich vertex, depending on the
outgoing flow mass in the other vertices. However, for theessksimplicity, we assume
now that the flow velocities are constant on each edge and theo absorption/inflow.
This problem can be described in the following way. On theesdge choose the same
transport equations (with adequate initial conditionshabe previous chapter.

u; (0,8) = fi(s), s €(0,1),
wheref; € L' [0,1]forj =1,...,m.

{%uj(t,s) = cj%uj(t,s),se(o,l),t>0,

The boundary conditions in the vertices contain again teiidution weights of the out-
going flow — that is, using the notatiartt, s) = (u1(t, s), ..., un(t, s)),

u(t,1) € ran (@;)T, t>0,

where®, = (w;;) theweighted outgoing incidence matas defined in (1.3).

nx

The new boundary condition

0

aéfu (t,1) = ®Fu(t,0)

means that the (sum of the) outgoing flewlocities— and not the total outgoing flow
massas in(BC) in Chapter 2 —is given by the incoming flow mass in each verteWe
assume that different edges have different effects on ttgoog velocities, therefore we
take a weighted sum of the incoming flow mass on the right-lsadel using theveighted
incoming incidence matrig; = (w;;)nxm defined in (1.6).

In the next step we addt@oundary controin the vertices. For this purpose we choose a
control spacéV and a linear control operateéf : W — 0X = C™. Then our boundary

41
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control problem becomes

%@u (t,1) = ®Fu (t,0) + Cw(t).

In the final step we assume that the control functidr) is given by a feedback from the
values of the flow in the vertices. More precisely, we take) = D®u(¢, 1). This leads
to the following system.

Suj(t,s) = ¢LZu;(t,s),se€(0,1), t>0,
Uj (073) = fj (3)7 s € (071)7
(DE) u(t,1) e ran(®;)", t>0,
2 u(t,1) = @lu(t,0)+Bd u(t1),t>0, (BC)
¢ u(0,1) = zeCn

whereB is ann x n matrix.

We can look at the boundary conditiofsC') as adelay equatiorfor the process in the
tails of the edges, that is fab~—u (¢, 1). The time-derivative of this process — that is the
total outgoing flow velocities in the vertices — is deternairey the outgoing flow mass
values atdifferentearlier times. This earlier moment depends on the flow veésat,,
and can be computed for large ast minus the time needed to pass from one endpoint
of the edge to the other. Hence, for the edgehis yieldst — 1/¢;. (If ¢ is small, then
instead of the outgoing flow values, the flow mass on the edg@s@0 at placetc; is
taken into consideration). The total outgoing flow mass es¢hearlier times (resp., the
flow mass on the edges at plage) is the same as the mass at timeoming into the
heads of the edges, hengéu (¢, 0). Actually, instead of the simple sum of the incoming
flow masses we take a weighted sum of the incoming mass vatugegecedges written
as®u (t,0). It turns out that this approach leads to a systematic semireatment of
the problem.

§3.1 WELL-POSEDNESS OF THE PROBLEM

We are going to use techniques as developed for partiakeiftal equations with delay
by A. Batkai and S. Piazzera in [BP04]. For this purpose we again the space of
functions on the edges

X =L ([0,1))™ = L' ([0,1],C™),
and the (boundary) space of the values in the vertices
0X =C".

The most significant difference to the situation in [BPO4{hat hereo X does not co-
incide with the “boundary” ofX, that is with C*™ — but has (in most cases) smaller
dimension. As in (2.7), we introduce a “boundary operator’X — 0X by

L = & ® 51,
D(L) := Whti([o,1],C™),
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and the “delay operator”

M = (I):; ® 50
D(M) = W"([o,1],C™),
in analogy to (2.8). Though we calll the “delay operator” as in [BP04], it does not act
on the “history function” (depending on time), but on the tegdalistribution along the

edges. However, since the flow has finite velocity on everyeetite incoming flow is
always delayed with respect to the outgoing flow.

If we take the operator

Cldis 0
A, = ,
0 cm%
1.1 m N\ T
D(Ay) = {f e (WHL[0,1))™ : £ (1) € ran (@}) }
as in (2.4), then the problefiD ') can be written as an abstract Cauchy problem for the
operator
Ay 0
A= (ha) 31)
D(A) = {(i) € D(Ay) xC":Lf:x}
on the space
X =X x 0X.

Indeed,(DE) is equivalent to

u) = Au(t), t>0,
o - )

Xz

in the sense of the following result, proved in [BP04, Canll3.1.4] and [BP04, Propo-
sition 3.1.8].

THEOREM 3.1.1— The systemiD E') admits a solution: with
1. ue C'([0,+00),X)and
2. u(t,-) e Wbt ([0,1],C™) forall t > 0
if and only if (AC P) admits a continuously differentiable solutibh: R, — X. In this

case
ut) = (@itz(f(’t‘,)l)) '

By standard semigroup theory (see [ENOO, Section II.6]pfes that( ACP) is well-
posed if and only if A, D (.A)) generates a strongly continuous semigrougkorior the
well-posedness dfD ') we therefore show that the above operator (3.1) is a gemerato
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In the spirit of Greiner’'s approach to abstract boundaryuegbroblems (see also in
[CENNO3], [KS04], [Nick04.1], [Nick04.2]), we first intragce the so-calle®irichlet
operator

Dy = (L |ker(>\—Aw))71

from 0X toker (A — A,,) (compare with (2.27)). In our situation this becomes

(Dy) (s) = ey (s) - ((@—)Tx) oz €dX,sel0,1],

w

with
exp(% (s—1)) 0
ex(s) = :
0 exp(ﬁ (s—1))

corresponding to (2.17). Again we consider the restrictibA,, to ker L, i.e.,

Ay = Ay, |kerLﬂD(Aw)7
D(A)) = {f€D(A,):Lf=0}={feW"(0,1],C") : f(1) =0}.
This operator Ay, D (Ay)) generates the nilpotent left shift semigralp (¢)),., on X
defined by -

otherwise,

@y = { Peror (32)

see (2.23). We also know that the resolventigfexists for every\ € C — as proved in
§2.2.

We now give a decomposition of — A that turns out to be very useful. In the following
we denote byl then x n identity matrix.

LEMMA 3.1.2— Forany\ € C one has
N A= (3.3)

Iy 0 A — A 0 Ix —D,
—~MR(\ A4) 1 0 MA—B-A, 0 1

with A, := M D, ann x n matrix.
PROOF — Let us denote the operator on the right-hand side of (3.3 bpd write
_ ([ Ix —Dax
s (B ).

Then the conditior{) € D(B) is equivalent to the fact that(’) € D(4,) x C, which
means thatf — Dyz € ker L N D(A,). This is again equivalent td.f = =z, so to
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(/) € D(A), hence the two domains coincide. L&) € D (A). Then

b J;) = ( —MRI)((A,AO) X ) ( A_OAO B A, ) (f _wa)
(Camiay 1) (ComY o)
_ ( (A= Ag) (f — Dxx) )
T \-M(f-Dyx)+(A-B—Ayz

= a6 my) =00 (0)

where in the last equality we uséd\x € ker (A — A,,). Now the proof is complete. m

Using the above decomposition, we obtain the desired wedegness fofAC P), hence
for (DE).

THEOREM 3.1.3— The operator(.A, D (A)) defined in(3.1) generates a strongly
continuous semigrouf (¢)),., on the spacet’ = X x 0.X. Hence, the syste(FE) is
well-posed. -

PROOF — Again, we proceed as in [BP04, Theorem 3.3.1]. SiBcs bounded, using
the bounded perturbation theorem (see [ENOO, Theoremd]).fior the sum

A, 0 0 0
A= 0)+ 6 m).
we may assume th& = 0. From the decomposition (3.3),
A Ix 0 Ay O Ix —D,
T\ -MAT 1 0 A 0 1
Ix —D,
0 1
being an invertible operator with inverse
Ix D,
o 1 )
By similarity, it is enough to prove that the operator
_ ( Ix —Dy Ix Dy
= (0 )Ah )
_ [X _D)\ [X 0 AO 0
- 0 1 ~MA;' 1 0 A

with domainD(C) = D(Ay) x 0X is a generator.
To proceed we compute

Ix —Dy Ix 0\  [Ix+D\MA;' —D,
0 1 ~MAGY 1) ~MAG? 1

= I1+D,

with
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where

D D\MA;' —D,
T\ -MAY 0 )
Using now thatVl = & @4, : W ([0, 1],C™) — 09X is a bounded operator, we obtain
thatM A;' : X — 0X is bounded, hencP is a bounded operator oi. So we have

C=(Z+D) (féo }SO) : (3.4)

Ay O
0 A
with domainD(C) = D(Aq) x 0X generates the strongly continuous semigroup

S(t) = ( To(t) 0 ),tzo.

The matrix

0 etho

We now use a multiplicative version of the Desch-SchappaPeeturbation Theorem
(see [ENOO, Theorem 111.3.1] and [ENOO, Corollary 111.3.4} stated in [BP04, Theorem
1.4.4] for the operato€ in (3.4). For this purpose we tak@;) € L?([0,1],X) and

compute
/ S(1—r) ( ET))dr |
O A ) (e
L (e

(fo To(1 — r)Dy [MA fi(r) = fa(r)] dr )
_fo et= TAOMAolfl( )dr .
If we can show that the vector so obtained belong®tG6), we have that — henceA —

is a generator by [BP04, Theorem 1.4.4]. Using the boundedo\/ A, : X — 90X
we have

g = MAalfl —fg € Lp([O,l],aX)

From (3.2) thejth coordinate can be computed as

1 ! A (—lde;(1—r
[/ TO(I—T)D,\g(T)dr] (-):wij/ e T oy
0 j

1
=41
€j

with w;; # 0 uniquely defined by. From this
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Clearly it follows that

/015(1 —7)D @E;D dr € D(Ag) x 9X = D(C),

hence the proof is complete. [ ]

§ 3.2 SPECTRAL PROPERTIES

To prove asymptotic properties for the semigrdqdp)),., we now describe the spec-
trum of (A, D (A)) and determine its resolvent. -
PrRoPOSITION 3.2.1— For A € C the following characteristic equation holds:
Aeo(A)<= A eo(B+A)).
Here,
A, = MD, = &Fe, (0) (07)"

is aweighted (transposed) adjacency mafs&e Definition 1.3.8) with entries
X )
(A)\) _ w;;e < w;j, if V; = € (O) andvp =€ (1) , (35)
e 0, otherwise.
Moreover, for any\ € p (A) the resolveni? (), A) is given by
[ IDAR(AMB+A\)M+Ix]R(NA)) DyR(NB+A))
(A A) = < R(\B +Ay) MR (), Ag) ROB+A, ) G8

PrRoOOF — We follow [BP04, Proposition 3.2.1]. To compute the resahia )\, we have
to find for (%) € X a unique(!) € D (.4) such that

c-a ()= (L o) = ()
Using Lemma 2.2.8 an@\ — A,,) f = g we obtain that
f=D\Lf+ R(\Ay)g=Dyxx+ R(\ Ay)yg, (3.7)
sinceL f = x. Thereforer has to satisfy the equation
A=B—-A))z=MR(\ Ay g+y,

whereA, = MD, = ®te, (0) (®;)". Furthermore, ifR (A, B + A,) exists, from this
follows
r=R(ANB+A,)MR(NA)g+R(NB+A,)y. (3.8)

Using this and (3.7) we obtain
f=D\RANB+A\)MR(NA)g+ D\RAB+ANy+R(NAy)g.  (3.9)
Equalities (3.8) and (3.9) now imply (3.6) and
Aep(A) <= ep(B+A,),

which is equivalent to the desired characteristic equation n
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From this form of the resolvent we obtain the following prape
REMARK 3.2.2— For any\ € p(A), the resolvent? (A, A) is compact.

PROOF — ltis enough to prove that the entries of the operator ma®i&)(are compact
operators. In the second row this is clear since the entaes tange iC". In the first row,
the second entry also has finite dimensional range contamguae span of exponential
functions. The first entry is the sum of an operator with fibmensional range and
the resolvent of an operator having domain contained’i' ([0, 1], C™) — hence being
compact by [ENOO, 11.4.30 (4)]. [

COROLLARY 3.2.3— The operator(.4, D (A)) has only point spectrum.

SinceB andA , are matrices, we can reformulate the abolaracteristic equatioas
A€ Po(A)=0(A) < det(A\—B—A,)=0. (3.10)

In the next section we will prove useful qualitative propestfor the semigroup that lead
to a finer description of the spectrum.df particularly to a spectral decomposition. Using
the regularity of the semigroup, we will obtain a correspagdpectral decomposition
of the semigroup.

§ 3.3 ASYMPTOTIC BEHAVIOR

In order to study the qualitative (and, in particular, asyotip) behavior of the solutions
of (DE), we first prove a regularity property of the solution semigroWe show that this
semigroup is eventually differentiable, that is, the arbit— 7 () (j;) are differentiable

for t large enough for ever{/;) € X (see [ENOO, Definition 11.4.13]). For this purpose
we first show how the first coordinate of(¢) (i) can be obtained from the second one.

LEMMA 3.3.1— Denoting byr; and m,, resp., the projections frold’ to X and to
0X, resp., we have

{WlT(t) <£>} ()= { [(fD;)T mo T (t — %f)(i)L’ if 1—tc; <r<1,

fi(r +tc;), if 0<r<1-—tc,
forj=1,...,m,and almost all".

ProoF — If (1) € D(A), thenT (¢)(’) defines a classical solution f¢r\C'P), and,
by Theorem 3.1.1, the function 7 (¢)(’) is a solution for(DE) with Lm, 7 (t)() =
mT (t)(1). Itis easy to check that given formula for7 (t)(/) satisfies these require-
ments. Heuristically this means th[aztlT(t)(i)L (r) is the distribution of flow mass on

the edges; at pointr. If 1—tc; <r < 1thatist > % this flow mass is equal to the flow
J

mass that has been at the taikphit timet — 1=". This is exactly the expression in the first

€
part of the above formula, where we have used the conditiGrt) (’;) (1) € ran (®;)".
If 0 <r <1-—te,thatist < %T the flow mass at point is equal to the initial flow
mass at + tc;.
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If () ¢ D(A), we can choose a sequer(cig)nGN
+00. From this follows for every = 1,...,m that

mro(l)],

We have

c D(A) with () — (/) asn —

xT

= [fn]J |[O,17tcj)_> [f]] |[0,17t0j)7 asn — +0o00.

[0,17t6j)

lim T(t)(f") =T (t) (f) (3.11)

n—oo Jj‘n

hence, by the continuity of,

o),

Since the convergence in (3.11) is uniform foin compact intervals, and sinee is

COIItiIIUOUS, we obtain
[(Iw) ”2] (t—l )( ):|
J

(@) mrie-25( 1) (!

Cj Tn

= [f]] |[0,1—tc~7-) .

[0,1—t0j)

J

uniformly for r € [1 — tc;, 1]. This implies that

T ()] e | @0 w70 T(1)] s

uniformly, hence in!-norm on[1 — tc¢;, 1]. However, by (3.11) this limit is equal to

{mT(t) <£)L ll1—te;.115

and this completes the proof. [ ]

We can now prove the differentiability of the semigroup.

THEOREM 3.3.2— The semigroupT (t)),., generated by A, D(A)) is differentiable
for t > 2c withc = —1

ming c;

PrRoOOF — We have to prove the differentiability of the orbits— 7 (¢) (i) fort > 2¢
and every(f) € X. For this purpose fix a vectq/) € X. We will show that both
coordinates o‘rT(t)(i) are differentiable for > 2c. The formula

T(t)(ii) = (i) +A/Ot’7(s)<£)ds (3.12)

holds for anyC,-semigroup, see [ENOO, Lemma 11.1.9]. From the form (3.1)4o¥ve
obtain, applyingr;, to both sides of (3.12),

T () (i) —7+B /Ot T (r) (i) dr + M /Ot mT(r) (i) dr.
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o) i=m7(0)(7)

T

Denoting

this becomes

o(t) ::1:+B/Otv(r)dr+M/0tmT(r) (i)dr.

If £ > ¢, then for everyj = 1,...,mands € [0, 1] the relationl — t¢; < s < 1 holds.
Using Lemma 3.3.1, we obtain

o(t) = v(c)+B/:v(r)dr+M/:<[(@;)Tv(r—1;')})_ dr

ey

= v(c)#—B/ctv('r’)d'r’qu)i/:([(@w)Tv(ﬁ—%)L) i dr.

This formula and the continuity &, > ¢t — v(¢) € X imply that the magc, +o0) >
t — () is even continuously differentiable. Hence, the staterheltts form, 7 (¢) (7).
For the first coordinate we apply Lemma 3.3.1 again and obtain

w(t) == m7T(t) (D = <{(¢;)Tv (t — 1; )L) . fort > c.

-----

Observe that for every € [0, 1], the function(2¢, +0c) 3 ¢ — w(t)(s) is continuously
differentiable. We denote its derivative by

W(1)(s) = L (r)(s).

We have to show that the vector-valued funct{@n, +oc) 3 t — w(t) € (L'[0,1])™ is
differentiable. Let € (2¢, +00) be fixed and take a sequenice | 0. Then

‘w(t i h")(;) —wt)s) w(t)(s)| — 0 for everys € [0, 1]. (3.13)
Clearly,
t)(s) = ([(cpw)% (t— 1= 5)} ) | (3.14)
€ i/
7j=1,....m
and this function is continuous in(and ins), because¢ — =% >t — ¢ > ¢. Thus, for

C

everys € [0, 1] there exish < 9, ;(s) < h,, j=1,...,m, such that

{w@ " hnx}i - w<t><S>L — it + Dy (5))(5)],

Rewriting (3.13), we obtain

[t + 05 (3)) ()], = [(£)(s)];| — 0 for everys & [0,1],
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j=1,...,m. To apply the Lebesgue dominated convergence theoremveltbat from
(3.14),
bt + 0 g (5))()], — [()(s)],| <2 sup [(@;)To( )]. for everys ¢ [0, 1],
reft—c,t+1] J

if n is large enough. We therefore obtain that

w(t+h,) —w(t) d
e a0
J1L0,1]
j=1,...,m,and this is what we wanted to prove. [ ]

As a consequence we have norm continuity of the semigroulafget. It can be found
in many books on semigroup theory, but in our main referenisednly an exercise, see
[ENOO, Exercise 11.4.21(1)]. Therefore we give a short ffroo

COROLLARY  3.3.3— The semigroug7 (t)),.,, is eventually norm continuous.

PROOF — We will show thatt — 7 (¢) € L(X) is norm continuous fot > 2¢. Since
for every x € & the function(2¢,+o00) > t — 7 (t)x is differentiable, we have that
T(t)x € D(A),t > 2¢, thatisD (A7 (t)) = X, t > 2c. The operatorsA7 (t) are
closed, so by the closed graph theorem we have that they ssebalinded ot’ for

t > 2c. Let nowt > 2c¢ be fixed and take, | ¢. Then

17 (tn) =T Ol gy = sup [T () X = T ()Xl

x| <1
/ AT (s de

/ T(s—1t)AT (t)xds

= sup
Ixli<1

= sup
[Ixll<1 X
< sup [|AT(£)x]|y - sup 1T ()l £y - [t — ¢
se|0,

Ixli<1

= K-|t,—1],

if n is large enough. From this we obtain the statement. [ ]

We even obtain that the operators of the semigroup are cdrfgpdarget.

THEOREM 3.3.4— The semigroup7 (t)),., in eventually compact.

PROOF — SinceR (), .A) is compact by Remark 3.2.2 and— 7 (¢) is norm continu-
ous fort > 2¢ =

that7 (¢) is compact fort > 2c. n

As a first consequence of the above result we observe thaptetr8l Mapping Theorem
from [ENOO, Theorem 1V.3.10] holds, hence the spectral loloaimd the growth bound of
the semigroup coincide.



52 3. FLOWS WITH DYNAMIC RAMIFICATION NODES

Figure 3.1: The spectrum of

PrROPOSITION 3.3.5— For the semigroug7 (t)),., we have
o (T(t)\ {0} =W >0,
and
s(A)=wo (7).

In particular, the semigroup is uniformly exponentiallgiske (v, (7)) < 0) if and only if
the following implication holds:

A — Bx — Az = 0forsome) # x € C" = Re) < 0.

PrROOF — The first equalities follow by the eventually norm contigudf the semi-
group, see [ENOO, Theorem 1V.3.10] and [ENOO, Corollan8I¥1]. The second state-
ment follows from the characteristic equation (3.10) arel fidct that the spectrum of
the generator of an eventually norm continuous semigroupoisded on halfplanes
{A\ : ReX > b} (cf. [ENOO, Theorem 11.4.18]). ]

From the eventually compactness of the semigroup we obtairefspectral decomposi-
tion for the generator.

PROPOSITION 3.3.6— For the spectrum afl the decomposition
U(A):ZUUZCUES
into closed subsets holds with

Yy = o(A)N{AeC:Re\> 0},
EC = a(A)ﬂiR,
Ys = o(A)N{reC:ReX <0}.

Here, ¥y and X are finite. Furthermore, all spectral points are eigenvaweth finite
dimensional spectral projections.
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Figure 3.2: The spectrum @f(¢)

PrROOF — The statement is (i) and (ii) of [ENOO, Corollary V.3.2]. [ ]

Using the spectral mapping theorem from Proposition 38$tields a corresponding
decomposition of the spectrum Bf(t).

COROLLARY 3.3.7— Forthe spectrum of the semigroup operators the decompasiti

o(T(t)) =oy(t)Uoc(t) Uos(t)

holds with
lov ()] > 1,
los(D)] < 1,
loc(t)] = 1
forall ¢ > 0.

Finally, this spectral decomposition implies a decompasiof the semigroup with the
following asymptotic properties.

PrRoPOSITION 3.3.8— There exist subspacas;, Xy and X which are invariant un-
der the semigroup such that = X5 & Ay & X, dim Ao < oo, dim Xy < oo, and

e the semigroufs (t) = 7 (t) |x, is uniformly exponentially stable,

e the semigroup?y; (t) = 7 (t) |«, is invertible and the semigroufZ;; ' (¢)) is
uniformly exponentially stable,

e the semigroup/c (t) = 7 (t) |1, iS a polynomially bounded group, hence has
growth bound) in both time directions.

PrROOF — Using [ENOO, Corollary V.3.2(iii)] we obtain the statement [ ]
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§ 3.4 POSITIVITY

By the physical interpretation of our system as a flow of ¢ersabstance the semigroup
should be positive. As in Chapter 2 this fact will then haveamant consequences for the
asymptotic behavior. We investigate this aspect in ouasibn. We first cite from [ENOO,
Theorem VI1.1.8] the basic characterization for operat@rsegating positive semigroups
(see Definition 2.1.4).

PROPOSITION 3.4.1— Let(A, D(A)) be the generator of a strongly continuous semi-
group on a Banach lattic& .

(i) The semigroup is positive if and only if the resolvé&nt\, A) is a positive operator
for all X\ large enough.

(i) In the finite dimensional case, the semigroup is posithand only if the matrixA
is real and positive off-diagonal.

Based on the above criteria we can characterize the pogibivour semigroup.
THEOREM 3.4.2— If B € M, (C) is real and positive off-diagonal, then the semi-
group(7 (t)),s, generated by.A, D (A)) is positive.

PROOF — We will use Proposition 3.4.1 and show that\, A) is positive for\ large
enough. For this purpose we have to prove that the entridseobperator matrix (see

(3.6))

[D\R (A, B+ A\ M+ Ix]R(\, Ay) D\R(M\B+A))
R} A) = ( R(AA,B+AA) ]\2]% (A, Ag) RA()\,BJrAA) ’ )

are all positive for large\. As can be seen from the form (2.16) Bf \, Ay),

(RO A0)f) (s) = / er(5)ex(0) " C(0) " f(0)do, s € 0,1], f € X,

it is positive for every reak. Observe that the operatdf = ¢/ ® J, is positive because
d is a positive matrix. Henc8/ R (), Ay) is also positive for real.

Under the above assumptiol® generates a positive (matrix)semigroup, heRde\, B)
is positive for\ large enough. Using the equality

A—B—A,=(1-AR()\B))(\—B)

and the Neumann series

R(MB+A)) = B)) (A\R(\,B))"
n=0

by A, > 0 we obtain thatR (\, B + A,) is also positive for large\. Combining all
these facts with the positivity ab, = ¢, (9, ) we have that all the entries of (3.6) are
positive for large\. [
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Combining the positivity and the eventually norm contigat the semigroug? (t)),~,
we obtain that the generatdrhas a dominant eigenvalue (see [ENOO, Theorem VI.1.10]).
More precisely, the following holds.

PrRopPoOsSITION 3.4.3— If B be is real and positive off-diagonal, then there exists
0 such that
o(A)={s(A)}tU{reo(A):Rer <s(A)—c}.

In order to determine the dominant eigenvaiyel) we first state an important property
of the spectral bound function

s(A):=s(B+A,),

which can be found in [BP04, Proposition 6.2.5].

LEMMA 3.4.4— Let B be real and positive off-diagonal. Then the spectral bound
functionR > X\ — s(\) is decreasing and continuous.

PROPOSITION 3.4.5— LetB € M, (C) be real and positive off-diagonal. Then
s (A) is the unique real solution of the characteristic equation

A=s(A) (3.15)
and for the spectral bounel(.A) the following equivalences hold:

SN EXe=s(A) A

PROOF — From the assumption follows th&, hence(A, D(A)) generate positive
semigroups, see Theorem 3.4.2. Clearl{B) # (), hence—oco < s(B) < s()\) for

all A € R by the positivity ofA ,, and using that for positive matrices the spectral bound
equals the spectral radius. By the above Lemma 3.4.4 thdiegy8&.15) has a unique
solution \g. SinceB + A, generates a positive semigroup, we can again use [ENOO,
Theorem VI.1.10] and obtain, = s (\g) € o (B + A,,), hence), € ¢ (A) by (3.10).
However, for allu > )\, using Lemma 3.4.4, we have

1> o =s(Xo) = s(n),

hencey ¢ o (B + A,) and sou € p (A) by (3.10). Therefore,, = s (A). The estimates
ons (\A) follow from these considerations. ]

From Proposition 3.3.5 and 3.4.5 we obtain a simple necgssat sufficient condition
for the uniform exponential stability of the semigroup.

COROLLARY 3.4.6— If B € M, (C) is real and positive off-diagonal, then the
semigroup(7 (t)),, is uniformly exponentially stable if and only if the spettraund
S (B + AO) < 0.

INTERPRETATION — The above characterization of uniform exponential sitgtxle-
pends on the spectral boundBf+ A. HereA, is the usual (weighted) adjacency matrix
of our graph. The matriB can be interpreted as the (weighted) adjacency matrix of an
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“imaginary” graph, whose vertices belong to the originamr but the edges do not. Its
(directed) edges are those along which we control the ooggitow velocities, depending

on the outgoing flow mass in the vertices. This control happerevery time moment

immediately. Hence we can say that on these “imaginary édgesnformation passes

with infinite velocity. Observe that from Proposition 3.4dows that

s (A) 0= s(B+ A <0,
s (A) 0<=s(B+ Ay >0
ands (A) = 0<=s(B+ Ay =0,

<
>

that is only thgoint structure of the original graph and the “imaginary graphtedaines
the asymptotic behavior of the system. That means, we cargeliaeal” edges to “imag-
inary” edges and vice versa without changing the stabifitthe whole system. In other
words:

“Stability is independent of the velocity of transportattio

In the case in whicB is a (real) diagonal matrix — i.e., in each vertex, the effafct
the outgoing flow mass on its velocity is independent of theeovertices —B always
generates a positive semigroup and we obtain the followingle criteria.

COROLLARY 3.4.7— If B € M,, (C) isdiagonalandB < —a -1 witha > s(Ay),
then the semigroup is uniformly exponentially stable.

PROOF — Under the assumptiolB + A, < —a -1+ Ay, hence, using positivity,
s(B+Ap) <s(—a-1+ Ay) < 0. By Corollary 3.4.6 we obtain uniform exponential
stability for (7" (t)) - n

§ 3.5 IRREDUCIBILITY

In this section we always assume tfiate M, (C) is real and positive off-diagonal,
hence the semigrouf (t)),., is positive. We are now going to investigate when our
semigroup becomesreducible (see Definition 2.3.1). In this casg(A) is an alge-
braically simple pole of the resolvent of the generathradmitting a one dimensional
spectral projectio”, and we can describe precisely the asymptotic behavidf @) ) -

PropPoOsITION 3.5.1— If the matrixB + A, is irreducible, then(7 ()),.,, is irre-
ducible onX. -

PROOF — From Proposition 3.4.5 follows that > s(.4) holds if and only if\ >

s (B + A,). Since the zero patterns Bf+ A, andB + A , coincide for every\ € C, the
assumptions imply tha + A, is irreducible for every\ € R. Using [Sch74, Proposition
1.6.2] we obtain that for\ > s(.A4) the matrixR (A, B 4 A,) is strictly positive. Take
now a vectorL! ([0, 1],C™) x C* 5 (/) Z 0, and investigate (), A) (/) using

[DAR(A\,B+A\) M+ Ix] R(A\, Ay) D\R(\,B+A,)
R()"A):<R(A,B+AA)MR()\,AO) R(\B+A)) )
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from (3.6). In the second coordinate we obtain
RANB+A\)MR(MNA)f+R(NB+A),)z,

where the second term is strictly positive by the above danation. From the form of
R ()X, Ap) follows that the functionR (X, Ay) f is strictly positive except on the largest
interval(1 — ¢, 1] for which f |;_. 1= 0. Applying M = & ®, to it we obtain a vector
y of positive numbers, henck (A, B + A,) y yields a strictly positive vector. For the
first coordinate we have

As before, we have thak (\,B+ A,) M f and R (A\,B + A,) x are strictly positive
vectors of numbers. Using the strict positivity of expomarfunctions and the positivity
of (®;)" , we obtain thatD, = ¢, (&) is strictly positive, hence the first and third
terms are vectors of (everywhere) strictly positive fuoie. The second term is again
positive, hence the sum yields a strictly positive vectof.gf), 1]-functions. [

The irreducibility ofB+ A, can again be related to the strong connectedness of the graph
G, see Proposition 1.3.10. & is already strongly connected, the, is irreducible,
hence for any positive off-diagonBl, the matrixB-+ A, is irreducible and the assumption
in the above theorem is satisfied. If the graph is not stronghnected, we can describe
the irreducibility of B + A, in the following way. Let us assume thBt has positive
entriesh;, > 0 for index pairs(ip) such that adding edges ¢opointing fromv,, to v, we
obtain a strongly connected graph. In this cBse A, becomes irreducible, and we again
have the result above. The condition on the entrieB ofieans that the outgoing flow is
controlled along such “imaginary” edges that make the getpingly connected. Hence,
here also only th@int structure of the “real” and the “imaginary” graph deternsirtiee
irreducibility.

COROLLARY 3.5.2— Assume that after adding edgesd@bfrom v, to v; where the
corresponding entry aB = (b;,),, ., is different fromo, the graphG becomes strongly
connected. Then the semigrolp (t)),., is irreducible onX'.

The following result on the asymptotics of the semigroup fiollows from the general
theory of positive semigroups (see [Nag86, Chapter C-I\d [&#NOO, Section V.3]).

THEOREM 3.5.3— Under the conditions of Corollary 3.5.2 there exists a s$lyipos-
itive one-dimensional projectioR = u ® Yy, p € X" with Px = p(x) -y forall x € &,
such that

lim He_s(““)t’f (t)—P| =0.

t——+o0

If s (A) =0(e.g.B =—s(Ay) - 1), then(7 (¢)),-, converges to the projectidh.

PROOF — By Proposition 3.4.3 we know that the spectral bouridl) is a dominant
eigenvalue ofd. Using the irreducibility and [Nag86, Proposition C-11E3, s (A) is a
first-order pole of the resolvent and the correspondinglteshas the forrP = ©p ®y,
wherep and y are strictly positive eigenvectors df and A, respectively. By [ENOO,
Corollary V.3.3] we now have the desired result. [ ]

The property above is calldzhlanced exponential growilor asynchronous exponential
growth) and plays an important role in applications, e.g., to papoih equations (see
[DBWO02)).






Chapter 4

Examples

!As a first concrete example we investigate an orientatiornefwell-known Petersen
graph. On this graph we consider the process described sythem(F’) (see Chapter
2) with constant velocities (normalizedIpand no absorption —thatis;, = 1 andg; = 0
on all edges.

V4

V3

Vi

Figure 4.1: An oriented Petersen graph

By Theorem 2.4.8, the system is asymptotically periodihwieriod equal tgcd{cycle
lengthg, hence in our case equal 1o We are now interested in the velocity of the

1Computations made with Maple

59
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convergence, that is the (optimal) valuezah Proposition 2.4.5 for which
IT2(t)]| < M - e

More precisely we investigate howis related to the weights on the edges. From the
characteristic equation (2.39) and the Circular Spectrapping Theorem 2.4.3 follows
that

e = —logr, 4.1)
wherer is the second largest absolute value — that is, the largestwdb value different
from 1 — of the spectral points df in (2.38).

1. To start we choose identical outgoing flow mass propostion each ramification
node. Then the weighted adjacency matrix is

o 0 0 00500 0 0 O

050 0 0 0 0O 05 0 O

o 1 0 0 O OO0 O 0 O

0O 0050 0 0O0 0 005

A, = o 0o o0 1 0 00 0 0 O
' 0O 0 0 00500050 0
050 0 0 0 00 O 1 O

0O 0 0 0 0 0O0 0 0 05

0O 0050 0 10 0 0 O

o 0o 0 0 0 01 0 0 O

Its eigenvalues are (approx.):

1.0,

0.35944 + 0.813461, 0.35944 — 0.81346i,
—0.57462 + 0.6659i, —0.57462 — 0.6659i,
0.2135 4+ 0.5791i, 0.2135 — 0.5791i,
—0.6478 4+ 0.16971i, —0.6478 — 0.16971i,
0.29897.

The corresponding absolute values (different from 1) are:

71 = 1/0.359442 + 0.813462 = 0.88933

ry = +/0.574622 + 0.66592 = 0.87955,

r3 = 1/0.21352 + 0.57912 = 0.6172,

ry = v/0.6478% + 0.169712 = 0.66966.

Hence, in this case ~ — In 1/0.359442 + 0.813462 ~ — In 0.88933 ~ 0.11728.

2. We now change the proportions in the vertgexsuch that80% part of the mass
flows into the “inner part” of the graph, hence to the verigx.e.,
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o 0 0 00500 0 0 O

020 0 0 0 0005 0 O

o 1 0 0 0O OO0 O 0 O

0 0050 0 0O 0 0 05

A, o 0o o0 1 0 00 0 0 O
’ 0O 0 0 00500050 0
08 0 0 0O 0O OO O 1 O

0O 0 0 0 0 00 0 0 05

0O 0050 0 10 0 0 O

o 0o 0 0 0 01 0 0 O

Computing the greatest ndnabsolute value of the spectrum points we have
1 = 1/0.355052 4 0.831632 = 0.90425.

Hence, in this case the convergence speed is smaller.

. We next require that more flow mass framremains in the “outer part” of the
graph, e.g., onl0% of the flows goes into the vertex, hence

0O 0 0 00500 0 0 O

08 0 0 0 0 0005 0 O

o 1 0 0 0 OO0 O 0 O

0O 0050 0 0O0 0 005

A, = o o o0 1 0 00 0 0 O
’ 0O 0 0 00500050 0
020 0 0 0 00 O 1 O

o 0 0 0 0 00 0 005

0O 0050 0 10 0 0 O

o o 0 0 0 01 0 0 O

Since there is an eigenvalue with modutys= 1/0.582242 + 0.674692 = 0.89118,
the convergence speed is again smaller than inchaegreater than in the previous
case.

. We now set equal outgoing flow proportions in the “outeit’pai the graph, and
change the weights v in the following way.

0O 0 0 00500 0 0 O

050 0 0 0 00 020 O

o 1 0 0 0 OO0 O O O

0O 0050 0 0O 0 005

A, = o o 0 1 0 00 0 0 O
’ 0O 0 0 005000860 0
050 0 0 0 00 O 1 O

o 0 0 0 0 00 0 005

0O 0050 0 10 0 0 O

o 0o 0 0 0 01 0 0 O
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Here the absolute valug = /0.353752 + 0.852312 = 0.92281 of the 3¢ eigen-
value is greater than any absolute value in the first examptae-convergence
speed will be smaller than in the case of equal proportions.

. In the next step we change the proportions/fan the opposite direction and obtain

0O 0 0 00500 0 0 O

05 0 0 0 0 0O 08 0 O

o 1 0 0 O OO0 O O O

0O 0050 0 O0O0 0 005

Ay o 0o 0 1 0 00 0 0 O
’ 0O 0 0 005 0¢002¢0 0
050 0 0 0 00 O 1 O

o 0 0 0 0 00 0 005

0O 0050 0 10 0 0 O

o 0o 0 0 0 01 0 0 O

Since the modulus of the first spectral pointris = 1/0.538922 4 0.711542 =
0.89259, the convergence speed is smaller than in the first caset sugreater
than in case 4.

. We now investigate in general how the weight/inas parameter effects the con-

vergence speed to the periodic semigroup. Let

0O 0 0 00500 0 0 0
a 0 0 0 0 00050 0

O 1 0 0 0 00 0 0 O

0 0050 0 00 0 0 05

A O 0 0 1 0 00 0 0 O
6 0O 0 0 00500050 0
1-a 0 000 OO 0 1 0

O 0 0 0 0 00 0 0 05

0O 0050 0 10 0 0 O

O 0 0 0 0 01 0 0 0

for 0 < a < 1. The characteristic polynomial becomes) = 2% — 0.52° —
0.3752* — 0.0625(1 + a) - 22 — 0.0625z + 0.0625a. Clearly,z; = 1 is a root of
p(z). Dividing p(z) by z — 1 yields a polynomiap, (z) whose root with the greatest
absolute value — depending en- is the value- occuring in (4.1). Actuallyy is
the greatest absolute value of the roots of the polynomial) = 162° + 162% +
1627 + 1625 + 162° + 82* + 223 + 222 + (1 — a) z — a. Figure 4.2 shows how
depends on.

The value of- has a minimum at approximatedy= 0.6085+0.0003, which means
that in this case the convergence speed is maximal.
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Figure 4.2:r = e~¢ (¢: convergence speed) depending on the weight in

7. We now take equal outgoing flow proportionsvinand investigate the effect of
different proportions in an “inner” vertex.

o 0 0 00500 0 0 O

050 0 0 0 00 a 0 O

o1 0 0 O OO0 O 0 O

0O 0050 0 00 0 005

A, = o 0 0 1 0 00 0 0 0
) 0O 0 0 005 001-a 0 0
050 0 0 0 00 O 1 0

o o0 o0 0 0 00 0 005

0O 0050 0 10 0 0 O

o 0o 0 0 0 01 0 0 0

We obtain a relationship as shown on Figure 4.3 between treamgdera and the
second greatest absolute value of the spectral points

The maximal convergence speed is attained-at0.56295 + 0.00006.

We now investigate an orientation of the Herschel graphFsgpare 4.4.

On this graph we again consider the process described bysteng( F') (see Chapter 2)
with constant velocities (normalized 19 and no absorption — that is, = 1 andg; = 0
on all edges.
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4. EXAMPLES

Figure 4.3:r = e ¢ (¢: convergence speed) depending on the weighg in

By Theorem 2.4.8, the system is asymptotically periodidi¢riod equal tecd {cycle
lengthg, hence in our case equal 20 We are again interested in the velocity of the
convergence, that is the (optimal) valuezah Proposition 2.4.5 for which

ITo(t)] < M- e

1. We set at the vertex; outgoing weights: resp.1 — a into the vertexv; resp.vy.
Then the weighted adjacency matrix becomes

O O OO oo

0
1—a

0

0

SO OO OO OO oo

0.5

0.5

SO OO OO

0

SO OO OO O OO -

e}

SO OO OO O oo

e}

o O O O

—_ o OO O o oo oo

e}

0 0
0 0
0 0.5
05 0
0 0
0 0
0 0
0 0.5
0 0
0 0
05 0

with 0 < a < 1. Computing the characteristic polynomial, we obtair) =
2 —0.752" — 0.252° — hence, it does not depend on the weights,in As a
consequence, the eigenvalues and the convergence spedsbarelependent af.
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70N
4

Figure 4.4: An oriented Herschel graph

For the eigenvalues we obtainl, 1,0 and approximately, 7071071, —0, 707107i.
Hence, the convergence speed is

~ —log0,707107 ~ 0.346574.

2. If we now require equal distribution weightsinand change them in the vertex
we obtain as adjacency matrix

O 10 10 0 0 0 0 0 0
0 0050005 0 0 0 0 0
00 0 00 0 05 0 0 0 05
0 00500 0 0 0 005 0
050 0 00 0 0 a 0 0 0
A,.=| 0 0 0 01 0 O 0 0 0 0
O 0 0 0005 0 0 0 0 0
00 0 00 0 05 0 0 0 05
050 0 00 0 0 1—a 0 0 0
O 00 00 0O 0O 0O 1 0 0
O 00 00O 0 0 0 005 0
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Surprisingly, the characteristic polynomial — hence als® ¢igenvalues — is the
same as in the previous case. Therefore the convergencd agas does not
depend on the distribution weights and it has the same valbefare.

3. We now change the weights in the vertexand obtain

O 1 0 10 0 0 0 0 0 0
0 0050005 0 0 0 0 0
00 0 00 0 a 0 0 0 05
0 00500 0 0 0 005 0
050 0 00 0 0 050 0 0
A;.=|1 0 0 0 01 0 0 0 0 0 0
0O 00 0005 0 0 0 0 0
000 00 0 1—a 0 0 0 05
050 0 00 0 0 050 0 0
O 00 00O 0 0 1 0 0
O 00 00 0O 0 0 005 0

The eigenvalues ar@:with multiplicity 5, further1 and—1 with multiplicity 1, and
1
212 = ié\/_Z =+ 2— 4&,
1
234 = :l:é\/—Q — \/2 —4a.

0.87
061

0.4t

o p2 0 o4 06 08 1
H

Figure 4.5z »| depending om
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Figures 4.5 and 4.6 illustrate hdw »| resp.|z; 4| depend on the parameter

We are interested in the root with the largest absolute vdiffierent from1. If

0 < a <0.5,then|zs 4| > |z12| and if0.5 < a < 1, then the absolute values af,
andz; 4 all coincide. It is easy to see that for= 0.5 the minimum of the (second)
largest absolute value, that|is 4|, is attained and is equal to= /2. Hence, the
convergence speed is

1

e=—log 5\/5 ~ 0.34657.
':].1'.'::'
(].ﬁ:-

0471

O o2 o4 06 08 1
i

Figure 4.6:|z3 4| depending om

Final remark. A systematic analysis of the dependence of the convergeessls
on the weights of the graph edges is, at this stage, not in.sigh
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Appendix A

Zusammenfassung in deutscher Sprache

Das Ziel der vorliegenden Arbeit ist, lineare Transporgesse (oder Flusse) in Netz-
werken zu untersuchen. Zu diesem Zweck stellen wir den fonatanalytischen Rahmen
auf und benutzen halbgruppen- und spektraltheoretisciibdden. Die Hauptresultate
stammen aus den Artikeln [KS04], [MS04] und dem Preprink(3j.

Im ersten Kapitel geben wir eine kurk#bersicht Uiber die wichtigsten Notationen und
Satze aus der Graphentheorie, die zur Behandlung desidnakinalytischen Modells
notig sind. Wir modellieren das Netzwerk durch einen desten Graphen, auf dessen
Kanten eine Substanz in die angegebenen Richtungen fliegt den Ecken neu verteilt
wird.

Im zweiten Kapitel betrachten wir Transportprozesse irziWetken mit statischen Ver-
zweigungsknoten. Das bedeutet, dass wir in jedem Zeitgardén Ecken Bedingungen
fur die Menge der Flussmasse vorschreiben. Insbesonddesmgen wir, dass die gesam-
te einkommende gleich der gesamten ausgehenden Flusssig&gehhoffsche Rege)n
und dass die ausgehende Flussmasse in die ausgehenden Kactieangegebenen Pro-
portionen weiterfliesst. Wir zeigen, dass das zugehongtes von partiellen Differen-
tialgleichungen und entsprechenden Randbedingungeimalbsiraktes Cauchy Problem
auf einem Banachraum umgeschrieben werden kann. Wir zelgelVohlgestelltheit
dadurch, dass der unterliegende Operator eine starlestdagpogruppeerzeugt, die die
Losungen fur das originelle System angibt. Mit Hilfe vgregtral- und halbgruppentheo-
retischen Methoden kdnnen wir prazise das asymptotigehwalten von der Halbgruppe
—d.h., von dem Prozess in dem Netzwerk — beschreiben. In g@it§t der Asymptotik
zeigt sich eine Dichotomie, abhangig davon ob eine zahémetische Bedingung fur
die Flussgeschwindigkeiten auf den Kanten — siehe DefmRi8.7 — besteht oder nicht.
Den ersten Fall untersuchen wir §2.4, und hier konvergiert der Prozess gleichmassig
gegen einen periodischen Fluss, dessen Periode von denhéhstpuktur bestimmt ist,
siehe Theoreme 2.4.8 und 2.4.11. Im zweiten Fall — betraght®.5 — konvergiert der
Fluss in der starken Operatortopologie gegen ein Gleicluyew

Wir untersuchen dann im Kapitel 3 Transportprozesse, hetmlén den Verzweigungs-
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knoten dynamische Bedingungen vorgeschrieben sind. Dasthdie Geschwindigkeit
der gesamten ausgehenden Flussmasse ist bestimmt alewilcatgte Summe von ein-
kommenden Flussmengen plus ein Term, der von den ausgehEhgsmasswerten in
den Ecken abhangt. Der zweite Term kann auch als E@eeback-Kontrolleer ausge-
henden Flussgeschwindigkeiten interpretiert werden,iglodie Kontrolle entlang “ima-
ginaren Kanten” abspielt, deren Endpunkte Ecken in degireilen Graphen sind, die
aber nicht unbedingt zu der originellen Kantenmenge gahdZur Behandlung dieses
Problems benutzen wir einen entsprechend modifiziertdmghbpentheoretischen An-
satz fur retardierte Differentialgleichungen, der in [BIP entwickelt wurde. Wir kbnnen
die Wohlgestelltheit wieder dadurch beweisen, dass wirRlablem in die Form ei-
nes abstrakten Cauchy Problems umschreiben und so eikststaye Halbgruppe be-
kommen, die die Losungen angibt. Wir zeigen, dass diesbgtabpe wichtige Regu-
laritatseigenschaften hat (siehe Theoreme 3.3.2 und)3de den “Spektralen Abbil-
dungssatz” implizieren. Bei der Untersuchung der Asynipttellt sich in§3.4 heraus,
dass wenn die Halbgruppe positiv ist, deren Stabilitat @nMkgativitat der Spektral-
schranke der sodjazenzmatriXsiehe Definition 1.3.6) von einem Graphen liegt. Die-
ser Graph entsteht dadurch, dass wir zu dem originelleni@radie “imaginaren Kan-
ten” addieren, entlang denen die Feedback-Kontrolle v#ikthe Corollary 3.4.6 und die
nachfolgende Interpretation). In dem Fall von Irreduiéil(§3.5) konvergiert die Halb-
gruppe gegen ein Gleichgewicht, wenn die gemeinsame 8trdks originellen und des
“imaginaren” Graphen stark zusammenhangend ist (sidle®Em 3.5.3).

Im letzten Kapitel erortern wir Beispiele flur die Situativon Kapitel 2 auf denfPeter-
senundHerschel Graphund wir berechnen die Konvergenzgeschwindigkeit gegen de
periodischen Fluss. Wir untersuchen auch, wie diese vorGasvichten auf den Kanten
abhangt.
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