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INTRODUCTION

This thesis contributes to the study of projective varieties with torus action. In par-
ticular, we present explicit descriptions and classification results for torus actions of
complexity two and contribute to the classification of singular Fano 3-folds.

The presence of a torus action on a variety brings combinatorial aspects into the game,
as becomes most evident in the case of toric varieties, that means normal varieties Z
containing an algebraic torus T as an open subset, such that the group structure of T
extends to an action on Z. The theory of toric varieties has its origin in 1970, when
Demazure observed the fundamental correspondence between toric varieties and fans [26],
and became a well established and active field of research [22] 24 26 [34), 65}, [66].

A natural step beyond the toric case is to consider T-varieties of complexity one, i.e.
normal varieties X with an effective action of an algebraic torus T x X — X such that
the complexity dim(X)—dim(T) equals one. T-varieties of complexity one are studied as
well since the 1970s. Here, we mention the work on K*-surfaces [311 [32}, 33}, 67, [68, 69, [70],
the combinatorial approaches [11 [2], 56, [76] and the more algebraic point of view, based on
trinomials [40}, 4], 47, 64]. Our work builds up on the description of rational T-varieties
of complexity one via their Cox rings [40)].

In this thesis, we consider T-varieties of arbitrary complexity. More precisely, we are
interested in T-varieties that are Mori dream spaces, meaning normal projective varieties
X with finitely generated divisor class group Cl(X) and finitely generated Cox ring. The
T-action on X gives rise to a rational quotient 7w: X --+ Y, the so-called maximal orbit
quotient. Note, that for rational T-varieties of complexity one, the target space Y of the
maximal orbit quotient equals P; and the critical values of 7 form a point configuration.
In general, the variety Y is again a Mori dream space suitably representing the field of
rational invariants K(X)" = K(Y'), the dimension of Y equals the complexity of the torus
action and 7 is defined on an open subset consisting of points with finite T-isotropy, see
Definition [I.2.13] In Chapter[I} we present a method to systematically produce all Mori
dream spaces X with torus action having a prescribed maximal orbit quotient X --» Y,
see Construction [[.2.5

Our major example class, the (general/special) arrangement varieties, directly extends
the class of rational T-varieties of complexity one in the following sense: the target
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space of the maximal orbit quotient P is replaced with a higher dimensional projective
space P. and the point configuration building the critical values of 7 is replaced with
a hyperplane arrangement in (general/special) position. Some already known examples
are the intrinsic quadrics. These are Mori dream spaces having a Cox ring generated
by homogeneous generators such that the ideal of relations is generated by a single
homogeneous quadratic relation. Intrinsic quadrics were introduced in [15] as an example
class for the bunched ring approach to Mori dream spaces and were for example used
by Bourqui in [I7] as a testing ground for Manin’s conjecture. Moreover, in [29] Fujita’s
freeness conjecture was verified for smooth intrinsic quadrics of Picard number at most
two.

Chapter [2] is dedicated to the study of general arrangement varieties. We explicitly
describe their Cox rings as complete intersection rings very similar to the case of ra-
tional T-varieties of complexity one. This allows for instance an explicit description
of their anticanonical divisor classes, see Proposition Moreover, we present in
Corollary a smoothness criterion for general arrangement varieties using toric
embeddings constructed via their Cox rings.

Let us turn to smooth general arrangement varieties of small Picard number. Recall,
that in the toric case, the only smooth examples of Picard number one are the projective
spaces P,,. In Picard number two, Kleinschmidt described all smooth projective toric
varieties as projectivized split vector bundles [57]. In the case of smooth rational T-
varieties of complexity one, the classification in Picard number one is due to [59]. Here,
the only varieties are the smooth projective quadrics in dimensions three and four. In
Picard number two, the description of all smooth rational T-varieties of complexity one
is presented in [30] and consists of 13 different families. Moreover, in [29] all smooth
intrinsic quadrics of Picard number at most two are determined.

For smooth projective general arrangement varieties of complexity two, one retrieves
in Picard number one precisely the smooth projective quadrics, see Proposition [2.2.23
Similar to the case of complexity one, the situation in Picard number two is much more
ample. Theorem presents the full description of all smooth projective general
arrangement varieties of complexity and Picard number two in 14 different families. We
prove in Section that all of them are of true complexity two, meaning that they do
not admit a torus action of lower complexity. In contrast to the case of complexity one,
where being of true complexity one is simply characterized by a singular total coordinate
space, in complexity two this turns out to be a serious case-by-case work introducing
and comparing various invariants of the Cl(X)-graded Cox rings.

Using the explicit description of the anticanonical divisor class for general arrangement
varieties, one extracts the Fano varieties from Theorem [3.1.1] which leads to the complete
classification of smooth Fano general arrangement varieties of true complexity two and
Picard number two in any dimension. We prove in Section [3.4] that all the Fano vari-
eties in Theorem [3.1.3| arise from a finite set of smooth projective general arrangement
varieties of complexity two and Picard number two having dimensions 5 to 8 via iterated
duplication of a free weight, i.e. given a variable that does not show up in the defining
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relations of the Cox ring R(X), one adds a further free variable of the same degree,
see Construction [3.4.1] Geometrically a duplication of a free weight corresponds to two
elementary contractions and a series of isomorphisms in codimension one. This estab-
lishes a similar finiteness feature as observed in [30] in the case of complexity one: Here
the smooth rational Fano T-varieties of complexity one and Picard number two arise
via iterated duplication of a free weight from a finite list of smooth rational projective
T-varieties of complexity one of dimensions 4 to 7.

Theorem (Compare Cor. . Every smooth Fano general arrangement variety of
true complexity two and Picard number two arises via iterated duplication of a free weight
from a finite set of smooth projective general arrangement varieties of true complexity
two and Picard number two of dimensions 5 to 8.

Let us enter the field of singular T-varieties. We concentrate on the singularity types
arising naturally in the context of the Minimal Model Program.

The model case are toric varieties. Toric Fano varieties Z are in one-to-one correspon-
dence to the so called Fano polytopes Az. The boundary of the Fano polytope d.Az is
determined by the property that it encodes the discrepancies of any toric resolution of
singularities:

v
8 — o . . .t.
Az {1 T+ diser(Dy)’ v, primitive },

where discr(D,) is the discrepancy of the torus invariant prime divisor D, defined by the
ray o = cone(v,). This turns the Fano polytope into a combinatorial tool characterizing
singularity types of toric Fano varieties in terms of lattice points. For instance, Z has
at most canonical singularities if and only if the origin is the only lattice point in the
interior of Az. Moreover, Z has at most terminal singularities if and only if the origin
and the primitive ray generators of the defining fan of Z are the only lattice points of
Ayz. The Fano polytope was used i.a. by Kasprzyk to classify all three-dimensional toric
Fano varieties with at most canonical singularities [54], [55].

Now consider rational Fano T-varieties of complexity one. These varieties allow a natural
T-equivariant embedding into a toric variety X C Z, where the defining fan ¥ of Z is
constructed via the Cox ring of X, see [6]. Intersecting X with the Torus T' C Z, we
assign a tropical variety trop(X) to X and a weakly tropical resolution X' — X, where
X' is the proper transform of X with respect to the toric morphism Z’ — Z given by
the common refinement of ¥ and trop(X). In this situation, the anticanonical complez,
a polyhedral complex supported inside trop(X), can be defined in analogy to the toric
Fano polytope, see [I3]. The anticanonical complex Ax is bounded if and only if X is
log terminal. In this situation its boundary d.Ax is determined by the property that it
encodes the discrepancies of any toric ambient resolution of singularities in full analogy
to the Fano polytope. Here, a toric ambient resolution of singularities is a resolution of
singularities X” — X, induced by a toric resolution of singularities Z” — Z factoring
over Z' — Z. In particular canonicity and terminality of X can be read off Ax in
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the same manner as for the toric Fano polytope. The anticanonical complex was used
in [I3] to classify all three-dimensional Q-factorial rational Fano non-toric T-varieties of
complexity and Picard number one, having at most terminal singularities.

Building up on [13], we enlarge the area of application of the anticanonical complex
to Mori dream spaces with torus action of higher complexity. Similar to the rational
T-varieties of complexity one, these varieties admit a specific equivariant embedding
X C Zx into a toric variety, adapted to the geometry of Zx, see Theorem Using
this toric embedding X C Zx and the associated weakly tropical resolution X’ — X,
the central question is whether a toric ambient resolution of singularities exists. In this
situation we say that X admits an anticanonical complex if there exists a polyhedral
complex Ax supported inside trop(X) encoding the discrepancies of any toric ambient
resolution of singularities via its boundary as indicated above; see [£.2.1] for the pre-
cise definition. Our main result reduces the question of toric ambient resolvability and
therefore the existence of an anticanonical complex to an explicit maximal orbit quotient,
meaning a maximal orbit quotient X --» Y fitting into the commutative diagram

X ——=7x
\ [
/T | /T

\ \
Y — 7y,

where Zx --+ Zy is defined on the union over all toric orbits of codimension at most one
and there yields a categorical quotient for the T-action; see Construction for the
details. The necessary property of the quotient space Y C Zy is semi-locally toric weakly
tropical resolvability, meaning that the weakly tropical resolution Y/ C Zy- is locally toric
in a strong sense, reflecting properties of its ambient toric variety; see Definition

Theorem (Compare Cor. . Let X be a Q-Gorenstein Mori dream space with torus
action having an explicit mazimal orbit quotient X --+ Y, where Y is complete and
admits a semi-locally toric weakly tropical resolution. Then X admits an anticanonical
complex Ax and the following statements hold:

(i) X has at most log terminal singularities if and only if the anticanonical complex
Ax is bounded.

(ii) X has at most canonical singularities if and only if 0 is the only lattice point in
the relative interior of Ax.

(iii) X has at most terminal singularities if and only if 0 and the primitive generators
of the rays of the defining fan of Zx are the only lattice points of Ax.

Note, that in this theorem X is not assumed to be Fano. In fact, the Fano property
reflects in certain convexity properties of the anticanonical complex, see Corollary

and Example [£.6.4]

Now, the idea is to apply the anticanonical complex to arrangement varieties. As a first
result we obtain anticanonical complexes for general arrangement varieties:
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Theorem (Compare Thm. [4.4.1)). Every Q-Gorenstein general arrangement variety ad-
mits an anticanonical complez.

In Sections [4.5] and we provide explicit descriptions for the anticanonical complex
of a general arrangement variety. As an application, we characterize log-terminality for
general arrangement varieties of complexity two in terms of exponents in the defining
relations of their Cox rings, see Corollary [£.5.16]

In Chapter [5| we use the anticanonical complex to obtain classification results for three-
dimensional Fano intrinsic quadrics having at most canonical singularities:

Theorem (Compare Thm. [5.1.1). Every three-dimensional Q-factorial Fano intrinsic
quadric having Picard number one and at most canonical singularities is isomorphic to
precisely one of the following varieties X defined by its C1(X)-graded Cox ring R(X),
its matriz of generator degrees Q = [w1,...,w,] and ils anticanonical divisor class
—Kx € Ample(X). Moreover, we list their Fano-indexr q(X) and their anticanonical
self-intersection number —K%.

No. R(X) Cl(X) Q=wy,...,w)] —Kx q(X) —-K%
1 % z [11111] [s] 3 54
¢ Tmintem L [22102]  [e] 6 36
3 % z [15152] [6] 6 48
v 2arse] 0] 9 B
S mmennarh L [2oasa]  [0] 12 ¥
6 whinnem L [poara]  [w] 12 42
o [pr2es] ] 15 A
8 Smmirivl  LxD [12333] 3] r %
9 ShnirhEr LxD [sige2]  [v] 8 %
10 SRRl IxI (1] 7] 3 w2
11 GEEEELI 22y (33333] HEERE
12 Fpaemlinl  LxZy [11133] 3] 3w
13 GRS IxD syl i) 8w
o]

1 K([Ty,T»,13,14,51] 7 X To [1 111 2}

Ol

(M To+T3+T13)
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15 Shimiey IxD 55t o5 %
16 SpErrTE LxI 83511 3] 6 18
17 Gatnnam  LxD thiss] 8] 6 18
18 Gatnnam  LxD hees] 5] 6 o™
19 Thmey IxD ALt U
200 St LxI itk i) 8 %
ol TmEmml LxI 53151 3] 8 %
02 Sgmiiemy  LxI Itk i) 8 W
08 Npmaivmyr XD 53151 3] 8 %
% Shnarhen IxD ] 1) 0 %
o5 hmarin XD ey ] w0 ®
o Snirivme LI tiisi] (9] w00 @
o1 St LxI tiivi] 8] 12 ¥
98 Smneivme X sesti] 8] 12 ¥
29 Nty LxI prer 8] o1 ¥
30 %Tf’i—%f;?;] 7 x Ty 24336 2] 12 12
91 %Tf’i—%faﬁ;l 7 x Ty 24336 [2] 12 12
2 Gtk LxD paist)  [v] w4 #
53 FODLIM zxz, iiad) 3] 8 18
% e LxZs iiiid) 3] 8 8
55 FODLOM zxz, HIH U
6 FHDLIOML zxz, piigt) 3] s 12
57 FRDLILM zxz, piity) 3] 6 16
38 % 7 x Ty LR 4 1 19
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g9 EEERT 2z SR E ¥
40 % 7 x Ty 11113 16
i e LxZa TEET z
2 HRRALAL zxz, SR H g
43 SrmerEy X TEEE H gz
44 % 7 x Ty 11113 16
45 BEmiel o Zxz EEEE H 2
46 BEmiel o Zxz 1eze 5] 9
g7 BEmmel  zxz TEEE 4] 9
48 BEmmel  Zxz S H ¥
T A 1111 g ¥
0 Gminter  LxZ t111d] [ 9
51 Gmintery  LxZe 11114] [ 9
e BlEmel ZxZ SEEE 3] 9
53 ElmEme ZxZ BEEE 4] 2
5y EREEAl 2 SR H 7
55 ElEmTeY LxZs TR 4] s
56 FlEmTel LxZs TR 4] s
1 Gmintary  LxDo 11183 [g] 6
ss  KOEAGAl ZxZn SRR H g
s Mhmesl ze@r 1] 3] y
oo Mgyt zx@p [Hi (1] 16
o Sagmast ze@e R ] i
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o g weer []O[i] 0 ¥
o e seer [ O[] 0 3
64 (Tle—E-j%é—.i;%L-T& Z x (Z2)* [(}iiié] % 7
o SEEmER zx@r i3 16
69 (T1ngf%é—.le7§L-T52> Z x (Z2)° [izizﬂ § )
oo MgEmss zxwr 1] |} s
u SRER Ixmxzo (L] i
7 (Tsz(E;é—.i;%L-T@ Z X 2 X L [iiiéé] z :
i R :
Variety No. 1 is smooth and varieties Nos. 4, 19 and 49 are terminal. Moreover,

varieties Nos. 64, 69, 77 and 79 are of true complexity two. All the others are of true
complexity one.
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In the case of Q-factorial Fano intrinsic quadrics of dimension three and complexity two
that have at most canonical singularities, we are even able to classify all varieties without
restrictions on the Picard number.

Theorem (Compare Thm. . Every three-dimensional Q-factorial Fano intrin-
sic quadric of true complexity two having at most canonical singularities is isomor-
phic to precisely one of the varieties X, specified by its C1(X)-graded Cox ring R(X),
its matriz of generator degrees QQ = [wi,...,w;| and its anticanonical divisor class
—Kx € Ample(X) as follows:

No. R(X) Cl(X) Q=[wi,...,w] —Kx
1111 27 4]

K[Ty,...,Ty,51] 11101 0

U wpapmian Px i 00101 @
_1 000 1_ _0_

K[T1,....T5] 7 1111 1] [3]

W X Lo X 7
2 (MTo+T5+T7+T73) 2 2 (i) (i) (;) % 8 (i]
K[Ty,...,T5] [13222] [6]
X X
J T To A T2+ T2 +T2) L X2y x 2o 66101 5
K[T,...,T5] 7 [11111] [3]
52 X Lo X 7

4 (M To+T2+T2+TZ) 2 6 yaias :
111100 2]

K[T1,...,T4,51,5%] 2 000011 2

5 B e e e 7% X Do X Uo X 7 111010 0

(TE+T3+T3+T3) 2 2 2 P 0
100010 | 0 |

1 11110 37

K[T1,...,T5,51] 2 110001 1

s i D i
-110001 17

K[T1,...,T5,51] 2 2 01111 4

T wmmifepm P eigs :

1 1 111 1 4

K[T1,...,Ts,54] 9 e A

8 AT L7 X o X Lo 001100 0

0O 0 101 O 0

1 111100 3

g DSl gz, xz Sesenel |

(MTATE+TIHTE) 20 5 011000 o

1101000 1

We turn to special arrangement varieties. Recall that a special arrangement variety is a
Mori dream space X with torus action having X --» P, as maximal orbit quotient, such
that the critical values form a hyperplane arrangement in special position. Note that not
all special arrangement varieties are honestly special, meaning that they do not admit a
torus action of lower complexity, turning them into a general arrangement variety, see
Example [6.3.3] As we have already treated the general arrangement case, we therefore
restrict ourselves to the case of honestly special arrangement varieties.

A first observation is that there are no smooth honestly special arrangement varieties
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with Picard number at most two, see Theorem

For the further study, we establish in Sections [6.4] and [6.5] the existence of anticanonical
complexes for special arrangement varieties.

Theorem (Compare Thm. ). Every Q-Gorenstein special arrangement variety
admits an anticanonical complex.

In contrast to the general arrangement case, where the weakly tropical resolution is again
a general arrangement variety, this is no longer true for special arrangement varieties.
Under the assumption that the weakly tropical resolution is a toric ambient modification
in the sense of [6], we provide in Section an explicit description of the anticanonical
complexes for these varieties.

As an application, we obtain classification results for complexity two torus actions in
dimension three. Here, we consider the simplest honestly special arrangement varieties
that appear: these have five lines in Py as critical divisors of the maximal orbit quotient.
Moreover, we say that a T-variety X is of finite isotropy order at most k, if there is an
open subset U C X with complement X \ U of codimension at least two, such that the
isotropy group T, is either infinite or of order at most k for all x € U.

Theorem (Compare Thm. . Every three-dimensional Fano honestly special ar-
rangement variety of complexity two, having a divisor class group of rank at most two, at
most canonical singularities, five critical lines as the critical values of the maximal orbit
quotient and finite isotropy order at most two is isomorphic to one of the following Fano
varieties X, specified by its C1(X)-graded Cox ring R(X), its matriz Q = [w1, ..., w,]
of generator degrees and its anticanonical divisor class —Kx € Ample(X).

No. R(X) CI(X) Q= [’wl, .. .,wr] —Kx
K[T1, T2, T3, Ty, Ts, S1] % % % % % (1) ?)
2 2 2 2
1 TP 4T3 + T3+ T3, 7 x (Zo)* 111010 o
T2+;T3+Ts 110000 0
a#0,1 101110 0
T11111 2
K[T1, T2, T3, Ty, Ts, S1] 4 111100 0
2 T2+ T2+ 72, Z % (Z2) 111010 0
T +T5 + Ty 110000 0
101110 0
K[T1,T2,T5, T4, T5, Te] 1111117 (2]
3 T Tp + T3 + T + T3, 7 % (79)?2 x 7 111010 0
< T3 +aT} + T (Z2) 4 000110 0
w01 | 132000 | | 2 |
K[Ty, T2, T5, T4, Ts, Te] 9 % % % (}) % % (2)
4 T1T2+T§2+T§2, ZX(ZQ) X Ly 565110 5
NT2 +Tf + T 312000 2
K[T1, T2, T3, Ty, Ts, T6] 9 % % % (}) % % (g)
2 2
5 T12+T272“3+7;,), ZX(ZQ) ><Z4 5050110 o
Ty + Ty +Tg 213000 2
K[T1, T2, T3, T4, T5, Te] 11111 1] [27]
T2 + ToT5 + T2 + T2 7, 7 2 111010 0
6 i it 15, X X Zy | 1L1L1010 0
< ToTs + oTf + T (Z2) 4 000110 0
a#0,1 231000 | | 2 |
K[T1,T2,T3,T4,T5,Te, T7] 1 -100 110 o]
TiTz + T35 + Tf + TsTe, 2 2 20111 11 3
7 < 2 a2 1 Z7 % (Z2) 0011000 0
w01 1101000 E
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K[T1, T2, T3, Ty, T5, Te, T7] r
8 T\ T + T + T7 + T5T6, ZQ % (22)2
T? +aT] + TZ
a#0,1

N
Jun

=l |
oo |

K[T1,T2,T3, T4, T5, T6, 17] [
9 T? + ToT3 + T4T5 + T2, ZQ % (Z2)2
T2T3 + aTyTs5 + T72
a#0,1

-

HIOIN | RIRI= O

oo |
~ioio |

-

-
[Vl E=IR =TT =)

K[T1,T2,T3, T4, T5, T6, 17] [
10 T? + ToT3 + T4T5 + T2, Z2 % (Z2)2
T2T3 + aTyT5 + T72
a#0,1

Ol =
oo |

,_.
|
—

K[T1,T2,T3, T4, T5, Ts, T7] 9 9
11 T\ T +T3T4+T262, > 7 X (Zg)

T\ To + T2 + T2

RiFRO| RIFRFEO| RIFRFO| OO =

HIOIN —| ORI O OlRIF O RO N
oo~ Of oo~ o| cloi= O oo~ o

Ol Of OIOI- =

Ol Ol = =

~

[T1,T2,T5, T4, T5, T, T7]
12 1Ty + T3y + T2, >

=
=] K=lk=ll
= O
=]
=]
= o

T\ Tp + T2 + T

K[T1,T2,T3,T4, T5, Te, T7] 9 9
13 T\ Ty + T5Ts + T2, > 7° % (Zg)

TW\T> + T2 + T726

[=]
[=]
=

O\Oll\')‘ O\O\H‘
| — oo || RomN

K[T1, T2, T3, Ta, Ts, To, T7) 9 9 0
1 TZ 1 T5T5 + T2, > 77 x (Z2) 1
0

Tlf + TyTs + T

[=k=lt
i O

K[T1, T2, T3, Ta, T5, Ts, T7] 9 9
15 < T2 + ToTs + T2, > 74 X (Zg)

T112 + TyTs + T2

K[T1,T2,T3, T4, T5, Ts, T7] 9 9
16 < T2 + ToTy + T2, > 7 X (Zg)

TE + TyTs + T2

[=lk=

-

o |
ol
=
Jun
[
f=l

K[T1, T2, T3, T4, T5, Ts, T7] 9 9 0
17 < TZ 4 ToTs + TE, > 7% X (Zg) %
1

TZ + TyTs + T2

K[T1,T2,T3, T4, T5, Ts, T7] r

18 < T\ To + T3Ty + T2 + T2, > Z2 X (ZQ)2

T3Ty + aTZ + TZ
a#0,1

ai=lk=]

K[T1,T2,T3,T4,T5, T6, T7] r
2 P 2
19 TZ + T2 + T2 + T4Ts, 72 % (Z2)2
T? + aT3 + T6Ty
a#0,1

-
|

=]
oo~ o
=IO =
~ioio |

K[T1,T2,T5,T4,T5, T6, T7] r
Ty To + T3Ty + T2 + T2 2 2
20 1T2 + TsTs + T5 + Tg, 7, X(Zg)
T3T4+aT5 +T7
a#0,1

N
[

HIOIHN| ORI O RIOIN -

ok |
oo |

N| OO =

K[T1, T2, T3, T4, T5, T6, 17] r
21 Ty To + TsTy + TZ + T2, ZQ % (22)2
T3Ty + aT2 + T2
a#0,1

-

[=lR=lN

oo~ Oo| cloro| clolr = | oo~ o

ORI~ O| oImiro
RiRRO| Rk~ O

oo |
=IOI= N
= Ol =

HOWO| HFIOWO | HFICDWO | HFIODWO | RO O|FOWO|HOWO|IHIOWO|HIOMO|IHIQOWO|HIOIWO| HFIOWO | HFIOWO| HIOowo

K[T1,T2,T3, T4, T5, T6, 17] r
29 T + T3 + T3 + TaTs, 72 % (Z2)2
T3 + aT3 + TTr
a#0,1
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The last chapter is an outlook beyond arrangement varieties.

Here, we consider

arrangement-product varieties, i.e. Mori dream spaces X with torus action and maximal

orbit quotient X --» Y, where Y is a product of projective spaces P, x ...

x P, and the

critical divisors form a collection of hyperplanes compatible with the product structure
of Y, see Definition [T.1.1] For these varieties we provide explicit descriptions of their
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Cox rings and obtain classification results in the smooth case. Similar to the special
arrangement case, there are no smooth arrangement-product varieties of Picard number
one, see Proposition In Picard number two, we obtain the following result:

Theorem (Compare Thm. and Cor. . Every smooth projective arrangement-
product variety of Picard number two is isomorphic to a variety X specified by its Cox
ring
R(X) = K[TH, e ,lel,Tgl, .. .Tgkz]/<g1,gg>,
where
) TaTe + .. 4 Tig, -1 Tik, ki > 6 even,
o {TﬂT@-z + oo+ Ty 0T 1 + T3, ki >5 odd,

the matriz Q of generator degrees and an ample class u € Cl(X) = Z?
1 ... 1
Q= [ 0 ... 0

where we have a; > ai12 > 0 and a; + aj41 = 0 for i odd and ap, = 0 if ko is odd.

Moreover, X is Fano if and only if 0 < a1 < z;:g holds.

ap a2 ... Qk,
1 1 ... 1

]7 u:[a1+171]7







CHAPTER
ONE

EXPLICIT T-VARIETIES

In this chapter we develop an approach to systematically produce algebraic varieties with
torus action by constructing them as suitably embedded subvarieties of toric varieties.
The resulting varieties admit an explicit treatment in terms of toric geometry and graded
ring theory. Our approach extends existing constructions of rational varieties with torus
action of complexity one and delivers all Mori dream spaces with torus action. The
results of this chapter are published in the joint work [42].

1.1 Background on toric varieties and Cox rings

In this section we provide the necessary background and fix our notation on toric ge-
ometry and Cox rings. Throughout the whole thesis, the ground field K is algebraically
closed and of characteristic zero. Moreover, the word variety refers to an integral sepa-
rated scheme of finite type over K. In particular, we assume varieties to be irreducible.
By a point we mean a closed point.

When we speak of an action of an algebraic group G on a variety X, then we always
assume the action map G x X — X, (g, z) — g-x to be a morphism of varieties. A torus
is an algebraic group T isomorphic to a standard torus T" = (K*)" and a T-variety
is a normal variety X with an effective torus action, where effective means that only
the neutral element 1 € T acts trivially. The complezity ¢(X) of a T-variety X is the
difference dim(X) — dim(T).

Toric geometry treats the case of complexity zero. More precisely, a toric variety is
a T-variety Z with a base point zp € Z such that the orbit map ¢t — t - 29 yields an
open embedding T — Z; we call Tz = T the acting torus of Z and write Ty C Z,
identifying 1 € T with zg € Z and Tz with its orbit Tz - 29. Toric geometry originates
in Demazure’s work [26] in the 1970s and connects combinatorics, represented by fans,

15
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with algebraic geometry, represented by toric varieties. As introductory references, we
mention [25], [66], 34, 22]. Here comes the fundamental construction, which at the end
yields a covariant equivalence between the categories of fans and toric varieties.

Construction 1.1.1. A fan in Z" is a finite collection X of pointed, convex, polyhedral
cones living in Q™ such that for any o € ¥ also every face of o belongs to ¥ and for any
two 0,0’ € ¥ the intersection o Mo’ is a face of both, o and ¢’. Given a fan ¥ in Z", the
associated toric variety Z is built by equivariantly gluing the spectra Z, of the monoid
algebras K[M,] of the monoids M, := ¢V NZ" of lattice points inside the dual cones:

Z =2y = |JZ, Z, = SpecK[M,], K[M,] = P Kx“
oEX uEMy

The acting torus Tz = T" = SpecK[Z"] embeds via K[M,| C K[Z"] canonically into
each of the Z, C Z and one takes the neutral element 1,, € T, = T" as base point
zo € Z. The action of Tz on Z then just extends the group structure of Ty C Z.
Locally, on the affine open subsets Z, C Z, the Tz-action is given by its comorphism
X" = X @ X

Remark 1.1.2. Let ¥ be a fan in Z" and Z the associated toric variety. The cones of
> are in bijection with the Tz-orbits via ¢ +— Tz - 2,, where z, denotes the common
limit point for ¢ — 0 of all one-parameter groups ¢ — (t*,...,t"") of Ty with v € Z"
taken from the relative interior 0° C o. The dimension of Ty - z, equals n — dim(o).
In particular, the rays g1, ..., 0, of X, that means the one-dimensional cones, define the
T z-invariant prime divisors D; := Ty - 2,, of Z.

Coz’s quotient presentation generalizes the classical construction of the projective space
P,, as the quotient of K"™1\ {0} by K* acting via scalar multiplication. It delivers, for
instance, any complete toric variety as a quotient of an open toric subset of some affine
space by a quasitorus, that means an algebraic group isomorphic to a direct product of
a torus and a finite abelian group. Below and later, we write 7 < ¢ if 7 C ¢ is a face of
the convex, polyhedral cone o.

Construction 1.1.3. See [21], also [22], Sec. 5] and [6, Sec. 2.1.3]. Consider a fan ¥
in Z™ and let g1, ..., 0, denote its rays. In each p; sits a unique primitive lattice vector v;,
the generator of the monoid p; N Z". The generator matriz of ¥ is the (n x r)-matrix

P = [vg,...,v,]

having vy, ..., v, as its columns, numbered accordingly to o1, ..., o.. We use the letter P
as well to denote the associated linear maps Z" — Z" and Q" — Q™. As any integral
n X r matrix, P defines a homomorphism of tori

p: TV — T7, t o (P )

where tFi+ = ] ... Pir has the i-th row of P = (p;;) as its exponent vector. Now assume
that vq,..., v, generate Q" as a vector space, meaning that the associated toric variety
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Z has no torus factor. Consider the orthant v = Q% and the set
S = {r<~; P(r) C o for some o € L}

Then ¥ is a subfan of the fan 3 of faces of the orthant v C Q". Moreover, P sends cones
from 3 into cones of . Thus, p: T" — T" extends to a morphism p: Z — Z of the
associated toric varieties. We arrive at the following picture

7 ¢ Z = K’
o
Z

where 7 C Z is an open T"-invariant subvariety and H C T" is the kernel of the
homomorphism p: T" — T" of the acting tori. Being a closed subgroup of a torus, H is
a quasitorus. For any cone o € ¥, we have

p Y Z,) = Zs, & := conele;; v; = P(e;) € o), p*0(Z,) = O(Z:)",

where e; € Z" is the i-th canonical basis vector. Thus, p: Z — Z is an affine morphism
and the pull back functions are precisely the H-invariants. In other words, p is a good
quotient for the H-action, as indicated by “/H”.

Generalizing the idea of homogeneous coordinates on the projective space, one uses Cox’s
quotient presentation to obtain global coordinates on toric varieties.

Remark 1.1.4. Let Z be a toric variety with quotient presentation p: 7 - Zas inm
Then every p-fiber contains a unique closed H-orbit. The presentation in Cox coordinates
of a point x € Z is

x = |21, 2], where z = (21,...,2,) € p_'(z) with H - z C Z closed.

Thus, [z] and [2'] represent the same point = € Z if and only if z and 2’ lie in the same
closed H-orbit of Z. For instance, the points z, € Z, where ¢ € 3, are given in Cox
coordinates as

0, P (61) c o,

Zg = [€1,---,&r], & = {1, P(e;) ¢ o.

Remark 1.1.5. Let Z be a toric variety with quotient presentation p: Z — Zasin
Then we obtain an injection from the closed subvarieties X C Z to the H-invariant closed
subvarieties of Z = K" via

X = X = pLl(X)CZ

The vanishing ideal I(X) C K[T1,...,T;] is generated by polynomials g1, ..., gs being
H-homogeneous in the sense that g;(h-2z) = x;(h)g;(2) holds with characters x; € X(H).
We call g1, ..., gs defining equations in Cox coordinates for X C Z.
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We turn to Cox rings. Their history starts in the 1970s in a geometric setting, when
Colliot-Thélene and Sansuc introduced the universal torsors presenting smooth varieties
in a universal way as quotients [20]. In toric geometry, the quotient presentation and
Cox rings popped up in the 1990s in work of Audin [7], Cox [21] and others. In 2000,
Hu and Keel observed fundamental connections between Cox rings, Mori theory and
geometric invariant theory [51]. As a general introductory reference on Cox rings, we
mention [6].

We enter the subject. Consider a normal variety X with only constant invertible global
functions and finitely generated divisor class group Cl(X). For a Weil divisor D on X,
denote by O(D) the associated sheaf of sections. Then the Cox sheaf R and the Cox
ring R(X) of X are defined as

R = € oW, R(X) = T(X,R) = € TI(X,00D)).

[D]eCl(X) [D]eCl(X)

Observe that we grade R and R(X) by divisor classes whereas the homogeneous com-
ponents are defined by divisors. If ClI(X) is torsion free, then this problem of well-
definedness is solved by just regarding R as the sheaf of multi-section algebras: fix a
subgroup K C WDiv(X) of the Weil divisor group mapping isomorphically onto C1(X)
and work with
R =8 = @ O(D).
DeK

The case of torsion in C1(X) requires more care: fix a subgroup K € WDiv(X) mapping
onto CI(X), denote by K C K the subgroup consisting of all principal divisors of K
and choose functions x* € K(X), where E € K°, satisfying

div(x”) = E, xExXE = P

Consider the sheaf S of multi-section algebras associated with K, the subsheaf Z C § of
ideals generated by 1 — x¥, where E € K% and define R := S/Z. Then R is graded by
K/K% = Cl(X) via

Rip) = ﬂ'( @ (’)(D)),
D+KO

where m: § — R denotes the projection. Then, up to isomorphy, this construction turns
out not to depend on any of the choices made; we refer to [14, 39] and [6, Sec. 1.1.4] for
the details.

Remark 1.1.6. See [21], also [22 Sec. 5] and [6, Sec. 2.1.3]. Let Z be a toric variety
without torus factor and let D1,..., D, be the T z-invariant prime divisors of Z. Then
the Cox ring of Z and its Cl(Z)-grading are given as

R(Z) = K[T1,...,T,], deg(T;) =[D;] € Cl(Z).
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For a more explicit picture, let Z arise from a fan ¥ in Z". Then D; = Tz -2, C Z
holds with the rays o1, ..., 0, of ¥. The divisor class group of Z and the divisor classes
of the D; are described by

Cl(Z) = K = Z'/im(P*), D] = wi == Q(e;) € K,

where we denote by P* the transpose of the generator matrix P of 3, by Q: Z" — K
the projection and by e; € Z" the i-th canonical basis vector.

Remark 1.1.7. In Construction the toric variety Z is represented as a quotient
of Z C K" by the quasitorus H = ker(p) C T". With K = Cl(Z) = Z"/im(P*) from
Remark we can view H also as the spectrum of the associated group algebra:

H = SpecK[K], K[K] = €D Kx".
weK

Here, the elements x" € K[K] are the characters of H and w — x" defines an isomor-
phism between K and the character group X(H). Setting y; := x"%, we retrieve the
H-action from the Cl(Z)-grading of the Cox ring R(Z) as

h-z = (Xl(h)zb -e . 7X7‘(h)z7’)‘

In general, the Cox ring R(X) is normal, integral and, as its main algebraic feature,
it is C1(X)-factorial [4, B9]. Let us recall the meaning. A ring R = &R, graded by
an abelian group K is K-integral if it has no homogeneous zero divisors. A nonzero
homogeneous non-unit f € R is K-prime if, whenever f divides a product gh of two
homogeneous g, h € R, then it divides g or h. The ring R is called K -factorial if it is
K-integral and every nonzero homogeneous non-unit of R is a product of K-primes. If
Cl(X) is torsion free, then the Cox ring admits unique factorization in the usual sense,
see [14] Prop. 8.4] and also [28, Cor. 1.2].

The bunched ring approach presented in [15, B8] [6] uses Cox rings to encode algebraic
varieties. The central construction starts with a given K-factorial ring R and produces
varieties X having divisor class group K and Cox ring R. In this thesis, we will work
with the following variant being closer to toric geometry in the sense that it uses fans
instead of the bunches of cones of [I5], B8, [6]. Let us fix the necessary notation. By
an affine algebra we mean a finitely generated reduced K-algebra. If K is an abelian
group, then we denote by Kg = K ®z Q the associated rational vector space. Given
w € K, we write as well w for the element w ® 1 € Kg. Moreover, if Q: K — K' is a
homomorphism, we denote the associated linear map Kq — K@ as well by Q.

Construction 1.1.8. Let K be a finitely generated abelian group and R = &g R, a
K-factorial, normal, integral, affine K-algebra with only constant homogeneous units.
Suppose that fi,..., f, are pairwise non-associated K-prime generators of R such that
any r—1 of the degrees w; := deg(f;) generate K as a group and for 7; := cone(wy; j # i),
the intersection 7 N ... N7, is of full dimension in Kg. Consider the closed embedding

= (f1(x),....fr(z)) Z — K"

SpecR =: X
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The quasitorus H = SpecK[K] acts on Z via h -z = (x1(h)z1,...,xr(h)z.), where
Xi € X(H) is the character corresponding to w; € K. This action leaves the subvariety
X C Z invariant. Now, consider the degree map

Q:Zr — K, e, — Ww;.

Let P be an integral (n x r)-matrix, the rows of which generate ker(Q) C Z". Then
the assumptions on fi,..., f, ensure that the columns of P are pairwise different and
primitive, see [6, Thm. 2.2.2.6 and Lemma 2.1.4.1]. Fix any fan ¥ having P as generator
matrix. The associated toric variety Z and p: Z — Z from Construction fit into a
commutative diagram

X c Z
JH |p p|jH
X ¢ Z

where we set X := X N Z and X = X JH is a normal, closed subvariety of Z. We
speak of X C Z as an explicit variety, refer to a = (f1,..., fr) as the embedding system
of X C Z and call any system of K-homogeneous generators g1, ..., gs of the vanishing
ideal I(X) C K[Ty,...,T;] defining equations for X.

Remark 1.1.9. If, in Construction the ambient toric variety Z is affine (complete,
projective), then the resulting X is affine (complete, projective).

The interface from explicit varieties to bunched rings relies on linear Gale duality. Here
comes how this concretely works in our situation.

Remark 1.1.10. Notation as in [1.1.3] [1.1.6| and [1.1.8] To any explicit variety X C Z,
we can apply the machinery of bunched rings [0, Chap. 3]. The translation into the
latter setting runs as follows. Consider the homomorphisms

P:Zr—>Zn, €; — Vg, Q:ZT%K, e; —r wj,

where K = Z" /im(P*). For o € X, the face 6 <
the e; with v; € 0. The complementary face 6* <
€; g 0. Set

v C Q" of the orthant is generated by
~v of & < 7 is generated by the e; with
¢ = {Q(6%); o€ X with XNT, -z, #0}.

Then @ is a collection of cones in Kg with pairwise intersecting relative interiors. With
the system of generators § := (f1,..., fr), we obtain a bunched ring (R,§,®) in the
sense of [6, Def. 3.2.1.2]. We have an open inclusion

X C X(R,3,9)

into the variety associated with the bunched ring [6, Def. 3.2.1.3] such that the comple-
ment of X in X (R,§,P) is of codimension at least two. If X is affine or complete, then
the above inclusion is even an equality.
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Based on this translation, we will import several statements on the geometry of explicit
(T-)varieties in Section For the moment, we just mention the following.

Remark 1.1.11. See [0, Thm. 3.2.1.4]. For every explicit variety X C Z, the divisor
class group and the Cox ring of X are given as

Cl(X) = K = Cl(2), R(X) = R = R(2)/1(X).

Moreover, X is the relative spectrum of the Cox sheaf on X, which in turn is given as
the direct image R = p.Oy. Finally, we have the prime divisors
DX = XnD? € X

induced by the toric prime divisors Dlz . DTZ . Here each DiX is determined by the
property p*DiX = Vg (T;).

Coming embedded into a toric variety, every explicit variety X C Z inherits the As-
property: any two points of X admit a common affine neighborhood. The normal As-
varieties are precisely the normal varieties that are embeddable into a toric variety,
see [77]. An Ag-variety Y is Ag-mazimal if it does not allow open embeddings into
Ag-varieties Y’ such that Y\ Y is non-empty of codimension at least two. For example,
affine and projective varieties are As-maximal.

Remark 1.1.12. See [6, Thm. 3.2.1.9]. Every As-maximal variety with only constant
invertible global functions, finitely generated divisor class group and finitely generated
Cox ring can be represented as an explicit variety.

In [51], Hu and Keel introduced the Mori dream spaces as Q-factorial projective varieties
with a Mori chamber decomposition satisfying suitable finiteness properties which in
particular guarantee an optimal behavior with respect to the minimal model programme.

Remark 1.1.13. According to [51), Prop. 2.9], the Mori dream spaces are precisely the
Q-factorial projective varieties with a finitely generated Cox ring. In particular, every
Mori dream space can be represented as an explicit variety.

1.2 Constructing explicit T-varieties

We present our method of producing systematically explicit T-varieties, see Construc-
tion [[.2.5, and formulate basic properties, see Proposition Theorem [[.2.10] and
Proposition [[.2.177] The proofs of the latter results are given in the subsequent section.
We begin by indicating the ideas behind Construction First, take a glance at the
following naive way to produce varieties with torus action sitting inside a given toric
variety.
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Recipe 1.2.1. Let Z be a toric variety, Tz = T’ x T a splitting of the acting torus into
closed subtori and Y C T’ a closed subvariety. Consider the closure

X =YxT C Z

Then the variety X C Z is invariant under the action of T on Z and thus we obtain an
effective algebraic torus action T x X — X. By construction, we have

XNT,; = Y xT, K(X)T = K().

In particular, Y represents the field of T-invariant rational functions of X and thus the
projection Ty — T’ defines a rational quotient X --+ Y for the T-action on X.

So far, Recipe provides no specifically close relations between the geometry of X
and that of its ambient toric variety Z. Nevertheless, we know in advance the rational
quotient Y and, stemming from a subtorus action on Z, the T-action on X can be
studied by toric methods. Moreover, Recipe [I.2.1] produces for instance all projective
T-varieties, as we infer from the following.

Remark 1.2.2. Any T-variety X that admits an equivariant embedding into a toric
variety Z with T acting as a subtorus of Tz can be represented as in Recipe [[.2.1]
The techniques from [37, [38] yield such equivariant embeddings for T-varieties X with
the As-property provided they are Q-factorial or, more generally, divisorial in the sense
of [16], or have a Cox sheaf of locally finite type.

Our aim is to bring together the features of Recipe[I.2.] with those of Construction[I.1.8]
Let us first look at a concrete example, indicating the main rules of the subsequent
construction game and illustrating the notation used there. The example we are going
to treat is a well known K*-surface, occurring as an important step in resolving the
Eg-singular cubic surface; see [36, Sec. 4] and, for links to various other aspects, also [0,
p. 522].

Example 1.2.3. Our initial data is a projective line Y C Py given in homogeneous
coordinates by the following equation:

Y = V(T0+T1 +T2) C Ps.

We regard Py as the toric variety defined by the complete fan A with the generator

matrix
-1 1 0
B = [ug,u1,us] = l_l 0 11.

Now we start the game that builds up the generator matrix P of the fan of the prospective
ambient toric variety Z of our final X. First produce a matrix

-3 —130]

Py = [uo,, uo2, u11,u21] = [_3 10 2
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the columns w;; of which are positive multiples of the columns u; of B. Then append a
zero column to Py, a block d below Py and a block d’ below the zero column:

1 3 00 Po0
P = [vo1,v02,v11,021,01] = | =3 =1 0 2 0 | = [ B ]
1 1 1 1

d d

Let ¥ be any complete fan in Z3 having P as its generator matrix and let Z be the
associated toric variety. Then the acting torus Tz of Z splits as

T, = T = T2 x K*.

Moreover, Y N'T? C T? is the zero set of 1+ T1/Ty + To/Tp. Proceeding exactly as in
Recipe yields a surface X coming with an effective K*-action:

X = YNT)xK* C Z

We have X NT3 = V(1+ Ty /Ty + T /Tp). Pulling back that equation via the homomor-
phism p: T5 — T3 given by P leads to the equation for X in Cox coordinates:

X = V(T51T02+T131+T221) g Z = K5,

where the variables T;; represent columns of Py and the index ij tells us that we have
the j-th repetition of the i-th column of B, scaled by the exponent [;; of Tj;.

Remark 1.2.4. In Example we encountered two explicit varieties in the sense of
Construction first, the projective line Y C P, and second, the K*-surface X C Z.
In particular, divisor class group and Cox ring of X are given as

CI(X) = K = Z°/im(P*) = Z7,
R(X) = K[To1, Too, Tur, Tor, Ta] /(T Toe + T3y + T).

Observe that the manipulations on the matrix B turned the redundant defining relation
Ty +T1 + Ty of Y into the serious relation T Toz + 15 + 1%, defining the resulting X.

We come to the general construction of explicit T-varieties. It starts with a given explicit
variety Y C Za provided by Construction [1.1.8]and delivers an explicit variety X C Zx
which is invariant under a direct factor T C Ty; of the acting torus Ty C Zs,.

Construction 1.2.5. Let Y C Zx be an explicit variety with embedding system a =
(fo,---, fr). The defining fan A of Za lives in some Z' and has a t x (r + 1) generator
matrix

B = [ugp,...,uy].
In particular, C1(Y) = Cl(Za) equals Kp := Z"*! /im(B*) and the Cox ring of Y equals

the K p-factorial input ring Ry of Construction[I.1.§f We build up a new matrix from B
and the following data
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e positive integers ng,...,n, and non-negative integers m,s with t + s < n + m,
where n :=ng+ ...+ n,,

e for any two 4,7, where ¢ = 0,...,r and j = 1,...,n,, a positive integer /;; and a
vector d;; € Z°,

e for any k, where 1 < k < m, a vector dj, € Z°,

where, with the multiples u;; = l;;u; € 7! of the columns of B, we require that the
vectors
Vij = (uij7dij) c Zt—i—s7 v = (O,d%) e 7tts

are all primitive, any two of them are distinct and altogether they generate Q!** as a
vector space. Store the v;; and vy, as columns in a (t + s) X (n + m) matrix

P = [U"’Uk] _ upr ... Uong -+ Url ... Urnp, 0o ... 0

E doi1 ... dong - dp1 ... dpn, dy ... d,
Now, let ¥ be any fan in Z!'™* having P as its generator matrix and denote by Zs the
associated toric variety. Then we obtain a commutative diagram

X < Zxy
\ [
I I
Y Y
Y ¢ Za

where the rational map Zs, --» Za is given by the projection T! x T¢ — T? of the
respective acting tori Ty, = T? x T® and Tao = T and we define

X = X(a,P%) = YNTH) xT* C Zs.

Then X C Zy is invariant under the action of the subtorus T = {1;} x T* of the acting
torus Ts; = T? x T* of Zs,. Moreover, set

Th =T T €K[Ty, S, Kpi= 2" /im(P*) = C1(Zx).
Let hi,...,hy be defining equations of Y in Cox coordinates, that means Kp-
homogeneous generators for the ideal of relations between fjy, ..., fr. Consider the factor

ring
R(a, P) := K[Ty, Sk /(hi (T2, ..., T, .. hy(T, ... TH))

and denote by Qp: Z"t™ — Kp the projection. We turn R(«a, P) into a Kp-graded
algebra via

deg(T35) = wi; = Qpleij), deg(Ty) = wir = Qp(ex),

where e;j, e, € Z™T™ are the canonical basis vectors. Observe that we have a unique
homomorphism of graded algebras Ry — R(«, P) sending f; to Tll’
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Remark 1.2.6. For t = n = 0, the above construction yields the usual construction
of a toric variety from a fan. Moreover, for s = m = 0 and n = r + 1, we arrive at
Construction [[LT.8

We come to the first basic property of Construction Note that in concrete cases
the assumptions of this proposition on R(c, P) and the T;; made below can be checked
algorithmically via absolute factorization; see [44] Rem. 3.8].

Proposition 1.2.7. Let X = X(a, P,X) arise from Construction[1.2.5 If R(a, P) is
a Kp-integral affine algebra with only constant homogeneous units and the T;; define
pairwise non-associated Kp-primes in R(a, P), then X C Zx, is an explicit variety.

Definition 1.2.8. By an ezplicit T-variety X C Z we mean a variety X = X (o, P, X)
in Z = Zy, together with the action of T = {1;} x T* arising from Construction [L.2.F]
such that the assumptions of Proposition [1.2.7] are satisfied.

Corollary 1.2.9. Let X C Z be an explicit T-variety. Then X is a normal variety with
only constant invertible global functions. Moreover, dimension, complexity, divisor class
group and Coz ring of X are given by

dim(X) = s + dim(Y), ¢(X)=dim(Y), CUX) = Kp, R(X) = R(a,P).

We say that a T-variety X’ admits a presentation as an explicit T-variety if there is a
T-equivariant isomorphism X’ — X with some explicit T-variety X C Z.

Theorem 1.2.10. Let X be an As-maximal T-variety having only constant invertible
global functions, finitely generated divisor class group and finitely generated Coz ring.
Then X admits a presentation as an explicit T-variety.

Corollary 1.2.11. FEvery Mori dream space with an effective torus action admits a
presentation as an explicit T-variety.

In the rest of the section, we discuss the geometry of the torus action of an explicit
T-variety X C Z, aiming for a suitable quotient. First, we continue Example [1.2.3]

Example 1.2.12. Consider again the explicit K*-surface X C Z from An im-
portant source of information is the location of the columns of P over those of B with
respect to the projection pr: Z3 — Z? onto the first two coordinates:
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vo1

v21

Each column v;; projects into the ray through u; and vy lies in the kernel of the projection.
The rays g;; through v;; and g1 through v; define prime divisors DiZj and Ef of Z,
respectively. Cutting down to X gives us prime divisors

D == XNDj C X, EY == XNE{ C X,

where the basic reason for primality is that the divisors are given in Cox coordinates by
K-prime ideals; for instance Dy; is defined by (Tp1, TP, + T4 ). We are interested in the
isotropy groups. Recall that K* acts on X as the subtorus

T := {I,} xK* C T® = Ty.

In particular, the isotropy groups of the T-action are constant along the Tz-orbits.
Consider the kernel L = {0} x Z of pr: Z*> — Z?. Then [6, Prop. 2.1.4.2] yields for any
o € ¥ that the isotropy group of T at z, € Z has character group

X(T.,) = (LNlin(o)) @ (pr(lin(e)) NZ32)/(pr(lin(c) N Z3),

where lin(o) C Q2 denotes the Q-linear hull. Looking at o = g;;, we see that the isotropy
group T, of the general point x € ijf is cyclic of order [;;, where [;; is the exponent of
T;; in the defining relation of X, that means

lo1 = 3, loo =1, l11 =3, lo1 = 2.

Moreover, the curve EiX consists of fixed points of the T-action and there are two
isolated fixed points, forming the intersections of X with the toric orbits Ty - z, for
o = cone(vg1,vo2) and o = cone(vgz, V11, V21 ), respectively. In particular, we see that

Xo = Xﬂ(TzLJTZ'ZQOlUT2~2902UT2~2911UTz-Zgzl) c X

is the open subset of X consisting of all points € X having finite isotropy group T;. The
projection pr: Z3 — Z? defines a rational quotient Z --» Py for the T-action inducing
a rational quotient X --+ Y which in turn is defined on Xy C X and gives a surjective
morphism Xy — Y, where Y = P;.
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Before entering the general case, let us give the precise definitions of the necessary
concepts of quotients. For the moment, X may be any variety with an action of an
algebraic group G. As already indicated, a rational quotient for the G-variety X is a
dominant rational map 7: X --» Y such that 7*K(Y) = K(X)% holds. A representative
of a rational quotient 7: X --+ Y is a surjective morphism W — V representing 7 on a
non-empty open G-invariant subset W C X and an open subset V C Y. By results of
Rosenlicht, rational quotients always exist and admit a representative having G-orbits
as its fibers [73].

Behind Construction [T.2.5] there is a specific rational quotient, the maximal orbit quo-
tient. Recall that a geometric quotient of a T-variety X is a good quotient X — Y
having precisely the T-orbits as its fibers. Moreover, for any T-variety X, we denote by
Xy C X the open subset consisting of all points z € X with finite isotropy group.

Definition 1.2.13. A maximal orbit quotient for a T-variety X is a rational quotient
m: X --» Y admitting a representative ¢»: W — V and prime divisors Cjy,...,C, on Y
such that the following properties are satisfied:

(i) one has W C Xy and the complements X\ W C Xy and Y\ V C Y, both are of

codimension at least two,

(ii) for every i = 0,...,r, the inverse image 1 ~1(C;) C W is a union of prime divisors
Dila s 7Dini - Wa

(iii) all T-invariant prime divisors of Xy with non-trivial generic isotropy group occur
among the D;;,

(iv) every sequence J = (jo,...,Jr) with 1 < j; < n; defines a geometric quotient
Y: Wy — V for the T-action, where Wy := W \ Uj;, D;;.

We call Cy,...,C,. CY a collection of doubling divisors for m: X --» Y. The closure
of any D;; in X is a T-invariant prime divisor of X, again denoted by D;; and called
a multiple divisor. Moreover, we denote by Fi,..., E,, the prime divisors in the com-
plement X \ Xy and call them the boundary divisors. Finally, we call ¥: W — V a big
representative for m: X --» Y.

Example 1.2.14. We continue [1.2.3]and [1.2.12] The rational quotient X --+ Y arising
from the projection T3 — T? of tori is a maximal orbit quotient. The intersection points
¢; of Y C Py with the coordinate axes V(T;) yield a collection of doubling divisors, the
multiple divisors over c; are the Di)]{ and the (only) boundary divisor is EX.

Remark 1.2.15. Observe that Definition leaves some freedom for choosing the
doubling divisors Cy,...,C,. Some divisors necessarily appear: the images of divisors
with non-trivial finite generic isotropy group and the images of invariant divisors which
cannot be separated by . Beyond those, we are free to choose further doubling divisors
C;, which then means to insert D;; accordingly.
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Remark 1.2.16. Let 7: X --» Y and 7’: X --» Y/ be maximal orbit quotients for a
T-variety X. Then there are open subsets U C Y and U’ C Y’ having complements
of codimension at least two and an isomorphism U — U’ which sends any collection of
doubling divisors for 7 to a collection of doubling divisors of 7’.

Proposition 1.2.17. Let X C Zy, be an explicit T-variety. Let Z& C Zs be the union of
Ty, and all toric orbits Ty, - z,,,; and Zi C Za the union of all toric orbits of codimension
at most one. Then, for X1 := XNZ& and Yy = YﬂZi, we have a commutative diagram

X7 ¢ Z%;

where the downwards maps are maximal orbit quotients for the action of T. Denoting

by Dizj and DE the toric prime divisors of Zx, corresponding to the rays ;; = cone(vj;)

and gr = cone(vy), we obtain the multiple divisors and the boundary divisors of X as
D;; = XNnDj, Eyf = XnDj.

The generic isotropy group of E,i( is a one-dimenstonal torus and the generic isotropy

group of Di); is finite of order l;;. The doubling divisors are the intersections of C; =

Y N D with the toric prime divisors of D& C Za.

We briefly discuss relations to polyhedral divisors [I} 2]. First we have the following
recipe to convert explicit T-varieties into the setting of polyhedral divisors.

Remark 1.2.18. Given an explicit T-variety X C Zy, we indicate how to obtain a
describing divisorial fan in the sense of [I} 2]. First follow [I, Sec. 11]. For every o € X,
let A, be the fan in Z! obtained as the coarsest common refinement of the projections
pr(r) C Q! of all faces 7 < o C Q**™'. The toric variety associated with A, is the
normalized Chow quotient Z, /T, see [53, 23]. Let Y, be the normalization of the
closure of the image of X N Tz in Z, /T and write D, , for the pull back of the toric
prime divisor D, of Z,J/T to Y. Then

Dy == Y Ay®Dsy, A, i= onpr(y,) € Q7

defines a polyhedral divisor on Y, describing the T-action on X, := X NZ,. Now, follow
the proof of |2, Thm. 5.6] to bring the local pictures together. Choose projective closures
Y] C Y/ and, via resolving indeterminancies of the birational maps between the Y
induced by those between the X, construct a normal projective variety Y dominating
birationally all the Y. Pulling back the D, to Y” yields the desired divisorial fan
describing the T-action on X.
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Remark 1.2.19. In general, maximal orbit quotient and Chow quotient of a T-variety
differ from each other. For example, let T = K* act on X = K* via

t-z = (tilzl,til,ZQ,tZg,tZAL).
Working for instance in terms of fans we see that in this particular case we obtain a
maximal orbit quotient just by taking the good quotient

X — X)T, z — (2123, 2124, 2223, 2224),

where X /T = {w € K*; wijws = wows}, and the canonical map X /T — X//T from the
Chow quotient onto the good quotient resolves the singularity 0 € X //T.

1.3 Proofs to Section [1.2

Here we prove the statements made in Construction [I.2.5] Proposition [I.2.7, Theo-
rem|1.2.10|and Proposition|1.2.17, We will make use of Bechtold’s normality criterion [12}
Cor. 6]; for convenience we give a direct proof here.

Proposition 1.3.1. Let K be a finitely generated abelian group, R a K-factorial affine
K-algebra with only constant K-homogeneous units and fi,..., fr a system of pairwise
non-associated K-prime generators for R. If any r — 1 of the deg(f;) generate K as a
group, then R is integral and normal.

Proof. The K-grading of R defines an action of the quasitorus H := SpecK[K] on
X := Spec R such that the homogeneous elements f € R of degree w € K are precisely
the functions on X which are homogeneous with respect to x* € X(H). Set g; := [] i [
and consider the H-invariant open subset

X = X, U...UuX, C X.

Since the f; are pairwise non-associated K-primes, X has complement of codimension at
least two in X. According to [IT, Thm. 1.3], each X, /H is factorial and hence normal.
By [6, Prop. 1.2.2.8], the H-action on Xgi is free. Thus, Luna’s slice theorem [60,
Thm. IIL.1] tells us that the quotient map X,, — X, /H is an étale H-principal bundle.
As étale morphisms preserve normality, see [63, Prop. 8.1], we conclude that each X,
and hence X is normal. Now, observe

R = O(X) € OX).

We claim that the last inclusion is in fact an equality. Let g € O(X_ ) be an H-
homogeneous function. Since g is a regular homogeneous function on X, , we have
g = ¢'/g} with a homogeneous function ¢’ € R. Using K-factoriality, we find pairwise
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non-associated K-primes p;, f; € R, where fa,..., f, are the generators fixed before,
such that y
g _ pll PN pZS
[N

Since g is regular on the normal variety X and X \ X is of codimension at least two in
X, we must have s = ... = pu, = 0. Consequently, g € R holds. Now, every regular
function on X is a sum of K -homogeneous ones and thus extends to a regular function
on X. In particular, R = O(X) is normal.

To see that R is integral, we have to show that X = SpecR is irreducible. Due to
normality, the irreducible components of X coincide with its connected components
Xi,..., Xy Indeed, if two distinct irreducible components have a common point, then
the corresponding local ring has zero divisors, contradicting normality. The assumption
that R is K-integral means on the geometric side that H permutes transitively the
X;. So, we can choose h; € H with X; = h;X; and a non-trivial character X € X(H)
vanishing along the stabilizer of X;. Then, setting f(z) := x(h;) for z € X; defines a
homogeneous unit on X, which is non-constant as soon as k& > 1 holds. We conclude
k =1 and thus X is irreducible. O

Proof of Construction[I.2.5, Proposition and Proposition[1.2.17. The generator
matrix B of the fan A and the generator matrix P of the fan X fit into the follow-

ing commutative diagram
Zn+m P Zt—l—s

o

ZT+1 T> Zt

where the lifting A: Z"™ — Z"+1 of the projection Z!T* — Z! sends the canonical basis
vectors e;; € Z"T™ to ljje; € Z' and e, € Z"T™ to 0 € Z"!. Dualizing leads to a
commutative ladder of abelian groups with exact rows

0 Kp <28 gnm P s
ZT A*T T
r+1 t

0 Ky~ 2 < — 1 0

We validate Construction [I.2.5] According to Construction [I.1.8] the canonical basis
vector e; € Z™! is sent by Qp to deg(f;) € Kp. Thus, the induced map 2: Kg — Kp
sends deg(fi) € Kp Qp(liiei1 + ... + lin,ein;) € Kp. Define a Kp-grading on the
polynomial ring K[Fp, ..., F;| by deg(F;) = deg(fi) and a Kp-grading on K[T};, S] by
deg(Tij) = Qp(ei;) and deg(Sk) = Qp(ex). Then the homomorphism

K[Fo, ..., F] — K[T};, Skl fi > T
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sends homogeneous elements of degree w € Kp to homogeneous elements of degree
1(w) € Kp. In particular, the defining relations h; (Téo, ..., T") are Kp-homogeneous,
the Kp-grading of R(«, P) is well defined and, moreover, we have the induced homo-
morphism of the graded algebras Ry — R(«, P) sending f; to Tili as desired.

We turn to Proposition Let Y C K™t and X C K* denote the closures of the
inverse images of Y N'T! and X N T!** under the homomorphisms of tori b: T" ! — T?
and p: T"t™ — T**s defined by B and P respectively. Observe that Y = Spec Ry holds.
With the quasitori Hy := Spec K[Kp] and Hx := Spec K[Kp] and the homomorphism
of tori a: T"*™ — T™*! defined by A, we have a commutative diagram

XQWWM%iXmTHS

e

v+ L2y,
Consider the product f € Ry over all the generators f; of Ry and the product g €
R(a, P) over all the generators T;; and Sy, of R(c, P). Then, using the above diagram,

(B))™ = 0 (Ry))™ = (Rl P)y)"™)"

Since the left hand side ring is factorial, also the right hand side ring is so. By assumption,
R(c, P) is Kp-integral and the generators T;; are Kp-prime. Using [11, Thm. 1.3], we
see that R(a, P) is factorially Kp-graded and Proposition shows that R(«, P) is
integral and normal. Consequently, we are in the setting of Construction [1.1.§] which
establishes Proposition [1.2.

Finally, we show Proposition First note that Zé — Zi defines a maximal orbit
quotient of the T*-action on Zy;. The toric prime divisors of Zé cut down to the prime
divisors DZ-)]{ and Di( of X7 and those of Zi to the prime divisors C; of Y;. Thus, we
can infer the statements on the isotropy groups from [6, Prop. 2.1.4.2] and conclude that
X1 — Y] is a big representative of a maximal orbit quotient of the T*-variety X. O

We come to the proof of Theorem [1.2.10] The task is to provide for any abstractly
given As-maximal T-variety X with only constant invertible global functions, finitely
generated divisor class group CI(X) and finitely Cox ring R(X) a presentation as an
explicit T-variety X C Z. This runs via general Cox ring theory. Let us recall the
necessary background. Mimicking Cox’s quotient presentation [1.1.3] one looks at

X = SpecR(X), H = SpecK|[Cl(X)],

the total coordinate space and the characteristic quasitorus of X. Then H acts on X,
where this action is defined via its comorphism, sending a homogeneous element f €
R(X) of degree [D] to the element y[P! @ f of K[C1(X)] ® R(X). Moreover, X can be
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reconstructed as a good quotient

Specy R = X ¢ X = SpecR(X)
JH|p

X

Here the relative spectrum X of the Cox sheaf R is called the characteristic space over
X. It is an open H-invariant subset of X and the complement X \ X is small in the
sense that it is of codimension at least two in X; see [0, Sec. 1.6.1].

We will deal with canonical sections, which in the context of Cox rings means the fol-
lowing. For any effective representative D of a class [D] € CI1(X), there is, up to scalars,
a unique f € R(X)(p) with div(f) =p*D on X. In this situation, we call f a canonical
section of D and write f = 1p. A canonical section 1p is a Cl(X)-prime element of
R(X) if and only if D is a prime divisor on X. See [6, Prop. 1.5.3.5 and Lemma 1.5.3.6]
for the full details.

Proof of Theorem[1.2.10. Write for short K := Cl(X) and R := R(X). In a first step, we
lift the action of the torus T to the total coordinate space X. Consider the characteristic
space p: X = X over X. By [6l, Thm. 4.2.3.2], there are a T-action on X and a positive
integer b such that forallt € T, h € H and = € X, we have

t-h-z =h-t-z, p(t-z) = t° p(x).

Since X C X has a small complement and X is normal, the T-action on X extends to X.
The fact that the actions of T and H commute means that we have an action of T x H
on X. Thus, the K-grading of R refines to a (M x K)-grading for M = X(T). As M is
torsion free, [II, Thm. 1.5] yields that R is (M x K)-factorial and (M x K)-primality
coincides with K-primality in R.

Now, let § = (f1,..., fy) be a system of pairwise non-associated K-prime generators of R
such that every T-invariant prime divisor of X having non-trivial generic isotropy group
has a canonical section among the f;. Then, as mentioned before, the f; are (M x K)-
prime, and thus in particular (M x K)-homogeneous. Similarly as in Construction m
we obtain a (T x H)-equivariant closed embedding

2?'—>(f1(x),,fq($)) —~

SpecR =: X Z = K4,

Let Q: 27 — K, e; — deg(f;) be the degree map of the K-grading. Then, in the
language of [6, Thm. 3.1.4.4], we have a maximal bunch of orbit cones

® = {Q(v.); z € X with H-z C X closed}, vz = cone(e;; fi(z) #0).

Moreover, [6, Props. 3.2.2.2, 3.2.2.5] ensure that we obtain a bunched ring (R, §, ®) in
the sense of [6, Def. 3.2.1.1]. Now we reverse the translation performed in Remark|1.1.10
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Fix a ¢’ x ¢ matrix P, the rows of which form a lattice basis for ker(Q). For a face 79 <
of the orthant v = Q% let 7§ < v be the complementary face. Then

Yx = {P(7}); z € X with H -2 C X closed}

is a set of cones intersecting in common faces; see [0, Thm. 2.2.1.14]. Let ¥ be any fan
in Z4¢ such that % x € X holds. Consider the associated toric variety Z = Zy and Cox’s
quotient presentation Z — Z. We will build up the following commutative diagram

X ¢ Z
//HJ/p JH
X
|
|

- 7
I
T |
A

y
Y ——= 7.

By Ag-maximality of X and the choice of ¥, we have X = XN Z and the induced
morphism X — Z of quotient spaces is a closed embedding. Moreover, X — Z is T-
equivariant, where T acts on Z as a subtorus of Tz C Z. Choose a splitting T, = T? x T.
Accordingly, the lattice hosting the fan ¥ splits as Z¢ = Z! x Z*. Let A be the fan in
7! consisting of the zero cone and the projections of the rays of ¥. Then the projection
Ty — T of acting tori defines the rational map Z --» Za. Defining Y C Za to be the
closure of the image of X N Tz, we complete the commutative diagram.

We investigate the shape of the generator matrices B of A and P of ¥. Numbering its

columns as uy, . . ., 4y, we turn B into a t X (r+ 1) matrix. For every ¢ =0,...,r, denote
by vit, . .., Vin, the columns of P such that the ray g;; = cone(v;;) projects onto cone(u;).
Moreover, denote by vy, ..., v, the columns of P such that the ray g = cone(vy) lies in

the kernel of the projection Q! x Q* — Q!. Then P is a (n+m) X (t + s) matrix, where
n=mng+...+n,. Consider the toric prime divisors DiZj C Z and EkZ C Z corresponding
to the rays o;; and g respectively. Computing the generic isotropy groups T, of these
divisors according to [6, Prop. 2.1.4.2], we see that the EkZ are the boundary divisors of
the T-action and that the v;; have a non-trivial Z'-part being the /;;-fold multiple of the
primitive generator u; € Z'. Thus, B and P look as in Construction m

We claim that the dashed arrows are maximal orbit quotients for the T-actions on Z
and X respectively. Consider the union Z! C Z of Tz and all toric orbits T - Zpi;-
Then Z' C Z, is an open subset with complement of codimension at least two in the
set Zy C Z consisting of all points z € Z with finite isotropy group T,. Let C; be the
prime divisor of Za corresponding to cone(w;), where i = 0,...,7. Then Cy,...,C,
serve as doubling divisors and Z' — Z4 is a big representative for the rational quotient
Z --+ Za, where Property (iv) is due to [0, Cor. 2.3.1.7]. Cutting down to X
gives an open subset X' = X N Z' of X, and a morphism 1: X! — Y, which inherits
the properties of a big representative from Z' — Za. In particular, Y is normal. A
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collection of doubling divisors is given by C; =Y N D;, where Dy, ..., D, C Za are the
invariant prime divisors of Z5. Observe that each C; is prime, because it is the image
of X N D for any Tz-invariant prime divisor D C Z lying over D; C Za.

To conclude the proof, we still have to show that Y C Z is an explicit variety, that
means that 1¢,, ..., 1c, generate the Cox ring R(Y'). Consider the commutative diagram

Zn+m P Zt—i—s

o

Zr-l—l ? Zt

where the matrix A: Z"™™ — Z"! defines the homomorphism of a: T?"t™ — T7+!
which in turn uniquely extends to the monomial map

a: KM KL (z,w) = (20,...,2).

»~r

Note that a is the good quotient for the action of the quasitorus ker(a) on K"*™. The
total coordinate space X C K"'™ is invariant and thus maps onto a closed normal
subvariety Y C K"t!. Moreover, Y inherits from X the property that the coordinate
functions of K"! define pairwise non-associated elements on O(Y). By construction,
Y NT"*+! dominates Y C Za. Thus, using [6, Lemmas 3.4.1.7, 3.4.1.9 and Cor. 3.4.1.6],
we see that O(Y') is the Cox ring of Y. O

As a consequence of the above proofs we retrieve [46, Thm. 1.2] for the special case of
T-varieties with finitely generated Cox ring.

Corollary 1.3.2. Let X be a T-variety with finitely generated Cox ring R(X). Then X
admits a mazimal orbit quotient m: X --+ Y and a collection Cy,...,C, of doubling
divisors such that we have an isomorphism of Cl(X)-graded rings

R(X) = R(Y)[Tiy, Sl /(T —Us; i =0,...,7),

where T;j, Sy, € R(X) and U; € R(Y') are canonical sections of the multiple divisors D;j,
boundary divisors Ey and doubling divisors C; respectively and the C1(X)-grading on the
right hand side is given by

deg(Ui) = [lilDz'l + ...+ lm,sz]a deg(D,;j) = [D,‘j], deg(Sk) = [Ek]

Moreover, we have Y = X//ny, where the quasitorus Hxy C T+t ™ s the kernel of
the homomorphism of tori T"™ — T"+1 sending (t,s) to (112, ... tr).

1.4 First properties and examples

We discuss basic geometric properties of explicit T-varieties. First we provide a collec-
tion of general statements directly imported from [6, Chap. 3], concerning singularities,
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the Picard group and various cones of divisor classes. Then we present more specific
statements involving the T-action. The second part of the section is devoted to examples.
We indicate how to apply the results in practice by means of a concrete (new) example,
we show how the construction of rational T-varieties of complexity one from [40)], 47]
fits into the framework of explicit T-varieties and finally, we present the Grassmannian
Gr(2,n) with its maximal torus action as an explicit T-variety.

When we speak about an explicit T-variety X C Z or, more specifically, about an
explicit T-variety X (o, P,X) in Zy, then we allow ourselves to make free use of the
notation introduced in Construction Recall from Remark that the case of
a trivial T-action, that means the explicit varieties from Construction [1.1.8] is included
vias=m=0and n=r+1.

Remark 1.4.1. Let X C Z be an explicit T-variety. The total coordinate spaces X and
Z, that means the spectra of the Cox rings R(X) and R(Z), are given as

X = X(a,P) := V(i (T,...,T"), ... hy(Tl, ..., T")) € K™ = Z.

The embedding X C Z is equivariant with respect to the actions of the characteristic
quasitorus H = SpecK[Kp| defined by the gradings of R(X) and R(Z) by Kp =

Cl(X) = Cl(Z). Moreover, we have a commutative diagram

X ¢ Z
/H l//H
X ¢ Z

where Z — Z is Cox’s quotient presentation and X = X N Z holds. The good
quotients X — X and Z — Z are the characteristic spaces over X and Z, respectively.

Every explicit T-variety X C Z inherits a decomposition into locally closed subsets by
cutting down the toric orbit decomposition of Z. Generalizing well-known basic facts
of toric geometry, one can express several geometric properties of X in terms of this
inherited decomposition. Let us introduce the necessary notation for precise statements.

Definition 1.4.2. Let X C Z be an explicit T-variety. Set v := Qggm. An X-face is a
face 79 < Q"™ such that the complementary face v < v satisfies

K™™ 2 X(y) = X N T"""m-z%ﬂ # 0.
%

For ¢ € ¥ and the corresponding face vy < =, that means the face with P(v§) = o,
consider the intersection of X and the associated toric orbit of Z = Zy;:

X(y) = X(0) == XNT** .2, C Z

We call o € ¥ an X-cone and vy < v an X -face if X () = X (o) is non-empty. Moreover,
we denote
rlv(X) = {v < 7; 7 is an X-face}.
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Finally, we call the subsets X (79) C X, where 7 is an X-face, the pieces of the explicit
T-variety X C Z.

Remark 1.4.3. Let X C Z be an explicit T-variety. Then every piece X (vy) C X is
locally closed and X is the disjoint union of its pieces:

X = |J X
Yo€rlv(X)

Moreover, o < v is an X-face if and only if it is an X-face and we have P(vy) € . If
Yo =< 7y is an X-face, then X (vp) maps onto X (7p).

We describe basic local properties in terms of the pieces. Consider for the moment any
normal variety X. A point x € X is factorial if every Weil divisor of X is Cartier near x.
Moreover, z € X is Q-factorial if for every Weil divisor of X some nonzero multiple is
Cartier near x.

Proposition 1.4.4. Let X C Z be an explicit T-variety. Consider an X-face v < 7y
and 0 = P(v§) € . Then the following statements are equivalent.

(i) The piece X (o) consists of Q-factorial points of X.
(ii) The cone o is simplicial.
(iii) The cone Q(v0) € Kq is of full dimension.

Proof. Translate via Remark [1.1.10{ and apply [6, 3.3.1.8 and 3.3.1.12]. O

Proposition 1.4.5. Let X C Z be an explicit T-variety. Consider an X-face v < v
and o0 = P(v§) € ¥. Then the following statements are equivalent.

(i) The piece X (o) consists of factorial points of X.
(ii) The cone o is regular.

(iii) The set Q(yo NZ"t™) generates K as a group.

Moreover, )_((U) consists of smooth points of X if and only if one of the above statements
holds and X (vy) consists of smooth points of X.

Proof. Translate via Remark [1.1.10[and apply [6, 3.3.1.8, 3.3.1.9 and 3.3.1.12]. O

We turn to the Picard group and the various cones of divisor classes. For a subset A C V
of a Q-vector space, we denote by lin(A) C V its Q-linear hull.
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Proposition 1.4.6. Let X C Z be an explicit T-variety. Then, in Kp = CI(X), the
Picard group of X is given by

Pic(X) = ﬂ Q(lin(rp) N Z™™).
Yo€rlv(X)

Moreover, in (Kp)g = Clg(X), the cones of effective, movable, semiample and ample
divisor classes are given by

Eff(X) = Q(), Mov(X) = (] Q)
Yoy facet
Sample(X) = [ Q). Ample(X) = [ Q)"
Yo€rlv(X) Yo€rlv(X)

Proof. Translate via Remark |[1.1.10{and apply [6, Cor. 3.3.1.6 and Prop. 3.3.2.9)]. O

Remark 1.4.7. Let X = X (o, P,Y) in Z = Zy, be an explicit T-variety. If the fan ¥ is
the normal fan of a polytope in Q'™*, then Z and hence X are projective. Conversely,
if X is projective, choose any class v € Ample(X), an element e € Q"™ with Q(e) = u
and consider the polytope

B(u) = (P)7HQ H(w)ny)—e) € Q.

Then, with the normal fan ¥(u) of B(u), we have X = X (a, P,¥(u)), whereas the toric
ambient variety Z(u) associated with ¥(u) may differ from the original Z = Zy,. Note
that in terms of the faces 79 < v, the normal fan is given as

Y(u) = {P(%); 0 <7 with u € Q(v0)°}

We indicate, in our setting, the fundamental connection between geometric invariant
theory and Mori theory found by Hu and Keel [51, Thm. 2.3]; we refer to [6], Sections 3.1.2
and 3.3.4] for additional background.

Remark 1.4.8. Let X = X(a, P,¥(u)) in Z = Zs,,) be a projective explicit T-variety.
For every u € Eff(X), denote by I'(u) the collection of X-faces v < v with u € Q(7o)
and define a convex polyhedral cone

o= [ Q) € Kg = Clg(X).
Yo €I (w)

The cones A, form a fan A subdividing Eff(X). The fan A maintains the geometric
invariant theory of the characteristic quasitorus action on X in the sense that the sets
X*5%(u) of semistable points associated with the characters x* € X(H) satisfy

X)) € X¥W) <<= I = g
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Observe that if one of the conditions holds, then we have an induced morphism X,, — X,/
of the associated quotients by H. Now, look at the u € Mov(X)°. These define projective
explicit T-varieties. More precisely, we have

X, = X(a,P,%(u)), X, = X%(u).

Each X, has )\, as its semiample cone and is Q-factorial if and only if dim(),) equals
dim(Kq). Moreover, A reflects the Mori equivalence: the birational map X, --» X}, is
an isomorphism if and only if u, 4 € A° holds for some A € A.

Now we discuss more specific properties of explicit T-varieties X C Z involving in
particular the torus action. Recall that T = T*, being a factor of Tz = T! x T*, acts on
Z and leaves X C Z invariant. Moreover, the projection Tz — T* defines the maximal
orbit quotient Z --+ Zx for the T-action on Z and by restricting we obtain a maximal
orbit quotient 7: X --+ Y for the T-action on X.

Proposition 1.4.9. Let X C Z be an explicit T-variety. Let L C Z!*S be the kernel of
the projection pr: Z'TS — Zt. Then, for every X-cone ¢ € ¥ and every x € X (o), the
isotropy group T, satisfies

X(T,) = (Lnlin(o)) @ (pr(lin(e)) NZY)/(pr(lin(c) N ZH).

Proof. From [6, Prop. 2.1.4.2] we infer the formula for the isotropy group of T C T at
the point z, € Z. Since the isotropy groups of the T-action are constant along the toric
orbits, this is all we need. ]

Proposition 1.4.10. Let X C Z be an explicit T-variety. Suppose that the Cox ring
presentation R(Y) = K[f1,..., fr]/(h1,..., hq) is a complete intersection. Then, with
h!, = hu(TéO, ..., '), also the Cox ring presentation

R(X) = K[Tyj, Skl/(hy, ..., )

is a complete intersection. Moreover, in the latter case, the canonical divisor class of X
s given by

TNy m q
Kx = =YY deg(Ty;) — Y deg(S) + > deg(h),) € Kp = CI(X).
k=1 u=1

i=0 j=1

In particular, with the canonical divisor class Ky € Kp = Cl(Y') and the mazimal orbit
quotient m: X --»Y, we have

roon;

Kx —m*(Ky) = Y. (L — 1) deg(T3;) — f: deg(Sk).
k=1

i=0 j=1
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Proof. The second and third statement follow from [6, Prop. 3.3.3.2]. The first one is
seen via a simple dimension computation:
dim(X) = dim(X)+ rk(CL(X))
= s+dim(Y) +rk (Cl(X))
= s+ dim(Y) — 1k (CI(Y)) + rk (C1(X))
= s+(r+l1—q)—(r+1-t)+(n+m—1t—2s)
= n+m-—gq.

O]

For the next observation, note that in Construction [1.2.5] we may remove successively
all maximal cones from the fan ¥ that are not X-cones. The result is a minimal fan
3 defining still the initial X. We call Z = Zy in this case the minimal ambient toric
variety of X.

Proposition 1.4.11. Let X C Z be an explicit T-variety and assume that Z is the
minimal toric ambient variety of X. Let L C Z!'T5 be the kernel of the projection
7ts — 7t

(i) The normalization of the general T-orbit closure of X is the toric variety defined
by the fan X1, in L, where

Y = {r; 7 (6cNLg), 0 €L}

(ii) If the mazimal orbit quotient m: X --+ Y is a morphism, then X is a subfan of
3.

Proof. As Z is the minimal toric embedding, the general T-orbit closure of X equals the

general T-orbit closure of Z. This reduces the problem to standard toric geometry. [

Corollary 1.4.12. Assumptions as in Proposition [1./.11 If X is complete and Xy, is
a subfan of X, then we have

rk (Cl(X)) —rk (CL(Y)) > n—r—1.
Proof. According to Proposition the general T-orbit closure of X has divisor class
group of rank m — s > 0. Thus, the assertion follows from
tk (Cl(X)) = n+m—1t—s, tk(CL(Y)) = r+1—t.
O
We come to the announced example discussions. First, we use Construction to

produce a concrete example of a Q-factorial Fano variety with torus action of complexity
two and maximal orbit quotient X --» P; x ;.
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Example 1.4.13. Consider the surface Y := P; x P;. Then we have CI(Y) = Z? and
the Cox ring of Y is the polynomial ring K[Ty, T}, T, T3], where the Z2-grading is given
by

deg(Tp) = deg(T1) = (1,0),  deg(T2) = deg(Ts) = (0,1).
Consider the redundant system o = (fo,..., f5) of generators for R(Y') consisting of
fi:=1T; for i =0,...,3 and the defining equations of the diagonals

f1 = ToTs — TVTh, f5 = Tyly —Th1T3,

both being of degree (1,1). A matrix B of relations between the degrees of generators
fo,-.., f5 is given by

-1'1 00 0 O
00 -1 100
B = -10 -1 0 1 0

-1 0 -1 0 0 1

Then Y is embedded into the toric variety Za, the fan A of which lives in Z* and has
the following four maximal cones

cone (v, v3,v4), cone(vy,ve,vs), cone(vg,vs,vs), cone(vy,ve,vy),

where v; denotes the i-th column of B. Note that Y is given in Cox coordinates by the
equation fy = fofs — fife and f5 = fofo — fifs. To build the variety X, consider the
matrix

-1 1 00 00 0 O
0 0-11 00 0 0
po_ |1 0-10 20 0 0
‘ -1 0 -10 01 2 0
-1 -1 11 -1 1 -1 -1
0 1 01 01 2 —1|

obtained from B by firstly doubling the last column, then multiplying its last and third
last columns with 2, adding a zero column and, after that, adding two new rows as
d,d" part. We gain polynomials by modifying the variables of the describing relations of
Y C Za accordingly to the column modifications:

g1 =T — Ton Ts1 + T T, g2 = T51T% — Toa Tor + T Ta1.

By construction, the polynomials g; are homogeneous with respect to the grading of
KI[T3;, S1] given by

deg(T3;) = Q(eij) € K, deg(S1) = Q(e1) € K,

where Q: Z® — K := Z8/im(P*) = Z?, is the projection and e;;,e; € Z® are the
canonical basis vectors, numbered according to the variables T;; and S;. Let ¥ = 3(u)
in Z% be the normal fan of the polytope

(PHHQMw)n7) —e) C Q°,
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where u := (8, —4) € K and e € Z?® is any point with Q(e) = u. Then X has the columns
of P as its primitive generators. Moreover, the projection Z® — Z% onto the first six
coordinates sends the rays of ¥ into the rays of A. This gives a rational toric map
w: Zy --+ Zx. Now, define a variety

X = X(a,P,Y) == 7 1(YNT4) C Zy.

Then X is invariant under the action of the subtorus T := {14} x T? of the acting torus
TS of Z. The T-variety X is normal, of dimension four with divisor class group and Cox
ring given by

) = z2, R(X) = K[T;, 9]/ (g1, 92),

where the grading of the Cox ring is the one given above. This involves application
of Proposition the necessary assumptions are directly verified. Now, applying
Propositions [1.4.4} [1.4.6] [1.4.10| and their implementation in [43], we see that X is a
Q-factorial Fano variety of Gorenstein index 30.

Remark 1.4.14. The Cox ring based approach of [40), [47] produces all As-maximal
rational T-varieties X of complexity one with only constant invertible global functions
via a construction having a pair of matrices and a bunch of cones as input data. Let
us see how to retrieve these X via Construction [1.2.5] Two types of T-varieties are
distinguished: the first admits non-constant T-invariant functions, the second does not.

Type 1. The starting variety is Y = K in Za = K"t!, where the generator matrix of A is
B = E, 1, we embed via the system « = (fo,..., fr) given by f; = T — a; with pairwise
different a; € K and the defining relations for Y are

h; = Ui*Ui+1*(ai+ai+1) € K[Uo,...,Ur], 1=0,...,r—1.

Type 2. The starting variety is Y = P in Zo = P,, where A has generator matrix
B = [-1,,E,], the embedding system o = (fo, ..., fr) with f; := a;1T1 + a;2T> such
that [a;1,a;2] € Py are pairwise different and the defining relations for Y are

a1 Q11 Qg2
hi == det | a2 ait12 ait22 | € KUo,...,U;], i=0,...,r—1
Ui Uip1 Uipo

Now run Construction for both types. The assumptions of Proposition are
satisfied by [40, Thm. 10.4] and [47, Thm. 1.5]. Thus, Theorem gives the desired
result. The input data A, P and ® of [40l 47] are recovered as follows: the matrix A is
[ag, . ..,a,|, where for Type 1 the a; are as above and for Type 2 we set a; = (ai1,a:2),
the matrix P is the one produced by Construction [1.2.5] and the bunch of cones @ is
related to the fan ¥ via Gale duality as outlined in Remark
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Example 1.4.15. Fix n > 5 and let X3, = Gr(2,n) be the Grassmannian of two-
dimensional vector subspaces of K”. Then X, , has the projective linear group PGL(n)
as its automorphism group [19]. We will pick a maximal torus T C PGL(n) and show
how to obtain the T-variety Xs,, via Construction [[.2.5 Set

Identify the Pliicker coordinate space K™ A K™ with K" such that the basis (e; A e;) of
K™ AK™ corresponds to the basis (e;5) of K", where e;; € K" has ij-th Pliicker coordinate
equal to one and all others zero. We order the bases (e; Ae;) and (e;;) lexicographically.
Accordingly, we have the Pliicker ideal and the affine cone

IQ,n g K[,—Tma 1 SZ<]§TL], XQ,n = V(IQ,n) g Kr-

Look at the largest diagonal torus T C GL(r) leaving Xs,, invariant. With t := r — n,
we obtain T as the kernel of the homomorphism b: T" — T* defined by the following
t X r matrix, the first n columns of which are defined by the remaining ones as indicated:

B =[viz,...,vn—1n] = [v12,- -, 010, Bp, =]y 013 1= 3045 1,0y =0 V-

Observe that T C GL(r) is of dimension n. The corresponding torus T € PGL(r) is
of dimension n — 1. Moreover, T acts effectively on X5, C P,_; and thus T defines a

maximal torus of the automorphism group PGL(n). Now, look at the (r — 1) x r stack

matrix
P = B _ V125 ...,Vln Et —]lt
) d Enfl 0 _]lnfl

Observe that the kernel of P is generated by the vector 1, € Z". In particular, P differs
from [E,, —1,] by multiplication with a unimodular matrix from the left. Let 3 be the
unique complete fan in Z" having P as generator matrix and let A be the fan in Z!
having the rays through the columns of B as its maximal cones. Then we obtain a
commutative diagram

Xom € K’
a IS N
/p pl \
oy oo
b\ X2,n C ZZ 'b

Y2n < ZA

Zy, is the Plicker embedding. Moreover, Ry, = K[T};]/I>, is a unique factorization
domain [74, Prop. 8.5] and the variables T;; define prime elements. Thus, Y2, C Zx is

where Y3, C Za is the closure of the image b(XgmﬂTT). We have Zy, = P,_; and X5, C
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an explicit variety and the T-variety X2, C Zy is an explicit T-variety. Moreover, the
T-action has maximal orbit quotient

m: Xop - Yo,

We claim that, up to codimension two, Y3, equals the blowing up Bl,,—1(P,—3) of P,,_3
at n — 1 points in general position. Indeed, we may first blow up the n — 2 toric fixed
points of P,_3 and then the base point of the resulting toric variety. Doing the latter
via [44, Alg. 5.7], one directly checks that the procedure terminates after the first step and
delivers Ry, as Cox ring of Bl,_1(P,—3). Thus, we may also take Xg, --+ Bl,,_1(P,—3)
as a maximal orbit quotient for the T-action.

Remark 1.4.16. In order to describe a Mori dream space with torus action via divisorial
fans [IJ, 2], it happens that one has to start with a non Mori dream space as prospective
Chow quotient. For example, the maximal torus action on the Grassmannian Gr(2,n)
has the moduli space My, as its Chow quotient [52] and for n > 10, it is known that
My, and hence all its blow ups have a non-finitely generated Cox ring [I8, [35 45]. Note
that the Chow quotient M, starts differing at n = 6 from the maximal orbit quotient
discussed just before. Altmann and Hein gave in [3] a description of the maximal torus
action on Gr(2,n) by means of a divisorial fan living on M.






CHAPTER
TWO

GENERAL ARRANGEMENT VARIETIES

In this chapter we introduce our first example class, the general arrangement varieties.
These are certain T-varieties having projective spaces as the target spaces of their maxi-
mal orbit quotients, naturally generalizing the rational projective T-varieties of complex-
ity one. We show that all As-maximal general arrangement varieties can be presented
as explicit T-varieties. Moreover, we use the methods on explicit T-varieties from Chap-
ter [T to investigate the geometry of general arrangement varieties. In particular, we give
an explicit description of their anticanonical divisor class and characterize smoothness
of general arrangement varieties. The results of this chapter are published in the joint
work [42].

2.1 General arrangement varieties

Let us recall the necessary notions on projective hyperplane arrangements. A hyperplane
H in the projective space P,, is the zero set of a nonzero homogeneous polynomial
of degree one. A hyperplane arrangement in P, is a finite collection Hy,..., H, of
hyperplanes in P,,. A hyperplane arrangement in IP,, is called general if for any 1 <1i; <
... <1 <, the intersection H;, N...N H;, is of dimension (n — k).

Definition 2.1.1. A (general) arrangement variety of complexity c is a T-variety X
with maximal orbit quotient X --» PP, such that the doubling divisors Cy, ..., C, form
a (general) hyperplane arrangement in P.

Remark 2.1.2. The projective general arrangement varieties of complexity ¢ = 1 are
precisely the rational projective T-varieties of complexity one. Indeed, any rational
projective T-variety X of complexity one has maximal orbit quotient 7: X --+ P;. The
doubling divisors form a point configuration in IP;, which trivially satisfies the conditions
of a general hyperplane arrangement.

45
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We enter the construction of general arrangement varieties. As in the case of complexity
one [41], 40, [6], we first write down the prospective Cox rings in terms of generators
and relations, then investigate their algebraic properties and after all that construct the
varieties we are aiming for.

Construction 2.1.3. Fix integers » > ¢ > 0 and ng,...,n, > 0 as well as m > 0. Set
n:=mng+...+n,. The input data is a pair (A, Py), where

e Aisa (c+1)x (r+1) matrix over K such that any ¢+ 1 of its columns ay, ..., a,
are linearly independent,

e Py is an integral r x (n + m) matrix built from tuples of positive integers l; =

(li1y .-, lin;), where i = 0,...,r, as follows
—ly Iy 0 0 ... 0
Py = Do S :
—lp 0 I 0 ... 0

Write K[T;;, S| for the polynomial ring in the variables T;;, where i = 0,...,7, j =
1,...,n;, and S, where k = 1,...,m. Every [; defines a monomial

. . Lin,
Moreover, for every t = 1,...,r—c, we obtain a polynomial g; by computing the following
(c+2) x (c+ 2) determinant

ao Qe Qe+t
lo [ lc+t
T .. Tk T

[

S K[Tij, Sk]

Now, let e;; € Z" and e, € Z™ denote the canonical basis vectors and consider the
projection
Qo: Z"™ — Ko :=Z""" /im(Py)

onto the factor group by the row lattice of Py. Then the Ky-graded K-algebra associated
with (A, Py) is defined by

R(A, P()) = K[’Tl’j, Sk]/(gla e 7gr—c>7

deg(T3;) := Qoleis), deg(Sk) := Qolex)-

Example 2.1.4. Let us take ¢ = 2 and r = 3. Thus, we will work with a 3 x 4 matrix A.
Moreover, let ng = 2 and n; = ny = ng = 1 and fix m = 0. This amounts to n = 5 and
a 3 x b matrix FPy. We choose

100 -1 -1 -2 2 0 0
A=1]1010 —-1], Py = -1 -2 0 2 0
0 01 -1 -1 -2 0 0 4
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So, the exponent vectors [; are lo = (1,2), [1 = lo = (2) and I3 = (4). Accordingly, we
obtain the four monomials

l 2 l 2 l 2 13 4
Too = T T, T11 = 11, T22 = T3, T35 = T5.

We arrive at r — ¢ = 1 relation g1 € K[Ty1, To2, 111, To1, T31], obtained by computing the
following 4 x 4 determinant

10 o0 -1
o 1 0 -1
g =det| o | = TmTh+TH AT + Ty,

TaTy Th T3 T3

The canonical basis vectors of the row space of Py are indexed in accordance with the
variables T;;, that means that we write

5 _ no+ni+n2+n
€01,€02, €11, €21,€31 € Z° = Z"0ThTnTns,

We have Ko = Z5/im(P}) = Z* ® Z/2Z & 7Z/2Z. The projection Qo: Z° — K sending
ej; to its class in Ky is made concrete by the degree matrix

21 2 21
0 2 2 21
@ = @)l =175 5110
00100

Consequently, for the initial data A and Py of this example, the resulting Ky-graded
algebra R(A, Py) is given by

K[To1, Toz, Ti1, To1, Ts1] | (T Ty + T + Ty + Tay), deg(Ti;) = Qoleij).

We present the basic properties of the graded algebra R(A, Py). Recall that a grading of
a K-algebra R = ®x R, by a finitely generated abelian group is effective if the weights
w € K with R, # {0} generate K as a group and pointed, if Ry = K holds and
Ry, # {0} # R_,, is only possible for torsion elements w € K. Finally, we say that an
effective grading is of complezity ¢ if dim(R) — rk (K) = ¢ holds.

Theorem 2.1.5. Let R(A,Py) be a Ky-graded K-algebra arising from Construc-
tion . Then R(A, Py) is an integral, normal, complete intersection ring satisfying
dim(R(A, Py)) = n+m—r+c, R(A, Py)" = K.

The Ky-grading of R(A, Py) is effective, pointed, factorial and of complexity c. The
variables T;j, Sy define pairwise non-associated Ko-primes in R(A, Py), and for ¢ > 2,
they define even primes.
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The following auxiliary statements for the proof of this theorem are also used later. We
begin with discussing the specific nature of the matrix A and its impact on the ideal of
relations of R(A, P).

Remark 2.1.6. Situation as in Construction m For any tuple I = (i1,...,%c4+2) of
strictly increasing integers from [0, r], consider the matrix

A(I) = [ai1a""aic+2]7

Let w(I) € K2 denote the cross product of the rows of A(I) and define a vector
v(I) € K™t by putting the entries of w(I) at the right places:

n;, =i in I = (ir,....i
o(D)i = w(l);, i =i, occurs in (11, -+« yicta),
0, else.

Then any linearly independent choice of vectors v(I1),...,v(l,—.) is a basis for ker(A).
Note that any nonzero v € ker(A) has at least ¢ + 2 nonzero coordinates.

Remark 2.1.7. Situation as in Construction m Every vector v € ker(A) C K"*!
defines a polynomial

gv = ’UoTéO—f—..."—vrTqﬁT S <g]_7""gT*C>’

Moreover, if a subset B C ker(A) generates ker(A) as a vector space, then the polyno-
mials g,, v € B, generate the ideal (g1, ..., g,—.). In particular, we have

(9155 Gr—c) = (Goy; L= (i1, der2), 0 <1 < ... <ideya <7),

with the tuples I from Remark Observe that each g,, 0 # v € ker(A), has at least
¢ + 2 of the monomials Tlll and all the g, share the same Ky-degree.

Lemma 2.1.8. Let R(A, Py) be a graded algebra arising from Construction .

(i) If we have ljy + ...+ lin, = 1 for some i, then R(A, Fy) is isomorphic to a ring
R(A’, P}) with datar' =7 —1 and ¢ = c.

(ii) If we have ¢ > 2, then for any generator Tj;, the factor ring R(A, Py)/(Tij) is
isomorphic to a ring R(A’, Py) with data v’ =7 —1 and ¢ =c— 1.

Proof. To obtain (i), let A’ be the matrix obtained by deleting the i-th column from A.
Then the respective ideals defined by A and A’ produce isomorphic rings. Adapting the
matrix Py accordingly, gives the desired P.

We show (ii). As elementary row operations on A neither change the required properties
of A nor the defining ideal of R(A, P), we may assume that a;; # 0 holds and all other
entries of the i-th column of A equal zero. Then the matrix A’ obtained by deleting
the first row and the i-th column from A satisfies the assumptions of Construction [2.1.3]
with 7/ = r — 1 and ¢ = ¢ — 1. Using Remarks [2.1.6| and [2.1.7, we see that the ideal
defined by A’ corresponds to the defining ideal of R(A, Py)/(Ti;). Again, adapting the
matrix Py accordingly, gives the desired P. O
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Definition 2.1.9. Situation as in Construction We say that a point z € K"t
with coordinates z;j, zj is of

(i) big type, if for every i = 0,...,r, there is an index 1 < j; < n; such that z;;, =0
holds,

(ii) leaf type, if there is a set I, = {i1,...,i.} of indices 0 < iy < ... < i, < r, such
that for all 7, j, we have z;; =0 =i € I..

Remark 2.1.10. Situation as in Construction Consider v = Q"™ a face vo < 7y
and the complementary face 75 < 7. Then any coordinate z;;, 2 of z = Zyx € Kntm
equals zero or one and we have

2ij =0 <= e €0, 2 =0 < e €.

In particular, there is a point of big (leaf) type in T"*™ - z,. C K"*™ if and only if all
points of this toric orbit are of big (leaf) type. Moreover, in terms of the cone Py(7g)
with Py from Construction we obtain the following characterizations:

(1) 24z is of big type if and only if Py(y5) = Q" holds,
(i) zy: is of leaf type if and only if Py(75) # Q" and dim(FPy(vg)) < e.

Observe that if one of the conditions of (ii) holds, then the image cone Py(7) is generated
by at most r vectors from —1,,e1...,e, € Z" and thus is pointed.

Lemma 2.1.11. For X = V(g1,...,gr—c) € K" from Construction we have
the following statements.

(i) Every point z € X is either of big type or it is of leaf type.
(i) Bvery z € K™™ of big type is contained in X.

(iii) For every z € K"™™ of leaf type, there is a t € T"T™ witht -z € X.

Proof. To obtain (i), we have to show that any z € X which is not of big type must be of

leaf type. Otherwise, there are indices 71 < ... < .1 and associated j, with z;_;, = 0.
As z is not of big type, there is at least one index iy with z;,; # 0 for all j =1,...,n,.
Remarks and provide us with a relation g € (g1, ..., gr—c) involving precisely
the monomials Tlll for i = ig,i1,...,9c+1. Then g(z) = 0 implies z;,; = 0 for some
j=1,...,n4; a contradiction.

We verify (ii) and (iii). Let z € K"*™. If z is of big type, then we obviously have
gi(z) =0fori=1,...,r —c. Thus, z € X. Now, assume that z is of leaf type. First
consider the case I, = {1,...,c}. Then, suitably scaling z.11 1, we achieve g;(z) = 0.
Next we scale z.42,1 to ensure go(z) = 0, and so on, until we have also g,_.(z) = 0.
Then we have found our ¢t € T"*™ with ¢ - 2 € X. Given an arbitrary I,, Remarks
and yield a suitable system g¢f,...,g._, of ideal generators that allows us to argue
analogously. O
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Lemma 2.1.12. Situation as in Construction|2.1.5. Let X =V (gy,. o gr—e) S KM
and denote by J the Jacobian of g1,...,9r—c. Then, for any z € X, the following
statements are equivalent:

(i) The Jacobian J(z) is not of full rank, i.e., we have rk (J(2)) < r — c.

(ii) The point z € X is of big type and there are iy < ... < i.y2 such that each of these
iq fulfills one of the subsequent two conditions:

® 2z, =0 and liqjq > 2 hold for at least one 1 < j, < Ny,
® 2,5 =0 and l;,; =1 hold for at least two 1 < j < nj,.

In particular, the set of points z € X with J(z) not of full rank is of codimension at least
c+1in X.

Proof. Assertion (ii) directly implies the supplement and, by a simple computation,
also (i). We are left with proving “(i)=(ii)”. So, let z € X be a point such that J(z) is
not of full rank. Then there is a non-trivial linear combination annulating the lines of
J(z):

mgrad(g1)(z) + ... + nr—cgrad(gr—c)(z) = 0.

The corresponding g := 7191 + - . . + Nr—cgr—c satisfies grad(g)(z) = 0 and is of the form
g = gy with a nonzero v € ker(A) as in Remark The condition grad(g)(z) = 0
implies z;;, = 0 for some 1 < j; < n; whenever the monomial Til" shows up in g. As
observed in Remark the polynomial g has at least ¢+ 2 monomials. Thus, we have
25, = 0 for at least ¢ + 2 different . By Lemma the point z € X is of big type.
Moreover, the two conditions of (ii) reflect the fact grad(g)(z) = 0. O

Proof of Theorem [2.1.5, For ¢ = 1, the statement is proven in [40, Thm. 10.1 and
Prop. 10.7]. So, assume ¢ > 2. First we show that X = V(g1,...,g,—c) € K" is
connected. By construction, the quasitorus Hy C T™™ is the kernel of the homomor-
phism Tt — T” defined by Py. Consider the multiplicative one-parameter subgroup
K* — Hy, t — (1,1%), where

ge ey

¢ = (TLO"'nrlOl"'lrnr n0~--nrl01"'l7’n,~) e T?, ¢ = (1,.”71) e T,

nolo1 nrlrnr

This gives rise to a K*-action on X having the origin as an attractive fixed point.
Consequently, X is connected. Moreover, we can conclude that all invertible functions
as well as all Hp-invariant functions are constant on X.

Now, Lemma allows us to apply Serre’s criterion and thus we obtain that R(A, Pp)
is an integral, normal, complete intersection. By construction, the Ky-grading is effective
and as seen above, it is pointed. To obtain factoriality of the Ky-grading, localize
R(A, Py) by the product over all generators Tjj, Sj, observe that the degree zero part
of the resulting ring is a polynomial ring and apply [11, Thm. 1.1]. Finally, primality of
the generators T;; follows from Lemma (ii). O
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Now we use the algebras R(A, Py) obtained by Construction to produce general
arrangement varieties. The basic idea is to turn R(A, Fy) into a prospective Cox ring
via coarsening the grading by Ko = Z"™™ /im(F{) to a grading by K = Z"*"™ /im(P*),
where P arises from Py by adding suitable further rows.

Construction 2.1.13. Let A and P, be input data as in Construction Moreover,
fix 1 < s <n+m—rand let d be an integral s x (n+ m) matrix such that the columns
vij, vg of the (r +s) x (n +m) stack matrix

are pairwise different, primitive and generate Q"¢ as a vector space. Consider the factor
group K := Z"™ /im(P*). Then the projection Q: Z"*™ — K factors through Qg and
we obtain the K -graded K-algebra associated with (A, P):

R(A,P) = K[Tijﬂsk]/<glaw-vgr—c>a

deg(Tij) = wij := Q(esj), deg(Sk) = wi = Qlek).

Now, let ¥ be any fan in Z"** having precisely the rays through the columns of P as
its one-dimensional cones and let Z be the associated toric variety. Then we have a
commutative diagram

V(gl7 B 7g7’—c) = X c 7 = gntm

Ul ul

X c Z

1TH JH

X ¢ Z

[ \

[ \

A Y
P.——DP,

with the quasitorus H = Spec ]K[_K ], Cox’s quotient presentation 7 — Z and the induced
quotient X — X, where X := X N Z. The resulting variety X = X (A, P,¥) is normal
with dimension, invertible functions, divisor class group and Cox ring given by

dim(X)=s+¢, D(X,09=K CIX)=K, TR(X)=R(A4,P).

The acting torus Tz C Z splits as Ty = T" x T* and the factor T = {1, } x T® leaves
X C Z invariant. The induced T-action on X is effective and of complexity

(X)) = e
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Finally, the dashed arrows indicate the maximal orbit quotients for the T-actions on X
and Z respectively and P. C P, is the linear subspace given by

. L apg ... Q¢ Qett
P. = V(hl,...,hr,c), h; := det Us ... U, Unps S K[Uo,...,Ur].

A collection of doubling divisors for the maximal orbit quotient X --+ P. is given by
the intersections of P, with the coordinate hyperplanes of P, which form the general
hyperplane arrangement

Hy,...,H, C P, H; = {z€P:; ajpzo+ ...+ ajcze = 0}.

Proposition 2.1.14. Let X = X (A, P,X) arise from Construction |2.1.15 Consider
the explicit variety Y = P. in Zx = P, with embedding system o = (fo,..., fr), where
A is the complete fan in Z" with generator matriz B = [—1,,E,| and

fi = aippUo+ ...+ a;cU. € K[Uo,...,UC] = R(Pc).

Then the variety X(A, P,¥) C Zsx, equals the variety X (a, P,X) C Zx arising from
Construction . In particular, X (A, P,X) C Zx, is an explicit T-variety.

Proof of Construction[2.1.13 and Proposition[2.1.1J. The fact that X (A4, P, %) C Zy
equals X (a, P, X)) C Zy is clear by construction. Observe that, forgetting for the moment
about the gradings, we have R(A, P) = R(A, Py). Thus, Theorem ensures that
R(A, P) is normal, integral with only constant homogeneous units. Moreover, for ¢ > 2,
the generators T;; and Sy of R(A, P) are pairwise non-associated. Being prime and K-
homogeneous, they are also K-prime. For ¢ = 1, we infer K-primality of the generators
from [40, Thm. 10.4]. So, X(A, P,¥) C Zy, satisfies the conditions of Definition
and hence is an explicit T-variety. This yields in particular the statements on the divisor
class group and the Cox ring. The statement on the maximal orbit quotient is due to

Proposition [T.2.17] O

Remark 2.1.15. According to Lemma[2.1.8] (i), we may always assume that the defining
data P of Construction is @rredundant in the sense that ljo + ...+ ljn, > 2 holds
for every ¢ =0, ...,r. In this case, we also say that X (A, P,¥) is irredundant.

Definition 2.1.16. By an explicit general arrangement variety we mean a T-variety
X = X(A,P,Y) in Z = Zy, arising from Construction [2.1.13]

Example 2.1.17. Let A and Py be as in Example We enhance Py by an 1 x 5
block as follows

-1 -2 2 0 0

p_ Py _ -1 -2 0 2 0
d -1 -2 0 0 4

-1 -3 1 11
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So, we chose s = 1. We have K = Z°/im(P*) = Z® Z/2Z ® Z/2Z and Q: Z° — K is
represented by the degree matrix, having w;; = Q(e;;) € K as its columns:

21 2 21
Q = [wor,wo2, w11, wa1,w31] = Q (_) 1 1 Q
01 010

Let 3 be the unique complete fan in Z* with P as its generator matrix. Then we arrive
at a projective explicit arrangement variety X = X (A, P,Y) in Z = Zy, with

dim(X) = 3, ¢X) =2, CUX) = ZOZ/2Z®L/2Z.

Moreover, assigning to each generator T;; the divisor class Q(e;j), we obtain a represen-
tation of the Cox ring by homogeneous generators and relations:

R(X) = K[To1, To2, T, To1, Ts1] / (Ton Ty + TH + 1) + Ty).

As a maximal orbit quotient, we have m: X --+ Py and the doubling divisors form the
general line configuration in Py given by

V(Ty), V(Tv), V(Iz), V(Io+T1+1>).

Theorem 2.1.18. Let X be an As-mazimal general arrangement variety. Then X
admits a presentation as an explicit general arrangement variety.

Proof. According to Definition there is a maximal orbit quotient 7: X --» Y
with Y = P, admitting a general hyperplane arrangement Cy, ..., C, as a collection of
doubling divisors. Then the canonical sections 1¢y, ..., 1¢, are of degree one in the Cox
ring R(Y) = K[U,...,U.]. Suitably enhancing the general hyperplane arrangement
Co,...,Cy, we achieve that 1¢,,...,1c, generate R(Y). Regard R(Y) as a graded
subalgebra of R(X) as in Corollary and let o = (fo,..., fq) be pairwise non-
associated Cl(X)-prime generators of the Cox ring R(X) such that the f; lying in R(Y)
are precisely 1¢,, ..., 1c,. Then, following the lines of the proof of Theorem one
reproduces X as an explicit T-variety X (o, P,X) in Z = Zy. Thus, Proposition
gives the assertion. O

Remark 2.1.19. Let X be a general arrangement variety of complexity c¢. Then the
torus action of X has P, as Chow quotient; use [9, Props. 2.4 and 2.5] for a proof. Using
the conversions Remark and [46, Thm. 4.8], we see that the general arrangement
varieties are precisely the T-varieties arising from a divisorial fan = on a projective space
[P, in the sense of [2] such that the prime divisors D C P, with non-trivial slices Zp form
a general hyperplane arrangement in P..
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2.2 Examples and first properties

We discuss examples and study basic structural properties of general arrangement va-
rieties. For instance, we investigate torsion in the divisor class group, describe the
canonical class and give a combinatorial characterization of the X-cones which in turn
leads to the combinatorial smoothness criterion provided by Corollary More-
over, we specify constraints on the defining data of an explicit general arrangement
variety imposed by conditions on the singularities, preparing the classification presented
in Chapter [3] As a first concrete application, we prove at the end of this section that
the smooth projective general arrangement varieties of Picard number one are just the
classical smooth projective quadrics; see Proposition [2.2.23

We begin with the examples. The first one shows how to realize intrinsic quadrics
as explicit general arrangement varieties. Recall from [I5] that an intrinsic quadric
is a normal projective variety with a Cox ring defined by a single quadratic relation.
The intrinsic quadrics form a playground immediately adjacent to the one given by
the projective toric varieties, which have a polynomial ring as Cox ring. We mention
Bourqui’s work [17] proving Manin’s conjecture for the full intrinsic quadrics and the
classification results on smooth (Fano) intrinsic quadrics of low Picard number in [29]
as examples for research in this field.

Example 2.2.1. The normal form for graded quadrics provided by [29, Prop. 2.1] shows
that we can represent every intrinsic quadric as an explicit general arrangement variety
X C Z with defining matrix P having left upper block

=l h 0
. ’ lO:"':lq:(171)7 lq-‘t-l:'”:l’l’:(Q)a
I, 0 L,
where —1 < ¢ < r and the variables Tj; with i = ¢ + 1,...,r have pairwise distinct

K-degrees. Moreover, for the dimension of X, the rank of the divisor class group and
the complexity of the torus action on X, we have

dim(X) = r—1+s  1k(ClX)) = m+q+2-s  cX) =r—1L

In the second example we exhibit a series of general arrangement varieties producing
many Fano examples. We pick up these varieties again in Example when the
necessary methods are available to figure out the smooth Fano varieties.

Example 2.2.2. Fix integers r > ¢ > 1. Consider the product Z = P, x P, and the
intersection X = V(g1) N...NV(gr—c) C Z of the r — ¢ divisors of bidegree (a,b) in Z
given by

g1 = MoTG T + A aTh T + -+ M THTh + f+1,1Tf+1,27

Ir—c = )‘rfc,OT(?lT(l)jz + )‘T*C,lTlalTIbQ +.ooF AMce 4T+ THTY,
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where a,b > 0 are coprime integers and any ¢ + 1 of the vectors \; = (Ao, ..., \ic) are
linearly independent. Observe that for » > ¢+ 1, the divisors V(g;) C Z are singular.
We realize X C Z as an explicit general arrangement variety. Let P be the stack matrix
with upper and lower blocks

[ —ly 11 0
Py = : , lo=...=1, = (a,b),
—lg 0 I
[ —dp d; 0
d = : , do=...=d, = (v,u),
L —do O dr

where v and v are integers with ua — vb = 1. We claim that there is precisely one
complete fan ¥ with generator matrix P and the associated toric variety Z = Zx; is the
product P, x P,.. Indeed, consider the matrices

uv-E, —b-E, -1, E, 0 0
—v-E  a-E |’ 0 o0 -1, E,

The first one is unimodular and multiplying it from the left to P yields, after suitably
renumbering columns, the second one. Now, choosing a suitable (c+ 1) x (r + 1) matrix
A, we obtain the above relations as the output of Construction 2.1.13] Thus, X =
X (A, P, Y) is of dimension r + ¢ and comes with an effective r-torus action.

We enter the study of structural properties of explicit general arrangement varieties
X C Z as provided by Construction We will freely use the notation fixed there.
Our first observation is that there may occur unavoidable torsion in the divisor class
group.

Proposition 2.2.3. Let X C Z be an explicit general arrangement variety. Then
7" [im(Py) is a finite subgroup of the divisor class group Cl(X).

Proof. The divisor class group of X equals K = Z"™ /im(P*). Moreover, Z" /im(F)
is the torsion part K{°™ of the factor group Ko = Z"*™/im(Pg). Applying the snake
Lemma to the exact sequences arising from Fj and P* yields that the kernel of Ky — K
injects into Z*. Consequently, the torsion part K{°™ maps injectively into K. O

In Remark we observed that R(A, P) is a complete intersection ring. Thus, we
can apply Proposition and obtain the following description of the canonical class.

Proposition 2.2.4. Let X C Z be an explicit general arrangement variety of complexity
c¢(X) = c. Then the canonical class of X is given in terms of the generator degrees
w;j = deg(Ti;) and wy, = deg(Sk) as

roon; r no
Kx = =) > wij — Y wp + (r—¢)) lojwy; € K = CI(X).

i=0 j=1 k=0 j=1
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Example 2.2.5. Consider again the explicit general arrangement varieties X C Z dis-
cussed in Example [2.2.2] The degree matrix @ is

Q = [wor,wo,...,wr,wr2] = [Eg,..., Es.

Thus, Proposition tells us Eff(X) = SAmple(X) = cone(e, e2). Moreover, the
anticanonical class of X is given by

—Kx = (r+1—(r—ca,r+1—(r—c)b) € CIX) = Z*

as we infer from Proposition 2.:2.4] In particular, X is a Fano variety if and only if the
following two conditions are satisfied

r+1 r+1
: < .
r—-c r—-c

Recall that in Definition [1.4.2] we introduced for any explicit variety X C Z the X-cones
as those cones o € ¥ of the defining fan of Z such that X intersects the corresponding
orbit Ty - z, non-trivially. For explicit general arrangement varieties X C Z, we may
determine the X-cones in a simple purely combinatorial way.

Definition 2.2.6. Consider the setting of Construction [2.1.13|and let o € ¥. We say
that the cone o is

(i) big (elementary big) if o contains at least (precisely) one column v;; of P for every
1=0,...,7,

(ii) a leaf cone if there is a set I, = {i1,...,i.} of indices 0 < i; < ... < i, < r such
that for any i, we have v;; € 0 = 1 € I,.

Remark 2.2.7. Situation as in Construction [2.1.13] Given o € 3, let 79 < v be the
corresponding face, that means that o = P(7{) holds. Then o is a big (leaf) cone if and
only if the toric orbit T"*™ . z,. C K"*™ consists of points of big (leaf) type in the sense
of Definition 2.1.91

Proposition 2.2.8. Let X C Z be an explicit general arrangement variety. Then, for
every o € X, the following statements are equivalent.

(i) The cone o is an X -cone.

(ii) The cone o is big or a leaf cone.

Proof. Consider the face 79 < v with P(y5) = 0. By Remark our o is a big (leaf)
cone if and only if X () consists of points of big (leaf) type. The assertion thus follows
from Lemma 2. T.11] O
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Example 2.2.9. We look again at X = X(A,P,X) in Z = Zy, from Examples
and [2.1.17. Recall that we have

-1 -2 2 0 0
-1 -2 0 2 0
P = o, vep, o] = | 5 o g 4
-1 -3 1 1 1

Except cone(vo1, vo2, V11, V21, U31), every cone generated by some of the v;; occurs in the
fan Y. In particular, 3 has two big cones

o1 = cone(vop1,v11,V21,031), oy = cone(vp2, V11, V21, V31),
and six maximal leaf cones
71 = cone(vo1,vo2,v11), T2 = cone(voi,Vo2,v21), T3 = cone(vot,vo2,V31),

T4 = cone(viy,va1), 75 = cone(vi1,v31), T¢ = cone(vay,v31).

Thus, by Proposition the X-cones of ¥ are 01,09 and the faces of 71,...,7¢. This
allows us to determine the Picard group Pic(X). Recall the degree matrix

Q = [wor, wo2, wit, w21, w31] =

Ol DN
=1 Ol =
1N
—1 N
Ol Ol =

having the generator degrees w;; = Q(e;;) € K = 7Z X Z/2Z x 7/27Z as its columns. The
X-faces corresponding to the X-cones o1, 09,71, T2, T3 are

v = cone(epz), 2 = cone(epz),

m = COD6(611,€21), 2 = COD6(611,€21), n3 = COHe(€21,€31).
Observe that these are precisely the minimal ones among all X-faces v < v = Q5>0.

Thus, Proposition [1.4.6| yields

2 3

Pic(X) = () Qing(w) NZ* N () QUing(m) NZ*) = Z-(4,0,0) C CI(X).
=1 =1

Using Proposition we see that (4,0,0) equals the anticanonical class —Kx. In
particular, X is a Gorenstein Fano threefold.

Big and leaf cones admit also simple characterizations in terms of the geometry of the
defining fan of the ambient toric variety.

Remark 2.2.10. Consider the setting of Construction [2.1.13|and let L C Z" ¢ be the
kernel of the projection pr: Z"™% — Z3. Then, for any o € 3, the following statements
are equivalent.



58 Chapter 2. General arrangement varieties

(i) The cone o is big.
(ii) We have pr(o) = Q".
(iii) We have o Z Lg and 0° N Lg # 0.

Moreover, o € 3 is a leaf cone if and only if its image pr(c) C Q" is a pointed cone of
dimension at most c.

Proposition 2.2.11. Situation as in Construction |2.1.15. Let L C 7" be the kernel
of the projection pr: Z'5 — 75 and Xy, the fan in Z™° consisting of all the faces of the
cones o N Lo, where o € X. Then the following statements are equivalent.

(i) Xp is a subfan of 3.
(ii) X contains no big cone.

(iii) X consists of leaf cones.

Proof. The equivalence of (ii) and (iii) is clear. We prove “(i)=-(ii)”. Assume that there
is a big cone o € ¥. Then o N Lg belongs to ¥, but not to X according to (iii);
a contradiction. We turn to “(ii)=(i)”. The task is to show that for every cone o € X,
the intersection o N Lg is a face of 0. Let 7 < o be the minimal face containing o N Lq.
Then 7° N Lg is non-empty. Since 7 € ¥ is not big, we can use (iii) to conclude
7 C Lg. This means o0 N Lg = 7. ]

We use the the concrete description of X-cones as big cones and leaf cones to study
(quasi)smoothness properties of explicit general arrangement varieties X C Z. First, let
us define quasismoothness.

Definition 2.2.12. Let X C Z be an explicit T-variety. We say that x € X is a
quasismooth point of X if the fiber p~!(x) C X consists of smooth points of X.

Remark 2.2.13. Let X C Z be an explicit T-variety, o € ¥ an X-cone and g < v the
face with P(v) = 0. Then, for z € X(o), the intersection p~*(z) N X () equals the
closed orbit H - z of p~!(x). In particular, 2 € X is quasismooth if and only if z € X
is smooth. Moreover, X (o) consists of quasismooth points of X if and only if X (vo)
consists of smooth points of X.

Proposition 2.2.14. Let X C Z be an explicit general arrangement variety.

(i) For every big cone o € X, the following statements are equivalent.

(a) There is a quasismooth point of X in the piece X (o) C X.
(b) The piece X (o) C X consists of quasismooth points of X .
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(c) Every sequence 0 <i1 < ... <o <7 admits1 <qg<c+2andl<j<n,
such that vi,; € o, li,j =1 and vy & o for all k # j.

(ii) For every leaf cone o € X, the piece X (o) C X consists of quasismooth points of
X.

Proof. According to Remark [2.:2.13] we just have to care about smoothness of the points
of X(70). By Remark a point z € X () is smooth if and only if the Jacobian
J(z) of g1,...,9r—c is of full rank. The latter is characterized via Lemma (ii).
In particular, we see that in the case of a leaf cone o, all points of X(7g) are smooth,
proving (ii). To show (i), let o be big. By the nature of Condition (i), there is
a smooth point of X in X (v) if and only if every point of X (7p) is smooth in X. This
establishes the equivalence of (a) and (b). The equivalence of (a) and (c) is obtained by

negating Condition [2.1.12| (ii) for a point z of big type. O

Corollary 2.2.15. Let X C Z be a quasismooth explicit general arrangement variety.
Assume that P is irredundant and let o = cone(voj, + ...+ vyj,) be an elementary big
cone of X.

(i) We have l;j, > 2 for at most ¢+ 1 different i =0,...,r.

(ii) We have n; =1 for at most ¢+ 1 different i =0,...,r.

Combining Proposition [2.2.14] Remark[2.2.13]and Proposition[I.4.5]leads to the following

purely combinatorial smoothness criterion for explicit general arrangement varieties.

Corollary 2.2.16. Let X C Z be an explicit general arrangement variety.

(i) Let o € X be a big cone and vy < v the corresponding X -face. Then the following
statement are equivalent.
(a) There is a smooth point of X in the piece X (o) = X(v) C X.
(b) The piece X (o) = X (v0) € X consists of smooth points of X.
(¢) The cone o is reqular and|2.2.14 (i) (c¢) holds.
(d) We have K = Q(ling(yo) N Z"™) and |2.2.14| (i) (c) holds.
(ii) Let o € X be a leaf cone and vy < v the corresponding X -face. Then the following
statements are equivalent.
(a) There is a smooth point of X in the piece X (o) = X(v) C X.
(b) The piece X (o) = X (y0) C X consists of smooth points of X.
(c) The cone o is regular.
(d) We have K = Q(ling(yo) NZ"T™).
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Example 2.2.17. Let us continue the discussion of X C Z from [2.1.4] and 2.1.17]
In [2:2.9] we determined the maximal X-cones: there are two big cones o1, o9 and six
maximal leaf cones 71, ..., 7. Using Corollary we see that the associated pieces
are precisely those consisting of singular points of X. Note that

X(ri) = X(o1) UX(m)U X(02), i=1,2,3,

are curves, each being the closure of the T-orbit X (7;); use Proposition m The union

over these X (7;) is a connected component of the singular locus of X. In addition, we
have X (7;) for i = 4,5, 6, each consisting of an isolated singularity.

Example 2.2.18. We continue Example Suitably renumbering the variables we
achieve a > b. We claim that X is smooth if and only if one of the following conditions
is satisfied:

(i) r=c+1l,a>1land b=1,

(iil) r=c+2anda=b=1.
Indeed, r < ¢+ 2 holds, because otherwise the big cone o € ¥ generated by all v;; with
i <r—2and v,_11, vyo yields a singular point in X (o). Now, the elementary big cones
of ¥ are precisely cone(vojy, ..., vrj.), where {jo,...,jr} equals {1,2}, and the claim

follows from Corollaries[2.2.15]and [2.2.16] In particular we obtain smooth Fano varieties
in the cases

(iii) r=c+1,1<a<rand b=1,
(iv) r=c+2anda=0b=1.

Finally, we observe constraints on the defining data of an explicit general arrangement
variety arising from local factoriality and Q-factoriality.

Proposition 2.2.19. Let X C Z be a locally factorial explicit general arrangement
variety, where P is irredundant. Assume that 3 consists of leaf cones and each of the
sets cone(vi1) + Lo is covered by cones of . Then n; > 2 holds fori=20,...,r.

Proof. Assume that n; = 1 holds for some i. Let p denote the ray through wv;; and
consider the cone 7 := o+ Lg. We claim that for every o € X, the intersection 7 N o is
a face of 0. Indeed, as ¥ consists of leaf cones, the image of pr(o) under the projection
pr: Q"% — Q" is a pointed cone, having pr(p) as an extremal ray. Thus, 7 = pr—!(pr(p))
cuts out a face from o.

By our assumptions, the above claim implies that 7 = o 4+ Lg is a union of cones of X.
Any cone of ¥\ ¥, contained in 7 is necessarily of the form ¢ + o7, € ¥ with o7, € ¥.
We conclude that in particular all the cones o = p + o, where dim(oz) = s, must
belong to 3. As o and oy, are leaf cones, they are X-cones by Proposition 2.2.8] Thus,
Proposition yields that ¢ and o, are regular. This implies l;; = 1; a contradiction
to the assumption that P is irredundant. O
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Corollary 2.2.20. Let X C Z be a non-toric, projective, locally factorial explicit gen-
eral arrangement variety. If X consists of leaf cones, then the Picard number and the
complezity of X satisfy

p(X) > r+3 > ¢(X)+4.

Proof. Since X is non-toric, we may assume that P is irredundant with » > ¢. Moreover,
as X is projective, we may assume that ¥ is complete. Thus, Proposition [2.2.19] applies
and we obtain n > 2r 4+ 2. Then Corollary yields the desired estimate. O

Proposition 2.2.21. Let X C Z be a Q-factorial explicit general arrangement variety.
If 32 admits a big cone, then it admits an elementary big cone.

Proof. Let o € ¥ be a big cone. Then o is an X-cone according to Proposition [2:2.8
Proposition tells us that o is simplicial. Now, any elementary big face of o is as
wanted. O

Corollary 2.2.22. Let X C Z be a non-toric, projective, locally factorial explicit gen-
eral arrangement variety. If X is of Picard number p(X) < ¢+ 3, then ¥ admits an
elementary big cone.

We conclude the section with a closer look at smooth projective general arrangement
varieties of Picard number one.

Proposition 2.2.23. Let X be a non-toric, smooth, projective general arrangement
variety of Picard number one. Then X is a quadric V(TO2 +...+T?) CP,.

Proof. According to Theorem [2.1.18] it suffices to consider the explicit general ar-
rangement varieties X C Z. Moreover, we may assume that P is irredundant and
ng > ... > n, holds. Finally, we have Kg = Q and may assume that the effective cone
of X is @20.

First we show that the are no variables of type Si in R(A,P). Otherwise, 3 =
cone(e;) < v is an X-face and thus we find a point =z € X having ; as its only
nonzero coordinate. By smoothness of X, the Jacobian of g1,...,gr,—. does not vanish
at x; see Proposition m This implies l;; + ... + l;», = 1 for some ¢; a contradiction

to irredundance of P.

According to Corollary the fan ¥ admits an elementary big cone. Proposi-
tion tells us ng > 2. Thus 7p; = cone(eg;) < v is an X-face. Proposition
yields that deg(7p;) generates K. We conclude K = Z and deg(7p;) = 1. Additionally,
smoothness of X (7p1) implies that grad(g;)(z) # 0 holds for every point = € X (vo1).
We conclude ng = 2 and deg(g1) = 2. This implies deg(7j;) = 1 and for all ¢, j, we
obtain [;; = 1 or [;; = 2 according to n; = 2 or n; = 1.

Finally, observe that ¢ = r—1 holds, i.e., that there is only one defining relation. Indeed,
otherwise, we find generators g, ..., g._., each involving precisely ¢+ 2 monomials and
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gr_. all different from Téo. Then the corresponding Jacobian vanishes at any = € X (yo1),
showing that X (vp1) is singular. A contradiction. O

Remark 2.2.24. Consider a smooth, projective explicit general arrangement variety
X C Z of Picard number one with P being irredundant. By Proposition [2.2.23] the
divisor class group Cl(X) is torsion free. Thus, Proposition yields

=l L 0
Py = , 10:...:l7«_1:(1,1), l, =

{(1,1), n even,
—ly O Iy )

, n odd,

where n = ng + ...+ n,. Moreover, the torus action on X is the action of the maximal
torus of Aut(X) = O(n). In particular, the torus action on X is of complexity

5 — 2, n even,
n

. { -
?—1, n odd.



CHAPTER
THREE

SMOOTH GENERAL ARRANGEMENT VARIETIES

Extending recent classification work in complexity one [30], this chapter is dedicated
to the study of smooth projective general arrangement varieties of true complexity two
and Picard number two. Here, true complexity two means that the torus action is of
complexity two and the variety does not admit a torus action of lower complexity. In
Section we recall the classification results from [42]. In the subsequent Section
we prove that all of the varieties from Theorem [3.1.1] are of true complexity two. In Sec-
tion [3-3] we turn to the Fano case. Here, we present an elaborated version of the results
from [42, [78]. Finally, in Section we show that all Fano varieties from Theorem
can be constructed from a finite list of smooth general arrangement varieties of com-
plexity two and Picard number two via iterated duplication of a free weight. Section [3.1
and parts of Section [3.3| are published in the joint work [42].

3.1 Classification in Picard number two

In this section we recall the classification results already presented in [42]. We begin
with the description of all smooth general arrangement varieties of true complexity two
and Picard number two. Note that being Mori dream spaces, the varieties listed below
are indeed determined by their Cox ring together with an ample class; see Remark
and Remark [3.1.2] for the defining data as explicit general arrangement varieties.

Theorem 3.1.1. Every smooth projective general arrangement variety of true complexity
two and Picard number two is isomorphic to precisely one of the following varieties X,
specified by their Cox ring R(X), the matriz [wy,...,w,] of generator degrees and an
ample class u € C1(X) = Z2.

63
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No. R(X) [wy, ..., w,] u  dim(X)
0011 1 1 1 1 1
K[Tl,...,Tg] [ ’ ’ /:| 1
110
1 (T To T3+ T3 T5+T6 T7+Ts To) e a8 s as +1 6
1<a1 <az <ag, a; =2—aqa;
p) K[T4,...,To] 001101010 1 6
(T ToT3+TaTs+TeT7+TsTo) 110111111 2
0011 1 1 11
g K[Tl’“"TS] |:110a1 a’ as al 1:| 1 5
(T T2 TZ+TaTs+Te T +T2) 1 2 az + 1
1<a; <az, aj =2—aq;
K[T1y,...,78,51,...,5m] |:01a1 1as 1ag1|dy dm:| |:d:|
4 <T1T2lz+T3Ti4+T5Té6+T7Té8> 101010101 1 1 m+ 5
m>0 0<a3 <az <az, di < < dm, d maz
- lag =a1 +1lg =az +1lg =a3 +1s of ag, dm
K[Tl"é"TS’Slz""’SWZ] 02a+1lalalalll...1
5 (LA Ty T+ T T +17 Ts) 1 1 1010100...0 [2‘11'*‘2} m-+5
m>0 a>0
K[Ty,...,Ts,51,...,Sm] 020
30y L8301 5005 3+1lajazazlazl|l... 1
6 (M T+ T3 T+ T2 To+T7 Ts) [1 1 11101 004..0} [2‘131'*‘2} m+5
= 2a3 +1=aj +a 0<a; <a
m20 3 1 2, > ay] >~ a2
K[Tl"“vTS’Sl’""STg] 02a5+1ai az ag ag as 1[1...1
7 (M To+T3Ta+TsTe+T7 Ts) 11 1 111100...0 [2‘151'*‘2} m+5
m2>1 2a5 +1=a; +az = az +as, a; >0
K[T%,...,Ts,S1,....,Sm]
Tilo+T5Ta+ 1516+ 17 T8 000000—111...1 1
8 ( ) [111111110.,.0 2 m+5
m>1
K[Tl,“.,Ts,Sl,..‘,Sm] |:0 a1 a2 a3z a4 as ag a7|l ... 1:|
9 (T1 T2+ T5Ta+T5To+T7 Ts) 1111111 1[...0 [allﬂtl} m+5
m>2 a1 = a2 + a3 = a4 + a5 =ag + a7
a; >0
K[Ty,...,T8,51,..-,Sm] 00000000[1 1 ... 1
10 (T Ta+TsTs+T5Te+T7Ts) 11111111[0ds ... dm {d 1+1} m-+5
mz2 0<da < <dm, dm >0 ’
K[T4,...,77,51,...,Sm]
Ty To+TsTy+TsTg+T2 —1100000|1...1 1
11 { v) 11111110...0 2 m+4
m>1
K[Tl"“’T7’Sl""’Sm]2 02as5 a1 az az ag as|l ... 1
12 (T T2+ T3Ty+Ts5T6+T7) 11 1111 1[0...0 [2a51+ 1} m+4
m22 a1 + a2 =az + a4 =2as, a; 20
K(T1,...,T7,81,..,8m] 0000000[1 1 1
13 (T To+T3Ty+Ts5Te+T7) 1111111[0do dm {dm1+ 1} m+4
m>2 0<ds <...<dm, dm >0
14 K[T4,...,T1o] 1010101010 1 6
T\ To + T3Ty + T5Te + T7Ts, 0101010101 1
A1 T3Ty + X2T5Te + T7Ts + ToT1o

Moreover, each of the listed data defines a smooth projective general arrangement variety
of true complexity two and Picard number two.

Remark 3.1.2. According to Theorem the varieties from Theorem [3.1.1] can be
represented as explicit general arrangement varieties X (A, P,Y) in the sense of Defini-
tion The following table provides the defining data P and X, where we denote
the columns of P by v1,...,Vpqm and set oy j := cone(vy; k # 1, k # 7).

=
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No. P maximal cones of ¥
[-1 -1 =21 10 00 O
-1 -1 -2 0 0 1 10 0
1 -1 -1 -2 0 00 01 1 .
uy wu2 w3z 0 ws 0 wy O wug 01,i,02,i, t=3,...,9
uiEZ4, uz = —us — U7 — U9,
up = —ug — a'1u5 — aI2U7 — aéug
r-r -1 -1 1 1 0 0 0 0
-1 -1 -1 0 0 1 1 0 0
-1 -1 -1 0 0 0 O 1 1
2 0 1 00000 0 —1 01,i>02,i505,i 07,0 09,15
0 0 10000 —1 1 i=3,4,6,8
0 0 00100 0 -1
L O 0 00 001 0 -1
-1 -1 -2 1 1 0 O 0
-1 -1 -2 0 0 1 1 0
3 -1 -1 =20 0 0 0 2 o
up uz u3z 0 wus 0 wuy wug 01,i,02,4 1 =3,...,7
uiEZS, u3z = —us — u7 — ug,
Uy = —u2 — a’lug. — a’2u7 — us
-1 -l 1 14 0 0 0 0] O 0
-1 -l 0 0 1 Ilg O O 0 0 02,3,02,5,02,7,02,841i>
—1 -l 0 0 0 0 1 lIg 0 0 01,4,04,5,04,7,94,841i>
4 up uz 0 ug 0 ug 0 wg|uj ... ul, 71,6,03,6,96,7>796,8+i>
01,8,03,8,05,8,08,8+i
ui,u;ez’"“’, ulz—u’17“.—u;n , i:{,...,,m ’ +i
uz = —ugq —ug —ug — diu] — ... — dmUy,
[-1 -1 2 1 0 0 0 0]O 0
-1 -1 0 0 2 1 0 0O 0 01,4,02,4,04,5,04,7,
-1 -1 0 0 0 0 2 1|0 0 01,6,02,6,03,6,06,7,
5 Lut w2 uz 0 us 0 uy 0w up, | 21,870’2,8,'5_3,2?0'5,8,
’ m+3 _ J,(8+i) TE e,
wi, uy; €L , U]l = —U2 — U3 — U5 — UT, i=1,2,3,5,7
(2a 4+ Dug = —a(ug + us +ur) —uj — ... —ul,
[-1 -1 1 1 0 0 0 0]O 0 ]
-1 -1 0 0 2 1 0 0|0 0 01,6,02,6,03,6,04,6,
-1 -1 0 0 0 0 2 1|0 0 06,7,01,8,02,8,03,8,
6 L v1 w2 u3 0 us 0 w7y O ull u’m ] q‘i8705»8’01,8+i’
o gm+3 _ 7',71""’7”’
Wi, Uy € ; Ul = —U2 — U3 — U5 — U7, 7 =1,2,3,4,5,7
(2a3 + 1)ug = —ajuz — agzus — aguy — ull - .= u;n
[-1 -1 11 00 00| O 0]
-1 -1 0 0 11 00 0 0
7 -1 -1 0 0 00 2 1 0 0 95,85 95,8+i)7,8+i
| u1 w2 wus 0 us 0 wy O u'1 u;n ] ;i 11, ey 76na
ui,u262m+3, up = —up — u3z — us — u7, ’ ’
(2a5 + 1)uz = —ajuz — agzus — asuy — u'1 - .—ul,
-1 -1 11 0 0 0 O 0 0
-1 -1 0 0 1 1 0 O 0 0
-1 -1 0 0 0 0 1 1 0 0
] 0 1 00000 —1 1 0 74,8 75,8+1> 9T, 8+1
0 0 01000 —1| 1 0 S
0 0 00010 —1 1 0 I=Dn
0 0O 00O0O0 1 -1 2 0
0 0 00000 0 |-ly,_1 Ep_1
[-1 -1 1 1 0 0 0 0]O 0
-1 -1 0 0 1 1 0 0|0 0
9 -1 -1 0 0 0O O 1 1|0 0 ?'8+i,j7
up uz u3z 0 wus 0 uy O u/l u’m v= 1,...,m,
s A - j=1,...,8
iUy ; UL = U — U — U5 —UT,
ajux = —agu3 — a4us — agU7 — ull - .= u/m
[-1 -1 1 1 0 0 0 0]O 0
-1 -1 0 0 1 1 0 0O 0
10 -1 -1 0 0 0 0 1 1|0 0 o84i,j
uy u2 w3 0 wus 0 wuy O u'1 u;n =1, > M,
I m+3 0 _ ’ ’ - j=1,...,8
u.“uiEZ , U] = U — s — Uy,

! !’
up = —uz —u3z —us —uy —dauy — ... —dmuy,
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-1 -1 1 1 0 0 0 0 0
-1 -1 0 0 1 1 0 0 0
-1 -1 0 0 0 O 2 0 0 02,505, 7+1>
11 0 10000 —1| -1 0 i=1, . m,
0 00100 —1 0 0 j=1,3,4,56
0 00001 -1 0 0
0 00000 O|-Tp_1 Ep_q
[-1 -1 1 1 0 0 0]O 0
-1 -1 0 0 1 1 0|0 ... O
12 -1 -1 0 0 0 0 2]0 ... 0 OT4ig
up uwp wz 0 us O wr|uw) ... ul, i=1,...,m,
s m—+2 _ - j=1,...,6
wi,u; €L , Ul = —U2 T U3 T U5 — U7,
2a5ug = —ajuz — azus — a5uy — “,1 - = ufm
[-1 -1 1 1 0 0 0]O 0
-1 -1 0 0 1 1 0 0 0
13 -1 -1 0 0 0 0 2 0 0 O7+i,5>
ur uz wuz 0 ws O wy|uf ul, i=1...,m,
’ m+2 ’ ’ - j=1,...,6
u;,uy; €7 U} = —uy — — Uy,
ul = —uz —u3z —us —uy —dguy — ... — dmu;n
-1 -1 11 0 0 0 0 O0 0
-1 -1 001 1 0O0O0 0
1 10000110 0 01,4,01,6,01,8,01,10,
14 1 10000001 1 02,3,03,&03,870?,10,
0 10000000 —1 02,5,04,5,05,8,05,10,
0O 00100000 -1 02,7,04,7,06,7,07,10,
0 00001000 —1 72,9,94,9,96,9, 98,9
0 0O 0O0O0O0OO0OTI1O0 —1

We proceed with the Fano varieties contained in Theorem [3.1.1] The key to obtain
their full classification is the description of the anticanonical class of an explicit general
arrangement variety X C Z given by

TN

' no
~Kx = YD wi+ Y wp — (r—0) Y lpwg; € K = CI(X),
k=0 J=1

i=0 j=1

where ¢ = ¢(X) is the complexity and w;; = deg(T};) as well as wy, = deg(T}) are the Cox
ring generator degrees, see Proposition [2.2.4] Going through the list of Theorem [3.1.1]
and picking the cases with —x lying in the ample cone, we obtain the following.

Theorem 3.1.3. FEvery smooth Fano general arrangement variety of true complexity
two and Picard number two is isomorphic to precisely one of the following varieties X,
specified by their Cox ring R(X) and the matrixz [wi,...,w,| of generator degrees w; €
Cl(X) = 72

No. R(X) [wi, ..., wy] —Kx dim(X)
1 K[Ty,...,To] 001111111 5 6
(T To T3 +TsTs+T6T7+TsTo) 110111111 6
p) K[T1,...,To] 001101010 3 6
(M ToT3+TsTs+TeT7+TsTy) 110111111 6
9 K[T4,...,Ts] 00111111 4 5
(M ToT7+TyTs+Te T +T3) 11011111 5
K[Tlv--<7T87SI7~~-7S7n]
T T3+ T3 TutT5To+T0 T 01212121[2...2 7+ 2m
44 (nTy 3:L>0 o+TrTs) 10101010|1...1 3+m m+5
K[Ty,...,T8,51,...,5m]
TT3+T3T2+TsT2+T7T2 011111111...1 44+ m
4B (hTy fn>0 6 5) 10101010[1...1 3+m m+5
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K[T4,...,T5,51,-..,5m]

T T2+ T3 T2+ TsTe+T7 T 010111111...1 44 m
4C (Nt 3;;>0 o +T7Ts) 101010101...1 34+ m m+5
K[le-,Ts’Slv-wSm] 01111111fdy1...1
D (M T3 +T5Ta+T5Te+T7Ts) 10101010[1 1...1 Stm—lt+di| 4y 4§
3+m
m20 dy € {0,1}
K[Ty,...,T8,51,...,5m]
T3 +T3 T2+ TsT3+T7 T3 01010101[0...0 3
4E (n ;>0 6 5) 101010101...1 34+ m m+5
KLT“'”J;S’S“'Z"SW] . 01010101|d;0...0
4F (TSI T T+ T 1) 10101010[1 1...1 [ii(fﬁ} m4+5
m20 dy € {~1,0}
K[T1,.... T, 51, ., 5m] 01010101|dy d20...0
G (M T4 T3Ta+T5Te+T7Ts) 10101010[1 1 1...1 3+ditda| 1 f
> 3+ m
mz0 d1,d2 <0, dy +dg > 2
K[Tl"é"TS’Slz""’sz] 02a+1lalalalll...1
) (M T4 T T+ T5 Te+T7Ts) 1 1 1010100...0 [3a+§+m} m-+5
m21 a >0, m>3a
K[T1,...,T8,51,...,5m] {0 2a3 +1a1 az as 1 a3 1‘1“.1}
6 (T1 To+T3Tu+T2Te+T7Ts) 1 1 1101000...0 |:4a3 +43+m] m4+5
m>1 0<aj; <az, a;r +az =2a3 +1
- m > 4az + 1
K[Th,...,T5,S1,...,5m] 02a5 +1aj a2 a3 aq as 1‘1 |
7 (T1 To+TsTu+T5T+T2Tg) o1 1111100...0 [5a5+53+m] m+5
m>1 a; >0, m > b5as + 2,
- a1 +a2 = a3 +aq4 =2a5 +1
K[Ty,...,T8,51,...,5m]
Ty To+T5Ta+TsTe+17T; 000000 —11[1...1 m
8 (DT T Tt T5 To+ Ty Ts) [11111111‘0,“0} |:6i| m+5
1<m<5
K[Th,...,T8,S1,...,5m] |:O a1 az ag a4 as ag ar|l... 1]
9 (Th T2 +T5Tu+TsTe+T7Ts) 111111 11[...0 [3a16+m} m+5
m>2 a; >0, m > 3aq,
a1 =az + a3z =ag4 +as =ae +ay
K[TY,...,T8,51,...,Sm] {00000000‘1 1., 1 }
10 (T T2+ T3Tu+T5T6+17Ts) 111111110dz... dm {6 . } m+5
m>2 0<dz <--- <dm, 0<dm <5, e
B mdm < 6+da+ ...+ dm
K[Ty,...,T7,51,..,5m]
T\ To+T3Ty+TsTe+T2 —1100000|1...1 m
11 ( ; 7) 11111110...0 5 m+4
1<m<4
]K[Tl,‘“,ThSl,...,Sm] |:0 2a5 a1 a2 a3z ag as|l ... 1:|
12 (T1 To+TsTu+T5Ts+T2) 11 11111]0...0 [m+55a5} m+ 4
m>2 a1 + a2 = az + a4 = 2as,
- a; > 0, m > bas
K[T},....,T7,51,...,8m] [0000000‘1 1 1 }
18 (M T2 +T3Ta+TsTe+T7) 1111111{0dz ... dm {5 N } m+4
m>2 0<dy <... <dpm, 0< dm, +
- mdp <5+da+ ...+ dm
K[T4,...,T10] 1010101010 3
14 0101010101 3 6

T1 T2 + T3Ty + T5T6 + T7 T3,
MT3Ty + A2Ts5T6 + T7Ts + ToTho

)

Moreover, each of the listed data defines a smooth Fano general arrangement variety of

true complezity two and Picard number two.
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Remark 3.1.4. Some of the above Fano varieties are intrinsic quadrics. Here is the
overlap of Theorem with [29] Cor. 1.2]:

(i) Cases 10 and 13 are intrinsic quadrics of Type 1,

(ii) Cases 9 and 12 are intrinsic quadrics of Type 2,

)
)

(iii) Cases 8 and 11 are intrinsic quadrics of Type 3,
)

(iv) Case 4.G is an intrinsic quadric of Type 4.

Finally, we turn to the almost Fano case. As done above, we go through the list of
Theorem and pick the cases with —Kx lying on the boundary of the semi-ample
cone.

Theorem 3.1.5. Every smooth projective truly almost Fano general arrangement va-
riety of true complexity two and Picard number two is isomorphic to precisely one of
the following varieties X, specified by their Cox ring R(X), the matriz [wi,...,w,| of
generator degrees and an ample class u € C1(X) = Z2.

No. R(X) [wi, ... wy v dim(X)
K[T1,...,78,51,..-,8m] -
T TA 4T3 Ty+TsTe+T7Ts 01313131[3...3 4
44 (N, m>0 ) 10101010[1...1 1 m+5
K([T4,...,Ts,S1,---,5m] o
Ty T3 +T3Ty+TsTe+T7 Ty 01212121[12...2 3
4B (Nt 3:1>055 "T8) 10101010[11...1 1 m+5
K[Ty,...,T8,51,..-,5m] - _ o
T\ T3+T3T24+TsTe+T7Tx 01112121[2...2 3
4C (i, :1>0 ) 10101010[1...1 1 m+5
K[Tl,...,Tg,Sl,”-,Sm] _ _
4D AT T TS Yotototoi 1 mtS
m>0 L o
K[le---7T87S1;~-7S7n] . - o
TiTo+T5Ta+T5Te+T7T; 01010101]1...1 2
4E (hT 3;>0 o+TrTe) 10101010‘14..1 1 m+5
K[Ty,...,T8,51,..-,5m] o
T T2+T3Tu+TsT6+T7Ts 01111111/001...1 2
4F (s m>0 ) 10101010[111...1 1 m+5
K[Tl,...,Tg,Sl,”-,Sm] _ -
T T24+T3Ty+T5T+T7 T 01111111]-11...1 2
4G (Nt 3m>0 o+ T7Ts) 10101010/ 1 1...1 1 m+5
K[2T17---7,1;87Sh~-2757n]
TiT2+ T3 T2+ Ts T2 +T7 T 01010111J1...1 2
4H <12 3;>0 6 78> |:10101010‘luAlj| [1] m+5

K[Ty,...,T8,51,...,5m]
4] (M\T3+T3T2+Ts T2 +T7T2) 01111111[01...1
m>0 10101010[11..

i s
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K[le---7T87Sh*~-7SWL]

TWT24+T3T24+TsTe+T-T; 01011111[01 1 2
4J 0T S;L>056 "Ts) 10101010[11...1 1 m+5
K[Ty,...,T8,51,...,5m] o
K T DT ITT ) [2aiaibtefd] it oms
m>0 : L™
K[Ty,...,78,51,...,5m] o
4 BESTISTEEERT oot ] omes
m>0 L
K[T},...,78,51,...,5m] [01010101|d1 ... dm o
4M (T1To4+TsTu+T5Ts+T7Ts) 10101010[1 ... 1 1 m-+5
L g 1
mz0 d <0, Y di = -3 -
K[T1,...,T5,51,..,Sm] [01010101|d1 ... dm ]
4N (T AT TE+TTE) [10101010[1 ... 1 | [1] m+5
m=z0 d <0, Y dj =2
K[Ty,...,T8,51,..-,5m] _ _
3 3 3 3 —
40 T LT+ TSI+ T TE) 01010101/-10...0 H m+5
m>0 L b
K[Tl,...,T87sl,~»-7Sm]
T A [ ] me+s
m>0
K[Tl"é"Ts’Sg"“’Sm; 02a+1lalalalll...1
5 (DA TyTat TS Te+17Ts) 1 1 101010[0...0 {2611‘%2} m+5
m>0 a>0,m=3a
K[Tl,...,Tg,Sl,...,Sm] 02a3 +1aj az a3z 1as 1‘1 o1
6 (Mot TsTs+T2Te+T2Ts) 11 11 10100...0 [2a3+2} m+5
m>0 0<a; <a2, 0<asg, L
- a1 +az =2a3+1, m =4asz +1
K[Ty,...,T8,51,...,5m] 02a5 + 1aj1 az a3 aq as 1‘1 o1
7 (A TsTy+TsTo+T7 Ts) 11 1111 100..0 {2% +2] m+5
m>1 a; >0, m=5a5 +2, 1
- a1 +az =a3 +ag =2a5 +1
K[Ty,...,T8,51,...,5m]
T To+T5Ta+T5Te+ 17T 000000—11[1...1 1
§ (Ot 37:_656 7Ts) {11111111‘0.“0] [2] m+5
K[T1,...,T8,S1,...,5m] Oay az a3 aq a5 ag a7|l... 1
9 (DA T3Ta+T5To+ 17 Ts) 11111 111/0..0 |:CL1 +1} m+5
m>2 a; >0, m = 3aq, !
a1 =az +a3 = aq +as = ae + a7y
K[T4,...,Ts,S1,...,5m] 00000000‘1 1... 1
10 DT+ TsTatTsTo+ T Ts) 11111111f0dz.-.. dm [ 1 } m+5
m>2 0<dy <+ <y dy <6 dm +1
mam =6+do+...4+dm
K[Ty,...,T7,51,..,5m]
T\ To+T3Ty+TsTe+T2 1111111[0...0 1
11 ( s 7) —1100000[1...1 2 m+4
K[T1,...,T7,51,...,5m] 11 11 11 10...0
19 (A TsTu+TsTo+13) 02a5 a1 az ag ag as|l...1 {2% + 1} m+4
m>2 2a5 = a1 + a2 = a3 + agq, !
- a; > 0, m = bas
K[T1,...,T7,51,...,8m] |:11111110d24..dm:|
18  (MiTAT3Ta+T5Te+T7) 00000001 1... 1 [d 1+1} m+4
m>2 dz < ... < dm, m

mdym =54+do + ...+ dm
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Moreover, each of the listed data defines a smooth truly almost Fano general arrangement
variety of true complexity two and Picard number two.

3.2 True complexity

In this section we prove that all of the varieties listed in Theorem [3.1.1] are of true
complexity two. We proceed as follows: In a first step we show that the varieties in our
list are non-toric. We go on by comparing the varieties in Theorem [3.1.1] with those
from [30, Thm 1.1] and prove that they are pairwise non-isomorphic. This will be done
by comparing the geometric data encoded in their respective Cox rings.

Let us recall the basic facts and observations concerning invariants of graded rings. Let
R Dbe a finitely generated integral algebra with an effective pointed grading of a finitely
generated abelian group K. As usual we denote by S(R) the weight monoid of R, i.e.
the monoid of all w € K with non-trivial homogeneous component R, .

The first invariant we consider is the set of primitive elements of S(R) which we will
denote by Sp(R). If (¢,¢): R — R’ is an isomorphism of graded rings then ¢ maps
Sp(R) onto Sp(R').

A second important invariant is the set of generator degrees
Qpr:={w € K; Ry € Rew}.

As before graded isomorphisms map sets of generator degrees onto sets of generator
degrees. In particular, if (,id): R — R’ is a graded isomorphism, then Qp = Qg
holds. The two invariants are connected via the following inclusions: if fi,..., f, are
K-homogeneous generators for R, then we have

Sp(R) € Qr C {deg(f1), ..., deg(fr)}-

A way to compute the set of generator degrees is to consider minimal presentations of
R, i.e. graded epimorphisms (¢, @) from a K-graded polynomial ring K[T7,...,T},], with
homogeneous variables, to R, such that ¢: K — K is an isomorphism and ker(y) C
(Th,...,T,)? holds. If (p,id): K[Ty,...,T;] — R is a minimal presentation then the
K-grading on K[T1,...,T,] is effective and pointed as well and we have

Qr=Okmy,.1,] = {deg(T1), ..., deg(T})}

Remark 3.2.1. Let X := X (A, P,X) be a general arrangement variety with Cox ring
R(A,P). If P is irredundant, then the canonical projection K[Tj;, Si] — R(A, P) is a
minimal presentation. Moreover let w € Kg be a primitive ray generator of an extremal
ray of the effective cone Eff(X) and let n € Z>(o be the minimal multiplicity such that
the graded component R(A, P)n,, is not trivial. Then the number fi,,, := dim(R,,,) is
an invariant under graded isomorphy on R(A, P) and each set of K-prime generators of
R(A, P) contains at least i, generators of degree nw.
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Proposition 3.2.2. Fach of the varieties listed in Theorem |3.1.1] is of true complexity
two, i.e., it does not admit torus actions of lower complexity.

Proof. First observe that each of the varieties listed in Theorem has a singular
total coordinate space and hence is not toric. Thus, we have to show that none of them
is isomorphic to a smooth non-toric variety of Picard number two with torus action of
complexity one, which in turn are all given in [30, Thm. 1.1]. Let X be a variety listed
in Theorem and assume X has a complexity one torus action. Then, comparing
the dimension of the total coordinate space X in combination with the dimension of its
singular locus to the respective data in [30, Thm. 1.1], we see that X can only be one of
the varieties from Nos. 3,4,5 and 6. We now go through the cases and show that none
of them admits a torus action of complexity one.

No. 3: Recall that Cox ring, degree matrix and an ample class of X are given as

R = K[T,...,T8) /(W T2T§ + TuTs + TTr + T3),
0 01 1 1 1 1 1
— < <

@ 110 by 2-b by 2-by 1| 1Shish

u = (1, b2 + 1).
The total coordinate space Spec(R) of X is of dimension 7 with singular locus of codi-
mension 5. Computing these data also for the varieties X’ from [30, Thm. 1.1], we see
that X can be isomorphic at most to one of the varieties X’ defined via the data in
Nos. 4, 7, 8 or 9 in this list. We now go through these cases.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 4]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Ti,...,T6,S1,. .., S/ (TIT2 + T5Ti* + T5T),  m' >0,

< <
! 01 aiz 1 ag 1|en ... cw 0 < ar < ay,
Q = 1 0 1 0 1 0 1 1 ) Clg...gcm/’
W = (max(asc),)+1,1).

The total coordinate space Spec(R’) of X’ is of dimension m’+5 and the codimension of
its singular locus equals 5 minus the number of ¢ with [; > 2. Consequently, we obtain

m’:2, l2:l4:l6:1, a1:a2:0.

We write w; for the i-th column of ) and denote by p; the number of times it shows up
as a column of Q). Analogously, we define w} and p}. Then we have

p1=2, p3é€ {17273}7 //1 € {3a4a 5}7 /‘,2 =3

for the primitive generators of the effective cones of X and X’. Observe that y; = 2 but
wh, ph > 3 hold; a contradiction.
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Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 7]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Tl,...,T6,Sl,...,Sm/]/<T1T2—|—T3T4—|—T5T6>, m/ZL

Q = 0000 -1 1|1 ... 1
1111 1 1|0 ... O
o = (1,2).

As above we write w; for the i-th column of @), denote by u; the number of times it
shows up as a column of @ and define w} and p} analogously. The semiample cone of
X' is generated by the primitive generators w} and wg. Both of them lie in the interior
of the effective cone of X’. This is in contrast to w; which is a semiample primitive
generator of the effective cone of X; a contradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 8]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Tl,...,TG,Sl,...,Sm/]/<T1T2+T3T4+T5T6>, m’ZQ,

Qo = 0 000O0OGCO0O|T 1 ... 1 0<as <. <ayy
11111 110 a2 ... ap | au>0
v o= (1,am +1).

As above we write w; for the i-th column of @, denote by p; the number of times it
shows up as a column of @ and define w; and ) analogously. Then we have

!/

=2, py =6

for the only semiample primitive generators of the effective cones of X and X’; a con-
tradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 9]. After a
unimodular transformation, the Cox ring, the degree matrix and an ample class of X’
are given as

R = K[Tl,...,T@,Sl,...,Sm/]/<T1T2+T3T4+T5T6>, m/22,

Q, o 1 1 1 0O ... 0 O§a3§a5§a6§a4§a2
a 0 ag ... ag|1 ... 1|’ as = as + a4 = as + ag

v = (1, as + 1)

The total coordinate space Spec(R') of X' is of dimension m’ + 5 and hence m’ = 2. We
write w; for the i-th column of () and denote by u; the number of times it shows up as
a column of Q). Analogously, we define w] and p;. We distinguish between two cases.

Case by < 2: In this case we have Eff(X) = cone(e1, es) = Eff(X’). Observe that wy
and w} are the only semiample primitive generators of the effective cones of X and X'.
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This implies Qr = Qp and we conclude aga = by. We are left with by,b2 € {1,2} and
claim that all possible choices lead to a contradiction. Assume by = by = 2 holds. Due
to the multiplicity pus = 3 of the primitive extremal generator degree ws, we may assume
without loss of generality that ay = ag = 0. Therefore homogeneity of the relation
implies ag = a5 = 2. This is a contradiction to Qr = Qg as wg = (1,1) # w} for all
t=1,...,r. The other cases can be excluded with analogous arguments.

Case by > 2: We apply a unimodular change of coordinates on Eff(X) and obtain the
Cox ring, the degree matrix and an ample class of X as

R = K[,...,Ts)/(TNToT§ + TyTs + Te Ty + T3),

00 1 1 1 1 1 1
- <h <
Q 11byg—2b;14+by—2byg—b1 200—200by—11|" 1<b; <by

u = (1,2by —1).

As above we have Eff(X) = cone(ej,ez) = Eff(X’) and as w; and w} are the only
semiample primitive generators for the effective cones of X and X’ we have Qr = Qp.
As we have by > 2 and as > a; holds for all i > 3, we obtain

ao =2by—2=a3+ a4 =a5+ag and by — 2, bg—le{ag,a4,a5,a6}.

In particular, using ag — (be —2) = be and ay — (by — 1) = by — 1 we conclude a3z = by — 2,
a4 = bg and a5 = by — 1 = ag due to homogeneity of the relations. Using Qp = Qg and
b1 > 1, we conclude by = 2. In order to show, that this configuration of weights does
not give rise to an isomorphism of graded rings, we show that the graded components
R,, and R!, are not of the same dimension for w = (1,by — 2). This is a contradiction as
¢(Ry) = R], holds. Note, that the graded components R,, and R, are generated by

Ty, Ts, TTOTY, resp. Ts, T1S5, S5, where a+ 8 = by — 2.

We claim that these generators are linearly independent. Assume not. Then we obtain
two linear combinations

Zuang7TlaT26 + psTs + usTs € (g> and Z)\aﬂTlSlaSQB + A3T5 € (g’>.

As deg(g) = (2,2by — 2) = deg(g’) holds, this implies that each term with non vanishing
coefficient is of degree kK = (K1, k2) with k1 > 2 and kg > 2bs — 2. This is impossible as
all occurring terms are by construction of degree (1,by — 2). This proves the claim.

No. 4 in Theorem [3.1.1} Recall that Cox ring, degree matrix and an ample class of
X are

R = K[T1,...,Ts,S1,...,Sm]/(TiT2 + TyTi* + TsT® + TvTE), m >0

< < <

0 — [Olbllbglbgldl...dm] Od—il—bigbi”

~ 101010101 ... 11" L= =%m
lo=bi+ly=by+1lsg=b3+13

u = (max(bs,dpm),1).
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The total coordinate space Spec(R) of X is of dimension 7 4+ m with singular locus of
codimension 7 minus the number of ¢ with I; > 2. Computing these data also for the
varieties X’ from [30, Thm. 1.1], we see that X can be isomorphic at most to one of the
varieties X’ defined via the data of Nos. 4, 5, 6, 7, 8, 9, 10, 11 or 12 from this list. We
now go through these cases.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 4]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = KI[Ti,...,Ts, 1, ..., Sw]/(TiT + T3T + T5T0),  m! >0,

< <
, 0lai Lasller ... cp 0<a1<a,
Q = , c<...<cp,
101010[1...1 : , ,
1§l2:a1+l4:a2+l6,
o = (max(az,d,)+1,1).

We write w; for the i-th column of ) and denote by p; the number of times it shows
up as a column of Q. Analogously, we define w} and p}. We obtain pus =4 and phH = 3
for the only non semiample primitive generators of the effective cones of X and X'; a
contradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 5]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Ty,...,Ts,51,...,Sw]/(TiTo + T3iTy + T2Ts), m' >0,

;10 2a+1 a 1 a 1|1 ... 1
@ =11 10100...0]’ a0
v = (2a+2,1).

As above, we write w; for the i-th column of @ and denote by p; the number of times
it shows up as a column of @) and define w} and ), analogously. We obtain p; = 4 and
wy € {1,3} for the only non semiample primitive generators of the effective cones of X
and X'; a contradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 6]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Ti,...,TsS1,..., S/ (TiTo + TsTy + T2Ts), m > 1,
a,az,az > 0

) a1 < a
a1 +as = 2a3+1

o = 0 2a3+1 a1 ay a3 1|1 ... 1
B 1 1 1 1 1 010

v = (2a3+2,1).

As above, we write w; for the i-th column of () and denote by u; the number of times
it shows up as a column of @) and define w} and ], analogously. We obtain p; = 4 and
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wy € {1,2,3} for the only non semiample primitive generators of the effective cones of
X and X'; a contradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 7]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Tl,...,T6,Sl,...,Sm/]/<T1T2+T3T4+T5T6>, m/Zl,

Qo = 0000 -1 1]1 ... 1
1111 1 1[0 ...0
o = (1,2).

As above, we write w; for the i-th column of @ and define analogously w}. We obtain
w1 as a semiample primitive generator of the effecitve cone of X. But the variety X’ has
no semiample divisor on the boundary of the cone of effective divisors; a contradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 8]. After a
suitable change of coordinates, the Cox ring, the degree matrix and an ample class of
X' are given as

R = K[Tl,...,Tﬁ,Sl,...,Sm/]/<T1T2+T3T4+T5T6>, m/22,

R I S 0<as<..<d,
000O0OOO1 1 ... 1 | a,>0
v = (am+1,1).

As above, we write w; for the i-th column of @ and define analogously w}. We obtain
wy and w) as the only semiample primitive generators of the effective cones of X and
X'. Looking at the homogeneous component of R and R’ of degree 2wy resp. 2w] we
obtain a contradiction:

10 = dim(Raw,) = dim(R'lel) =21.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 9]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Tl,...,T@,Sl,...,Sm/]/<T1T2+T3T4+T5T6>, m/22,

Q/ _ 0 ao ... ag 1 ...|1 0<az<as<ag<as<as
11 ... 1 0 ...70}" as = az + aq = as + ag
o = (ag+1,1).

As above, we write w; for the i-th column of () and denote by p; the number of times
it shows up as a column of @) and define w} and ], analogously. We obtain o = 4 and
wh € {1,2,3,6} for the only non semiample primitive generators of the effective cones of
X and X'; a contradiction.
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Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 10]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[T,...,Ts,S1,...,Sw]/(TiTo + T3Ty + T2), m' >1,
Q = 1 111 1(0 ... 0
-110 0 01 ... 1
o= (2,1).
As above, we write w; for the i-th column of @ and define analogously w}. We obtain

w9 as a semiample primitive generator of the effecitve cone of X. The variety X’ has no
semiample divisor on the boundary of the cone of effective divisors; a contradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 11]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Ty,...,T5,51,..., 8w /(T\Ts + T3Ty + T2), m > 1,

o - 1111 1[0 a ... a, 0<a<...<a,
O 00 O0O0j1 1 ... 0 ’ a;n>0
v = (am+1,1).

As above, we write w; for the i-th column of @ and define analogously w;. We obtain
wy and w) as the only semiample primitive generators of the effective cones of X and
X'. Looking at the homogeneous component of R and R’ of degree 2ws resp. 2w| we
obtain a contradiction:

10 = dim(Raw,) = dim(R’Qw,l) = 15.
Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 12]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[Ty,...,T5,51,...,Sw]|/(T\To + T3Ty + T2), m' > 2,

Q, _ 1 1 1 1 1 00 ... 0 O§a1§a3§ag
0 2a3 a2 as az|1 1 ... 1 a1 + as = 2as
o = (1,2a3+1).

As above, we write w; for the i-th column of () and denote by u; the number of times
it shows up as a column of @ and define w] and p analogously. We obtain p; = 4 and
wy € {1,2,5} for the only non semiample primitive generators of the effective cones of
X and X'; a contradiction.
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No. 5 in Theorem [3.1.1} Recall that Cox ring, degree matrix and an ample class of
X are

R = K[Ty,...,Ts,S1, ., Sp] /(T\To + ToTy + T2Ts + T2T3), m >0,

0 264+1 b1 b 1 b 1|1 ... 1
11 1010100 ...0

u = (2b+2,1).

| oo

The total coordinate space Spec(R) of X is of dimension m + 7 with singular locus of
codimension 4. Computing these data also for the varieties from [30, Thm. 1.1], we see
that X can be isomorphic at most to one of the varieties X’ defined via the data of
Nos. 4, 6, 10, 11 or 12 of [30, Thm. 1.1]. We now go through these cases.

Assume that X is isomorphic to the variety [30, Thm. 1.1, No. 4], which we denote by
X'’. Cox ring, degree matrix and an ample class of X’ are given by

R = K[T1,...,T5 51, Sw]/(TiT2 + T3T + T5T), m! >0,

< <
/ 01 al 1 an 1 cl ... Cpy O—al—a27
Q - 1 0 1 0 1 0|1 1 ) ClS...Scm/,
1§l2:a1+l4:a2+l6b’
u = (max(ag, c;n) +1,1).

The total coordinate space Spec(R’) of X’ is of dimension m’+ 5 and the codimension of
its singular locus equals 5 minus the number of ¢ with I; > 2. Consequently, we obtain

m=m+2, lL=l=1 b=a+l=a+1>2 a =as.

We write w; for the i-th column of ) and denote by p; the number of times it shows up
as a column of (). Analogously, we define w) and p}. Then we have

/1’16{174}7 M4:3+m7 /’L/2:37 /’Ligl—’—m/

Observe that wi,wy are the primitive generators of the extremal rays of the effective
cone of X and wy is a semiample class, whereas w; is not semiample. Moreover, w) is a
semiample primitive generator of the effective cone of X'. We conclude

3+m = ps =dim(Ry,) = dim(RiUé) = py = 3.
Thus, m = 0 and m’ = 2 hold. Comparing the multiplicities dim(R,,) and dim(R] ) for
w and w’ being the primitive generators differing from (1,0) of the respective effective,
moving and semiample cones of X and X', we obtain

byci,c0>0, pi=pm=1 b=ar=as=c1 <co=2b+1.

But then the anticanonical class —Kx = (3a + 3, 3) is divisible by 3, whereas —KCx/ =
(4b + 3,3) is not; a contradiction.
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Assume that X is isomorphic to a variety X’ as in [30, Thm. 1.1, No. 6]. Here, Cox ring,
the degree matrix and an ample class look as follows:

R = K[Ti,...,Ts,51,...,Sw]/(T\Ts + T3Ty + T2Tg), m' >1,
a17a27a3205

; a1 < az,
a1+ as = 2a3 + 1,

Q/_ 0 2a3+1 a1 a2 a3 1|1 ... 1
I | 1 1 1 1 0|0 ... 0

v = (2a3+2,1).

The dimension of the total coordinate space Spec(R') of X’ equals m’ + 5 and hence
m/ = m + 2 must hold. As before, let w; be the i-th column of ) and y; the number of
times it shows up as a column of Q. Define w} and ) analogously. We obtain

IS {174}7 Ha = /“L% =m +37 Mll S {17273}

For X as well as for X', we find precisely one semiample primitive generator of the
effective cone, namely w4 and wj. Consequently we obtain

1:M1:M37 a17a27a3>0'

Comparing the multiplicities dim(R,,) and dim(R],) for w and w’ being the primitive
generators differing from (1,0) of the effective, movable and semiample cones of X and
X', we arrive at a; = as = a3z = b, which contradicts, for instance, a1 < as.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 10]. In this case,
the Cox ring, the degree matrix and an ample class of X’ are given as

R = K[Ti,...,Ts,S1,...,Sw]/(TiTo + T3Ty + T2), m' >1,
o - [1 111 1]0 ... 017
0211 1|1 ... 1
o o= (2,1).
Let w;, w} and w;, u; be as before. Then wy and w) are the only semiample primitive

generators of the effective cones of X and X', respectively. Thus, we obtain 1 = pj =
pa = 3 + m; a contradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 11]. The Cox
ring, the degree matrix and an ample class of X’ are then given by

R = K[Ti,...,Ts,51,...,Sw]/(TWTo + T5Ty + T2), m' > 2,

o _ [L1r1r1a0m . a 0<ay<...<ap,
000001 1 ... 1 | aus>0
v = (ap +1,1).
With w;, w] and pu;, u; as before, we see that, again, wy, w] are the only semiample

primitive generators of the effective cones of X, X', respectively, and conclude

5=y =ps=3+m.



3.2. True complexity 79

This implies m = 2. Thus, Spec(R) is of dimension 7+ m = 9. Consequently, Spec(R')
is of dimension 9 = 4 + m/, showing m’ = 5. Looking for R and R’ at the homogeneous
components of degrees 2w, and 2w] respectively, we arrive at a contradiction:

15 = dim(Rayw,) = dim(R’lel) = 14.
Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 12]. The Cox
ring, the degree matrix and an ample class of the latter are given as

R = K[T,...,Ts,51,...,Sw]/(TiTo + T3Ty + T2), m' > 2,

Q, _ 0 2(13 ay ag as 1 1 ... 1 Ogalgaggag,
11 1 1 10 0 ... 0 a1 + a2 = 2as,
o = (2a3+1,1).

Comparing the primitive generators w, w’ and the corresponding multiplicities dim(R,,),
dim(R],) of the effective, moving and semiample cones of X and X', we arrive at

m' =3+ m, 0<b, 0<a; =ao = as.

Now, comparing the determinants of the Mori chambers of X and X’ leads to a contra-
diction: we obtain

b = det(ws, w;) = det(ws, ws) = as, b+ 1 = det(ws, w3) = det(wh, ws) = as.

No. 6 in Theorem Recall that Cox ring, degree matrix and an ample class of
X are
R = K[T1,...,Tx,S1,..., Sl /(TN Ty + T3Ty + T2Ts + T2Tx), m >0

Q = 0 2634+1 by by b3 1 b3 1|1 ... 1 203+ 1="0;+ by
1 1 1 1.1 0 1 0[O0 ... 0} 0<b; <bo

u = (2b3+2,1).

The total coordinate space Spec(R) of X is of dimension 7 4+ m with singular locus of
codimension 5. Computing these data also for the varieties X’ from [30, Thm 1.1], we
see that X can be isomorphic at most to one of the varieties X’ defined via the data of
Nos. 4, 7, 8 or 9 from this list. We now go through these cases.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 4]. The Cox
ring, the degree matrix and an ample class of X’ are given as

R = K[T,...,Ts, 1, ... S /(TiT2 + T5TI* + TSI, m/ >0,

< <
o — |0l @ e lla .o 2—<“1—<“2c’
~ /1010101 ... 1|2 == ,
1Sl2:a1+l4:a2+l67

v = (max(ag,d,)+1,1).
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The total coordinate space Spec(R’) of X is of dimension 5 4+ m’ with singular locus of
dimension 5 minus the number of ¢ with [ > 2. Consequently we obtain m' = m+2 and
Il =1 for all i. In particular we obtain a; = ag = 0 since I = a; + )} = ag + I holds.
We write w; for the i-th column of ) and denote by p; the number of times it shows up
as a column of ). Analogously, we define w; and p}. We obtain

p1€{1,2,4,5}, pe=2+m, pp=34+m' py=3

for the primitive generators of the effective cones of X and X’. Observe that wg and w
are the only semiample among these. This shows m = 1 which implies m’ = 3. For the
non semiample generator wj of the effective cone X’ this means pf = 6; a contradiction
to p1 € {1,2,4,5}.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 7]. The Cox
ring, the degree matrix and an ample class of X’ are given as
R = K[Tl, o, s, 51,000, Sm/]/<T1T2 + 15Ty + T5T6>, m’ >1,

o — [000 0 11
/1111 1 1]lo...0

o = (1,2).

As above, we write w; for the i-th column of @ and define analogously w;. We obtain
we as a semiample primitive generator of the effective cone of X. But the variety X’ has
no semiample divisor on the boundary of the cone of effective divisors; a contradiction.

Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 8]. After a
suitable change of coordinates, the Cox ring, the degree matrix and an ample class of
X' are given as

R = K[Tl,...,Tﬁ,Sl,...,Sm/]/<T1T2+T3T4+T5T6>, m/ZQ,

Q, _ 1 1 111 110 as ... Qg Ogagﬁ...gam/
0o 00O0O0OTO0O|]1T 1T ... 1 e >0
v = (ap +1,1).

The total coordinate space Spec(R’) of X is of dimension 5+m’. Consequently we obtain
m’ = m + 2. As above we write w; for the i-th column of @, denote by u; the number
of times it shows up as a column of @ and define w} and p} analogously. We obtain

M1€{1727475}7 /’L6:2+m7 /'L/1:67 1§/’L7Sm1_1

for the primitive generators of the effective cones of X and X’. Observe that wg and
w} are the only semiample among these. We obtain m = 4 and m’ = 6. Looking at the
homogeneous component of R and R’ of degree 2wg resp. 2w/ we obtain a contradiction:

6 = dim(Ray,) = dim(Rb,, ) = 15.
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Assume that X is isomorphic to the variety X’ as in [30, Thm. 1.1, No. 9]. The Cox
ring, the degree matrix and an ample class of X’ are given as
R = K[Tl, coy I, 51,000, Sm/]/<T1T2 + 15T + T5T6>, m’ > 2,

o = 0 ag ... ag|1l ... 1 0<az3<as<ag<aq <az
11 ... 1]0 ... 0}’ as = a3 + a4 = as + ag
o = (ag+1,1).

As above, we write w; for the i-th column of @ and denote by p; the number of times it
shows up as a column of @ and define w} and p) analogously. We obtain

JARS {17274)5}7 He = 2+ m, /"L/l € {1)2)376}7 7 = m/

for the primitive generators of the effective cones of X and X’. Note that w; and w) are
the only non semiample among these. Consequently we obtain u; = uj € {1,2}.

Now note that wy and w), are semiample primitive generators in the interior of the
effective cones of X resp. X’. We obtain

2b3+1= det(w27 wl) = det(wéﬂwi) = a2

for the volume of the complementary cone of the semiample cones of X and X’. Moreover
we obtain

by # b2, a3z #as, as# ag

since 2b3 + 1 = a9 is odd. Now assume by = b3. Since by + by = 2bs + 1 we obtain
b1 = bg + 1 > bs; a contradiction to b; < bo.

We distinguish between the cases u; =1 and pu; = 2.

Assume p1 = 1: In this case we have agz,b; > 0 and we obtain
by < 2b3 + 1, ag < as.

Assume b; = bz then ws is a primitive generator of the moving cone of X with us = 3.
So we are left with the cases a3 = a5 = ag or ag = a5 = ag which both contradicts
as # ag. Assume by # bs then ws is a primitive generator of the moving cone of X
with g5 = 2. Observe that the number of Mori chambers of R and R’ coincide. Hence
the cases a3 = a5 and ag = a4 lead to a contradiction and we are left with a5 = ag; a
contradiction.

Assume po = 2. Then a3 = by = 0 and b3, a5 > 0 hold. Since b3 < by we obtain ws as a
primitive generator of the moving cone of X with pus = 2. Observe that the Mori chamber
decomposition of Mov(X) has 3 chambers. So we obtain as = ag; a contradiction. [
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3.3 Geometry in the Fano case

In this section we discuss some aspects of the geometry of the Fano varieties listed in
Theorem We take a look at elementary contractions, i.e., the morphisms obtained
by passing to facets of the ample cone with respect to the Mori chamber decomposition,
which is directly computable in terms of the data listed in Theorem [3.1.3} use Propo-
sition and Remark Moreover, we look at small degenerations, that means
degenerations with fibers all sharing the same divisor class group. In fact, degenerating
the quadrinomial equations of the Cox ring into trinomial ones, reflects a degeneration
of Cox rings inducing a small degeneration of the underlying Fano variety into a possibly
singular variety with a torus action of complexity one.

We now explicitly go through the cases of Theorem [3.1.3]and list the basic information in
the subsequent table which are discussed in more detail afterwards. Let us explain how
to read the table. By Qp, we denote the smooth projective quadric of dimension k£ and
by Qk,; C P; the projective quadric of rank k in P;. We write Y,,.1x 4 for a hypersurface of
degree a in the weighted projective space P(1*, d'), where we do not specify the equation,
and we set

Yip = V(T§ + T\T5 + T5T5 + T5T¢) C Prose,

Yir = V(ToT? + ToT3 + TyT2 + T6T?) C P

As we consider smooth Fano varieties of Picard number two, there will be at most two
elementary contractions for each. If we have a birational elementary contraction, then
a prime divisor gets contracted. In this case we write X ~ Y and denote by C' C Y the
center of this contraction. The other possibility is that we have a Mori fiber space. Then
we write X — Y and denote by Fye, the general fiber. If there are no special fibers,
then we write just F' for the fiber. Moreover, when we say that a variety is Gorenstein,
terminal, etc. then we mean that it is singular but has at most Gorenstein, terminal, etc.
singularities. We computed small degenerations for every case in the lowest dimensions.
The resulting varieties are always normal and Fano with a torus action of complexity one.
The properties of being Gorenstein, terminal etc. have been checked using [13],[43]. If we
say two, three, etc. degenerations, then this means that we found small degenerations
into two, three, etc. non-isomorphic Fano T-varieties of complexity one.

Remark 3.3.1. The following table lists the elementary contractions and small degen-
erations obtained via degenerating the Cox ring for the Fano varieties of Theorem [3.1.3

No. dim(X)  Contraction 1 Contraction 2 Small Degenerations
1 6 X ~ Qg X —->P two Gorenstein, terminal
C=Q, Feen = Qs locally factorial
9 6 X ~ Qs X =Py two Gorenstein, terminal
C =P, F =Py locally factorial
3 5 X ~ Qs X —-P three Gorenstein, terminal

C=Q3 Foen = Qu locally factorial
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AA m4s X ~ Y394 gm+s X — Py dim(X) < 6: two Gorenstein,
C =P F=P,4 terminal, locally factorial
iB 45 X ~Yyp X — Py dim(X) < 6: two Gorenstein,
m C=Ppi2 F=P, 2 log terminal, locally factorial
X — Py dim(X) < 6: two Gorenstein,
4C m+5 o F=P, 5 terminal, locally factorial
4D 45 i;;l:lcgr m=0: X — Py dim(X) < 6: two Gorenstein,
m 7/m+6 F =P terminal, locally factorial
C= IP)m-ﬁ—2
X = Phys X =Py dim(X) < 6: one Gorenstein,
£ m+5 Fyen = Y314 F =P locally factorial
if d1=0 or m=0:
X = IP>m+3
AP L5 Feen =Py x Py X — P dim(X) < 6: one Gorenstein,
m if dy=—1: F=P, log terminal, locally factorial
X ~Yur
C= IP)m+2
if d;=0 or m=0:
X = IP)m—i-3
Fyen =Ps . .
X = Ps dim(X) < 6: one Gorenstein,
4G m+5  ifdi=—1 and dp=0: . .
F =P terminal, locally factorial
X ~ Q7m+6
if dy=—2 and d2=0:
X ~ Y3;1472m+3
dim(X) = 6: one Gorenstein,
5 m4s X = Poyo o terminal, locally factorial;
Foen = Q3 one Gorenstein, log terminal
locally factorial
6 m45 X =Py B dim(X) = 7: two Gorenstein,
Fyen = Q4 terminal, locally factorial
. 45 X =P, o dim(X) = 8: two Gorenstein,
m Foen = Qs terminal, locally factorial
N dim(X) = 6: one Gorenstein,
1T m=1: . .
8 m4+5 X ~Ppis X ~ Qg terminal, locally. fa.ctorlal,
C=Q, C = {pt} one of Gorenstein index 2,
P terminal, Q-factorial
if a1=...=a7=0: . .
X =P dim(X) = 7: one Gorenstein,
9 m+5 Foen = Qs X = Qs terminal, locally factorial
F=Py,
if 0<do=...=dm:
10 m45 X — Qs X j 12/ . dim(X) = 7: one Gorenstein,
Foen = P 2;1%,d; terminal, locally factorial

C= P2
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dim(X) = 5: two Gorenstein,
terminal, locally factorial;
one Gorenstein, terminal

if m=1:
X ~Ppiq Q-factorial.
1 mtd C=0Qs CX_ {Qf} dim(X) = 6: two Gorenstein,
- terminal, locally factorial;
one of Gorenstein index 2,
terminal, Q-factorial
if a1=...=a5=0: . .
X =P dim(X) = 6: two Gorenstein,
12 m+4 Foen = Q5 FX:_I;,,?: terminal, locally factorial
if do=...=dm:
13 mad X = Qs Xoj; o dim(X) = 6: two Gorenstein,
Feen =Pt c _2[?; 1 terminal, locally factorial
— Im-2
14 6 X =Py X > Py one Gorenstein, terminal
Foon =P Feen =P locally factorial

No. 1: The variety X is of dimension 6 and admits two elementary contractions
Qe +— X — P;. Here, X — Qg is birational with center (4 and X — Py is a Mori
fiber space with general fiber )5 and special fibers over [0, 1] and [1, 0], both isomorphic
to the singular quadric V(11T + 13Ty + T5Ts) C Pg. Moreover, we obtain small degen-
erations of X into two different terminal, Gorenstein, locally factorial, Fano T-varieties
of complexity one.

No. 2. The variety X is of dimension 6 and admits two elementary contractions Qg <
X — P4. The morphism X — (g is birational with center Py and X — P4 is a Mori
fiber space with general fiber P,. Moreover, we obtain small degenerations of X into
two different terminal, Gorenstein, locally factorial, Fano T-varieties of complexity one.

No. 3. The variety X is of dimension 5 and admits two elementary contractions Q5 <+
X — P;. The morphism X — @5 is birational with center Y3 and X — P; is a
Mori fiber space with general fiber Q4 and singular fibers over [0,1] and [1,0], both
isomorphic to the singular quadric V(T1Ts + T3T4 + T2) C P5. Moreover, we obtain
small degenerations on X into three different terminal, Gorenstein, locally factorial,
Fano T-varieties of complexity one.

No. 4A. The variety X is of dimension m + 5 and admits two elementary contractions
Y + X — P3. Here, Y is a hypersurface of degree 3 in P(1%,2™+3). The morphism X —
Y is birational with center isomorphic P, 12 and the morphism X — P3 is a Mori fiber
space with fibers P, 2. Moreover, for dim(X) < 6, we obtain small degenerations of X
into two different terminal, Gorenstein, locally factorial, Fano T-varieties of complexity
one.
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No. /B. The variety X is of dimension m + 5 and admits two elementary contractions
Y + X — P3, where

Y = V(T$ + ThT3 + T3TE + T51¢) € Py

The morphism X — P53 is a Mori fiber space with fibers P, 2. Moreover, for dim(X) <
6, we obtain small degenerations into two different log terminal, Gorenstein, locally
factorial, Fano T-varieties of complexity one.

No. 4C. The variety X is of dimension m+5 and admits a Mori fiber space X — P53 with
fibers P,+2. Moreover, for dim(X) < 6, we obtain small degenerations int two different
into terminal, Gorenstein, locally factorial, Fano T-varieties of complexity one.

No. 4D. In both cases dy = 0,1 the corresponding variety X is of dimension m + 5 and
admits a Mori fiber space X — P53 with fibers Pp,42. In case dy = 1 or m = 0 we obtain
a birational elementary contraction X — Y, where

Y = V(I + T\Ty + T3Ty + T5T5) C Ppys.

Moreover, for dim(X) < 6, we obtain small degenerations into two different terminal,
Gorenstein, locally factorial, Fano T-varieties of complexity one.

No. 4F. The variety X is of dimension m + 5 and admits two Mori fiber spaces Py, 13 <
X — P3. The morphism X — P53 has fibers P,,+2. To describe the fibers of ¢: X —
P43 set

Yo = {[20,--+,2m+3] € Prmys; zi = 0 for exactly c entries 7 € {0,1,2,3}}.

Then we obtain

Ps ifzeYy
Py if zeYs
0 1 (2) 2 Vp, (T3 +T7) if 2 €Yy
Ve, (T + T + T3) if zeV;
Vp, (T¢ + T3 + T3 +T3) otherwise.

Note that Yy = 0 in case m = 0. Moreover, for dim(X) < 6, we obtain a small
degeneration into a Gorenstein, locally factorial, Fano T-variety of complexity one with
singularities worse than log terminal.

No. 4F. Case dy = 0 orm = 0: The variety X is of dimension m+5 and admits two Mori
fiber spaces P,,+3 < X — P3. The morphism X — P3 has fibers P, 2. To describe the
fibers of p: X — P43, set as above

Y. = {lz0,- -, 2m+3] € Pms; zi =0 for exactly c entries i € {0,1,2,3}}.
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Note that Y; = 0 in case m = 0. We obtain

P ifzeY,
Py ifzeYs
0 1 (2) 2 Vp, (ToT1) if 2 € Ys
Ve, (ToTy +T2) ifz€Y;
P x Py otherwise.
Case di = —1: The variety X is of dimension m + 5 and admits two elementary con-

tractions. One of them is birational
X = V(ToT? + ToT5 + TyT? + T6T?) C Pryso
with center P,,+2. The other one is a Mori fiber space X — P35 with fibres Py, 2.

In both cases, for dim(X) < 6, we obtain a small degeneration into a log terminal,
Gorenstein, locally factorial, Fano T-variety of complexity one.

No. 4G. The variety X is of dimension m + 5. and admits a Mori fiber space X — P3
with fibers Pp,1o. If d; = 0 or m = 0 holds, then X admits another Mori fiber space
X — Pp,43 with general fiber Py and special fiber Ps over V(Ty, 11,1, T3). If dy = —1
and do = 0 holds, then we obtain a birational elementary contraction

X — V(ToTy + 1515 + TyTs5 + T6T7) C Progs.

In case d; = —2 and dy = 0 we obtain a birational contraction X — Y onto a hyper-
surface Y of degree 3 in P(1%4,2™+3). Moreover, for dim(X) < 6, we obtain a small
degeneration into a terminal, Gorenstein, locally factorial, Fano T-variety of complexity
one.

No. 5. The variety X is of dimension m + 5 and admits a Mori fiber space X — P, 4o.
As earlier, set

Yo := {[20,- - 2m+2] € Pimyo; 2i = 0 for exactly ¢ entries i € {0,1,2}}.

Then we obtain

Py ifzeYs
8071(2') ~ VIP4 (T].TQ) lf z € Y2

Ve, (ToTy + ToT3) if z€Y)

Q3 otherwise.

Moreover, for dim(X) = 6, we obtain a small degeneration into a terminal, Gorenstein,
locally factorial, Fano T-variety of complexity one and another one into a log terminal,
Gorenstein, locally factorial, Fano T-variety of complexity one.
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No. 6. The variety X is of dimension m—+5 > 7 and admits a Mori fiber space X — P, 1.
Set
Yo = {[20,- - 2m+1] € Pmy1; 2zi = 0 for exactly c entries ¢ € {0,1}}.

Then we obtain

V., (ThT + T5T%) ifzeYy
‘P_l(z) = Ve (ToTh + ToTs +T2) ifzeY;
Q4 otherwise.

Moreover, for dim(X) = 7, we obtain small degenerations into two different terminal,
Gorenstein, locally factorial, Fano T-varieties of complexity one.

No. 7. The variety X is of dimension m + 5 and admits a Mori fiber space X — P, with
general fiber Q5 and fibers isomorphic to the singular quadric V(ToT1+12T5+14T5) C Pg
over [0, z1,...,2m]. Moreover, for dim(X) = 8, we obtain small degenerations into two
different terminal, Gorenstein, locally factorial, Fano T-varieties of complexity one.

No. 8. The variety X is of dimension m + 5 and admits a birational elementary con-
traction X — P45 with center Q4. If m = 1 holds, then X is of dimension 6 and
admits a birational elementary contraction X — Qg sending a P5 to a point. Moreover,
for dim(X) = 6, we obtain a small degeneration into a terminal, Gorenstein, locally
factorial, Fano T-variety of complexity one and another one into a terminal, Q-factorial,
Fano T-variety of Gorenstein index two and complexity one.

No. 9. The variety X is of dimension m + 5 and admits a Mori fiber space X — P,,,_1
with general fiber Qg. If a; = 0 holds for all ¢, then X admits moreover a Mori fiber space
X — Qg with fibers P,,,_;. Moreover, for dim(X) = 7, we obtain a small degeneration
into terminal, Gorenstein, locally factorial, Fano T-variety of complexity one.

No. 10. The variety X is of dimension m + 5 and admits a Mori fiber space X — Qg
with general fiber isomorphic to P,,_1. In the case that 0 < dy = ... = d,, holds the
variety X admits moreover a birational contraction X — Y, where

Y = V(ToTy + ToTs + TyTs + TeTy) € P(18,dy1),

with center P,,,_o. Moreover, for dim(X) = 7, we obtain a small degeneration into a
terminal, Gorenstein, locally factorial, Fano T-variety of complexity one.

No. 11. The variety X is of dimension m + 4 and admits a birational elementary
contraction X — Pp,44. If m = 1 holds X is of dimension 5 and admits a birational
elementary contraction X — @5 sending a P4 to a point. Moreover, for dim(X) = 5, we
obtain small degenerations into two different terminal, Gorenstein, locally factorial, Fano
T-varieties of complexity one and another one into a terminal, Gorenstein, (Q-factorial,
locally factorial, Fano T-variety of complexity one. For dim(X) = 6, we obtain small
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degenerations into two different terminal, Gorenstein, locally factorial, Fano T-varieties
of complexity one and another one into a terminal, Q-factorial, locally factorial, Fano
T-variety of Gorenstein index 2 and complexity one.

No. 12. The variety X is of dimension m + 4 and admits a Mori fiber space X — P,,,_1
with general fiber @J5. In the case that a; = 0 holds for all ¢ the variety X admits
moreover a Mori fiber space X — Q5 with fibers P,,,_;. Moreover, for dim(X) = 6,
we obtain small degenerations into two different terminal, Gorenstein, locally factorial,
Fano T-varieties of complexity one.

No. 13. The variety X is of dimension m+4 and admits a Mori fiber space X — Q5 with
general fiber P,,,_1. If 0 < dy = ... = d,;, holds, then X admits moreover a birational
contraction X — Y, where

Y = V(ToTy + ToTs + TyTs + T2) € P(17,dy 1),

with center IP,,_5. Moreover, for dim(X) = 6, we obtain small degenerations into two
different terminal, Gorenstein, locally factorial, Fano T-varieties of complexity one.

No. 14. The variety X is of dimension 6 and admits two Mori fiber spaces Py + X —
P4. In both cases we have general fibers isomorphic to P, and special fibers P3 over
the points [0, 0, 0,0, 1], [0,0,0,1,0],[0,0,1,0,0],[0,1,0,0,0] and [1,0,0,0,0]. Moreover X
admits a small degeneration into terminal, Gorenstein, locally factorial, Fano T-variety
of complexity one.

3.4 Duplication of free weights

In this section we present the finite set of starting varieties from which one can construct
all varieties of Theoremvia iterated duplication of a free weight as introduced in [30),
Constr. 5.1]. In this procedure, one takes a Cox ring generator Sy of X not occurring in
the defining relations and constructs a new Cox ring by adding a further free generator
S;. of the same degree as S,. The resulting variety X' is of one dimension higher. In
terms of birational geometry, the duplication of a free weight means taking an elementary
contraction X; — X with fiber Py, passing via a series of small quasimodifications to
X, and then performing a contraction of a prime divisor X; — X’, see [30, Prop. 5.3].
We start by adapting the methods from [30] Sec. 5] to explicit T-varieties.

Construction 3.4.1. Let X := X(«, P, X) be a projective explicit T-variety with Cox
ring R(a, P) = K[T;5, Sk]/{g1, - - -, gq), let Q: Z"™™ — Kp be the corresponding degree
map, u € Cl(X) = Kp an ample class and fix an index 1 < j < m. Now, consider the

block matrix
P P 0
) ej -1 ’
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where e; € Z"™ is interpreted as a row vector and let
QI: Zn+m+1 N Zn+m+1/im(P/)* _ KP

be the linear projection extending Q: Z"™™ — Kp and sending en,4+1 to Q(e;). This
defines an explicit T-variety X' := X («, P',¥'(u)), where

S () = {P'(%); v = v C 2" with u € Q' (70)°}.
Note that Construction is the Gale dual version of [30, Constr. 5.1.]. Therefore, in

the situation of Construction we say that X’ arises from X via duplication of the
free weight deg(S;).

Proposition 3.4.2 (See [30, Prop. 5.2]). Let X' := X (o, P, Y) arises from an explicit
T-variety X := X(«a, P,X) via duplication of the free weight deg(S;) as in Construc-
tion[3.4.1 Then the following statements hold:

We have dim(X’) = dim(X) + 1.
The cones of semi-ample divisor classes satisfy SAmple(X’) = SAmple(X).

)
)
(iii) The variety X' is smooth if and only if X is smooth.
) The ring R(c, P') is a complete intersection if and only if R(c, P) is so.
)

If R(a, P) is a complete intersection, deg(S;) semi-ample and X Fano, then X' is
s0.

We turn to the description of the Fano varieties from Theorem [3.1.3| via iterated dupli-
cation of free weights. For this, we will refer to a variety as a starting variety, if it is
defined via a datum from the following list.

No. R(X) [wi, ..., w,] u  dim(X)
1 K[T4,...,To] 001111111 5] 6
(T T2 T3+ TyTs+TeTr+TsTo) 110111111 6
9 K[T},...,To] 001101010 3] 6
(Th ToTs+TaTs+TeT7+TsTo) 110111111 6
3 K[T4,...,Ts] 00111111 4 5
(i To T3 +TyTs+TcT7+T3) 11011111 5
4A1 K[T4,...,Ts] 012121 21] (7] 5
e (VT3 +T3Ts+T5To+T7Ts) 10101010 3
4.A9 K[T1,...,T5,51] 01212121|2 9 6
oAk (T\T3+T3Ta+T5To+T7Ts) 10101010]|1 4
4B.1 K[T1,...,Ts] 0111111 1] (4] 5
P (M T3+ DT+ TsTe+T7T2) 10101010 3
AB.2 _K[TY,..., T, 5] 01111111|1 5 6
. (M T3+ T3T;+TsTe+T7 TS ) 10101010]|1 4
4.C.1 K[Tty,...,Ts] 0101111 1] (4] 5
e (VT2 +T3T7+T5Te+T7Ts) 10101010 3
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(T To+T3Ts+TsTe+T7Ts)

4.C.9 K[T1,...,Ts,51] 0101111 1|1 5 6
e (W TZ+T3T7+T5Ts+T7Ts) 10101010]|1 4
4D.1 K[T4,...,Ts] 01111111 4 5
e (VT2 +T3Ts+T5T6+T7Ts) 10101010 3
4D.2 K[T1,...,T5,51] 01111111]0 5 6
e (VT3 +T3Ts+T5Te+T7Ts) 10101010]|1 4
K[T4,...,T5,S1] 01111111]1 6
4.D.3 (TWT2+T3T4+T5T6+17Ts) 1010101 0‘1 4 6
4DA K[T1,...,Ts,S1,55] 0111111101 6 7
il (Y T2+T3Ts+T5To+T7Ts) 1010101011 5
4FE1 K[Tty,...,Ts] 01010101 3 5
e (M T3+ T3T3+TsT3+T:T3) 10101010 3
4E.2 K[T1,...,T5,51] 010101010 3 6
e (M T3+ TTE+TsT3+TT3) 101010101 4
AF 1 K[T4,...,Ts] 01010101 2 5
- (i T3+ T3 T +TsTE+T0T3) 10101010 3
AF.9 K[T1,...,T5,51] 0101010 1]|—1 1 6
e (M T2+TT2+TTe+T7T2) 101010101 4
4F.3 K[T1,...,T5,51] 010101010 2 6
i (i T2+ T5TZ+TsTZ+T:T2) 10101010|1 4
AF .4 K[T1,...,T5,51,52] 01010101|—10 1 7
i (M T3+ TT+TsTE+T7T2) 10101010[1 1 5
4.G.1 K[T1y,...,Ts] 01010101 3 5
i <T1T2+T3T4+T5T6+T7Ts> 10101010 3
4.G.2 K[T},...,Tg,S1] 0101010 1]|-1 2] 6
e (Th To4+T3Ts+TsTe+T7Ts) 10101010|1 4
4.G.3 K[T1,...,T§,51] 01010101[-2 1] 6
g <T1T2+T3T4+T5T6+T7Ts> 101010101 4
4.G.4 K[T},...,Tg,S1] 01010101]0 3] 6
e (Th To4+T3Ts+Ts5Te+T7Ts) 10101010|1 4
4G5 K[T4,...,Ts,51,52] 01010101|-10 (2] 7
el (Th To+T3Ta+T5Te+T7Ts) 1 1010101 1 5
4.G.6 K[T1,...,T5,51,52] 01010101[-20 1] 7
e (ThTo4+T3Ts+TsTe+T7Ts) 101010101 1 5
02a+1alalall
5 K[Ty....Ts.5) {1 frolala 0‘0] a1 4 6
(T To+T;Ta+TZTe+T7Tg) 3
a>0
0 2a3+1 a1 a2 az 1 a3z 1|1
6 K[Th...,Tg,Sl] > |:1 1 1 1 10 1 O‘Oi| 4az + 4 6
<T1T2+T3T4+T5 T6+T7 Tg> 4
0< a3 <az, a;r +az =2a3 +1
0 2a5 +1 a1 as a3z aq as 1‘1
7 K[T},...,T5,5S1] 1 1 1 1 1 1 1 ofo 5a5 + 4 6
(M T4 T3 Tu+TsTo+T7Ts) a; >0 5
a1 4 az = a3 + ag = 2a5 + 1,
] K[T1,...,T5,51] 000000 —1 1|1 1 6
(Th To+T3Ta+T5Te+T7Ts) 111111 1 1|0 6
0 a1 a2 a3 a4q a5 ag a7|l 1
9 K[T4,...,75,51,52] 11 1 1 1 1 1 1[00 3a1 + 2 7
6

a; >0,

a1 = a2 +a3 = aq + a5 = ag + ar,
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00000000O0[11
10.1 K[Ty,.... Ts,51, 5] [1 111111 1‘0 d:| 2 7
(ThTo+T3Ty+T5Te+T7T8) 6+d
1<d<5
00000000[1 1 1
10.2 K[T4,....Ts,51,52,5] [1 1111111/0d—1 di| 3 8
(T1 To4T5Ty+Ts5Te+T7Ts) 542d
2<d<4
10.3 K[T1,...,Ts,51,52,53] 00000000O0[111 3 ]
. (Th To4+T3Ts+Ts5Te+T7Ts) 11111111013 10
11 K[T1,...,T7,51] -1100000]1 1 5
(T1 To+T3Tu+TsT6+T2) 1 1111110 5
0 2a5 a1 a2 a3 aq as|l 1
12 K[Ty,...,T7,51,52] 11 1 1 1 1 100 [2+5a5} 6
2
(T To 4T3 Tu+TsT6+T7) a1 + as = a3 + ag = 2as 5
a; >0
131 L Feeeeelel 21
: (T To+TsTu+T5T6+T2) 5+4d
1<d<4
13.2 [Ty ... T7.51.52.53) L0000 esfs .ty wl 7
: (T1 T2+ T3 Tu+T5Te+T2) 4+42d
2<d<3
14 K[Ty,...,T10] {1 01010101 0} ﬂ 6
T1T2 + T3Ty + T5Te + T7Ts, 0101010101 3
A1T3Ty + X2T5Te + T7Ts + ToT10

Moreover, we say that a starting variety is of Type a or Type b according to the following
list:

1,2,3,4.A.1,4.B.1,4.C.1,4.D.1,4.D.2,4.B.1,4.F.1,4.F.2,4.G.1,4.G.2,
4.G.3, 14,
4.A.2,4.B.2,4.0.2,4.D.3,4.D.4,4.E.2,4.F.3,4.F4,4.G.4,4.G.5,4.G.6,
5,6,7,8,9,10.1,10.2,10.3,11,12,13.1,13.2.

Type a:

Type b:

We say that a variety X arises via iterated duplication of free weights from one of the
starting varieties, if there is a sequence X = X, ..., X, where Xy is a starting variety
and for ¢ > 0, the variety X; arises via duplication of a free weight from X;_;.

Remark 3.4.3. All starting varieties are smooth projective general arrangement vari-
eties of true complexity and Picard number two. Moreover, any variety X arising via
iterated duplication of free weights from one of the starting varieties is as well smooth
and projective and has true complexity and Picard number two.

Proposition 3.4.4. All starting varieties of Type a are Fano varieties. None of them
allows duplication of a free weight in the sense that the resulting variety is Fano.

Proposition 3.4.5. Let X arise via iterated duplication of free weights from a starting
variety Xo of Type b and denote by p; € Z>qo the number of duplications of the free
weight deg(S;). Then X and Xo are Fano if and only if they fulfill the requirements
listed in the following table:
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No. Xg Fano X Fano
4.A.2 Yes € Zxg
4.B.2 Yes 1 € Zi>g
402 Yes 1 € ZZO
4.D.3 Yes € Zxg
4-D.4 Yes p1=0,p2 € Zxo
4.E.2 Yes H1 € Z>o
4.F.3 Yes 1 € Zxg
4.F.4 Yes w1 =0, pe € Z>g
4.G.4 Yes € Zxg
4.G.5 Yes w1 € {0,1}, po € Z>g
4.G.6 Yes w1 =0,us € ZZO
5 a=0 w1 > 3a
6 No w1 >4das+1
7 No 1 > bas + 2
8 Yes 0<u <4
9 a)p = 0 M1 Z 3@1
M1 = O,Mg S Zzo
or
10.1 Yes w1 =1, s EZZO,dZQ
or
1 S/j/l §47,LL2 EZZ(Ld: 1
p1 =z =0, u3 € Z>o
or
10.2 Yes w =0,p0 =113 €Z>09,2<d<3
or
H1 = 1HU/2 = 07,“3 € Z207d: 2
10.3 Yes w1 = po =0,u3 € ZZO
11 Yes 0< <3
12 a5 = 0 M1 Z 5&5
p1 =0, p2 € Zx>o
or
15.1 Yes =10 € Z>0,1 <d <2
or
p1 =3, 2 € Z>9,d =1
p1 = p2 = 0,3 € Z>o
13.2 Yes or

p1=0,p2=1,1u3 € Z>0,1 <d <2
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Corollary 3.4.6. Fvery smooth Fano general arrangement variety of true complexity
and Picard number two is either a starting variety or arises via iterated duplication of
free weights from precisely one of the starting varieties of Type b. In particular every
such variety arises from a not necessary Fano one of dimension 5 to 8.

Question 3.4.7. It follows from [30, Prop. 5.4, Thm. 5.5] that every smooth Fano
variety of true complexity one and Picard number two is of dimension 4 to 7 or arises via
iterated duplications of free weights from a finite set of smooth projective varieties of true
complexity one and Picard number two of dimension 4 to 7. Corollary [3.4.0] establishes
the analogous statement with a finite set of starting varieties of dimensions 5 to 8 for
the Fano general arrangement varieties of true complexity two listed in Theorem [3.1.3]
It would be interesting to see if the smooth Fano general arrangement varieties of Picard
number two but higher complexity behave similarly.






CHAPTER
FOUR

THE ANTICANONICAL COMPLEX

The anticanonical complex has been introduced in [I3] as a natural generalization of the
toric Fano polytope and so far has been successfully used for the study of singular Fano
varieties with a torus action of complexity one. In this chapter, we extend the area of
application to (not necessarily Fano) varieties, suitably realized inside toric varieties, for
example explicit T-varieties. In this situation, the central question is, whether ambient
toric resolutions provide enough discrepancies to define anticanonical complexes. Our
main result reduces this question to an explicit mazimal orbit quotient, see Construc-
tion and Theorem Applying this result to general arrangement varieties, we
give an explicit construction for their anticanonical complexes. Note that being Fano
is reflected in a certain convexity property of the anticanonical complex. This allows
us to give a second construction in this situation. As an application we characterize
log-terminality in terms of exponents for general arrangement varieties of complexity
two. The results of this chapter are published in the joint work [49].

4.1 Toric ambient resolutions of singularities

In toric geometry resolution of singularities can be performed in a purely combinatorial
manner. The idea of toric ambient resolutions of singularities is to make this methods
accessible for closed subvarieties of toric varieties. The aim of this section is to give a
sufficient criterion on an embedded variety for the existence of a toric ambient resolution
of singularities, see Proposition

Let us fix our terminology: Consider a toric variety Z with acting torus T" and a normal
closed subvariety X C Z. Let ¢: Z' — Z be a birational toric morphism. The proper
transform of X C Z is the closure X’ C Z’ of oY (X NT). We call p: Z' — Z a toric
ambient modification if it maps X’ properly onto X. If furthermore the proper transform
X' is smooth, we call ¢ a toric ambient resolution of singularities of X.

95
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Our approach to toric ambient resolutions of singularities is the following two-step pro-
cedure: at first we use methods from tropical geometry to prepare the embedded variety
for resolving its singularities in a second step with methods from toric geometry.

Let us recall the basic notions on tropical varieties. For a closed subvariety X C Z
intersecting the torus non trivially consider the vanishing ideal (X NT') in the Laurent
polynomial ring O(T). For every f € I(X NT) let |X(f)| denote the support of the
codimension one skeleton of the normal quasifan of its Newton polytope, where a quasifan
is a fan, where we allow the cones to be non-pointed. Then the tropical variety trop(X)
of X is defined as follows, see [61], Def. 3.2.1]:

trop(X) == [ [Z(f)] Q™.
feN(XNT)

A closed subvariety X C Z is called weakly tropical if the fan ¥ corresponding to Z is
supported on trop(X). In the following we will always assume trop(X) to be endowed
with a fixed quasifan structure. If X C Z is weakly tropical then by sufficiently refining
the quasifan structure fixed on trop(X) we achieve that ¥ is a subfan of trop(X).

Construction 4.1.1. Let X C Z be a closed subvariety intersecting the torus non-
trivially, consider the defining fan 3 of Z and the coarsest common refinement

.= YMtrop(X):={ont; 0 €%, 7 € trop(X)}.

Let ¢: Z' — Z be the toric morphism arising from the refinement of fans ¥’ — 3 and let
X’ be the proper transform of X under p. We call Z' — Z a weakly tropical resolution
of X.

Let Z' — Z be a weakly tropical resolution of X. Then the embedding X' C Z’ is
weakly tropical as by construction |trop(X)| = |trop(X’)| holds. Note that Z’ and thus
X' depend on the choice of the quasifan structure fixed on trop(X).

For a toric variety Z we denote by Z, C Z the affine toric chart corresponding to the
cone o € ¥ in the lattice N. We will make use of the local product structure of toric
varieties:

Construction 4.1.2. Let X C Z be weakly tropical and let o € ¥ be any cone. Choose
a maximal cone 7 € trop(X) with o < 7, set N(7) := NNling(7) and fix a decomposition
N = N(71) ® N. Accordingly, we obtain a product decomposition

Z, 2 U(o) x T,

where U(o) := U(o,7) is the affine toric variety corresponding to the cone ¢ in the
lattice N(7) and T is a torus. We write 7, := 7__ 5 for the projection Z, — U(0).

Due to the structure theorem for tropical varieties, the maximal cones 7 € trop(X) are of
dimension dim(X). In particular, in the situation of the above construction, U (o) does
up to isomorphism not depend on the choices made. Moreover, if X C Z is complete
then due to [61, Prop. 6.4.7] we have |X| = [trop(X)| and for any maximal cone o € ¥
the cone 7 € trop(X) as chosen above equals o.
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Definition 4.1.3. Let X C Z be weakly tropical. We call X C Z semi-locally toric if
for every maximal cone o € ¥ there exists a projection 7, as in Construction [£.1.2) that
maps X, := X N Z, isomorphically onto its image m,(X,) and the latter is an open
subvariety of U(o).

Remark 4.1.4. Let X be a rational T-variety of complexity one. Then X allows an
equivariant embedding into a toric variety Z such that any weakly tropical resolution is
semi-locally toric, see [6, Prop. 3.4.4.6].

Note that given a weakly tropical embedding X C Z the notion of being semi-locally
toric is preserved when passing over to another embedding X’ C Z’ provided by a toric
isomorphism Z — Z’ as made precise in the following remark:

Remark 4.1.5. Let A: N; — N3 be an isomorphism of lattices (we use the letter A
as well to denote the induced linear map N1 ® Q — Ny ® Q) defining an isomorphism
of affine toric varieties p4: Z; — Za, with defining cones o1 in N; and o9 := A(01) in
Ny. Let X C Z; be a semi-locally toric closed subvariety and N1 = Ny(o) @ Ny be a
decomposition of N such that the corresponding projection 7,: Z; — U(o1) maps X
isomorphically onto an open subset of U(o1). Then A(trop(X)) = trop(¢a(X)) holds
and the decomposition No = A(N1(c)) ® A(N1) corresponds to a projection my,: Zo —
U(o2) mapping ¢ 4(X,,) isomorphically onto an open subset of U(o2).

Proposition 4.1.6. Let X C Z be a closed subvariety admitting a semi-locally toric
weakly tropical resolution, meaning X' C Z' is semi-locally toric. Then X C Z admits
a toric ambient resolution of singularities.

The rest of this section is dedicated to the proof of Proposition m Below (and in the
rest of this article) we will make frequent use of the following criterion, to which we will
refer to as Tevelev’s criterion, see [75, Lem. 2.2] and [61, Thm. 6.3.4]:

Remark 4.1.7. Let X C Z be a closed embedding. Then X intersects the torus orbit
T - z, corresponding to the cone o € ¥ non-trivially if and only if the relative interior
o° intersects the tropical variety trop(X) non-trivially. Moreover, if X C Z is weakly
tropical, then the intersection T - z, N X is pure of dimension dim(X) — dim(o).

Lemma 4.1.8. Let X C Z be a closed embedding. Then any weakly tropical resolution
o: Z' — Z is a toric ambient modification.

Proof. We have to show that ¢ maps X’ properly onto X. Consider any completion
trop(X)¢ of the quasifan trop(X), i.e. a quasifan trop(X )¢ with support |[trop(X)¢| =
Q4m(%) such that trop(X) is a subfan of trop(X)¢. Then the morphism of fans ¥ M
trop(X)¢ — X defines a proper morphism of toric varieties ¢: Z"” — Z with @|z = ¢,
where we regard Z' as an open subset of Z”. We conclude that ¢: X’ — X is proper as
Tevelev’s criterion implies

X' =g N(XNT) =¢HXNT) .




98 Chapter 4. The anticanonical complex

Let ¥ be a fan. We say that a fan ¥/ in the same lattice is a subdivision of ¥ if any
cone o' € ¥/ is contained in a cone o € ¥ and |X| = |¥’| holds. Any subdivision of
fans ¥’ — X defines a proper birational morphism of the corresponding toric varieties
7' Z.

Lemma 4.1.9. Let X C Z be a semi-locally toric weakly tropical embedding. Consider a
proper birational toric morphism): Z' — Z defined by a subdivision of fans X' — X. For
o € X denote by my: Zy — U(o) the projection mapping X, isomorphically onto an open
subvariety of U(o) and consider the morphism of toric varieties ¥ (o): V(o) — U(o)
arising via the subdivision of the cone o in N(o). Then there is a commutative diagram

7~ V(i) xT -2 V(o)
[ [weia (o)
Zy = Ulo)xT "2 U(o),

where we set Z! = 1~1(Z,), and 7, maps X' N Z!. isomorphically onto an open subva-
riety of V(o). Moreover, the following statements hold:

(i) The proper transform X' with respect to 1) equals ¢ ~*(X).

(ii) The subvariety X' C Z' is weakly tropical and semi-locally toric.

Proof. Let N = N(o) ® N be the decomposition of N giving rise to the isomorphism
Zy 2 U(0) x T and the corresponding projection 7. Then by construction the defining
fan of Z! is supported in N(o) ® Q. Using the same decomposition of N as above
we thus obtain an isomorphism Z! = V(o) x T, the corresponding projection 7, and
a commutative diagram as claimed. As m, maps X, isomorphically onto its image we
conclude that the projection 7/ restricts to an isomorphism

Mot 0 H(Xo) = ¥(0) 7 (1o (Xo)).

We show that ¢v~1(X,) = X' N Z, holds: As (o) (m,(X,)) is irreducible, so is
1~ Y(X,). Thus using that X' N Z, C ¢~}(X,) is a closed irreducible subvariety of
the same dimension we obtain equality as claimed. This proves Supplement (i) and the
assertion as (o) (7,(X,)) is an open subvariety of V(o). Supplement (ii) follows by
restricting the toric projection 7/ to the affine toric charts. ]

Proof of Proposition[{.1.6, Let ¢: Z' — Z be a semi-locally toric weakly tropical reso-
lution. Then due to Lemma the morphism ¢ maps X’ properly onto X. Now let
V: Z" — Z' be any toric resolution of singularities of Z’ arising via a regular subdivision
of its defining fan ¥’ and denote by X” the proper transform of X’ with respect to .
Then ¢ ov: X” — X is the composition of proper morphisms and hence is proper.
Moreover, as Z” is smooth, the toric varieties U(c”), where ¢” € X", are smooth. In
particular, as X" is semi-locally toric due to Lemma m (ii), it is smooth as well and
we conclude that ¢ o 1) is a toric ambient resolution of singularities. O
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4.2 Singularities and the anticanonical complex

Let Z be a toric variety and X C Z be a closed subvariety. Denote by Zy C Z the (open)
union of all T-orbits of codimension at most one in Z. Assume that X intersects 7' C Z
and that X := X N Zy has a complement of codimension at least two in X. Then we
obtain a pullback homomorphism

WDivl (Z) - WDiv(X), D — Dlx,

which, given a T-invariant Weil divisor on Z, first restricts to the smooth Zj, then pulls
back to Xg and finally extends to X by closing components. In this situation, we call
X C Z adapted if for every T-invariant prime divisor D on Z, the pullback D|x is a
prime divisor on X.

Assume X C Z to be adapted. Let ¢: Z' — Z be a toric ambient modification, arising
from a refinement of fans ¥’ — ¥ in a lattice NV, meaning that every ¢’ € ¥/ is contained
in some o € Y. We call ¢ an adapted toric ambient modification if besides X C Z also
X' C 7' is adapted (requiring in particular X’ to be normal).

Let X be a normal Q-Gorenstein variety. Recall that given any proper birational mor-
phism ¢: X’ — X with a normal variety X’ and a canonical divisor kxs on X', we have
the ramification formula

kx: — ¢ pikxr = Y apFE,

where E runs through the exceptional prime divisors of X’ — X. The number
discrx(E) := ag € Q is called the discrepancy of X with respect to E; it doesn’t
depend on the choice of kx/ and, identifying E with the local ring Ox p C K(X), it
depends not even on the choice of p: X' — X.

Definition 4.2.1. Let X be Q-Gorenstein and X C Z be an adapted embedding.
Assume that the following conditions hold:

(i) The weakly tropical resolution ¢: Z' — Z is adapted.
ii) Every proper birational toric morphism Z” — Z' is adapted.
y

(iii) There exists at least one toric ambient resolution of singularities Z” — Z'.

Then for every ray o C |¥’'| there exists a proper toric morphism : Z” — Z’ with
o € ¥". Denote by D%, the corresponding toric divisor and set

Qp ‘= diSCX(Dg,,’X//).

Let v, denote the primitive ray generator of ¢ and for a, > —1 set v’g =
anticanonical region of X C Z is the set

1
m'[}g. The

A= U A,,

/ .
A, {COHV(O,UQ), ifap, > —1
oC x|

0, else.
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In the situation of Definition let Z"” — Z be a toric ambient resolution of singu-
larities factorizing over the weakly tropical resolution Z’ — Z. Then the exceptional
divisors of X” — X are precisely the pullbacks of the exceptional divisors of Z” — Z
and we obtain the following;:

Remark 4.2.2. Let X C Z be as in Definition 4.2.1] and let A be the anticanonical
region. Then the following statements hold:

(i) X has at most log terminal singularities if and only if the anticanonical region A
contains no ray.

(ii) X has at most canonical singularities if and only if for every ray o C |¥/| we have
0N A C conv(0,v,), ie. [|vp|| < [|vgll-

(iii) X has at most terminal singularities if and only if for every ray o C |¥/| with o ¢
we have 0N A C conv(0,v,), i.e. [[v,|| < [[v,]]-

Remark 4.2.3. If Z is a Q-Gorenstein toric variety arising from a fan ¥, then for each
o € ¥ there is a rational linear form u, such that the anticanonical divisor of Z is given
on the affine chart Z, C Z by div(x%) := m~ldiv(x™"), where m > 0 is any integer
such that mu lies in the dual lattice M of N. In particular, for the anticanonical region
A of Z we have

Ano = {veo; (us,v) > —1}.

This turns A into a polyhedral complex and properties of Z being log terminal, canonical
or terminal become questions on boundedness and behaviour with respect to lattice
points of this polyhedral complex.

RXURHNH

In the pictures above, we look at the complete fan 3 having the bullets different from the
origin as its primitive ray generators. Then the shadowed areas indicate the anticanonical
regions of a log terminal, a canonical and a terminal (hence smooth) projective toric
surface Z defined by ¥. Note that the polyhedral complexes drawn above are not convex,
which implies that the corresponding toric variety is not Fano. We will investigate this
correlation in more generality in Corollary [£.6.3]

Definition 4.2.4. Let X C Z be as in Definition[4.2.1]and assume that the anticanonical
region A can be endowed with the structure of a polyhedral complex. In this situation
we refer to the anticanonical region as the anticanonical complex and say that X C Z
admits an anticanonical complex.
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Remark 4.2.5. Let X C Z admits an anticanonical complex. Then Remark
specializes to the following:

(i’) X has at most log terminal singularities if and only if A is bounded.

(ii’) X has at most canonical singularities if and only if 0 is the only lattice point in
the relative interior of A.

(iii’) X has at most terminal singularities if and only if 0 and the primitive generators
of the rays of the fan of Z are the only lattice points of A.

Our main result of this section is a sufficient criterion on when an embedding X C Z
admits an anticanonical complex. Let X C Z be adapted. Then the pullback homomor-
phism on the level of Weil divisors described above induces a pullback homomorphism
Cl(Z) — Cl(X) on the level of divisor class groups. We call the embedding X C Z neat
if this homomorphism is an isomorphism.

Proposition 4.2.6. Let X C Z be a neat embedding admitting a semi-locally toric
weakly tropical resolution and assume there exists a T -invariant Q-Cartier divisor D on
Z whose pullback D|x is a canonical divisor on X. Then X C Z admits an anticanonical
complez.

The rest of this section is dedicated to the proof of the above result. Starting with an
adapted embedding X C Z in a first step we explicitly construct a polyhedral complex
out of its weakly tropical resolution. We then show under which conditions one can
read discrepancies of X off this complex. In the second step we show that under the
assumptions of Proposition this complex is indeed the anticanonical complex of
XCZ.

Remark 4.2.7. Let X C Z be adapted and consider an adapted toric ambient modifi-
cation Z' — Z. Then there is a commutative diagram

WDiv!"' (Z') —— WDiv(X')

| l%

WDiv! (Z) — WDiv(X),

where T" C Z’ is the acting torus of Z’, the horizontal arrows are the pullback homo-
morphisms defined above and the ¢, are the usual birational transforms of Weil divisors
via ¢, i.e. for any prime divisor D we have ¢, (D) := (D) if codim(p(D)) = 1 holds,
and 0 otherwise.

For any toric variety Z, we denote by kz the toric canonical divisor on Z given as
minus the sum over all toric prime divisors. Here comes our main technical tool for the
construction of the anticanonical complex:
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Definition 4.2.8. Let X C Z be adapted and ¢: Z' — Z an adapted toric ambient
modification. A toric canonical p-family is a family (U;, D;);cr, where the U; C Z' are
toric open subsets covering Z’ and the D; are T’-invariant Weil divisors on Z’ such that
for every i € I the following holds:

(i) D;|x is a canonical divisor on X',
(ii) on U; we have D; = kg,
(iii) the T-invariant divisor ¢.(D;) is Q-Cartier.

Remark 4.2.9. Let X C Z be adapted, ¢: Z' — Z an adapted toric modification and
(Ui, Dj)icr a toric canonical ¢-family. Then, by refining, we can achieve that I = ¥’
holds and the U; = Z(’T, are the affine toric charts of Z’.

Let u € Mg be a rational character. Then the multiplicity of div(x") along the divisor
D% corresponding to a ray g € ¥ is given as (u, v,), where, as usual, v, € ¢ denotes the
primitive lattice vector inside p.

Construction 4.2.10. Let X C Z be adapted, ¢: Z’ — Z an adapted weakly tropical
resolution and (Z,, Dy/)sesy @ toric canonical ¢-family. For every o' € ¥’ choose a
o € X with 0/ C o and a u,r € Mg with ¢, Dy = div(x"’) on Z, C Z. Set

A= ] Ay, Ay = o' N{v € Ng; (ugr,v) > —1}.
o'ey!
Then A admits the structure of a polyhedral complex in Ng by defining the cells to be
the faces of the polyhedra A, C Ng.

Remark 4.2.11. In the situation of Construction 4.2.10, consider a cone ¢’ € ¥', a ray
0 = o', the corresponding toric prime divisor D, and D%, := D%,|xs. Then we have

¢ e (Dol x7) = ¢* (P Do) x) = (9"« Dov )| x7,

where the first equality is due to the commutative diagram given in Remark [£.2.7) and
the second follows by direct calculation in charts. In particular, the discrepancy of D%,
with respect to X is given by

discrx (D%) = —1 — (uor,vy),

as the r.h.s. is the multiplicity of Dy — ¢* . D, along D, for any o’ € ¥/ with ¢ < o’
In particular, we conclude that the defining inequalities u,» > —1 of A and thus the
whole set A do not depend on the choice of the toric canonical p-family.

Definition 4.2.12. Let X C Z be adapted, ¢: Z' — Z an adapted weakly tropical
resolution and consider a proper adapted toric ambient modification : Z” — Z'. A
toric canonical -family over Z is a toric canonical (¢ o v)-family (V;, C;);cr such that
V; = ¢~ Y(U;) holds with toric open subsets U; C Z’ and (U;, 1.C;);e; is a toric canonical
p-family.
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Proposition 4.2.13. Situation as in Construction[/.2.10 Let: Z" — Z' be a proper
adapted toric ambient modification admitting a toric canonical V-family over Z and
denote by X" C Z" the proper transform of X C Z. Let o € X" be a ray and, provided o
intersects the boundary of A, denote by v; the intersection point. Then the discrepancy
ap of X with respect to the divisor D%, = D%,|xn satisfies

a, = va’::—l, if o € A, a, < -1, ifoC A
v
0

Proof. Denote the toric canonical ¢-family over Z by (V;, C;);cr. Refining if necessary,
we achieve I = ¥/ and V,» = 2", := ¢v~1(Z/,). By Remark we may assume
D, = 1,.Cy for constructing the polyhedral complex A according to[4.2.10] Now choose
o' € ¥ and 0 € ¥ with p C ¢’ C 0. Moreover, let u,s € Mg with ¢,D, = div(x"*’) on
Zy C Z. Set m:= @ o1. Then, on Z,, we have

Co — 1 Copr = Z —D7, — w*div(x"') = Z (=1 = (ugr,vy)) D},

nCo’ nCo’

where 7 runs over the rays of X that lie in the cone ¢’. Thus, in particular, our ¢ occurs
among the 1. Now, applying the pullback homomorphism D +— D|x» to these identities
gives the ramification formula for a canonical divisor on X”. Thus, if o € A holds, then

we obtain
0 = —1—(ugvg) = —1— Wl iy =gy [Ivell
o o’y Yo/ — o’ = ,
icAl ¢ [eAl
using <Ua'avlg> = —1, which just rephrases that U’Q lies on the bounding hyperplane
uyr = —1 of A. If o C A holds, then we have (u,,v) > —1 even for all v € p. O

Let X C Z be adapted with adapted weakly tropical resolution Z’ — Z. The above
result shows that the polyhedral complex A as in Construction [f.2.10]is the anticanonical
complex of X C Z if every proper birational toric morphism : Z” — Z' is an adapted
toric ambient modification and admits a canonical toric ¥-family over Z. We show
that any subvariety X C Z meeting the assumptions of Proposition fulfills this
condition.

Lemma 4.2.14. Let X C Z be an adapted embedding admitting a semi-locally toric
weakly tropical resolution @: Z' — Z. Then @ is an adapted toric ambient modification.
Moreover, if X C Z is a neat embedding, then X' C Z' is neat.

Proof. Note that the complement X"\ (X' N Z]) lies in the union of all 7"-orbits of Z’
of codimension at least two. As X’ C Z’ is weakly tropical, Tevelev’s criterion implies
that X’ N Z) is of codimension at least two in X’. Thus we have a well defined pullback
homomorphism WDiv?' (Z') — WDiv(X').
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Now let D%, be a T"-invariant prime divisor on Z’ corresponding to a ray ¢ € X'. We
claim that the pullback of this divisor is a prime divisor on X’. In order to prove this
we may restrict D, to the toric chart Zj, = U(g) x T as the complement of X’ N Z is of
codimension at least two in X’. Note that the restriction D%,\ z equals the pullback of

the T’-invariant divisor Dg( on U(p) with respect to the projection. As U(p) and its

o) N
preimage under the projection U(p) x T are smooth, the pullback of D%, to X’ equals

the intersection of Df](g) with X, inside U(p) and thus is a prime divisor.

For the supplement let X C Z be neat. In order to prove that the pullback induces an
isomorphism of divisor class groups, we may assume Z = Zy and Z' = Z, due to the
adaptedness of X C Z and X’ C Z’. In particular, we have a proper toric morphism
7' — Z. Let Ei,...,E, be the T'-invariant prime divisors in the exceptional locus
of Z' — Z. As the embedding X’ C Z’ is weakly tropical and adapted we conclude
that the prime divisors in the exceptional locus of X’ — X are exactly the pullbacks
Ei|xr, ..., Er|x’, where we use Tevelev’s criterion to show that these are indeed all. Note
that these divisors generate free subgroups of rank r in Cl(Z’) and C1(X') respectively.
Thus we obtain the following commutative diagram with exact rows

0 — PZ-[E] —— CUZ') -2 Cl(Z) —— 0

*| ! |

0 —— DZ-[Elx] — CUX') ——~ CUX) — 0,

1%

where the downward arrows are the pullback homomorphisms, and ¢, and ¢, denote
the canonical push forward homomorphisms. Applying the Five Lemma we obtain that
the pullback homomorphisms C1(Z’) — C1(X’) induced by the embedding X' C Z’ is an

isomorphism. O

Lemma 4.2.15. Let X C Z be a neat, weakly tropical embedding and let U C Z be
an open T-invariant subvariety. Then the pullback homomorphism Cl({U) — CI(X NU)
induced by the embedding X NU C U 1is an isomorphism.

Proof. As U is a T-invariant subset of Z and the embedding X C Z is neat, we have
Z\U=DZU...UDZUB and X\(XNU)=DYU...uD¥ U(BNX)

with T-invariant prime divisors D% C Z and a T-invariant closed subset B C Z of
codimension at least two. Moreover, as X C Z is weakly tropical, we have codimx (B N
X) > 2. Thus the following commutative diagram with exact rows gives the assertion:

Zr eﬂ—)[D?]
ZT’

Cl(Z) —— CI(U) ——— 0

| |

Cl(X) — Cl(XNU) —— 0.

1
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O]

Lemma 4.2.16. Let X C Z be a neat embedding and let p: Z' — Z be a semi-locally
toric weakly tropical resolution such that there exists a T-invariant Q-Cartier divisor D
with D|x a canonical divisor on X. Consider a proper toric morphism ¢: Z" — Z'
defined by a subdivision of fans X" — Y'. Then the following statements hold:

(i) The embedding X" C Z" is neat.

(i) ¥: Z" — Z' is an adapted toric ambient modification and there exists a toric
canonical -family over Z.

Proof. We prove (i). Note that by sufficiently refining the quasifan structure on trop(X)
we may assume that the toric morphism ¢ o): Z” — Z arises from a refinement of fans
Y. Mtrop(X) — X. It thus defines a weakly tropical resolution Z” — Z of X which is
semi-locally toric according to Lemma [£.1.9] Applying Lemma [£.2.74] we conclude that
X" C Z" is a neat embedding.

We come to (ii). As ¢: Z” — Z' is a proper morphism, so is its restriction X” — X’. In
particular, using (i) we obtain that v is an adapted toric ambient modification and there
exists a T"-invariant divisor D on Z” whose pullback D|x~ is a canonical divisor on X”.
We proceed the proof by constructing a toric canonical i-family over Z. Let o’ € ¥ be
any cone. Then, in the notation of Lemma the projection of X”NZ”, into V(o) is
an open subset of V(o”). Thus there exists a canonical divisor on X” that equals kz»|x»
on X" NZ!,. Applying Lemma we obtain [k'Z"|Z;/,] = [D‘Z;’,] € CI(Z) and thus
on Z, we have
D =kzn + diV(Xu)

with a character x* of T"”. Setting Cy := D — div(x") we obtain a toric canonical
(p o @p)-family (Z,,Cy)sresy. Due to Lemma the morphism ¢ is an adapted
toric ambient modification. Moreover, by construction Z”, = ¢~(Z’,) holds and the
family (Z/,,1+Cy) is a toric canonical ¢-family. This proves that (Z7,,Cy/)oresy is a
toric canonical -family over Z. O

Proof of Proposition[f.2.6, Let ¢: Z' — Z be any semi-locally toric weakly tropical
resolution. Then ¢ is an adapted toric ambient modification due to Lemma Now
let ¢: Z" — Z' be any proper birational toric morphism. Then due to Lemma [4.2.16] (i)
it is an adapted toric ambient modification and admits a canonical toric -family over
Z. Moreover, Proposition ensures that there exists at least one proper birational
toric morphism that induces a resolution of singularities. Now, using Proposition £.2.13|
we conclude that the support of the polyhedral complex A as constructed in is
the anticanonical region of X C Z. This completes the proof. ]
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4.3 The quotient criterion for explicit T-varieties

In this section we apply our results from Section to explicit varieties X C Z. As
a first result we obtain a criterion for the existence of anticanonical complexes in the
Q-Gorenstein case, see Corollary Our main result concerns explicit T-varieties
X(a, P,X) C Z. For these, we can deduce the existence of an anticanonical complex
from an explicit maximal orbit quotient, see Theorem [£.3.6) and Construction [£.3.3]

Remark 4.3.1. Let X C Z be an explicit variety. Then the embedding X C Z is neat,
divisor class group, Picard group and Cox ring of Z are given as

Cl(Z) 2 CI(X),  Pic(2) 2Pic(X), R(Z)=K[T,; oc V],

where () denotes the set of rays of the fan ¥ defining the toric variety Z. Moreover,
the ample divisor classes of X and Z coincide under the isomorphism.

Using the neat embedding of an explicit variety X C Z we can directly deduce the
following corollary from Proposition [4.2.6}

Corollary 4.3.2. Let X C Z be a Q-Gorenstein explicit variety and assume there exists
a semi-locally toric weakly tropical resolution. Then X C Z admits an anticanonical
complez.

Now let us furthermore assume that the explicit variety X C Z under consideration is
endowed with an effective action of an algebraic torus T. In particular, we work with
explicit T-varieties X (o, P,Y¥) C Z from Chapter

Construction 4.3.3. Let X(a, P,¥X) C Z be an explicit T-variety. Denote by N the
lattice of one-parameter subgroups of the acting torus T on Z and let X be the defining
fan of Z. Denote by Nt the sublattice in N corresponding to T C T'. Set N’ := N/Nr,
let Pi: N — N’ be the projection and 71 : T — T" the associated homomorphism of tori.
Set

Ag:={Pi(0); 0 € 2M} U{0}

and let Yy be the closure of 71 (X NT) in the toric variety Za, corresponding to the fan
Ag. Then 7y defines a rational quotient X --+ Yj, i.e. a dominant rational map such
that 77 K(Yp) = K(X)" holds. Now let A be any fan having the same rays as A¢ and
let Y C Za be the closure of Y. We call the rational map X --+ Y an explicit mazximal
orbit quotient for the explicit T-variety X (o, P,X) C Z.

Remark 4.3.4. Explicit maximal orbit quotients are indeed maximal orbit quotients
as in Definition compare Proposition [[.2.17]

Remark 4.3.5. In the situation of Construction m the linear map P;: Ng — N@
maps trop(X) onto trop(Y'). In particular, we have trop(X) = trop(Y) @ ker(Py), see
[61, Cor. 6.2.15).
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We now come to the main result of this Section. Starting with an explicit T-variety
X := X(a, P,¥) C Z explicit maximal orbit quotients X --» Y as in Construction m
provide the possibility to check, if the variety X C Z admits an anticanonical complex
by studying the lower dimensional variety Y:

Theorem 4.3.6. In the notation of Construction[{.53.5, let X := X(a, P,X) C Z be a
Q-Gorenstein explicit T-variety and X --» Y an explicit maximal orbit quotient such
that

(i) Y C Za admits a semi-locally toric weakly tropical resolution,

(ii) P maps |X M trop(X)| into |A M trop(Y)].
Then X C Z admits an anticanonical complex.

Proof. Let Znr — Za be a semi-locally toric weakly tropical resolution of Y. In par-
ticular, we have A’ = A M trop(Y) for a fixed quasifan structure on trop(Y’) and by
refining we achieve that A’ is a subfan of trop(Y). Consider the quasifan structure
{Pl_l(a); o€ trop(Y)} on trop(X) and let o/ € ¥’ = ¥ Mtrop(X) be any cone. We

claim that X/, is semi-locally toric.

Assume &' := P;(0’) € A’ holds. Note that due to Remark [4.1.5| we can identify N’ with
a sublattice of N and Yj with its image in Z under the toric morphism defined by the
morphism N’ — N. As Y” is semi-locally toric, there exists a maximal cone 7 € trop(Y)
and a decomposition N' = N'(¢") & N’ such that the corresponding projection 75 maps
Y isomorphically onto and open subset of U(¢'). As Py '(7) is a maximal cone in
trop(X) containing ¢’, any maximal cone of a refined quasifan structure on trop(X) spans
the same linear subspace. Therefore, we can choose N (o) = Ny @ N'(¢"). In particular,
choosing the decomposition N = N(¢’) @ N’ we obtain a commutative diagram

Zy = U()xT "2 Uo))

b

Zy =2 U@)xT 2= U,

where v is the morphism of affine toric varieties arising via the projection of lattices
N(o') — N'(§") mapping o’ onto §'. As my maps Yy isomorphically onto its image
we conclude that the projection m,» maps 7, I(K;/) isomorphically onto the open subset
Y~ N7y (Yar)) C U(o’'). We claim that X/, equals 7' (Yy): As o~ (g (Yy)) is irre-
ducible, so is m; }(Yy). Thus X!, C m; (Yy) is a closed irreducible subvariety of the
same dimension and thus equality holds.

In order to conclude the proof it is only left to show that for any o’ € ¥’ we can achieve
Pi(0") € A’ by sufficiently refining the quasifan structure on trop(Y’). By construction of
¥ we have Pj(c’) C § for some § € A’. Consider any complete fan A¢ with Pj(¢’) € A°.
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Then trop(Y) M A€ defines a refined fan structure on trop(Y’) that contains Pj(¢’) and
we set A” := trop(Y) M A°M A’. Now using Lemma we conclude that the proper
transform Y with respect to the morphism Za» — Zs corresponding to the refinement
A" — A’ is semi-locally toric as Y’ is so. Thus by the above considerations we obtain
that X/, is semi-locally toric and the assertion follows with Corollary O

The proof of Theorem [4:3.6] provides indeed the following explicit way to construct a
semi-locally toric weakly tropical resolution.

Remark 4.3.7. Let X (o, P,X) C Zand Y C Za be as in Theoremand let Zar —
Z A be the semi-locally toric weakly tropical resolution of Y. Fix any quasifan structure
on trop(Y') having A’ as a subfan and endow trop(X) with the quasifan structure defined
by the cones P, () with 7 € trop(Y). Then the refinement of fans trop(X)MNY — ¥
defines a semi-locally toric weakly tropical resolution Z’ — Z of X.

Corollary 4.3.8. Let X C Z be a Q-Gorenstein explicit T-variety and let X --+ Y be
an explicit mazimal orbit quotient, such that Y is complete. Then X C Z admits an
anticanonical complex if Y C Za admits a semi-locally toric weakly tropical resolution.

Proof. By construction Y is the closure of Y in a toric variety Za, where A contains
Ag as a subfan. Moreover, as Y is complete, the support of the defining fan A contains
[trop(Y)|. As P; maps |[trop(X)]| into |trop(Y)|, and Y admits by assumption a semi-
locally toric weakly tropical resolution, we meet the conditions of Theorem and the
assertion follows. O

Note that in the case that X(«, P,¥) C Z is a complete explicit T-variety we have
[trop(X)| C |X|. In particular, in this situation every variety Y fulfilling the conditions
of Theorem has to be complete as this is equivalent to |[trop(Y)| C |A|.

We end this section by finally summarizing the results for explicit T-varieties that are
Mori dream spaces:

Corollary 4.3.9. Let X be a Q-Gorenstein Mori dream space with torus action having
an explicit maximal orbit quotient X --+ 'Y, where Y is complete and admits a semi-
locally toric weakly tropical resolution. Then X admits an anticanonical complex A and
the following statements hold:

(i) X has at most log terminal singularities if and only if the anticanonical complex
A is bounded.

(ii) X has at most canonical singularities if and only if 0 is the only lattice point in
the relative interior of A.

(iii) X has at most terminal singularities if and only if O and the primitive generators
of the rays of the defining fan of Zx are the only lattice points of A.

Proof. We are in the situation of Corollary[£.3.8] Therefore, X C Z admits an anticanon-
ical complex and Remark gives the characterizations of the singularity types. O
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4.4 Application to general arrangement varieties

In this section we apply the quotient criterion from Section to explicit general ar-
rangement varieties. Our main result is the following theorem:

Theorem 4.4.1. Let X := X(A, P,X) C Z be an explicit general arrangement variety.
Then the weakly tropical resolution Z' — Z of X is semi-locally toric. In particular, if
X is Q-Gorenstein, then X C Z admits an anticanonical complez.

We begin by investigating the explicit maximal orbit quotient X --+ Y from Construc-
tion for general arrangement varieties:

Construction 4.4.2. Let X := X(A,P,X) C Z be an explicit general arrangement
variety. Then X is invariant under the subtorus action of T C T"™* on Z. Using
Construction the projection of lattices Pj: Z"™* — Z" with the corresponding
projection of tori 71: T"t* — T" give rise to a fan Ay defining a toric variety Za, and
an explicit variety Yy C Za,:

Ag:={Pi(0); 02V},  Yo:i=m(XNT+s) C Za,.
Moreover, we obtain a commutative diagram of rational quotients:
X — 7

|

1

|

|
~

Yb — ZAO'

As above, let ag, ..., a, denote the columns of A. Then the variety Yo N'T" is given as
the vanishing set of the linear equations hq, ..., h,_., where
apg air ... Q¢ Qett + +
hy := det e KU, ..., U~"].
TN Y Uy L U U U -, U7

Note that Ag is the one-skeleton of the defining fan of P.. Moreover, the closure of
Yo N T" inside P, is a linear subspace P. C P, and the equations of this embedding are
given via the kernel of the matrix A = (ag,...,a,). Note that X --» P. defines an
explicit maximal orbit quotient as in Construction

Remark 4.4.3. In the situation of Construction the tropical variety of Y| is the
c-skeleton of the fan of P,, i.e.

trop(YoN'T") = %Tc .= {0 € Upr; dim(o) < c}.

Using Remark 4.3.5/ we conclude |trop(X)| = |ZI§TC\ x Q. In the following, if not specified
otherwise, we will always assume trop(X) to be endowed with the quasifan structure
defined by the product E%TC x Q5.
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Example 4.4.4. Consider the explicit general arrangement variety X := X (A, P, %) C
Z from Example 2.1.17 For completeness we recall the defining data, i.e. the matrices
A and P and the maximal cones of X::

100 - 2020
A=]101 0 -1 |, P = ,
00 1 1 -1 -2 0 0 4
-1 -3 1 1 1
EmaX _:{ COIle(U()l,UU,U21,1131), COne(UOQ,UH,UQl,Ugl), COHG(UOl,UOQ,UH), }
' cone(vo1, Vo2, V21), cone(vo1, Vo2, V31)

In particular, the variety X is a Gorenstein Fano variety, having dimension three and
Picard number one. The T-action on X is of complexity two and arises as a subtorus
action K* C T? acting on Z. Using the projection of tori T3*! — T3, we obtain a
rational quotient X --+ Py, where

Py NT? 2= Vi, (14 Uy 4 Uy + Usz) C T3

and the tropical variety of X is given as trop(Po N T?) x Q = E%f x Q.

trop(Yp)

Note that trop(Ps) = EP% is a subfan of Xp,. Thus the weakly tropical resolution of
Py C P3 is the identity. We look at the affine toric chart defined by the cone o =
cone(er, ea) C Q3. We obtain

(Py)y CK*xK*  and  (P2), NT?> = V(14 Uy + Us + Us).

Now, any point = = (z1,x2,23) € (P2), is defined by its first two coordinates, as
r3 = —x1 — o3 — 1 # 0 holds. Thus the projection K2 x K* — K2 maps (P3), onto the
open set K2\ V(—x1 — 9 — 1). Computing this for the other cones in E%f shows that
Py C P is indeed semi-locally toric. Using the quotient criterion Theorem [4.3.6] yields
that X C Z admits an anticanonical complex. We will investigate the structure of this
complex in the next section.

Let us now turn to the proof of Theorem [£.4.1]

Lemma 4.4.5. Let A = (ao,...,a,) be a matriz as in Construction and consider
the linear subspace P. C P, defined via the kernel of A, i.e. the vanishing set of the
relations f1,..., fr—c, where

ap air ... Q¢ QGeyt
= det e KUy, ...,U]|.
Je=detl gl g U Uy (To ]
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Fiz the fan structure A := E%f on trop(P.). Then the weakly tropical resolution of
P. C P, is semi-locally toric.

Proof. As the tropical variety of P, C P, is a subfan of the fan of P, Tevelev’s criterion
implies that the weakly tropical resolution is the identity on IP.. Therefore, we only have
to show that P, C Z is semi-locally toric. Let § € A be a maximal cone. We consider

the situation exemplarily for § = cone(ey,...,e.), i.e. we have (P.)s C K¢ x (K*)"¢.
By construction P.NT" is given as the vanishing set of the linear equations hy, ..., h.—c,
where
ap air ... Gc Qe + +
h: = det e K|U;, ..., U-].
TN Y Uy L U U U -, U7

Therefore, any point in (P.)s; can be written as (¢,71(t),...,n—(t)) where t € K¢ and
the n; are affine linear forms. This implies that P, C P, is semi-locally toric as the
projection 75 maps (P.)s isomorphically onto the following open subset of K¢:

m5(Ys) ={t € K ni(t) #0 for 1 <i<r—c}.

O]

Proof of Theorem[{.4.1. ~We prove that any explicit general arrangement variety
X(A,P,X) C Z fulfills the conditions of Theorem [4.3.60 Due to Construction [4.4.2]
the fan Ay is a subfan of the defining fan of P,.. In particular, in the notation of The-
orem we may choose A := Yp_and obtain Y = P, as the closure of Yy in P,.. As
this embedding is defined via the kernel of A we can apply Lemma and obtain that
the embedding P, C P, is weakly tropical and semi-locally toric. Thus it is only left to
show that in this situation we meet condition (ii) of Theorem [4.3.6] This follows as P.
is complete and thus |A M trop(Y')| = |trop(Y')| holds. O

4.5 Explicit description for general arrangement varieties

In this section we give an explicit description of anticanonical complexes for general
arrangement varieties X := X (A, P,X) C Z, see Proposition and Corollary
After fixing a quasifan structure on trop(X ) we investigate the fan of the weakly tropical
resolution trop(X) M X, see Proposition In particular, we obtain in Corollary
that the weakly tropical resolution of an explicit general arrangement variety is again
an explicit general arrangement variety. Applying our description of the anticanonical
complexes and our characterization of the several singularity types, we prove Theorem
which gives first bounding conditions on the exponents /;; occurring in the defining
relations of the Cox ring of X. Specializing to torus actions of complexity two, we obtain
concrete bounds for the exponents in the defining equations in the log terminal case, see

Corollary [£.5.16]
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In this section let X := X (A, P,¥) C Z always be an explicit general arrangement
variety of complexity ¢ and let trop(X) C Q"** be its tropical variety endowed with the
quasifan structure E%TC x Q% given in Remark

Construction 4.5.1. Denote by e1,...,e,+s the canonical basis vectors of Q" and
set eg := — Y e;. For any subset I C {0,...,r} of k indices we set
Ar :=cone(e;; i € I) +lin(epyi, ..., er4s).

If 1 < k < c holds, then we have \; € trop(X) and we call A; a k-leaf or, not specifying
k, a leaf of trop(X). Moreover, the collection of all leafs of trop(X) determines the

lineality space of trop(X):
Ain = N PVE

IcHo,...,r},
I <e

Definition 4.5.2. In the notation of Construction 4.5.1 we say that

(i) a cone o € ¥ is a leaf cone, if o C Ar holds for a leaf A; of trop(X).

(ii) a cone o € X is called big, if o N AY # () holds for all 1-leaves \; of trop(X).

Note that any cone o € X is either a big or a leaf cone, see Proposition In
particular, an explicit general arrangement variety X (A, P,¥) C Z is weakly tropical if
and only if 3 consists of leaf cones.

Construction 4.5.3. Denote by v;; := P(e;;) and vy := P(ex) the columns of P.
Consider a pointed cone of the form

o = cone(vpjg,---,Urj,) S Q'

that means that o contains exactly one vector v;; for every ¢ = 0,...,7. We call such a
cone o a P-elementary cone and associate to it the following numbers

PSR ) r
lyj = w fori=0,...,r, by = (c—1)lojo - lpj, + ZZM
i i=0
Moreover, we set

UU = ZU,OUOjO_F“‘—i_EU,T’UT’jT 6 ZT“I‘S’ QO‘ = @ZO.UU e QT+S7

and denote by ¢, the greatest common divisor of the entries of v, .

Recall that, if X is Q-Gorenstein with weakly tropical resolution Z/ — Z, then X’ C Z' is
semi-locally toric due to Theorem Therefore, X admits an anticanonical complex
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A as provided by Construction which is locally defined by linear forms u, € Mg.
More precisely we have

Ay =ANo =o' N{ve Ny; (uy,v)>—1}.

We call any u € Mg fulfilling the above equation a defining linear form for Ay. In the
following we fix the polyhedral complex structure defined by the polyhedra A, and call
a point x € A a vertex of A if it is a vertex of one of the polyhedra A,.

The following proposition gives a description of the linear forms u,s and thus the anti-
canonical complex A in terms of the numbers defined above.

Proposition 4.5.4. Let X (A, P,X) C Z be a Q-Gorenstein explicit general arrangement
variety. Then any v € Mg s a defining linear form for Ay if and only if it fulfills the
following conditions:

(Ugr, v) = {—17 if v =v,, where g € (/)M N B,

—Aly, if v =1y, where o € ¥ is a P-elementary cone with o, < o’.

Corollary 4.5.5. Let X := X(A,P,X) C Z be a Q-Gorenstein general arrangement
variety. Then the vertices of the anticanonical complex of X C Z are the origin, the
primitive ray generators of ¥ and the points v, := { 1v,, where o € ¥ is a P-elementary
cone and £y, > 0 holds. Moreover, if £, > 0 holds for all P-elementary cones o € 3,
then X is log terminal and each polyhedron A, is a polytope and therefore determined
by the above vertices.

Example 4.5.6. Consider the affine explicit general arrangement variety X :=
X(A, P,X) C Z where A and P are as follows and ¥ is defined by the maximal cone o:

10 -1 -3 40
A= s P = -3 0 4 s g = cone(1)01,v11,vg1).
01 -1
1 11
Then ¢, = —8 holds, we have v/, = (0,0, —5) holds and the anticanonical complex is not

bounded. In particular, X is not log terminal:
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Example 4.5.7. Consider the variety X := X (A, P,Y) from Example We use
Proposition [£.5.4 and Corollary [£.5.5] to compute the anticanonical complex A of X: Its
vertices are given by the columns vy, vg2, v11, V21, v31 of P and the points in the lineality
space

Vlinl = [0,0,0, 1/5], Vlin2 = [0,0,0,—1/3].

The anticanonical complex A of X has the following 15 maximal polytopes:
conv(0, vo1, Vo2, vi1), conv(0,vo1, Vi1, Viin1), conv(0, vz, vi1, viinz), 1 <7 <3,

conv(0,vi1, 51, Viin1), conv(0,v;1,v;1,vin2), 1 <@ <j < 3.

Besides the origin and the primitive ray generators of ¥ the anticanonical complex A of
X contains precisely the following lattice points:

[0,0,1,0], [1,1,0,1], [1,0,2,1], [0,1,2,1],

0,-1,-1,-1], [-1,0,—1,-1], [-1,-1,0,—-1], [-1,—1,1,—1].

It turns out that [0,0,0,0] is the only lattice point in the relative interior of A and there-
fore X is a canonical Gorenstein Fano explicit general arrangement variety of dimension
three, complexity two and Picard number one.

Remark 4.5.8. Consider two fans X1 and X5 in Q™. Then the common refinement
331 M X9 consists of the cones o1 N oo with o; € 3; for ¢ = 1,2. Let 7 < 01 N oy be any
face. Then there exist faces 7; < o; such that 7 = 7 N 7 holds.

Proposition 4.5.9. Let X(A, P,X) C Z be an explicit general arrangement variety.
Then the set of rays of ¥ Mtrop(X) is given by:

(ENtrop(X)M = =W U {g,; 0 € T is P-elementary} .

Lemma 4.5.10. Let 0 € X be a big cone.

(i) If o1 € o is a P-elementary cone, then oy is simplicial, we have vy, € o} and
0oy = 01 N Alin holds.

(ii) If 0oy = 0o, holds for any two P-elementary cones o1,09 C o, then o is P-
elementary. In particular, we have 01 = 09 = 0.

Proof. As the definition of a P-elementary cone does just depend on the special structure
of the matrix P, these statements can be deduced from the proof of [5, Prop. 3.8
(i) (1v)]. -

Lemma 4.5.11. Let 0 € ¥ be a big cone, T € trop(X) and let o € (o N7)N) be any ray.
Then one of the following statements hold:

(i) We have o € oM.
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(ii) We have 9 = 0o,, where o1 = o is a P-elementary face. In particular, 0 C Ajp
holds.

Proof. Due to Remark [£.5.§] there exists 0, < o and 7, < 7 such that o, N7, = o
holds and we may assume these cones to be minimal with this property. We distinguish
between the following two cases.

Case 1: We have 7, = Ajin, i.e. ¢ = 0, N Ajin. If we have o, C Ay, then o0 = 0, € o
holds. So, assume not. Then with oy N Ajin # (), we conclude that o, is big and there
exists a P-elementary cone o1 C 0,. We obtain

0oy = 01N Alin € 0p N Alin = 0

and therefore p = p,,. As this does not depend on the choice of the P-elementary cone
o1 we conclude that o, is P-elementary due to Lemma [4.5.10] (ii).

Case 2: We have o = 0, N7, with o C Tg and 7, # Ajin. Assume o, C A, holds. Then
0=0, € oM holds. So assume 0o L A If 0, is a leave cone, ie. 0 C A; € trop(X)
holds, then due to minimality of 7, we have 7 < A;. We conclude ¢ € (g,n A7) = oM.
So assume o, is a big cone. In this case there exists a P-elementary cone o1 C o, with

Qalzalm)\lingangg:Q

and therefore o = g5,. As this does not depend on the choice of the P-elementary cone
o1 we conclude that o, is P-elementary due to Lemma [4.5.10] (ii). O

Proof of Proposition[{.5.9. We show "C". Let g be any ray of X Mtrop(X). Then due to
Remark we have ¢ = o N7 with minimal cones ¢ € ¥ and 7 € trop(X). Assume o
is a leaf cone, i.e. 0 C A\; € trop(X) holds. Then due to minimality of 7 we have 7 < A;.
We conclude ¢ € (6N X)) = oM. If 5 is a big cone, Lemma gives the assertion.

We prove "D". Due to construction, the rays of ¥ are supported on the tropical variety.
Thus it is only left to show that g, is a ray of X M trop(X) for a P-elementary cone
o € ¥. This follows using Lemma [4.5.10] (ii). O

As a consequence of Proposition [4.5.9 we obtain the following corollary:

Corollary 4.5.12. The weakly tropical resolution of an explicit general arrangement
variety is again an explicit general arrangement variety.

Proof. Let X := X (A, P,X) C Z be an explicit general arrangement variety and consider
its weakly tropical resolution Z’ — Z. Due to Proposition the rays of ¥/ =
Y M trop(X) which are not rays of ¥ are contained in the lineality space of trop(X).
In particular, the fans Ay and Af as in Construction coincide and therefore the
explicit maximal orbit quotients X --» Yj and X’ --» Y| coincide up to small birational
modifications. We conclude that X' = X (A, P',%’) holds, where A is the same matrix
as for X and P’ contains the primitive ray generators of the fan ¥/, see [42 Sec. 6]. [
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Due to Theorem the Cox ring R(A, P) of an explicit general arrangement variety
X := X(A,P,Y) C Z is a complete intersection ring. Therefore, we can apply [6, Prop.
3.3.3.2] and obtain the canonical class of X via the following formula:

Kx=— ) deg(T,)+)_deg(g:) € CI(X) = Z""™ /im(P").
0ex (M) i=1

Proposition 4.5.13. Let X := X(A,P,X) C Z be a Q-Gorenstein explicit general
arrangement variety with weakly tropical resolution Z' — Z and let o € ¥ be a P-
elementary cone. Then the following statements hold:

(i) The discrepancy along the prime divisor of X' C Z' corresponding to o, equals
-1
c, 4y — 1.

(ii) The ray o, is not contained in the anticanonical complex A, if and only if £y > 0
holds; in this case, oy leaves A at vl = (7 v,.

Proof. We prove (i). Due to Theoremthe variety X C Z admits a semi-locally toric
weakly tropical resolution. Applying Lemma [4.2.16] we conclude that there exists a toric
canonical p-family. Therefore, explicitly constructing a pair (ZL’,U, D,,) as in Definition
we can use Remark to calculate the discrepancy along D%

Consider the ray o, € ¥'. Then g, C A; holds for every maximal leaf of trop(X). In

particular, we may choose I := {1,...,c} and consider the divisor
no
Dy, = Z(T — ¢)lojDyy; — Z Dy
7j=1 Q'E(E/)(l)

Then, as X’ C Z' is an explicit general arrangement variety due to Corollary
the pullback D, |x is a canonical divisor on X’. Moreover, the push forward ¢.(D,, )
is Q-Cartier and by construction we have D, = kz on ZZ,U. In particular, we have
constructed a tuple (Z;U, D,,) as claimed. Now, let u € Q" be an element such that
div(x") = @«(D,,) holds on Z,. Then due to Remark we have

discrx (D%) = =1 — (u, vy, ).
Therefore, using v, = vy, - ¢;, We obtain the assertion with

(U, 05) = (0, Y Lo ivigi) = > Loilu, vij) = —Lo.
i=0 i=0

Using (i) assertion (ii) follows from the definition of the anticanonical complex. O
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Proof of Proposition[{.5.4 Let ¢/ € ¥’ be any cone. Then a linear form u € My is
defining for A,/ if and only if for all rays ¢ € ¢’ we have

discx (D%/) = —1 — (u, v,).

Due to Proposition m the rays of o/ are either rays of ¥, then (u,v,) = —1 holds, or
they are of the form g, where o € ¥ is a P-elementary cone. In this case the assertion

follows from Proposition [4.5.13| (ii). O

Proof of Corollary[{.5.5 By definition the vertices of A are the vertices of A,» where o’
runs over all cones of ¥'. In particular, they arise as the intersection of the hyperplane

Uy, = —1 with the rays of ¢/. Therefore, Proposition m gives the assertion. The
supplement follows using the characterization of log terminality as given in Remark
4.2.5 (1"). O

Theorem 4.5.14. Let X C Zx be a Q-Gorenstein general arrangement variety of com-
plezity ¢ and consider a cone 0 = pgj, + ...+ 05, € X. If the singularity defined by o
18

(i) log terminal, then Y . _«) lgl > r — c holds,

oco

(ii) canonical, then > oco) lgl >r—c+co]le,m lgl holds,
(iii) terminal, then > oco) lg_l >r—c+co]le,m lgl holds,

where ¢, is the greatest common divisor of the entries of the vector v, built up from the
primitive generators vi;, € 0i;, as follows:

lgin -+ 1 i
Vg 1= EU,O’UOjo_F"'—{_ZU,T'UT'jT c Z”'-I-S’ Zo‘,i = % c 7.
vJi

Proof. The cone 0 € ¥Xx is by definition P-elementary and big. Thus, the assertion
follows via direct calculation from Proposition O

Remark 4.5.15. Consider a P-elementary cone ¢ = g9 + -+ + 0 € X defining a log
terminal singularity and assume [y, > --- > [, holds. Then the condition in Theorem

4.5.14| (i) implies that 327 (>0 > 1 and l,,, = -+ =, =1 holds.

Corollary 4.5.16. Let X C Zx be a Q-Gorenstein general arrangement variety of com-
plexity two. Then X is log terminal if and only if for any cone o = ogjo + ...+ 05, € X
we achieve by suitably renumbering the involved rays that ly;, = ... = l;, = 1 holds and
the tuple (lojy, 111 l2js, l3j5) is one of the following:

1) (L,z,y,2),

(i) (2,2,2,y),
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(iii) (27 37 S 57 x)? (27 37 77 S 41)? (2? 3’ 87 S 23)7 (27 37 97 S 17)? (2? 37 107 S ]‘4)? (27 37 11 S
13),

(iv)
(v)

(vi

(2,4,4,2), (2,4,5,<19), (2,4,6,< 11), (2,4,7,< 8),
(2,5,5,<9), (2,5,6, < 6),
) (3,3,3,2), (3,3,4,<11), (3,3,5,< 6),
(vil) (3,4,4,5), (3,4,4,4).
Proof. Using Remark [£.5.15] the claim follows from Theorem [£.5.14] via a direct calcula-
tion in the complexity two case. O

4.6 An alternative construction

In this section we consider explicit general arrangement varieties X := X (A4, P,¥) C Z
with ample anticanonical divisor and give an alternative description of the anticanonical
complex in this setting. Following the same steps as done in [13], we explicitly construct
a polyhedral complex and show that it is indeed the anticanonical complex of X, see
Theorem In particular, we make the construction developed in [I3] applicable in
a broader setting: Besides leaving the Fano case by dropping the condition on X to be
projective, Example shows, that in general the varieties X (A, P,¥) C Z are not
treatable with the methods developed there.

In this section let X := X (A, P,¥) C Z be an explicit general arrangement variety with
Cox ring R(A, P) given by generators Tj;, S and relations g1, . .., gr—c as in Construction
Moreover let Z' — Z be its weakly tropical resolution defined by the fan ¥/ =
¥ Mtrop(X) in Q5.

Construction 4.6.1. Let v,1, € Q"™ be the positive orthant and let ey, € Z"™™ be
any representative of the canonical class Kz of Z. Define polytopes

B(_’CX) = Qil(_]CX) N Ynt+m - @ner

and B := B(g1)+...+ B(gr—c) as the Minkowski sum of the Newton polytopes B(g;) of
the relations g;. The anticanonical polyhedron Ax C Q"% of X is the dual polyhedron
of the polyhedron

Bx = (P*)"YB(-Kx)+B—ex) C Q" Ax = Bx°.

Theorem 4.6.2. Let X := X(A, P,X) C Z be a Q-Gorenstein explicit general arrange-
ment variety with ample anticanonical class. Then the anticanonical complex A of X is
the polyhedral complex

faces(Ax) M X Mtrop(X) = faces(Ax) MY
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Corollary 4.6.3. Let X := X(A,P,X) C Z be a Fano general arrangement variety.
Then its anticanonical complex A is piecewise convex, i.e.

conv(|A|) N [trop(X)| = | A|.

Example 4.6.4. Consider the variety X := X (A, P,¥) C Z from Examples and
4.5.7. By construction, X is a Fano general arrangement variety and its anticanonical
complex is given as

|«4| = COHV(UOh V02, V11, U217031,Ulin17vhn2) N |trop(X)|.

Lemma 4.6.5. Let X(A,P,X) C Z be an explicit general arrangement variety with
A = (ag,...,a,) and consider the linear subspace P. C P, defined via the kernel of A,

i.e. the vanishing set of the relations f1,..., fr_c, where
ap a1 ... Q¢  QGett
= det e KUy, ...,U,].
Ji U Ui ... Uy Uy Vo ']

Then trop(P. NT") = Eﬁc is a subfan of the normal fan of
B:=DB(h)+ -+ B(h,—.) CQ", with h;:= f;(1,Uy,...,U,).

In particular, the tropical variety trop(X) is a subfan of the normal quasifan of B con-
sidered as a a polytope in Q"S.

Proof. Let eq,...,e, denote the standard basis vectors of Q’:and set eg := — Y. e;. As
trop(P. N'T") is by definition a refinement of a subfan of N'(B), it suffices to show that
cone(ey) is a ray of N(B) for every k =0,...,r. For this set

Jy == {j; Uj is a monomial of f;} ={0,...,c,c+t}.

Then the lineality space of N'(B(h¢)), i.e. the maximal linear subspace contained in
N (B(ht)), is ‘

o™ .= lin(ej; j € {0,...,7}\ Jo).
Now let k& < c. Then cone(e;) x of® € N(B(h;)) holds for every t = 1,...,7 — c and we
claim

cone(ey) = h (Cone(ek) X J}fin) =0 € N(B),
t=1

i.e. we have to show the inclusion "2". Let a € o be any point. Then for every t =
1,...,7 — c we have a description

a= Z agje; + birer, with agj € Q, bt]‘ S QZO'
Jj>c, j#t
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Usig that {ex,éec,...,e,} are linearly independent, we conclude a;; = 0 for all ¢, and
therefore a € cone(ey). We come to the case k > c. Here we have cone(ey) x ol €
N(B(ht)) and we claim

r—C
cone(eg) = (cone(ek) X O’}Cin) n () o™ eN(B).
t=1,t#k

Analogously to the first case this can be verified by a direct calculation. O

Lemma 4.6.6. Let B C Q™ be any polyhedron and denote by N (B) its normal quasifan.
Let further P: Q" — Q™ be a surjective linear map. Then N (P*(B)) = P~Y(N(B))
holds.

Proof. Let B be any polyhedron. Then NV (B) = {C}; F < B face} holds, where Cp :=
cone(u —v; u € B,v € F). Thus we have

Cyp={y; (y,u—v)>0foralluec B,ve F}.

Note that due to injectivity of P* the faces of P*(B) are precisely the images P*(F') of
the faces F' < B. We conclude
C’I\é*(F) = {z; (x, P*(u) — P*(v)) > 0 for all u € B,v € F}
= {z; (P(z),u—v)>0forallue B,veF}
= P (C)).

To a T-invariant Weil divisor D = > a,D, on Z we assign a polyhedron:
Bp = {u € Mg; (u,v,) > —a,} C My.

Proposition 4.6.7. Let X := X (A, P,X) C Z be an ezplicit general arrangement variety
with ample anticanonical class, fix a T-invariant divisor —kx on Z such that —kx|x is
an anticanonical divisor on X. Let B_j, denote the polyhedron corresponding to —kx

and let B C Q"% and B C Q"¢ be as in Construction and Lemma . Then
we have the following equalities:

(i) P*(B-ky) — kx = B(=Kx).

(ii) P*(B) = B — (r —¢) - lp, where ly is identified with (lo,0,...,0) € K¥™

In particular, the fan X Mtrop(X) is a subfan of the normal fan of Bx.
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Proof. The two equalities follow by direct calculation. We prove the supplement. Using
Lemma [4.6.6l we obtain

P Y N(B_gy)) = N(B(—Kx)) and P '(N(B)) = N(B).

As —kx is ample due to Remark the fan ¥ is a subfan of the normal fan N (B_y, ),
and Lemma shows that trop(X) is a subfan of N/(B). It follows that P~(X) M
P~!(trop(X)) is a subfan of the normal fan of B(—Kx) + B. Projecting the involved
fans via P to Q"5 gives the assertion. O

Proof of Theorem[{.6.3 Let ¢’ € ¥’ be any cone. Then due to Proposition we
have o/ € N(Byx). Fix any maximal cone 7 € N(Bx) with ¢/ < 7. Then we have
o' < oNA; 2 7, where \; is a maximal leaf of trop(X) = trop(X’) and ¢ € ¥ holds.
Denote by u € Bx the vertex corresponding to 7. Then we have a decomposition
P*(u) = p+v—ex, with p € B(—Kx) and v € B. We claim that the family

( (/T/, Dyi)gresy,  with Dy = Z (v, €Q>DQ — Z D,
pe() DS pe(= W)

is a toric canonical ¢-family and div(x") = ¢«(Dy) holds on X, .

In order to verify the claim we first show that (v, e,) = 0 holds for all ¢ € (¢’ YD e,
Denote by 7 the vertex of B corresponding to v. Then © defines the maximal cone

{xe(@rﬁ; (x,u— D) 20f0rallu63}a

which contains A;. After suitably renumbering we may assume I = {1,...,c} and thus
7 =...=0.=0. With P*(B) = B — (r — ¢) - [p we obtain that

(v,e0) = (P*(7) = (r = c)lo, €p) = (7,00) = ((r = ¢)lo, ¢p) = 0
holds for all o € o) N (¢/)(). This shows that (Z,, Dy/)orexy is a toric canonical
p-family.

It is only left to show that div(x") = ¢«(Dy) holds on X,. We fix a T-invariant
divisor —kx = 3 ex0) apD, whose pullback —kx|x is an anticanonical divisor on X
and denote by fi the vertex in B_j, corresponding to p. Then, as —kx|x and therefore
—kx is ample, we have (fi,v,) = —a, for all rays p € o, see [22, Prop. 6.2.5]. We
conclude

(yeo) = (P7([1) — kx,ep) = ([1,v0) + (—kx,€p) = 0.

Since (u,v,) = (1 + v — ey, €,) holds, this completes the proof. O

Example 4.6.8. Consider the variety X := X (A, P,X) C Z from Examples
and As before, we denote the primitive ray generators of ¥ by

-1 -2 2 0 0
-1 -2 0 2 0
[001,1)027?111,0217”31] — | 21 -9 0 0 4
-1 -3 1 1 1
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and the defining relation of the Cox ring of X by g = TnTg, + T4 + T3 + T4, The
common refinement ¥’ = ¥ M trop(X) is pure of dimension 3 and we have

(=D = 2M U {cone(ey), cone(—es)}.

Further refining this fan we obtain a smooth toric variety Z” whose fan has 72 maximal
cones and primitive ray generators given by the columns of the matrix

-2 -2-1-1-1-1-1-1 0 0 0000000O0OO0OOOO0CO1T1111122
P_ -2 -2-1-1-1-1-1 0 -1 0 000000111112200000100
2 = -2-1-1-10 0 1 -1 -1 0 011234001120100112001
-3 -3 -2-1-2-1-1-1-1-1101111010111101011111

We show that this example leaves the framework in which [I3, Thm. 1.4] can be
applied as X C Z is not tropical resolvable in their sense: Note that we have
cone(vpz, v31), cone(var,vs1) € X'. In particular, any regular refinement of ¥/ contains
the following rays:

o1 :=cone([—1,—1,1,—1]) and g2 := cone([1,1,0,1]).

Let P” be a matrix whose columns are the primitive generators of the rays of a regular
refinement X" of ¥'. Then the shift of g with respect to P” and P is the unique
polynomial § € K[T,; ¢ € (X”)M)] without monomial factors satisfying that its push
with respect to P” equals the push of g with respect to P. In particular, we have
g = m1 + mg + m3 + my, where the m,; satisfy

Tolmi<ei=1,2 and T, |m;<i=3,4
In the example P” = P, we have

my := ToyTosTosTorTog Too T30 131 2Ty

my := Ti7Ti8T19T20To1 Too* Tz Too Tk

my = Tr*TyoT13T14° T15°T16 TroTo0 o1 Tos Tog Tor Tos* T To 5T

my = TV T Ts Ty Ts Te T T T,
where T7 = T, and Thg = T,,. Now, assume X is tropical resolvable in the sense of [I3),
Def. 2.2]. Then there exists a regular refinement %" of ¥’ giving rise to a toric variety

7" such that the Cox ring of the proper transform X" inside Z” equals the freely graded
ring K[T,; o € (£")M]/(g). This is a contradiction since T}, is not prime.



CHAPTER
FIVE

CANONICAL FANO INTRINSIC QUADRICS OF DIMENSION
THREE

In this chapter we treat the example class of intrinsic quadrics, i.e. projective varieties X
that admit a presentation of their Cox rings R(X) by Cl(X)-homogeneous generators,
such that the ideal of relations is generated by a single quadratic polynomial. These
varieties were introduced in [I5] as an example class for the bunched ring approach to
Mori dream spaces and described there in case of smooth full intrinsic quadrics of Picard
number at most two, where full means, that every generator of the Cox ring shows up
in the defining relation. In [I7] Bourqui used the intrinsic quadrics as a testing ground
for Manin’s conjecture. The description of smooth intrinsic quadrics of Picard number
at most two is due to [29], where in addition in this case Fujita’s freeness conjecture is
verified. In the singular case, the terminal Fano intrinsic quadrics of dimension three
having true complexity one and Picard number one are known due to [13]. We will
extend these results by treating the three-dimensional Fano intrinsic quadrics having at
most canonical singularities. Parts of Sections and are published in [48] and
parts of Sections and [5.4) are published in the joint work [49].

5.1 Statement of the main results

Due to [29, Prop 2.1] any intrinsic quadric can be realized as an explicit general arrange-
ment variety X = X (A, P,X) C Z. More precisely the defining relation of its Cox ring
R(A, P) is a quadric of the following form:

g=ToTo2+ ...+ Ty Tgo1yp + Ty + ...+ T4 with 0<g<r+1

This allows us to work in the language of explicit general arrangement varieties.

123
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Our focus is on Fano intrinsic quadrics of dimension three. Here, the case of Q-factorial
Fano intrinsic quadrics of complexity and Picard number one having at most terminal
singularities is known [I3]. Our first result extends this classification in two directions:
On the one hand, we leave the terminal case and consider canonical intrinsic quadrics.
On the other hand, using our results from Chapter [ we no longer restrict our study to
torus actions of complexity one.

Theorem 5.1.1. FEvery three-dimensional Q-factorial Fano intrinsic quadric having Pi-
card number one and at most canonical singularities is isomorphic to precisely one of the
following varieties X defined by its C1(X)-graded Cox ring R(X), its matriz of generator
degrees @Q = [w1, ..., w;| and its anticanonical class —Kx € Ample(X). Moreover, we
list their Fano-index ¢(X) and their anticanonical self-intersection number —K3 .

No. R(X) Cl(X) Q=wy,...,w] —Kx qX) —-K%
1 —gf%;?%f‘;ﬁffjj ; Z [1 111 1] [5] 3 54
2 —g?%;?j’g‘;’ijigﬂ Z [2 213 2] [6] 6 36
3 —g?%;%%f?jigﬂ Z [1 313 2] [6] 6 48
I mbintan) Z [pansa]  [o] 9
5 Z [26554] (2] 12 %
6 —gfi?%ﬁijigﬂ Z [3 517 4] [12} 12 %
7 —gfi?ff%ﬁjigﬂ 7 [3 728 5] [15} 15 %
5 Shngtha  LxD 13333 [i] v %
9 Shnimhe XD eigz] [E] 3 %
10 TEETE IxD 12338 2] 3 12
1 gL LxI B
12 SpmEi LxI BRI
13 Gmnnard LxI BaH ] 8 o4
Y ConeriE LxI BRI
15 Spneri LxI B
16 Spniri LxI [13222] o] 6 18
11 mnnard LxI 2zl o] 6 18
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18 rtnnem  ZxD itees] 5] 6
33 HHEELE zxz ieky) 3] 3 18
Y i LxZs 11144 HEEE
35 % 7 x 7s g;;gf g 6 12
96 % 7 x 7s :g;;g{ g 6 12
37 % 7 x s :g)g%;g: g 6 16
8 Smmathnn  LxZo a0 i 1w
9 Smnsthnn IxZo [y 3] 2 ¥
jo  BEmmel o zxz BitH io2 16
41 G Lx 2 B HEE
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o HRAESl axz L] [ s
s HRRRal zxz Lin] B 3 %
4 SRS zxze ] [ 40 16
5 Hpiialozxze [nin] )] s %
o Hppiial ozxze o 331 )] 6 9
pr Spnanel ozxze [ )] 69
w8 EEl zxmo 1] 3] 8 ¥
o EhmBLM zxzs 1313 [ 3 %
o ERBELE zxze  [1333] [ 3 9
i ERBELM zxze [11333] [ 3 9
s MLBALA 2wz [ 3] 3 9
s bbbl ozxze [y [ 4 %
s bbbl ozxze (L] [ 8 F
55 MOBOIAl zxzs [4aiti] o] 40
6 MRBALA zxzg  [44itz] [ ¢ s
o7 ERBELM zxzy  [13333] [ 3 6
os MEmmmSl zxze 331y 3] 3 8
o SRS ox@r ] [ 0 ¥
S e RO T B H B
o Sgmmayt mx@r o [HHY ] s %
s o RELT N ) R
o SRERER zx@r Bl ] s %
o e 2@ [in] ] s ¥
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KT, T5,T5,74,51] 2 11112 [4]
65 Snmymivrn Lx (L) EEEE e 16
K[T1,T2,T5,51,52 2 33312 [6]
66 Swivmimy LX) 22181 : 6
K[Ty,1%,13,51,52 2 22213 (6]
o7 Saityin L () 100 : 9
K([Ty,T5,T5,T4,51 2 31222 [6]
68 Smnirin LX) E 8 9
K[T1,...,T5] 2 13222 [6]
09 mmyririmn LX< (Z2) 11110 0 9
K[Ty,T>,T3,51,5S 11132 [6]
0 Tapmmy D<@ L 18
K([T1,T%,13,14,51] 2 24332 (8] 16
71 e 7 x (7 11000 0 =2
(M Te+T3+T7) (Z2) 11101 0 3
K : 22211 [4]
7o KOLTeTs.5 5] 7 o Zo X 7y 10100 0 4
<T2+T2+T2> ,,,,, e
1 2 3 13310 2
K[T},T,T5,51,52] 11121 [4]
73 — S 7o X Do X U 01010 0 8
(TP +T5+T5) 2 4 13310 3
K[Ty,T5,T5,T4,51 11112 [4]
%o Tmnimhny LxTxTa [haiid : i
K[Ty,Ts,T5,51,50] 11111 [3] 9
75 — = 7o X Do X U 10100 0 E
(TP+TF+TS) 270 11150 3| 2
11111 (3]
76 RILLnIsTis 7 7, % 7 00101 0 9
(T2 +TF+TF) 6 30411 o 2
K[T1,...,T5 11111 [3] 9
7 mmirrrn Lx T X Lo 11100 ! 2
K[T1,T5,13,74,T5] 2 11111 [3]
78 (T To+T3Ty+T2) Z x (Z?’) % % % 5 g g 6
11112 47
K[Tt,...,T4,51] 3 11101 0
Y mreriirin LX) 00101 0 8
10001 _O_
Variety No. 1 is smooth and varieties Nos. 4, 19 and 49 are terminal. Moreover
y ) )

varieties Nos. 64, 69, 77 and 79 are of true complexity two. All the others are of true
complexity one.

The proof of the above theorem is split into three parts: In Section [5.3] we establish the
list of all intrinsic quadrics of complexity one. The case of complexity two torus actions
is treated in Section [5.4] and the remaining assertions are proven in Section [5.5]

We leave the case of Picard number one. Here, we were able to classify all Q-factorial
Fano intrinsic quadrics of dimension three and true complexity two having at most
canonical singularities:
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Theorem 5.1.2. Fvery three-dimensional Q-factorial Fano intrinsic quadric of true
complezity two having at most canonical singularities is isomorphic to precisely one of
the varieties X, specified by its Cl(X)-graded Cox ring R(X), its matriz of generator

degrees Q = w1, ..., w,| and its anticanonical class —Kx € Ample(X) as follows:
No. R(X) Cl(X) Q = [wr,...,w] —Kx
1111 2] [47]
K[T1,...,T4,51] 11101 0
! (T2+TZ+T3+T3) L X Ty X Lz X Lo 00101 0
K[T,...,T5] [11111] [3]
2 5 Lo X Lo X 7 00110 0
(M TATS+T+TS) 2 2 11010 i
K[T,...,T5] [13222] [6]
3 5— Z X Lo X 7 11110 0
(T TIHTEATS) 27 60101 0
K[T1,...,T5] 7 (1111 1] [3
5 X Ly X T 11100 1
4 (T4 TIHTFATE) 2 6 (23330 o]
111100 [27]
5 B TS 72 % Ty x Ty X T 111010 :
(TZHTZ+TF+TZ) 2 2 2 601010 3
100010 0
1 11110 [3]
K[T1,...,75,51] 2 110001 1
0 W) 27 X Ly X Zp 601100 0
1 10100 1
-110001 [17]
K[T1,...,T5,51] 2 2 01111 4
7 (M T2 +TI+TE) L° X I X Lo 0 01100 0
1 10100 1
11 111 1 4
K[T1,...,T5,51] 2 1 -1000 —2 -2
8 LT L7 X Ly X Iy 001100 0
0 0 101 O 0
1 111100 3
9 K[T.....T5,51,5] Z3 X Ty X I 0 000011 >
(i To+T2+T2+T2) 2 2 0 011000 0
1101000 i

In order to prove the above theorem, in Section [5.2] we give effective bounds for the
Picard number of a QQ-factorial Fano intrinsic quadric:

Proposition 5.1.3. Let X := X (A, P,X) C Z be a Q-factorial, Fano intrinsic quadric.
Then o(X) < 3+ m holds.

Corollary 5.1.4. Let X := X(A, P,X) C Z be a Q-factorial, Fano intrinsic quadric of
complexity ¢ = dim(X) — 1. Then o(X) <5 holds.
As an application of our classification Theorem [5.1.2] we finally give a negative result

for terminality in arbitrary dimensions for one-dimensional torus actions:

Proposition 5.1.5. Let X = X (A, P,X) C Z be a Q-factorial Fano intrinsic quadric
of complexity ¢ = dim(X) — 1. Then X is not terminal.
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5.2 Structural results

In this section we prove structural results on Fano intrinsic quadrics that we will use
in the subsequent sections to prove our classification results. We start by investigating
the X-faces of a Fano intrinsic quadric X. Then we go on proving our bounds on the
Picard number given in Proposition and Corollary As an application we give
in Proposition [5.2.2] an effective bound for the Picard number in the three-dimensional
case with torus action of complexity two.

Lemma 5.2.1. Let X = X(A,P,X) C Z be a Fano intrinsic quadric. Then after

suitably renumbering we may assume ng > ... > n, and we are in one of the following
situations:
(i) We have ny.—1 =n, =1 and cone(e(,_1)1,€r1,€1,- -, €m) is an X-face.
(ii)) We have ng = ... = ny—1 = 2 > n, = 1 and cone(ep1, €02, €r1,€1, ..., €m) IS an
X-face.
(iii) We have ng = ... =n, = 2 and cone(eg1, €2, €11, €12, €1, - - - , €m) 15 an X -face.

Proof. First note that in any of the above cases the cones under consideration are X-
faces. To prove that they are indeed X-faces we show that their images in Kg contain
—Kx in their relative interior. Since all of the cones are pointed it suffices to show
that —Cx can be written as a strictly positive combination over all extremal rays of the
respective cone. For this let n(Y) be the number of indices i with n; = 1. Then we have
2r —n) or —nM)
—Kx =——de w where 0< —— <.
X 5 g(g) + > _ wy — <
In case (i) we have deg(g) = 2w(,_1); = 2w,1 and in case (i) we have deg(g) = wo1 +
wp2 = 2wy1, which proves the assertion in these cases. Finally, in case (ii7) we have
n1) = 0 and thus obtain

—Kx =rdeg(g) + > _ wi = (wor + woz) + (r — 1) (w1 + wiz) + Y _ wy.
]

Proof of Proposition[5.1.3. We distinguish between the three cases treated in Lemma
and show that the dimension of the X-faces occurring there is at most m + 3.
Then using Q-factoriality of X, we obtain the bound on g(X) as claimed. In Case (i) of
Lemma we obtain an X-face of dimension at most 1+ m as w,1 = w(,_1); holds
due to homogeneity of the defining relation g. Similar, in Case (ii) we obtain an X-face
of dimension at most 2 +m as w,; € cone(wp, wp2) holds. Consider Case (iii). Here we
have
wo1 + woz — w11 — wiz = deg(g) — deg(g) = 0.

In particular, the cone cone(wo1, wo2, w11, Wiz, W1, . . ., Wy, ) is of dimension at most 3+m.
This completes the proof. O
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Proof of Corollary[5.1.4) In this situation we have s = 1 for the lower part of the matrix
P. This implies m < 2, as the columns of P are assumed to be pairwise different and
primitive, which directly gives the assertion. O

Proposition 5.2.2. Let X := X (A, P,X) C Z be a three-dimensional Q-factorial Fano
intrinsic quadric of complexity ¢ = 2. Then o(X) < 3 holds. Moreover, if X is a full
intrinsic quadric, then o(X) =1 holds.

Proof. Due to Corollary we have o(X) < 5. Assume o(X) > 4. We go through
the possible configurations of n = ng + ...+ n3 and 0 < m < 2. After renumbering the
columns of P we arrive at one of the following cases:

(i

)no=...=n2=2>n3=1 m=1
(ii) no=n1=2>ng=n3=1, m=2
)
)

(iii) np=...=ng=2, m=1

(iv) no=...=ng=2>n3=1, m=2

In the Cases (i) and (i) we have o(X) = 4 and in the Cases (ii7) and (iv), we have
o(X) = 5. Applying Lemma (7i) in the Cases (i) and (iv) we obtain a three-
dimensional X-face which contradicts Q-factoriality of X. Similar, applying Lemmal[5.2.]
(¢) in the Cases (ii) and Lemma5.2.1] (i77) in the Case (iii) we obtain a three-dimensional
X-face and thus a contradiction to Q-factoriality as well. For the supplement let X be a
full intrinsic quadric and assume g(X) > 1. Due to Proposition we have o(X) < 3.
Thus renumbering the columns of P we are left with the following situations:

(l) ng=ny1=2>ng=ng=1

(11) ng=ny=nNg=2>ng=1

In Case (i) we have o(X) = 2 and in Case (i) we have o(X) = 3. Using the same
argument as before we exclude Case (i) using Lemma (i) and Case (i) using

Lemma (ii). O

5.3 Classification in the complexity one case

The aim of this section is to provide the list of all intrinsic quadrics in Theorem [5.1.1
having a torus action of complexity one. We work in the language of explicit general
arrangement varieties X (A, P,¥) C Z. In particular, we use results from Sections
and concerning the combinatorial data encoding the geometry of these varieties and
the explicit description of their anticanonical complexes from Section [£.5] In a first
step we distinguish the possible configurations for the parameters n and m. Then, we
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proceed by investigating these configurations case by case, see[5.3.2] [5.3.5] and [5.3.9] In
each configuration we give effective bounds on the entries of P to finally test all varieties
X (A, P,X) C Z for canonicity and obtain our classification result.

Remark 5.3.1. Let X := X (A, P,X) C Z be a Q-factorial explicit intrinsic quadric of
dimension three and Picard number one. Then n + m = 5 holds and we are in one of
the following situations.

(i) n=3 and m=2.
(ii) n=4 and m=1.
(iii) n=5 and m=0.

Setting 5.3.2. Let X := X (A4, P,X) C Z be a Q-factorial Fano explicit intrinsic quadric
of dimension three and Picard number and complexity one, having at most canonical
singularities with n = 3 and m = 2. Then the matrix P has the following form:

-2 2 0 0 O
-2 0 2 0 0
T1 T2 T3 T4 Ts
Y1 Y2 Ys Ys Ys

Remark 5.3.3. Situation as in As X has Picard number one, we obtain a big
cone and an associated vertex of the anticanonical complex of X:

o = cone(vg1, V11, v21) € X, vl =0,0,21 + 22 + 23,1 + Y2 + y3].

In particular, forgetting about the first two coordinates, the anticanonical complex of X
intersected with the lineality space is a lattice polytope

A = conv([z4, yal, [T5, Y5, [21, 22]), (21, 22] == [z1 + 22 + x3,y1 + Y2 + U3)-

As X has at most canonical singularities, the origin is the only interior lattice point of
A. Thus, by applying admissible operations on the last two rows of P, we may assume
that A is one of the 16 two-dimensional reflexive polytopes [10, [71), 68]. In particular,
as A has three vertices, we may assume that it is one of the following.

conv([1,0],[0,1],[-1, —1]), conv([1,1],[-1,1],[0,—1]), conv([1,1],[-1,1],[-1,—2]),
conv([1,1],[-1,1],[-1, =3]), conv([2,1],[-1,1],[-1,—2]).

Remark 5.3.4. Situation as in[5.3.3] Then, the vertices of A are invariant under adding
a multiple of the first two rows of P to one of the last two rows of P. Thus we may
assume in addition, that we have xo,x3, y2,y3 € {0,1}. Note that any such choice fixes
all entries of P, due to the definition of the vertex [z1, 22].
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Setting 5.3.5. Let X := X (A, P,X) C Z be a Q-factorial Fano explicit intrinsic quadric
of dimension three and Picard number and complexity one, having at most canonical
singularities with n = 4 and m = 1. By applying admissible operations we may assume
to be in the following situation:

-1 -1 2 0 0

zo > 0,
-1 -1 0 2 0
P= 0 z9 23 T4 x ’ 0 <5 < |ys|,
2o z4,ya € {0,1}.

0 0 w3 w1 us

Moreover, by multiplying the last row with (—1), if necessary, we may assume that we
have positive weights:

wor = 4x2ys + 223Y5 — 2w5Y3 + 2x4Y5 — 225Y4,
woz = —2x3Ys5 + 2T5Y3 — 2T4Y5 + 2x5Y4,

wyy = 2x2Ys,

wa1 = 2x2Ys,

w1 = —2w2y3 — 2x2Y4.

Note that the last row operation possibly changes the sign of y4. Thus we may only
assume that y4 € {—1,0,1} holds.

Remark 5.3.6. Situation as in As X has Picard number one, we obtain two big
cones with associated vertices of the anticanonical complex of X:

op = cone(vo1, V11, V21), Voy — [0,0,%(x3+x4),%(y3+y4)])

oy = cone(voz,v11,v21), v, = [0,0,3(z3 + z4) + 2, 3(y3 + ya)]-

In particular, forgetting about the first coordinates, the anticanonical complex of X
intersected with the lineality space, is a triangle A = conv(p1, p2, p3), with

p1=[3(z3+24), 5(ys + ya)], p2 = [5(x3+24) + 22, 5(ys +va)], p3 = [25,ys).

Remark 5.3.7. Situation as in We investigate the polytope A. First note, that
by assumption x5 > 0 holds and we obtain y5 > 0, as x2 and wi; = 2x2ys are positive.
In particular, the vertex ps is contained in the positive orthant. Moreover, as w; is
positive, we conclude y3 + y4 < 0 and thus the points p; and p, are contained in the
lower half plane. Note that the line segment p1ps is parallel to the z-axis. As X is Fano,
we have 0 € A° and conclude z3 + x4 < 0, as x2 is positive. We sketch the situation:
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b3

Ys

D=

(y3 + va)

/ \

b1 D2

Note, that we can not determine the position of py with respect to the y-axis.

Proposition 5.3.8. Situation as in[5.5.5 Then we obtain the following estimates for
the entries of P:

0 <y <2~ (ys+va), 0<x4 <1, 0 <5 < |ys,
=18 —ys < y3 < —ya, -1<y <1
2x5y3 + 2x5ys — 224Y5 — 4225 9 xg =1
< x3 < —T4, 0<ys < 1
25 3 4 Ys T2 2 2(7131+y4) else.

Proof. Note that by assumption zo > 0, 4 € {0,1}, y4 € {—1,0,1} and 0 < z5 < |ys|
hold. Now, positivity of the weights wg1, w11 and wy imply

2z5y3 + 225ys — 2x4y5 — 4T2Ys5
AT

< x3, 0<wys and Y3 < —Y4.

Moreover, similar as in Remark we have %(.753 + x4) < 0 and conclude z3 < —z4.
We investigate slices of the polytope A: Due to the singularity type of X, we have

1
5(ys +
AN {y =0} = ap 4y 288y
Ys — 3(y3 +va)
Thus, reordering suitably and using y5 > 0 yields
+
szQ—M <2—(y3+ya)
Ys
Similarly, we have
1+ 3(ys+
Aﬂ{yzl}:xg—xg 2(y3 y4) Sl

Y5 — %(y3 + Ya)
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In particular, if o # 1 holds, this implies

To — %(ys + ya)
.7}2—1 '

ys <

We proceed by investigating the tetrahedron A’ defined by the following vertices:
[0707x57y5]7 [_17_1756270])

[0,0, 5 (x5 + 24), 5 (Y3 + ya)], [0,0, 5 (x5 + 24) + 32, 5 (y3 + ya)]-

Note that by construction A’ is contained in the anticanonical complex of X and thus
has the origin as its unique interior lattice point. The polytope A’ is living inside the
linear space spanned by [1,1,0,0],[0,0,1,0] and [0, 0,0, 1]. In particular, we may regard
A’ as a polytope in Q2 by forgetting about the first coordinate. Now, A’ is contained in
the lattice polytope A” defined by the following vertices:

[—1,22,0], [l,z34+x4— 2], [1,x3+ x4+ 22,y3+y4], [1,225— x2,2ys5).

Note that by construction A” is a lattice polytope having the origin as its unique interior
lattice point. Thus, due to [§, Thm 2.2], its standard Q3-volume is bounded by 12 which
gives

2 4

§$3(y3 +ya) — 373Ys <12 (5.3.1)
Now, reordering yields

18
— +2ys —ys < Y3
T3

and as ?13 > —1 and y5 > 0 hold, we obtain at —18 — y4 < y3. Moreover, reorderingm
once more, we arrive at

4 2
—-w3ys < 12 — —x3(y3 + ya)-
3 3
Using positivity of z3(ys + y4) and —1 < ?13 < 0, we conclude y5 < 9. O

Setting 5.3.9. Let X := X (A, P,X) C Z be a Q-factorial Fano explicit intrinsic quadric
of dimension three and Picard number and complexity one, having at most canonical
singularities with n = 5 and m = 0. By applying admissible operations on P, we may
assume to be in the following situation:

-1 -1 1 1 0

p_| -1 -1 0 0 2 25 > 0,
0 ro x3 0 w5 |’ O<ay < |y5|
0 0 y3 0 s
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Moreover, by multiplying the last row with (—1), if necessary, we may assume, that we
have positive weights:

wo1 = 2T2Y3 — T3Y5 + T5Y3,

Wo2 = T3Y5 — T5Y3,

w11 = —X2Ys5,
w12 = 2x2Y3 + T2ys,
w21 = T2Y3.

Remark 5.3.10. Situation as in As X has Picard number one, we obtain four
big cones with associated vertices of the anticanonical complex

1 2.1 2

01 - COHe(”Ola Ull7 1)21), vo'l - [07 07 §x5 + gx?): §95 + §y3]7
! 1 1

oy = cone(vpr, v12,v21), vy, = [0,0, 325, 3ys],

- / = [0.0.% 2 2 1 2

o3 = cone(voz,v11,v21), vy, = [0,0,5%5+ 573 + 572, 3Y5 + 5U3),
/ 1 2. 1

o4 = cone(voz,v12,v21), vy, = 10,0, 525+ 572, 5¥5).

In particular, forgetting about the first coordinates, the anticanonical complex of X
intersected with the lineality space is a trapezoid A = conv(pi, p2, p3, p4), with

pr = [bas+ 3ws, Tys + 3ys], p2 = [575,5us),

p3 = [%xﬁs + %$3 + %5627 %?/5 + %y:s]» Py = [%965 + %m, %y5}~
Remark 5.3.11. Situation as in[5.3.10 We investigate the polytope A. In a first step,
we determine the position of its vertices relative to the xz- and y-axis. First note that
by assumption zg and x5 are positive and by positivity of the weight w1 = —x2ys we
obtain y5 < 0. In particular, we have (p2)1, (ps)1 > 0 and (p2)2, (ps)2 < 0. Moreover, as

X is Fano, we obtain 0 € A° and thus (p1); < 0 and (p1)2 > 0 due to the positivity of
z9. We sketch the situation:

p1 b3

2
3Y3

D2 P4

2
372
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Note that we can not determine the position of p3 with respect to the y-axis.

Proposition 5.3.12. Situation as in|5.3.9 Then we obtain the following estimates for
the entries of P:

2 +x €T
0 < x9 <3, M<x3<5—y3, 0< x5 <|ys,
Ys Ys
72
0< < —) —2y3 < < 0.
y3_3(x2+1) Ys < Ys

Proof. Note that by assumption x9 > 0 and 0 < x5 < |ys| holds. Now, positivity of the
weights way, w11 and wig imply

y3 > 0, ys < 0 and — 2y3 < ys.
Thus, using positivity of wg; and wgsz, we conclude

2z0y3 + T

Ys Ys
Now, due to the singularity type of X, the y = 0 slice of A implies

T3

2
AN{y=0}|= Ja2 <2

and thus zo < 3 holds. We proceed by investigating the pyramid

A" = conv([0,2, x5, ys5), Uy s - - -5 Uy, ),

By construction A’ is contained in the anticanonical complex of X and by deleting the
first coordinate, we may regard A’ as a polytope inside Q3 having the origin as its
unique interior lattice point, due to the singularity type of X. We proceed by modifying
A’ C Q3. By extending the edges starting in [2,z5,ys], we enlarge A’ to the lattice
polytope A” having the following vertices:

[2@57%]’ [_17$3>y3]7 [_1)070]3 [_17$2+x3ay3]a [_]-355270]-

Note that by construction A” still has the origin as its unique interior lattice point.
Thus, due to [8, Thm. 2.2], its standard Q3-volume is bounded by 12 and we conclude

< ——.
Y3 = 3(za+1)
g

Proof of Theorem (complexity one). Due to Remark and Propositions [5.3.8]
and [5.3.12| we only have finitely many possible Fano varieties X (A, P, Y) to check. Com-

puting the anticanonical complex for all possible configurations the resulting canonical
Fano varieties are listed in Theorem [5.1.1| with Nos. 1 - 63, 65 - 68, 70 - 76 and 78.
Note that none of them is toric as their total coordinate spaces have a singularity at the
origin. O
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5.4 Classification in the complexity two case

This section is dedicated to the proof of Theorem [5.1.2] meaning that we classify all
Q-factorial Fano intrinsic quadrics of dimension three and true complexity two having
at most canonical singularities. In particular, we obtain all varieties having Picard
number one and appear as Nos. 64, 69, 77 and 79 in Theorem which completes
the classification list. As an application we prove Proposition As before, we work
in the language of explicit general arrangement varieties.

Remark 5.4.1. Let X := X(A,P,X) C Z be a Q-factorial Fano intrinsic quadric of
dimension three with torus action of complexity two. Then the dimension of the total
coordinate space and the Picard number are given as

dim(X)=n+m—-1, oX)=n+m-4, 4<n<8 0<m<2.
Remark 5.4.2. Let X := X(A,P,¥) C Z be a Fano explicit general arrangement
variety with anticanonical complex A. Then every convex combination of vertices of
A that lie inside the tropical variety trop(X) C Q"** is contained in A. In particular,
if X is of dimension three, has a torus action of complexity two and at most canonical
singularities, then for any such point v = (v1, ..., v,41) that lies inside the lineality space
of the tropical variety trop(X), we have —1 < v,4; < 1.

Let X be a Mori dream space. In order to detect a maximal torus action on X we
will make use of the procedure of lifting automorphisms. Assume there is a torus action
T x X — X. Then due to [6, Thm. 4.2.3.2] there is a lifted action T x X — X with

t-(h-2)=h-(t-2) forallt € T, h € Hy, & € X.

Thus T as well as the product T x Hx act on X and therefore on X as X C X is of
codimension two. We will identify both groups with the corresponding subgroups of
translations inside the automorphism group Aut(X).

We will show that in our situation this action is diagonal in the following sense: Let
X C K" be an affine variety endowed with an effective quasitorus action H x X — X.
We say that H acts diagonally on X if there are characters x",...,x*" € X(H) such
that h-(z1,...,2,) = (X**(h)z1,...,x""(h)x,) holds for all h € H and (x1,...,z,) € X.
Note that this is equivalent to homogeneity of the coordinate functions 7; € O(X), where
we endow O(X) with the grading corresponding to the action of H on X.

Lemma 5.4.3. Let X be a Mori dream space with torus action T x X — X and Cox
ring R(X) = K[T1,...,T:]/(g1,- .., 9s). If all homogeneous components R(X )w, with
w; = deg(T;) are one-dimensional then T x Hyxy C Aut(X) acts diagonally.

Proof. Consider the grading on R(X) defined by the action T x Hx on X. Then the
K x-grading is a coarsening of this grading and thus, as the homogeneous components
R(X)w, are one-dimensional, they are homogeneous components in this refined grading
as well. Thus the assertion follows. O
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Proof of Theorem[5.1.3. According to Proposition we have o(X) < 3. We first go
through the cases sorted by the Picard number and then prove that none of the varieties
in the list are isomorphic. Finally, we prove that they are of true complexity two by
determining the dimension of the maximal tori in their automorphism groups.

Case (I) (o(X) = 1): Due to Remark we are left with the following configurations:

(a) n=4and m=1
(b) n=5and m=0
Case (I)(a): As in the case of Picard number one any X-face is an X-face, we obtain a

big cone o = cone(uvg1,v11,v21,v31) € L. After applying suitable row operations on the
matrix P, we may assume

-2 2 00 O
| -2 02 0 0 ;o x+3
P = 900 2 0 | ’UU|:O,O,0, > }
r 1 1 1 -1
As X has at most canonical singularities, we conclude 0 < (z+3)/2 < 1 and thus z = —1

as the columns of P are primitive. The resulting variety X (A, P,Y) is canonical and
appears as No. 1 in our list.

Case (I)(b): After suitably renumbering we may assume ng = 2 and with o(X) =1 we
obtain the following two big cones in X:

oj := cone(vg;, v11,v21,v31), Where 1 < j <2

Moreover, after applying suitable row operations, the matrix P and the vectors v, and
!/

vy, are of the following form:
-1 -1 2 0 0 r 2243
p_| -1 -1020 o= 0,002,
-1 -1 00 2|
/ o 2y+3
oy 111 Vgy = [OvoyovT }

where z < y holds. As X has at most canonical singularities, we conclude 0 < (2z +
3)/3 <1and —1 < (2y+ 3)/3 < 0. This implies z € {—1,0} and y € {-3,—2}. Com-
puting their anticanonical complexes shows that all of the possible varieties X (A, P, X))
are canonical. Note that for x = —1, y = —3 and « = 0, y = —2 the resulting rings
R(A, P) are isomorphic. All in all this gives the varieties Nos. 2 to 4 in our list.

Case (II) (o(X) = 2): Due to Remark we are in one of the following situations:

(a) n=4and m =2
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(b)y n=5and m=1

(c) n=6and m=0

Case (II)(a): After applying suitable row operations, we arrive at

-2 2 00 0 O
-2 02 0 0 O
P= -2 00 2 0 O
zr 1 1 1 -1 1

We obtain a point

T+ 3 1
(0,0,0, T) = 1(001 + v11 + v21 + v31) € conv(vo1, V11, V21, v31) N [trop(X)].

Remark implies —1 < 1/4(x + 3) < 1 and thus —7 < x < 1. Assume z is even.
Then the first column of P is not primitive; a contradiction. For xz € {-7,—5,—1,1},
calculating the anticanonical divisor class shows that the resulting varieties are not Fano.
Thus, the only possible case left is x = —3. In this situation, computing the anticanonical
complex shows that the resulting variety is a canonical Fano variety, which appears as
No. 5 in our list.

Case (II)(b): We may assume ny=2 and after applying suitable row operations we
arrive at
-1 -1
-1 -1
-1 -1
T Yy

P=

_= O O N
= o NN O
=N OO

o O O

-1

where we may assume x < y. Note that due to completeness of X, we have [trop(X)| C
|X|. Therefore, we obtain a big cone o containing [0,0,0, 1] and a vertex v/ of A

2
o = cone(vog, v11, v21,v31), v, =[0,0,0,1+ 34l
Due to canonicity of X we conclude 0 < 1+ (2/3)y < 1 and thus —1 < y < 0. Now

consider the point

2x+ 3
5

Using Remark we obtain —1 < 1/5(2z + 3) < 1 and thus —4 < z < 1. Computing
the anticanonical complex in these cases gives Nos. 6 to 8 in our list.

0,0,0, | = 5(21)01 + v11 + v91 + v31) € conv(vp1, V11, V21, v31) N [trop(X)].

Case (II)(c): In this case X is a full intrinsic quadric and therefore Proposition
implies p(X) = 1, a contradiction to p(X) = 2.
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Case (III) (o(X) = 3): Due to Remark and Lemma (1) we may assume

2=mn9>n; =...=mn3 =1and m = 2. After applying suitable row operations we
arrive at
-1 -1 2 0 0 0 O
p_ -1 -1 0 2 0 0 O
-1 -1 0 0 2 0 O
r y 1 1 1 -1 1

where we may assume x < y. Consider the point

2z + 3 1
[0,0,0, T] = 5(21)01 + v11 + v21 + v31) € conv(vo1, V11, v21,v31) N [trop(X)].
Using Remark we obtain —1 < 1/5(2x +3) < 1 and thus —4 < x < 1. Replacing
vo1 with vga in the above calculation, we obtain —4 < y < 1 as well. Computing the
anticanonical complex in these cases gives No. 9 in our list.

We proceed by proving that the varieties defined by the data in our list are pairwise
non-isomorphic.

Considering the divisor class groups, the only possible combinations to compare are Nos.
2 and 3 and Nos. 6, 7 and 8. The Fano index of a Fano explicit general arrangement
variety X = X (A, P,X) is the largest integer ¢(X) such that —Kx = ¢(X)w holds
with some w € CI(X). If X is isomorphic to another general arrangement variety X'
then their Fano indices coincide. Denote by X; the explicit general arrangement variety
defined by the i-th datum in our list. Then the varieties X9 and X3, Xg and Xg and X~
and Xg are not isomorphic due to the following table:

Xi | Xo| Xs| Xe | X7 | Xs
X)) | 36 [ 1] 1]2

Thus, we are left with comparing Nos. 6 and 7. The effective cone of an explicit general
arrangement variety X = X (A, P,Y) is the cone

Eff(X) = cone(w;j, wy, 0 <i<r,1<j<n;,1<k<m).

If X is isomorphic to another general arrangement variety X’ then there is a lattice
isomorphism mapping the extremal primitive ray generators of Eff(X) onto that of
Eff(X’). Considering the varieties Xg and X7 their effective cones are Eff(Xg) =
cone([1,—1],[0,1]) and Eff(X7) = cone([—1,2],[1,0]). Thus the varieties are not iso-
morphic as Eff (X¢) is a smooth cone whereas Eff(X7) is not.

We finish the proof by showing that the varieties in our list are of true complexity two.
We treat all varieties except the one encoded by the 2nd datum of our list at once. Let X
be any of these varieties and assume T x X — X is a maximal torus action on X. As all
the homogeneous components R(X),,, are one-dimensional Lemma applies and we
conclude that in these cases the generators T; resp. Sj are homogeneous with respect to
the grading defined via the (T x Hy)-action on X. As the ideal defining X is principle,
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the relation is homogeneous as well and thus T x Hx acts as a sub-quasitorus of the
maximal quasitorus defined via the maximal diagonal grading, see [6, Constr. 3.2.4.2].
Modding out the Hx-action yields that T is indeed one-dimensional.

Now, let X be the variety encoded by the 2nd datum in our list. Here, the homogeneous
components R(X),, are one-dimensional for ¢ > 3. In particular, the variables T3, Ty and
T are homogeneous with respect to the (Z! x Kx)-grading defined via the (T x Hx)-
action on X. Considering the 2-dimensional graded component R(X)w, = R(X)uw,,
one concludes that there exists a (Z! x Kx)-homogeneous set of generators of the form
Ty + XTy, pTy + T, T3, Ty and T5 € R(X), where A\,u € K. We obtain a graded
isomorphism between R(X) and

R:=K[f1, fo, f3, [0, f5)/(ufT — O + D) fifo + N fs — (A — 1)2(T5 + T + T2)),

where the variables and the relation of the latter ring are (Z! x Kx)-homogeneous.
We conclude that the (Z! x Kx)-grading on R is a coarsening of its maximal diagonal
grading. Modding out Kx, we conclude t < 1 and T is indeed one-dimensional. O

Proof of Proposition[5.1.5. Denote by n(!) resp. n(® the number of terms of g with
n; = 1 resp. n; = 2, where 0 < 4 < r. Then, as X is Q-factorial and of complexity
¢ = dim(X) — 1, the dimension and the Picard number of X are given as

dim(X) =c+1=nM 4+n® -1, oX)=n+m—-r—1=n%4m.

In particular, using Proposition we conclude dim(X) = o(X)—m4nH -1 < nH 42,
In case that X is of dimension two, terminality means smoothness and the assertion
follows due to the classification of smooth Del Pezzo surfaces, see [27, [62]. In case that
X is of dimension 3, Theorem [5.1.2] shows that there exist no terminal varieties. Assume
dim(X) > 4. Then n1) > 2 holds and after reordering and applying admissible row
operations we may assume that P contains the following two columns:

Voo = (0,...,0,2,0,1), v =(0,...,0,2,1).
As X is complete and ¢ > 2 holds we have cone(v(._1);,vr1) € X and Remark
implies
(0,...,0,1,1,1) € conv(v(r_1)1,vr1) € A

In particular, there is a lattice point in .4 which is neither the origin nor a primitive ray
generator of 3 and therefore X can not be terminal. O

5.5 Proof of Theorem 5.1.1]

In this section we prove the remaining assertions stated in Theorem We begin
by proving that all Q-factorial Fano intrinsic quadrics of dimension three and Picard
number one are T-varieties of complexity one or two. This proves that Sections [5.3]
and provide indeed the full classification list.
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Proposition 5.5.1. Let X = X(A, P,X) C Z be a Q-factorial Fano explicit intrinsic
quadric of dimension three and Picard number one. Then X is either of complexity one
or two.

Proof. We consider the Cox ring R(A, P) of X. By assumption we have n +m =5 for
the number of variables in R(A, P). Thus, by renaming the variables, we may assume
that R(A, P) =K[T1,...,T5]/{g) holds, where g is a quadratic polynomial contained in
the following list:

(i) T2, T\Ty or T? + T3,

)
(11) T1T2 + T32 or T1T2 + T3T4,
)

)

(iii) any quadratic polynomial with three or four terms,
(iv) T+ T3+ T3 + T3 + TZ.

If g is one of the polynomials in (i), then R(A, P) is not integral; a contradiction.
Now assume g is one of the polynomials in (74). Then the finest possible grading on
R(A, P) leaving the variables T1, ..., T and the relation g homogeneous turns the total
coordinate space of X into a toric variety. Thus X is toric, implying that its Cox ring
is a polynomial ring. This contradicts the fact that its total coordinate space has a
singularity at the origin. Finally, assume g = T2 + T§ + T3 + T2 + T2 holds. Then we
obtain

2.2 00 0
2020 0
=1 900 2 0
200 0 2

Therefore in order to make the columns of P primitive, P has to be quadratic, contra-
dicting o(X) = 1. Thus the only case left is (i74) which proves the assertion. O

Now we turn to the irredundancy of the classification list.

Remark 5.5.2. Let X = X (A, P,¥) C Z be an n-dimensional explicit intrinsic quadric.
Then the following numbers are invariants of X:

(i) The anticanonical self-intersection number —K%, which can be directly computed
via [6, Constr. 3.3.3.4].

(ii) The Fano index q(X), which is defined as the largest integer ¢(X), such that
—Kx = ¢q(X) - w holds with some w € Cl(X).

(iii) The Picard index p(X), which is defined as the index of the Picard group inside
the divisor class group. Note, that in our situation, the Picard group is given as

Pic(X)= [ QoNZ™™) C CI(X).

70 Xy
X-face
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(iv) The dimension of the automorphism group dim(Aut(X)).

Moreover, if X is isomorphic to another intrinsic quadric X’ = X (A’, P’,%’), then R(X)
and R(X') are isomorphic as graded rings. In this case, the following holds:

(i) We have dim(X *"®) = dim (X7 **®).
(ii) There is a bijection between the set of generator degrees Qx and Q.
(iii) The sets QUM .= {dim(R(X)y); w € Qx} and QP coincide.
Proposition 5.5.3. The varieties defined by the data in Theorem |5.1.1] are pairwise

non-tsomorphic.

Proof. We denote by X; the Fano variety defined by the i-th datum in Theorem [5.1.1
by R; its Cox ring, by X; its total coordinate space and by €; = {w1,...,w,} its set
of generator degrees. As the divisor class group, the Fano index and the anticanonical
self-intersection number presented in Theorem are invariants, we only need to
compare those varieties X; and X, where all these data coincide. The next table presents
invariants of these varieties, where the cases to compare are divided via horizontal lines:

i ‘p(Xi) dim(Aut(X;)) dim(fismg)

16| 24 2 1
17| 24 2 0
20| 48 2 1
21| 24 2 1
271 240 2 1
28 | 120 2 1
30| 24 2 1
31| 48 2 1
33 9 2 0
34 9 2 0
35| o4 2 0
36 | 18 2 0
41| 16 2 0
42| 16 2 1
43 8 2 1
46 | 48 2 1
47| 48 2 1
50 | 36 2 0
51| 36 2 0
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521 36 2 1
55 | 64 2 1
56 | 64 2 1
62 8 2 2
63 8 2 1
64 8 1 0
67 | 48 2 2
68 | 48 2 1
69 | 48 1 0
7| 72 2 2
76| T2 2 1
T 72 1 0

There are only 4 cases left, that can not be distinguished via the table above. We treat
them in the following paragraphs:

X33 and X34. In this case the homogeneous component of Rs3 of degree (1,0) € Qa3
has dimension three. This is in contrast to to R34, where the maximal dimension of the
homogeneous components with respect to the generator degrees in 234 is two.

Xy and Xy7. In this situation, all homogeneous components of R4¢ with respect to
the weights in (46 are one-dimensional which is in contrast to the two-dimensional
homogeneous component of R47 of degree (2,0) € Qy7.

X509 and X51. Note, that due to Remark we have a bijection Q59 — 51. Now
|50 = 5 which is in contrast to |Q51] = 4.

Xs55 and Xs6. Assume there is a graded isomorphism Rs5 — Rs6. Then we have an
isomorphism Cl(X55) — Cl(X56) mapping 55 onto Q5. We go through the possible
images of (1,1) € Qs5: Assume that (1,1) is mapped on either (1,1) or (1,5). Then
(2,2) € Qp5 is mapped on (2,2) which is not contained in Q56; a contradiction. Now
assume (1,1) is mapped on (1,0) or (1,2) then (2,2) is mapped on either (2,0) or
(2,4) which are not contained in s5¢; a contradiction; Finally assume that (1,1) is
mapped on (2,6). Then (2,2) is mapped on (4,4) which is again not contained in Qsg;
a contradiction. This implies that there is no graded isomorphism Rs5 — Rs6 and thus
X555 and X5 can not be isomorphic. ]



CHAPTER
SIX

SPECIAL ARRANGEMENT VARIETIES

In this chapter we investigate the example class of special arrangement varieties, i.e.
arrangement varieties, where the collection of doubling divisors forms a hyperplane ar-
rangement in special position. In Section [6.1], we give explicit descriptions of their Cox
rings and investigate their realizations as explicit T-varieties. As it turns out, some
special arrangement varieties admit a torus action turning them into a general arrange-
ment variety. We refer to the others as honestly special arrangement varieties. As a
first result, we show in Theorem that honestly special arrangement varieties of
Picard number at most two are never smooth. Proceeding with the singular case, we
prove that all arrangement varieties admit anticanonical complexes, see Theorem [6.5.1
In Section [6.5, we obtain an explicit description of the anticanonical complex for special
arrangement varieties in case that the weakly tropical resolution is a toric ambient mod-
ification as defined in [6]. As an application we obtain classification results in the case of
three-dimensional canonical Fano honestly special arrangement varieties of complexity
two and divisor class group of rank at most two, see Theorem [6.6.2] The results of this
chapter are published in the joint work [50].

6.1 Arrangement varieties and their Cox rings

In Chapter [2] we have introduced the general arrangement varieties as an example class
for explicit T-varieties. In this section we extend the description to special arrangement
varieties, i.e. arrangement varieties having a hyperplane arrangement in special position
as their doubling divisors. In the first part of this section we recall and adapt the notions
from Chapter [2] to arbitrary arrangement varieties. In particular, we explicitly describe
their Cox rings and their realization as explicit T-varieties. Accompanying the reader,

we have the running example [6.1.1], [6.1.5] [6.1.8], [6.1.13], [6.1.16] and [6.1.21] The proofs of

the statements in this section are presented in the subsequent section.

145
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Recall, that a projective hyperplane arrangement Hy, ..., H, in P, is called in general
position, if for every choice 0 < iy < ... <1, < r, the intersection H;, N...N H;, is of
codimension k£ and otherwise, it is called in special position.

Example 6.1.1. Consider the following collection of lines in Ps:
Hy =V (Ty), H, :=V(T), Hy =V (T3)

H3 = V(T() + Tl), H4 = V(TO + TQ).
Then Hy, ..., H, is a projective hyperplane arrangement in special position.

Definition 6.1.2 (See Def. . A (general / special) arrangement variety is a variety
X with an effective torus action T x X — X having 7: X --» P, as a maximal orbit
quotient and the critical values form a projective hyperplane arrangement in general
(special) position.

Remark 6.1.3. Every arrangement variety has a finitely generated Cox ring, due to [46],
Thm. 1.2].

Having a finitely generated Cox ring, we turn to the description of arrangement varieties
as explicit T-varieties as in Chapter [I, We work in a similar manner as done in the case
of general arrangement varieties and begin with the description of their Cox rings.

Construction 6.1.4. Fix integers r > ¢ > 0, ng,...,n, > 0 and m > 0 and set
n:=mng+ ...+ n,. The input datum is a tuple (A, Fy) as follows:

e A= (ap,...,a;) is a (c+ 1) x (r 4+ 1)-matrix of full rank with pairwise linearly
independent columns a;.

o Py isarx(n+m)-matrix build up from tuples l; = (I;1, ..., lin,) of positive integers
—lp L1 0 ... 0
Py = : ) : :
—ly I, 0 ... 0

Write K[T;;, S| for the polynomial ring in the variables T;;, where i = 0,...,7, j =
1,...,n;, and S, where k = 1,...,m. For every [; we define a monomial

T = T T € K[Ty, S
and to any v € K"™! we assign the polynomial

g =0T + ...+ v, € K[T};, Si).
Then any tuple (A, Py) defines a K-algebra

K[Tij, Skl /(903 v € ker(A)).
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Now let e;; € Z™ and e}, € Z™ denote the canonical basis vectors and let
Q(]Z zntm — KO = Zn+m/lm(P6k)

be the projection onto the factor group by the row lattice of Py. This defines a Ky-graded
K-algebra
R(A, Po) := K[T;j, S]/ (g0; v € ker(4),

deg(T35) := Qolesj), deg(Sk) == Qolex)-

Example 6.1.5. Consider the projective hyperplane arrangement Hy, ..., Hy from Ex-
ample We store the coefficients of the defining linear forms as the columns of a
matrix A and set

L00 1 02000

A=|01010/|, P:=
00 101 -1 =100 20 0
-1 -1000 20

Using this as input data in Construction we obtain the following Z3 x (Z3)? graded
K-algebra, where we store the degrees of the generators 7;; and Sy as the columns of a
matrix Qg:

R(A, Py) = K[To1, Toa, Ti1, To1, Ts1, Tur, 1)/ (Tor Toa + T + T2, Ton Toe + Ty, + T3,

-1 0

)

= R= OO

0
0
1
1
1
0

IO = O =
IOl = OO

IOl = O
lev]NenlNen] Nan il

1
1
0
i 1 |

A direct computation shows that the ring R(A, Pp) is an integral, normal, complete
intersection ring of dimension 5 having R(A, Py)* = K*.

Theorem 6.1.6. Let R(A, Py) be a K-algebra arising from Construction |6.1.4. Then
R(A, Py) is an integral, normal, complete intersection ring satisfying

dim(R(A, Py)) = n+m—r+ec, R(A, R)* = K*.
The Ko-grading is effective, pointed, factorial and of complexity c.

Construction 6.1.7. Let R(A, Py) be as in Construction We build up a new
(r+s) x (n +m) matrix
_ | B

where we require the columns of P to be pairwise different and primitive and generate
Q"** as a vectorspace. Let Q: Z"™™ — Z"™™ /im(P*) =: K be the canonical projection.
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Then we obtain a new graded ring R(A, P) by defining a K-grading on the ring R(A, P)
by setting
R(A, P) := K[Tij, Sk] /(g0 v € ker(A)),

deg(Ty;) := Q(eij),  deg(Sk) := Qlex).
Example 6.1.8. We continue Example [6.1.5[ and choose
di=[-2 -3 1111 1].
This defines a Z? x (Z3)? grading on the resulting algebra
R(A, P) = K[To1, Toa, Tu1, Tor, Ts1, Tur, S1)/(TonToz + TH + T3, TnToz + 131 + Thh),
where we store the degrees of the variables as the columns of the following matrix Q:

0

|
—_
o

== =] = =
= Ol = O
Ol = == O
Ol O Ol = =

[en]NenlNanli g

== =] =
Ol Dl ] =

Corollary 6.1.9. The K-grading on R(A, P) is effective, factorial and of complezity c.
Moreover, if the columns of P generate Q"% as a cone, then the K-grading is pointed.

We obtain the following proposition as a direct consequence of the results from Chapter|I}

Proposition 6.1.10. The Cox ring of an arrangement variety is isomorphic to a ring

R(A, P) as in Construction[6.1.7,

Now we turn to the realization of arrangement varieties as explicit T-varieties using
the rings R(A, P). Note, that the subsequent statements are adapted versions from
Chapter [2]

Recall that R(A, P) is an irreducible, normal complete intersection ring of dimension
n+m—(r—c). In particular, it defines an affine variety V (g1, ..., gr—c), where gi,..., gr—c
are generators for the ideal (g,,v € Ker (4)) as in Construction

Construction 6.1.11. Let R(A, P) be a K-graded ring as in Construction and
assume the variables Tj;, S, to be K-prime. Choose any fan ¥ in Z"* having precisely
the columns of P as its primitive ray generators and denote by Z the corresponding toric
variety. Then we obtain the following diagram

V(gis. . gre) = X e—— 2 = Km
Ul Ul
XnZ = X—s7Z

b Lo

X —— 7
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where H := Spec K[K] is the characteristic quasitorus of Z, acting on the characteristic
space 7= Zand X =X (A, P,Y) is the image of X under the latter morphism. The
torus 71" acting on Z splits as a product 7" x T° and the T := T*-factor leaves X C Z
invariant.

Remark 6.1.12. The varieties X := X (A, P,¥) as in Construction|6.1.11|are irreducible
and normal with dimension, invertible functions, divisor class group and Cox ring given
by

dim(X)=s+¢, TI'(X,0")=K* ClI(X)=K, R(X)=R(AP).

Moreover the T-action on X is effective and of complexity c.

Example 6.1.13. We continue Example Note that the variables T;; and Sy of
R(A, P) are K-prime. Denoting the columns of P with v;; and v; with respect to the
variables T;; and S7 we choose the fan > with maximal cones

cone(vg2, V11, V21, V31, 41), cone(voi, Va1, Va1, V1),

COHG(UOh V11, V31, Ul), CODG(UOb V02, V21, 1141), COHG(UOL V02, V11, 031),
cone(vs1, v41,v1), cone(vay,v31,v1), cone(vir,var,v1), cone(viy, va1,v1).

The resulting variety X (A, P,Y) has dimension three, only constant invertible global
functions, divisor class group CI(X) = Z? x (Z3)? and Cox ring R(X) = R(A4,P).
Moreover, the T-action is of complexity two.

Construction 6.1.14. Let X := X (A, P,X) C Z be as in Construction [6.1.11] Then

X fits into the following diagram:
/

where Z; is the (open) union of the torus and all orbits of codimension one in Z, the
morphism Zy — P, is a toric morphism induced by the projection of tori 77+t — T,
the downward rational maps are defined via this morphism and P, is linearly embedded
into P, via [z] — [Alz].

X —nZ Zo

|

1

|

|
~

P, —— P

<

Remark 6.1.15. The rational map X --» P. is a maximal orbit quotient for the T-
action of X, where the critical values form the hyperplane arrangement

Ho,...,HT QIP’C, H’L = {[CL’] E]Pc; <a’i7$> :0}

In particular, any variety X (A, P, ) as in Construction|6.1.11|is an arrangement variety.
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Example 6.1.16. We continue Example [6.1.13, The variety X = X (A, P,Y) is an
arrangement variety having X --+ P as a maximal orbit quotient. In this case Py is
realized inside P4 as

Po=V(To+T1+T15,To + 1o+ Ty) C Py
and the critical values form the line arrangement in special position from Example
Hy=V(Tp), Hi=V(T1), Hy=V(Ty)

Hs = V(To + Tl), H, = V(T() -+ TQ).

In particular X is an arrangement variety and as we will see later it is one of the three-
dimensional Fano canonical complexity two varieties in Theorem [6.6.2

Definition 6.1.17. We call a variety X (A, P,¥) C Z as in Construction |6.1.11| an
explicit arrangement variety.

Remark 6.1.18. Every arrangement variety is equivariantly isomorphic to an explicit
arrangement variety.

Let us recall the basic notions on tropical varieties. Let Z be a toric variety with acting
torus 7T'. For a closed subvariety X C Z intersecting the torus non trivially consider the
vanishing ideal (X NT') in the Laurent polynomial ring O(T"). For every f € I(XNT) let
|2(f)| denote the support of the codimension one skeleton of the normal quasifan of its
Newton polytope, where a quasifan is a fan, where we allow the cones to be non-pointed.
Then the tropical variety trop(X) of X is defined as follows, see [61], Def. 3.2.1]:

trop(X) == [ [Z(f)] Q™.
fer(XnT)

Definition 6.1.19. Let X (A, P,¥) C Z be an explicit arrangement variety. We denote
the columns of P with v;; and v, according to the variables T;; and Si. A P-cone is a

cone o C Q" such that its set of primitive ray generators is a subset of the columns of
P, ie.

o =cone(vj,,vk; 1 €1 CH0,...,r}, ;€ i C{1,...,ni},ke K C{l,...,m}).
We call a P-cone o0 C Q"1*
(i) a leaf cone, if o C |trop(X)| holds.
(ii) a big cone, if a° N ({0} x Q%) # () holds.

(iii) a special cone, if it is neither big nor leaf but ¢° N |trop(X)| # 0 holds.

Applying [75, Lem. 2.2], we obtain the following remark.
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Remark 6.1.20. Let X (A, P,YX) C Z be an explicit arrangement variety. Then the
cones in X are of leaf, special or big type.

Example 6.1.21. We continue Example [6.1.16| and investigate the fan 3. To describe
the tropical variety of X denote by ey, ...,es the canonical basis vectors of Q* and set
€y = —€1 —...— €4, €5 = €9+ €2 + eyq, eg ;= €9 + e + es.

We define a fan A with maximal cones cone(e;, e;), where (7, j) is one of the following
tuples:
(0,5), (0,6), (1,2), (1,4), (1,6), (2,3), (2,5), (3,4), (3,6), (4,5).

Then trop(X) = |A x Q| holds. Checking the items in Definition [6.1.19| for the cones in

3., we obtain one big cone
cone(voz, V11, V21, V31, Va1),

four special cones
CODe(Uoh V21, V41, Ul), COHG(UOh V11, V31, U1)7

cone(vo1, Vo2, V21, v41), cone(vot, Vo2, V11, V31),

and four leaf cones
cone(v31,v41,v1), cone(vay,v31,v1),

cone(vi1,v41,v1), cone(viy, vy, v1).

6.2 Proofs to Section [6.1]

This section is dedicated to the proofs of the statements in Section In a first step
we investigate product structures on the rings R(A, Py). Then we turn to the proof of

Theorem [6.1.61
Definition 6.2.1. Let R(A, Py) be a ring as in Construction

(i) We call the matrix A indecomposable if for any subset I C {1,...,7 + 1} we have
{0} # Lin(a;; i € I) NLin(a;; j ¢ ).

(ii) We call a ring R(A, Py) indecomposable if A is indecomposable and I;;n; > 1 holds
for all 4.

Proposition 6.2.2. Fvery K-algebra R(A, Py) from Construction is isomorphic
as a K-algebra (forgetting the Ko-grading) to a product

t .
R RAD, Py @ K[S1, ..., S, (6.2.1)
i=1

where the algebras R(A(i), éi)) are indecomposable with m® = 0 foralli=1,...,t and
m’ > m holds.
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Remark 6.2.3. Note that these algebras are in general not isomorphic as graded
algebras concerning their natural gradings: The Kjy-grading defined on the product
via the isomorphism is in general coarsening the grading defined via the product
K(()l) X ... X Két) x Z™ . We will investigate this fact in Chapter [7, where we consider
arrangement-product varieties.

Remark 6.2.4. The following list of admissible operations does not effect the isomorphy
type of a ring R(A, Fp):

(i) any elementary row operation on A.
(ii) swap columns in A and accordingly columns in Py.

(iii) swap any column in Py inside a block ;.

In particular, without loss of generality we may always assume the matrix A to be in
reduced row echelon form A = (E.41,0c+1,---,a,) and the polynomials g; generating
Ker(A) to be of the following form:

lc i .
g; = )\Oﬂ'TéO + ...+ )\aiTCIC + /\(c+i),iT(é_:i))7 1<i1<r—c (6.2.2)
Note that we have g; = gy, for v; = (@ct144, —€;), where e; denotes the i-th canonical

basis vector of K"~¢.

We turn to the proof of Proposition [6.2.2] The following lemma is straightforward but
for the convenience of the reader we will prove it here:

Lemma 6.2.5. Let A = (ap,...,a,) be a matriz as in Construction|6.1.4. Then there
exists a unique decomposition of K1 into vectorsubspaces Vi ® ... ® V; such that the
following holds:

(i) For each 0 <i <1 there exists j(i) € {1,...,t} with a; € Vj).

(i) If Vi @ ... ® V] is any other decomposition fulfilling (i), then for every 1 < i <t
there exists 1 < j < s with V; C Vj’.

Proof. Let Vi @ --- @ V; be any decomposition of K¢t fulfilling (i). We construct a
decomposition fulfilling (ii) by successively refining this given decomposition. For this let
Vi®...®V! be any other decomposition fulfilling (i) and assume our given decomposition
does not fulfill (ii). Then there exists 1 < ¢ < s such that V; & Vj’ forall 1 < j < s.
Set A; := {k; a € V;}. Then for every k € A; there exists j(k) with aj € Vj’(k). In
particular, we obtain a decomposition

Vi=Vin (D Viw) = D Vin Vi,
keAi kJEAi

and dim(V;) > dim(V; N Vj()) holds for any k € A;. Iterating this step we end up with
a decomposition fulfilling (ii). O
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Proposition [6.2.2]is a direct consequence of the following more technical Lemma.

Lemma 6.2.6. Let R(A, Py) be a ring as in Construction |6.1.4, Then the following
statements hold:

(i) Let V1 @ Vo = Kt be a decomposition fulfilling Assertion (i) of Lemma and
assume dim(Vy) = 1. Then R(A, Py) = R(A’, P}) holds, for a tuple (A’, P)) with
rk(A") < rk(A) and m' > m.

(i) Let Vi @ Vo = Kt be a decomposition fulfilling Assertion (i) of Lemmam and
assume dim(V;) > 1 for i =1,2. Then we have

R(A, Py) = R(AD, P{V) @ R(A®) | P{Y),
for suitably chosen data (A®), Po(i)) with tk(AM) + 1k(A®) = rk(A) holds.

Proof. Let Vi @ Vo = K°! be a decomposition fulfilling Assertion (i) of Lemma
Then, by applying Remark (ii) we may assume V) = Lin(ag,...,a;) and Vo =
Lin(ay1, .. .,a,). Furthermore, as elementary row operation do note effect the isomor-
phy type of R(A, Py), we may assume V; = Lin(ey,...,es) and Vo = Lin(egy1,...,ect1).

We prove (i). For this let dim(V;) = 1, i.e. we have t = 0 and s = 1. Then ag = Ae;
holds and all entries a;; with j > 1 equal zero. We conclude R(A, Py) = R(A’, Py), with
m/ = m+ng, A’ is the matrix obtained by deleting the first row and the first column of
A and Pj is build up from the tuples Iy, ..., .

We turn to (ii). Assume we have dim(V;) > 1 for ¢« = 1,2. Then A is a block matrix of

the form "
Al 0

and we conclude R(A, Py) = R(AW, Po(l)) ® R(AP), P0(2)), where Pél) is build up from
loy .-, 1, P0(2) is build up from l;11,...,l, and mq, me are positive integers with mi; +
mo = m. O

We turn to the proof of Theorem Let (A, Py) be as in Construction Then
the defining relations g, of the ring R(A, Py) can be obtained in the following way: For
any v € Ker (A) write

f?_} = ’UoTO + .. ~U7'T'r’ S K[T07 st 7T7']

for the corresponding linear form. Then g, = fU(TéO, ..., T") holds. We will use this
observation to prove in Lemma connectedness of the affine variety X := V(g,; v €
Ker (A)). Moreover, in Proposition we deduce the dimension of X from that of
Y =V (fy; veKer(A)).
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Remark 6.2.7. Consider the polynomial ring K[7p,...,T;| endowed with an effective
pointed Z-grading deg(T;) = w; € Z~o and let f € K[Tp,...,T,] be any homogeneous
polynomial. Then the polynomial

g:=f(T,...,T") € K[T};, Sk
is homogeneous with respect to the grading defined by:

ng... n,,l()l . o l’r‘nr
n,;lij

deg(TU) = TS Z>0. (6.2.3)

Lemma 6.2.8. In the situation of Remark: let fi,...,fs € K[Ty,...,T;] be homo-
geneous polynomials and set g; := fi(TéO, .., T) € K[Tij, Sk]. Then the affine variety
X :=V(g1,...,9s) is connected.

Proof. Consider the acting torus (K*)"*™ of K"*™ and the multiplicative one-parameter
subgroup

A K* — (K*)ntm, ts (E00, S L),
where (;; := deg(T;;) is as in (6.2.3). Then by construction the image A(K*) acts on X

and has 0 as an attractive fixed point. This gives the assertion. O

Proposition 6.2.9. Let Y = V(f1,..., fs) C Kt be irreducible of dimensionr+1—s
and set
X =V(g,...,g9s) with g; := fi(TéO, ... ,Tf*) € K[T3;, Sk)-

Then X is pure of dimension n+m — s.

Proof. Let X = X1 U...U X; be the decomposition of X into irreducible components.
Note that we have dim(X;) > n+m —sfor1 < j <t as X = V(g1,...,9s) holds.
Consider the surjective morphism

p: Kvtm K+ (TO1y vy Trnyy T1y v Tpy) > (:cf)o, e a:lr).

»Tr

Then by construction of X the restriction ¢|x: X — Y is again surjective and we
conclude that

@ji=¢lx;: Xj = o(X;) =Y; CY
is dominant for every irreducible component X;. Applying [72, Thm 1.1], we obtain an
open subset U C Y; such that for all y € U we have

dim(¢; ' (y)) = dim(X;) — dim(Y;) = dim(X;) — dim(Y) + k

with £ > 0. Note that the latter equality holds as ¥; C Y is a closed subvariety. Now
for any y € K" we have

PN y) = VTP — g0, T — ) SR
and thus dim(¢~!(y)) = n +m — (r 4+ 1) holds. We conclude
dim(X;) —dim(Y) + k = dim(goj_l(y)) <dim(p ') =n+m—(r+1)
and therefore dim(X;) < n +m — s+ k holds, which gives the assertion. d
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Proof of Theorem [6.1.6. In order to prove this statement it suffices to consider indecom-
posable algebras R(A, Py). Let B be a basis for ker(A) and fix v € B. Then the linear
forms

for=volo+ ...+ 0,71, € K[Tg,... ,TT]

are Z-homogeneous with respect to the standard Z-grading on K[Tp,...,7,]. In partic-
ular, applying Lemma we conclude that X := V(g,; v € B) is connected.

We want to use Serre’s criterion to show that X is normal and I(X) = (g1,...,9r—c)
holds. In particular, as X is connected this implies that R(A, Fp) is integral. Assume A to
be in reduced row echelon form as in Remark and set A" := (a3;)ij = (Gct1,- - -, ar).
Recall that the relations ¢1,...,g,—. are of the form g,,,..., gy, _., where v; denotes the
i-th row of the following block-matrix:

[y [ -Be ]

Now, set §; := grad(Tili) and J; := (a;i -6;)i,j- Then the Jacobian of g1,...,gr—. is of
the form
_6c+1
J=1 ]
—6,

Now assume that J(x) is not of full rank. Then there exist at least two indices ¢ + 1 <
i1 < iz < r such that d; () = 0 holds. Moreover, as the columns of A’ are pairwise
linearly independent, we have d;,(z) = 0 for at least one more index 0 < i3 < ¢. In
particular, this implies that there exist 1 < j, < n;, such that x;, j, = @i, j, = 24, 5, =0
holds. We conclude that any = with J(x) not of full rank is contained in one of the
finitely many affine subvarieties of X of the following form:

V(fl(TéO7 s 7T7£T)7 R fT_C(TéO, S 7Trlr)7Ti17j17Ti2,j2aTiavj3)v

where f; = fi(To, .. ,Tr) with T,k =0 for k =1,2,3 and T} := T} else. We claim that
these subvarieties are of codimension at least 2 in X. By Proposition [6.2.9]it suffices to
show that ¥ := V(fl, ce fr_c,Tll,TZQ,T ) € K™+ is of codimension at least r — ¢ + 2.
For this note that

Y :=V(fi; i ¢ {i1 — ¢,ig — }) N V(T},, T}, Tiy) C K+

is irreducible and of codimension r — ¢ + 1. Consider the matrix B arising out of A’
by replacing its i3-th row with a zero row. Then by construction for k£ = 1,2 we have
fzk —¢ = fu, where v = (by gy DetLig, 05 e ,0) € K™*1. In particular ﬁk c € I(Y') for
k € {1,2} if any only if fi,—. = 0. We conclude that Y C K™t is of codimension at
most r — ¢+ 1 if and only if f“ e = fl2 ¢ = 0 holds. This contradicts the fact that the
columns of A’ are pairwise linearly independent.
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In order to complete the proof we have to show that the Ky-grading has the desired
properties. By construction, the Ky-grading is effective. Moreover, using Remark
we obtain a one parameter subgroup of Hy := Spec K[Kj] via

K* — Ho, Es (8901, S ),

where (;; = deg(T};) is as in with wg = ... = w, = 1. As ¢; > 0 holds for
all 0 < ¢ < r,and 1 < j < n; we conclude that the grading is pointed. To obtain
factoriality of the Ky-grading, we localize R(A, Py) by the product over all generators
T;;, Sk, and observe that the degree zero part of the resulting ring is a polynomial ring.
Now applying [11, Thm. 1.1] completes the proof. O

6.3 (No) Smooth special arrangement varieties of small
Picard number

In this section we prove that in contrast to the general arrangement case, see Chapter
there are no smooth honestly special arrangement varieties of Picard number at most
two.

Definition 6.3.1. An honestly special arrangement variety is a special arrangement
variety X with honestly special arrangement Cox ring R(A, P), i.e. we have [;;n; > 1 for
alli=0,...,rand j = 1,...,n; and the graded ring R(A, P) is not isomorphic to a Cox
ring R(A’, P') of a general arrangement variety.

Remark 6.3.2. A special arrangement variety is honestly special if and only if it does
not admit a torus action that turn it into a general arrangement variety.

Example 6.3.3. Consider the ring R(A, P) defined by the following data

SN

A:0101, P:
00 1 0 -2 0 0 2
-1 1 11

Then any variety X (A, P, X)) is a special arrangement variety, that is not honestly special:
Consider the matrix
1 01
I Pp—
wa[101]

Then the ring R(A, P) is isomorphic as a graded ring to the ring R(A’, P), which in turn
is the Cox ring of a complexity one T-variety.

Theorem 6.3.4. Let X be a projective honestly special arrangement variety of Picard
number at most two. Then X is singular.
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The rest of this section is dedicated to the proof of Theorem We work in the
language of explicit T-varieties from Chapter [T}

Remark 6.3.5. Let X (A, P,X) be an honestly special arrangement variety. Then the
ideal of relations between the generators Tj;, S, of R(A, P) is generated by at least two
relations g, .

Remark 6.3.6. Let X := X (A, P,X) be a projective honestly special arrangement
variety. After suitably renumbering we may assume that for the defining relations

9t = MoTE + ..+ NeTle + T where 1 <t <r—c (6.3.1)

of R(A, P) there exists an index k € {0,1,...,c} such that A\ = 0 and A9 # 0 holds.
In particular the face

Y0 1= cone(eg1, Ak€(i4ep; 2 <t <1 —2) <y

is an X-face. Moreover the corresponding stratum in X is singular due to the number
of relations defining R(A, P).

Remark 6.3.7. Let X := X(A, P,X) be a projective arrangement variety of Picard
number one. Then every X-face {0} # 7o < 7 is an X-face.

Proof of Theorem for o(X) =1. Assume there is a smooth explicit honestly spe-
cial arrangement variety X := X (A, P,¥) with o(X) = 1. Then, using Remark we
obtain a X-face with singular stratum in X which is an X-face due to Remam
This contradicts smoothness of X due to Proposition [1.4.5] O

We consider the case of Picard number two. In a first step, we adapt techniques from [30,
42] to treat these varieties. We proceed with Lemma |6.3.10, where we obtain first
constraints on the defining data A, P and X. Then we go on proving Theorem [6.3.4] for
o(X) =2.

Remark 6.3.8. Let X := X (A, P,X) be an explicit arrangement variety with divisor
class group K = CI(X) of rank two. Then, inside the rational divisor class group
Cl(X)g = Q?, the effective cone of X is of dimension two and decomposes as

Ef(X) = 7T urxur,

+

where 7x C Eff(X) is the ample cone, 7
7t N7~ consists of the origin:

, T~ are closed cones not intersecting 7x and
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Due to 7x C Mov(X), each of the cones 77 and 7~ contains at least two of the rational
weights
wij = (w45, yij) := degg(Tiy),  wy := (T, yr) = degg(Sk).

Moreover, for every X-face {0} # vy < v precisely one of the following inclusions holds:

Q) € 77, ™x S Q(0)°, Q(v) € 7.
The X-faces are precisely those X-faces 79 < v with 7x C Q(70)°.

Remark 6.3.9. In the situation of Remark consider a positively oriented pair
w,w’ € Q% If, for instance, w € 7~ and w’ € 7% hold, then det(w,w’) is positive.
Moreover, if the variety X is smooth and w,w’ are the weights stemming from a two-
dimensional X-face 79 < 7, then we have det(w,w’) = 1 due to Proposition In
this case, we can achieve

w = (1,0), w' = (0,1)

by a suitable unimodular coordinate change on Z? C Q2. Then w” = (2”,1) holds
whenever w, w” are the weights stemming from a two-dimensional X-face and, similary,
w” = (1,4") holds whenever w”, w’ are these weights.

Recall, that an explicit arrangement variety X := X (A, P, %) is called quasismooth, if
for every X-face, the corresponding stratum in X is smooth.

Lemma 6.3.10. Let X := X(A,P,X) C Z be a Q-factorial quasismooth projective
honestly special arrangement variety of Picard number two. Then the following assertions
hold:

(i) If m > 0 holds, then all weights wy, lie either in 7 or in 77 .
(ii) If n; > 2 holds for at least one index 0 < i < r, then m = 0 holds.

(iii) n; < 2 holds for all 0 < i <.

Proof. We prove (i). Let m > 2. As cone(ey,) is an X-face for 1 < k < m, Remark
implies wy € 7x due to Q-factoriality of X. So assume we have wy, € 77 and wy, €
77. Then cone(ey,,ex,) is an X-face with singular stratum in X; a contradiction to
quasismoothness of X.

We prove (ii). Let m > 0. Then we may assume that wy € 77 holds for all 1 < k < m.
Assume there exists a weight w;; € 7~ with n; > 2. Then cone(ey, €;1) is an X-face with
singular X-stratum, which contradicts quasismoothness of X. Thus w;; € 7 holds for
all ¢ with n; > 2. Due to homogeneity of the relations we conclude w;; € 77 for all i with
n; = 1 and there are no weights left to lie in 77; a contradiction due to Remark

We prove (iii). Assume there exists an index ¢ with n; > 3. Then after suitably renum-
bering we may assume i = 0. We claim that all wg; lie either in 7% or in 77. Assume
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that this is not true and wp; € 77 and wgpy € 7~ holds. Then the cone cone(egy, ep2) is
an X-face with singular X-stratum as there are at least two relations defining R(A, P);
a contradiction to quasismoothness of X. Thus we may assume wg; € 71 for j =1,2,3
and homogeneity of the relations implies that all weights wy; with ny = 1 or ny > 3
lie in 77. Using Part (ii) and Remark we conclude that there exist at least two
indices 41,72 with n;; = n;, = 2 and after suitably renumbering we may assume that
Wi 1, Wiy1 € T~ holds. In particular, the X-face cone(e;,1,€01) is an X-face. As we have
at least two relations defining R(A, P), the corresponding stratum in X is singular; a
contradiction to quasismoothness of X. O

Proof of Theorem for o(X) = 2. We show that the existence of a smooth variety
X (A, P,%) as in the theorem leads to a contradiction in all possible cases.

Assume n; = 1 holds for all 0 < ¢ < r. Then due to homogeneity of the relations we may
assume that all weights w;; lie in 77. Thus due to Remark there exist at least two
weights wy,wy € 77. Due to Remark there exists an index k € {0,1,...,¢} such
that cone(er, ex1, Mik€(i4e); 2 <t <7 —2)is an X-face with singular stratum in X: a
contradiction to smoothness of X.

Now, due to Lemma [6.3.10] we may assume that 2 =ng > ... > n, > 1 and m = 0
holds. Due to homogeneity of the relations we may assume that all weights w;; with
n; = 1 lie in 77 and thus due to Remarkng = n; = 2 holds with wg;, w11 € 77 and
wp2, w12 € 7. Considering the X-faces cone(eqy, e12), cone(epz, €11), quasismoothness of
X implies gy = lgg = l11 = l12 = 1. After suitably renumbering we may moreover assume
w1 € cone(wor, woz). And thus applying Remarkto the X-face cone(egi, e12) turns
the degree matrix @) into the shape

Qzll To2

0 woo|yin 1

I11 O‘|

where 11,711 > 0. Applying Remark to the X-face cone(ej, eg2) we obtain 1 =
det(wi1,wo2) = T11Y02 — To2y11. Using homogeneity of the relations we obtain

yo2 = lo2yo2 = liiynn +liz = yu1 + 1, 1+ z02 = lo1 + lo2zo2 = L1211 = 211.

This implies zo2 = —y11 and yp2 = 2—x11, hence 1 —y1 = 11 > 0 and thus 0 <y < 1.
Assume y11 = 0. This turns the degree matrix @ into the shape

1 0|1 Of...
=[5 25 3]
In particular, the degree of the relations is (1,1). This implies n; # 1 forall 0 < i < r

due to the honesty of R(A, P). Assume there exists an index k with wg1, wge € 71 then

cone(eg, €92), cone(ega, eg2) are X-faces and applying Remark gives wr1 = (1, yg1)
and wgy = (1,yk2) in contradiction to homogeneity of the relations. Similar arguments
hold for w1, wre € 7. Thus we may assume w;; € 77 and wys € 7~ for all 0 < i < 7.
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Due to Remark there exists an index k € {0,1,...,c} such that cone(e;, e(c+2)2)
is an X-face with singular stratum in X. This contradicts smoothness of X. Thus we
may assume y1; = 1 this gives wi; = (0,1) = w2 which in turn is a contradiction to
wip € 7T and wie € 7. O

6.4 Toric ambient resolutions of singularities

The purpose of this section is to prove that explicit arrangement varieties admit a toric
ambient resolution of singularities as introduced in Section

Theorem 6.4.1. Let X := X (A, P,X) C Z be an explicit arrangement variety. Then
X C Z admits a toric ambient resolution of singularities.

In order to prove the above result, we make use of the weakly tropical resolution of an
explicit arrangement variety X = X (A, P,X) C Z. As the weakly tropical resolution of
X depends on the choice of a quasifan structure on trop(X), in the following remark we
will have a closer look at two possible choices.

Remark 6.4.2. Let X(A, P,Y) C Z be an explicit arrangement variety. Then, due to
Construction the matrix A gives rise to a linear embedding P. C P,.. Moreover,
the projection Pi: Q"™ — Q" onto the first r coordinates maps trop(X) onto trop(Y)
and we obtain

|trop(X)| = [trop(P. N'T")| x Q°.

In the following we will construct a fan structure on trop(Y’) and will endow trop(X)
with the corresponding quasifan structure, i.e.

trop(X) = {Pl_l(/\); A€ trop(Y)}.

Let A be as above and denote by A the set of columns of A. The lattice of flats L(A) is
the partially ordered set of all subspaces of K"t spanned by subsets of A. Note that all
maximal chains in £(A) have length c+1. For any S € £(A) denote by I(S) C {0,...,7}
the indices with a; € S and set eg := ZiGI(S) ei, where eg := — > i, e;. For any maximal
chain S; C Sy C ... C S. C K"™! we define a cone cone(eg,, ..., es,) and denote with
A(A) the fan having these cones as maximal ones. Then due to [61, Thm. 4.3.7] this
defines a fan structure on the tropical variety trop(PP.).

Note that the tropical variety of a variety Y C T" defined by linear relations can be
endowed with a unique coarsest fan structure, the so called Bergman-fan, see [61, Chap.
4].

Lemma 6.4.3. Let X := X(A,P,¥) C Z be an explicit arrangement variety. Then
X C Z admits a semi-locally toric weakly tropical resolution.
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Proof. Due to Theorem it suffices to show that the embedding P, C P, defined
by the matrix A admits a semi-locally weakly tropical resolution. For our purposes we
will endow trop(P.) with the fan structure A(A) defined in Remark Denote the
corresponding fan of P, with A. Then trop(P.) M A = trop(P.) holds. Let 7 € trop(Y)
be a maximal cone. Then 7 C § holds for a cone § € A and after a coordinate change
we may assume 6 = QL. Denote by v1,...,v. the primitive generators of the rays of 7.
Then by definition of the fan structure on trop(Y’) and after suitably renumbering we
achieve

k;
v; = ej, where 1=~F <ky<...<ke.
=1
We complement the set vy, ..., v, to a lattice basis of Z" by successively adding canonical
basis vectors in the following way: Whenever k;y1 > k; + 1 we add ey, yo,..., €k, -

Moreover, we add the vectors ej_11, . ..e,. This gives rise to a decomposition Z" =: N =
N(7) ® N as in Construction and we obtain an isomorphism Z, = U(7) x T ¢ =
K¢ x T"~¢. On the torus this isomorphism is given by the homomorphism ¢g: T" — T"
defined by the matrix B whose columns are the above lattice basis.

Let I := (f1,..., fr—c) be the ideal corresponding to T"NY. For any f € INK[T1,...,T;]
denote by f the push-down of f with respect to pp, ie., the unique (¢p).(f) €
K[T1,...T;] without monomial factors such that THp};((pr)«(f)) = f for a p € Z%,,.
Then by construction we have B

Y, =Y, :=V(f; felInK[T,...,T,]) CKx T Z,,

where the isomorphism on the left hand side is the restriction of the isomorphism on the
right hand side. In order to complete the proof we need to show that the restriction of
the projection onto the first ¢ coordinates to Y is an isomorphism onto its image and the
latter is an open subset of K¢. We show this by proving that for any k& > c¢ there exists a
push-down f of an equation f € I of the form f = h + A\, T}, where h € KTy, ..., Tk—1]
and A\ # 0.

Our proof is by induction. Let k = ¢+ 1. Recall that the (¢ 4 1)-th column of B is a
canonical basis vector e; for some 1 < ¢ < r. We distinguish between the following two
cases:

Case 1: There exists a ray generator v;;) with kj;;) > 4. Let j(i) be minimal with this
property. By construction of A we have ¢ = k;(;)_;+2. Moreover, due to the construction
of the fan structure on trop(Y’) the columns ay,...,a; of A are linearly dependant and
there exists a push-down f = h 4+ \;T} as claimed.

Case 2: We have i = k. + 1. Then the columns ay, ..., ak,, a;, ap are linearly dependant
as 7 was chosen maximal. In particular there exists a push down f = h+ Ag+ A\;T; with
Ai#0and h € K[Tl, e ,ch].

Now assume we have proven the above for all ¢ < k < n. Consider the case k = n + 1.
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As above the (n + 1)-th column of B is a canonical basis vector e; for some 1 < i < r
and we follow the same lines as in the induction basis:

Case 1: There exists a ray generator v;;) with kj;;) > 4. Let j(i) be minimal with this
property, i.e. we have kj;;)_1 < i < kj;) and there exists o > 2 with ¢ = k;;-1 + .
We conclude that the columns aj, ..., a; of A are linearly dependant and there exists a
push-down f = h + A\, T}, with h € K[T1,...,Tk—1] as claimed.

Case 2: We have i > k. and the existence of a push-down f follows with exactly the
same arguments as in the induction basis. O

Proof of Theorem[6.4.1. Due to Lemma [6.4.3] the embedding X C Z admits a semi-
locally weakly tropical resolution. Therefore the assertion follows using [49, Prop. 2.6].

O]

6.5 The anticanonical complex for arrangement varieties

In this section we investigate the anticanonical complex for arrangement varieties. As
a direct consequence of Theorem and Lemma [6.4.3] we obtain the existence of
anticanonical complexes for arrangement varieties:

Theorem 6.5.1. Every Q-Gorenstein explicit arrangement variety X (A, P,¥X) C Z ad-
mit an anticanonical complex.

Note that for general arrangement varieties an explicit description of the anticanonical
complex is given in the Sections [4.5] and

We consider the case, where we have an explicit description of canonical divisors via the
theory of Cox rings. We begin by constructing candidates for the Cox ring of the weakly
tropical resolution of an explicit arrangement variety X := X (A, P,X) C Z. We use the
concept of toric ambient modifications presented in [44]. Let trop(X) be endowed with
a fixed quasifan structure and consider the toric morphism Zsy — Zyx. defined via the
subdivision ¥/ = trop(X) MY — X of fans. Denote by P and P’ the matrices whose
columns are the primitive ray generators of 3 and Y'. Then the corresponding maps
P:7Z" — 7" and P': Z" — Z" define homomorphisms of tori

A LS
Let ¢g; € K[T1,...,T;] be one of the defining polynomials of R(X) = R(A, P). The
push-down of g; is the unique p,(g;) € K[T1,...,T,] without monomial factors such that
THp*(p«(gi)) = g; holds for some Laurent monomial T# € K[T:!, ..., T*]. The shift of

gi is the unique g, € K[T1,...,T] without monomial factors satisfying p/ (g}) = p«(g:)-
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Definition 6.5.2. Let X (A, P,X) C Z be an explicit arrangement variety with Cox ring
R(X) = K[Ty; 0€ 3]/ (g1,...,9s)-

We call the weakly tropical resolution X’ — X arising from a subdivision ¥ Mtrop(X) —
Y explicit if X’ has a complete intersection Cox ring defined by the shifts g} of g;:

R(X') = K[Ty; o' € ¥'D)/(g1,. .. g0).

From now on let trop(X) be endowed with any coarsening of the quasifan structure
defined in Remark[6.4.2] In this situation, if the weakly tropical resolution of X is semi-
locally toric, it suffices to compute the discrepancies along the divisors corresponding
to the rays of ¥’ to describe the whole anticanonical complex. This motivates the
subsequent study of the rays of ¥’. We work in the notation of Definition and
denote by e;; resp. ey the canonical basis vectors of Q""™. We set

Vij = P(eij), Vg = P(ek)
Moreover for a fan ¥ we denote by ©() its set of rays.

Definition 6.5.3. Let X (A, P,Y) C Z be an explicit arrangement variety and o C Q"¢
be a P-cone of special or big type. We call o elementary, if the following statements
hold:

(i) For all 0 < i < r there exists at most one index 1 < j; < n; such that vij, is a
primitive ray generator of o.

(ii) There is a ray g in o Mtrop(X) with o N o° # 0.

Construction 6.5.4. Let X (A, P,¥) C Z be an explicit arrangement variety and let
o C Q" be an elementary P-cone. Denote by I the set of indices ¢ such that v;;, is a
primitive ray generator of ¢ and define

0. = erl lkjk

o4

» foriel, Vg 1= Zﬁmvm, 00 = Q>0 - Ug.
1Ji el

Proposition 6.5.5. Let X := X (A, P,X) C Z be an explicit arrangement variety. Then
the set of rays of ¥ Mtrop(X) is given as

(ENtrop(X))M =W U {g,; 0 € X is elementary}.

Using the above result and applying the methods developed in [49] we obtain the fol-
lowing description of the discrepancies along the divisors corresponding to the rays of
¥’ which leads to a full description of the anticanonical complex.

Proposition 6.5.6. Let X := X(A, P,X) C Z be a Q-Gorenstein explicit arrangement
variety admitting a semi-locally toric explicit weakly tropical resolution Z' — Z and let
o = cone(vyj,; @ € I) € ¥ be an elementary cone. Then the following statements hold:
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(i) The discrepancy along the prime divisor of X' C Z' corresponding to o, equals

e, — 1, where
fg = Z&m — k- Hle
el el
and k is the number of the defining equations g; of the Cox ring R(A, P) of X with
gi(z) =0 for all x € V(Ty;,; i € I).

(ii) The ray o, is not contained in the anticanonical complex A, if and only if £y > 0
holds; in this case, oy leaves A at vl = (7 v,.

The rest of this section is dedicated to the proofs of Propositions [6.5.5] and [6.5.6] In
the following let X (A, P,¥) C Z be an explicit special arrangement variety with an
(c+1) x (r + 1)-matrix A. Let P;: Q"™ — Q" denote the projection onto the first r
coordinates and A := Xp,_ the fan corresponding to P,. Note that in this situation P;
maps the rays of ¥ onto the rays of A.

Lemma 6.5.7. Let X(A,P,X) C Z be an explicit arrangement variety with maximal
orbit quotient P, C P, as in Construction|6.1.14. Then any ray of X Mtrop(X) is either
projected onto the origin or onto a ray of A M trop(P.).

Proof. Let ¢ be any ray of ¥ Mtrop(X). Then there exist cones o € ¥ and 7 € trop(X)
such that o = o N 7. By construction of the quasifan structure on trop(X) we have
7= Pi(7) x Q° with a cone P;(7) € trop(Y). Therefore, we have

Pi(o) = Pi(cNT) = Pi(c) N Pi(T) = Usep(6 N Pi(7)),

where D is a subset of A and the last equality follows as A is complete. As P;(p) is of
dimension at most one, we conclude that there exists a 6 € D with P;(g) = 6 N Pi(7)
and the assertion follows. O

Let B denote the matrix whose columns are the primitive ray generators of P,.. Then we
have P, = X (A, B, A) C P, and we may use the notions of Definitions [6.1.19 and [6.5.3]

Lemma 6.5.8. Let o € ¥ be any special cone. Then the following statements hold:

(i) If § := Py(o) is an elementary B-cone, then we have P(0) = o5 for all o €
(o Mtrop(X)) M\ o).

(ii) If o is elementary and g is a ray in o Ntrop(X) with oNo® # 0, then o = g holds.

Proof. We prove (i). Let g € o Mtrop(X) be any ray with o N o° # (). Then there exists
7 € trop(X) such that ¢ = o N7 holds. As o is special we have 9 Z A\j,. Therefore,

applying Lemma yields

Pi(oN7) = Py(o) € (A,
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Using ) # oNo® = o\ {0} we conclude P;(c)° N Pi(p) # (. As the quasifan structure
fixed on trop(Y’) coarsens the matroid fan structure defined in Remark we obtain
that for every cone of § € A there exists at most one ray o’ € A’ such that o’ N §° # 0
and this ray equals os.

We prove (ii). As o is elementary, the projection Pj(c) is an elementary B-cone. As
0Nc® # () we conclude ¢ & (). Therefore we may apply (i) and obtain P;(p) = gs5. Due
to the structure of o there is exactly one ray in g5 x Q° and this ray equals o,. This
completes the proof. O

Lemma 6.5.9. Let 0 € ¥ be any special or big cone. If o5, = 0o, holds for any two
elementary P-cones 01,09 C o, then o is elementary.

Proof. Assume o is not elementary and denote by I the set of indices ¢ such that there
exists at least one index 1 < k < n; with cone(vy) € o). Then there exists ¢t € I and
cones

T = cone(vy;;; t € 1) C op, 7' = cone(vi; i€ I) C o

with j; # j; and j; = j! for all ¢ # ¢t. In particular we have 7 # 7/. Consider v, and

v and denote by ¢, and ¢,s the respective greatest common divisors of their entries.

Here, we may assume that c 1ltjt > c;,lltjé holds. Moreover, as o = g+ holds, we have

il = c;,lvT/. We conclude

-1 ~1 —1 -1
Mooy = o7 v, + Y (¢ i — ¢ )i,
ielitt

and ¢, 1€m- > C,:,IET/’Z' holds for all 1 < ¢ < r. This implies gy € T But as cone(vtjé) is
an extremal ray of oo and 7' C o9 holds, cone(vy) is also an extremal ray of 7. This
contradicts the choice of j;. O

Proof of Proposition[6.5.6. We show "C". Let g be any ray of ¥ Mtrop(X). Then there
exist 0 € ¥ and A € trop(X) with 0 N A = p and we will always assume o and A to be
minimal with this property. Note that if o is a leaf cone, then we have o C |trop(X)]
and due to the quasifan structure fixed on trop(X) we obtain o = p for a ray ¢ of ¥. So
assume o is not a leaf cone. We distinguish between the following two cases:

Case 1: We have A = Ay, and with o N\ # () we conclude that o is big. In particular,
there exists a P-elementary cone o1 C o with

Qo = 01 N )\Hn =on Alin = 0.
As this equality holds for any P-elementary cone o1 C o we can apply Lemma [6.5.9 and
conclude that o is P-elementary and g = o, .

Case 2: We have A # Ajjn. Due to minimality of o and A we have ¢ € A, which implies
that o is special and 6°Np = d° N\ # (). In particular, either o fulfills already condition
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(i) of Definition and is elementary, or it contains a P-elementary cone o7. In the
latter case we conclude
0oy =01NA=0NA=0p.

As the above equality does not depend on the choice of 01 C o we conclude that o is
elementary due to Lemma and ¢ = 0,.

We show "D". By construction the rays of ¥ are supported on the tropical variety.
Therefore it is only left to show that any ray o, lies in (X Mtrop(X))™). This follows by
definition of “elementary” and Lemma [6.5.8] (ii). O

Due to Proposition the Cox ring R(A, P) of an explicit special arrangement variety
X := X(A,P,X) C Z is a complete intersection ring and therefore so is the Cox ring
of any explicit weakly tropical resolution X’. Applying [6, Prop. 3.3.3.2] we obtain the
canonical class of X’ via the following formula:

Kxr=— Y deg(T,)+ > deg(gi) € CI(X) = Z"™/im((P')*). (6.5.1)
QE(E’)(U =1

In order to prove Proposition we directly import the notion of a toric canonical
p-family from Section [£.2]

Proof of Proposition[6.5.6. We prove (i). By assumption X’ C Z’ is semi-locally toric
and by Lemma there exists a toric canonical p-family. Therefore, explicitly con-
structing a pair (ZZ)G7 D,, ) as in Definition we can calculate the discrepancy along
Dg(",:

Consider the ray g, € ¥’ and let ¢/, ..., g, be the defining relations of R(X’). Then in
each g; we can choose a monomial not divisible by the variable T}, . Let us denote this

. . [
monomial with T}t = T .. Ty, Then we may choose
roong
Do, =3 3 ijDy — >, Dy,
t=1 j:l Q/E(E/)(l)

where Dy, denotes the divisor corresponding to the variable T;; in R(X'). As X'
has complete intersection Cox ring, the pullback D, |x is a canonical divisor on X'.
Moreover, the push forward ¢, (D,, ) is Q-Cartier and by construction we have D, = kz
on Z, . In particular, we have constructed a tuple (Z}_,D,,) as claimed. Now, let
u € Q" be an element such that div(x*) = ¢«(D,,) holds on Z,. Then, due to
Remark [£.2.1T] we have

diserx (D%) = =1 — (u, v, ).

Therefore, using v, = vy, - ¢;, We obtain the assertion with

(u,v5) = (u, Zfa,ivz'j) = Zfa,i(u,vijﬁ = —As.
i=0 i=0



6.6. Classification results for special arrangement varieties 167

Here the last equality holds, as D;j, occurs in ¢, (D,, ) if and only if there exists a term
T"-T" withv € ZTZ'BS which is not divisible by T5, in one of the shifts. Using (i) assertion
(ii) follows from the definition of the anticanonical complex. O

6.6 Classification results for special arrangement varieties

In this section we present classification results for three-dimensional special arrangement
varieties of complexity two, having at most canonical singularities. In a first step we in-

vestigate the doubling divisors for an honestly special arrangement variety of complexity
two:

Proposition 6.6.1. Let X be a projective honestly special arrangement variety of com-
plexity two. Then the mazximal orbit quotient X --» Py has at least five lines as its
critical values.

We consider the simplest honestly special arrangement varieties, which have five lines in
Py as their doubling divisors. In this situation we obtain classification results for three-
dimensional QQ-Gorenstein Fano honestly special arrangement varieties X of complexity
two, having a divisor class group of rank at most two, at most canonical singularities and
finite isotropy order at most two. Here, the latter means that there is an open subset
U C X with complement X \ U of codimension at least two, such that the isotropy group
T, is either infinite or of order at most k for all z € U.

Theorem 6.6.2. Every three-dimensional Fano honestly special arrangement variety
of complexity two, having a divisor class group of rank at most two, at most canonical
singularities, five critical lines as the critical values of the maximal orbit quotient and
finite isotropy order at most two is isomorphic to one of the following Fano varieties X,
specified by its Cl(X)-graded Cox ring R(X), its matriz Q = [w1,...,w,| of generator
degrees and its anticanonical class —Kx € Ample(X).

K[Ty, T2, T3, T4, Ts, T6] 9
<T12+T2T3+T2,> ZX(ZQ) X 7y 111010

2 2
T2 + T? + T}

(1
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We turn to the proofs of the above results.
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Proof of Proposition[6.6.1. We realize X as an explicit T-variety X (A, P,X) C Z. For
one up to three lines, the Cox ring R(A, P) is a polynomial ring and thus X is toric. In
case of four lines, X admits either a torus action of complexity one, having one hidden
free variable as in Example [6.3.3] or is a general arrangement variety. Thus the assertion
follows. O

Remark 6.6.3. Let X := X (A, P,X) C Z be an explicit honestly special arrangement
variety of complexity two and assume the maximal orbit quotient X --» P5 has a line
arrangement of five lines as its critical values. Then we obtain the following two types
of relations, as the remaining cases are either general or of complexity one:

O =T +T1 + T2+ TP, go=Ti" +aT + T,
(1) g1 =T + TP + T, go =T + T + T}

Now specializing to dimension three and divisor class group of rank at most two, we
obtain n; < 2, n; = 2 for at most two indices i = 0,...,4 and m < 2. Assuming that
X is of finite isotropy order at most two, we obtain [; = 2 for n; = 1 and [; = (1,1) for
n; = 2. In particular the polynomials g1, g2 are quadratic.

Note that in question of isomorphy, the distribution of the n; is important: Two rings
R(A,P) and R(A’, P") of the same type (I) or (II), where the vector (ng,...,n,) is a
permutation of the vector (ng,...,n..) do not need to be isomorphic, see i.a. Nos. 7 and
9 in our list.

Remark 6.6.4. Let X (A, P,X) C Z be an explicit arrangement variety with divisor
class group of rank two and consider the weight matrix () whose columns consist of the
free part of the weights w;; := deg(T;;) resp. wy := deg(T}). We write a Q-basis for the
kernel of P in the rows of a matrix Q and define a vector —wx:

Q:[’J)Ol,...,ﬁ)rnr], —wx — Zwij*(T*C)ZZOjU)Oj-
J

Then there is a Q-linear isomorphism mapping the columns of @ on the columns of Q
and thus the canonical class —K, on —wyx. This isomorphism is either orientation pre-
serving or reversing. Therefore, in question of the position of weights inside Eff(X) as in
Remark it suffices to look at rational weight matrices Q with rational anticanonical
vectors —wx .

Remark 6.6.5. The following list of admissible operations on P do not effect the iso-
morphy type of the rings R(A, P):

(i) Swapping two columns inside a block vy, , .. ., vjj, .

(ii) Adding multiples of the upper r rows to one of the last s rows.

(iii) Any elementary row operations among the last s rows.
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(iv) Swapping two columns inside the last s rows lying under the 0-block of the matrix
Py.

Proof of Theorem[6.6.3 Let X := X(A, P,X) be an explicit special arrangement va-
riety as in Theorem Then the Cox ring of X is given as a ring R(A, P) as in
Remark [6.6.3] In a first step, we bound the entries of P to obtain a list of candi-
dates. Note that our computations are independent of the type of the relations and the
distribution of the n;.

Case rk (C1(X)) = 1: Due to Remark we are left with the following three cases:
(a) n=5and m =1
(b) n=6and m=0

Note that in case of a divisor class group of rank one, every X-face is an X-face.

Case (a): After applying suitable admissible operations on P we may assume that we
are in the following situation

-2 2 0 0 00
-2 02 000
P=|-2 010 2 00
-2 0 0 0 2 0
r 1 1 1 11

Now the big cone o gives rise to a vertex v/ of the anticanonical complex
o = cone(vo1, V11, V21, U31,V4,1), v, =10,0,0,0,4 + z].
Thus x = —5 holds due to the singularity type of X.

Case (b): After applying suitable admissible operations on P we may assume that we
are in the following situation

-1 -1 2 0 0 O
-1 -1 0 2 0 O
P=|-1 -1 0 0 2 0],
-1 -1 0 0 0 2
zr gy 1 1 1 1
where we may assume x > y. Now, the two big cones
o1 = cone(vo1, V11, V21, V31, V41), 02 = cone(vpz, V12, V21, V31, V41)

give the vertices v, and v, of the anticanonical complex

v, =100,0,0,0,2+2], v, =][0,0,0,0,2+y].
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We conclude x = —1 and y = —3 due to the singularity type of X.
Case rk (C1(X)) = 2: Due to Remark we are left with the following three cases:

(a) n=>5and m = 2,
(b) n=06and m =1,
(¢) n="T7and m=0.

Case (a): After applying suitable admissible operations on P we may assume that we
are in the following situation

-2 2 0000 O
-2 02 000 O
P=]-2 00200 O
-2 000 2 0 O
r 1 1 111 -1

Now, a rational weight matrix Q and the corresponding rational vector —wy is given as

o_[1 1111 a0 a3
“loo0oo0oo00 1 1] W= o

In case —z — 4 < 0 we have SAmple(X) = cone([1,0],[0,1]) and thus —z — 3 > 0
due to the Fano property of X. This implies —4 < = < —3 and thus z = —4; a

contradiction to the primality of the columns of P. In case —x — 4 > 0, we have
SAmple(X) = cone([1, 0], [~z — 4, 1]). This implies
—zx—4
1

with £ +5 > 0 due to the Fano property of X. Thus, we obtain —5 < = < —4; a
contradiction.

1

O+2

—wy = [ _xQ_S]:(x—i—&

Case (b): After applying suitable admissible operations on P we may assume that we
are in the following situation

-2 1 1 00 0 O
-2 0 0 2 0 0 O
P=]1-2 00020 0],
-2 0 0 0 0 2 0
1 2y 1 1 11

where we may assume z > y. Due to completeness of X, we obtain an elementary big
cone o € ¥ defining a vertex v/, of the anticanonical complex:

o = cone(vo1, V12, Va1, V31, V41), v, =1[0,0,0,0,y + 2].
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Thus, we conclude y = —3 due to the singularity type of X. Now a rational weight
matrix ) and the corresponding rational vector —wx are given as
0= 120111 —2x—4 | 224
“l102111 2 : wx= 2 ‘

In particular, we obtain SAmple(X) C Q220‘ As X is Fano, this implies —22 — 2 > 0
and thus z < —1.

Case (c): After applying suitable admissible operations on P we may assume that we
are in the following situation

-2 1 1 0 0 0 O
-2 001100
P=|-2 0000 2 0],
-2 0 0 0 0 0 2
1 =y z 01 1

where we may assume x > y and z > 0. Now, due to completeness of X we obtain two
elementary big cones

o1 = cone(vo1,v11,v21,v31,v41) and o9 = cone(vo1, V12, V22, V31, V41),
defining the following vertices of the anticanonical complex:
v, =1[0,0,0,0,14 (2/3)x + (2/3)z], vy, =1[0,0,0,0,1 4 (2/3)y].
Thus we conclude
—3<y< -2 and 0<1+4+(2/3)z+(2/3)2<1

due to the singularity type of X. This implies —2 < x < 0 and thus 0 < z < 2.

Now, any of the configurations above gives a ring R(A, P). A direct computation shows
that in all cases, the generators T;; are K-prime. To obtain our list, we computed the
anticanonical complexes for all configurations and checked for canonicity using the char-
acterization in Remark After removing some redundancy, we obtain the varieties
in our list. O






CHAPTER
SEVEN

OUTLOOK

Our approach to Mori dream spaces with torus action described in Chapter [I] opens the
possibility to systematically produce all T-varieties X with prescribed maximal orbit
quotient X --» Y. In this thesis we treated so far the case where Y is a projective space
and the doubling divisors form a hyperplane arrangement. In order to investigate new
example classes, one can for instance modify this setting in the following two directions.
On the one hand one could stay with Y = P, and consider doubling divisors of higher
degree. On the other hand, one could replace P, with any other Mori dream space.
We take a glimpse in the second direction and consider in this last chapter Mori dream
spaces with torus action where the maximal orbit quotient decomposes as a product
of arrangements. Note that their Cox rings (without the grading) already appeared in
Section As rings they are isomorphic to decomposable rings R(A, Py). We follow
the ideas of Section [6.2] by constructing Cox rings of these varieties and realize them
as explicit T-varieties. As an application we obtain in Proposition a criterion
to determine the true complexity of a special arrangement variety. Finally, we give a
full classification in the smooth case for projective varieties up to Picard number two
and characterize the Fano property of these varieties. The results of this chapter are
published in the joint work [50].

7.1 Beyond arrangement varieties

Definition 7.1.1. An arrangement-product variety is a variety X with an effective action

of an algebraic torus T x X — X having X --» P, x ... x P., with £ > 1 as a maximal

orbit quotient and the doubling divisors are a collection of products
Pclx...Pciflng)xP X oo X Py,

Cit1
(@)

where 7 = 1,...,¢ and the collection D}’ is a hyperplane arrangement in P.,.

175
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Remark 7.1.2. Arrangement-product varieties have finitely generated Cox rings due
to [46, Thm 1.2].

We go on by constructing Cox rings of arrangement-product varieties. We will make use
of the notion of (in-)decomposability of rings R(A, P) as in Definition

Construction 7.1.3. Consider indecomposable rings R(A(i), P(gi)) fori=1,...,t from
Construction with m} = 0. Choose integers s > 0, m > 0 and set

¢:i=c +oo4 n=nW 4 4 n® and = r 4 ),
We build up a new (¢ +t) x (r+t) resp. (r +s) x (n 4+ m) matrices

1
A Y 0 ... 0

where we require the columns of P to be pairwise different and primitive, generating Q"¢

(%) (4)

as a vector space. Denote by e;; resp. e, the canonical basis vectors of Q"™ accord-
ingly to the decomposition n = n() 4. .. +n® and let Qq: Z"*™ — Z"*™ /im(P}) := Ko
be the projection onto the factor group. We define a K-algebra

Rirod(A, Po) := R R(AD, B{")

and endow it with a Ky-grading by setting

deg(T}))) = Qel),  deg(Sy) = Qlex).

Moreover, by considering the projection Q: Z"t™ — Z"t™ /im(P*) := K, we define
analogously a K-graded K-algebra Rpod(A, P).

Remark 7.1.4. The K-graded K-algebras Rpr0d4(A, Po) are integral, normal, complete
intersection rings satisfying

dim(RPTOd(A7 PO)) =n+m-r+g Rprod(Ay PO)#< = K*

and the Ky-grading is the finest possible grading on Rprq(A, Fy), leaving the variables
and the relations homogeneous. Moreover, it is effective, pointed, factorial and of com-
plexity c. Considering the rings Rprq(A, P), the K-grading is effective, factorial and of
complexity ¢ and, if the columns of P generate Q" as a cone, it is pointed as well.

Remark 7.1.5. Note that any arrangement-product variety has a K-graded K-algebra
Ryrod(A, P) as in Construction as its Cox ring.
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As done in Section we use the rings Rprod(A, P) to construct explicit T-varieties
following precisely the same steps as in Construction [6.1.11] We will denote the resulting
explicit T-varieties with Xpr0q(A4, P,X) C Z.

Remark 7.1.6. Let X := X,4(A4,P,X) € Z be an explicit arrangement-product
variety. Then the subtorus action of T* C T"*¢ on Z leaves X invariant. This turns X
into a T*-variety of complexity c=c¢; + ...+ ¢.

Proposition 7.1.7. Let X := X (A, P,X) C Z be an explicit special arrangement variety
of complexity ¢ with a decomposable ring R(A, P). Then X is not of true complexity c.

Proof. 1f R(A, P) is decomposable, then X can be regained as an explicit T’-variety out of
its Cox ring Rprod(A, P), where the T’-action is of lower complexity by Remark O

We now turn to our main results concerning smoothness of arrangement-product vari-
eties. We will without further explanation use the language of explicit T-varieties as
done in Chapter [1} In particular, the smoothness criteria from Proposition [1.4.5| can be
applied in our situation.

Proposition 7.1.8. Let X be a projective arrangement-product variety of Picard number
one. Then X is singular.

Proof. By definition the Cox ring Rprod (A, P) is decomposable into ¢ > 1 indecomposable
rings R®. Therefore the cone

7(1) = cone(eg); 0<k< r(l), 1<I< n,(:))

is an X-face whose corresponding X-stratum is singular. As X is of Picard number one,
any X-face is an X-face and we conclude that X is singular. O

Theorem 7.1.9. Fvery smooth projective arrangement-product variety of Picard number
two is isomorphic to a variety X specified by its Cox ring

R(X) =K[Tu1,..., Tk, To1, - - - Tog,) /{91, 92)

where
g = TinTio+ ...+ Tig, 1T, s ki > 6 even
"\ TaTa+ .+ TiggoTik,—1 + T3, ki =5 odd,

the matriz Q of generator degrees and an ample class u € Cl(X) = Z?
1 ...1
Q= [ 0O ... 0

where we have a; > a;12 > 0 and a; + a;+1 = 0 for i odd and ay, = 0 if ko is odd.

ap az ... Qg
1 1 ... 1

], u=[a; +1,1],



178 Chapter 7. Outlook

Corollary 7.1.10. A smooth projective arrangement-product variety of Picard number
two as in Theorem is Fano if and only if 0 < a; < z;:g holds.

Corollary 7.1.11. If X is a smooth projective arrangement-product variety of Picard
number two, then the dimension of X is at least 6.

The rest of this section is dedicated to the proofs of the previous statements.

Lemma 7.1.12. Let X = Xp,0d(A, P,X) be a Q-factorial, quasismooth projective
arrangement-product variety of Picard number two with Cox ring Ryrod(A, P) decompos-
ing into t > 1 indecomposable rings RV := R(A(i), P(i)). Then the following statements
hold:

(i) Let w,(fl) denote the weights corresponding to the variables of the ring R®W. Then

the w,(f) lie either all in 7~ or in 7.

(ii) For all 0 < a < r(@) where 1 < i < t the number of variables per term ng) s at
most 2.

(iii) We have m® =0 forall1 <i<t, and t =2 holds.

(iv) If ng) = 2 holds for one index 0 < a < 9 then the corresponding ring R® has
exactly one defining relation.

(v) Ifng}) =2= nf(;) holds for two indices 0 < a < rD and 0 < 8 < r?@ then we have

1 1 2 2
=i = = =1,

Proof. We prove (i). By construction the cone

’y(i) = cone(e,(g?; 0<k< r(i),l << n,(;))

is an X-face. As Rpoa(A, P) is decomposable with ¢ > 1 the corresponding X-stratum

is singular. Now assume that not all weights wgl) lie in the same cone 7+ or 7—. Then

~(@) is X-relevant which contradicts quasismoothness.

We turn to (ii). Assume there exists a ring R(*) such that n) > 2 holds for one index
0<a<r® Dueto (i) we may assume that all weights w,(j) lie in 7=. As there have
to be at least two weights in 77 there exists an index 1 < j < t such that all weights
w,(cjl‘) lie in 7. We obtain an X-face cone(egg,

(4)

. i
singular as ng

7(j )) whose corresponding X-stratum is
> 2 holds; a contradiction.
We prove (iii). Assume m) > 0 holds for at least one 1 < j < t. Suitably renum-

bering we may assume j = 1. Moreover, with the same arguments as in the proof of
Lemma [6.3.10| (i) we may assume that w,gl) € 7+ holds for all 1 < k < m®. Due to
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Remark there are at least two weights that lie in 7= and using (i) we conclude

that there exists 1 < ¢ < t such that all weights w,(f) lie in 7. This gives an X-face
(1))

cone(’y(i), e;,”) with singular stratum as ¢ > 1 holds; a contradiction to quasismoothness.

Now assume t > 3 holds. As each of 77 and 7~ have to contain at least two weights we
may assume that all weights wls) lie in 7~ and all weights w,g) lie in 7. This gives an X-

face cone(*y(l), 7(2)) which is singular as ¢ > 3 holds. This contradicts quasismoothness.

We turn to (iv). By renumbering we may assume ¢ = 1. Let n,(ll) = 2. Then
cone(e&),'y@)) is an X-face whose stratum is singular if there is another defining re-

lation in R(M). This proves the assertion.

We prove (v). Due to (iii) and Remark we may assume that all weights w,S) lie
in 77 and all weights w,(j) lie in 7=. This implies that the cones cone(esl),e(;l?) with

I,I' € {1,2} are X-faces. As the corresponding X-strata have to be smooth, the assertion
follows. O

Proof of Theorem[7.1.9. By construction, Rpod(A4, P) admits a decomposition into in-

decomposable rings R := R(A(i),P(i))7 where 1 < ¢ <t and ¢t > 1 holds. Applying

Lemma (7.1.12] (iii) we obtain ¢ = 2 and m = 0. Moreover, due to Lemma [7.1.12] (i)
(1)

we may assume that all weights w;,;” of the variables of the ring RW lie in 7~ and all
weights wg) of the variables of the ring R® lie in 7. Since X is projective and m = 0
holds, ¥ contains at least one big cone o = P(v*) with an X-face 7. Recall that in
our situation an X-face is an X-face if it contains at least one ray corresponding to a
variable of R and another one corresponding to a variable of R?). We conclude that
there exists 0 < a < M) and 0 <p< r2) with n&l) = 2 and ng) = 2, where equality

holds due to Lemma [7.1.12] (ii). Moreover, Lemma [7.1.12| (v) implies

forall 0 < a < rM and 0 < B < r®@ with n&l) = 2 and n(;) = 2. Applying
Lemma (iv) we are left with one homogeneous defining relation g; for R(") and
another homogeneous defining relation go for R whose weights deg(g1) = w() and
deg(go) = w® lie in 7~ and 71 respectively. In particular, by a suitable unimodular
coordinate change on Z? we can achieve w®) = (wy,0) and w® = (0, ws) with positive
integers w1, wo. We conclude that for any o and 8 with n((xl) =2 and ng)
there exists integers a and b such that

= 2 as above

wl = (wi/2,0), Wl = (wi/2,-b), W) = (a,w2/2). W) = (—a,wy/2).

As the cones cone(e&ll) , egl)) and cone(e&lz) , egl)) are X-faces, we conclude

1 1
U +ab. = det(wsl), w,(821)) =1= det(w((llz),wg)) = Jwiwz + ab. (7.1.1)
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This implies a = 0 or b = 0 and we may assume the latter holds. Moreover, we obtain
w; = wg = 2 and homogeneity of the relations implies that the relations g; and g9 are
quadratic. As equation holds for any choice of o and [ we are left with the
following configuration of weights:

1.1
Q:[O ... 0

We show that there is at most one term in each of g; and go with only one variable.
Assume there is more than one. Then the divisor class group contains torsion, see

1 (2

Proposition [2.2.3] This is a contradiction, as cone(e,,;, 6,81) is an X-face and therefore

1 1 ... 1

ay a ... akZ]

the divisor class group is isomorphic to Z2. Now, the conditions on the a; follow due
to homogeneity of the relations and by suitably renumbering. In order to complete the
proof it is only left to show, that the varieties in this class are indeed smooth. This
follows directly by checking the criterion of Proposition [1.4.5 O

Proof of Corollary[7.1.10. In order to prove the statement we consider the varieties of
Theorem and check under which condition the anticanonical class lies in the ample
cone. As R(X) is a complete intersection ring the anticanonical class is given as —Kx =
(k1 — 2, ko — 2). Moreover, due to Lemma we have 7~ = cone((1,0)) and 71 =
cone((ar, 1), (—ai,1)). We conclude that —Kx lies in the ample cone if and only if

0 < ay < $2=2 holds. [
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