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Introduction

Henri Poincaré and Aleksandr M. Lyapunov introduced qualitative methods
for the study of differential equations investigating properties of solutions
and their orbits instead of explicitely or approximately solving the equations.
George David Birkhoff tied up with these achievements introducing the term
“dynamical systems”. In 1931, Birkhoffs former student Bernard Osgood Koop-
man wrote down the idea to assign to a dynamical system a group of linear
unitary operators. This simple observation (also made by André Weil) inspired
John von Neumann and, subsequently, Birkhoff to develop Boltzmann’s ergodic
hypothesis into their famous ergodic theorems establishing the discipline of er-
godic theory. Since then, the Koopman operators, as they are called nowadays,
expanded into a fascinating theory.

The idea behind these powerful operators is as follows. To a dynamical system
(K; ) consisting of a state space K and a dynamics

po: K - K

we define the assignment
frTfoy

for observables f, i.e., real valued functions on K with certain properties
forming an observable space. Various choices for the dynamical system and
the observable space can be made. In this thesis, topological dynamical systems
will be studied, hence K is a compact Hausdorff space and the dynamics ¢
is continuous. As observable space the space C(K) of continuous real- or
complex-valued functions on K is used, hence the corresponding Koopman
operator is

T,: C(K) — C(K),

= fop



2 Introduction

establishing the Koopman system (C(K); T,,). This system is linear indepen-
dently of the structure of the underlying dynamical system. Moreover, it
captures the relevant dynamical behavior in the sense that the categories con-
sisting of Koopman systems, respectively, topological dynamical systems are
antiequivalent. This antiequivalence yields that each subsystem of a Koopman
system corresponds with a quotient system of its underlying dynamical system.
This correspondence is the leitmotiv of this thesis.

The thesis is composed of two parts, “Praludium” and “Fuge” (“prelude” and
“fugue”). The prelude is an introduction highlighting some biographical aspects
of the historical personalities involved in the development of ergodic theory.
Moreover, the evolution of “Koopmanism” is briefly studied. This prelude is
written in German, i. e., the author’s mother tongue.

The fugue is the mathematical, hence the main part consisting of three chap-
ters. In Chapter 1, the main players of this thesis — topological dynamical
systems and Koopman systems — their basic properties and some first examples
are introduced. The fully faithful, essentially surjective contravariant functor
which yields the antiequivalence of the categories CTop of topological dy-
namical systems and the category Czom,1 of commutative unital C*-algebras
and the algebra homomorphisms between them is defined. In Section 1.2 the
interplay of sub- and quotient systems is briefly explained and some examples
of important Koopman subsystems are given.

Chapter 2 is devoted to the simplest Koopman subsystem, namely the fixed
space fix T, of a Koopman operator 7, and its corresponding quotient system
of (K;¢). The goal of this chapter is to describe the decomposition of K
induced by the fixed space, i. e., the quotient system, in terms of the dynamical
system. First, characteristica of the desired equivalence relation are listed (see
Lemma 2.1.3) and the strategy how to construct the right Hausdorff quotient
space by means of a Hausdorffization is outlined. Closed orbits are key objects
in this construction but not sufficient as can be seen from Example 2.2.1. There-
fore, approximating orbits and from these superorbits are constructed in Defini-
tion 2.2.7 which are neither sufficient, though, as is clear from Example 2.2.11.
It turns out that a transfinite hierarchy of equivalence relations is needed to
describe the fixed factor, thus superorbits of degree -y are introduced for any
ordinal number v in Definition 2.3.1. These then yield the desired result in Theo-
rem 2.3.6, hence the decomposition of K induced by fix T}, can be described
by superorbits of degree v for some specific 7.



In particular, a dynamical property corresponding to a one-dimensional fixed
space is achieved by this decomposition in Theorem 2.3.8. This yields an ana-
logue of “ergodicity” in measure-preserving dynamical systems.

The constructed equivalence classes (i. e., superorbits) are differentiated from
other concepts in the literature such as prolongations (see Remark 2.3.10).

In Section 2.4 the concept of Lyapunov stability is generalized by means of the
superorbits and it is shown that fix 7}, induces the finest decomposition of K
into absolutely Lyapunov stable subsets (see Theorem 2.4.7).

In Chapter 3 a new Koopman subsystem is introduced: The Lyapunov algebra,
induced by so-called Lyapunov functions, hence T ,-subinvariant functions.
In Section 3.1 different dynamical concepts of recurrence and attractivity
which are needed subsequently are defined and their relations explained. In
Section 3.2 the subfixed cone subfix T}, consisting of all positive subfixed
functions (i. e., Lyapunvov functions) and the Lyapunov algebra L are studied.
A list of examples is given illustrating the cases £ = C(K), £ = fixT,, and
fix T, C L C C(K) (see Example 3.2.14-3.2.16).

The next section deals with (7},-invariant) ideals in C(K) that are obtained
via the subfixed cone. It turns out that the Lyapunov ideal generated by all
subfixed functions (see Definition 3.3.5) is the invariant ideal serving best
for our purposes. In Theorem 3.3.8 then is shown that in the metric case
there always exists some strict Lyapunov function generating this ideal. In
Section 3.4 the support of the Lyapunov ideal, the generalized recurrent set
gr ¢, is studied in detail. The set gr ¢ is identified in a row of examples and
compared to the sets introduced in Section 3.1. Moreover, attractivity prop-
erties of gr ¢ such as its pointwise attractivity (see Proposition 3.4.17) are
discussed.

In the following sections, the cases £ = fixT,, L = C(K) and the case
in between are studied separately. Necessary and sufficient conditions for
L = fixT,, in particular for the one-dimensional case, are discussed. For the
case L = C(K) the longterm behavior of ¢ is described in Proposition 3.6.1
and in Corollary 3.6.2 that gr ¢ coincides with the fixed points of (. In the
general case, the Lyapunov algebra and the generalized recurrent set are
compared with their analogues corresponding to the quotient dynamics (see
Proposition 3.7.1 and Proposition 3.7.2). The case where £ has codimension 1
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in C(K) is studied and the question whether the Lyapunov algebra always
separates the points of the complement (gr ¢) arises. In Theorem 3.7.10 it is
shown that the Lyapunov algebra coincides with subfix T, — subfix T}, if and
only if the generalized recurrent set is absorbing.

The next section is on algebras generated by a single Lyapunov function illus-
trated by a number of examples. In Section 3.9, extended Lyapunov functions
are introduced. These (in general discontinuous) functions offer another way
to obtain the Lyapunov ideal, respectively, the generalized recurrent set. Partic-
ularly interesting are continuity properties of such functions. In Theorem 3.9.7
we show that continuity of some specific extended Lyapunov function is
equivalent to uniform attractivity of the generalized recurrent set. A larger
T,-invariant Banach algebra containing an extended Lyapunov function is
constructed and studied in examples.

Section 3.10 is on decompositions. The famous Conley decomposition is in-
troduced and an alternative decomposition of K by means of the generalized
recurrent set is suggested. Moreover, the decompositions of K and gr ¢ in-
duced by the Lyapunov algebra are briefly discussed and compared with the
decompositions corresponding to the fixed space (see p. 149 ff). Lastly, a de-
composition of K into parts on which each extended Lyapunov function is
continuous is obtained on p. 152.
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Geschichten hinter den
Theoremen - Die
Ergodentheorie im Lichte ihrer
Begriinder

Die vorliegende Doktorarbeit bewegt sich in den Bereichen der Ergodentheorie
und der Dynamischen Systeme, jeweils aus funktionalanalytischer Perspektive.
Die Urspriinge dieser noch relativ jungen mathematischen Disziplinen liegen
in Himmelsmechanik, statistischer Physik und Thermodynamik und begannen
mit Fragen wie: Ist das Sonnensystem stabil? Kann man die Planetenbewegun-
gen exakt vorhersagen? Nehmen die Atome eines Gases jeden physikalisch
moglichen Zustand auch tatsichlich einmal an? Diese Fragen, ihre Antworten
und deren mathematische Weiterentwicklungen sind mit so bekannten Namen
wie Ludwig Boltzmann, Henri Poincaré, Aleksandr Mikhailovich Lyapunov,
George David Birkhoff und John von Neumann verbunden sowie mit einem
weniger bekannten: Bernard Osgood Koopman. Zum Einstieg soll die Entwick-
lung von Ergodentheorie und Dynamischen Systemen anhand dieser Personen
und ihrer Geschichten schlaglichtartig nacherzahlt werden. Hinter den Theo-
remen verstecken sich nicht selten personliche Animositéten, die Frage nach
dem »Wer war zuerst?«, schwerwiegende mathematische Fehler und eine
breite Spanne von Gefiihlen. Uberzeugungen standen sich unvereinbar gegen-
iiber ebenso wie gegensitzliche Charaktere, die sich auch in ihrem jeweiligen
mathematischen Schaffen widerspiegeln. Auch geographisch mussten grofle
Distanzen iiberwunden werden, denn die Entstehung von Ergodentheorie
und Dynamischen Systemen spielte sich in Mitteleuropa, Russland und den
USA ab. In Beschreibungen von Zeitgenossen, Briefen und Anekdoten, ihren
Lebenswegen und Interessen zeigen sich die Menschen, die uns durch ihre
Mathematik bis heute pragen. Randnotizen tiber das geschichtliche Geschehen
geben einen Eindruck, unter welchen Umstédnden damals gelebt und eben auch
Mathematik gemacht wurde.
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Ludwig Boltzmann - der konfliktbeladene
Begriinder der Ergodenhypothese

Der 6sterreichische Physiker Ludwig Eduard Boltzmann (1844-1906) wirk-
te wahrend einer wissenschaftlichen Zeitenwende und kann als Vollender
der klassischen Mechanik angesehen werden, der zugleich den Weg fiir die
moderne Physik des zwanzigsten Jahrhunderts ebnete. Kern seiner Arbeit ist
eine mechanistische Weltsicht. Seiner Theorie nach konnen thermodynami-
sche Prozesse mit Hilfe der kinetischen Gastheorie mechanisch beschrieben
werden. Entsprechend war er ein vehementer Vertreter der Atomistik, die
zu seinen Lebzeiten noch stark angezweifelt wurde. Zu seinen grofiten Er-
rungenschaften gehort die wahrscheinlichkeitstheoretische Interpretation des
Zweiten Hauptsatzes der Thermodynamik. Seine Arbeit baut entscheidend
auf den Ergebnissen von James Clerk Maxwell auf, zu dem er aber nie Kon-
takt aufgenommen hat. Trotz einer starken wissenschaftlichen Gegnerschaft
wurde Boltzmanns Werk mit zahlreichen Ehrungen bedacht, darunter seine
Mitgliedschaft in der Accademia dei Lincei in Rom.

Die fiir die Entstehung der Ergodentheorie so wichtige »Ergodenhypothese« —
die schon 1845 in einem nicht beachteten Artikel von John James Waterston
angedeutet worden war (BRusH [12, S. 288]) — zog sich durch Boltzmanns
Arbeiten zur Thermodynamik hindurch. In ihrer frithesten Version von 1871
lautete die Hypothese bei Boltzmann wie folgt:

Die grosse Unregelmaissigkeit der Warmebewegung und die Man-
nigfaltigkeit der Kréfte, welche von aussen auf die Korper wirken,
macht es wahrscheinlich, dass die Atome derselben vermoge der
Bewegung, die wir Warme nennen, alle moglichen mit der Glei-
chung der lebendigen Kraft vereinbaren Positionen und Geschwin-
digkeiten durchlaufen, dass wir also die zuletzt entwickelten Glei-
chungen auf die Coordinaten und Geschwindigkeitscomponenten
der Atome warmer Korper anwenden konnen. (BoLTzMANN [11,
S. 707])

In heutiger Terminologie formuliert vermutete Boltzmann also, dass jeder Orbit
eines dynamischen Systems den ganzen Zustandsraum durchlauft. Aus dieser
Annahme folgt die Gleichheit von »Zeitmittel« und »Raummittel«. Boltzmann
selbst mafl der Ergodenhypothese offenbar nicht die zentrale Bedeutung bei,
die sie riickwirkend betrachtet — obwohl in ihrer urspriinglichen Form falsch
- verdient (BADINO [4, Abschnitt 1]). Durch die Arbeit von Josiah Willard
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Gibbs und Paul und Tatjana Ehrenfest riickte die Ergodenhypothese mehr ins
Zentrum. Thre Giiltigkeit wurde schon frith angezweifelt, und die Ehrenfests
formulierten eine alternative »Quasiergodenhypothese«. 1913 zeigten schlief3-
lich Arthur Rosenthal und Michel Plancherel, dass die Ergodenhypothese fiir
mechanische Systeme nie erfiillt ist. Auch die Quasiergodenhypothese er-
wies sich als problematisch, da sie nicht immer die gewiinschte Gleichheit von
Raummittel und Zeitmittel implizierte. Die richtigen Voraussetzungen fiir diese
Gleichheit waren schlie8lich Gegenstand der berithmten »Ergodentheoreme«
von Birkhoff und von Neumann aus den 1930er Jahren. Aus diesen Theore-
men erblithte die Ergodentheorie als eine neue mathematische Disziplin. Auch
wenn sich die Ergodentheorie von ihren physikalisch motivierten Wurzeln
weit entfernt hat, erinnert ihr Name noch an diese: Das Kunstwort »Ergode«
geht auf Boltzmann zuriick. Fir eine Begriffsgeschichte siehe MATHIEU [51]
und GALLAVOTTI [27].

Die Bedeutung Boltzmanns fiir die Ergodentheorie beschréankt sich nicht auf
seine Ergodenhypothese. Er realisierte, dass fiir eine Beschreibung der immer
wachsenden Entropie eine wahrscheinlichkeitstheoretische Struktur erforder-
lich ist: ein invariantes Maf3. Damit motivierte er ein zentrales Objekt der
spateren Ergodentheorie, das maf3theoretische dynamische System (ORNSTEIN

[61]).

Boltzmanns Leben war von Konflikten durchzogen: Er fithrte sowohl wissen-
schaftlich harte Kontroversen als auch erbitterte seelische Kdmpfe gegen sich
selbst. Mit wissenschaftlicher Kritik ging er unbefangen um. So soll er schon
als junger Mann bei Besuchen in Heidelberg und Berlin Gré3en der Physik wie
Gustav Kirchhoff und Hermann von Helmholtz vorlaut auf ihre Rechenfehler
hingewiesen haben. Aus Graz und Wien war er offenbar einen lockereren Um-
gang gewohnt und iiber seinen Fehltritt klarte ihn sogleich »ein einziger Blick
Helmholtz’ « auf (FAsoL-BorLTzmMANN [26, S. 6]).

Sein wissenschaftlicher Kontrahent Friedrich Wilhelm Ostwald gibt folgendes
Bild von Boltzmann:

Er war ein Fremdling in dieser Welt. Ganz und gar seiner Wissen-
schaft hingegeben, von ihren Problemen unausgesetzt erfiillt, hat
er nie Zeit und Neigung gefunden, sich mit jenen tausend Klei-
nigkeiten vertraut zu machen, auf deren instinktiver Handhabung
das Leben des modernen Menschen zum grof3ten Teil beruht. Der-
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selbe Mann, dessen mathematischem Scharfsinn nicht die kleinste
wissenschaftliche Unstimmigkeit entging, war im taglichen Leben
von der Harmlosigkeit und Unerfahrenheit eines Kindes. (FAsoL-
BOLTZMANN [26, S. 46])

Berufungen an andere Universitiaten brachten Boltzmann mehrfach in schwere
innere Konflikte. Die 1888 tiberstiirzt getroffene Entscheidung, von Graz nach
Berlin zu wechseln, um dort Kirchhoffs Nachfolge anzutreten, verschwieg
er zunichst monatelang in Graz, um diese schliefilich wieder riickgéngig zu
machen. Innerhalb weniger Tage entschied er sich noch dreimal um, jedoch
wurde ihm das Amt in Berlin dann verwehrt und die Professur mit Max Planck
besetzt. Psychisch zermiirbt von dem Hin und Her, lief$ sich Boltzmann mehre-
re Wochen lang zur Erholung beurlauben. Sein personliches Scheitern in dieser
Angelegenheit hinterlie3 Narben auf seinem Gemiit (FAsoL-BoLTZMANN [26,
S. 18]). Von dieser Zeit an, zusatzlich iiberschattet vom Tod seiner Mutter und
seines 11-jahrigen Sohnes an einer zu spét erkannten Blinddarmentziindung,
wurde seine diagnostizierte »Neurasthenie« offenkundig. Sein Krankheitsbild
war durch den Wechsel depressiver und euphorischer Phasen gekennzeich-
net und wurde mit einer Uberreizung des Nervensystems erklirt, wie sie
durch tbersteigerte geistige Betiatigung entstehen konne (HOFLECHNER [32, S.

2)).

Darauffolgende Stationen des Rastlosen waren Miinchen (1890-1894), wo er
seine schonsten akademischen Jahre verbrachte (FAsoL-BoLTzMANN [26, S.
22]) und Wien (1894-1900). Seine anschlieflende Professur in Leipzig von 1900—
1902 stellte sich leider als Katastrophe fiir Boltzmann heraus. Noch bevor er
diese iiberhaupt angetreten hatte, fithrte er schon Riickkehrverhandlungen mit
Wien und erlitt einen Nervenzusammenbruch (REITER [69, S. 366]). Seine psy-
chischen Probleme quailten ihn in Leipzig bis hin zu einem Selbstmordversuch,
so dass er spater nie iiber die kurze Episode dort sprach. Im Horsaal hatte er
mit Angsten zu kimpfen, plétzlich seine geistigen Fihigkeiten zu verlieren
(FAsoL-BOLTZMANN [26, S. 34]). Fiir seine Riickkehr an die Universitat Wien
musste er eine ehrenwértliche Erklarung abgeben, Osterreich nie wieder zu
verlassen (HOFLECHNER [32, S. 2]).

Das Werk Boltzmanns war immer wieder Gegenstand von wissenschaftlichen
Kontroversen und hatte in Kontinentaleuropa einen schweren Stand. Auf grofie-
ren Anklang trafen seine Theorien in England (BrusH [13, S. 78]).



Boltzmann — konfliktbeladener Begriinder der Ergodenhypothese 11

Boltzmanns Lehrer und Freund Josef Loschmidt brachte 1876 den »Umbkehrein-
wand« gegen Boltzmanns mechanisches Erklarungsmodell der Thermodyna-
mik auf. Laut diesem ist eine Erkldrung thermodynamischer Prozesse anhand
der Mechanik nicht moglich, da ein mechanisches System im Gegensatz zu
einem thermodynamischen reversibel ist. Boltzmanns Losungsidee dieses Para-
doxons war eine wahrscheinlichkeitstheoretische Interpretation: Fiir manche
sehr unwahrscheinliche Anfangsbedinungen sei eine Abnahme der Entropie
in der Tat moglich (BrusH [13, S. 71]).

Ernst Mach, in Wien ein zeitweiser Kollege von Boltzmann, sah die Grundlage
fiir die Naturgesetze in Beobachtungen und Empfindungen. Wissenschaftliche
Theorien, die sich nicht beobachten lief3en, waren fiir ihn »sinnleere meta-
physikalische Spekulation«. So auch die Atomistik und Mach war folglich
Verfechter einer kontinuierlichen Struktur der Materie. In Bezug auf Atome
fragte er seinen Landsmann Boltzmann schlicht: »Haben’s denn schon einmal
ein’s g’sehn?« (FasoL [24, S. 92]).

Der spatere Nobelpreistrager Ostwald vertrat die These, dass sich alle Vorgénge
in der Natur auf Energieumwandlung zuriickfithren lieflen - dies mit einer sol-
chen Uberzeugung, dass er sogar sein Anwesen »Villa Energie« nannte (FAsoL
[24, S. 95]). Boltzmanns Atomistik und die darauf basierende statistische Me-
chanik und Thermodynamik passten nicht mit dieser »Energetik« zusammen,
und es kam zu heftigen Auseinandersetzungen mit Boltzmann. Diese erfuhren
auf der Naturforscherversammlung 1895 in Liibeck einen Hohepunkt, wo Boltz-
mann zum Angriff auf Ostwalds Energetik ansetzte. Arnold Sommerfeld, ein
Zuhorer des Streits, beschrieb diesen sehr bildhaft:

Das Referat fiir die Energetik hatte Helm aus Dresden gehalten;
hinter ihm stand Wilhelm Ostwald, hinter beiden die Naturphi-
losophie des nicht anwesenden Ernst Mach. Der Opponent war
Boltzmann, sekundiert von Felix Klein. Der Kampf zwischen Boltz-
mann und Ostwald glich, duf8erlich und innerlich, dem Kampf des
Stiers mit dem geschmeidigen Fechter. Aber der Stier besiegte dies-
mal den Torero trotz aller Fechtkunst. Die Argumente Boltzmanns
schlugen durch. Wir damals jiingeren Mathematiker standen alle
auf der Seite Boltzmanns. (FASOL-BOLTZMANN [26, S. 26])
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Letztlich hatte Boltzmann sogar schon frither einen Vorschlag zur Losung des
Konflikts angedeutet, als er meinte: »Ich sehe keinen Grund, nicht auch die
Energie als atomistisch eingeteilt anzusehen!« (STILLER [82, S. 97]). Dieser
Gedanke wurde schliellich von Max Planck mit seiner Quantentheorie zu
Ende gedacht.

Trotz der fachlichen Kampfe war Boltzmanns personliches Verhéltnis sowohl
zu Mach als auch Ostwald wertschédtzend und sogar freundschaftlich. Mach
hatte sich 1885 fiir eine Berufung Boltzmanns nach Wien eingesetzt, Ost-
wald dréngte ihn 1900 geradezu dazu, nach Leipzig zu kommen. Bei Ostwald
und seiner Familie war Boltzmann gelegentlich zu Musikabenden eingeladen
(FAsoL-BOLTZMANN [26, S. 35]). Boltzmann selbst war zeitlebens ein hervorra-
gender Pianist, der in jungen Jahren von dem damals noch wenig bekannten
Anton Bruckner unterrichtet worden war.

In einem Vortrag von 1904, in dem er das Gliick energetisch interpretierte, ent-
glitt Ostwald in seiner Kritik allerdings ins Personliche:

[...] Den entgegengesetzten Zustand bietet der Neurastheniker dar.
Bei diesem sind die Widerstandsempfindungen exzessiv gesteigert;
er ist aufler Stande, den kleinsten Entschluss zu fassen, weil er
die entgegengesetzten Widerstande nicht iiberwinden kann, und
er gehort zu den ungliicklichsten Menschen, die es gibt. (FAsoL-
BoLTzZMANN [26, S. 41])

1896, kurz nach dem Zusammenprall in Liibeck, fithrte Plancks Schiiler Ernst
Zermelo den sogenannten »Wiederkehreinwand« gegen Boltzmann ins Feld.
Dieser basierte auf Henri Poincarés »Wiederkehrsatz«, den dieser bereits 1890
in seiner Arbeit »Sur le probléme des trois corps et les équations de la dynami-
que« (PoINCARE [66]) verdffentlicht hatte (siehe den nachsten Abschnitt). Wie
Zermelo feststellte, widersprach dieser Satz einer steten Zunahme der Entropie
im Sinne des Zweiten Hauptsatzes der Thermodynamik, da gemaf3 Poincarés
Satz jedes System irgendwann wieder beliebig nah an seinen Ursprungszustand
zuriickkehren wiirde. Boltzmanns Antwort war, dass der Zweite Hauptsatz
der Thermodynamik lediglich als wahrscheinlichkeitstheoretische Aussage zu
verstehen sei, und er berechnete die ungeheure Zeitspanne von 1019* Sekun-
den als erwartete Wiederkehrzeit fiir die Teilchen in einem Kubikzentimeter
eines idealen Gases (HOFLECHNER [32, S. 6]). Bis heute ist diese Problematik
offenbar nicht abschlieflend geklart (SKLAR [79]).
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Die heftige Kritik seiner Widersacher lief§ bei Boltzmann Zweifel an seinem
Lebenswerk aufkommen. Dies, und dass er als letzter Anhanger der Atomistik
und Relikt aus alten Zeiten gesehen wurde (HOFLECHNER [32, S. 7]), destabi-
lisierte Boltzmanns ohnehin schon labile psychische Konstitution weiter. In
seinen letzten Lebensjahren wandte er sich mehr und mehr der Philosophie
Zu.

Leider hat Boltzmann nicht mehr erlebt, wie seine Theorie in den Arbeiten
etwa von Albert Einstein, Erwin Schrédinger und Max Planck noch Friichte ge-
tragen hat. Am 5. September 1906 nahm er sich wihrend eines Aufenthalts mit
seiner Familie in Duino, der eigentlich seiner Erholung hitte dienen sollen, das
Leben. Seine Frau Henriette tiberlebte ihren »Louis« um 32 Jahre. Sie war selbst
studierte Physikerin und eine der ersten Studentinnen der Universitat Graz
gewesen. Nach der Heirat hatte sie ihr Studium allerdings aufgeben miissen.
Ihrem stark kurzsichtigen Mann war sie eine sachkundige Vorleserin von Fach-
artikeln gewesen (FAsoL-BoLTZMANN [26, S. 22]).

Boltzmann und seine Verlobte Henriette von Aigentler (1875)!

Boltzmann fand die Begriindung fiir seine wechselhaften Gemiitszustande
scherzhaft in der Stunde seiner Geburt: Er war 1844 in der Nacht von Fa-
schingsdienstag auf Aschermittwoch geboren worden (FAsoL-BoLTZMANN [26,
S. 39]). Auf bittersiifie Weise verarbeitete er seine eigene Tragik auch lite-
rarisch in seinem Scherzgedicht »Beethoven im Himmel«: Das lyrische Ich

!Bildquelle: https://mujeresconciencia.com/2015/11/02/
henriette-y-ludwig-los-boltzmann/ (abgerufen am 19.7.2021)


https://mujeresconciencia.com/2015/11/02/henriette-y-ludwig-los-boltzmann/
https://mujeresconciencia.com/2015/11/02/henriette-y-ludwig-los-boltzmann/
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erkennt beim Eintritt in den Himmel den Engelschoral sogleich als ein Werk
Ludwig van Beethovens, das dieser offenbar im Himmel komponiert hat. Je-
doch scheint ihm die Qualitit nicht dem zu entsprechen, was Beethoven auf
Erden vollbracht hatte. Beethovens Geist stimmt ihm daraufhin zu; was im
Himmel fehle, um gute Musik zu komponieren, sei der Schmerz, »des Lebens
warmster Ton«.

[..]

Dein Urtheil stimmt mit meinem! Du hast Recht!
Im Himmel hier gelingt mir alles schlecht.

Ich schreib’ auch nichts mehr! Nur zum Weltgericht
Den Satz fiir die Posaunen weigr’ ich nicht.

Sonst bracht’ ich in Verlegenheit den Herrn.

Da muf} ich wohl, thu’ ich es gleich nicht gern.
Und weift Du, was mir raubt des Schaffens Feuer?
Der Tone méachtigster fehlt hier der Leier

Und dieser mécht’ge Ton — es ist der Schmerz!
Der so gewaltig klingt, der hallt wie Erz.

Und packt er dich, dass jede Faser bebt,

Er ist Dein Freund, der Dich vom Staub erhebt.
Nur der wird mit der Menschheit Preis gekront,
Den er gefoltert, dass er dchzt und stéhnt.

[..]

So fand, wo Grof3es ist, den Schmerz ich wieder;
Er war auch stets der Grundton meiner Lieder
Und hier in seel’ger Geister schonem Land
Entsank gar bald die Leier meiner Hand.

[..]

(FasorL-BorTzMANN & FAsoL [25, S. 168, 169])
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Ein bedeutungsschwerer Fehler - Henri
Poincarés Entdeckung chaotischer Dynamik

Zu Ehren des 60. Geburtstags des wissenschaftsaffinen schwedischen Konigs
Oskar II. — er hatte selbst Mathematik studiert — wurde 1885, unter Regie des
schwedischen Mathematikers Gosta Mittag-Lefller, eine internationale Preis-
ausschreibung in Mathematik bekannt gegeben. Die Jury-Mitglieder Karl Wei-
erstraf}, Charles Hermite und Mittag-Leffler selbst gehorten zu den fithrenden
Mathematikern ihrer Generation. Einen Nobelpreis oder eine Fieldsmedaille
gab es zu dieser Zeit noch nicht, so dass dieser Preis viel Aufmerksambkeit erreg-
te. Der Sieger sollte mit einer Verdffentlichung in der vor Kurzem gegriindeten,
bis heute herausgegebenen Zeitschrift Acta Mathematica, einem hohen Preis-
geld und einer Gold-Medaille mit dem Antlitz des Konigs geehrt werden. Eine
der vier Preisfragen betraf das /N-Kérper-Problem und seine mégliche Losung,
die eine Schlussfolgerung auf die Stabilitat des Sonnensystems erlauben wiirde.
Diese Problematik, ob starke Anderungen der Planetenlaufbahnen ausgeschlos-
sen werden konnen und kein Planet aus dem System entkommen kann, hatte
schon Generationen von Gelehrten beschiftigt.

1888 reichte der 34-jahrige Henri Poincaré seine Arbeit »Sur le probleme des
trois corps et les équations de la dynamique« ein und die Jury war sich schnell
einig: Poincaré sollte den Wettbewerb gewinnen, auch wenn er das eigentliche
Problem nicht gelost hatte. In dieser und fritheren Arbeiten hatte Poincaré voll-
kommen neue Methoden zur Untersuchung von Differentialgleichungen bzw.
deren Losungen entwickelt: Statt der lange Zeit iiblichen Untersuchung von Rei-
henentwicklungen asymptotischer Losungen fiihrte er eine qualitative, globale
Untersuchung der Dynamik auf dem Zustandsraum mit geometrischen und
topologischen Methoden ein, um das Langzeitverhalten der Orbits zu studieren.
Auch sein bahnbrechendes, spater auch fiir die Ergodentheorie wichtiges und
Ludwig Boltzmann in Bedrangnis bringendes »Rekurrenztheorem« war in
dieser Arbeit erstmals enthalten. Allerdings hatte die hochkarétig besetzte
Jury erhebliche Verstandnisprobleme beim Lesen der intuitiv und sprunghaft
geschriebenen Arbeit. Daher kam sie zu dem Schluss, dass Poincaré noch eini-
ge Punkte klaren miisse, worauthin dieser weitere hundert Seiten nachreichte.
Ohne Zweifel war aber, dass Poincarés neue Konzepte nicht nur die Theorie dy-
namischer Systeme, sondern weitere Bereiche der Mathematik revolutionieren
wiirden. Poincaré erhielt schlieBlich das Preisgeld, wahrend er noch mit den
Umarbeitungen beschaftigt war. Nachdem schon die ersten Druckexemplare
der neuen Ausgabe von Acta Mathematica weltweit verschickt worden waren,
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Henri Poincaré (1889)?

kam dann die Schreckensnachricht: Poincaré hatte einen schwerwiegenden
Fehler in seiner Arbeit entdeckt und es war unklar, welche Teile der Arbeit
noch zu retten waren. Die verschickten Exemplare mussten unter groflem
Aufwand zuriickgefordert und zerstort werden, die Reputation der beteiligten
Personen stand auf dem Spiel, auch die des nichtsahnenden schwedischen
Konigs. Die Riickrufaktion war offenbar erfolgreich: Heute existieren nur noch
zwei Exemplare, beide am Mittag-Leffler-Institut in Stockholm, eines davon
mit der Inschrift »Hela upplagan blev makulerad« (»die ganze Ausgabe wurde
vernichtet«) von Mittag-Leffler (RAGSTEDT [67]). Man einigte sich darauf, dass
Poincaré die entstandenen Druckkosten — um einiges hoher als das Preisgeld
und mehr als ein halbes Jahresgehalt — selbst tibernehmen wiirde. Poincaré
indessen arbeitete fieberhaft an seinen Ergebnissen. Er kam zum unausweich-
lichen und tiberraschenden Schluss, dass eine sensitive Abhangigkeit von den
Anfangsbedingungen im N-Koérper-Problem moglich ist, langfristige Vorher-
sagen iiber beispielsweise die (exakten) Planetenbewegungen also unmdéglich
sind. Er wurde so zum Entdecker chaotischen Verhaltens dynamischer Systeme.

?Bildquelle: http://www.mittag-leffler.se/library/henri-poincare (abgeru-
fen am 5.7.2021)
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1890 erschien schlief3lich eine stark tiberarbeitete Version seines Artikels in
Acta Mathematica (POINCARE [66]). Fur eine ausfiihrliche Beschreibung der
Umstande um Poincarés zunéchst fehlerhafte Verdffentlichung siehe etwa
RAGSTEDT [67] oder Yoccoz [88].

Die intuitive Denkweise Poincarés, der die Jury schwer folgen konnte, war
schon in seiner Jugend angelegt. Sein langjahriger Freund Paul Appell erinnerte
sich an seinen ersten Eindruck:

[...] 1l était comme absorbé dans des pensées intérieures, avec des
yeux en quelque sorte voilés par la réflexion : quand il parlait, ses
yeux s’animaient d’une expression de bonté, a la fois malicieuse et
profonde. [...] Je fus frappé de sa facon de parler un peu bréve et
saccadée, entrecoupée de longs silences. Dés les premieres interro-
gations en classe, sa supériorité apparut éclatante : il répondait aux
questions en supprimant les raisonnements intermédiaires, avec
une brieveté et une concision telles, que le professeur lui deman-
dait toujours de développer ses réponses : il lui disait : »Si vous
répondez ainsi a 'examen, vous risquez de n’étre pas compris«.?
(AppPELL [2, S. 190])

Als Schuljunge fiel Poincaré als Gedachtniskiinstler auf: Er kannte nach dem
Lesen eines Buchs dessen gesamten Inhalt und konnte die Seitenanzahl ange-
ben, auf der sich eine bestimmte Information befand. Er machte keine Notizen,
sondern merkte sich die Inhalte des Unterrichts nach Gehor, womit er auch
seine starke Kurzsichtigkeit ausgleichen konnte. Fiir den breit interessierten
und begabten Poincaré war keineswegs schon in seiner Jugend klar, dass er
den Weg der Mathematik einschlagen wiirde. Er tat sich als Philosoph hervor,
war ein begabter Tanzer und Schauspieler mit einer Vorliebe fiir Komodien,
der gerne auch kleine Theaterstiicke fiir seine Familie verfasste oder zur Freu-
de seiner Klassenkameraden seine Lehrer imitierte. Wéhrend der Besetzung
Nancys durch Preuf3en war ein hoher deutscher Beamter im Hause Poincaré
einquartiert. Der junge Henri nutze trotz der schwierigen politischen Lage die

3[...] er war wie absorbiert von inneren Gedanken, mit von Nachdenken in gewisser Weise
verschleierten Augen: Wenn er sprach, belebten sich seine Augen mit einem Ausdruck
der Freundlichkeit, zugleich verschmitzt und tief. [...] Ich war erstaunt von seiner Art
zu reden, ein bisschen kurz und abgehackt, unterbrochen von langen Pausen. Von den
ersten Abfragen in der Klasse an war seine Uberlegenheit offenkundig: Er lie§ bei seinen
Antworten auf Fragen die Zwischenschritte der Uberlegungen weg, mit einer solchen
Kiirze und Pragnanz, dass der Lehrer ihn immer dazu anhielt, seine Antworten genauer
auszufithren: Er sagte ihm: »Wenn Sie so in der Klausur antworten, riskieren Sie, nicht
verstanden zu werden.«
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Gelegenheit, um jeden Abend im Gesprach mit dem Mann sein Deutsch zu ver-
bessern und die neuesten Nachrichten zu erfahren (zu Poincarés Kindheit siehe
VERHULST [86, Kap. 1], fiir einen kurzen Uberblick seines Lebens und Denkens
siehe etwa Ayous [3, Part I] oder STRICK [83]).

Auch als Mathematiker blieb Poincaré ein Universalist und war in vielen ver-
schiedenen Gebieten der Mathematik aktiv. Ubersprudelnd von Ideen, die er
haufig nicht ausarbeitete, da er sie fiir klar hielt, fehlte es dem mathematischen
Impressionisten oft an Rigorositat. Die Gutachter seiner Doktorarbeit kritisier-
ten, dass die Arbeit konfus aufgebaut sei und es ihm nicht gelang, seine Ideen in
klarer und einfacher Weise auszudriicken. Die Horer seiner Vorlesungen wur-
den schnell weniger, da sie seinem sprung- und liickenhaften Stil nicht folgen
konnten. Poincaré wusste seine mathematische Intuition gezielt einzusetzen
und in seinen Arbeitsstil war sein Unterbewusstsein fest integriert: Kam er bei
einem Problem oder beim Verfassen eines Artikels nicht weiter, lief3 er davon ab
im Wissen um eine spatere Erleuchtung. Vom Hilbertschen Formalismus und
der Idee, die Mathematik vollstindig axiomatisieren zu konnen, distanzierte er
sich, da er Logik als Einschrankung der Ideenfindung empfand. Auch wissen-
schaftsphilosophisch setzte er sich mit mathematischer Kreativitat und seiner
eigenen Denkweise auseinander (POINCARE [65]).

Hixki POINCARE DANE 30N CARINET DE TRAVAIL. L L L

Henri Poincaré in seinem Arbeitszimmer (ca. 1911)*

*Bildquelle: Dornac/Archives Henri-Poincaré (Nancy)
http://henri-poincare.ahp-numerique.fr/items/show/84 (abgerufen am
12.10.2021)
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Aleksandr Mikhailovich Lyapunov und die
Frage nach der Stabilitat

Neben Poincaré beschaftigte sich auch der russische Mathematiker Aleksandr
Mikhailovich Lyapunov (1857-1918) wegweisend mit qualitativen Metho-
den zur Betrachtung der Losungen von Differentialgleichungen. Im Vorwort
zu seiner Dissertation aus dem Jahr 1892 machte er Poincarés Einfluss auf
seine Arbeit deutlich und betonte, dass einige seiner Resultate Verallgemei-
nerungen von Bemerkungen Poincarés seien (siehe auch MawHIN [52, Ab-
schnitt 2]):

The only attempt, as far as I know, at a rigorous solution belongs
to Poincaré, who, [...] considered questions of stability for the
case of second order systems of differential equations, and arrived
also at some related questions pertaining to systems of third order.
Although Poincaré limited himself to very special cases, the meth-
ods he used allow much more general applications and could still
lead to many new results. This will be seen in what follows, for, in
a large part of my researches, I was guided by the ideas developed
in the above-mentioned memoir. (LyaApunov [48, S. 532])

Offenbar kam es aber auch ungewollt zu Uberschneidungen mit Poincarés
Werk, wie Lyapunov in einem Nachtrag zum Vorwort seiner Dissertation
beschrieb, wo er aulerdem die im vorigen Abschnitt behandelte Preisarbeit
Poincarés zitierte:

During the printing of this work, which extended over more than
two years, there have appeared two very interesting works by
Poincaré, treating questions related to many of those which I
have considered. I refer to his memoir “Sur le probléme des trois
corps et les équations de la Dynamique” which appeared in Acta
mathematica, Vol. XIII, a short time after I had begun to arrange
the printing of my work, as well as the first volume to appear of his
treatise entitled “Les méthodes nouvelles de la Mécanique céleste”
(Paris, 1892). In the first are found certain results analogous to
those which I have obtained, which I indicate at suitable points of
my work. As for the second, I have not yet had time to study it
in detail; but insofar as the questions which I have considered are
concerned, it does not seem to contain essential additions to the
memoir of Acta mathematica. (LyApuNov [48, S. 534])
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Zwei Jahrzehnte spater klang Lyapunov in einem Brief an seinen Freund
Wladimir A. Steklow frustriert, dass Poincaré die gleichen Fragestellungen wie
er bearbeitete:

Thank you for your communication which spared me a point-
less loss of time. How annoying this would have been with the
work now fit for throwing away; for, according to what you write,
Poincaré did what would have been the subject for my investiga-
tions [...]. (SMIrNOV [80, S. 780])

Eine Woche darauf hatte er sich jedoch mit dessen neuer Veroffentlichung
vertraut gemacht und urteilte, dass nur alte Ideen in dieser Arbeit Poincarés
wiederkehrten:

To my greatest surprise I did not find anything significant in this
book. The greatest part of the book is devoted to the exposition
(which is, it is necessary to note, highly disorganized) of results
already known. As regards questions of interest to me, Poincaré
only repeats, and in a very abridged form, that which he said in
his old memoir of 1886. (SMIRNOV [80, S. 781])

Umgekehrt erwahnte Poincaré Lyapunov in seinen Veréffentlichungen nicht.
Eine personliche Begegnung der beiden fand trotz der Verwandtschaft ihrer
Arbeit nie statt.

Lyapunov, drei Jahre jiinger als Poincaré, wurde an der Universitét in St. Peters-
burg mathematisch stark von seinem Lehrer Pafnuti L. Tschebyschew geprégt.
Dieser vertrat die Ansicht, dass nur in Anwendungen motivierte Mathematik
einen Wert habe und folglich mathematische Forschung stets einen Bezug zur
realen Welt behalten solle (HATVANTI [31, S. 2]). Jeder ernstzunehmende Ma-
thematikstudent solle sich aulerdem in seiner Abschlussarbeit einem Problem
von anerkannter Schwierigkeit widmen, nicht einer einfachen Frage, die mit
gangigen Methoden schnell gelost werden konne. So schlug Tschebyschew fiir
Lyapunovs Arbeit eine Frage zur Stabilitidt von Rotationskoérpern rotierender
Flussigkeiten vor und versprach ihm, dass deren Losung ihn auf einen Schlag
zu einem angesehenen Mathematiker machen wiirde. Lyapunov machte sich
mit Feuereifer ans Werk, ohne einen Hinweis, wie er dieses Problem angehen
konnte. Letztendlich 16ste er nur Randprobleme der eigentlichen Fragestellung,
trotzdem verhalf ihm seine Abschlussarbeit zu internationaler Bekanntheit.
Eine Besprechung dieser erschien direkt nach der Verteidigung 1885 in der
Franzosischen Zeitschrift Bulletin Astronomique und 1904 wurde sie in die
Wissenschaftssprache Franzosisch iibersetzt.
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Seine oben schon zitierte Doktorarbeit »The general problem of the stabili-
ty of motion« wurde schlief3lich ein Meilenstein der Stabilitatstheorie. Hier
fithrte Lyapunov seine Erste und Zweite Methode ein, wie sie heute immer
noch genannt werden. Die Zweite Methode wird auch als Direkte Methode
bezeichnet, weil hier die Losung einer Differentialgleichung nicht bekannt
zu sein braucht, um trotzdem Aussagen iiber ihre Eigenschaften machen zu
koénnen. Dies geschieht mit Hilfe einer entlang von Trajektorien fallenden
Funktion, die heute Lyapunovfunktion genannt wird (siehe Kapitel 3 der vorlie-
genden Dissertation). Anhand einer Lyapunovfunktion kann ermittelt werden,
ob eine Losung stabil ist. Da im Sommer 1891 gerade eine Cholera-Pandemie
wiitete und ein Kommisionsmitglied starb, musste der Termin fiir Lyapunovs
Verteidigung auf das Jahr 1892 verschoben werden. Auch seine Doktorarbeit
wurde ubersetzt und erschien 1908 und nochmals 1949 auf Franzosisch, 1992
schlie3lich in englischer Sprache.

Wihrend seiner Zeit an der Universitat Charkiw in den Jahren 1885-1902, in
der seine Doktorarbeit entstand, war Lyapunov viel in der Lehre tatig. Nach
anfanglicher, politisch motivierter Skepsis waren seine Vorlesungen bei den
Studenten duflerst beliebt. Jedoch traute sich niemand, Fragen zu stellen und
ein gewdahlter »Botschafter« ibermittelte ihm die Fragen aller Horer, wie sich
sein fritherer Student Steklow erinnert:

From that day on, A.M. gained quite an exceptional status in
students’ eyes: he was treated with impeccable courtesy. The
majority, who were totally indifferent to science, strained to do
their utmost to at least rise a little closer to the heights to which
A.M. was trying to lift his listeners. People started to feel shame
if their unpreparedness became evident; most wouldn’t even dare
talk to him lest their ignorance was exposed. The upshot of this
was a curious organization: the course selected a kind of authorized
go-between to whom students would bring their problems, and
this person would then discuss them with A. M.; he would bear
the burden of feeling ashamed in case of an obvious misdemeanor.

A.M. would later ask me with naive curiosity why so few of the
students asked him to elucidate difficult points. (STEKLOV [81,
S. 569])
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Aleksandr Mikhailovich Lyapunov (1902)°

Auch wenn Lyapunov die Lehre hauptsachlich als Unterbrechung seiner wis-
senschaftlichen Tétigkeit ansah, erinnerte er sich an die Zeit in Charkiw als die
gliicklichste seines Lebens (SMirnov [80, S. 780]). Lyapunovs Vorlesungsskrip-
te wurden spater veroffentlicht, so dass noch Generationen von Studenten
davon profitierten.

1902, wieder in St. Petersburg, wandte sich Lyapunov zum wiederholten Mal
seinem Abschlussarbeitsthema, den Gleichgewichtsfiguren, zu und konnte
zeigen, dass birnenfoérmige Rotationskorper nicht stabil sind. Er geriet dadurch
in Konflikt mit dem Astronomen George H. Darwin, Charles Darwins Sohn,
der das Gegenteil behauptete. Beide fanden keinen Fehler in ihren Arbeiten.
Poincaré duflerte sich 1911 dazu folgendermafien:

>Bildquelle: Autor unbekannt/Wikimedia Commons
https://commons.wikimedia.org/wiki/File:Aleksandr_Lyapunov. jpg
(abgerufen am 15.7.2021)
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Piriforms may be stable, but there is no confidence that it is really
so. Darwin finds this figure stable, but as Lyapunov contends, it
is unstable. In order to resolve the problem finally, one should
make calculations once more, but they are extremely complicated.
(SHCHERBAKOV [76, S. 867])

Erst 1917 fand sich ein Experte, der britische Astronom James H. Jeans, der
die Richtigkeit von Lyapunovs auf tausend Seiten ausgefiihrten, teils bis auf
vierzehn Nachkommastellen genauen Rechnungen bestatigte. (SHCHERBAKOV
[76,S. 867])

Lyapunov war ein arbeitswiitiger Mensch, der oft ohne eine einzige Stunde
Schlaf in den Hoérsaal trat. Zerstreuung fand er gelegentlich in Konzerten
seines Bruders Sergei Mikhailovich Lyapunov, einem anerkannten Kompo-
nisten und Pianisten. Dieser stand dem sogenannten »Machtigen Hauflein«
nah, einem Zusammenschluss von Komponisten, die das Ideal einer genuin
russischen Musik vertraten. Auflerdem liebte Lyapunov Pflanzen. Seine Woh-
nung mutete anscheinend wie ein kleiner botanischer Garten an (PAKSHINA
[62, S. 5215]), voller exotischer Pflanzen, darunter sogar Baume. So manche
botanische Trophie brachte er aus Italien mit, wo er 1908 am Internationalen
Mathematikerkongress teilgenommen hatte.

Seine Errungenschaften in der Stabilitatstheorie, Mechanik, Wahrscheinlich-
keitstheorie und Mathematischen Physik wurden durch die Mitgliedschaft in
mehreren Akademien der Wissenschaften honoriert, darunter die Accademia
dei Lincei in Rom. Eine Vielzahl von mathematischen Strukturen wie »Lya-
punovfunktionen«, »Lyapunovexponenten«, »Lyapunovstabilitat«, mehrere
»Lyapunov-Theoreme«, »Lyapunovgleichungen« oder die » Lyapunovdimensi-
on« und aulerdem ein Mondkrater tragen seinen Namen. In der vorliegenden
Doktorarbeit wird diese Liste noch um die »Lyapunovalgebra« und das »Lya-
punovideal« ergianzt.

Lyapunovs von Erfolg gekrontes Leben ging leider tragisch zu Ende: Die
Russische Revolution von 1917 setzte seiner Familie als zum russischen Adel
gehorig schwer zu. Der Familiensitz an der Wolga wurde niedergebrannt
und mit ihm die von Lyapunovs Vater und Grofivater begriindete wertvolle
Bibliothek. Lyapunov erfuhr von diesem schwerwiegenden Ereignis in Odessa,
wo er und seine an Tuberkulose erkrankte Frau sich auf arztliches Anraten
hin aufhielten. Auch Lyapunov ging es gesundheitlich nicht gut, er litt am
Grauen Star und drohte zu erblinden. Von all diesen Riickschlagen geschwacht,
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schaffte er es nach der Vorlesung kaum mehr nach Hause (STEKLOV [81, S. 576)).
Der Zustand seiner Frau verschlechterte sich zunehmend und sie verstarb im
Herbst 1918. Zutiefst erschiittert entschied sich Lyapunov am gleichen Tag,
ihr zu folgen.

Wer kam zuerst? Unstimmigkeiten um die
Veroffentlichung der Ergodentheoreme

Koopman’s observation was simultaneously a challenge
and a hint. If there is an intimate connection between
measure preserving transformations and unitary
operators, then the known analytic theory of such
operators must surely give some information about the
geometric behavior of the transformations. By October of
1931, von Neumann had the answer; the answer was the
mean ergodic theorem.

Paul Halmos in HaLmos [30, S. 91]

Der amerikanische Mathematiker George David Birkhoff (1884-1944) etablierte
die Theorie Dynamischer Systeme schliefilich als eigenstandige mathematische
Disziplin. Auch die Bezeichnung »dynamisches System« stammt von ihm, er
benutzte diese erstmals 1909 vor der American Mathematical Society und 1912
dann in seiner Arbeit »Quelques théoremes sur le mouvement des systémes
dynamiques« (BIRKHOFF [7]). Hier fithrte er auch die Konzepte »Minimalitat«
und »Rekurrenz« ein. Birkhoff wird oft als Poincarés Erbe oder dessen »einziger
wahrer Schiiler« gesehen (RoQUE [70, S. 296]). Ein Hohepunkt seines Schaffens
war der Beweis von »Poincarés letztem Satz«, den er 1913 veroffentlichte, ein
Jahr nach Poincarés iiberraschendem Tod.

Birkhoffs fritherer Doktorand Bernard Osgood Koopman présentierte in seinem
kurzen, aber wirkmiachtigen Artikel »Hamiltonian systems and transforma-
tions in Hilbert space« aus dem Jahr 1931 die einfache, aber wegweisende
Idee, einem dynamischen System eine Gruppe unitarer linearer Operatoren
zuzuordnen (KoopMAN [35]). Diese - in heutiger Terminologie — »Koopman-
gruppe auf L?« wurde zum Tiiréffner fiir eine neue mathematische Disziplin,
die Ergodentheorie.
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Koopmans Idee inspirierte John von Neumann, die Problematik um Boltzmanns
Ergodenhypothese mit operatorentheoretischen Methoden zu behandeln. Ver-
moge dieser fand er den Beweis zu seinem bahnbrechenden Ergodentheorem,
das er 1932 in den Proceedings of the National Academy of Sciences verdffent-
lichte (NEUMANN [59]). Schon 1931 war dort allerdings Birkhoffs ebenso be-
deutendes Ergodentheorem abgedruckt worden (BirkHOFF [8]). Jedoch ver-
meldeten Birkhoff und Koopman in einer gemeinsamen Veréffentlichung kurz
darauf:

The first one actually to establish a general theorem bearing fun-
damentally on the Quasi-Ergodic Hypothesis was J. v. Neumann,
who, with the aid of the above theory of the U;-operator, proved
what we will call the Mean Ergodic Theorem [...]. (BIRKHOFF &
KoorMmaN [10, S. 280])

Mit diesen beiden Theoremen war der Grundstein fiir die Herausbildung der
Ergodentheorie gelegt. Wie kam es aber zur umgekehrten Reihenfolge ihrer
Veroffentlichungen?

Aufschluss geben kann ein Brief, den von Neumann im Januar 1932 an Howard
Percy Robertson verfasste, seinen Freund und Kollegen in Princeton (abge-
druckt und transkribiert in ZUND [89, S. 142-147]). In diesem Brief schildert
von Neumann, dass Koopman ihm schon im Frithjahr 1930, wahrend von
Neumanns erstem USA-Aufenthalt, von seiner zu diesem Zeitpunkt noch un-
ausgereiften Idee erzahlt hatte. Der damals 26-jahrige von Neumann wurde
hellhorig, er erahnte eine vage Mdoglichkeit fiir den Beweis eines Ergoden-
theorems. Koopmans Idee lag offenbar in der Luft: Unabhangig von ihm kom-
munizierte auch André Weil an von Neumann die Beobachtung, abstrakte
dynamische Systeme mit linearen Operatoren auf Hilbertraumen zu verbin-
den. Weil, Griindungsmitglied des Autorenkollektivs Nicolas Bourbaki, war
im Sommer 1931 zu Besuch aus Indien in Berlin, wo er von Neumann traf. In
einem Kommentar zu seinen gesammelten Werken erinnert sich Weil an die
Begebenheit:

D’autre part Elie Cartan [...] avait bien mis en valeur, dans ses
Invariants Intégraux, le fait quun systéme hamiltonien possede un
volume invariant; [...] De la a conclure qu’un tel systéme définit
un groupe a un parametre de transformations unitaires dans 'es-
pace L? défini par ce volume, il n’y a qu’un pas a franchir, si aisé
qu’aujourd’hui nous n’en prenons méme plus conscience. Je crois
me souvenir cependant que cette observation parut encore neuve a
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von Neumann quand je la lui communiquai en 1931; justement ses
travaux venaient d’attirer I’attention sur la théorie des opérateurs
hermitiens, bornés ou non, dans les espaces de Hilbert, opéra-
teurs qui ne sont autres que les transformations infinitésimales
des groupes unitaires a un parametre dans ces mémes espaces. Je
cherchai a exploiter cette idée, mais j’en fus quelque peu découragé
par Elie Cartan, qui ne crut pas qu’elle piit étre d’aucune utilité
en mécanique céleste. A vrai dire, il faut, pour aboutir par cette
voie a des résultats concrets, non seulement que le systeme étudié
ait un volume total V' fini, mais surtout qu’il n’admette pas de
partie mesurable invariante de volume > 0 et < V, ce qui en gé-
néral n’est pas plus facile a vérifier que ’hypotheése ergodique elle
méme. Néanmoins, la méme observation, faite indépendamment
par Koopman, allait aboutir bient6t aux travaux de von Neumann
sur la théorie ergodique, et surtout au beau théoreme ergodique
de G. D. Birkhoff. Comme il est bien connu, cette théorie a recu
par la suite un grand développement.® (WErL [87, S. 522-523])

Weil stand anschlieflend in brieflichem Kontakt mit Koopman und von Neu-
mann und rdumte Koopman das Vorrecht fiir die Entdeckung der unitaren
Operatoren ein. Er selbst publizierte nicht zu dem Thema und wandte sich
anderen Projekten zu. Im September 1931 gelang von Neumann schlie8lich
der Durchbruch: der Beweis seines Ergodentheorems. Mit der Veroffentli-
chung wartete er jedoch noch ab, um mit Koopman abzukldren, ob dieser

Schon Elie Cartan [...] hat in seinen « Invariants Integraux » die Tatsache betont, dass
ein Hamiltonisches System ein invariantes Maf§ besitzt [...]. Daraus zu schlieflen, dass
ein solches System eine Einparametergruppe von unitaren Transformationen definiert,
ist nur ein kleiner Schritt, so leicht, dass uns das sogar nicht mehr bewusst ist. Ich glaube
mich aber daran zu erinnern, dass diese Beobachtung fiir von Neumann noch neu war, als
ich sie ihm 1931 mitteilte. Genau damals erhielten seine Arbeiten tiber die Theorie hermi-
tescher Operatoren, beschrinkt oder unbeschrankt, in Hilbertraumen grofie Aufmerksam-
keit. Diese Operatoren sind nichts anderes als die infinitesimalen Transformationen von
unitaren Einparametergruppen in genau diesen Rdumen. Ich habe versucht, diese Idee aus
zu niitzen, wurde aber von Elie Cartan ein wenig entmutigt, der nicht glaubte, dass sie in
der Himmelsmechanik niitzlich sein kénnte. In der Tat braucht man, um auf diesem Weg
zu konkreten Resultaten zu kommen, nicht nur, dass das betrachtete System ein endliches
Gesamtmaf} hat, sondern vorallem, dass es keine nicht triviale invariante messbare Teil-
menge besitzt. Dies ist, im Allgemeinen, nicht leichter als die Ergodenhypothese selbst zu
verifizieren. Nichts desto trotz fithrte diese Beobachtung, unabhéngig auch von Koopman
gemacht, bald zu den Arbeiten von von Neumann iiber Ergodentheorie und vorallem zu
dem schonen Ergodentheorem von G. D. Birkhoff. Wie wohlbekannt erfuhr diese Theorie
eine grofle Weiterentwicklung.
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nicht zwischenzeitlich das gleiche Resultat erreicht habe. Dies war nicht der
Fall. Koopman half von Neumann, der erst seit Kurzem in den USA lebte und
zuvor noch nie auf Englisch publiziert hatte, bei der Ubersetzung seiner Er-
gebnisse. Auflerdem kamen noch hilfreiche Anregungen von Marshall Harvey
Stone, einem fritheren Mitdoktoranden von Koopman bei Birkhoff (und heu-
te in der Funktionalanalysis gut bekannt), was die Veroffentlichung weiter
verzogerte.

von Neumann beim Afternoon Tea mit Absolventen (Princeton 1947)’

In dieser Zeit trafen Koopman und von Neumann bei der feierlichen Einwei-
hung der Fine Hall, des neuen Mathematikgebdudes in Princeton, auf Birkhoff
und schilderten ihm die bahnbrechenden Ergebnisse, »in a considerable state
of excitement« wie es in MORSE [55, S. 420] heifit. Wenige Wochen spéter

"Bildquelle: Alfred Eisenstaedt/LIFE Photo Collection

https://artsandculture.google.com/asset/6QGPLEz2_BStbA (abgerufen am
12.10.2021)
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eroffnete Birkhoff bei einer Konferenz, dass er ein noch stiarkeres Theorem
beweisen konnte: statt Konvergenz im Mittel wie bei von Neumann sogar
Konvergenz punktweise fast tiberall. Der Bitte von Neumanns beim abendli-
chen Konferenzdinner im Harvard Club, sich fiir die Veréffentlichung mit ihm
abzustimmen, kam Birkhoff offensichtlich nicht nach. Dass er innerhalb einer
Woche gleich zwei Manuskripte — eines am 27. November, das andere am 1.
Dezember 1931 - bei den Proceedings of the National Academy of Sciences ein-
reichte (zu deren Herausgeber er gute Kontakte hatte), lasst darauf schlielen,
dass er es eilig hatte. Von Neumanns Arbeit — eingereicht nur wenige Tage
nach Birkhoffs am 10. Dezember 1931 - erschien schlief3lich erst einen Monat
spater in der Januar-Ausgabe. Koopman, Weil und Stone wiirdigte er darin mit
Dank fiir ihre Denkanstofle. Birkhoff verwies in seiner Publikation zwar auf
von Neumanns Theorem, jedoch unzureichend, wie von Neumann und seine
Verbiindeten befanden:

[...] it does not show to any person, uninformed about the real
history of these things, who of Birkhoff and myself got the other
started; that which one of us attacked the unsolved q.E.h, and
which one found an independent proof, after he knew that it was
solved, and what the necessary and sufficient conditions for its
truth are. (Zunp [89, S. 147])

Offensichtlich war von Neumann gekrankt und auch iiberrascht von Birkhoffs
Alleingang, der im Kontrast zu seiner eigenen Kollegialitat und offenen Dis-
kussionskultur stand. Er reagierte mit einem Artikel »Physical Applications
of the Ergodic Hypothesis«, in dem er Birkhoffs und sein eigenes Theorem in
Bezug auf ihre physikalische Bedeutung verglich. Er kam zu dem Schluss, dass
sowohl sein Theorem die Physik besser widergabe als auch die dem Beweis
zu Grunde liegende »method of Koopman« physikalisch niitzlicher sei als
Birkhoffs nicht-konstruktiver Beweis (NEUMANN [58, S. 264, 266]). Vermutlich
versetzte diese Auffassung Birkhoff einen Stich, denn er hatte Ambitionen,
physikalisch wichtige Ergebnisse hervorzubringen (Uram [85, S. 98]). Die
Unstimmigkeiten zwischen von Neumann und Birkhoff wurden in der Folge
zumindest teilweise ausgeraumt. Moglicherweise gab es hier einen Vermittler,
vielleicht Birkhoffs akademischer Nachkomme Stone oder Koopman selbst,
dem die Angelegenheit sehr unangenehm war (MoRSE [55, S. 420]: »Koopman,
who had been the catalytic agent in the process, felt quite embarrassed«).
Wahrscheinlich aber war es Oswald Veblen, guter Freund von Birkhoff und
Mentor des jungen von Neumann in Princeton (vgl. die Uberlegungen in ZuND
[89, S. 148]), der die angespannte Lage zwischen »George« und »Johnny«
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entscharfte. Im Februar 1931 erschien die eingangs schon erwiahnte gemeinsa-
me Notiz BIRKHOFF & KoopMAN [10] von Koopman und Birkhoff, in der die
Historie der Ergodentheoreme offengelegt wurde, nicht ohne von Neumanns
Errungenschaft und deren physikalische Bedeutung ausgiebig zu loben. Je-
doch st6f3t man auf kleine Seitenhiebe: So ist von Neumanns Theorem das
»Mittelergodentheorem«, wohingegen Birkhoffs Theorem als »Das Ergoden-
theorem« bezeichnet wird. Auflerdem wird von Birkhoffs Ergodentheorem
behauptet:

From the viewpoint of the detailed statistics along an individual
path-curve, it is fundamentally more far-reaching. (BIRKHOFF &
Koorman [10, S. 281])

George David Birkhoff (1910?)*

Die Unstimmigkeiten zwischen den beiden Koryphaen entspannten sich offen-
bar nie vollumféanglich: Noch tiber zehn Jahre spater grenzte sich Birkhoff in
seiner Veréffentlichung »What is the Ergodic Theorem« folgendermaflen von
seinem Konkurrenten ab:

Our discussion here deals only with the “Ergodic Theorem,” and
not at all with the “Mean Ergodic Theorem” of von Neumann,
which stimulated me to reconsider some old ideas, and so led me
to the discovery and proof of the Ergodic Theorem, embodying
a strong, precise result which, so far as I know, had never been
hoped for. (BIRKHOFF [9, S. 222])

8Bildquelle: Autor unbekannt/Wikimedia Commons
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Von Neumann trug es Birkhoff laut seinem guten Freund Stanislaw Ulam
zeitlebens nach, dass dieser ihn ausgestochen hatte:

Von Neumann never quite forgave G. D. for having “scooped” him
in the affair of the ergodic theorem: [...] This was something
Johnny could never forget. He sometimes complained about this
to me, but always in a most indirect and oblique way. (ULam [85,
S.98])

Das obige und einige der anderen Zitate in diesem Abschnitt sind Vitaly Bergel-
sons Betrachtungen in BERGELSON [6] entnommen. Mit Birkhoffs Sohn Garrett
verband von Neumann jedoch kurioserweise spater eine gute Zusammenar-
beit und Freundschaft. Von Neumann selbst bewertete riickblickend im Jahr
1954 neben seiner Arbeit zu Quantenmechanik und Operatorentheorie sein
Ergodentheorem als seine groite mathematische Errungenschaft (Zunp [89,
S. 151]).

»...the catalytic agent« — Bernard Osgood
Koopman

Wer aber war Bernard Osgood Koopman (1900-1981), dessen Veroffentlichung
1931 der ziindende Funke fiir das Aufblithen der Ergodentheorie war und um
dessen Operator heute ganze Forschungsgruppen gewachsen sind? Aus den Be-
schreibungen seiner Weggenossen, wie man sie im Nachruf von Philip M. Mor-
se zu seinem Tod im Jahr 1981 lesen kann, entsteht das Bild eines scharfsinnigen,
schneidigen und direkten Mannes, der gerne Scherze mit seinen Mitmenschen
trieb. So heifit es in den Erinnerungen von Edgar Lorch, einem Kollegen, Freund
und Mitbewohner Koopmans aus jungen Jahren:

Koopman was open, a social gadfly, always ready to pull people’s
legs, much in evidence at the lunch table, where he would expose
his wit with clarity, zest and often pungency. (MORSE [55, S. 419])

Morse, eine Schliisselfigur in Koopmans Leben, bescheinigt ihm auch eine
weiche Seite:

He was a stimulating companion. Once one pierced the crust of
rough frankness, one found a supportive and permanent friend.
(MoRsE [55, S. 417])
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Ein Pionier war Koopman nicht nur fiir die Ergodentheorie, wie man in der
Beschreibung eines Kollegen erfahrt:

This quality of the pioneer shines of course in his scientific work
— it extended broadly in the enjoyment of other human pursuits,
from the English novel to baroque music. It carried over even to
his skill in working with his hands. Bernard loved to fashion in
wood and stone, to enlarge houses, cut trees, make gardens and
stack wood. I have helped clamp furniture he made and helped
hoist and move large stones, while listening to discourses on mea-
surement, geometry, mechanical advantage, mountain climbing
and the foolishness of belittling the scientific excitement in applied
mathematics. (MORSE [55, S. 425])

Aufgewachsen in Frankreich und Italien als Kind amerikanischer Eltern, siedel-
te Koopman als Jugendlicher nach New England um, fort von den Schauplatzen
des Ersten Weltkrieges. Er studierte und promovierte an der Harvard Universi-
ty bei George David Birkhoff. Nach Stationen in Princeton und Paris (wo er
von Emile Borel, Henri Lebesgue und Jacques Hadamard lernte, aber »with ge-
nerous time off to travel« etwa fiir das Bergsteigen in den Alpen) wurde seine
Basis ab 1927 bis zu seinem Ruhestand die Columbia University, von der aus
er haufige und ausgedehnte Reisen und Forschungsaufenthalte antrat. An der
Columbia University avancierte er zum Head of the Mathematics Department,
machte sich dort als zupackender Reformer verdient und verhalf dem Institut
zu neuer Bliite.

Nicht nur geographisch, auch mathematisch umfassten Koopmans Aktivita-
ten eine weite Spanne. Fiir ihn selbst war die Idee zum nach ihm benannten
Operator wohl eher ein Nebenschauplatz seiner wissenschaftlichen Laufbahn,
zur Ergodentheorie verdffentlichte er nach 1932 nicht mehr. An der Columbia
University arbeitete er schwerpunktmaflig zu Wahrscheinlichkeitstheorie, sei-
ne riickblickend grofiten Errungenschaften erlangte er jedoch im Bereich der
Militarforschung.

Wihrend des Zweiten Weltkriegs arbeitete er schon an einem militarischen
Forschungsprojekt mit, als 1943 Philip Morses dringliche Einladung, Teil seiner
mit der Marine assoziierten Forschungsgruppe zu werden, offenbar fiir ihn
wie gerufen kam. Morse war hocherfreut, dass er Koopman mit seinem Appell
(»--.telling him he ought to quit theorizing and come down to Washington to
work on real problems.”, MORSE [55, S. 421]) fiir sein Projekt gewinnen konnte,
da viele der besten Wissenschaftler damals fiir das geheimnisvolle Manhattan
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Bernard Koopman’

Project angeworben wurden. Sobald er von der Columbia University freige-
stellt wurde, zog Koopman mit seiner Frau und seinen zwei Téchtern nach
Washington. Dort setzte er seine Expertise in Wahrscheinlichkeitstheorie fiir
die Search Theory ein und legte etwa die mathematischen Grundlagen zur
Suche von U-Booten und Kriegsschiffen von einem Flugzeug bzw. Schiff aus.
Er wurde so einer der Griinderviter der Military Operations Research, also
der militarischen Entscheidungsfindung mit Hilfe mathematischer Methoden.
Aus den Ergebnissen dieser Zeit entstanden einflussreiche Veroffentlichun-
gen: Koopman wartete lange vergeblich darauf, die Erkenntnisse der Gruppe
zum Thema »Search and Screening« 6ffentlich machen zu diirfen. 1955 fasste
er diese, als erste wissenschaftliche Veréffentlichung zu dem Thema iiber-
haupt, schliefilich in einer Form zusammen, die keinem Geheimhaltungsgrad
mehr unterlag. 1980 erschien das auf diesen Arbeiten basierende Buch Koop-
MAN [36], das offenbar bis heute ein Standardwerk der Operations Research
ist.

Mit Kriegsende verkleinerte sich die Arbeitsgruppe um Morse wieder und auch
Koopman kehrte an die Columbia University zuriick. Er hatte aber offenbar
Feuer gefangen fiir die Operations Research und verfolgte sein Interesse dafiir
weiter. In den kommenden Jahren war er als Berater aktiv, an der Begriindung
der Operations Research Society of America beteiligt und fungierte als deren
Prasident. Mehrmals lief} er sich fiir lingere Zeitraume von der Columbia be-
urlauben um seine Zeit Projekten in diesem Gebiet zu widmen. Beispielsweise
leitete er eine Gruppe, die sich mit dem Vergleich der Fahigkeiten von Inter-
kontinentalraketen versus bemannten Bombern befasste. Der finale Bericht
ging in personlicher Vorsprache an den Prasidenten Dwight D. Eisenhower.
Koopman trug maflgeblich dazu bei, Operations Research in der NATO zu
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verankern, ein Unterfangen, fiir das er mit seiner Familie nach London zog.
Nach seinem altersbedingten Ausschied an der Columbia University wurde
Koopman quasi zum Vollzeit-Berater - bis auf einen verlangerten Sommer-
urlaub, um seiner Leidenschaft fiir das Reisen und die Berge nachgehen zu
konnen — und arbeitete an Projekten fir die US Navy, etwa an der Verbes-

serung eines Ozeaniiberwachungssystems oder neuen Waffensystemen fiir
U-Boote.

Fiir seine Arbeit im militdrischen Bereich erhielt Koopman mehrere wichtige
Auszeichnungen. Bei einer Preisverleihung soll er eine blumige Dankesre-
de fiir die Person gehalten haben, die verantwortlich fiir seine Leistungen
in Operations Research war: Adolf Hitler (MorsE [55, S. 424]). Nach Koop-
man selbst ist heute der jihrlich vergebene »Koopman Prize« benannt', der
die beste Veroffentlichung im Bereich Military Operations Research hono-
riert.

Ergénzend sei bemerkt, dass auch Bernard Koopmans Vorfahren bis heute
sichtbare Spuren hinterlassen haben: Die Gemaélde seines Vaters Augustus
Koopman werden noch heute bei Auktionen gehandelt. Das Meer war fiir
Augustus eine Inspirationsquelle, wie spater auf ganz andere Weise fiir sei-
nen Sohn. Augustus’ Kinder standen fiir seine Werke gelegentlich Modell
(BurToN [15] oder TayLOR [84]), sodass vermutlich Kinderbilder von Bernard
existieren, wenn auch nicht als solche gekennzeichnet. Moglicherweise ist
der vierjdhrige Bernard mit seiner Mutter und Schwester im Gemaélde »Le
petit bateau a la voile« aus dem Jahr 1904 beim Spiel am Strand verewigt.
Eine dhnliche Szene zeigt »Golden Moments«, abgedruckt in PATTISON [63,
S. 365].

Ein Onkel hoheren Grades von Bernard Koopman war der einflussreiche
Mathematiker William Fogg Osgood. Gepragt von Felix Klein, brachte Os-
good den Gottinger Geist nach Harvard, spater auch Koopmans Alma ma-
ter.

Bernard Koopmans Grofimutter mitterlicherseits, die fiir ihre Schonheit ge-
rithmte Ellen Devereux Sewall, stand in engem freundschaftlichem Kontakt
zum jungen Henry David Thoreau und dessen Familie. Beide Thoreau-Briider
hielten um Ellens Hand an, wurden aber abgewiesen. Thoreau, einer der be-
deutendsten amerikanischen Schriftsteller und Philosophen, heiratete nie und
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Augustus Koopman: Le petit bateau a la voile (1904)'!

zog sich fiir eine langere Phase in eine Blockhiitte im Wald zuriick. Noch kurz
vor seinem Tod soll er gesagt haben »I have always loved her«. Die Familien-
erinnerungen an diese Romanze hielt Ellens Tochter Louise Osgood Koopman
- Bernard Koopmans Mutter — als 98-Jahrige in einem Artikel (KoopmAN [37])
fest.
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Von Koopmans Operator zum
Koopmanoperator

Wann sich die Bezeichnung »Koopmanoperator«'? durchsetzte und wer diesen
Namen eingefiihrt hat, lasst sich nicht eindeutig nachverfolgen. Vermutlich
war die Benennung nach Koopmans Veréffentlichung so naheliegend, dass
sie von mehreren Autoren unabhingig voneinander benutzt wurde. Aller-
dings findet sich die Bezeichnung bis in die spaten 1980er Jahre nur vereinzelt.
Schon von Neumann legte den Keim, indem er von »Koopmans operators«
oder auch »Koopmans method« sprach (siehe seinen Brief in Zunp [89, S.
147]), bzw. in korrektem Englisch »Koopman’s method« und der »method
of Koopmanc in seiner Veroffentlichung NEUMANN [58]. Um »operadores de
Koopman« geht es im Paper COTLAR & RiCABARRA [18] aus dem Jahr 1950.
Den Autoren ALBERTONI, BOCCHIERI & LOINGER [1] war ihre urspriingliche
Bezeichnung »Koopman-von Neumann time evolution operator« wohl spater
zu lang, weshalb in LOINGER [47, S. 147] in Kurzform nur noch auf den »Koop-
man operator« verwiesen wurde. Zur Popularisierung des Koopmanoperators
unter diesem Namen hat méglicherweise das Buch von Andrzej Lasota und
Michael Mackey LAsoTA & MACKEY [44] aus dem Jahr 1985 bzw. die zweitau-
sendfach zitierten spateren Editionen »Chaos, Fractals, and Noise — Stochastic
Aspects of Dynamics« beigetragen. Dort wird der Koopmanoperator auf L*°
als solcher in Definition 3.3.1 eingefiihrt. Bei den Autoren Dieter Mayer und
Gert Roepstorff lasst sich eine Metamorphose von »Koopmanism« und »Koop-
man’s operator«, wie der Operator in ihrer 1986 eingereichten Arbeit MAYER
& ROEPSTORFF [53] noch genannt wurde, hin zum »Koopman operator« kurz
darauf in MAYER [54] beobachten.

Der Begrift »Koopmanism« als Schlagwort fiir die von Koopman entwickelte
Theorie findet sich schon vorher, vielleicht zum ersten Mal, 1968 in MARSDEN
[50, S. 343], und in einem ausfiihrlicheren Abschnitt beispielsweise 1972 in
REED & Simon [68, Kapitel VII, Abschnitt 4]). Starken Aufwind bekam der
Koopmanismus unter diesem Namen schlie3lich als » Applied Koopmanism«
von Autoren um Igor Mezic; siehe die gleichnamige Veréffentlichung Bupisic,
MoHR & MEzIC [14] aus dem Jahr 2012, welche den Eingang des Koopmanope-
rators in ein breit gefichertes Spektrum von Anwendungen insbesondere der
Stromungsmechanik markierte. Kernaspekt im Applied Koopmanism ist der

12 Als Randnotiz sei bemerkt, dass »Koopman« im Niederlandischen und Niederdeutschen
schlicht »Kaufmann« bedeutet.
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Zusammenhang zwischen einem »Dynamic Mode Decomposition« genann-
ten Algorithmus und Eigenwerten des Koopmanoperators (siehe etwa CHEN,
Tu & RowLEY [17], oder fiir eine Weiterentwicklung des Algorithmus Kus-
TER, SCHNEIDER & Ruopp [43]; fiir eine ergodentheoretische Untersuchung
siehe KRAKE [39]). Allerdings wird der Applied Koopmanism auch kontro-
vers diskutiert, siehe etwa das Preprint » Anti-Koopmanism« (GONZALEZ u. a.

[28]).

Koopman war nicht der einzige und auch nicht der erste Mathematiker, der
die Idee zu dem nach ihm benannten Operator hatte. Wie aus dem vorigen
Abschnitt deutlich wird, hatte der Operator unter anderen Umstédnden ebenso
gut ein »Weiloperator« werden konnen.

Die Wurzeln des Operators, auch als »composition operator« oder »induced
operator« bezeichnet, wie unten genauer ausgefiihrt, reichen aber noch wei-
ter zuriick: 1869 formulierte Ernst Schroder (geboren 1841 in Mannheim) in
seiner Arbeit »Ueber iterirte Functionen« (SCHRODER [73]) das Problem, eine
Funktion f und eine Zahl « zu finden, so dass

(feop)(z) =af(z)

fiir eine gegebene Funktion ¢ und 2 aus einem passenden Bereich (vgl. den
historischen Abriss in SINGH & MANHAS [78, Chapter I, Section 1.1]). In heu-
tiger Sprache geht es in »Schroders Gleichung« also um die Bestimmung
von Eigenwerten und Eigenfunktionen des Koopmanoperators. So wurde in
Pforzheim, nicht weit von einem spateren Hotspot der Koopmanoperatoren
— Rainer Nagels Arbeitsgruppe in Tiibingen — zum vielleicht ersten Mal ein
Vorfahre des Koopmanoperators zu Papier gebracht. Gabriel Koenigs beschaf-
tigte sich in den 1880er Jahren mit Losungen von Schréders Gleichung, sie-
he KoEenigs [34]. Auch John E. Littlewood untersuchte schon 1925 Eigen-
bzw. Fixfunktionen des heutigen Koopmanoperators (LiTTLEWoOD [45, Theo-
rem 1]).

Eine systematische Behandlung von dort sogenannten »composition opera-
tors« begann mit der Arbeit NORDGREN [60] von Eric Nordgren, der 1964 bei
Paul Halmos promoviert wurde. Ab den 1970er Jahren breitete sich das The-
ma rasant aus, und immer mehr Mathematiker begannen, zu »composition
operators« zu arbeiten, siehe etwa die Monographie SINGH & MANHAS [78]
oder ScCHWARTZ [74], COWEN [19], CAMPBELL & JAMISON [16] und SHAPIRO
[75]. Solche Operatoren werden tiblicherweise auf unterschiedlichen Funktio-



Von Koopmans Operator zum Koopmanoperator 37

nenrdumen — von beispielsweise stetigen, differenzierbaren oder holomorphen
Funktionen, auf Hardyraumen oder Bergmanrdumen — untersucht, meist im
Zusammenhang mit einer holomorphen Dynamik (auf der komplexen Ein-

heitskugel).

Auf ganz andere Weise erschienen solche Operatoren in der Theorie der Vek-
torverbande: In der Weiterentwicklung der Perron-Frobenius-Theorie positiver
Matrizen hin zu einer unendlichdimensionalen Theorie gab es ab den 1960er
Jahren zwei dominante Schulen: Die Gruppe um Wilhelmus »Wim« Luxem-
burg (Caltech, Pasadena/Kalifornien) und jene um Helmut Heinrich Schaefer
(Universitat Tubingen). Hierbei erforschte Luxemburg eher abstrakte Vektor-
verbande (Rieszraume) und ihre Operatoren, wihrend Schaefer auch analyti-
sche Strukturen auf Banachverbanden untersuchte. Schon Stefan Banach hatte
1932 Isometrien zwischen Banachraumen stetiger Funktionen als von einer
Dynamik zwischen den Grundraumen kommend beschrieben (BANacH [5,
Chapitre XI, Théoréme 3 und Remarque]). Die Charakterisierung von Markov-
Verbandsoperatoren als von einer Dynamik induzierte Operatoren — also nichts
anderes als Koopmanoperatoren unter dem Namen »induced operators« — hat-
te als erster Robert R. Phelps explizit formuliert (PHELPS [64, Theorem 2.1], vgl.
auch NAGEL [56] und SCHAEFER [71, Theorem 9.2]). Als einfache Folgerung
aus den Darstellungssétzen von Gelfand und Kakutani war diese Charakterisie-
rung auch anderen Autoren schon bekannt, vgl. [oNEscu-TULCEA & IONEscU-
TuLrcea [33], LLoyp [46] und Erris [23]. Dass solche Operatoren auch in den
Ergodentheoremen von Birkhoff und von Neumann eine wesentliche Rolle
spielten, war hierbei zunédchst nebenséachlich. Anders als die aus der Physik
hergeleitete Ergodentheorie motivierten sich die Fragestellungen in der Vek-
torverbandstheorie intrinsisch im Stil von Bourbaki.

Um die Perspektive der Ergodentheorie erweiterte schlieBlich Schaefers Dok-
torand Rainer Nagel diese Theorie. Seine erste Vorlesung an der Universitat
Tibingen hielt er 1972/73 zu »Ergodentheorie in Banachverbanden«. Ihn be-
schéftigte, ob wichtige Satze — wie etwa der Satz von Halmos—von Neumann
(NAGEL & WoLFF [57]) — auch im Kontext von positiven Operatoren auf Ba-
nachverbanden beweisbar sind. Die Theorie aus der Vorlesung entwickelte er
gemeinsam mit seinen Doktoranden Roland Derndinger und Giinther Palm
in mehreren Arbeiten und dem Buchmanuskript »Ergodic Theory in the Per-
spective of Functional Analysis« (DERNDINGER, NAGEL & PALM [20]) weiter.
Ihre neue Sichtweise auf die Ergodentheorie fand aber wenig Anklang. Zwar
wurde ihr Manuskript 1984 schlielich fiir die Lecture Notes in Mathematics
des Springer-Verlags akzeptiert, jedoch fand damals keiner der Autoren mehr
die Zeit fiir eine griindliche Uberarbeitung.
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So geriet die Ergodentheorie in der Tiibinger Arbeitsgruppe Funktionalanalysis
in den Hintergrund, Schwerpunkt wurde unterdessen die Theorie starksteti-
ger Operatorhalbgruppen. Erst iiber zwanzig Jahre spater wurde das Thema
Ergodentheorie fiir Rainer Nagel und seine Gruppe wieder relevant, ausgelost
durch den Beweis des Green-Tao-Theorems (GREEN & Tao [29]) und die damit
einhergehende Veroffentlichung Kra [38] von Bryna Kra. Terence Tao und
Benjamin Green konnten mit Hilfe ergodentheoretischer Methoden zeigen,
dass arithmethische Progressionen beliebiger Lénge in den Primzahlen ent-
halten sind. Rainer Nagels damalige Doktorandinnen Britta Dorn und Tanja
Eisner lernten beim Internationalen Mathematikerkongress in Madrid 2006
den Fields-Medaillengewinner Terence Tao personlich kennen und kehrten
inspiriert wieder nach Tiibingen zuriick. Daraufhin griff Rainer Nagel die er-
godentheoretischen Fiden wieder auf und initiierte als Weiterentwicklung des
Manuskripts DERNDINGER, NAGEL & PaLm [20] ein Buchprojekt zur operato-
rentheoretischen Betrachtung von Ergodentheorie zusammen mit Tanja Eisner,
Balint Farkas und Markus Haase. Ein Zwischenschritt dabei war die Organisati-
on des »Internationalen Internetseminars« (ISEM) 2008/09 zu »Ergodic Theory
— An Operator Theoretic Approach«. Mehrere Doktoranden von Rainer Nagel
promovierten anschlieBend zu ergodentheoretischen Themen (KuNszeNTI-
KovAcs [42], MAIER [49] und SCHREIBER [72]). Fur das 2015 erschienene Buch
»Operator Theoretic Aspects of Ergodic Theory« (E1sNER, FARKAS, HAASE &
NaGeL [22]) setzte sich schliefilich der Name »Koopmanoperator« an Stelle
von »induced operator« durch. Diese Namensgebung fithrte zu dem Versuch
eines Briickenschlags mit Anwendern des Koopmanismus in Stuttgart, Aachen
und Santa Barbara. Eine Reihe von studentischen Arbeiten und Dissertationen
(siehe etwa EpEko [21], KREIDLER [40], KGHNER [41], SIEWERT [77]) wurden
um den Koopmanoperator herum realisiert. Auch die vorliegende Doktorarbeit
soll ein weiterer Baustein dieser Theorie sein.
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Fuge






1 Subsystems versus quotient
systems

1.1 Topological dynamical systems and their
Koopman systems

We start by introducing the main players in this thesis: Topological dynamical
systems and Koopman systems.

A topological dynamical system (K ; ¢) consists of a compact space K together
with a continuous selfmap
p: K = K.

Then K is called state space and ¢ is the dynamics describing how states
move within the state space. Instead of “topological dynamical system” we
sometimes use the short form “dynamical system” or just “system”. Note
that in this thesis a compact space shall always have the Hausdorff prop-
erty.

The following is a very basic example serving as our “model organism” through-
out this thesis. As a building block for more complex systems it reveals intricate
dynamical behavior.

Example 1.1.1. The compactinterval K := [0, 1] together with the continuous
map

p: K = K,

x>l

defines a topological dynamical system (K; ).
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When studying dynamical systems, a crucial question is their evolution in
time, in particular, what happens with the iterates " as n tends to infinity?
Does ™ “converge” to some part of the state space, an attractive set? Are there
points that exhibit a certain kind of “recurrence”? Are there p-invariant sets,
hence sets A C K such that (A) C A?

A useful object to study such long-term behavior of a particular z € K is its
orbit
orb(z) = {¢"(z): n € Ny}

as well as the orbit closure orb(z). If ¢"(x) = x for some n € N, then x is
called a periodic point. If its orbit consists only of one point, then it is a fixed
point.

An interesting dynamical behavior is, for example, if there is some x € K such
that orb(x) is dense in K. Such systems are called transitive. If K and the empty
set () are the only closed ¢-invariant sets, then the system is called minimal.
Clearly, each minimal system is also transitive. Our standard example above
has two fixed points 0 and 1 and is not transitive.

Let us now turn to Koopman systems. For a given dynamical system (K; ¢)
and the observable space C(K) of continuous complex-valued functions on K,
the Koopman operator is defined as

T,: C(K) = C(K),
[ fop

and (C(K); T,) is called the Koopman system corresponding to (K; ¢).

Remark 1.1.2. Analogously, for a continuous map ¢: K — L between
compact spaces K and L the corresponding Koopman operator is defined

asT,: C(L) = C(K), f— foep.

We collect some basic properties of such Koopman systems.

Equipped with the supremum norm, C(K) is a highly structured space. It
carries the structure of both a commutative unital C*-algebra and a complex
Banach lattice (and even an AM-space with unit). Conversely, the Gelfand-
Naimark theorem states that each commutative unital C*-algebra A is C*-iso-
morphic to C(K) for some compact space K (see EISNER, FARKAS, HAASE &
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NAGEL [20, Theorem 4.23]). Likewise, the representation theorem of Kakutani
and Krein yields that each complex A M -space with unit is lattice-isomorphic
to C(K) for some compact space K (see SCHAEFER [47, Chapter II, §7, Theo-
rem 7.4]).

Important objects within C(K) are ideals (see, e. g., SCHAEFER [47, Chapter II,
§2], E1sNER, FARKAS, HAASE & NAGEL [20, Definition 7.9] or BATKAI, KRAMAR
FijavZz & RHANDI [8, Definition 10.11]).

Definition 1.1.3. A vector subspace / C C(K) is called
(a) algebra ideal iffor f € I, g€ C(K)also f-g€ Iand f € I.
(b) lattice ideal if
(i) f € I implies |f| € I and
(ii) for0 < f <gandg € [also f € I.

Closed algebra and lattice ideals coincide and are characterized as follows.

Proposition 1.1.4. Let M C K be closed. Then
Iy ={feCK): f(x) =0 forallz € M}

is both a closed algebra and lattice ideal in C(K'). Conversely, for each closed
algebra or lattice ideal I there is a closed subset M C K called the support of
I such that I = I, (see EISNER, FARKAS, HAASE & NAGEL [20, Theorem 4.8 and
Remark 7.11 (3)]).

Clearly, for each subset A C K we have I, = I7. A closed ideal [ in C(K)
is maximal if and only if there is some = € K such that I = I,; (see EISNER,
FAarRkAs, HAASE & NAGEL [20, Lemma 4.9]). For M C K closed, the ideal
I can be viewed as the space Co(M€) of all continuous functions on M*¢
vanishing at infinity. The quotient space C(K)/I); with respect to an ideal is
again a C*-algebra and Banach lattice (see EISNER, FARKAS, HAASE & NAGEL
[20, Chapter 4, Exercise 6] and SCHAEFER [47, Chapter II, Proposition 5.4]) and
can be characterized as follows.

Lemma 1.1.5. For each closed set M C K we have

C(K) /Ly = C(M).
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The Koopman operator 7, on C(K) is linear, multiplicative and satisfies
T,1x = 1 for the unit 15 in C(K). In particular, ||T,|| = 1. Even more, T,,
is a C*-algebra homomorphism, respectively, a Banach lattice homomorphism.
In fact, also the converse holds true (see EISNER, FARKAS, HAASE & NAGEL [20,
Theorem 4.13]).

Theorem 1.1.6. Let K and L be compact spaces and T: C(L) — C(K) a
linear bounded operator with T1;, = 1. Then the following assertions are
equivalent.

(a) T is a C*-algebra homomorphism.
(b) T is a Banach lattice homomorphism.

(c) T is a Koopman operator for some continuous map ¢: K — L.

In the following, we simply write algebra homomorphism for a C*-algebra
homomorphism.

We now turn to a more fundamental view on the interplay of dynamical
systems and their corresponding Koopman systems using the language of
categories.

Let CTop be the category of compact spaces. Here, the class of objects consists
of all compact spaces, and the continuous functions ¢: K — L between
compact spaces K and L are the morphisms.

*

Moreover, consider the category C,,, ; consisting of all commutative unital
(C*-algebras and the algebra homomorphisms between them.

Then the assignment

*

F:. CTop — C

com,1

defined as

K — C(K),
[o: K — L] — [T,: C(L) — C(K)]

is a fully faithful, essentially surjective contravariant functor by Theorem 1.1.6
and the Gelfand-Naimark theorem yielding the antiequivalence of CTop
and C. (cf. HERMLE [25, Chapter 4], EDEKO [19], or LANDSMAN [35, Theo-

com,1

rem E.5]).
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This correspondence means that not only every dynamical system gives rise
to a Koopman system, but also the converse holds true. In this transition,
all relevant information of a dynamical system is preserved in the Koopman
system and vice versa. In particular, the change from a dynamical system to its
Koopman system can be seen as a global linearization of (K; ¢) because the
Koopman operator is linear. This allows to use functional analytic methods
for the investigation of dynamical systems. The so-called Koopmanism is the
leitmotiv in E1SNER, FARKAS, HAASE & NAGEL [20]. The overarching idea in
this thesis is the interplay of sub- and quotient systems in these categories as
described in the next section.

1.2 Subsystems and quotient systems

It is a common strategy to decompose a topological dynamical system (K; )
into smaller parts and investigate these instead of the whole system.

Definition 1.2.1. A system (L; 1)) is called

(a) factor or quotient system of the system (I; ) if there is a continuous
surjective mapping p: K — L, the factor map, such that ) op = po .
Thus, the diagram

K-—">K
p P

commutes. The system (K; @) is called an extension of (L; ).

(b) subsystem of (K; ) if there is a continuous injection ¢: L — K such
that L 0 ) = p o, i. e, the diagram

K-Y-K
L——>1
Y

commutes.

Sub- and quotient systems of a topological dynamical system can be interpreted
in the following way.
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(a) A subsystem (L;) of (K;¢) can be seen as a p-invariant closed sub-
set M = ((L) of K with the restriction of ¢ on M, hence a system

(M; @lr).

Conversely, every closed and ¢-invariant subset of /K induces a subsys-
tem of (K; p).

(b) For a quotient system (L; 1)) of (K; ¢), the corresponding factor map p
induces a decomposition of K into disjoint closed sets via

K =Up ).

lel

Hence there is an equivalence relation ~ on K with equivalence classes
p ' ({l}) for I € L. This equivalence relation is (-invariant, i.e., for
z,y € K with z ~ y also ¢(x) ~ ¢(y).

Conversely, every ¢-invariant equivalence relation ~ on K with a Haus-
dorff quotient space K/~ induces a quotient system of (K ¢).

*

Analogously, we now define sub- and quotient systems in the category C
of commutative unital C*-algebras.

com,1

Definition 1.2.2. Let A, B be unital commutative C*-algebrasand 7': A — A,
S: B — B algebra homomorphisms. Then the system (5;.5) is called a

(a) subsystem of (A;T) if there is some injective algebra homomorphism

J: B — Awith J oS =T o J, hence the diagram
A< A
1T

commutes.

(b) quotient system of (A;T) if there is some surjective algebra homomor-
phism P: A — Bwith S o P = P oT, hence the diagram

A< A
P P

commutes.
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A subsystem (B; S) of (A; T") can be seen as the T-invariant closed subalge-
bra J(B) C A together with the restriction 7’| ;3) and, conversely, each T'-
invariant closed subalgebra of A defines a subsystem.

Given a quotient system (1; S) of (A; T'), the projection P: A — B is surjec-
tive and hence the fundamental theorem on homomorphisms gives a C*-iso-
morphism

B=A/I

for the T-invariant and closed ideal I := ker P. Conversely, each T-invariant
closed ideal in A induces a quotient system of (\A; T").

As seen by the functor F' on page 50, each system (A; T') yields a Koopman
system (C(K');T,) for some topological dynamical system (K ¢). Along
with the following elementary lemma (see EISNER, FARKAS, HAASE & NAGEL

[20, Lemma 4.14]) this connection reveals the interplay of sub- and quotient
systems of (K; ) and (C(K); T,).

Lemma 1.2.3. Let M, N be compact spaces and o: M — N a continuous map
with corresponding Koopman operatorI,,. Then

(a) « is surjective if and only if T, is injective.

(b) « is injective if and only if T, is surjective.
As a consequence we obtain that quotient systems of a topological dynamical

system correspond to subsystems of the Koopman system and the other way
around.

Theorem 1.2.4. Let (K; ) and (L; ) be topological dynamical systems with
corresponding Koopman systems (C(K);T,) and (C(L); Ty).

(a) There is a continuous surjection p: K — L such that

K-?2-K

commutes if and only if there is an injective algebra homomorphism

J: C(L) = C(K) such that J =T, and
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commutes. In particular, each quotient system of (K; ) gives rise to a
subsystem of (C(K);T,,) and vice versa.

(b) There is a continuous injection v: L — K such that the diagram

K-+ K

]

L——1L
(4

commutes if and only if there is a surjective algebra homomorphism P = T,

from C(K) — C(L) such that

commutes. Hence each subsystem of (K; @) induces a quotient system of
(C(K); T,) and the converse.

In this thesis, the focus is on subsystems of (C(K'); T},) and their corresponding
quotient systems of (K; ¢). Every such subsystem induces a decomposition of
K into certain disjoint closed sets and the other way around. The advantage
is that subsystems of the Koopman system - hence T,,-invariant subalgebras
of C(K) - are easier to understand than a quotient systems of (K; ¢). Hence
canonical equivalence relations on K can be found by means of subalgebras
of C(K) and conclusions on (K; ¢) can be drawn.

In Chapters 2 and 3 two important subalgebras and their corresponding quo-
tient systems will be studied extensively.
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Note the following basic observations concerning quotient systems of (K; ¢),
respectively, subsystems of (C(K); T.,).

Lemma 1.2.5. (a) Let A= C(L) be a T ,-invariant closed and commutative
unital C*-subalgebra of C(K') and p: K — L the corresponding factor
map. Then by the universal property of the quotient topology we have for

x,y € K that f(x) = f(y) forall f € Aifand onlyifp(z) = p(y).

(b) For T ,-invariant closed and commutative unital C*-subalgebras A; C
Ay C C(K), the decomposition of K induced by A, is finer than the
decomposition induced by Aj.

We give some first examples.

Example 1.2.6. (a) Denote by
fixT, ={f e C(K): T,f = f}

the fixed space of T,,. Since T, is a C*-homomorphism, the fixed space is
a T ,-invariant closed subalgebra of C(K), hence fix T, = C(L) for some
compact space L. Consider the induced subsystem (fix T,; T}, |ax 7, ) of
(C(K);T,). By Lemma 1.2.5 (a) then T3, = Id¢(z), respectively, ¢ = id.
Therefore, the fixed factor is sometimes refered to as maximal trivial
factor (cf. EDEKO [18]).

How to describe the decomposition of K induced by fix 7, by means of
the dynamics will be subject of Chapter 2.

(b) Next, take the Kronecker algebra
kroT, == lin{f € C(K): thereis A € T such that T,,f = \f}

where T denotes the unit circle in the complex numbers C. The Kro-
necker algebra is also a 7 ,-invariant closed subalgebra of C(X), hence
kroT, = C(L) for some compact space L. Then L is known as the
Kronecker factor. It coincides with the so-called maximal equicontinuous
factor if ¢ is invertible (cf. EDExoO [19]). Clearly, fix T}, C kroT,,.

From the Halmos—von Neumann theorem it is known that a minimal
Kronecker quotient system (L;1)) is isomorphic to some minimal ro-
tation on a compact monothetic group (cf. VRiEs [51, Theorem 1.6.9]
or DERNDINGER, NAGEL & PaLm [13, Chapter VIII, Theorem 2]). The
non-minimal case was characterized in EDEKO [18].
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Given a subsystem (M; ¢|a) of (K; @), the fixed space fix T, of the Koop-
man operator corresponding to this subsystem may contain fixed functions
that cannot be extended to fixed functions on the entire space K, i.e., the

inclusion
{fly: fefixT,} CfixT,

elm

may be proper. Here is an example.

Example 1.2.7. Take the standard example K = [0, 1] with ¢(z) = 2? for
x € K. For the p-invariant closed set M = {0, 1} then {f|y: f € fixT,} =
(1ar) while fix T,,|,, = C(M) is two-dimensional.

As seen in Example 1.2.6 (a), the fixed space fix T}, decomposes K into disjoint
closed p-invariant sets. Hence the fixed space induces many subsystems of
(K; ). Also here, the local fixed functions may not be extendable to the entire
space, thus the fibers p~*({i}), | € L, induced by fix T, as in Example 1.2.6 (a)
can be further decomposed by the “local” fixed spaces as in the example
below.

Example 1.2.8. Let K := D be the closed unit disk in C and

() = re?eie
for z := re?™* € K withr € [0,1], a € [0, 1). Hence ¢ rotates the unit disk
and the rotation speed depends on the radius. Then the decomposition of K

induced by fix T, is ‘
K= |]JrT

rel0,1]

rational and p, ¢ coprime we have

However, for r € (0,1), r = I_q’

fixT,.. ={f € C(+T): f(re%ia) = f(re%i(‘”%)) fora €[0,1)}.

Hence the fixed space corresponding to the restricted Koopman operator
consists of periodic functions which induce a non-trivial decomposition of the
fiber rT.

The process of decomposing the fibers of fix T}, via local fixed functions can be
iterated, i. e., the fibers of the local fixed spaces could be further decomposed.
However, this will not be discussed in more detail here. We now move on to
a closer inspection of the decomposition of K induced by fix T}, in the next
chapter.



2 The fixed space of a Koopman
operator

For a topological dynamical system (K; ) we now apply the correspondence
of sub- and quotient systems as introduced in Chapter 1 to the subsystem of
(C(K);T,)" induced by the fixed space of T,,

fixT, = {f € O(K): T,.f = f}

(cf. Example 1.2.6 (a)). As described in Chapter 1 we have fix T, = C(L) for
the compact fixed factor L and the fixed space decomposes the system (K; )
into disjoint subsystems. Thus K is a disjoint union of ¢-invariant closed
sets, .
K=Jr'{1}),
leL

for the factor map p: K — L as in Example 1.2.6 (a). Hence there is an equiv-
alence relation ~ on K with equivalence classes p~'({l}) for [ € L. This
decomposition induced by fix T}, has already been described in SINE [49]. The
goal of this chapter is to characterize this equivalence relation dynamically
and topologically, i. e., by means of the system (K; ). For this purpose, we
introduce a transfinite hierarchy of “generalized” orbits. In particular, this
complex construction reveals how much easier it is to express this canonical de-
composition of K in terms of the Koopman system.

The fixed space is the eigenspace of T, corresponding to the eigenvalue 1,
hence it is a spectral notion. Clearly, all constant functions on K are contained
in fix T,

<]]-K> g fix T@.

The case fixT,, = (1) is particularly interesting since it is needed for im-
portant theorems such as the Halmos—von Neumann theorem. Moreover, the
one-dimensionality of the fixed space implies that the unimodular eigenvalues
of T, form a group (see EISNER, FARkAS, HAASE & NAGEL [20, Theorem 4.21]).

!As before, C(K) denotes the space of all continuous complex-valued functions on K.
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This motivates the characterization of a one-dimensional fixed space via (K; ©).
A well-known fact is that transitivity of (K; ¢) implies dimfixT,, = 1. In
particular, minimal systems have a one-dimensional fixed space fix T},. The
converse does, in general, not hold true as our standard example p(z) = x? for
x € [0, 1] shows. This is an important difference to measure-preserving dynam-
ical systems (€2, 3, ii; ¢) (cf. EIsNER, FARKAS, HAASE & NAGEL [20, Chapter
5]) where ergodicity, i. e., the analogue of minimality, is characterized by a
one-dimensional fixed space

fixT, = {f e LN, 2 p): T, f = f}
of the corresponding Koopman operator on L' (€2, 3, 11).

Using the decomposition of K corresponding to the fixed space we will
be able to give a necessary and sufficient condition for fix 7}, being one-
dimensional in the topological case (see Theorem 2.3.8). By analogy with
the measure-preserving setting this property will be called topologically er-
godic.

Moreover, we generalize the concept of Lyapunov stability in Section 2.4 and
show that fix T}, induces the finest decomposition of K into absolutely Lya-
punov stable subsets (see Theorem 2.4.7).

This chapter is essentially based on the publication KUSTER [33].

2.1 Preliminaries

We first introduce some technical terms related to the fixed space fix 7.

Definition 2.1.1.  (a) A nonempty set M C K is called a level set of fix T,
if f|as is constant for all f € fix T,.

(b) Alevel set M is called maximal if for any other level set M’ C K with
M C M’ already M' = M.
Remark 2.1.2. (a) Maximal level sets exist and are closed.

(b) Aset M C K is a maximal level set of fix T}, if and only if M = p~*({I})
for some [ € L where p is the canonical projection onto the fixed factor L.
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Proof. To show (a), consider the family {A/: M level set of fixT,,} together
with the inclusion “C” and use Zorn’s lemma. Clearly, maximal level sets are
closed.

For the proof of (b), Lemma 1.2.5 (a) shows that p~!({}) is a level set of
fixT, for all [ € L. Now assume that there is a level set A/ C K such that
p'({li}) Up~t({la}) € M for some l; # ly € L. Then for z; € p~'({l;})
and 2 € p~!({l2}) we have f(z1) = f(x2) for all f € fix T,,. This implies

f(h) = (1) = f(p(w2)) = f(l2)

forall f € C (L) which is a contradiction. Conversely, it is clear that each
maximal level set M of fix T, is of the form M = p~*({i}) for somel € L. [

The following characterization will be essential to find the equivalence relation
on K induced by fix T,.

Lemma 2.1.3. Let (K; ) be a topological dynamical system and identify fix T,,
with C(L). Let ~ be any equivalence relation on K with canonical projection
w: K — K/~ satisfying

(i) p(z) ~ = and

(ii) the equivalence class [z] is a level set of fix T,
forallx € K. Then the following are equivalent.

(a) [z] is a maximal level set of fix T,, for each x € K.

(b) K/~ is Hausdor{f with respect to the quotient topology.

(c) K/~ = L.
Proof. (a) = (c): By assumption we have [z] = p~!({l}) for some [ € L, where
p: K — L is the factor map. Hence for z,y € K we have 7(x) = 7n(y) if
and only if p(x) = p(y). By the universal property of the quotient topology

there are unique continuous maps h: K/~ — Land g: L — K/~ such that
hom=pand gop=m Then g = h~! since

goh(r(x)) = g(p(x)) = m(x)

and

hog(p(x)) = hn(z)) = p()
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for all x € K. Hence h is a homeomorphism between K/~ and L.
(c) = (b): Since K/~ is homeomorphic to the space L it is Hausdorff.

(b) = (a): It suffices to show that p~'(p(z)) C [z] for all z € K, because
p~*(p(x)) are the maximal level sets of fix T,,. Assume for a contradiction that
there are some y, z € K such thaty € p~'(p(z))\[z]. Since K/~ is Hausdorff,
[y] and [2] are closed. By Urysohn’s lemma, there is some f € C(K/~) such
that f([y]) # f([z]). Then f = for € fixT,, since f is continuous and
x ~ @(x) implies

f(z) = f([a]) = flp(@)]) = T, f(x)

forall z € K. By the universal property of the quotient topology there is some
f € C(L) such that f = f op. Since y € p~!(p(z)), we obtain

A~

Fw) = Fow) = fp() = f(2)
which contradicts f([y]) # f([2]). O

Remark 2.1.4. In Lemma 2.1.3 both conditions (i) and (ii) are needed. This
can be seen by the following trivial equivalence relations.

(@) z ~yforall z,y € K shows that ¢(x) ~ x does not imply that [z] is a
level set of fix T, for z € K.

(b) & ~ y only for x = y shows that also the converse implication does not
hold true in general.

2.2 Equivalence relations induced by
generalized orbits

To dynamically describe fix T, we use Lemma 2.1.3 and search for an equiva-
lence relation ~ on K such that K/~ is Hausdorff, p(x) ~ z forall x € K
and each equivalence class is a level set of fix 7,.

A first observation is the following. If we take the closed orbit for x € K, then
f15® () 18 constant for all f € fixT,,. Thus, every closed orbit is a level set
of fixT,,. If K admits a decomposition into mutually disjoint closed orbits,
this clearly induces an equivalence relation ~ with p(z) ~ z forall x € K.
But the corresponding quotient space may not be Hausdorft as the following
example shows.
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Example 2.2.1. As in Example 1.2.8 let K := D be the closed unit disk in C

and

(P(l') — ,re%ri(oa—&-r)

for z := re?™ € K withr € [0,1], o € [0, 1). Then the closed orbits

{re?mitetnn) . =1 . .q—1} forr= £ rational,
orb(z) = p and ¢ coprime,

rT for r irrational
form a non-trivial decomposition of K. However, the fixed space of T, is
fixT, ={f € C(K): flear = const. forall c € [0, 1]},

so the maximal level sets are the circles ¢T for ¢ € [0, 1]. This shows that
even mutually disjoint closed orbits may induce a quotient space that is not
Hausdorft.

Our approach to obtain the Hausdorff quotient space corresponding to fix 7T,
is based on the following characterization.

Remark 2.2.2. A topological space X is Hausdorff if and only if each point is
the intersection of its closed neighborhoods, i. e., for all € X we have

{«}= () U

Uel(z) closed

where U(z) denotes the neighborhood filter of = consisting of all its neighbor-
hoods.

Moreover, we need the following notion.

Definition 2.2.3. Let (K, ).cx be a covering of K satistying = € K, for all
x € K. Define an equivalence relation ~ on K via x ~ y for z,y € K if there
issome k € N, zy, ...,z € K such that z; = x and x;, = y and

K, NKy, #0fori=1,. k-1

Then ~ is called the equivalence relation generated by (K, ).ck-

Remark 2.2.4. For the equivalence relation ~ generated by (K ),cx we have
[l’] = UyeK,ywx Ky‘
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Example 2.2.5. For our standard example K = [0, 1] and ¢(z) := 7 take,
e.g., K, = orb(z) for each z € K. Then the equivalence relation ~ generated
by (K.).cxk yields the equivalence classes [0, 1) and {1}.

We now outline our strategy. Starting from a quotient space K/~ the Haus-
dorff property is successively achieved by the following steps. We first build
the intersection of closed neighborhoods of each equivalence class (cf. Re-
mark 2.2.2). The preimages under the canonical projection of these inter-
sections yield a covering of K. A new quotient space K/~ is obtained by
taking the equivalence relation generated by this covering. We then repeat
the steps above with the new equivalence relation and so forth. By repeat-
ing sufficiently often we arrive at a Hausdorff space as will be shown in this
chapter.

Remark 2.2.6. For a similar approach to a Hausdorffization we refer to MUN-
STER [41]. Here, the author starts from an arbitrary topological space X
and constructs the smallest equivalence relation ~ on X such that X/~ is
Hausdorff. See also OsBORNE [44] or KELLY [25].

Approximating orbits and superorbits

We apply this strategy to our situation in order to obtain an equivalence
relation on K such that the equivalence classes are p-invariant and level sets
of fix T),. These assumptions are necessary to characterize the fixed factor of
T, (see (i) and (ii) in Lemma 2.1.3).

Definition 2.2.7. (a) We define the approximating orbit of x foreachx € K

aorb(z) = ﬂ U.

Ueld(z) closed,
p(U)CU

(b) Let ~ be the equivalence relation on K generated by (aorb(x)),ex. The
superorbit of x is the equivalence class

sorb(z) == [z] = U aorb(y) .

yeK,
Y~z
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Indeed, we then have the following.

Proposition 2.2.8. For each x € K we have
(a) o(x) ~ = and
(b) the superorbit sorb(z) is a level set of fix T,.

Proof. The proof of (a) is clear. For (b) it suffices to show that aorb(z) is a
level set of fixT, forallz € K. Forz € K, f € fixT, and ¢ > 0 define
the closed neighborhood U = {y € K: |f(y) — f(z)| < e} of x which is -
invariant because f is a fixed function of 7,,. This implies aorb(xz) C U by
the definition of the approximating orbit. If z € aorb(x), then z € U, hence
|f(2) — f(z)| < e for each € > 0 showing f(z) = f(x). O

We now give examples for approximating orbits, respectively, superorbits and
analyze the corresponding quotient space.

Example 2.2.9. Take K = [0, 1] and ¢(z) := 2? for # € K. Then

orb(z) forz € [0,1),

aorb(z) = {[0, 1] forz=1.

By aorb(1) = K we obtain the trivial decomposition of K. The corresponding
quotient space is a singleton and therefore Hausdorff, hence corresponds to the
fixed factor L by Proposition 2.1.3. This is in accordance with dim fix T, = 1.

Example 2.2.10. Take the compact space

K={(c,00:ce0,1} U{(£,1):neN k=0,..,n—1} CR?

nln
and consider on K the continuous dynamics
x if z = (¢,0) for some ¢ € [0, 1],

o(x) = ¢ (B2, 1) ifr = (£ 1) forsome n € Nand k € {0,...,n — 2},
n—1

1
("71,0) ifx = (—,%) for some n € N.
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1
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(a) The approximating orbits are

aorb(z) {({)EE,(E; a € e, 1]} ioftiejw(;;()) for some ¢ € [0, 1],
where
orb(z) = {(*2, 1) i m=0,..,n—k—-1}U{(=1,0)}
forz = (£,1) withn € Nand k € {0,...,n — 1},
(b) If z = (£,1) € K for some n € Nand k € {0,...,n — 2}, we have
aorb(z) N aorb (=1,0) = {(nT_l,O)} # 0.
This implies

aorb (2=1,0) N aorb(z,0)

= {(c,0): c€ [1 1N {(c,0): ¢ € [, 1]}

RN

0
for all z; € [0,1]. Hence z ~ y for all y € K yielding
sorb(z) = K.

Therefore, the quotient space induced by the superorbits is a singleton and
hence a Hausdorff space, thus corresponds to the one-dimensional fixed space

of T,,.
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While the superorbits in the above examples were sufficient to characterize
the fixed space of 7., the next example reveals that this is not always the
case.

Example 2.2.11. Let K = [0, oo] be the one-point compactification of [0, co)
and

(r—n)*>+n forx€ln,n+1), neN,

%) for x = oo.

p: K - K, x»—>{

We call this system the dynamical long line.

(0. ¢]

Then the approximating orbits are

{0} forz =0,
n—1,n] forz =neN,
aorb(z) = S orb(z) = {(zx —n)* + n: ke Ng} U{n} forz € (n,n+1),
n e No,
[ {oo} for z = 0.

This yields the superorbits
for 0 <
sorb(z) = [0,00) for0 <z < oo,
{0}  forz = oc.

However, since dim fix T, = 1, the maximal level set of fix T, is [0, 0o]. Hence
the quotient space induced by the superorbits is not Hausdorff.
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Superorbits of finite degree

To obtain a Hausdorff quotient space, we iterate the process of building inter-
sections of certain neighborhoods (approximating orbits) and then defining an
equivalence relation yielding superorbits.

Definition 2.2.12. Let n € Nyand x € K.

Base case:
For n = 0, define the approximating orbit of x of degree 0 as
aorbg(x) == aorb(z)
and the superorbit of x of degree 0 as
sorbg(z) = sorb(z)
as in Definition 2.2.7.
Successor case:
(i) Let n > 1. The approximating orbit of x of degree n is
aorb, (x) = m gt
sorom DNl
with sorb,, 1 (U) = U, sorb,—1(y) for U C K and
o1 m I

UCF closed,
sorby, 1 (F)CF

called the sorb,,_;-closure of U.

(i) Let ~,, be the equivalence relation generated by (aorb,,(z)).cx-
The superorbit of © of degree n is

sorb,(x) = [z], = U aorb, (y).

yekK,
Y~nd

We collect some basic properties of approximating orbits, superorbits and the
sorb,,-closure.
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Proposition 2.2.13. Letn € Ny andU C K.

(a) Forallx,y € K withy ~, x we have
aorb,,(y) C sorb,(z),

sorb, (y) C aorb,1(z)

and
aorb,,(y) C aorb,1(x),

sorb,(y) C sorb,,1(x).
In particular, these inclusions hold true for x = y.
(b) Forall x € K we have that aorb,(x) and sorb,,(z) are p-invariant.
(c) The following assertions are equivalent.
(i) sorb,(U) C U.
(ii) sorb,(U) ="U.
(iii) There is some M C K such that U = |J, ¢, sorb,(y).

Proof. (a) is clear by definition. For (b) it suffices to show that sorb, () is
@-invariant for all z € K and n € N. We give a proof by induction on n.
For n = 0, see Proposition 2.2.8. If sorb,, (z) is p-invariant for all z € K and
n € Ny, then sorb,,1(x) is also p-invariant since sorb,,(y) C aorb,.;(y) C
sorb,1(x) for z,y € K with y € sorb,, 41 ().

In (c) the implications (i) < (ii) = (iii) are trivial. (iii) = (ii): By assumption
we have U C (¢, sorb,(y) and thus for all = € U there is some y € M such
that z € sorb,(y). Since ~,, is an equivalence relation, we have sorb,(z) =
sorb, (y), hence sorb,,(U) = U, ¢y sorba(y) € U,y sorba(y). The converse
inclusion is clear.

]

As before, we check whether the necessary assumptions of Lemma 2.1.3 are
satisfied.
Proposition 2.2.14. For eachn € Ny and v € K we have that

(a) o(x) ~, = and

(b) the superorbit sorb, () of degreen is a level set of fix T,.
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Proof. Assertion (a) follows from the p-invariance of sorb,,(z) for each n € Ny
and z € K shown in Proposition 2.2.13 (b).

We use induction on n to show (b). For n = 0 see Proposition 2.2.8. For
n € Ny and € K assume that sorb,,(z) is a level set of T),. We show that the
assertion holds true for n + 1. As in the base case, consider

U={yeK:|f(y)—flx)| <e} = f(BAf(2)))

for some f € fixT,, and some € > 0. To prove aorb,1(xz) C U, we need to

find some open V' € U(x) with sorb, (V) C V such that vt C .

Define

Vo= fTH(B(f(2)).
Then V € U(x), V is open and V' C U. By the induction hypothesis we have
for 2’ € K with z ~,, 2’ that f(z) = f(2’). Hence by the universal property of
the quotient topology there is some unique continuous function [ K [ron — C
such that f = fom, for the canonical projection 7, : K — K /~,,. This implies

V=m1! (ffl (B-(f (x)))), hence

sorb, (V) = 7 (1, (V)) = V. (2.1)

—sorby,

This yields aorb,, 1 (z) C V7 .

—sorby,

We now show that V C U. For f € fixT, and C C C, we have
sorb, (f~*(C)) = f~!(C) by the universal property of the quotient topology
as above. Moreover, if B.(f(x)) C C' then V C f~!(C') by definition.

Whence we conclude that

U = ['BU@)= ) SO

C'CC closed,

Be(f(x))CC
2 N o2 (N F
CCC, FCK closed,
F~1(C) closed, sorby, (F)CF,
FHBe(f(x)SFH(C) ver
_ Vsorbn

—sorby,

Hence aorb, () C V C U. This implies that for z € aorb,,1(z) we
have |f(z) — f(x)| < e by definition of U. Since ¢ is arbitrary, this implies

f(z) = f(x). O
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We now give a concrete example for these new orbits and analyze the corre-
sponding quotient space.

Example 2.2.15. (a) Let K := [0, 00| be the one-point compactification of
[0,00) and ¢1: K — K with ¢; = ¢ as in Example 2.2.11. As seen
before, dimfixT,,, = 1 and

[0,00) for0 <z < o0,

sorbg(x) = {

{00}  forz = 0.

Since [0, 00) is the only sorbg-invariant open subset of K, we have for
allz € K
aorby (z) = sorb (z) = K.

Next we define an isomorphic system (K; ¢;) by K := [0, 1] and
@1:}?%}?, @1::h09010h71

for a homeomorphism h: K — K with h(0) = 0 and h(occ) = 1.

1

For this “compressed” system (K; ) (see the figure above for a schematic
view) we still have dim fix T;, = 1.
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(b) Analogously, we construct a system (/; ¢) on the space K = [0, oo]
with sorbs(z) = K and sorby(z) C K forall x € K via

I N P1(x —m)+m forx € |m,m+1), me Ny,
w2 ’ 00 for z = oo.

We iterate this procedure of compressing systems and lining up copies of
these on K = [0, 0o (see the figure below). By this procedure we obtain
systems (K; p,,) with sorb,,_(z) € K and sorb,(x) = K for some
n € Nand all x € K. Hence the quotient space K/~,, is a singleton,
thus homeomorphic to the fixed factor L by Lemma 2.1.3.

Construction of systems with sorb,(z) = K forz € K,n € N

> (K1)

1L/ (K;¢1) v
01 oo \
(K p2)
! | ‘/ 0 1
o0 \ l(ff;@?)
i
L f
/ 0/ 1

This construction leads to an example in which even superorbits of arbitrary de-
green € Nare not sufficient to characterize the fixed space.
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Example 2.2.16. Let K := [0, 00| and define

o(z) = {@k(x) forz e[k —1,k), ke N,

00 for x = o0

with @, as in Example 2.2.15. Here is a schematic picture of (K ).

o0

(K; @3)

(K 92)

(K; 851)

Then for n € Nj the superorbit of degree n is

0,n+1) forze [0,n+1),

{0} for z = 00

sorb, (x) = {

and
sorb,(z) C [n+ 1,00) forx € [n+ 1,00).

Hence sorb,,(x) # K for all x € K and n € Ny which implies that the corre-
sponding quotient space K /~,, contains more than one element. Thus, it does
not correspond to the fixed factor L, which is a singleton since dim fix T}, = 1.

Superorbits of non-finite degree

Because superorbits of arbitrary finite degree do not, in general, yield a Haus-
dorff quotient space, we introduce superorbits of non-finite degree using ordi-
nal numbers. We propose the following definition, where w denotes the first
non-finite ordinal number (see, e. g., DUGUNDJ1 [ 17, Definition 6.1]).



72 2 The fixed space of a Koopman operator

Definition 2.2.17. For any x € K the approximating orbit of x of degree w is

aorb,(z) = U sorb,,(z),

neN

and the superorbit of x of degree w is

sorby(z) = [z], = U aorby, (y),

yeK,
Y~w®

where ~,, is the equivalence relation generated by (aorb,(z))ecx-

By Proposition 2.2.14, the following necessary assumptions for the characteri-
zation of the fixed factor are satisfied for this equivalence relation (cf. (i) and
(ii) of Lemma 2.1.3).

Proposition 2.2.18. For each x € K we have that
(a) o(x) ~, = and
(b) the superorbit sorb,,(x) of degree w is a level set of fix T,.

Even superorbits of degree w do not, in general, yield a Hausdorft quotient
space as the following example shows.

Example 2.2.19. Let again K := [0, co] be the one-point compactification of
[0,00) and K := [0, 1]. Consider the system (K; ¢) as in Example 2.2.16 and
the isomorphic system

¢p: K-> K, ¢=hopoh™

for a homeomorphism h: K — K with h(0) = 0 and h(c0) = 1. Analogously
to Example 2.2.15, we construct a system (K; ) via

Polx—n)+n forx €n,n+1), ne Ny,

v K —- K, xw— {
o0 for x = oo,

by putting copies of the compressed system in a row. Then the fixed factor L

is a singleton, while sorb, () # K for all z € K, thus the corresponding

quotient space K/~ contains more than one point.
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2.3 Characterization of the fixed space via
transfinite superorbits

To achieve our goal to characterize the fixed space fix T, dynamically, we need
superorbits for arbitrary ordinal numbers. We define the base case, successor
case and limit case analogously to Definitions 2.2.12 and 2.2.17. The class of
ordinal numbers is denoted by Ord.

Definition 2.3.1. Let z € K.
Base case:

(i) The approximating orbit of x of degree 0 is

aorbg(z) = ﬂ U.
Ueld(x) closed,
e(U)CU

(i) Let ~gbe the equivalence relation on K generated by (aorbg()).cx-
The superorbit of = of degree 0 is

sorbg(z) = [z]o = U aorbg(y).

yeK,
y~ox

Successor case:

(i) Let v € Ord be a successor. Then the approximating orbit of de-
greey is
aorb,(x) = ﬂ Tt
U€el(z) open,
sorb_1(U)CU

where sorb, 1(U) =,y sorb,-1(y) and

rtt= () F (2.2)

UCF closed,
sorb,_1 (F)CF

denotes the sorb,,_;-closure of U.
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(ii) As before let ~, be the equivalence relation on K generated by
(aorb, (z))se k. Finally, the superorbit of x of degree v is

sorb. U aorb, (

yeK,
Y~

Limit case:

Let 0 # v € Ord be a limit ordinal. Then the approximating orbit of «
of degree 7y is

aorb. ( U sorbg(z U aorbg(z) = U sorbg(z).
B<y B<v, B<;
yeK, y~px yEK, y~gx

The equivalence relation ~., on K and the superorbit sorb, () of degree
~ are defined as in the successor case,

sorb. ( U aorb, (

yeK,
Yy

Before proving that superorbits of arbitrary degree are level sets, we list some
basic properties by analogy with Proposition 2.2.13.
Proposition 2.3.2. Let 3,y € Ord with <~y andU C K.
(a) Forallz,y € K withy ~. x we have
aorb,(y) C sorb, (),

sorb,(y) C aorb,4;(z)

and
aorbg(y) C aorb,(z),

sorbg(y) C sorb,(z).

In particular, these inclusions hold true for x = y.
(b) Forallx € K we have that aorb,(x) and sorb.,(x) are p-invariant.
(c) The following assertions are equivalent.
(i) sorb,(U) C U.
(ii) sorb,(U) =U.
(iii) There is some M C K such that U = |J ¢, sorb, (y).
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Proof. Take x,y € K with x ~, y. The inclusions aorb,(y) C sorb,(z) and
sorb,(y) C aorb,.1(z) in (a) are clear by definition. We show sorbg(y) C
sorb.(z) for all § < + using transfinite induction. For v = 0 the statement
is trivial. For v € Ord assume sorbg(y) C sorb,(x) for all 5 < . We show
sorbg(y) C sorb,41(z) for all 3 < v+ 1. This follows immediately from

sorb, (y) C aorb,11(y) C sorb,41(z).

Now let y be a limit and 5 < . Then sorbg(y) C sorb,(z) by the definition
of sorb., ().

Similarly, one can show aorbg(y) C aorb, (z) for all § < 7.

To show (b) we use again transfinite induction. For v = 0 or v € Ord
a successor, see the proof of Proposition 2.2.13. For v € Ord a limit, the
assertion follows by definition directly from the induction hypothesis. (c) can
be proved by analogy with Proposition 2.2.13. O

We now show that the necessary conditions (i) and (ii) of Lemma 2.1.3 hold
for all superorbits (of transfinite order).

Proposition 2.3.3. For eachy € Ord and x € K we have that

(a) ¢(z) ~, x and
(b) the superorbit sorb.(x) of degree vy is a level set of fix T,..

Proof. We use transfinite induction. For the base case 7 = 0 see Proposi-
tion 2.2.8. If v € Ord is a successor, the proof works analogously to Propo-
sition 2.2.14. Let thus v € Ord be a limit. Clearly, p(x) ~, x for all z € K.
Assume that sorbg(z) is a level set of T}, for all x € K, 8 < ~. Then sorb, (z)
is a level set of 7}, by definition and Proposition 2.3.2 (a). [

The next proposition is crucial for the proof of our main Theorem 2.3.6. It
shows that an approximating orbit corresponds to the intersection of closed
neighborhoods in the quotient space.

Proposition 2.3.4. Ifz € K,y € Ord a successor and 7,: K — K/~ the
canonical projection, then

7, (aorb, 1 (7)) = m U.

U~el(laly)
closed



76 2 The fixed space of a Koopman operator

and

m ! ﬂ U. | = aorb, ().

U~ eU(lal,)
closed

Proof. Since 7, is surjective, it suffices to show the following inclusions:

@ m(aotbyi(2)) € N Ue
U~€1U([§]w)

(b) 7" (N U~ | Caorb,iq(x).
UNEIU([;CM

By the definition of an approximating orbit and the results obtained in Propo-
sition 2.3.2, we conclude

2.3; (c) ™ ﬂ Usorb,Y

U€U(x) open,
sorb~ (U)=U

2.24 1 —=sorb~
S, ™ ﬂ , (ﬂ'W(U )

F=sorb. T
sorby (U™)=U U€lU(z) open,
sorb~ (U)=U

_ ﬂ . (Usorbﬂ,)

U€elU (x) open,
73y (U)=U

N U

U~ €U([z]) closed

m (aorb, ()

N

which proves (a).
To show (b), let

2], € N U..

U~ €U([z]) closed
Since sorb,(z) = [z], = 7, '([2],), we show sorb,(z) C aorb,(x). By the
P for U € U(zx)

definition of aorb. () it suffices to show sorb,(z) C U

open with sorb,(U) C U.
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We now move to the quotient space and define

V. = wv(Usorb”) = {m(y): y € _Sorb”} :

To show V. € U([z],), we check the following.
(i) [z], € V. and

(ii) there is some subset W. C V., which is open in K/~ and [z], € WL.

We have 7" ([z],) = sorb,(z) C T sincex € U™ and sorb., (Usorbw)

-
oo Therefore, {[z],} = 777(7; ([],)) € WV(USMM) = Vo, hence [z, € V.
showing (i).
Define
W. =m,(U).
=V..

—=sorb, )

Then U C T implies W.. = ., (U) C m, (U
Furthermore, IV is open with respect to the quotient topology since

7 (W.) = 75 (m, (U) = sorb, (U) “ 29 U

v v

is open. Clearly, [z, € W.. This shows (ii).

Analogously, we see 7' (V.) = U
the quotient topology.

rb . .
"™ Hence V. is closed with respect to

Summarizing, we obtain V., € U([z],) and V. closed, hence [z], € V. by
assumption. This implies sorb,(z) = 77" ([z],) € 7;'(V.) = U™ which

5
proves assertion (b).

O

To obtain a Hausdorff quotient space corresponding to the fixed factor L, the
process of building superorbits must become stationary.

Theorem 2.3.5. There is some ordinal number ~y € Ord such that sorb,(z) =
sorb,41(z) forallx € K.
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Proof. For all 8 € Ord we have | {sorb,(z): z € K,a < }| < |B(K)| for
the power set B(K) of K. Moreover, by Proposition 2.3.2 (a), if sorb, (z) =
sorbg+1(z) for some o € Ord and some = € K, then sorb, (z) = sorb,/(x) for
all o € Ord with a < /. This implies for some 7 € Ord with |y| > [B(K)|
that sorb, (z) = sorb,,(z) forall z € K. O

We can now describe the fixed space of T}, in terms of (K; ¢).

Theorem 2.3.6. Let fixT,, = C(L) for a compact Hausdorff space L. Then L
is homeomorphic to K/~ for some o € Ord.

Proof. Choose o € Ord such that sorb, (z) = sorb,,1(x) for all z € K (see
Theorem 2.3.5) and assume, without loss of generality, that « is a successor. By
Proposition 2.1.1 and Theorem 2.1.3 it remains to show that K/~ is Hausdorff,

h Wd= () U

Uel([z]a) closed
for all z € K (see Lemma 2.2.2). To do so, let

e [) U
Uel([z]a) closed

As seen in the proof of Proposition 2.3.4 we have
sorb,(z) C aorbgy1(x).

Consequently,

2.3.2 (a)
sorb,(z) C aorbayq(x) € sorbayi(x) = sorbg ().

This implies sorb,(z) C sorb,(x) and hence sorb, (z) = sorb,(z) since ~,, is
an equivalence relation. Therefore, also [z], = m(sorb,(z)) = 7(sorb,(z))
[]o which shows that K/~ is Hausdorff.

cI

From this, we obtain a characterization of a one-dimensional fixed space of T,
in terms of its underlying dynamical system (K; ¢).

Definition 2.3.7. We call a topological dynamical system (K; ¢) topologically
ergodic if there is some x € K and vy € Ord such that

K = sorb,(z).
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Theorem 2.3.8. The fixed space of T, is one-dimensional if and only if (K; ¢)
is topologically ergodic.

Remark 2.3.9. (a) Topological ergodicity is a global property depending

on the dynamical behavior of (¢ on the entire space K.

Recall that a measure-preserving dynamical system (£, ¥, ;@) is er-
godic if and only if the fixed space

fixT, = {f € L'(Q,2,p): T,f = [}

of the corresponding Koopman operator on L!(€, ¥, ;1) is one-dimen-
sional. This motivates our choice of terminology even if there exist other
meanings of “topological ergodicity”, compare, e. g., FRICK, PETERSEN
& SHIELDS [23], PETERSEN [45, Chapter 4, Section 4.2 B] or VRIES [51,
Chapter 1, Section 1.3].

Remark 2.3.10. (a) In continuous-time dynamical systems there is a trans-

(b)

finite construction yielding so-called prolongations (cf., e. g., AUSLANDER
& SEIBERT [5], BHATIA & SzEGO [9, Chapter 1, Section 1.4 and Chapter
2, Section 2.13] or UrA [50]). These are - if adapted to the discrete-time
setting — different from approximating orbits and superorbits as can be
seen from Example 2.2.10. Here, we have for the first prolongation

{(¢,0): ¢ € [a,1]} ifx = (a,0) for some
D (z) = aorby(z) = a € [0,1],

orb(x) elsewhere

and for the second prolongation

Dy(x)= [ UDrU)= (] Di(U) =Di(x)
Uel(z) neN Ueld(x)
for all z € K because D;(D;(U)) = D;(U) and D (U) is closed for all
U € U(x). This implies that all prolongations of higher degree are equal
to Dy (z) for all x € K, while dim fix T, = 1. Hence the decomposition
induced by fix T, is not obtained by the prolongations.

Also chain prolongations (see, e. g., DING [16]) are in general different
from our superorbits.

By a completely different approach, Akin and Wiseman in AKIN & WISE-
MAN [2, Theorem 7.11] also obtain the equivalence relation ~, but do
not relate it to the fixed space of the Koopman operator.



80 2 The fixed space of a Koopman operator

2.4 Lyapunov stability of higher order

In the previous sections we worked out how to dynamically obtain the de-
composition of K induced by the fixed space fix7,. As will be shown now,
the fixed space does not only give a disjoint union of K into closed and ¢-
invariant but even “stable” sets. For this purpose we suggest a hierarchy of
stability notions which are closely linked to the fixed space fix 7;, of a Koopman
operator T,

A closed and p-invariant set M C K is stable in the sense of Lyapunov if for
allU € U(M) there is some V' € U(M) such that

pr(V)cu

foralln > 0 (cf. Section 3.1 of the next chapter). The following characterization
is shown in Lemma 3.1.9.

Lemma 2.4.1. A closed and p-invariant set M C K is Lyapunov stable if and
only if it is the intersection of its @-invariant neighborhoods, i. e.,

M= (] U

Ueu(M),
p(U)CU

As the next proposition shows the fixed space induces a decomposition of K
into Lyapunov stable sets.

Proposition 2.4.2. Each maximal level set of fixT,, is Lyapunov stable.

Proof. If M C K is a maximal level set of fix 7}, then by Remark 2.1.2 (b) there
is some [y € L such that M = p~*({ly}) with p: K — L the factor map onto
the fixed factor L. Note that for each U € U(ly) we have p~'(U) € U(M) and
p HU) = Uiy p'({1}). In particular, p~*(U) is a union of maximal level
sets and hence p-invariant. Since L is Hausdorff we have

{Ly= () U
Ueld(lo)

yielding
M= (] p(U).
Uel(lp)

This implies that M is the intersection of its (-invariant neighborhoods and
thus Lyapunov stable. ]
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However, it may happen that there exist finer decompositions into Lyapunov
stable sets as the following example shows.

Example 2.4.3. Take
K={(2¢):neN cel0.}u{0.0:ceo)

with the subspace topology of R? and the dynamics ¢ given for z € K by

(%,n (c — %)2 + %) for x = (%,c) with ¢ € [%, mTH] for some

p(z) = n € Nandm € {0, ...,n},
(0,¢) forz = (0,¢) with ¢ € [0, 1].

AS)

Here, the decomposition of K induced by the fixed space fix T, is

K=J{( ¢ cel0} U{(0,c):ce0,1]}.

neN

However, there is a finer decomposition into Lyapunov stable sets since {(0, ¢) }
is Lyapunov stable for each ¢ € [0, 1].

To explain the difference between these decompositions, we use our concept
of superorbits from Section 2.2 and 2.3 to generalize Lyapunov stability to a
hierarchy of stability notions. This can produce decompositions of K which
are coarser than a decomposition into Lyapunov stable sets but finer than the
decomposition induced by fix T,,.
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Definition 2.4.4. (a) A set M C K is called Lyapunov stable of degree «
for some o € Ord if

—sorbg

M= () U™
Uel(M) open,
sorb (U)CU

(b) A set M C K is called absolutely Lyapunov stable if M is Lyapunov
stable of degree « for all « € Ord.

Remark 2.4.5. If a set M is Lyapunov stable of degree «, then it is Lyapunov
stable of degree [ for all 5 < a.

Lemma 2.4.6. Let M C K and o € Ord.

(a) If M is Lyapunov stable and x € M, then also aorbg(x) C M and
sorbg(xz) C M.

(b) If M is Lyapunov stable of degree o and x € M, then also aorb,;(z) C
M and sorb,41(x) C M.

Proof. 1t suffices to show the assertions for the approximating orbits. We have

aorbg(z) = ﬂ UC ﬂ U= ﬂ U=M

Uel(x) closed, Ueld(M) closed, Uel(M),
e(U)CU e(U)CU p(U)CU

since K is a Hausdorff space yielding (a). Assertion (b) follows by definition
from

—+=sorba —=sorbg
aotbo(x)= (| T "¢c () U™ =M
U€U(x) open, UelU (M) open,
sorbq (U)CU sorbq (U)CU

Remark 2.4.5 and Lemma 2.4.6 yield the following result.

Theorem 2.4.7. The finest decomposition into absolutely Lyapunov stable sets
is induced by fixT,,.
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Proof. We first show that the maximal level sets of fix T}, are absolutely Lya-
punov stable. By Remark 2.4.5 it suffices to show that a maximal level set M
is Lyapunov stable of degree o where L = K/~ for the fixed factor L. Let
r € K such that M = 7~ !([z]) where 7: K — K/~ denotes the canonical
projection.

Note that for any open V' € U([z]) also U := 7~ !(V) isopen and sorb,,(U) = U
because of sorb,, (U) = 7~ (7 (U)). Moreover,

—sorbg —————sorbg F=n"1(V) _
T =iy = () F < ai(V)
F closed,
7 1(V)CF,
sorbo (F)CF

From this we obtain that

m Usorba C ﬂ 71__l(‘/,)sorba c m 71__1(7)

Ueld(M) open, Veu([z]) open Veu([x]) open
sorbq (U)CU

_ 71'71 ﬂ V K/~a iausdorff 71_71([(%]) — M.
VeU([z]) open

Together with the converse inclusion

sorb

mMc ()} U
Ueld(M) open,
sorbo (U)CU

we obtain that M is Lyapunov stable of degree a.

That there is no finer decomposition into absolutely Lyapunov stable sets fol-
lows from Lemma 2.4.6 because a finer decomposition contradicts sorb, 41 (z) C
M’ for z € M’ with M’ C K Lyapunov stable of degree a. ]

As a final result, we link absolute Lyapunov stability and topological ergodic-
ity.

Theorem 2.4.8. A topological dynamical system (K; o) is topologically ergodic
if and only if there is no nontrivial decomposition of K into absolutely Lyapunov
stable sets.






3 The Lyapunov algebra

In the following, let (K; ¢) be a metric topological dynamical system with
corresponding Koopman system (C(K'); T,,) restricted to the real-valued func-
tions C(K;R) only. Having discussed fixed functions of 7, in Chapter 2,
now subfixed functions of the Koopman operator are considered, i. e., positive
functions f € C(K) satisfying

Tof < J.

In this chapter, a subalgebra of C(K) is constructed from these functions
and we discuss which information on (K; ¢) can be gained from this subfixed
algebra.

Before doing so, some preliminaries from the theory of topological dynamical
systems are collected.

3.1 Recurrence and attractivity

We start by recalling several kinds of “recurrent” dynamical behavior leading
to important p-invariant subsets of K.

Definition 3.1.1. A point x € K is called a

(a) fixed point if
p(r) = .
The set of all fixed points is denoted by fix .

(b) periodic point if there is some N € N such that
(@) = .

The periodic points are collected in the set per ¢.
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(c) almost periodic point if for every open U € U(x) there is some N € N
such that
{meN: ¢"™(x) e U} N [n,n+ N #0

for all n € N. Denote the set of almost periodic points by ap .

(d) recurrent point if for every U € U(x) there is some n € N such that
o"(z) e U.

The set of all recurrent points is rec .

(e) nonwandering point if for each U € U(z) and N € N there is some
n > N such that

" (U) N U # 0.
The nonwandering set consisting of these points is denoted by nw ¢.

Now take ¢ > 0 and y € K. An e-chain (or e-pseudo orbit) from x to y
is a sequence xy, ...,z € K, k € N, with xy = x and x; = y such that
d(p(z;),zi41) < e foralli € {0, ...,k — 1} where d denotes the metric on K.
Then call x a

(f) chain recurrent point if for every € > 0 there is an e-chain from z to z.
All chain recurrent points are collected in the chain recurrent set cr .

Remark 3.1.2. (a) An e-pseudo orbit can be thought of as an orbit which is
slightly perturbed after each iteration of ¢. Below is a schematic picture
of an e-pseudo orbit from x € K back to itself.

p(z) (1)

i X2
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(b) An equivalence relation ~ on the chain recurrent set cr ¢ can be defined
via z ~ y for x,y € crp if for each € > 0 there is some e-chain from x
to y and another e-chain from y to x. The equivalence classes are called
chain components.

Proposition 3.1.3.  (a) All sets defined in Definition 3.1.1 are p-invariant.

(b) The sets fix o, nw o and cr ¢ are closed.

For the closedness of cr ¢ we refer to ALONGI & NELsON [3, Proposition 2.7.10].
We now turn to the limit points of orbit closures yielding other important
(p-invariant sets.

Definition 3.1.4. For x € K define the w-limit set of x as

w(x) = ﬂ {¢"(x): n > N}.

NeNg

All w-limit sets are collected in the w-limit set of ¢,

W= U w(z).

zeK

Remark 3.1.5. For each z € K, the w-limit set w(x) is closed and ¢-invariant
and so is the w-limit set w ¢ of .

For the ¢-invariant subsets of K defined so far, the following inclusions hold
true.

Proposition 3.1.6. We always have
fixp Cperp Capp Crecp Cwe Cnwp Ccrp.

Proof. Clearly, fixp C perp C apy C recy and since a point z € K is
recurrent if and only if x € w(z), we obtain rec p C w .

Now take z € w(y) for some y € K and U € U(x). Then there are n; € N,

1—00

i € Ny, such that p™(y) € U and ¢™(y) — z. For N > 0 take n; # n;
with N < n; < n;. Then ¢"(¢"(y)) € U for n = n; — n; yielding that
©"(U) N U # (0, hence x is nonwandering.

To show nw ¢ C crp take z € nw . For each ¢ > 0 there is some n € N
such that ¢"(B.(z)) N B.(x) # 0 for the e-ball B.(x) around x. Then
z,(x),...,¢"(x), r defines an e-chain from x to x. This yields x € crp. [
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A crucial concept in dynamical systems is that of an attractive set, which is,
broadly speaking, a part of the state space to which the dynamics converges
in some sense. A wide range of definitions have been proposed and explored
such as in LyapuNov [36], BHATIA & SZEGO [9], CONLEY [11] or MILNOR [39]
to name a few. The following compilation of different kinds of attractivity can
be found in KUHNER [31, Part I, Chapter 3, Section 3.2] for continuous-time
dynamical systems.

Definition 3.1.7. A closed and p-invariant non-empty set A C K is called
(a) absorbing if there is some N € N such that p"V(K) C A.

(b) pointwise absorbing if for each x € K there exists n € Ny such that
o"(x) € A

(c) uniformly attractive if for all U € U(A) there is some N € N such that

YN(K)CU.

(d) pointwise attractive if for all U € U(A) and all z € K there is some
N € Ny such that
p"(z) €U

foralln > N.

(e) center of attraction if

1

lim sup {n € {0,...., N —1}: p"(x) € U}| _
N—oo N

forallU € U(A) and x € K.

(f) stablein the sense of LyapunovifforallU € U(A)thereissomeV € U(A)
such that
et (V) cu

for all n > 0.
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Remark 3.1.8. For a closed and @-invariant set A C K the following impli-
cations hold true.

uniformly attractive

T~

A absorbing pointwise attractive = center of attraction

\/

pointwise absorbing

Stability in the sense of Lyapunov can be characterized as follows (cf. Propositions
3.26 and 4.10 in KGHNER [31] for the continuous-time case).

Lemma 3.1.9. Let A C K be a non-empty, closed and p-invariant set. The
following are equivalent.

(a) A is stable in the sense of Lyapunov.

(b) ForallU € U(A) there is someV € U(A) withV C U and p"(V) C V
foralln € Ny.

(©)

A= ) U

Ueld(A),
e(U)CU

Proof. Clearly, (b) = (a) and (b) = (c). To show (a) = (b), take U, W € U(A)
with W C U such that ¢" (W) C U for all n € Ny. Define

Then W C V C U, hence V € U(A) and ¢"(V) C V. For the proof of
(c) = (a) we follow KtuNER [31, Part II, Chapter 4, Proposition 4.10]. Note

that
V,, = U U

Uel(A) inv.,
d(oU,A)<1

for n € N and the topological boundary OU of U € U(A) gives

A:ﬂm

neN
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Take some open U € U(A) and assume that there is no n € N such that
V., € U. Hence for every n € N there is z, € V,\U giving a sequence
(n)nen € U°. By compactness of U° there is a convergent subsequence

(xni)ieN of (xn)neN with

lim z,, = x € U°.
1—00

Now take some closed and y-invariant set W € U(A). Then there is iy € N
such that x,,, € W for all ¢ > i, yielding x € W. Since W was arbitrary, the
Hausdorff property of K then implies

T € ﬂ W = A.

Wel(A)
closed, inv.

In particular, x € U which is a contradiction.

]

This yields the following connection between uniform attractiveness, pointwise
attractiveness and stability in the sense of Lyapunov (see Theorem 4.11 in
KUHNER [31] or BHATIA & SZEGO [9, Theorem 1.5.28] for continuous-time
dynamical systems).

Proposition 3.1.10. A closed and p-invariant set A C K is uniformly attrac-
tive if and only if it is pointwise attractive and stable in the sense of Lyapunov.

Proof. Let A be uniformly attractive. Assume that A is not stable in the sense
of Lyapunov. Then there is U € U(A) such for all V' € U(A) with V C U
there exists some m € Ny with " (V) ¢ U. Since K is metric, there are
Vin CU(A), m € Ny, with V,,,,1 CV,,, CU and

By assumption, for each m € N there is z,, € V,,, and n,,, € Ny with
£ ) € U
Moreover, there is some subsequence (m;);en, of Ny with

1—00
T, — X
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for some T € A. Since A is uniformly attractive, there exists N € Ny such
that ¢"(K) C U for all n > N. This implies that n,,, < N for all m € Ny,
thus there is M € Ny with n,,, = M for infinitely many m € Nj. For these m,
" (2,) = M (2, ) =3 @M () € A. This contradicts ¢ (z,,) € U°.

Conversely, let A be stable in the sense of Lyapunov and pointwise attractive.
Take U € U(A). By Lemma 3.1.9 we can assume that U is open and p-invariant.
Since A is pointwise attractive for each z € K, there is some n, € Ny such
that " (z) € U for all n > n,. By continuity of ¢"* and ¢(U) C U, there is
some open neighborhood U, € U(x) with ¢"(U,) C U for all n > n,. Then
{U,: z € K} is an open cover of K, thus by compactness of K there are
20, ..ry T, M € Ny, such that

.....

P"(K) = ¢"(|JUs) =" (U.) €T,

thus A is uniformly attractive.

]

Proposition 3.1.11. A closed and p-invariant set A C K is pointwise attrac-
tive if and only if w p C A.

Proof. First, let A be pointwise attractive. Take € K. Assume there is
y € w(x)\A. Theny € {¢"(x): n> N} forall N € Ny. Let U € U(A) be
closed such that y ¢ U. By assumption there is some N € Nj such that
¢"(z) € U for allm > N. Hence {¢"(z): n > N} C U which contradicts

y¢U.

Conversely, let w(z) C Aforall z € K. Assume there is some open U € U(A)
and x € K such that for all N > 0 there is some ny > N with "~ (z) € U¢,
ie, {p"™(xz): N € Ng} NU = 0. Since U°® is compact, there is some accu-
mulation point y of {¢"V(x): N € Ny}, hence y € w(z) yielding y € A by
assumption. This is a contradiction because y € U° implies y ¢ A. O




92 3 The Lyapunov algebra

We now turn to centers of attraction as introduced in Definition 3.1.7 (e).
Loosely speaking, a center of attraction consists of points to which the dynam-
ics returns “often enough” arbitrarily close. There always exists a center of
attraction which is minimal with respect to inclusion, (cf. DtAMOND, KLOEDEN
& Poxkrovskiy [14], SIGMUND [48] or HiLmy [26]). This can be obtained as
follows.

Definition 3.1.12. Define the minimal center of attraction as

Apin = N A.

ACK closed, p-inv.,
center of attr.

Proposition 3.1.13. The inclusions
ap SO g Amin g w QO
hold true.
Proof. Clearly, w ¢ is a center of attraction and therefore the minimal center
of attraction A, is contained in w .

To show ap ¢ C A, let € ap ¢ and assume that © ¢ Ay,,. Take some
closed neighborhood U € U(Apin) such that © ¢ U. Then U° is an open
neighborhood of z, hence there exists some M € N such that

{meN: ™(x) e U} N [n,n+ M]#0
forallm € N.

Now take N € N with V > M. By division with remainder there are ay € N
and 0 < ry < M such that

N:G,N'M+TN

yielding
H{ne{l,.,N—1}: ¢"(x) e U}| < N — a,.
Therefore,
H{n e {l,...N —1}: p"(x) € U}| < N —an
N - N
. 1 N—TN
B M- N
< 1 ! + !
M N

< 1.
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In particular,

. H{n e {1,...,N —1}: p"(x) € U}| 1
1 <l—-—x<1
e N = TN
which is a contradiction. OJ

In general, Ayin € recp and recp C Ay as can be seen from the next
example.

Example 3.1.14. (a) Take
K ={0,1}"

endowed with the product topology and let ¢ be the left shift on K,
hence

© ((zi)ien) = ((Tit1)ien)

for all (x;);en € K. Since the periodic points are dense in K, we obtain
Auin = K while, clearly, not all points in K are recurrent.

(b) Define a point = € {0, 1}" as follows.! Let

yo = (0,1)

and, recursively,
Ynt+1 = (ynv Yn, 07 07 1)
——

9
12 times

for n € Ny where [,, denotes the length of y,, and satisfies

log =2,
lppr =20, + 12+ 1. (3.1)
Now take
12=4 12=4 12=81
— —
x=(0,1,0,1,0,0,0,0,1,0,1,0,1,0,0,0,0,1,0,...,0,1, ...... )
~— ~~ ~— ~~
Yo Yo , \Z/O Yo ,
" "

!Many thanks to Nikolai Edeko for the idea to this example.
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Denote by ¢ the left shift on {0, 1} and consider the dynamical system
(orb(2); ¢lrp(a))-
Then z is a recurrent point by construction, while
Amin = {0}

for the nullsequence 0 := (0,0, ...) € {0,1}". To see this, we need to
show that

N =1 o (2
oy € 00N =11 ) € 0] _

1
N—oo N

forall U € U(0) and 2’ € K. Thus, take U € U(0) and 2’ = (z});en €

orb(z). It suffices to consider a neighborhood basis of {0}, hence take
U=U = {(2)ien € {0,1}": 21, ..., 2, = 0}

for some k£ € N.

Note that the orbit closure of = consists of the following parts,

orb(z) = orb(z) U{0} U{(zi)ien € {0,1}": 3!j € N such that z; = 1}.

If there is at most one ¢ € N such that 2, = 1, then, clearly,

_ oo
lim sup {n € {0,...., N — 1}: p"(2') € Up}| _

1.
N—oo N

Thus, let 2/ € orb(z) and without loss of generality 2’ = x. Take
M € N such that [); > k and consider the subsequence (7;);eny of N
where n; = lp;114,; for : € N. Then we have

{n € {0,..., N —1}: p"(x) € Up}|

lim su
N%oop N
s ey € (0= 1) ") € U
1—00 n;
> limsup Hn € {20, - lugres — 11 0" (2) € Up}|
1—00 lM—i-l-I—i
EP—
= 1.
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The minimal center of attraction is closely related to ergodic measures on
K as will be seen in the next proposition. Denote by M(K) the set of fi-
nite real-valued Baire measures, hence C(K)" = M(K). For u € M(K)
let

supp = {x € K: u(U) > 0 for all open U € U(z)}

be the support of ;1. We obtain the following characterization of the minimal
center of attraction (see, e. g., MANE [37, Chapter II, Section 1, Exercise 1.5] or
D1amonD, KLOEDEN & Pokrovskij [14, Theorem 1)).

Proposition 3.1.15. The minimal center of attraction is given as

Amin = U supp u.

HEM(K) ergodic

For a continuous-time version of this proposition, see, e. g., KGHNER [31, Part I,
Chapter 4, Theorem 4.11] or BHATIA & SzEGO [9, Chapter 1, Section 1.5, Theo-
rem 1.5.28].

The different concepts of recurrence and attractivity introduced in this section
will be used to study to the so-called generalized recurrent set in Section 3.4.
This set is closely related to the Lyapunov algebra which will be discussed in
depth for the rest of this chapter.

3.2 The Lyapunov algebra

For the construction of the Lyapunov algebra, the following set consisting of
all subfixed functions is needed.

Definition 3.2.1. We call
subfix T, = {f € C(K): 0 <T,f < f}

the subfixed cone of T, in C(K).

Proposition 3.2.2. The set subfix T}, is a proper cone in C(K') with the follow-
ing additional properties.



96 3 The Lyapunov algebra

(a) For each f, g € subfix T, also
[ g €subfixT,

and
fVag, fAgesubfixT,

for fV g =sup{f,g} and f A g = inf{f, g}.
(b) The subfixed cone is closed and T ,-invariant.
(c) Each positive fixed function f € fix T,, is contained in the subfixed cone.
Proof. Let f, g € subfixT,. Clearly, f+g, f-gand c- f for ¢ > 0 are contained

in subfix T,. Moreover, subfix T, N —subfix T;, = {0}, hence subfix T}, is a
proper cone.

Since T, is a lattice homomorphism, we have

Tgo(f\/g) :Ttpf\/Tnpg < f\/ga
hence f V g € subfixT,,. Analogously, f A g € subfixT,.
If f € subfixT,,, then T,,» f < T, f yielding the 7 ,-invariance of subfix T,.

To show that the subfixed cone is closed, let (f,)nen, € subfixT,, with
| - [[-limy, o0 fn =t h. Then

T,h = lim T,f, < lim f, = h,
n—oo n—oo
hence h € subfixT,,.
For f € fixT, with f > 0, clearly f € subfixT,,. ]

Remark 3.2.3. From an arbitrary non-positive f € C(K) with T,,f < f
we can produce a function in the subfixed cone by passing to f 4 ¢ - 1 for

¢ > | mingeg f(x)].

Example 3.2.4. Take our standard example K := [0,1] and ¢(z) = 2? for
z € [0,1]. Then f € C([0,1]) is a subfixed function of T, if and only if it is
positive and monotonically increasing on [0, 1], hence

subfix T, = {f € C([0,1]): 0 < f(z) < f(y) for z,y € [0,1] with z < y}.
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Now define
L = subfixT,, — subfixT, = {f — g: f, g € subfixT,}

as the closed vector space generated by the subfixed cone.

Remark 3.2.5. (a) For each f € subfix T, — subfixT,, also
|f| € subfix T, — subfix T,

by Proposition 3.2.2 (a) because |f| = f1 V fo — fi A fofor f = fi — fo
with fi, fo € subfix T}, (see SCHAEFER [47, Chapter II, §1, Proposition
1.4 (5)]). This extends to all of £ by the continuity of VV and A.

(b) Take f € L with positive and negative part f*, /= € C(K),. Then
frrec
by f* = 3(fI+ f)and f~ = 3(|f| = f).

Proposition 3.2.6. The space L is a closed I, -invariant subalgebra and sub-

lattice of C(K).

Proof. Clearly, L is closed with respect to multiplication and hence a subalge-
bra of C(K'). Moreover, by the T -invariance of the subfixed cone also L is
T,,-invariant. The lattice property of £ follows by Remark 3.2.5 and SCHAEFER
[47, Chapter II, §1, Proposition 1.4 (5)].

N
Definition 3.2.7. We call £ the Lyapunov algebra (or subfixed algebra) of T,..

Remark 3.2.8. Lyapunov functions, named after the Russian mathematician
Aleksandr Mikhailovich Lyapunov (1857-1918), originate from the theory of
ordinary differential equations and their stability theory (see, e. g., Part I of this
thesis, LA SALLE & LEFSCHETZ [34] or BARREIRA & VALLS [7]). However, differ-
ent definitions of Lyapunov functions can be found in the modern literature.
All definitions have in common, that Lyapunov functions are decreasing on
specific orbits and so are related to stability theory. In general, they are difficult
to construct explicitely. The definition used here can be found in, e. g., ALONGI
& NELSON [3, Definition 4.4.3], FiIsHER & HASSELBLATT [22, Definition 1.4.9]
for continuous-time or in NorTON [43] for discrete-time dynamical systems. In
our functional analytic perspective, we see Lyapunov functions as subinvariant
functions of the Koopman operator.
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Remark 3.2.9. (a) The Lyapunov algebra is the smallest closed Banach
subalgebra, respectively, closed Banach sublattice in C(K') containing
the subfixed cone subfix T,,.

(b) Besides subfixed functions, also all superfixed functions, i.e., f € C(K)

with

Tof = f
are contained in £. The Lyapunov algebra could analogously be achieved
as

L = superfix T,, — superfix T,

where superfix T, == {f € C(K): T,f > f > 0} denotes the super-
fixed cone of T, in C(K).

Lemma 3.2.10. For each f € L the sequence (17 f)nen, converges pointwise
with

lim T f(x) = f(y)

n—oo

foreachx € K andy € w(x) (see Definition 3.1.4). In particular,
f’w(z) = const.

forallz € K, f € L.

Proof. 1t suffices to take f € subfixT,. Then (T f(7))nen, is convergent
for any x € K because it is monotone and bounded. For y € w(x) there is

1—00

(n;:)ien € Np such that ™ (x) — y. Then

lim 77 f(x) = lim f(e™(z)) = f(y).

n—o00 1—00

Clearly, for any other y’ € w(z) the limit is the same, lim,, .. T} f () = f(y/).
]

The following example shows that, in general, the closure of subfix T\, — subfix T,
is needed to obtain a closed algebra.

Example 3.2.11. Consider the one-point compactification K = [0, oo] of
[0,00) and

In(x +1) forx € |0, 00),
W)::{ (x+1) 0,00)
00 for r = oo.
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To show that subfix T}, — subfix T}, is not closed, take f € C(K) as

%x—@ forzen—1,n—3,neN,
flz) = —%:1:—1—2 for z € (n—%,n), n €N,
0, for x = oo.
1 f
- e e el e 5

For m € N define f,, = f - Lio,m),

Z;}% forzen—1,n—-3),ne{l,..,m},
fmp(®) =2z 4+>) -2 forzen—1n),ne{l . m}
St forx € [m+ 1, o0]

and

fna(@) = [z +3)
2@+3)+>par—2 forzen—1,n—73),ne{l, ...,m},
= ZZZI% fOI'.TE [n_%7n)7 nc {17"‘7m}7

St forz € [m+ 1, o0].
Then

Jm € subfixT,, — subfix T,

because f,, = fm1 — fm2 and fi, 1, fm2 € subfix T, for all m € N. Since,
clearly, f = || - ||-limy,;, 00 fim, this yields

fecrL.
Now assume f € subfix T, — subfixT,. Then there are I}, F, € subfixT,

such that
f=1I —F.
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fm - fm,l - fm,Z

Forz € [0,1], Fi(z) > f(z) = 2z = fi,n(2) and Fy(z) > 0 = f,,(x) for all
m € N by positivity of F} and Fy. For = € (3, 1] we obtain
Fi(x) > Fi(3) = 1 = fim(@)
by monotonicity of F; and
By(r) = Fi(r) = f(x) > 1~ f(z) =22 — 1 = fra(2)
for all m € N.

By induction we can show that

Fiy > fma
and
Fy > fro

for all m € N. Hence F7i, F5 are unbounded functions, thus not continuous on
[0, 00| yielding a contradiction. This means that f ¢ subfix T}, — subfix T,..

Remark 3.2.12. Note that our standard example ([0, 1]; p) with p(x) = z*
for z € [0, 1] is isomorphic to the system in Example 3.2.11. Hence also here
subfix T}, — subfix T}, is not closed.

By Proposition 3.2.6, (£;T},) is a subsystem of (C(K);T,,) containing the unit
1k (cf. Chapter 1). The representation theorem of Kakutani and Krein (see
ScHAEFER [47, ChapterIL, §7, Theorem 7.4]) then yields

£2~0(L)

for some compact space L. Denote the induced quotient system of (K ¢)

by (L; ).
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Remark 3.2.13. We clearly have
(1g) CfixT, C L C C(K).

In Section 3.8 Lyapunov algebras generated by a single function will be studied.
These algebras may be smaller than L.

In the following, examples are provided for each of the different inclusions in
Remark 3.2.13. We start with examples where £ = C(K).

Example 3.2.14. (a) Asin Example 3.2.4 let K := [0, 1] and ¢(z) = 2? for
x € [0, 1]. Then any positive strictly increasing function f € C([0, 1])

is a subfixed function separating the points in [0, 1]. Since also 1o} €
subfix T}, we have

L= C(K)
by the Stone-Weierstraf3 theorem.

(b) Consider the dynamical long line (cf. Example 2.2.11) where K := [0, 0]
is the one-point compactification of [0, c0) and

(x —n)>+n forz € [n,n+1),ne Ny,
p(x) = :
00 for z = oo.

Again,
L =C(K).
(c) Similarly, for the unit square K := [0, 1] x [0, 1] in R? with

p(z,y) = (ya* + (1 - y)z,y)
for (z,y) € [0,1] x [0, 1] the Lyapunov algebra is

L = C(K).

<« “
« <
¢ — o — ¢
¢ — — ¢
T — — <
< « “— « <
< < < < <
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(d) Let K = [0,1] x [0,1] and ¢: K — K, (z,y) — (2% y). Define
the quotient system (K; ¢) with K = K/~ where (z,y) ~ (z,v),
(0,y) ~ (0,y) forall z,y,y" € [0,1] and

p: K = K, o([(2.9)]) = lp(z,y)].

\

/

Then
L =C(K).
(e) Take the annulus
K=A,,, ={re™*: relr,rnlanda€[0,1)} CC
for 0 < r; <7y <1 together with
)2 _
QO(TG%TM) — ((T 7‘1) 4 Tl) e27r1a
ro—T1

for each r € [ry, 73] and a € [0,1). Thus, T U 7T consists of fixed
points of ¢ and each point in the interior of A,, ,, is attracted radially
to the inner circle of the annulus.

Then again
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(f) Let K := I U H where
I ={(z,0):0<z<1}

and
H={(z,y):2,y>0,(z—3)°+y*=1} CR’

is a semicircle connecting (0,0) and (1,0) and

p(z,y) = {Eﬁo) ff(l’,y; - I'

H

Also for this example,

L= C(K).
We proceed with examples for the case £ = fix T,

Example 3.2.15. (a) Let K := T with some (rational or irrational) torus
rotation ¢(z) = a-z forx € T and some a € T. Thensubfix T}, C fix T,
and hence

L =1fixT,.

(b) More general, for a compact group rotation (G p, ) where G is a compact
group, a € G, and p,(x) = a - x for each x € G we have

L =fixT,,.
This will be seen in Section 3.5.

(c) Again, let K := T, this time with

. . o
27r1a> . e27r1a

p(e

for e € [0, 1).
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n—oo

Then 1 is a fixed point with ¢"(z) =3 1 and ¢ "(z) =3 1 for all
x € K yielding
L = fixT,.

Incidentally, this example can also be seen as the quotient system of
Example 3.2.14 (a) where 0 and 1 are identified.
(d) Let K :=[0,1] and

2 for x € [0, 3),
p(r) = L
—2x+2 forx € [3,1]

the tent map on [0, 1]. By taking z € [0, 1] we see that any f € subfix T},
must be monotonically decreasing on [0, 1]. Along with f(0) = 7., f(1) <
f(1) this yields

L =fixT, = (1).

(e) Let K be afinite set and ¢: K — K a bijective map, thus a permutation.
Since ¢ can be decomposed into disjoint cycles, then

L = fixT,.
Last, we give examples where fix T, C £ C C(K).

Example 3.2.16. (a) Take (K;¢) where K := T U S with
S={1+21)e: a>1}
a spiral approximating T and

T forz €T,
o L1 .
gD(l’) : (1 + %)e2m(a+a) for r = (1 + §>62ﬂ'10¢ with a > 1.

a+a

So the dynamics on the spiral becomes slower and slower coming to rest
on the unit circle.
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Then £ = {f € C(K): f|, = const.}, thus
fixT, C L C C(K).
(b) Let K be finite and ¢: K — K not bijective. If there is some cycle of
length at least 2, then
fixT, C L C C(K).

(c) Now take the disjoint union of Example 3.2.14 (a) and 3.2.15 (a), hence
K =10,1]UT equipped with the disjoint union topology and

p(z) =

z?  forz €0,1],
a-r forzxeT

forsomea € T. Then £ = {f € C(K): f|r € fixT,}, where T, denotes
the Koopman operator associated with the torus rotation. Thus

fixT, C £ C C(K).

From Example 3.2.14 (a) and 3.2.15 (a) we also see that £ can be different from
the Kronecker algebra kro T, (see Example 1.2.6 (b)).

Example 3.2.17. (a) Again, consider ¢: [0,1] — [0,1], z — 2% For A € T
such that T, f = \f we obtain A = 1, hence

kroT, =fixT, C C(K) = L.
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(b) For the compact group rotation ¢: T — T, z + ax with 1 # a € T we
have

L=1ixT, C C(K)=kroT,

by Example 17.9 in E1sNER, FARKAS, HAASE & NAGEL [20, Chapter 17,
Section 17.2].

After having discussed the various examples above we come back to sub- and
superfixed functions.

Remark 3.2.18.  (a) For the positive cone L, = {f € L: f > 0} in L we
have
subfix T, + superfixT,, C L. .

(b) Let f = f1 - f2 € L with fl,fg € SUbﬁXTw. Iff1 2 Hfg” . I[K then
[ € subfix T, +superfix T, by f = (f1— || foll - 1x) + (= fo+ | fol| - Lk)-

(c) Let f € L. Then f € subfixT, + superfix T}, if and only if there are
0< fi,fo € C(K)suchthat f = fi + foand fi =T, f1 < f =T, f <
f2 _Tgan'

That in general subfix T}, + superfix T, C £, can be seen by the following
example.

Example 3.2.19. As in Example 3.2.14 (a), let K = [0, 1] with ¢(z) := 2 for

x € K. Take
fe x for z € [0, 3],
C |1-=2 forze(3,1]°

Then f € C(K); = L, (see Example 3.2.17). Assume that f € subfix T}, +
superfix T,,, hence there are f; € subfix7T, and f, € superfix T}, such that
f = fi + f2. The positivity of f; and f, implies fi(x) = fo(z) = 0 for
x € {0,1}. Since f; is monotonically increasing (see Example 3.2.4), whereas
f2 is monotonically decreasing we have f; = f, = 0 yielding a contradiction.

Remark 3.2.20. This chapter is confined to the real-valued function space
C(K) = C(K;R) as the natural approach to subfixed functions. Nevertheless,
the theory can be carried over to the complexification

Loc=L+1iL

of £ in C(K;C) yielding a complex Banach lattice and a C*-algebra (see
SCHAEFER [47, Chapter II, §11]).
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3.3 Closed invariant ideals via subfixed
functions

Important objects to discuss the structure of C(K) are closed ideals and, in the
Koopman situation, 7},-invariant ideals (see SCHAEFER [46] or KREIDLER [30]).
We now use subfixed functions to construct such ideals. The definitions of an
algebra, respectively, lattice ideal from Chapter 1 and the characterization of
closed ideals by means of their support (see Proposition 1.1.4) likewise hold
for the space C(K;R) of real-valued continuous functions on K. Moreover,
recall the following characterization.

Proposition 3.3.1. For F' C K closed, the closed ideal I is'[,-invariant if and
only if I is p-invariant (see KUSTER [32, Chapter 2, Subsection 2.3.3] for further
properties).

Principal lattice ideals can be obtained as follows.

Proposition 3.3.2. Let0 < f € C(K). Then
It ={ge C(K): |g| <c- f forsomec> 0}
is a (principal) lattice ideal. Its closure is obtained as
Iy = Ijy=o);

hence is a closed lattice and algebra ideal.

Proof. The inclusion Tf C I[f—q is clear. For the converse inclusion take
g € Ijy—¢. Without loss of generality assume g > 0. Define

gn=nfNg

for n € Ny. Clearly, g, € If for all n € Ny. Moreover, g, < g,4; for all

n € Ny and lim,,_,o gn(z) = g(z) for all z € K. Since ¢ is continuous, Dini’s

theorem implies the uniform convergence g, M> g. Hence g € Tf. [

We now turn to ideals in C(K) obtained via the subfixed cone. Here, the princi-
pal ideals with respect to subfixed functions are always 7,,-invariant.

Proposition 3.3.3. For f € subfixT,, the ideal I; and its closure Ij;_o are
T -invariant. In particular, [ f = 0] is p-invariant.
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Proof. Let g € Iy, hence there is some ¢ > 0 such that lg| < ¢- f. Since
f € subfix T, we obtain T,qg < c-T,f < c- f, hence T,,g € I. This implies
that also I = 1, (f=0] is T,,-invariant. By Proposition 3.3.1 the support [ = 0]
is p-invariant. ]

However, the disadvantage of such an ideal I is that
Tppen, = C(K)

for any ¢ > 0. Thus, after a trivial shift of f a trivial ideal appears. In particular,
this ideal does not capture the subinvariant part [T, f < f] of f.

Therefore, we take another approach and consider the function

gy = f_Tapf

for f € subfix T, and the corresponding ideal /. Clearly, this ideals remains
unchanged after adding a constant to f. Moreover, it separates the subinvariant
part [T,,f < f] of f from its invariant part [T,,f = f] by means of its support.
However, in general [, is not T} -invariant which can be seen by the example
below.

Example 3.3.4. Consider again (K ¢) with K := [0,1] and ¢(x) := x? for
x € [0, 1] as in Example 3.2.14 (a). Then

defines a subfixed function f of T, yielding

z—a* forxzel0,],

g9r(@) = f(x) =T, f(z) = § —a® forx € (3, 3],
1

=, 1
p)

0 forx € (5,1]
and
a? —z* forx €0, 3],
T,g;(x)=<¢ 3 —a* forze (3], \/Li]’
0 forz € (%,1].
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gr

Then for z := 2 we have g;(z) = 0 whereas T,g;(z) = g;(5) > 0. Hence
T,97(2) > c- gs(z) for all ¢ > 0 showing that T,,g ¢ I,,.

To obtain an ideal which is 7},-invariant and even separates the invariant from
the subinvariant part for all Tg f € subfixT,,n € Ny, consider

E{Ingfi n e NO} = ]ﬂneNO[ngf:0}~

This ideal still depends on the choice of f, though, motivating to consider the
ideal generated by all subfixed functions.

Definition 3.3.5. For each f € subfix T, let g .= f — T, f and take
I, = E{Igf: f € £} = Iﬂfeﬁ[gfzo}'
This ideal is called the Lyapunov ideal in C(K).
Example 3.3.6. Going back to Example 3.3.4, the Lyapunov ideal in C(K) is

Ie = Igy.

Summarizing, the following inclusions for the different ideals defined in this
section are obtained.
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Proposition 3.3.7. For f € subfixT,, and g; = f — T, f, the inclusions

Ligp=0 © Iy, I2gs=0) < 12

and
I, ey Tg5=0] S {if=0)
hold true.

Proof. Clearly,

(lgr =01 S () [T2gr =0] C [gy = 0]

fecr n€ENp
and
[f=01C ()79 =0]
neNg
yielding the opposite inclusions for the corresponding ideals. [

In fact, the Lyapunov ideal in C(K) is even a principal ideal since K is metric.

Theorem 3.3.8. There exists f € subfixT,, such that

Tig—o) = Ir.

Proof. Since K is metric C(K) is separable (see SCHAEFER [47, Chapter II, §7,
Proposition 7.5]). By DieunponNE [15, Chapter III, Section 10, (3.10.9)] then
also subfix T, is separable, hence there is some countable dense subset ( f;);cn,
in subfix T},. Without loss of generality let f; # 0 for ¢ € Nj.

Define

= 1

f=3 =t

; 2101 £l
Clearly, f € subfixT,. If v € (;.,[g; = 0] then T,f(z) = f(x)forall f € L,
in particular, T, f (z) = f(x).
Conversely, if v € K with T, f(x) = f(z) then T, fi(r) = fi(x) for all i € No.
By the density of (f;)ien, this yields T, f(z) = f(z) for all f € L. Hence
g1(x) =T, f(z) — f(z) = 0ifand only if € (., [g; = 0] yielding

Tigp=0) = In; lg=0 = Iz

for the Lyapunov ideal in C(K)). O



3.4 The generalized recurrent set 111

Definition 3.3.9. A generating function of the Lyapunov ideal in C(K) is
called a strict subfixed (or Lyapunov) function.

Example 3.3.10. (a) For K := [0,1] with ¢: K — K, ¢(z) = 2% as in
Example 3.2.14 (a), any strictly increasing positive function defines a
strict Lyapunov function.

(b) In the case of the dynamics on the spiral as in Example 3.2.16 (a), any pos-
itive function that is strictly decreasing along the spiral S and constant
on T is a strict Lyapunov function.

3.4 The generalized recurrent set

In this section, the support of the Lyapunov ideal I, in C(K) is studied in
detail under the following name. The terminology can be motivated by Propo-
sition 3.4.4.

Definition 3.4.1. The support of the Lyapunov ideal
gro:=(lgr = 0]
fec
is called the generalized recurrent set of (K; ).
This set plays an important role in the theory of dynamical systems and

has many interesting properties some of which are collected in this sec-
tion.

Remark 3.4.2. (a) The Lyapunov ideal /; = I, is T,-invariant and con-
sequently gr ¢ is p-invariant. Moreover, gr ¢ is closed and non-empty
(cf. Remark 3.4.5).

(b) Since L is generated by subfix T}, the generalized recurrent set gr ¢ can
be obtained as

gro={re K: f(x) —T,f(x) =0forall f € subfixT,}.
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The generalized recurrent set as characterized in Remark 3.4.2 has been in-
troduced for continuous-time dynamical systems by J. Auslander in his work
AUSLANDER [4] and has been studied in, e. g., WISEMAN [52], FATHI & PAGEAULT
[21] or AKIN & AUSLANDER [1].

We proceed with some examples for the generalized recurrent set.

Example 3.4.3. (a) As in Example 3.3.6 take ¢(z) = 2? for x € [0, 1].
Here, the generalized recurrent set consists of the fixed points of ¢, i. e.,

gro ={0,1}.

(b) For the dynamical long line (cf. Example 3.2.14 (b)), the generalized
recurrent set is

gro = Ny U {oo}.

(c) If K == [0,1] x [0,1] with ¢(z,y) = (yz* + (1 — y)z,y) as in Exam-
ple 3.2.14 (c), then the generalized recurrent set again consists of the
fixed points of ¢, hence

gro={(x,y): z € {0,1}, y € [0,1]} U {(2,0): z € [0,1]}.

(d) For the annulus A, ,, with0 <7r; <ry <1and
)2 ,
(,0(7”827”&) — ((T Tl) + 7“1) e27r1a
o —T1

for each r € [r1,72] and « € [0, 1) as in Example 3.2.14 (e), the general-
ized recurrent set is
gro=nr;T U ryT.
(e) Take (K ) as in Example 3.2.14 (d). Then
gre = 1[0,0] U {[(1,y)]: y €[0,1]}.

(f) Take K = T U S for the spiral S as in Example 3.2.16 (a) and the

dynamics
x forz €T,
_ 1 )
p(z) : (14 —L9)e?OFa) fora = (1 + L)e?me with o > 1.
oHra
Then

gro =T.
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(g) For a torus rotation (see Example 3.2.15 (a)) as well as for the tent map
(Example 3.2.15 (d)) we have

gro = K.

The following proposition reveals why the generalized recurrent set got its
name. Recall Definition 3.1.1 for the different p-invariant sets below.

Proposition 3.4.4. For the sets of fixed, periodic, almost periodic, recurrent,
nonwandering and chain recurrent points and w-limit sets the inclusions

fixpCperpCapp Crecp Cwp Cnwp Cgro Ccerp

hold.

Proof. We only show nw ¢ C gr ¢ (cf. AUSLANDER [4, Section 2.]), while gr ¢ C
cr ¢ will be shown later in Section 3.10.

Since K is metric, there is a sequence (U;);cn of open neighborhoods of = with
U;11 C U, for all 7 € N such that

{z} =) U
ieN
If x is nonwandering, then for all i € N there exists some k; € N such that
©* (U;) NU; # ). Without loss of generality we can assume that k;,; > k; for
all 7 € N and that there is some N € N such that k; > 1 for all« > N. Take
x; € ©Fi(U;) N U for each i > N. Then for all i > N there is some y; € U,
with
z; = " (ys).
Clearly,
(i) ©"(yi) = x; — x and
(il) y; — .
For f € subfixT;, we obtain
@) f("(wi) — fla),
(i) f(p(yi)) = f(e(z)) and
(i) f(yi) — f(2)
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by continuity. Then f(¢* (y;)) < f(o(y;)) < f(y;) for all i > N yields
T,f(z) = f(x), hence z € gr . O

Remark 3.4.5. By Birkhoff’s recurrence theorem (see, e. g., EISNER, FARKAS,
HaAsEe & NAGEL [20, Chapter 3, Section 3.3, Theorem 3.14]) every topological
dynamical system contains at least one recurrent point. This implies that gr ¢
is nonempty.

Corollary 3.4.6. Let (A; p|4) be a minimal subsystem of (K; ). Then A C gr .

Proof. Because each point in A is recurrent the assertion follows from Propo-
sition 3.4.4. [l

Corollary 3.4.7. Let () # A C K be closed and p-invariant. Then A N gr o # (.

Proof. Because (A;¢|4) has a minimal subsystem the assertion follows by
Corollary 3.4.6. [

Another important closed invariant set contained in gr ¢ is the minimal center
of attraction (see Definition 3.1.12). Since A, € w as seen in Proposi-
tion 3.1.13, the following inclusion is obtained by Proposition 3.4.4.

Proposition 3.4.8. For the minimal center of attraction A, the inclusion
Amin g gr QO

holds true.

The following example shows that, in general, A, C groandw ¢ C gro.

=

Example 3.4.9. For K := T the torus and ¢: T — T the map with fixed
point 1 as in Example 3.2.15 (c), we have

gro=K

and
nw @ = Apin =we = {1}.
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From the next example (cf. WisEmaN [52, Example 2.4]) can be seen that also
the inclusion gr ¢ C cr ¢ may be strict.

Example 3.4.10. Let K := [ U H the interval with “handle” and
22,0) if (x,y) €1
o(z,y) = @) . (3]
(r,y) if(z,y) € H
as in Example 3.2.14 (f). Then gr ¢ = H, while cr ¢ = K.

There are even examples with gr ¢ # cr ¢ without fixed points (cf. WISEMAN
[52, Example 6.10]).

Example 3.4.11. Let (K;¢) be as in Example 3.4.10 above and (T;v) a
(rational or irrational) torus rotation. Then for ¢ x ¢ on K x T we have

gr(¢o x 1) = H x T while cr(¢ x ¢) = K x T and fix(p x ¢) = ().

The different kinds of recurrence as in Proposition 3.4.4 can be transfered to
the Koopman system as follows (see KUSTER [32, Chapter 2, Subsection 2.3.3,
Lemmata 2.2.23-2.2.25]).

Lemma 3.4.12. A pointx € K is
(a) a fixed point if and only if T, I,y = I,
(b) periodic with period m € N if and only if T m I,y = I{,.
(c) almost periodic if and only if I = {0} and I = C(L) are the only

T, -invariant closed ideals contained in C(L) for L = orb(z).

(d) recurrent if and only if (", on T, " oy C (2}
By this, Proposition 3.4.4 yields the following.

Proposition 3.4.13. The inclusions

Igrgo - [reCLp - [apgo - [perap - [ﬁxgo

imply
e N 1c ) me O 1c ()
I max. ideal, zeK, I max. ideal, I max.
Npen T "ICI TV"E(I) irred. TS ICI for some T-inv. ideal
meN

for the generalized recurrent set gr .
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The generalized recurrent set gr ¢ can be related to different concepts from the
theory of dynamical systems which we do not study in more detail.

Remark 3.4.14. (a) By AUSLANDER [4, Section 3, Theorem 3] the general-
ized recurrent set can be characterized as

gro={zx e K:x e J,(z) for some o € Ord}

for continuous-time dynamical systems where 7, (x) denotes the pro-
longational limit set of v € K, o € Ord (cf. AUSLANDER [4, Section 3]
or BHATIA & SzEGO [9, Chapter 2, Section 2.14, Definition 2.14.1)).

(b) As pointed out in WiseMAN [52, Theorem 4.6], there always exists a
metric equivalent to the original metric on K such that the strong chain
recurrent set associated with this metric equals the generalized recur-
rent set.

Letg; == f—T, f for f € subfixT,, asin Section 3.3. Then Theorem 3.3.8 yields
the following connection between the generalized recurrent set and strict Lya-
punov functions (see also AUSLANDER [4, Section 2, Theorem 2]).

Lemma 3.4.15. Each strict Lyapunov function f satisfies g¢(x) = 0 if and only
ifr egro.

The generalized recurrent set can be obtained as follows.

Remark 3.4.16. Take a strict Lyapunov function f with || f|| < 1 and define
fe=fVve-1
for 0 < ¢ < 1. Thengry =y .<; M. where
M. ={ze K:T,f.(x) — fe(x) = 0}.

For each 0 < ¢ < 1 we have that M, is p-invariant and for ¢; < ¢; the
inclusion M., C M, holds true.

Apart from the inclusions in Proposition 3.4.4 and 3.4.8 and its relation with
strict Lyapunov functions, the generalized recurrent set gr ¢ is particularly
interesting because of its attractivity properties. These are discussed in the
following. For the definitions, recall Section 3.1.
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Proposition 3.4.17. The generalized recurrent set gr ¢ is pointwise attractive.
Proof. The assertion follows from Proposition 3.4.4 and Proposition 3.1.11. [

The pointwise attractiveness of gr ¢ can be transfered to the Koopman system
as follows.

Proposition 3.4.18. The restricted Koopman semigroup (Tg | 14> is weakly
n€Np

stable, i. e.,
n—oo

(T;f,m) — 0
forall f € Iy and i € I.
Proof. We follow the proof of KGuNER [31, Part II, Chapter 4, Theorem 4.9].

Take e > 0, f € I, and x € K. Since gr ¢ is pointwise attractive there is
some N > 0 such that

(T3f,0:) =T f(z) <e

for all n > N where d, denotes the Dirac measure at z. This implies

n—o0

(T3], 02) — 0
for all z € K. Hence by Lebesgue’s dominated convergence theorem
n—o0

(T3 f, ) — 0

forall u € I O

gro”

Corollary 3.4.19. Let f € I;. Thenlim,, T;}f(a:) =0 forallzx € K.

Combined with Proposition 3.1.10 the following connection is obtained.

Corollary 3.4.20. The generalized recurrent set gr o is uniformly attractive if
and only if it is stable in the sense of Lyapunov.
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In general, gr ¢ is not stable in the sense of Lyapunov and consequently not
uniformly attractive as the following example shows.

Example 3.4.21. Take ¢(z) = 22 for z € [0, 1] (cf. Example 3.2.14 (a)). Then
gro = {0, 1} is not stable in the sense of Lyapunov because for U € U(gr )
with U # K thereisno V € U(gry), U C V, with ¢™(V) C U for alln > 0.

Next, we show that the time the dynamics stays within a compactum in (gr ¢)°
is uniformly bounded.

Proposition 3.4.22. Let V' C (gr )¢ be closed. Then there is some N € N
such that

pr (V) cve
foralln > N.

Proof. Assume that there is some € V and a sequence (n;);cn in N such
that ¢"(z) € V for all i € N. Since V' is compact, (¢™ (x));en has an accu-
mulation point z* € V. However, by w(z) C gr¢ then x* € gr ¢ yielding a
contradiction. Therefore, for every x € V' there are only finitely many n € N
such that " (z) € V.

Assume that for each N € Nthereissome xy € V with p(xy), ..., o™ (zx) € V.
Since orb(z ) NV is finite for each N € N, the set
S ={zn: N € N}

must be infinite, thus has an accumulation point y € V. Hence there is
(xn;)ien € S such that
TN; —) y.
Without loss of generality take N, > k, hence ¢*(zy, ) € Vioralli,k € N.
Then ‘
P (en ) = ¢*(y)

for all k& € N. Thus the closedness of V' yields ©*(y) € V for all k € N which
is a contradiction. [

Corollary 3.4.23. For every U € U(gr ) there is some N € N such that
prU)cu
foralln > N.

In the next sections we consider the cases £ = fixT,, £ = C(K) and the
general case fix T, C £ C C(K) separately.



3.5 The case L = fixT, 119

3.5 The case L = fixT,,

The case £ = fix T, is equivalent to gr ¢ = K, respectively, I, , = {0}. So, in
this case we can apply our results from Chapter 2 and obtain a decomposition
of gr o via transfinitely constructed superorbits. Remind Example 3.2.15 for a
collection of examples with £ = fix T,..

Theorem 3.5.1. If there is some @-invariant and strictly positive ;1 € M(K)
(cf. Section 3.1), then L = fixT,,.

Proof. Let f € subfixT,, hence f — T, f > 0. Then

Because p is strictly positive, then f — 7, f = 0, hence f € fixT,. Hence
subfix T, C fixT, = L. O

Example 3.5.2. (a) For a torus rotation (T; ¢) as in Example 3.2.15 (a) the
Lebesgue-measure on T is strictly positive and ¢-invariant yielding

L = fixT,.

(b) More general, for each compact group rotation (G;¢,) as in Exam-
ple 3.2.15 (b), the y-invariant and strictly positive Haar measure (see,
e.g., EISNER, FARKAS, HAASE & NAGEL [20, Chapter 5, Section 5.3]) yields
L =fixT,,.

We now collect sufficient conditions for a one-dimensional Lyapunov alge-
bra.

Proposition 3.5.3. Let (K; ) be minimal. Then L = fixT, = (lk) and
gro = K.

Proof. If (K; ¢) minimal then every x € K is recurrent. Hence gr ¢ = K by
Proposition 3.4.4. O
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The converse direction does, in general, not hold true as shown by the next
example.

Example 3.5.4. Let K = [0,1] and ¢ the tent map on [0, 1] (see Exam-
ple 3.2.15 (d)). Then £ = fix T}, = (1) but (K; ¢) is not minimal.

The weaker property transitivity does not imply £ = (1 k). This can be seen by
the example K := {p, q} for two points p and ¢ with ¢p(p) = ¢(q) = ¢, where p
is a transitive point, but, clearly, £ # (1 ). By excluding isolated points, transi-
tivity yields a one-dimensional Lyapunov algebra, though.

Proposition 3.5.5. If (K; ) is topologically transitive and K has no isolated
points then L = (1g).

Proof. If (K;¢) is transitive and has no isolated points then for all open
U,V C K there is some n € N such that ¢"(U) N U # 0 (see, e.g., E1s-
NER, FARKAS, HAASE & NAGEL [20, Proposition 2.33]). This implies that each
point in K is nonwandering. Hence gr ¢ = K yielding subfix T}, C fix T, =
(1) = L. O

Corollary 3.5.6. If (K; ) is chaotic in the sense of Devaney — hence ¢ is
transitive, there are no isolated points in K and per ¢ is dense in K (cf. BANKS
et al. [6]) —then L = (1 ).

3.6 The case £ = C(K)

In this section we discuss the structure of (K; ¢) for the case £ = C(K). Recall
Example 3.2.14 for a number of examples. We first investigate the long-term
behavior of ¢.

Proposition 3.6.1. Let L = C(K). Then for all x € K\ gr ¢ there is some
y € gr such that " (z) =3 y.

Proof. Assume there are y; # y» € gr such that ¢"(z) i y; and
o™i (x) =% 4, for some subsequences (m;);eny and (n;);eny of N. In other
words, {y1,%2} C w(z). By Lemma 3.2.10, f|,) = const. for all f € L.
Because L separates the points of gr ¢, then y; = y, contradicting the assump-
tion. [
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If £ = C(K), the generalized recurrent set gr ¢ can easily be determined (see
also AKIN & AUSLANDER [ 1, Theorem 5]).

Corollary 3.6.2. If L = C(K), then gr ¢ coincides with fix .

Proof. If L = C(K), then for all x # y € K there is some f € L with
f(z) # f(y). In particular, for z € K with ¢(x) # x there is some f € L

with f(x) # f(p(x)). Hence x ¢ gr o, thus gr ¢ = fix ¢. O

Remark 3.6.3. Transferred to the Koopman system, Corollary 3.6.2 means
that if £ = C(K) then I,,, is the intersection of maximal invariant ideals,

Ipo= (] I
I max.
Tp-inv. ideal

(cf. Lemma 3.4.12).

Example 3.6.4. (a) Ifforall x € K\ gr ¢ there is some y € gr ¢ such that
©"(x) "= y then, in general, neither £ = C(K) nor gr ¢ = fix . This
can be seen from the disjoint union in Example 3.2.16 (c).

(b) In general, gr ¢ = fix ¢ does neither imply £ = C(K) nor that for all
z € K\ gro there is some y € gr such that ¢"(z) = y. Take for
example the dynamics on the spiral as in Example 3.2.16 (a). Then we
clearly have gro = T = fix p but £ = {f € C(K): f‘qr = const.}.

A stronger condition for gr ¢ consisting of fixed points of ¢ is the follow-
ing.

Remark 3.6.5. If there is some f € £ which separates the points in K, then
grop = fix p.

Proof. By the Stone-Weierstraf3 theorem we have £ = C(K), hence the asser-
tion follows by Remark 3.6.2. O

Example 3.6.6. From gr ¢ = fix ¢ does, in general, not follow that there is
some point-separating f € L as can be seen from K = [0,1] x [0, 1] and
o(z,y) == (22, y). Here, gr o = {0,1} x [0,1] and £ = C(K) but there is no
point-separating [ € C(K).
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Proposition 3.6.7. If gr o = fix then w(x)\ orb(z) C dgry forallx €
K\ gro.

Proof. Assume there is z € (gry)° N (w(z)\ orb(z)) for some z € K\ gr .
Then there is (n;);ey with ™ (x) — z. By continuity of ¢ and because
z ¢ orb(x) there is some k € N such that ¢"*(z) € (gr¢)°\{z}. Hence
@™ (z) is a fixed point which contradicts ¢™ (z) — 2. O

Example 3.6.8. In general, gr ¢ = fix ¢ does not imply w(z) C 0 gr ¢ for all
x € K\ gr . This can be seen from the example K = [0, 1] U {2} with

{x for x € [0, 1],

ple) = % for x = 2.

Here, gr o = [0, 1] and w(2) = ¢({2}) C (grey)°.

Proposition 3.6.9. If L = C(K), fixT, = (1k) and w(z) Norb(z) = O for
allx € K\ gr o, then (gr¢)° = .

Proof. Assume there is some = € (gr ¢)°. By Urysohn’s lemma we find some
f € C(K) with flzg;; = L and f(z) = 0. Then Proposition 3.6.7 yields
f € fixT,, contradicting dim fix T}, = 1. O

Lemma 3.2.10 and Proposition 3.4.4 yield the following.

Proposition 3.6.10. Let L = C(K). Then lim, ... T} f(z) = 0 for all
fE€ly,andx € K.

The next example points out the varied fine structure of gr ¢ = fix ¢ which
can occur for £ = C(K).

Example 3.6.11. (a) For the dynamical long line (cf. Example 3.2.14 (b) and
Example 3.4.3 (b)) the Lyapunov algebra £ coincides with C(K) and the
generalized recurrent set gr ¢ is countable, hence totally disconnected
and has empty interior. Moreover, dim fix T, = 1.

(b) Take (K';¢) as in Example 3.2.14 (d), respectively, 3.4.3 (). Then £ =
C(K), dimfix T = 1 and gr ¢ is uncountable, not totally disconnected
and (gr ¢)° = 0.

(c) Example 3.4.10 shows that gr o C cr ¢ is possible for £ = C(K), while
the other inclusion from Proposition 3.4.4 become equalities. Here, gr ¢
has non-empty interior, is connected and uncountable.
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3.7 The general case

Lastly, we consider the case where £ lies between fix 7', and C(K). To see some
systems of this kind recall Example 3.2.16. In this case,

L£=C(L)

for some compact space L 22 K. Hence by Chapter 1 there is a surjection
p: K — L and a corresponding injection i: C(L) — C(K) such that the
diagrams

K—"~K

P P

L——1L

and

commute.

Proposition 3.7.1. The Lyapunov algebra L., of T, in C(L) is isomorphic to
the Lyapunov algebra L of T, i.e.,

L,>L.

Proof. Take f € subfixT,. By definition of p we have f(z) = f(y) for
x,y € K with p(x) = p(y). The universal property of the quotient topology
yields that there is some f € C(L) such that fop=f. An easy calculation
shows f € subfix T,;. Conversely, if f € subfix Ty, then f = fop € subfix T, o
Clearly, this yields an isomorphism between £ and L. ]
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In particular, Proposition 3.7.1 shows that we can use the results of Sec-
tion 3.6 for the quotient system (L; ) of (K; ) yielding the following re-
sult.

Proposition 3.7.2. The generalized recurrent set gr coincides with the fixed
points of 1) and equals gr ¢ under the image of p,

plgro) = gry = fixi.
Proof. Since L = C(L), Corollary 3.6.2 yields

gry = fix.

Moreover,

]

By Proposition 3.6.1, for each & € L there is some § € gri such that
n—oo

" (&) — g. Transfering this to (K; ) yields the following.

Proposition 3.7.3. Forz € L andy € gr the following are equivalent.
(@) ¥"(&) =5 3.
(b) For each U € U(y) there is some N > 0 such that ©"(x) € p~*(U) for
allr € p~'(z) andn > N.

Proof. The implication (b) = (a) is clear. To show (a) = (b) let " (%)
hence for every U € U(y) there is some N € Ny such that ¢" (%)
for allm > N. Assume there is z € p~!(%) such that ¢"(x) ¢ p~(U) for
some n > N. Then p(p™(x)) ¢ p(p~'(U))) = U contradicting ¢"(7)

Y (p(x)) = p(g"(x)) € U. 0
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One way to construct examples with £ C C(K) is to take the disjoint union of
(K1; 1) with corresponding Lyapunov algebra C(K; ) and (K>»; ¢2) where the
Lyapunov algebra coincides with fix T;,, (cf. Example 3.2.16 (c)).

Another class of examples with fix 7, C £ C C(K) is given via systems where
L has codimension 1 in C(K) or, more general, finite codimension.

Example 3.7.4. Let (K; ) be bijective. Assume that there are a, b € K, a # b,
and

L={feCK): f(a) = f(b)}.
Then the generalized recurrent set is

gro = {a,b} U fixp

because f(a) = f(b) foreach f € C(K)yields, in particular, f(p(a)) = f(¢(b)).
Hence either p(a), ¢(b) € {a, b} or p(a) = ¢(b). Since the latter contradicts
the bijectivity of ¢, this implies {a, b} C gr ¢. Conversely, for z € gro, i.e,
f(x) = f(p(x)) for all f € L we obtain x, p(z) € {a,b} or p(x) = z, hence
gro C {a,b} U fixp.

Therefore, there are three possibilities for the dynamics ¢ on {a, b}.
(i) a and b form a 2-cycle, hence ¢(a) = b and p(b) = a;
(ii) both a and b are fixed, hence ¢(a) = a and p(b) = b;

(i) only one of the points a and b is fixed, hence ¢(a) = a and ¢(b) = a or
vice versa.

Case (iii) contradicts the bijectivity of . Can also the case (ii) be excluded?
This is true under the additional assumption that one of the points - say a - is
isolated:

Assume that a is a fixed point and take f € subfixT,,. Define fas f(z) = f(z)
for x # a and f(a) = f(a) — e for 0 < & < f(a). Since a is isolated, then
f € subfixT,, contradicting £ = {f € C(K): f(a) = f(b)}.

Hence for a isolated we have the 2-cycle
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Example 3.7.5. Take K as the closure in R? of
{(2,m):neN, me{0,1}}

n?

and p: K — K with

p(5.0) = (37, 1) and o(;, 1) = (37, 0),

©(0,0) :== (0,1) and ¢(0, 1) := (0,0)
forn € N.

ba man

a\(---a&ﬂ(

Then
gre = {a, b}
for a == (0,0),b:= (0,1),

L={fecCK): fla) = f(b)}

and the dynamics on a, b is a 2-cycle.

For systems with £ = C(K) or £ = fix T, the Lyapunov algebra L separates
the points in (gr¢)°. In case that fix7, C £ C C(K) it is likely but still
unclear whether this property holds.

Conjecture 3.7.6. The Lyapunov algebra £ always separates the points of
the complement (gr )¢ of the generalized recurrent set.
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For the special case that gr ¢ is uniformly attractive, this will be shown in Corol-
lary 3.9.9. Another observation is the following.

Remark 3.7.7. Let ¢ be injective and orb(z) C (gry)¢ for all x € (gr¢)°“.
Consider the set

S :={x € (gry)°: thereisy € (gry),y # z with f(z) = f(y)
forall f € L}.

By injectivity of ¢ we have that S is ¢-invariant. This implies that S cannot
be closed since every closed and (p-invariant set has non-empty intersection
with gr ¢ (see Corollary 3.4.7). In particular, S is either infinite or empty.

Directly related to the conjecture above are the following conditions.

Proposition 3.7.8. The following are equivalent.
(a) The Lyapunov algebra L separates the points of (gr ¢)°.
(b) The Lyapunov ideal is contained in the Lyapunov algebra,

I, C L.

(c) If p(z) = p(y) forx # y € K wherep: K — L denotes the factor map
for L= C(L), thenx,y € gr .

Proof. The implication (a) = (c) is clear. To show (c) = (a) assume that £
does not separate the points of (gr ¢)¢. Take z,y € (gr¢)° with z # y and
f(z) = f(y) for all f € L. By Lemma 1.2.5 (a) then p(x) = p(y) yielding
x,y € gr, thus a contradiction.

Clearly, there always exists some f € I separating the points of (gr ¢). Thus,
if condition (b) holds true, then there is f € £ which separates the points of
(gr¢)°. This shows (b) = (c).

For (c) = (b) note that condition (c) is equivalent to I, @& (1x) = C(X) C
C(L) = L where X denotes the one-point compactification of (gr ¢)¢. Hence
also I C L. []
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Recall from Example 3.2.11 that subfix T, — subfix T}, is not always closed.
We now show that £ coincides with subfix T, — subfix T, if and only if the
generalized recurrent set is absorbing. Before doing so, we give a special
case.

Lemma 3.7.9. Let L = C(K) and subfix T,, — subfix T, be closed. Then the
generalized recurrent set gr ¢ is absorbing.

Proof. Assume that gr ¢ is not absorbing. First, consider the case that gr ¢
is neither pointwise absorbing, hence there is some z € (gr )¢ such that
orb(z) N gr¢ = 0. Define a function f on orb(z) as

f(@™"(@) = 0,

f@ @) =
for n € Ny and
fly) =0
where y = lim,, o ¢" (:L‘_) is the unique limit point as in Proposition 3.6.1.

Then f is continuous on orb(x) and hence by Tietze’s extension theorem there
is some f € C(K) such that f|om) = f. Assume that f € subfixT, —
subfix T, hence there are fi, fo € subfix T}, such that f = f; — fo. Then

-4 = [l ()
< 1

fi
- f2

[l

= =

o T N e
A
[N}
i
L

N N —
8

7|
=+ [~
o
INA
=
S
A
no
S
L
—
&
N—
|
3=

INIAIA

and therefore

fi(z) > k+r1

for all n € N which is a contradiction.



3.7 The general case 129

Now, as a second case assume that gr ¢ is pointwise absorbing, hence orb(z) N
gr # () for all z € gr . Since gr ¢ is not absorbing, though, there are points
with arbitrary orbit length in (gr ¢)¢. Thus we can take a sequence (x,,)nen in
(gr ¢)° such that for each n € N the orbit of z,, has length 2" in (gr )¢, hence
we have ¢(z,), ..., 0" (x,,) € (gr¢)¢ and p?"(x,) € gr p. For the closed set

Si=gro U U orb(z,,)

neN

define a function f on S as

- 0 fork € {0,...,2"} uneven
k o ) 3
o)) = { for k € {0,...,2"} even

3=

for eachn € N and .
F1$\U, e orb(aa) = 0.

Then f is continuous on S yielding that there is some f € C(K) with f|g = f.

Assume that there are f1, fo € subfix T}, such that f = f; — f>. Inductively,
we show that fi(2,) > m- = forn € Nandm € {1,...,2""'}.

For m = 1, clearly fi(x,) > f(x,) = +. Now take m € {1,...,2""* — 1} and
assume that fi(z) > m - <. Then

fo(@n) > folw(xn)) = filp(r,)) > fl(SOQ(xn)) > f(SOZ(In)) = %
yields
fi(xy,) Zm-%—l—%:(m—kl)-%.
Hence f; is unbounded which is a contradiction. O

By means of this lemma, we can now prove the general case.

Theorem 3.7.10. We have that subfix T, — subfix T,, is closed if and only if
the generalized recurrent set gr o is absorbing.

Proof. Let gr ¢ be absorbing, hence there is N € N such that oV (K) C gr .
Take f € L. Without loss of generality assume that f is positive and define
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WE

foo= Y (LT =100 + TV,

e
Il
—

WE

o = (Tj;flf—ij)i

i
I

Then f1, f» are continuous, positive and
f=hH-fa
By T)*' f = T}’ f we obtain

N
T,fi(e) = S.TU(IE - TE) (@) + T f(a)

k=1

= > (@ -TH @)+ TV f(x)
ke{l,..,N}:
TEf(2)>TEH f(2)

= > (@ -TEN@) + TN f(2)
TS f(a)>TE f(x)

> @ -TE)) + TV f(2)
ke{l,...,N}:
TE f(2)>TE f(x)

= fi(z)
for € K. Hence f; € subfix T}, and, similarly, f, € subfix T},. Therefore,
f € subfix T, — subfix T,.

IN

Conversely, let subfix T}, — subfix T;, be closed. Then by Proposition 3.7.1 also
subfix T, — subfix T, is closed for the quotient system (L; ) corresponding
to (£;T,|z). Hence Lemma 3.7.9 implies that gr« is absorbing, thus there
exists N € Ny such that ¢/ (L) C gr). Then for each f € C(L) we have

TYf=T)"'f
and by the universal property of the quotient topology this yields
Ny _ pN+1
T, f=T,"f
for all f € L. Therefore, also gr ¢ is absorbing. O
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Below we give an example where gr ¢ is pointwise absorbing and subfix T, —
subfix T;, not closed. Note that this example shows that a closed and y-invariant
set may be pointwise absorbing and uniform attractive but not absorbing
(cf. Remark 3.1.8).

Example 3.7.11. Take
K={(+#):neNke{0,..,2"}} U {(0,0)} CR?

with

fork e {1,..,2"} andn € N.

D)
elododosotaiaiate

Then gro = {(+,0): n € N}U{(0,0)} is pointwise absorbing. Take f €
C(K) = Las

FL ) % for k € {0, ...,2"} uneven,
0 fork e {0,....,2"} even

for n € Nand
f(0,0) = 0.
Similarly as in the proof of Lemma 3.7.9 we obtain that f ¢ subfix T, — subfix T,.
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3.8 Algebras generated by a single Lyapunov
function

In this section invariant algebras generated by a single Lyapunov function are
studied, hence algebras of the form

‘Cf = %(ﬂf(? f7 TApf7 ija )

for some (strict) Lyapunov function f € subfixT,. Clearly, there is some
compact space L such that

L; = C(Ly).

Moreover, Ly is a T ,-invariant closed Banach subalgebra of the Lyapunov
algebra £ and o
L =1in{L;: f € subfixT,}.

This motivates to study systems where £ = L; for some strict Lyapunov
function f. The following example shows that, in general, £ does not coincide
with L for an arbitrary strict Lyapunov function f.

Example 3.8.1. Take K = [—1, 1] with p(z) = 22 for z € [—1, 1] and the
strict Lyapunov function

f(z) = |z|, z € [-1,1].
Here, L; = {g € C(K): g(z) = g(—x) forallz € K}. Then for example
fo: K — R with
x for x € [—1,0],
N 1.0
sz forxz € (0,1]

defines a Lyapunov function but f;, ¢ L because it is not axial symmetric.

Hence £ # L;.

If £ =fixT, or L = C(K), the existence of f € subfixT,, such that £ = L;

is characterized as follows.

Proposition 3.8.2.  (a) Let L = fixT,,. Then there is some [ € L such that
L = Ly ifandonly if fixT, = (1k) orfixT, = alg(1k, f).
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(b) Let L = C(K). Then
L=Ls

if and only if { f,T,f, ...} separates the points of K.

Proof. If L; C fixT, for some f € subfixT,, then clearly 7,,f = f show-
ing (a).

If {f,T,f,...} separates the points of K, then £L; = C(K) by the Stone-
Weierstrafl theorem. Conversely, let £; = C(K') and assume that { f, 7., f, ...}
does not separate the points of K, hence there are x,y € K such that
T7f(x) =T f(y) for all n € Ny. Hence g(z) = g(y) for all g € C(K)
which is a contradiction. Thus, (b) holds true. O

The next proposition reveals a necessary condition for the case £ = C(K) = Ly.

Proposition 3.8.3. Let L = C(K). If L = Ly for some f € L, then f separates
the points of gr .

Proof. Assume there are = # y € gr ¢ such that f(z) = f(y). Since gry =
fix p, then also T7 f(x) = T} f(y) for all n € N contradicting £ = L. O]

From Proposition 3.8.3 it can be seen that there are systems with £ = C(K)
and Ly # Lforall f € L.

Example 3.8.4. Take the annulus (cf. Example 3.2.14 (e))
Ki=A1,= {re*™: r e[}, 1]anda € [0,1)} CC
and . .
QO(Te2ma) — (27"2 — o+ 1) 6277101

for each r € [3,1] and @ € [0,1). Then gr¢o = 3T U T. Since for each
continuous function f: T — R there are z,y € T such that f(z) = f(y),
there exists no strict Lyapunov function separating the points of gr ¢.
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Conversely, if f € L separates the points of gr ¢, £ # L is possible, though.
This can be seen from the next example.

Example 3.8.5. Now take
K:={re®™:.0<r< %} CC

with

2mia .__ .2, 27«
p(re™) ==re

for each r € [0, 3] and a € [0,1). Then f(re*™®) := r for each r € [0, 3],

« € [0, 1) defines a strict Lyapunov function separating the points of gr ¢ = {0}.
Clearly, £ # Ly since f is radially symmetric.

Next, the case where L is finitely generated is studied in more detail, i. e., we
assume

C;=alg(ly, f,. T"f)

for some n € Nj,.

Proposition 3.8.6. If there isn € Ny such that L; = alg(lg, f, ..., T0f) =
C(Ly), then Ly is homeomorphic to some compact subset of R" 1.

Proof. Define

f(z)
O: Ly - R"™ 2 — :
17 f(x)
Clearly, ® is injective. Thus, L; = ®(L;) C R™*! O

Example 3.8.7. If gr ¢ is absorbing, i.e., there is some n € N such that
@"(K) C gro, then we have T2f = T/*'f for all f € L. Therefore,

L;=alg(lg, f, ..., 17 f) and Ly is homeomorphic to some compact subset
of R+,

Corollary 3.8.8. If there exists a strict Lyapunov function f separating the
points of K, then T} f € alg(1k, f) for alln € N. Moreover,

alg(Lx, f) = L; = L = C(K)

and K is homeomorphic to some compact subset of R.
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Lastly, a number of counterexamples concerning Corollary 3.8.8 are given. The
first example shows that 7)) f € alg(l g, f) for all n € N does not imply that
f is point-separating in K.

Example 3.8.9. Let K := [—1,1] and p(z) := iz for z € [~1,1]. Then

gro = {0} and
f[-1,1] =R, z— |z

is a strict Lyapunov function with 77 f (%) f € alg(lg, f) for all n € Ny,
1].

but f does not separate the points in [ ,

In general, a strict Lyapunov function f does not yield T, f € alg(lg, f) as
can be seen by the example below.

Example 3.8.10. Let K == [—1,1] and

(2) z?  forx €10,1],
xT) =
4 Lz| forz € [~1,0).

Then grp = {0,1} and f(x) = |z| for x € [—1, 1] defines a strict Lyapunov
function. We have

alg(Lx, f) = {g € C(K): g(z) = g(—=) forall z € K},

thus T, f = ¢ ¢ alg(1lx, f).

The following example shows that £; = L for some strict Lyapunov function
f does not imply that f separates the points of K.

Example 3.8.11. Let K := [—1,1] and p(x) := 2? for x € K. Take the strict
Lyapunov function f with

ﬂ@:{m for z € [—1,0],

sz forz e (0,1].

Then [ does not separate the points in K. By the Stone-Weierstraf} theorem
we have L; = alg(f,T,f) = C(K) because for any =,y € K with 2 # y and

f(x) = f(y) we have T, f(x) # T, f ().
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Remark 3.8.12. In Example 3.8.11 the Lyapunov algebra is

hence Proposition 3.8.6 yields that K is isomorphic to some compact subset
in R2 In fact, even K = [—1,1] C R. This shows that the dimension n + 1
in Proposition 3.8.6 is only an upper bound. Moreover, this example shows
that K being homeomorphic to some compact subset in R does not imply that
there is some point-separating Lyapunov function.

3.9 Extended Lyapunov functions

In this section, another approach to the Lyapunov ideal /, and the generalized
recurrent set gr ¢ (see Section 3.4) is introduced. To do so, take f € subfixT,
and as before g; .= f —T,,f > 0. Now define

hy(z) =Y Thgs(x)

forall x € K. Then
0 < hs(z) <oo
for all € K because the partial sums hy, f(z) == >_p_ Trgs(z) = f(z) —

17 f(z) are monotonically increasing and bounded by f(z). In particular,
0 < hy < f, thus hy is a bounded function.

We call h s the extended Lyapunov function associated with f.

Remark 3.9.1. (a) For f € subfixT,,, the extended Lyapunov function h
can also be obtained as

hy(e) = f() = lim TZf(x)

n—o0

= f(x) — inf T7 f(x)

n€Ng

forz € K.

s a pointwise limit of continuous functions h; is a Baire-1-function,
b) As a pointwise limit of ti functi hy is a Baire-1-functi
thus
hf S Bl(K>7
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where B; (K) denotes the space of bounded Baire-1 functions on K. That
B;(K) is a Banach space with respect to the supremum norm follows,
e. g., from HAUSDORFF [24, Chapter IX, §41, Section 2 and §42, Section 1].
The Koopman operator on B; (K) is defined as on C(K).

(c) Moreover,
Tohy < hy
since

Tohye(x) = lim T,hy, f(x)

n—o00
n+1

= lim » Tfgy(z)
7}1_{20 hnt1s(x) — f(x)
hy(z) — f(x)

hy(x)

IN

forallz € K.

We have that
[y =01 = () [T2gs = 0]

n€Ng

is closed. Hence [[,,—q) is a closed ideal in C(K) even though Ay is, in general,
not continuous. More specifically, /j;, ;o) coincides with the ideal

[nmENO [T5rg5=0]
introduced in Section 3.3.

By this, Proposition 3.3.7 yields the following inclusions for /jj, ;g
Remark 3.9.2. For f € subfix T}, the inclusions

ligi=0) € Iiny=0) € Ijy=0)

and
Iipp=0) € Iz

for the Lyapunov ideal I (see Section 3.3) hold true.
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Even for a strict Lyapunov function f it may happen that Ij;,,—q & I[y=q
and hy ¢ C(K) for the corresponding extended Lyapunov function as the
following example shows.

Example 3.9.3. Let K := [0, 1] with p(z) := 2% Then f with f(x) := x for
x € |0, 1] is a strict Lyapunov function. Consider

x forx €[0,1),
0 forz=1.

n—oo n—o0

hy(z) = f(r) — lim T f(x) = lim  — R {
Then I[hf:O] = [{0’1} g I{o} = [f and clearly hf §é C(K)

Extended Lyapunov functions provide a new way to obtain the Lyapunov ideal
I and the generalized recurrent set gr , respectively.

Remark 3.9.4. (a) Clearly,

I‘C = Iﬂfésubﬁx Ty [hf:O]

for the Lyapunov ideal and

gro= (] [hy=0]

fesubfix T,

for the generalized recurrent set.

(b) Let f be a strict Lyapunov function. Then
Le = Tjng=o)
and

gro = [hy = 0]
by Theorem 3.3.8.

Example 3.9.5. For an arbitrary f € subfixT,, it may happen that grp C
[hy = 0]. This can be seen from f = 1k € subfix T, for any system (K; ¢)
yielding always

hy=0] =K

for the corresponding extended Lyapunov function.
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Next, we turn towards continuity properties of extended Lyapunov functions.
As seen in Example 3.9.3, for f € subfixT,, the corresponding extended
Lyapunov function £ is in general not continuous and its continuity properties
are closely related to the generalized recurrent set. We start with two special
cases.

Remark 3.9.6. (a) Let z € K be an attractive fixed point (hence there is
n—oo

some U € U(x) such that p™(y) — zforally € U)and f € subfixT,.
Then h; is continuous in .

(b) If gr ¢ is absorbing, then A is continuous for any Lyapunov function f.

Proof. We first show (a). Since x is attractive, there is some U € U(x) such
that ¢"(y) =3 x forally € U. Let (2,)nen C K such that z,, — x. Then
there is some N > 0 such that x,, € U for all n > N. This implies that
lim,, oo f(©™(2)) = f(@(x)) = f(x) for all n > N and hence

hia) = Faa) = lim_ f(™ () "5 hy(a)
yielding the continuity of /¢ in .

For the proof of (b) take some Lyapunov function f. Take x € K and a
sequence (z,)nen, C K with z,, "% 1. Since gr ¢ is absorbing, there is some

N € Nj such that " (K) C gr¢. Then
hf(xn> = f(mn) - kienI\fI‘o f((pk(mn))
= f(zn) — min }f(wk(xn))

ke{0,...,.N
Flan) = f(™ (2a)) =5 fla) = f(" (@)
= hy(z)
yielding the continuity of /4. [

Continuity of s for some strict Lyapunov function f can be characterized by
uniform attractivity of gr - thus a strong form of attractivity.

Theorem 3.9.7. The following are equivalent.
(a) The generalized recurrent set gr o is uniformly attractive.
(b) There is a strict Lyapunov function f such that f|g ., = 0.

(c) Thereis a strict Lyapunov function [ such that the corresponding extended
Lyapunov function hy is continuous.
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Proof. To show (b) = (c) recall that w(z) C gr ¢ forallz € K by Lemma 3.2.10
yielding
hy(x) = f(z) — lim f(e"(2)) = f(z).

n—o0

Thus hy = f is continuous.

For the implication (c) = (a) assume that h; is continuous for some strict
Lyapunov function f. By Remark 3.9.4 (b) then gryp = h;l({O}). Hence
h;l([O, ¢)) is an open neighborhood of gr ¢ for every ¢ > 0. Take U € U(gr )
open. Then € < min,cpe hy(z) yields h;l([O, e)) C U, hence (h;l([O, £)))e>0
is a neighborhood basis of gr ¢. In particular,

grop =) h;'([0,2)).

e>0

Since h;l([O, g)) is ¢"-invariant for all ¢ > 0 and n € Nj this shows that gr ¢
is stable in the sense of Lyapunov by Lemma 3.1.9. Hence gr ¢ is uniformly
attractive by Corollary 3.4.20.

For (a) = (b) we expand the proof of Theorem 4.11 in KGHNER [31]. Take
g € Iy ,. Since K is metric, we can assume g(z) > 0 for all z € (gro)°.
Define

ly(z) = Sup g(¢"(x))

forz € K. Thengry = [¢g = 0] = [l, = 0] and

l(p(x)) < ly(x)

for all x € K. To show that [, is continuous take z € K, e > 0 and

Vi=g7'([0,¢)) € U(gre).

Since gr ¢ is uniformly attractive, there exists N € N such that p"(K) C V
for all » > N. This yields

| sup g(¢"(y))| < e

n>N

for all y € K. Moreover, y — maxo<,<n g(¢"(y)) is continuous, hence there
is some W € U(z) such that

| max g(¢"(z)) — max g(¢"(y))| <e

0<n<N 0<n<N
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for all y € W. By the rules for suprema in SCHAEFER [47, Chapter II, §1,
Proposition 1.4 (6)] then

llg(2) = L4(y)]

< [ pmax 9(¢"(2) = max g(e" (W) + [ sup 9" (z)) = sup g(¢" (v)]
< [ max 9(¢" (@) = max g(¢"(v))] + | sup g(" (v ))|+|supg(90 (¥))l
< 3e

for all y € W. Thus, [, is continuous.

By these preliminary considerations a strict Lyapunov function can be con-
structed as follows. The separability of C(K) implies that there exists some
sequence (g;)icny Which is dense in I, with g;(x) > 0 for all z € (gr¢)°
(cf. DiIEUDONNE [15, Chapter III, Section 10, (3.10.9)]). Define

f= Z

€N

Then f € I, and f € subfixT,,. To show that f is strict assume that there is
some x € (gry)¢ with f(x) = f(¢(z)). Then Iy, (z) = {,,(p(x)) yielding

max (gi(x),supgi(gon(x))) = sup g;(¢"(v))

n>1 n>0

= supgi(¢" " (z))

n>0
= supgi(p"(z))
n>1
for all 7 € N. Hence
0 < gi(x) < sup g;(¢"(2))

n>1
for all i € N. Note that 2 ¢ orb(y(z)) because of z € (gr ). Thus by
Urysohn’s lemma there is some g € I, such that g(x) = 1 and g5, = 0-

Since g(x) > sup,,>; g(¢"(z)) it follows that g ¢ {g;: i € N} = I yielding
a contradiction. Therefore, f is a strict Lyapunov function with f|,, = 0 as
desired.

]
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It would be interesting to solve the following question or to find a counterex-
ample.

Conjecture 3.9.8. Is /f| (g e continuous for every f € subfix 7,,?

Since
hilgy =0,

this would in particular mean that discontinuities of the extended Lyapunov
function A s can only occur on 0 gr . A decomposition of K into parts on which
each extended Lyapunov function is continuous is constructed in Section 3.10.
For gr ¢ uniformly attractive the desired property is obtained as a consequence
of Theorem 3.9.7.

Corollary 3.9.9. If the generalized recurrent set gr y is uniformly attractive,
then the Lyapunov algebra L separates the points of (gr ¢)°.

Proof. Take z,y € (gry)®. If x € orb(y) or y € orb(x) then r and y are
separated by any strict Lyapunov function. Thus let x ¢ orb(y) and y ¢

orb(z). By Urysohn’s lemma there exists some g € I}, such that g(z) = 1

and g55,) Uom(e) = 0 (since clearly = ¢ orb(i(x)) because it cannot be
recurrent). As in the proof of Theorem 3.9.7 the function

ly == sup{go¢"}
n>0

is a continuous Lyapunov function, thus [, € subfix T,,. Moreover, [,(z) = 1
and l,(y) = 0, thus it separates = and y.

Via the extended Lyapunov function h associated with some arbitrary f €
subfix T}, we can introduce the Banach algebra

-Ahf = @(C(K)v hf)

in the space of bounded Baire-1 functions B; (K) which can be embedded in
the chain of inclusions as

fixT, C L C C(K) C Ay, C Bi(K)

for each f € subfix T,.
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The algebra Aj,, is clearly a Banach lattice and, more specifically, an AM-space
with unit. Hence

A, = C(L)

for some compact space L by the representation theorem of Kakutani and
Krein. More specifically, L is isomorphic to the space of all normed real-valued
lattice homomorphisms on the Banach lattice A, (see SCHAEFER [47, Chapter
II, §7, Theorem 7.4]).

Proposition 3.9.10. Each algebra Ay, is T,,-invariant.

Proof. 1t suffices to show T,,hy € Ap,,. For x € K we have
Tohs(@) = hylp(@) =) Togrlp() =Y Togs()
n=0 n=1

= —gplx)+ Y Trgr(x) = —gp(x) + hy(x).
n=0
Hence T, hy = hy — gy € Ap,. O

Example 3.9.11. Take K = [0, 1] and (z) := 2. As in Example 3.9.3 take
the strict Lyapunov function f(z) := z, z € K, yielding

() z forx €[0,1),
xr prmn
! 0 forxz=1

for the corresponding extended Lyapunov function. Then

An, = {k:[0,1] = R: k‘[o N uniformly continuous}

= {k:[0,1] - R: k‘[o ) continuously extendable }
~ C(L)

for L 2 [0, 1] U {q} for some g. For the induced extension (L; ) of (K; @) we
have

b(x) = {x2 for z € [0,1],

g forx=yq.

Moreover, K = L/~ for the equivalence relation ~ on L where z ~ y if and
onlyifz =yorz,y € {1,q}.
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Proof. Clearly, Ay, C {k:[0,1] — R: k}[o ) continuously extendable} be-

cause h f|[0 ) is continuously extendable on [0, 1].

For the converse inclusion take k: [0,1] — R where k‘[ is continuously

0,1)
extendable with continuous extension k. Then

k= ]NC . 1[071) + k?(l) . ]l{l}

and 1jg) = h — f + 1x € Ay,, thus also 11y € Ay, This yields k € Aj,.

To see Aj,, = C(L) for L = (0,1} U {q}, define ®: A;,, — C(L), k > ®(k)
with
k(x) forx e [0,1),

Q(k)(x) = k(1) forz=1,
k(1) forxz=gq

for k € Ay, where k denotes the continuous extension of k‘[ to [0, 1]. Then

0,1)
® is clearly a Banach algebra isomorphism with inverse
k(z) forz e[0,1),

2 (k) = {/%(q) forz =1

for k € C(L).

To show that (L; 1) defined as above is an extension of (K;¢),letp: L — K

with
x forx €|0,1],
p(x) = 0.1
1 forx=gq.

Then p is clearly a continuous surjection with ¢ o p = p o ?.

By x ~ yif and only if p(z) = p(y) for the equivalence relation on L as above,
then clearly K = L/~.

]

Remark 3.9.12. As mentioned previously, if A;, = C(L) then L is isomor-
phic to the space of all normed real-valued lattice homomorphisms on Aj, .
Thus, in Example 3.9.11 the space L consists of the Dirac measures 9, for
x € [0,1] and the lattice homomorphism p: Ay, — R, u(f) = limg_,; f(z)

for f € Ap,.
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Example 3.9.13. Now let K = [O, %} with

(2) = x? forxz € [0,1),
LA (x—12+1 forze[1,3].

Take the strict Lyapunov function f(z) := z for « € [0, 2]. Then

() — {x forz € [0,1),

x—1 forze [1,3]

for the extended Lyapunov function associated with f. For the induced algebra,
clearly,

Ap, CH{k: 0,3] — R: k|[071), k’pg] uniformly continuous}

because h ‘ 0.1) and h f| [1.2] is uniformly continuous. To show the converse

3
5
inclusion take

ke {k: [O, g} — R: k|[1%] continuous,
k| 0.1) continuously extendable to [0, 1]}

={k: [0,3] = R: k‘[o " k’|[1 o uniformly continuous}
) 2
and define
T(r) - k(x) forz €[0,1),
| k(x) + limg g k(z) — k(1) fora € [1,2).
Then k € C(K) and

b=kl + (k- (ii/rri k(z) = k(1) - L) Ly g7,

-

€C(K)
Since 1oy =h — f + 1g € .Ahf and ﬂ[l,%] =1 —1py € .Ahf then
ke Ahf-

That
Ap, =2C(L) for L=[0,1]U[2,32]

f 72
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can be seen by means of the isomorphism ®: A, — C(L), k — ®(k) with

k(x) forz €10,1),
O(k)(x) = q lim, ~ k(z) forxz =1,
k(x —1) forz e [2,5].

for k € Aj,. The induced extension (L; 1)) of (K; ¢) is

x? forx € [0,1],
(x—2)2+2 forze [2,2].

with factor map p: L — K,

p(z) = {x for z € [0, 1],

x—1 forze (23]

satisfying ¢ o p = p o 9. The corresponding equivalence relation ~ on L
yielding K = L/~ is clearly given by x ~ y for x,y € Lifx = y or
z,y € {1,2}.

We now turn to the dynamical long line which can be studied by analogy with
Example 3.9.11 and Example 3.9.13.

Example 3.9.14. Take the dynamical long line on [0, co| as in Example 3.2.14 (b).
Then
f($) _{2%1,—’_27:1% forxe[n,n—i—l),neNO,

2 for x = o0

is a strict Lyapunov function yielding

() = f(x) = f(n) = 5= forz € [n,n+1), n € Ny,
= 0 for x = o0.
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By induction then

An, = {k:[0,00] = R: /{:‘[n nt1) uniformly continuous for all n € Ny}
= {k: [0,00] = R: K| nn 1) CONtinuously extendable to
[n,n+ 1] for all n € Ny}

~ C(L)
for L =, cn, [27,2n + 1] U {oo} C [0, 00] and the induced extension (L; ¢))
of (K;)is

P(x) = p(x)
for all x € L. Moreover, K = L/~ for the equivalence relation ~ on L where
x~yifandonlyifx =yorz,y € {2n+ 1,2n + 2} for some n € Ny.

3.10 Decompositions

In this section, we present different decompositions of the state space K and
the generalized recurrent set gr ¢ by means of the Lyapunov algebra £. Such
decompositions play an important role in the theory of dynamical systems
and the so-called Conley decomposition is even referred to as “fundamental
theorem of dynamical systems” in NOrRTON [43].

Conley decomposition and decomposition via the
generalized recurrent set

The famous Conley decomposition has been introduced in CoNLEY [11] for
continuous-time dynamical systems and gained considerable importance (cf. for
example M1sCHAIKOW, MROZEK & ZGLICZYNSKI [40], HURLEY [27], MCGEHEE
& WIANDT [38] or CHEN & DUAN [10] to name a few). For a discrete-time
version see, e. g., NORTON [42] or [43]). In our terminology and in a slightly
weaker form it reads as follows.

Theorem 3.10.1 (Conley decomposition theorem). Take the chain recurrent
set cr ¢ of (K; @) (see Definition 3.1.1). Then there is f € subfix T, such that

T, f(x) < f(x) forallz € (crp)©.
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The idea behind this theorem is to split the state space K into a part that
exhibits a certain kind of recurrence and a part, where the dynamics goes
“down-hill” towards the recurrent part, namely

K =cry U (cro).

Having this in mind, we find that the generalized recurrent set gr ¢ allows a
similar decomposition as

K =gro U (gro).

Here, K is decomposed into the closed p-invariant set gr ¢ and the open,
locally compact set (gr ¢)°. As seen in Section 3.4, the generalized recurrent
set has nice properties such as being pointwise attractive shown in Proposi-
tion 3.4.17. It contains different kinds of recurrent sets fix ¢ C perp C apy C
rec C we C nwe C gry as shown in Proposition 3.4.4. Moreover, there
always exists a strict Lyapunov function (cf. Theorem 3.3.8 and Lemma 3.4.15)
capturing the “down-hill” part of the dynamics. This makes the decomposition
of K via the generalized recurrent set an interesting alternative to the Conley
decomposition.

To express this decomposition in terms of the corresponding Koopman system
recall Lemma 1.1.5. For the Lyapunov ideal /. this yields

I = Co((gre)?)

and

C(K)/1. = Clgr ).

Hence the decomposition K = gry U (gr¢)® gives us a T ,-invariant ideal
in C(K) and a quotient of C(K'). More precisely, the subsystem (gr ¢; ¢|gr ) of
(K; @) yields the quotient system (C(K ) /I; Ty, ) of (C(K); T,,).

Remark 3.10.2. (a) By means of the Conley decomposition theorem we can
now complete the proof of Proposition 3.4.4 and show that gr ¢ C cr¢
(cf. CoNLEY [12, Lemma 4.1E] for flows or WISEMAN [52, Section 2] for
maps). Indeed, take = € K being not chain recurrent. By Conley’s de-
composition theorem there is some f € subfix T, with T, f (x) < f(x).
Hence z ¢ gr ¢ showing (cr )¢ C (gr¢)©.
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(b) Recall from Remark 3.1.2 (b) that the concept of -chains not only allows
a decomposition of K as in Conley’s theorem but also a decomposition
of the chain recurrent set cr ¢ into so-called chain components. This
motivates to find meaningful decompositions also for the generalized
recurrent set gr ¢ in the following sections.

The Conley decomposition and the decomposition via gr ¢ may not coincide
as can be seen from Example 3.4.10. Here, the generalized recurrent set gr ¢ is
strictly contained in the chain recurrent set cr ¢.

H=gryp

0 &< < 1
I = (gry)

In this example, the decomposition of K induced by the generalized recur-
rent set gr ¢ captures the dynamical behavior of (K; ) even better. While
the chain recurrent set coincides with the whole space K and thus Con-
ley’s decomposition neglects the dynamics on I, the generalized recurrent
set gr o = H consists only of the fixed points of ¢. Hence the decomposi-
tion via gr ¢ is K = H U I reflecting the “down-hill” dynamical behavior on

I=(gro).

Apart from this observation, the definition of chain recurrence seems some-
what bulky, while the concept of the generalized recurrent set is very simple.
Therefore, the decomposition via gr (o may be a more natural approach. At any
rate, the generalized recurrent set has the advantage that it can be expressed
by functional analytic tools, namely, the Koopman operator and the Lyapunov

algebra.

Decompositions via algebras

Each T,,-invariant subalgebra of C(K') induces a decomposition of K into
disjoint closed sets as described in Chapter 1. So now we consider in more
detail the decompositions of /K and gr ¢ induced by the relevant subalgebras
of C(K) having been introduced so far.
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The decomposition of K by means of the fixed space fix T}, into maximal level
sets, denoted here by

K = Kix

UiEJl v
has been extensively studied in Chapter 2. A decomposition of gr ¢ is then
trivially obtained via

~| K> :
ero=J,_, (K*nare)
Since by Corollary 3.4.7 each (p-invariant and closed subset of /& has non-empty

intersection with gr ¢ the following holds true.

Proposition 3.10.3. Each maximal level set of fix T, has non-empty intersec-
tion with the generalized recurrent set, i. e.,

K™ngrop# ()
foralli € J;.

Example 3.10.4. In Example 3.2.14 (c), the decomposition of K = [0, 1] x [0, 1]
induced by fix T, is

K = UcE[O,l]i<x7 c): :ie [0, 1]}/
=Kfix

Indeed, for every fixed function f € fixT,, clearly f|(z,c): zc[o,1]} = const.

for all ¢ € (0, 1], hence also f|{(z,0): ze[o1]} = const. by continuity of f. The
generalized recurrent set is

gro ={(z,y): z € {0,1}, y € [0,1]} U {(z,0): xz € [0,1]}
(see Example 3.4.3 (¢)).

< <« i

X

Ki

= « 5
¢ <

r[‘

]{ llX

2
€ — — <
< « «— « <
< < < < <

gry
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Then
{(0,¢), (1,¢)} for ¢ € (0, 1],

K™nerop=
e [IBIY {{(m,O):xG[O,l]} for c = 0.

We now turn to the decomposition of K via the Lyapunov algebra £, denoted

by .
K= Uz‘er KF.

Recall from Lemma 1.2.5 (a) that 2,y € K- fori € J;ifand onlyif f(z) = f(y)
for all f € L. Moreover, for each i € J, there is some j € J; such that
¢(Kf) C K7. Therefore, the following is obtained.

Proposition 3.10.5. Fori € J, the following are equivalent.
(@) Kff Cero.
(b) KF is p-invariant.

(c) There is some x € KF such that p(z) € KF.
This shows that there are two possible cases for K f, 1€ Jo.

Proposition 3.10.6. Each KF is either contained in the generalized recurrent
set or has empty intersection with it, i. e.,

Kf Cgro orKf Ngro =1
foralli € J.
By fixT,, C L, the decomposition of K induced by L is finer than the one in-

duced by fix T, (i. e., for each ¢ € J; there is some j € J; such that Kf C K]ﬁ").
Since KJﬁx is (p-invariant, this yields the following.

Proposition 3.10.7. If K C K™ fori € J, and j € .Jy, then also o(K[) C
K,
j
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Roughly summarized, the quotient dynamics induced by £ can only take
place within the equivalence classes induced by fixT,,. Moreover, gr ¢ con-
sists exactly of the fixed points (if seen as subsets in K) of the quotient dy-
namics induced by £ (which has already been shown in Proposition 3.7.2).
Hence outside of gr ¢ there are no invariant equivalence classes with respect

to L.

Example 3.10.8. Coming back to Example 3.2.14 (c), the decomposition of K
induced by £ = C(K)) trivially is

K = K,

for K, = {z}. Hence it is finer than the decomposition induced by fix T}, (see
Example 3.10.4). Moreover, x € gr ¢ if and only if () = z if and only if K,
is y-invariant.

Remark 3.10.9. By considering (gr ¢; ¢|sr ) as a subsystem of (K; o), the
different algebras could be obtained for the restricted dynamics |4, , inducing
further decompositions of gr (.

Take for example the fixed space fix T, , associated with the restricted dynam-
ics (cf. Chapter 1, p. 56). Then the decomposition of gr ¢ induced by fix T,
is clearly finer than the decomposition of gr ¢ induced by fix T;,. Moreover,
the decomposition of gr ¢ induced by L lies in between these decompositions
since

g fEXT} C{flay: f€ LY CHixT,,,.

Decomposition via an extended Lyapunov function

Having discussed decompositions of K and gr ¢ induced by the subalgebras
fix T, and L of C(K) we now turn to decompositions related to extended
Lyapunov functions.

A decomposition of K into parts on which each extended Lyapunov function is
continuous is obtained as follows. Take x € K and define

Sy ={y € K: w(y) Nw(x) # 0}.
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Clearly, (S,).cx is a cover of K. Consider the equivalence relation ~ on K
generated by (S, ).cx (cf. Definition 2.2.3), i.e., z ~ y for z,y € K if there
exist k € N, z1,..., 75 € K such that 71 = 2, 2, = yand 5, NSy, = () for
t = 1,...,k — 1. For a complete set of representatives S C K consider the
decomposition

K=, (W),

where 7: K — K/~ denotes the canonical projection.

Proposition 3.10.10. For x € K the following assertions hold true.
(a) Each K, is p-invariant.

(b) For the generalized recurrent set we have

K,Ngro # 0.

(c) For every f & subfix T, the corresponding extended Lyapunov function
Iy is continuous on K.

Proof. By
w(p(r)) = w(x)

the y-invariance of K, for each x € K is seen.

Assertion (b) follows from
w(z) C K,

forallx € K.
Now take f € subfixT,, and its extended Lyapunov function /. Recall that

flu(@) = const.

for each + € K by Lemma 3.2.10. Hence for y € K,, x € K, we have
fl) = f(a') = cforall 2’ € w(x)and iy € w(y) by definition of K. This
yields

hi(y) = f(y) = lim f(e"(y)) = fy) —c

for all y € K, hence h|, is continuous. O
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Example 3.10.11. Take once more the dynamical long line on [0, o] (cf.
Example 3.2.14 (b)). Here,

w(z) = {{n} forx € [n,n+1), n € Ny,

{0} forz =00
yielding

S — K = n,n+1) forz e n,n+1), neNy,
A P)! for r = 00

and the decomposition
K = U n n+1)U{oo}.

Hence hy is continuous on [n,n+ 1), n € Ny, for each f € subfix T,. This is
in accordance with Example 3.9.14.
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Zusammenfassung in deutscher
Sprache

Bernard Osgood Koopman veroffentlichte 1931 in Koopman [29] die Beob-
achtung, dass einem dynamischen System eine Gruppe von linearen unita-
ren Operatoren zugeordnet werden kann. Heute hat sich um diese Metho-
dik eine ganze Theorie entwickelt, die oft als »Koopmanismus« bezeichnet
wird. Die Idee dahinter ist einfach, aber weitreichend: Zu einem dynami-
schen System (K; p) bestehend aus einem Zustandsraum K und einer Dyna-
mik
p: K - K

darauf, wird die Zuordnung
fefop

von Observablen | definiert, also geeigneten reell- oder komplexwertigen Funk-
tionen auf /i, die in einem Observablenraum zusammengefasst sind. Im Folgen-
den werden topologische dynamische Systeme betrachtet, bei denen K kompakt
und ¢ stetig ist. Der sich in natiirlicher Weise ergebende Observablenraum ist
dann der Raum C(K) der stetigen reell- oder komplexwertigen Funktionen
auf K, und fir den Koopmanoperator ergibt sich

T,: C(K) = C(K),
fr=foe

Das Zusammenspiel von (K; ¢) und dem Koopmansystem (C(K); T,,) ist in-
sofern interessant, als der Koopmanoperator linear ist, unabhéngig von der
Struktur des unterliegenden dynamischen Systems. Dynamische Eigenschaften
bleiben beim Ubergang zum Koopmansystem in dem Sinne erhalten, dass die
entsprechenden Kategorien von topologischen dynamischen Systemen bzw.
Koopmansystemen antidquivalent sind. Aus dieser Antidquivalenz ergibt sich
auflerdem, dass sich Teilsysteme eines Koopmansystems und Quotientensyste-
me des unterliegenden dynamischen Systems entsprechen. Diese Korrespon-
denz ist das Leitmotiv der vorliegenden Dissertation.
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Die Arbeit besteht aus zwei Teilen, dem »Praludium« und der »Fuge«. Das
Préludium ist eine historische Hinfiihrung, die biographische Aspekte der
an der Entstehung der Ergodentheorie beteiligten Personlichkeiten beleuch-
tet. Dartiber hinaus wird die Entwicklung des »Koopmanismus« kurz skiz-
ziert.

Die Fuge ist der mathematische Teil, also der Hauptteil der Dissertation und
besteht aus drei Kapiteln. In Kapitel 1 werden die Hauptakteure dieser Arbeit
- topologische dynamische Systeme und Koopmansysteme —, ihre grundle-
genden Eigenschaften und erste Beispiele vorgestellt. Die Antidquivalenz der
Kategorie C'Top der topologischen dynamischen Systeme und der Kategorie
C;ml der kommutativen unitalen C*-Algebren und der Algebrahomomor-
phismen zwischen ihnen wird mittels des passenden volltreuen, wesentlich
surjektiven kontravarianten Funktors gezeigt. In Abschnitt 1.2 gehen wir auf
das Zusammenspiel von Sub- und Quotientensystemen ein und geben einige

Beispiele wichtiger Koopman-Teilsysteme.

Kapitel 2 widmet sich dem einfachsten Koopman-Teilsystem, namlich dem
Fixraum fix T}, eines Koopmanoperators 7;,, und dem dazugehérigen Quoti-
entensystem von (K; ). Ziel ist es, die durch den Fixraum induzierte Zer-
legung von K, d.h. das Quotientensystem, dynamisch zu beschreiben. Zu-
nichst werden Eigenschaften der gewiinschten Aquivalenzrelation aufgefiihrt
(sieche Lemma 2.1.3) und die Strategie skizziert, wie der richtige Hausdorft-
Quotientenraum mittels einer Hausdorffizierung konstruiert werden kann. Ab-
geschlossene Orbits sind Schliisselobjekte in dieser Konstruktion, aber nicht
ausreichend, wie aus Beispiel 2.2.1 ersichtlich wird. Daher folgt in Definiti-
on 2.2.7 die Konstruktion von approximierenden Orbits und Superorbits, die aber
ebenfalls nicht hinreichend sind, wie Beispiel 2.2.11 deutlich macht. Es stellt
sich heraus, dass die dynamische Beschreibung des Fixfaktors eine transfinite
Hierarchie von Aquivalenzrelationen erfordert. Dazu fithren wir Superorbits
vom Grad ~y fir eine beliebige Ordinalzahl v in Definition 2.3.1 ein. Diese liefern
dann in Theorem 2.3.6 das gewiinschte Ergebnis: Die durch fix 7, induzierte
Zerlegung von K kann durch Superorbits vom Grad ~ fiir ein bestimmtes vy
beschrieben werden.

Insbesondere erhdlt man durch diese Zerlegung in Theorem 2.3.8 eine dy-
namische Eigenschaft, die einen eindimensionalen Fixraum charakterisiert.
Damit ist diese Eigenschaft ein Analogon zu »Ergodizitat« in maflerhaltenden
dynamischen Systemen.
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In Abschnitt 2.4 wird das Konzept der Lyapunovstabilitdt mit Hilfe der Superor-
bits verallgemeinert und gezeigt, dass fix 7;, die feinste Zerlegung von K in ab-
solut lyapunovstabile Teilmengen induziert (sieche Theorem 2.4.7).

In Kapitel 3 fithren wir ein neues Koopman-Teilsystem ein: Die Lyapunov-
Algebra, erzeugt von sogenannten Lyapunovfunktionen, also T,-subinvarianten
Funktionen. In Abschnitt 3.1 geht es um verschiedene dynamische Konzepte
von Rekurrenz und Attraktivitat, die spater benotigt werden, und deren Zu-
sammenhénge. Abschnitt 3.2 widmet sich der Untersuchung des Subfixkegels
subfix T}, der aus allen positiven Subfixfunktionen (d. h. Lyapunvovfunktio-
nen) besteht, und der dartiber definierten Lyapunovalgebra L. In Beispiel
3.2.14-3.2.16 findet sich eine Liste von Beispielen fur die Fille £ = C(K),
L =1fixT,und fixT, C L C C(K).

Der néchste Abschnitt behandelt (7},-invariante) Ideale in C(K), die iiber
den Subfixkegel erhalten werden. Dabei erweist sich das von allen Subfix-
funktionen erzeugte Lyapunovideal (siehe Definition 3.3.5) als das fiir unsere
Zwecke am besten geeignete invariante Ideal. In Theorem 3.3.8 zeigen wir
dann, dass es im metrischen Fall immer eine strikte Lyapunovfunktion gibt,
die dieses Ideal erzeugt. Abschnitt 3.4 ist eine ausfiithrliche Behandlung des
Trager des Lyapunovideals, der verallgemeinerten rekurrenten Menge gr ¢, die
fur zeitkontinuierliche dynamische Systeme auf AusLANDER [4] zuriickgeht.
Wir identifizieren die Menge gr ¢ in einer Reihe von Beispielen und verglei-
chen sie mit den in Abschnitt 3.1 eingefithrten Mengen. Auflerdem werden
Attraktivitatseigenschaften von gr ¢ wie ihre punktweise Attraktivitat (siehe
Proposition 3.4.17) diskutiert.

In den folgenden Abschnitten untersuchen wir getrennt voneinander die Falle
L = fixT,, £L = C(K) und den Fall dazwischen. Notwendige und hinreichen-
de Bedingungen fiir £ = fix T, insbesondere fiir den eindimensionalen Fall,
werden diskutiert. Fiir den Fall £ = C(K') wird das Langzeitverhalten von ¢
in Proposition 3.6.1 und in Corollary 3.6.2 beschrieben und dass gr ¢ mit den
Fixpunkten von ¢ zusammenfillt. Fiir den allgemeinen Fall vergleichen wir
die Lyapunovalgebra und die verallgemeinerte Rekurrenzmenge mit ihren zur
Quotientendynamik gehérigen Analoga (siehe Proposition 3.7.1 und Propositi-
on 3.7.2). Der Fall, in dem £ die Kodimension 1 in C(K) hat, wird untersucht
und es stellt sich die Frage, ob die Lyapunovalgebra immer die Punkte des
Komplements (gr )¢ trennt. In Theorem 3.7.10 zeigen wir, dass die Lyapunov-
Algebra mit subfix T, — subfix T}, zusammenfillt, genau dann wenn die ver-
allgemeinerte Rekurrenzmenge absorbierend ist.
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Der nachste Abschnitt befasst sich mit Algebren, die durch eine einzelne Lya-
punovfunktion erzeugt werden, und wird durch eine Reihe von Beispielen
illustriert. In Abschnitt 3.9 fithren wir erweiterte Lyapunovfunktionen ein. Die-
se (im Allgemeinen unstetigen) Funktionen bieten eine weitere Moglichkeit,
das Lyapunovideal bzw. die verallgemeinerte Rekurrenzmenge zu erhalten.
Besonders interessant sind die Stetigkeitseigenschaften solcher Funktionen.
In Theorem 3.9.7 zeigen wir, dass die Stetigkeit einer bestimmten erweiterten
Lyapunovfunktion dquivalent zur gleichmafligen Attraktivitit der verallge-
meinerten Rekurrenzmenge ist. Wir konstruieren eine gréfiere 7, -invariante
Banachalgebra an Hand einer erweiterten Lyapunov-Funktion und untersu-
chen diese in Beispielen.

In Abschnitt 3.10 geht es um Zerlegungen. Die berithmte Conleyzerlegung
wird eingefiihrt und eine alternative Zerlegung von K mit Hilfe der verallge-
meinerten Rekurrenzmenge vorgeschlagen. Aulerdem diskutieren wir kurz die
durch die Lyapunovalgebra induzierten Zerlegungen von K und gr ¢ und ver-
gleichen diese mit den vom Fixraum induzierten Zerlegungen (siehe S. 149 ff).
Zuletzt wird eine Zerlegung von K in Teile, auf denen jede erweiterte Lyapu-
novfunktion stetig ist, beschrieben, siehe S. 152.
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