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Abstract

Cognitive science is good at modeling how minds update beliefs within a representational vocabulary
that is already in place. It is much weaker at modeling how that vocabulary itself changes. Symbolic systems
hand-design their vocabularies and inherit no process by which experience could have produced them.
Connectionist systems learn representations, but the usual analytic lens is convergence to a final code
rather than the accumulation of reusable structure that reshapes later learning. Bayesian systems specify a
hypothesis space and perform inference within it, leaving open how that space was carved up in the first
place and how it should be revised as the agent encounters new tasks. The shared failure is not the absence
of representation, but the absence of representational dynamics: a process-level account of how vocabulary is
built, maintained, and shared, and of how each of these changes what becomes easy to learn next.

This thesis argues that these dynamics become tractable once a particular object is named: a generative
library L of reusable, executable, compositional, and inspectable building blocks over which hypotheses are
composed. The central claim is that intelligence is the resource-rational lifecycle management of £. The claim
has bite because the properties that make something a library impose three demands on any adequate account.
First, library entries accumulate. What has already been compressed determines what can be represented
cheaply next, so construction must be modeled as path-dependent rather than as convergence to a fixed code.
Second, a library is finite, and the value of an entry depends on uses it has not yet seen. Curation therefore
cannot be reduced to local utility; it requires a criterion defined over the agent’s own representational state
and the future computations that state makes possible. Third, library entries are inspectable and shareable.
Communication is therefore not merely the transmission of information, but the alignment of representational
resources; an explanation succeeds only when it can be compiled into action by a listener whose library may
differ from the speaker’s.

These demands are not three separable problems. A library that is cheap to build but undisciplined in
what it keeps will drift. A library that is well curated but opaque will not survive contact with another agent.
A library that is communicable but built without regard to learning history will encode the wrong things.
The lifecycle is the constraint that construction, curation, and communication must be optimized together.

The thesis develops this argument through a common methodology: latent inference over generative
models of agents, with compression and two-part description length as the cross-stage criterion of represen-
tational value. The empirical chapters span controlled human sequence learning, large-scale educational
data, simulated agents driven by competing intrinsic motivations, and human studies of explanation under
uncertainty. Each chapter is built so that its model and its evidence speak to one stage of the lifecycle using
the same yardstick as the others. The contribution is therefore not a model of any single cognitive capacity,
but a unified account of representational dynamics in which construction, curation, and communication are
stages of the same process and become optimizable only together.






Zusammenfassung

Die Kognitionswissenschaft ist gut darin, zu modellieren, wie der Geist Uberzeugungen innerhalb
eines bereits bestehenden reprasentationalen Vokabulars aktualisiert. Deutlich schwiécher ist sie darin, zu
modellieren, wie sich dieses Vokabular selbst verdndert. Symbolische Systeme entwerfen ihre Vokabulare
von Hand und verfiigen tiber keinen Prozess, durch den Erfahrung sie hétte hervorbringen kénnen.
Konnektionistische Systeme lernen Représentationen, doch der tibliche analytische Blick richtet sich auf die
Konvergenz zu einem endgtiltigen Code, nicht auf die Akkumulation wiederverwendbarer Struktur, die
spateres Lernen umformt. Bayesianische Systeme spezifizieren einen Hypothesenraum und fithren innerhalb
dieses Raums Inferenz durch, lassen jedoch offen, wie dieser Raum urspriinglich gegliedert wurde und wie
er iiberarbeitet werden sollte, wenn der Agent neuen Aufgaben begegnet. Das gemeinsame Defizit ist nicht
das Fehlen von Reprisentation, sondern das Fehlen repréasentationaler Dynamik: eines prozessualen Berichts
dartiber, wie Vokabular aufgebaut, gepflegt und geteilt wird, und wie jeder dieser Vorgédnge verandert, was
als Néachstes leicht zu lernen ist.

Diese Arbeit argumentiert, dass diese Dynamiken handhabbar werden, sobald ein bestimmtes Objekt
benannt wird: eine generative Bibliothek L aus wiederverwendbaren, ausfithrbaren, kompositionalen und
inspizierbaren Bausteinen, tiber denen Hypothesen zusammengesetzt werden. Die zentrale These lautet,
dass Intelligenz im ressourcenrationalen Lebenszyklusmanagement von £ besteht. Diese These hat Substanz,
weil die Eigenschaften, die etwas zu einer Bibliothek machen, drei Anforderungen an jede angemessene
Theorie stellen. Erstens akkumulieren Bibliothekseintrédge. Was bereits komprimiert wurde, bestimmt, was als
Néchstes giinstig reprasentiert werden kann; daher muss Konstruktion als pfadabhéngig modelliert werden,
nicht als Konvergenz zu einem festen Code. Zweitens ist eine Bibliothek endlich, und der Wert eines Eintrags
héngt von Verwendungen ab, die noch nicht eingetreten sind. Kuratierung kann daher nicht auf lokalen
Nutzen reduziert werden; sie erfordert ein Kriterium, das tiber den eigenen reprasentationalen Zustand
des Agenten und die zukiinftigen Berechnungen definiert ist, die dieser Zustand ermoglicht. Drittens sind
Bibliothekseintrége inspizierbar und teilbar. Kommunikation ist daher nicht blo8 die Ubertragung von
Information, sondern die Abstimmung représentationaler Ressourcen; eine Erkldrung gelingt nur dann,
wenn sie von einem Horer, dessen Bibliothek sich von der des Sprechers unterscheiden kann, in Handlung
tibersetzt werden kann.

Diese Anforderungen sind keine drei voneinander trennbaren Probleme. Eine Bibliothek, die billig
aufzubauen ist, aber undiszipliniert darin, was sie behilt, wird driften. Eine Bibliothek, die gut kuratiert, aber
opakist, wird den Kontakt mit einem anderen Agenten nicht iiberstehen. Eine Bibliothek, die kommunizierbar
ist, aber ohne Riicksicht auf die Lerngeschichte aufgebaut wurde, wird das Falsche kodieren. Der Lebenszyklus
ist die Bedingung, dass Konstruktion, Kuratierung und Kommunikation gemeinsam optimiert werden miissen.

Die Arbeit entwickelt dieses Argument durch eine gemeinsame Methodologie: latente Inferenz {iber
generative Modelle von Agenten, wobei Kompression und zweigeteilte Beschreibungslénge als phasentiber-
greifendes Kriterium repréasentationalen Werts dienen. Die empirischen Kapitel umfassen kontrolliertes
menschliches Sequenzlernen, grofsskalige Bildungsdaten, simulierte Agenten, die von konkurrierenden
intrinsischen Motivationen angetrieben werden, sowie Humanstudien zu Erklarungen unter Unsicherheit.
Jedes Kapitel ist so aufgebaut, dass sein Modell und seine Evidenz eine Phase des Lebenszyklus adressieren
und dabei denselben Maf3stab verwenden wie die {ibrigen Kapitel. Der Beitrag ist daher kein Modell
einer einzelnen kognitiven Fahigkeit, sondern eine einheitliche Theorie reprédsentationaler Dynamik, in
der Konstruktion, Kuratierung und Kommunikation Phasen desselben Prozesses sind und nur gemeinsam
optimierbar werden.
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Notation

The notation is influenced by Goodfellow et al. ( ).

Tensors, Matrices, Vectors, Numbers

A

or [al,
,j or [Ali ]
[Ali, (or [AL)
Aijxor[Alik
vec(A), vec(A)
diag(a)

diag(A)
diag(A1,...,AL)
Tr(A), det(A)
llall2

a
a
A
ai
Aj

eig(A) := {(Ak, ex)}x

(Ak(A), ex(A))
AQ®B
AGB,A0GB,a®b
A2B,AoB,aob
A®2,A®2, a®2
A®1/2, A(Dl/z, a®2

Neural Networks

A scalar

A column vector

A matrix

A tensor

The ith entry of the vector a

The (i, j)th entry of the matrix A (row i, column j)

The ith row (or jth column) of the matrix A

The (i, j, k)th entry of the tensor A

Matrix/tensor flattened into a vector; convention implies vec(ABC) = (C" ® A) vec(B)
The square matrix with vector a on the diagonal and zeros elsewhere

The vector containing the diagonal elements of the matrix A

A block-diagonal matrix with diagonal blocks given by square matrices Ay, ..., Ar
Trace and determinant of a matrix A

L, norm of vector a, i.e. ||all; = aTa

Eigendecomposition of the matrix A, eigenpairs (A, ex) satisfy Aex = Arey

kth eigenpair (eigenvalue, eigenvector) of matrix A

Kronecker product of two matrices, For two vectors a, b, one has a ® b" =ab’
Elementwise multiplication (Hadamard product) of two tensors, matrices, vectors
Elementwise division (Hadamard division) of two tensors, matrices, vectors
Elementwise square of a tensor, matrix, vector

Elementwise square root of a tensor, matrix, vector

The layer number is indicated by parenthesized superscripts ).

L

40

o) ¢ ri"

-1

M :=h0, C:=hd
20-D e I
x:=2z0, f.=2z0

0
fg(l)

— @) (1)
fo '_fe(L)o"'ofe

0

Statistics

Uud1,...,Nb

Total number of layers
Number of parameters in layer [; total number of parameters is D = Zlel dd

Parameter vector of layer /, potentially empty for parameter-free layers like activations
Number of (hidden) inputs fed into layer [

Input feature dimension, output dimension (number of classes for classification)
(Hidden) features fed into layer I (output of layer / — 1)

Input to the neural network, and its prediction for input x

Layer [ parameterized by "), mapping input 2!~ to output z()
Sequential feedforward neural network parameterized by 8, maps input x to output f

Parameter vector, concatenation of parameters over layers 0 := (6(1)T, e, G(L)T)T

Uniform distribution over {1, ..., N}



N(x |, 0?)
N(x|p )

Cat(c | p)

Miscellaneous

log

onehot(c)
softmax(a)
0i,j, 0(x — a)
X-Y)
{xn}or {xn}tu
é;

1

log(a), exp(a)
mg,(0)

Uni-variate normal/Gaussian distribution of random variable x, with mean p, positive
variance 02, and density N (x | y, 0%) = 1/ov2r exp[—1/2((x-1)/0)?]

Multi-variate normal/Gaussian distribution of random vector x with mean vector y, PSD
covariance matrix £, and density NV (x | g, L) = 1/(Vardets) exp[—1/2(x — ) TZ 7 (x — p)]
Multinomial /Categorical distribution with probabilities p for categories c

The natural logarithm (base e, i.e. log(e) = 1)

One-hot vector of class ¢ with onehot(c) = 9 .

Softmax probabilities of the logits a, [softmax(a)]. = Pac)/5;; exp(a;) .
Kronecker delta (6;,; = 1 and 6 jz; = 0), Dirac delta distribution
Signature of a function that maps between X and Y

A set/collection of vectors x1, X2, ... over the index set implied by n
Unit vector in direction i, i.e. €; = onehot(i)

An m-dimensional vector containing ones everywhere

Elementwise natural logarithm and exponential function of a vector
Local approximation of the loss in around 0;

Acronyms & Abbreviations

E.g. ore.g.
Etc. or efc.
Le.ori.e.
Lid oriid.
W.r.t. or w.r.t.
API

CNN

CPU

DNN

GPU

MAP

MC

ML

MLE

MLP

NGD
ResNet

For example (exempli gratia)

And so on (et cetera)

That is (id est)

Independent and identically distributed
With respect to

Application Programming Interface
Convolutional neural network
Central processing unit

Deep neural network

Graphics processing unit
Maximum a posteriori (estimation)
Monte Carlo

Machine learning

Maximum likelihood estimation
Multi-layer perceptron

Natural gradient descent

Residual (neural) network

Xviii



Overview

1.1 Introduction

Cognitive science began with an audacious wager: that thinking can
be explained without mysticism, as the rule-governed manipulation of
internal representations—an organized form of information processing.
The wager has been productive, giving us formal models of perception,
language, reasoning, and learning; philosophical analyses of meaning
and content; and empirical psychological models of how minds actually
behave. But from its earliest days, the program this wager opened
generated two different and often competing questions.

One question asks what is possible: what forms of computation can trans-
form evidence into knowledge, perception into action, and experience
into generalization? This is the question that invites formalization—
algorithms, complexity classes, inference procedures, analyses of when
computation succeeds or fails. It makes a mind look like a machine, and
Turing’s work was its turning point, because it made “a procedure” a
mathematically precise object. A long lineage followed, from physical
symbol systems through connectionist learning to Bayesian models of
induction and probabilistic programs. Each proposed a different compu-
tational story about how minds process information.

The other question asks what makes any of this content-bearing in the
first place: what makes an internal state a representation of something,
what makes a procedure a rule rather than a mere regularity, what
makes a purported internal symbol more than an inscription. This is
the question that philosophy, particularly in pragmatist traditions, has
kept alive: rules do not carry their own applications on their sleeves, and
representations do not interpret themselves; both require practices of
use, training, correction, and coordination. On this view, cognition is the
capacity to stabilize ways of doing and interpreting, often socially and
often tacitly. An expert does not merely possess more information than a
novice; she possesses a different way of seeing, one built through years
of practice that has reorganized how she represents problems.

Much of cognitive science can be read as an attempt to keep both questions
in view at once, and the frameworks that have most moved the field—
Marr’s levels, resource-rational analysis—refuse to let either dissolve the
other. They also make salient a constraint that neither question alone
foregrounds: cognition is the work of a finite agent operating under
limits of time, memory, and data. This thesis argues that one place these
pressures meet most acutely, and where current frameworks have least to
say, is in the dynamics of representation: how representational vocabulary
is built, maintained, and shared over time by an agent who cannot afford
to represent everything.

Every major tradition in cognitive science has had to take a stance on
representation: on the format of knowledge, its organization, and the
operations it affords. Much progress has come from answering that
question in comparatively static terms. Once a representational scheme
is given, symbolic systems can reason over it, neural networks can tune
it, and Bayesian models can infer within it. The harder question is how

1.1 Introduction . . ... ...

1.2 Research objective and
SCOPE .« .t

1.3 Structure of this thesis



Chapter 1 Overview

such representations themselves come into being and how they persist
as resources for future thought.

This harder question inherits all three pressures. It is about formal possi-
bility, because we want to know which kinds of representational change
can in principle succeed; about content, because what is constructed
must be usable as a representation of something; and about resource
bounds, because no finite agent can entertain every distinction, retain
every abstraction, or communicate its internal structure in full. A learner
must instead manage representational resources selectively—deciding
what to construct, what to reuse, what to revise, what to forget, and
what to make explicit for others. Existing frameworks illuminate parts of
this process, but none yet gives a process-level account of representational
vocabulary as something accumulated, curated, and socially coordinated
under resource constraints. This thesis takes that missing dynamic as its
object: the construction and maintenance of representational structure,
and the way that structure reshapes what can subsequently be learned,
computed, understood, and shared.

The claim. This thesis argues that the missing account centers on a
specific kind of theoretical object: a generative library. A library, as the
term is used here, is a repertoire of reusable building blocks—programs,
abstractions, subroutines, schemas—over which new hypotheses, actions,
and interpretations can be composed. It is the representational vocabulary
that stands between raw experience, which is too unstructured to support
efficient generalization, and a monolithic world model, which is too
unwieldy to inspect, curate, or communicate.

Cognitive science has already repeatedly introduced constructs that play
the role of library entries, e.g., schemas, frames, scripts, chunks, cognitive
maps, and learned abstractions. Nor are questions about the acquisition,
revision, or reuse of such entries wholly absent from these traditions.
What is missing is a unified account of the library-level problem: how a
repertoire of reusable representational resources is built, kept useful, and
coordinated across bounded agents so that it can support ongoing thought
and action. The novelty, then, is not the claim that cognitive systems use
reusable structure. It is the claim that the resource-rational management
of such structure—its construction, curation, and communication—is
itself a central computational problem for intelligence.

The guiding claim of this thesis is:

Intelligence depends on the resource-rational lifecycle man-
agement of a generative library: a repertoire of reusable
representational resources constructed from experience, cu-
rated over time, and communicated across agents so that it
can be exploited in thought and action.

Three properties make libraries the right unit of analysis. First, library
entries are generative: they are, beyond labels or feature vectors, executable
procedures that can be run to produce predictions, simulate outcomes,
compose with other entries, and guide action. Second, libraries are
compositional: complex hypotheses can be built by combining simpler
entries, so a small library can support a large space of thoughts and
behaviors. Third, libraries are inspectable and communicable: unlike the
weights of a neural network, a library entry can in principle be examined,
refactored, taught, or explained. These properties are exactly what is
needed to study how representational vocabulary changes over time.



1.2 Research objective and scope

A unifying lens across fields. The library framework redescribes prob-
lems often studied in isolation as questions about constructing, curating,
and communicating reusable representational resources. It treats de-
velopment, expertise, machine learning, reinforcement learning, and
pedagogy in terms of what entries learners have, how they acquire them,
when they reuse or revise them, and how they align them with others.

In this lens:

» Cognitive science asks how learners construct new library entries
from experience, why learning is path-dependent once earlier
entries shape later hypothesis spaces, why experts and novices
differ in the representational resources they can bring to bear, and
why structured errors reveal the organization of an internal library.

» Machine learning and reinforcement learning ask how learned
representations, options, hierarchical policies, and world-model
components become reusable entries in a computational library;
how such entries compress search and action spaces; and how they
should be retained, revised, or discarded as tasks change.

» Education and pedagogy ask how teaching can guide library
construction in another agent: how curricula sequence the acqui-
sition of reusable entries, how explanation links new material to
the learner’s existing repertoire, and how instruction aligns the
teacher’s and learner’s representational libraries.

The thesis instantiates this lens through a series of computational models
and empirical studies, each targeting a different stage of the library
lifecycle.

1.2 Research objective and scope

The thesis develops an account of how representational vocabulary is (i)
constructed, (ii) actively curated, and (iii) communicated between agents.
Across these domains, the core research question is:

How do resource-bounded agents construct, select, and share
libraries of reusable abstractions that make learning, planning,
generalization, and communication tractable?

Methodological approach. The common formal structure across the the-
sisis latent inference over generative models of agents. We observe choices,
trajectories, and learning curves; posit hidden structure—knowledge
states, programs, world models, communicative intent—and recover that
structure from behavior using probabilistic or variational methods. What
changes across chapters is the nature of the latent structure (i.e., the
entries of the generative library) and the formal machinery appropriate to
it. The thesis therefore combines conceptual analysis with computational
modeling, large-scale behavioral data, controlled laboratory experiments,
simulated agents, and human studies of explanation.

Construct: how are libraries built? When an agent learns by building
reusable structure—compressing recurring patterns into abstractions,
or chunking frequent sequences into subroutines—what it learns first
changes the landscape for later learning. Early abstractions become
the building blocks of later hypotheses. What is already in the library
determines what representations are short, natural, or easy to search. This
creates path dependence, which means different curricula induce different
libraries, and those libraries support different patterns of generalization.



Chapter 1 Overview

Part II: how do agents build structured
internal representations from experience,
and why does learning order matter?

The thesis studies this in two settings: controlled laboratory sequence
learning, and large-scale educational data with prerequisite structure.

Curate: how are libraries maintained? Construction alone is insufficient;
a library must also be managed. Representations that were useful in one
regime may become misleading in another, and a finite agent cannot keep
every abstraction indefinitely. This raises a curation problem: what should
be explored, what should be retained, and what should be discarded?
The thesis treats intrinsic motivation as a signal about representational
value, then argues that a satisfactory curation criterion must be defined
over internal representations rather than external states alone.

Communicate: how are libraries shared? If representations are shaped by
learning history, then different agents do not merely know different facts;
they may inhabit different representational vocabularies. Communication
is therefore not just the transmission of propositions, but the alignment
of representational resources. The thesis studies this most directly in
pedagogical explanation: how an informed speaker helps a partially
informed listener act effectively, first when the listener is known and then
when the listener must be inferred.

1.3 Structure of this thesis

The thesis is organized around three substantive parts, framed by an
overview and an appendix. Part I develops the conceptual and formal
vocabulary of the thesis. Part II studies how structured knowledge is
acquired. Part III studies how structured knowledge is selected and
maintained. Part IV studies how structured knowledge is shared. An
extensive appendix (Part VI) complements the main text with additional
methodological and empirical detail.

Part I contains two background chapters. The first makes the conceptual
case for the representational dynamics gap. Every major computational
tradition presupposes a representational vocabulary that it cannot itself
explain, and the thesis argues that this gap becomes tractable when
studied through the lifecycle of a generative library. The second intro-
duces methods used throughout the thesis: generative models and latent
inference, reinforcement learning, program induction, multi-agent infer-
ence, and compression as a resource-rational principle. Together, these
chapters provide the conceptual motivation and formal vocabulary for
the empirical work that follows.

Part II addresses the construction stage of the lifecycle in two comple-
mentary settings. Chapter 4 studies controlled human sequence learning
and shows that behavior is best explained by hierarchical, reusable pro-
grams learned under memory and search constraints. Its central claim is
that library construction is path-dependent: what a learner has already
compressed determines what they can represent efficiently next. Chap-
ter 5 shifts to naturalistic educational data and asks whether traces of
such structured construction remain recoverable at scale. It shows that
learner performance is better explained by a generative model with latent
knowledge states, interpretable learner traits, and a shared prerequisite
graph than by flat skill models. Together, the two chapters show the
same construction logic in two regimes, one tightly controlled and one
ecologically large-scale.
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Remark 1.1 Chapter 4 is based on the following peer-reviewed papers:
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Part III turns from construction to active management. Chapter 6 asks
how different intrinsic motivation signals shape exploration and represen-
tation learning, comparing novelty, information gain, and empowerment
in both fixed and learned representational settings. Its main result is that
the choice of intrinsic drive has direct representational consequences, and
that these consequences depend on the feedback loop between motiva-
tion and the learned world model. Chapter 7 then proposes a normative
criterion for curation itself: a library should be evaluated by how much
diverse and controllable future structure it makes available. This chapter
formalizes that criterion and shows how it can guide the admission
and pruning of abstractions. Together, the curation chapters move from
descriptive contrasts between exploration drives to a principled account
of representational value.
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Remark 1.4 Chapter 7 is based on the following peer-reviewed papers:

Part III: how do agents decide what is
worth representing, keeping, and revis-
ing?
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Part IV: how do agents communicate ~ Part IV studies communication as representational alignment. The proce-
internal structure so that another agent  dural explanation chapter treats explanation as action enablement: an
can act with it? explanation is good insofar as it can be compiled into executable guidance
for a partially informed listener. It develops a utility-based model of
explanation quality and tests that model against human judgments and
navigation behavior, then uses the same utility as a target for explanation
generation. Together, this chapter argue that communication is not a
o separate problem from representation, but one more stage in the lifecycle
9 of the library.
(0
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Remark 1.5 Chapter 8 is based on the following peer-reviewed paper:
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The thesis concludes by drawing these threads together. Its final chapter
revisits the central questions through the single lens of the library lifecycle,
argues that construction, curation, and communication form a coupled
system rather than three independent topics, and identifies the open
problem that remains: how to optimize the full representational lifecycle
jointly rather than one stage at a time.



Part I.

The problem behind the problem
representation






Principle: internal representation
and its missing dynamics

Every framework that made thinking computable did so by assuming
a representational vocabulary whose origin it did not explain. Turing
needed symbols on a tape; Newell and Simon needed production rules;
connectionist networks need an architecture; Bayesian models need a
hypothesis space. In each case, the vocabulary is treated as already
available for the purposes of the model. Where it comes from, how it
changes, and what happens when it stops working—these questions
have been deferred at every turn.

In Chapter 1, I called this the lifecycle of representational resources
and organized it into three stages: construct, curate, communicate. This
chapter makes the case that such a lifecycle is genuinely needed. We
trace the gap from its philosophical origins through three computational
traditions, each of which defers the same question. Drawing on pragma-
tism and resource rationality, we explain why the gap persists and what
a solution requires. The chapter then proposes generative libraries as a
tractable theoretical object. Its aim is to show that the problem is real
across traditions, structurally deep in its conditions for representation,
and consequential for adaptation when existing vocabularies fail.

2.1 Computable thinking

2.1.1 The dual commitments in modeling the mind

Every theory of mind must answer two questions. The first is about
process: by what mechanism does thinking proceed? The second is about
substance: what does thinking operate over, and what are the basic units
of thought? These cannot be answered independently, since a process
is defined only over the contents it can manipulate, and those contents
become cognitively useful only through the processes that operate on
them. The shape any answer to one question can take is constrained by
the answer to the other. Pre-computational philosophy can be read, in
large part, as the attempt to characterize this mutual dependence, and
the tension that effort exposed organizes the problems this thesis takes

up.

The empiricist tradition, from Locke ( ) through Hume ( ), gave
an answer to both questions. It treated sensory impressions as the
basic material of thought and association as the process that connects
them through contiguity, resemblance, and causality. In modern terms,
this view treats cognition as the extraction of statistical regularities
from experience (Rescorla, ; Saffran et al., ; Shanks, ). The
framework’s appeal is that it answers both questions at once with a
process that is plainly observable: agents do form links between things
that co-occur. However, associative learning alone does not specify
how learned regularities become the kinds of reusable structures that
support systematic generalization'. That requires some explanation
of how elements can be recombined and applied beyond the learned
contexts (Lake and Baroni, ). The point, then, is not that empiricism
cannot allow structure to develop, but that it makes this development of
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1: For example, learning that fire co-
occurs with heat is not yet an account of
how an agent can form and use the novel
concept of a fire-resistant material.
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2: By nativist, I mean the view that some
structure of the mind is innate rather
than learned entirely from experience.

3: Kant’s basic concepts are the Kate-
gorien, and his organizing forms are the
Anschauungsformen; see Kant ( )

4: We use representational vocabulary
to refer to the set of primitives and their
combinatorial grammar—the building
blocks from which beliefs are assembled.

formalization and its
proven equivalence to Church’s
A-calculus (Church, ) established
that “computable” has a unique, robust
definition independent of the particular
formalism chosen. See Turing et al.

(1936).

6: “I propose to consider the question,
‘Can machines think?’” Turing ( ,
p- 433).

5: Turing’s

7: “Instead of trying to produce a pro-
gramme to simulate the adult mind, why
not rather try to produce one which sim-
ulates the child’s?” Turing (1987, p. 456).

representations its central burden: it must explain how initially simple
experiences become resources for general thought.

Kant, and the nativist tradition more broadly?, approached the same
dependence from the opposite direction: experience is possible only
because the mind contributes basic concepts and organizing forms in
advance (Kant, )%. Learning therefore depends on structure the mind
already brings to the world. In contemporary cognitive science, this
idea reappears in core-knowledge accounts (Gopnik and Meltzoff, ;
Kinzler and Spelke, ; Lake et al., ), and in Simon’s account
of intelligent action as a fit between internal organization and task
environment (Simon, ). The common commitment is that learning
does not begin from an unstructured intake of experience. It depends on
a representational vocabulary* that determines, at least initially, what
can be distinguished, grouped, and generalized.

Yet this starting condition does not remove the developmental problem.
Even if some structure precedes learning, one must still explain how
it becomes adequate to new domains, is extended through use, and is
revised when it fails. The contrast, then, is not between learning and
structure: both empiricism and nativism must explain how representa-
tional vocabularies come to have the form they do. Empiricism places the
burden on construction from experience; nativism on the specification
of initial structure. The shared gap concerns how the right structure
becomes available, remains useful, and can be revised or shared as an
agent’s problems change. To make this gap precise, we need the other
half of the dual commitment: a formal account of process. The theory of
computation supplied such an account by defining effective procedure,
but thereby sharpened rather than solved the representational question—
what vocabulary do procedures operate over, where does it come from,
and how does it change through use?

2.1.2 The computational turn

Turing’s (1936) formalization gave “procedure” a precise meaning: rule-
governed manipulation of discrete symbols’. Any process describable
as a definite procedure can, in principle, be mechanized, and the mind,
Turing argued in 1950, might be such a machine®.

Two features of Turing’s framework matter for what follows. First, Turing’s
universal machine showed that the description of a procedure can itself be
encoded as symbols and manipulated by another procedure. An agent
can, in principle, inspect and reorganize its own computational building
blocks. In modern terms, programs can be treated as data: stored, read,
composed, and executed. This makes it formally possible for a system to
operate not only on first-order inputs, but also on descriptions of its own
procedures. This possibility will matter later in Part II, where construction
is treated as the process by which new computational and representational
vocabulary are assembled from existing ones. Second, Turing envisioned
what he called a “child machine”: a system whose initial state is simple
but whose internal organization changes through experience, acquiring
new operations that reshape what becomes easy to compute’. The child
machine matters for this thesis because it gives an early computational
formulation of the developmental problem introduced above: cognition
may depend not only on computing over a fixed vocabulary, but also on
acquiring new resources through use. New building blocks change what
the agent can efficiently compute, and those changed computations create



opportunities for further restructuring. Turing glimpsed this recursive
picture but did not provide a theory of its dynamics.

The formal precision that Turing provided converged, in the 1950s and
1960s, with several other intellectual currents to produce the cognitive
revolution. The core bet was that cognition is computation over internal
representations—mental states are data structures, and thinking is the
algorithmic manipulation (Fodor, ; Newell and Simon, )8. The
Physical Symbol System Hypothesis (PSSH) in Newell and Simon ( )—
A physical symbol system has the necessary and sufficient means for
general intelligent action—gave this view a canonical formulation by
treating intelligent action as the operation of internal symbols and
symbol-manipulating processes. Its importance here is that it made
internal representations explicit theoretical objects while treating their
format as already fixed. It organized work around a shared vocabulary—
production rules, problem spaces, search trees, goals, and subgoals—and
asked what could be computed over it.

Frameworks after the PSSH fixed a representational vocabulary and
then studied what it made computable. Turing’s child machine points
to a different problem: vocabulary itself changes. When a child dis-
covers counting, arithmetic becomes a stable way to state previously
unavailable problems. It then enables new tasks—division, fractions,
estimation—which generate further vocabulary. Earlier approaches leave
this development undertheorized. They explain cognition within a vocab-
ulary, but not how experience builds new vocabulary, how it reorganizes
later learning, or how agents adapt when old vocabulary fails. Section 2.2
shows that this omission recurs across major computational traditions,
and Section 2.3 connects it to the problems of construction, curation, and
communication that organize the thesis.

2.1.3 The representational dynamics gap

We define the representational dynamics gap as the absence of a process-level
account of how an agent’s representational vocabulary and the computa-
tional processes that operate over it jointly evolve through experience.
Because agents have limited time, memory, attention, and computational
capacity, this evolution is not simply a search for better representations:
it is a resource-rational problem of what can be constructed, maintained,
and revised at acceptable cost.

The two sides of this gap—representation and computation—cannot
be separated. An agent’s representational vocabulary determines what
computations are cheap, including which hypotheses can be concisely
expressed, which inferences can be tractably performed, which plans
can be efficiently composed. But building new representational structure
is itself a computation (searching for compressible patterns, abstracting
recurring procedures, refactoring obsolete schemas), and that compu-
tation is constrained by the current vocabulary. Representation shapes
computation; computation reshapes representation. The gap concerns
this coupled dynamics with the feedback loop between them.

In the standard form of each major framework, learning changes perfor-
mance within a representational format whose basic structure is already
fixed. Deep networks adjust weights within a fixed architecture (Good-
fellow et al., ). Bayesian models update posteriors within a fixed
hypothesis space (Tenenbaum et al., )- Reinforcement-learning agents
revise values or policies within a fixed state representation (Botvinick

2.1 Computable thinking

8: Shannon’s information theory pro-
vided a language for encoding and
transmission (Shannon, ); Chom-
sky’s formal linguistics demonstrated
compositional structure in natural lan-
guage (Chomsky, ); and cybernetics
modeled goal-directed behavior through
internal state.



9: Each framework has extensions that
partially address this—learned features,
nonparametric priors, option discovery—
while Section 2.2 examines these cases

in detail.
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et al., ; Dayan and Daw, ; Sutton, Barto, et al., ). In each
case, computation operates within a representational format that is given
in advance and does not change through the agent’s experience. Whether
this separation is a convenient simplification or a structural feature of
representation itself is the question that drives the rest of this chapter.

We will argue that the gap decomposes into three structural problems—
construction (how representational vocabulary is built, and why the
process is path-dependent), curation (how it is maintained as task de-
mands shift, which is itself a computational process that consumes the
resources it manages), and communication (how agents with different
representational histories align their vocabulary to enable coordination)—
and that this decomposition follows from what representations are under
resource constraints, not merely from what cognitive science has failed
to model. Section 2.2 first establishes that the gap persists across three
independent computational traditions. Section 2.3 then derives the three-
part decomposition from first principles, drawing on resource rationality
and the pragmatist philosophical tradition.

2.2 One shared blind spot

The preceding Section 2.1 defined the representational dynamics gap as
the missing process-level account of how representational vocabulary
and the computations that operate over it jointly evolve through experi-
ence under resource constraints. We now test whether the gap persists
across three traditions that have each proposed a different answer to the
question of what representations are and how they are acquired: symbolic
Al, which emphasizes hand-designed compositional structure; connec-
tionism and deep learning, which learns distributed representations
from data; and Bayesian cognitive science, which formalizes learning as
probabilistic inference over structured hypothesis spaces.

Each tradition has produced substantial explanatory achievements. Yet,
through the internal logic of their own theoretical commitments, each
tradition defers the same coupled question on representational dynamics.
These traditions differ in formalism and intellectual origin, yet each stops
at the same point. This pattern suggests that the problem reflects a deep
feature of the relationship between representation and learning, rather
than an oversight of any one research program.

To make the comparison more precise, we describe every learning system
as a triplet (R, F, &):

f \
Definition 2.1 (Learning system) A learning system is a triple
(R, F,&) where R is the representational vocabulary (the space of
internal states the system can occupy), F is the learning mechanism (the
process by which internal states change in response to data), and £
is the task environment (the distribution of problems the agent faces).
This decomposition is related to, but distinct from, Marr’s three levels
of analysis (Marr, ): € specifies the computational-level problem
(what the agent must do), while R and F together constitute the
algorithmic level (how it does so). The key difference is that Marr’s
framework treats each level as a static description of a fixed system;
the representational dynamics gap concerns precisely the case where

R and F jointly change through experience in &.
\ )
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Table 2.1: How the feedback-loop terms are instantiated across traditions. The table gives the working interpretation of (R, F, €, 1)
used in the sections that follow and indicates where each tradition typically leaves the abstraction step outside its standard theory.

Tradition R F & b4 Abstraction

Symbolic A fixed signature and the  Search over sym-  Problems, examples, A proof, plan, or sym-  Usually left to the modeler
space of well-formed sym-  bolic structures or rule-governed  bolic program through hand design or later
bolic expressions over it tasks knowledge engineering

Connectionist ~ An architecture together  Gradient-based Input-output pairs, A fitted parameter Partially approximated by
withits distributed activation ~ parameter —up-  trajectories, or re- state and the behav- learned features, but architec-

space date ward signals iors it supports ture and training operators are
largely fixed in advance
Bayesian A hypothesis space with pri- ~ Probabilistic in-  Observations sam- A posterior distribu- Sometimes approximated by
ors and compositional as-  ference over that  pled from the envi- tion or maximum a  model revision, but usually
sumptions space ronment posteriori hypothesis fixed by the initial hypothe-
S1s space

The representational dynamics gap, stated in these terms, asks: how are
R and F jointly shaped by experience? When a learner acquires new
representational structure, the format R changes—but this change also
alters what F can efficiently compute, because the cost of searching,
storing, and composing hypotheses depends on what building blocks are
available. Each tradition has a well-developed account of F operating
within a given R. The gap concerns their coupled dynamics—the feedback
loop in which experience produces new reusable structure that changes
both R and the computational landscape of F:

R, F b £
£ p R, F) —> n — (2.1

Here, £ — m denotes the learner acquiring a solution 7t (e.g., a hypothesis,
aset of weights, or a program) from experience in the current environment.
The abstract step extracts reusable structure from 7 and incorporates it into
the representational format and learning mechanism, yielding (R’, F*).
The updated system then faces further experience, and the cycle continues.
This loop, unfolding under resource constraints (Section 2.3.2) that make
the order and cost of each step matter, is the specific mechanism we test
each tradition against. Can the tradition instantiate every arrow in this
diagram as part of its standard theoretical apparatus?

2.2.1 The symbolic tradition

The symbolic tradition, rooted in Newell and Simon ( ), treats intel-
ligence as the manipulation of discrete symbols governed by explicit
rules!'’. Inheriting from Turing’s account of symbol manipulation and
from logical formalisms such as first-order logic and production systems,
it encodes knowledge in structured, inspectable forms—semantic net-
works, scripts, or production rules—and explains inference as explicit
rule application.

Formally, a symbolic system operates over a fixed signature: a set of
sorts (types of objects the system can reason about), function symbols
(operations that produce objects from objects), and relation symbols
(predicates that hold between objects)!!. The representational format R
is the space of well-formed expressions over this signature—the set
of all statements, rules, and data structures the system can construct
by combining its primitive vocabulary according to its grammar. The
learning mechanism F is search, i.e., heuristic exploration of the space of
well-formed expressions (e. . means-ends analysis, backward chaining,
or analogical retrieval), guided by goals and constrained by resources.

10: “A physical symbol system has the
necessary and sufficient means for gen-
eral intelligent action.” — Newell and
Simon (1972, p. 116).

11: For example, a blocks-world plan-
ner might define sorts {Block, Location},
function symbols {stack(Block, Block),
move(Block, Location)}, and relation sym-
bols {on(Block, Block), clear(Block)}. The
system can reason about any configura-
tion of blocks, but cannot represent a
concept like “fragile” unless the modeler
adds it to the signature.
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12: An agent that understands “John
loves Mary” can, in principle, also under-
stand “Mary loves John.”

Because symbolic systems are grounded in logic, they inherit several prop-
erties directly from their formal foundations: compositionality (complex
expressions are built from simpler parts with predictable semantics)'?,
and inspectability (every internal state is a readable expression). These
properties make symbolic representations stable, readable, and reusable.
But in the feedback loop of Equation (2.1), this strength also marks its
limitation where it leaves largely unspecified the abstraction step by
which a solution 7 is transformed into revised representational resources
(R’, F'). In other words, symbolic systems can manipulate and recom-
bine an explicit vocabulary, but their standard theory does not explain
how experience reorganizes that vocabulary itself.”

Symbolic vocabulary extension from reuse and induction. When both R
(the signature) and F (the search strategy) are specified by the model
designer, symbolic systems can exploit explicit primitives, rules, and
search biases to reason compositionally. This is a strength when the
relevant primitives for a domain can be specified in advance, as the
Language of Thought hypothesis assumes (Fodor, )- It becomes a
limitation when the environment demands distinctions or abstractions
not anticipated by the initial vocabulary.

The symbolic tradition does include mechanisms for extending its effec-
tive repertoire. Explanation-based learning generalizes from an example
by extracting a rule from the proof that it satisfies a goal concept (DeJong
and Mooney, ; Mitchell et al., ). SOAR’s chunking mechanism
abstracts successful subgoal traces into new production rules, creating
shortcuts for future problem solving (Laird et al., ; Laird et al., ).
Inductive logic programming infers symbolic rules from examples and
background knowledge (Muggleton, , ). These methods show
that symbolic systems need not be static: they can add rules, compress
derivations, and extend the procedures available to the agent.

Their limitation is not that representational change is impossible, but that
it is usually constrained by a prespecified logical language, background
theory, or hypothesis bias. EBL and chunking derive new rules from
proofs or traces over already available predicates and sorts; ILP searches a
clause space shaped by given predicates, modes, types, and background
knowledge. Symbolic learning can therefore modify parts of R, but
typically leaves the governing format and search regime F fixed or
externally specified. In the feedback loop of Equation (2.1), symbolic

learning mechanisms therefore address important parts of £ R
feedback from successful problem solving can produce new symbolic
shortcuts or rules. What remains less specified is how systems retain,
revise, discard, or reorganize these resources as they accumulate, and
how search should adapt to the expanded resource set. Connectionism
responds by replacing explicit search over expanding symbolic structures
with fixed optimization procedures that continuously reshape distributed
representations.

2.2.2 The connectionist and deep learning tradition

Connectionism originated from multiple motivations, e.g., dissatisfaction
with hand-designed symbolic vocabularies, inspiration from neural
computation in the brain (Rosenblatt, ; Rumelhart et al., ), and
the desire for systems that learn representations from data rather than
having them specified in advance. Modern deep learning (Goodfellow
et al., ), the most successful descendant of this tradition, trains
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neural networks with billions of parameters through gradient-based
optimization. Formally, the representational format R is determined
jointly by the network architecture (i.e., number of layers, connectivity
pattern, and activation functions) together with the parameter space 0 €
® C R?. The learning mechanism F is typically gradient descent, O;41 =
6r — 1V L(6;) where Vg is the gradient with respect to the parameters
and £ is the training objective. As 0 changes, the representation changes
with it—deep networks discover hierarchical features for vision, language,
and control that would be difficult to specify by hand.

The limitation in this tradition has two forms, a dynamics problem
and an opacity problem. (i) The dynamics problem is that the theory
is strongest within a fixed task. Standard training theory studies the
trajectory 0p, 01, 03, ... toward an end-state 0" and does not explain
how structure learned on one task becomes a resource for the next. The
information bottleneck (Tishby et al., ) comes closest to studying
representational change by characterizing a compression-then-fitting
trajectory during a single training run (Remark 2.1). But this remains
a within-task account, and these dynamics arise as a by-product of
optimization rather than as a deliberately controlled descriptive model of
human cognition. (ii) The opacity problem is that learned representations
are hard to inspect. A learned vector z € R¥ encodes useful information,
but it is difficult for a human—or another agent—to identify what that
encoding contains, to refactor it when the task changes, or to communicate
it in parts. Researchers therefore often impose additional structure when
they want representations to be more separable and inspectable, for
example through attention mechanisms (Vaswani et al., ), modular
networks (Andreas et al., ; Meunier et al., ), or disentangling
objectives such as p-VAEs (Higgins et al., ). The dynamics problem
would persist even for fully interpretable neural networks. Opacity
compounds it by making curation and communication—which require
access to individual representational components—difficult.

Continual learning as cross-task retention. Continual learning relaxes
the single-task picture by asking how learned structure persists and
transfers across tasks. It therefore moves closer to the feedback loop of
Equation (2.1), but repairs only part of the problem.

Continual learning (Kirkpatrick et al., ; Rusu et al., ) aims to
address one consequence of the dynamics problem, namely catastrophic
forgetting across tasks. When new tasks arrive, previously learned rep-
resentations should not be overwritten.But retention is not yet curation
(Part IIT). Existing methods preserve past knowledge without isolating
reusable components for later compositional reuse. Meta-learning (Finn
et al., ) fixes it by learning an initialization 0y from which a small
number of gradient steps yields good performance on a new task. This is
a powerful form of learning-to-learn, but 0y still lies in a fixed parame-
ter space ® whose architecture is specified in advance. Meta-learning
improves adaptation within a given representational family. It does not
expand that family by adding new reusable structure.

In the feedback loop, the connectionist tradition keeps F fixed, and it

R,F . abstract .
handles £ — 7, in part, 7 R’ well even when R is large.

Continual learning further improves F so that it can handle a sequence
of tasks or environments. These methods show that learned structure
can persist and shape later computation. But what is carried forward
is usually encoded in distributed weights or activations rather than in
explicit reusable elements. As a cognitive model, this makes it difficult to
explain how an agent isolates a previously learned substructure, treats it
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Figure 2.1: A feedforward neural net-
work. Input X is transformed through
hidden layers with learned parameters 0
to produce output Y. The intermediate
representation Z is a distributed vector
whose entries lack predefined semantic
roles.

(Remark 2.1 (The information bot- )
tleneck) Given input X, target Y,
and hidden representation Z, the in-
formation bottleneck (Tishby et al.,

) seeks a representation that min-
imizes:

Js =MI(X;Z) - BMI(Z;Y),

where MI(X; Z) is the rate (informa-
tion retained about the input) and
MI(Z;Y) is the relevance (information
preserved about the target). During
training, MI(X; Z) first increases (fit-
ting), then decreases (compression),
while MI(Z;Y) increases monotoni-
cally.

Continual learning

ENEDED

goal: preserve prior knowledge

Meta-learning

GO
C )

goal: adapt quickly to new tasks

Figure 2.2: Two strategies for multi-task
representation. Top. continual learning
preserves a shared representation across
sequential tasks. Bottom. meta-learning
distills tasks into an initialization 6y for
rapid adaptation. Neither expands the
representational vocabulary itself.
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13: When H consists of programs, the
model can represent extremely rich gen-
erative structure (Goodman et al., ;
Lake etal., ). But the model still de-
pends on a fixed set of primitives and
composition rules, and the richer the
language is, the more the explanation
depends on that initial choice.

as a reusable unit, and deliberately revises or communicates it in a new
setting. The unresolved gap is therefore not whether prior learning affects
later learning, but how what is learned becomes an explicit resource for
curation and communication.

2.2.3 Bayesian cognitive modeling

The contrast with the previous two traditions is now clear. Symbolic
models make structure explicit, but give learning a limited role. Connec-
tionist models make learning central, but often encode what is learned
in forms that are difficult to isolate, revise, or communicate. Bayesian
cognitive science (Griffiths et al., ; Tenenbaum et al., ) starts
from a different question, namely how an agent should update its beliefs
in light of evidence. This matters for the thesis because it combines a
learning-theoretic perspective with more explicit objects of learning.

The Bayesian tradition frames cognition as inference under uncertainty.
The agent maintains beliefs over a structured hypothesis space H, which
may consist of causal graphs (Griffiths and Tenenbaum, ), gram-
mars (Goodman et al., ), logical theories (Tenenbaum et al., ), or
programs (Lake et al., ), and updates those beliefs in light of data D
via Bayes’ rule:

p(h D) « p(D|h)p(h),  heH. 2.2)

In the (R, F, £) lens (Definition 2.1), R = H defines the space of possible
hypotheses, £ supplies the observations or task structure to be explained,
the prior p(h) encodes inductive biases over H, and F is Bayesian
updating, which uses the likelihood of those observations under each
hypothesis to obtain the posterior p(h | D).

Unlike the symbolic and connectionist traditions, Bayesian cognitive
science does not commit to a specific representational format. It operates
primarily at Marr’s computational level (Marr, ) by specifying what
problem the agent solves (optimal inference given a generative model),
while remaining agnostic about the representation. This generality is the
tradition’s strength, because it applies across many kinds of hypothesis
spaces. However, the hypothesis space H is usually given, and so is the
approximation scheme once exact inference becomes intractable. The
next two paragraphs show why both assumptions matter.

Deferral 1: the hypothesis space is always given. Bayesian cognitive
science has contributed in explaining important phenomena includ-
ing few-shot generalization, causal learning, and compositional infer-
ence (Goodman et al., ; Griffiths and Tenenbaum, ; Tenenbaum
etal., )- As a computational-level theory, it can strongly constrain
what a process-level theory must explain but only works within a hypoth-
esis space H that is already in place. Bayes’ rule redistributes probability
mass within . It does not explain how the agent acquires the primitives
and structured hypotheses that make inference possible in the first place!>.
The question is displaced to a meta-space of possible hypothesis spaces,
and the same gap reappears there.

Deferral 2: approximation is treated as an implementation detail.
In practice, every Bayesian cognitive model relies on an approxima-
tion, e.g.,, MCMC sampling, variational inference, or amortized recog-
nition networks, as exact Bayesian inference over any structured # is
intractable (Dasgupta et al., ; Sanborn, )- Most Bayesian cog-
nitive models treat this as an implementation detail, i.e., from Marr’s
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computation to algorithmic level. But the choice of approximation has
direct consequences for learning dynamics, because it determines what
structure the agent actually recovers from data.

Consider two cases that differ in whether the proposal distribution
changes over time: importance sampling with a fixed proposal q(h), and
sequential Monte Carlo (SMC) (Doucet et al,, ), where proposals
adapt as inference unfolds'*. With fixed-proposal importance sampling,
inference episodes are independent: past successes and failures do not
alter future proposals, so the feedback loop in Equation (2.1) has no
abstraction step from 1 back to (R’, F’). In SMC, past inference does
shape future proposals by concentrating particles in promising regions.
Yet only the distribution over hypotheses changes; the representational
blocks and update format remain fixed.

Thus even adaptive approximations mainly redistribute computation
within a pre-specified scheme. They explain belief change within that
scheme, but not how experience builds new representational resources or
inference procedures. The deeper issue is that asking which approxima-
tion an agent should use under finite time and memory turns Bayesian in-
ference into resource allocation: which regions of H or R deserve effort, and
which approximations are worth their cost? These are sequential decision
problems. Resource-rational analysis (Lieder and Griffiths, ) begins
to bridge this gap, but the algorithmic question—how agents jointly
manage representational resources and inference budgets—remains
open.

2.2.4 The remaining gap

The three traditions differ in formalism, intellectual history, and rep-

resentational commitments, yet they converge on deferring the same
abstract

step 1 —— (R’, F’) in Equation (2.1) by which a solution becomes a
revised representation vocabulary for the next cycle. Symbolic systems
supply an explicit, inspectable vocabulary but no mechanism for extend-
ing it beyond recombination. Connectionist systems make representation
a product of learning, but what is learned is distributed across weights
rather than isolated into units that can be curated or communicated.
Bayesian cognitive science gives a normative account of inference over a
structured hypothesis space, but the space is given, and the approxima-
tions that make inference tractable are treated as implementation details
rather than as learnable resources in their own right.

No tradition denies that the loop matters—symbolic Al acknowledges
that experts and novices differ in production systems, deep learning
researchers observe that pretrained representations shape downstream
performance, and Bayesian modelers recognize that the choice of hy-
pothesis space determines what can be learned. That three otherwise-
dissimilar programs defer the same step is itself the argument that jointly
updating (R, F) from experience is the right target for a new research
programme. Section 2.3 asks why this is a gap and why it is difficult to
solve, drawing on pragmatism and resource rationality to derive three
constraints that any adequate account must satisfy. Section 2.4 then
introduces the concrete object through which this thesis studies them.

14: A population of weighted particles
approximates the posterior. At each step,
low-weight particles are discarded and
high-weight ones replicated, concentrat-
ing computation on high-posterior re-
gions. See Figure 2.3.
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resampling shifts
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Figure 2.3: Fixed vs. adaptive inference.
Top: importance sampling with a fixed
proposal g(1); episodes are independent.
Bottom: SMC resampling concentrates
particles on high-weight regions, adapt-
ing the proposal at each step.
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15:  The No Free Lunch theo-
rems (Wolpert and Macready, )
already establish that no learning
algorithm F universally dominates
across task distributions. The present
claim extends this to the representational
vocabulary R: not just the choice of algo-
rithm but the choice of representational
vocabulary is £-dependent, prior to any
optimization over F.

2.3 Why representational dynamics resist

The preceding section established that the representational dynamics
gap persists across different computational traditions. This section asks:
why does it matter, and why is it so hard?

Representations are tools, and tools derive their meaning from practices
of use (Gigerenzer, ). Consider a chess expert’s chunk KINGSIDE-
FIANCHETTO groups six pieces into one recognizable unit, compressing
many move-evaluations into a single retrieval (Chase and Simon, )
However, transplanted to Chess960, where starting positions are random-
ized, the same chunk misfires because it silently presupposed regularities
of standard opening theory. The meaning of any ¢ € R is therefore partly
constituted by the history of its deployment in £. This entails a formal
consequence for the (R, F, £) triplet, namely, that R and F cannot be
characterized independently of €. This is because the value of a represen-
tational resource is defined over the distribution of tasks it will be used
on'®. The pragmatist tradition identified this instability a century before
computational cognitive science encountered it. Section 2.3.1 recasts its
diagnosis in the (R, F, £) terms used here.

Meaning instability alone would be manageable under infinite resources,
where the agent could try every candidate representation and keep
whichever earns its cost. A resource-bounded agent cannot. It must
commit to a small set of representations in advance, and the value of any
candidate is £-dependent—what a representation makes cheap (which
hypotheses, which queries, which compositions) is a property of how
it behaves, not of how it is written. The agent can therefore discover
whether a representation pays off only by deploying it, consuming the
same finite budget the representation was meant to conserve. Resource
rationality (Lieder and Griffiths, ) formalises this trade-off but
takes R as given and optimises F within it. How R and F should jointly
change to make future tasks cheaper is qualitatively harder, for reasons
Section 2.3.2 makes precise.

Together these two lines of argument derive three structural consequences—
construction, curation, and communication—as necessary features of any
resource-bounded agent operating with use-dependent representations,
developed in Section 2.3.3.

2.3.1 Pragmatism: why R is £-dependent

The instability identified above has a long philosophical lineage within
the pragmatist tradition. Wittgenstein (1953) gives a constitutive account,
arguing that a rule’s meaning is fixed by the practices of its application
rather than by its form. Dewey ( ) gives an evaluative account, on
which an idea’s worth is the work it does in solving problems. The first
explains why R cannot be characterised independently of £ and the
second supplies the criterion by which any ¢ € R earns or loses its place.
Together they pin down the form of a value function over R that the
remainder of this chapter builds on.

Meaning is use. Consider someone who has used “+” only on small
numbers: their behavior is consistent both with ordinary addition and
with a deviant rule that agrees on all past cases but returns 5 above an
unseen threshold (Kripke, )- No further rule resolves the gap, since
each clarification permits the same deviant reinterpretation. Likewise,
any finite dataset D = (x1, 1), . . ., (Xu, Y») is consistent with infinitely
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many hypotheses in a sufficiently expressive H. The Bayesian response is
to introduce a prior p(h) favoring simpler hypotheses, but this shifts the
problem to what fixes H and the relevant simplicity metric. Wittgenstein’s
answer is that these are stabilized not by further rules, which invite regress,
but by practices: training, correction, and agreement about what counts
as correct use. Thus, for any ¢ € R, syntactic definition underdetermines
operational meaning. Meaning is fixed by the history of ¢’s deployment
in &: the contexts where it has been used, the regularities it has tracked,
and the failures that exposed its limits.

Value is instrumental. Dewey ( ) approached the same instability
from an instrumentalist direction. If meaning is constituted by use,
then the relevant question about any ¢ is not whether it is true but
whether it is useful for the tasks the agent faces. Representations, on
this view, are tools, and usefulness is a property of the pairing (¢, £)
rather than of ¢ alone—the same tool is effective for some distributions of
tasks and misleading for others. Dewey’s instrumentalism thus inherits
Wittgenstein's £-dependence and turns it into a normative framing that ¢
earns its place by the work it does, not by its form or by correspondence
to any task-independent reality.

A pragmatist value function. The two pragmatist premises already
constrain the shape of any value function over R. Wittgenstein requires
the content of £ to be assessed through its use across a deployment
distribution £; Dewey requires that use to be evaluated instrumentally,
by what it helps the agent do. Since constructing and retaining ¢ are
themselves costly, the pragmatist value of ¢ is its expected savings across &,
net of upkeep:

value(f) = Ee [Acost(e)] - Craintain(?)
S————— —
amortized computational savings storage, update, risk of misapplication

(2.3)

where Agogst(£) is the reduction in inference or planning cost that ¢ provides
and Cmaintain (£) is the ongoing cost of keeping £ available and aligned with
reality'. Both terms depend on £: Acost(£) reflects the savings ¢ provides
across the tasks to which it is applied, while Craintain(£) reflects the cost
of keeping ¢ aligned as tasks, background conditions, or standards of
successful use change. Both are ultimately answerable to deployment,
even if agents can estimate them indirectly from similar resources,
prior experience, or structural cues. The pragmatist diagnosis therefore
explains why representational management is difficult: if the content
and usefulness of R are constituted through use in £, then they cannot
be read off from syntax alone or fixed once and for all independently of
future use. The next subsection shows that resource rationality provides
a framework for analyzing such trade-offs under bounded time, memory,
and computation, but that many resource-rational models hold R fixed
and so leave the deployment-dependence of representational resources
only partially addressed.

2.3.2 Resource rationality: why (R, F) cannot be fixed

The pragmatist value function in Equation (2.3) defines what a bounded
agent should maximize over R but offers no procedure for doing so.
Resource rationality (Lieder and Griffiths, ) is the standard frame-
work for such trade-offs. Building on Simon’s (Simon, ) satisficing,
it takes as its starting point the fact that optimal solutions are typically

16: Barsalou ( )'s perceptual symbol
theory converges on the similar criterion:
concepts are simulators (i.e., learned ca-
pacities to re-enact task-relevant states),
which are valuable because they can be
run.



Chapter 2 Principle: internal representation and its missing dynamics

17: The framework subsumes several
notions of “cost”: number of samples
drawn, working-memory load, time, or
any scarce resource consumed by com-
putation.

18: Equation (2.4) and Equation (2.3) are
the same trade-off at different levels of
description: Equation (2.3) is the object-
level case where { is fixed and the ques-
tion is whether to retain it; Equation (2.4)
is the algorithm-selection problem given
that R is already determined.

(Example 2.1 (Representation dom- )
inates algorithm.) Roman numer-
als and positional notation repre-
sent the same integers, but long mul-
tiplication requires O(n?) symbol
manipulations in Roman numerals
and O(n log 1) in positional notation.
No choice of algorithm within the Ro-
man numeral system closes this gap;
the performance ceiling is set by R,

L not F.

19: In amortized analysis, an expensive
operation is justified by savings across
subsequent cheap ones; a representa-
tional abstraction follows the same logic.

out of reach for bounded agents, and recasts the rational choice as the
approximation that best trades solution quality against its computational
cost. Therefore, the resource-rational agent selects the algorithm 7* € I1
that maximizes the trade-off between solution quality and cost:

n* = argmax E[U(f(x), n(x))] — A-C(n). (2.4)
nell

Here f is the function the agent aims to compute, U measures the quality
of the approximation 7t(x) relative to f(x), and C(m) is the computational
cost of running 717, Systematic deviations from Bayesian or expected-
utility optimality (e.g., anchoring, probability matching) can be reframed
as rational compromises. Anchoring emerges when only a small number
of MCMC samples are affordable, while probability matching becomes
optimal when identifying the best action is too expensive relative to the
benefit (Griffiths et al., : Lieder and Griffiths, )8,

R and F are coupled, but resource rationality optimizes only F. The
optimization in Equation (2.4) ranges over algorithms 7 € I1, but the set
of available algorithms IT is itself determined by the representational
format R: what operations are cheap, what data structures are available,
what hypotheses can be concisely expressed. Conversely, changing R—
building a new abstraction, adding a subroutine—is itself a computation
that 7 must perform using the current R. Resource rationality takes R as
given and optimizes F within it, which answers given my representations,
what should I compute? but not the complementary question: how should R
and F jointly change to make future tasks cheaper?

The achievable performance within a fixed R is bounded above by
what R makes expressible and what it makes tractable. The classical
expressivity illustration is Minsky et al. ( )- No training procedure
operating over linear representations of the inputs can learn parity,
because parity is not in the function class those representations can
express. Adding a hidden layer and thus a richer R resolves the problem,
not by finding a better algorithm but by changing what the algorithm
is searching over (Rumelhart et al., ). The same pattern holds for
tractability, where reformulating a planning problem’s state space can
collapse exponential search into nearly trivial search with no change
to the search procedure (Amarel, ). Changing F moves the agent
within the ceiling R sets. Changing R moves the ceiling itself.

Why reshaping (R, F) is qualitatively harder. Resource rationality
typically optimizes F within a fixed R, but representational dynamics
poses a different problem. For a lifetime agent, the central allocation
decision is not which algorithm to use on the current task, but how to
reshape (R, F) itself: which representations to build, which to retire, and
how to adapt the computational repertoire as £ changes. This meta-level
problem is harder than algorithm selection for three reasons.

First, representational investments have non-local payoff. The payoff of ¢ is
distributed across every future task that invokes ¢, not concentrated on
the task that prompted its construction. This is the logic of amortized
analysis applied to representations. If ¢ is invoked on n future tasks, its
construction cost amortizes to Ceonstruct(£)/#, and its net value depends
on the distribution of those tasks!”. Evaluating ¢ therefore requires
estimating a future task distribution the agent does not yet have.

Second, representational value is uncomputable. Even if the future task
distribution were known, the value of ¢ could not be computed from ¢’s
syntax. Usefulness depends on which computations £ makes cheap and
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which hypotheses ¢ makes expressible, and these are semantic properties
of { as a program. By Rice’s theorem (Rice, ), every non-trivial
semantic property of programs is undecidable?. The agent therefore has
no substitute for running ¢ and observing what it saves. Analysis cannot
replace use, in principle and not merely in practice.

Third, the optimization is self-referential. Any improvement to (R, F) is
itself a computation, and it must be carried out by the current 7 operating
over the current R. The machinery that proposes, evaluates, and installs
a new abstraction is the same machinery the new abstraction is meant to
alter. Self-improvement is nevertheless possible, since Turing’s universal
machine shows that programs can treat other programs as data, but
two constraints follow. Each step must be small enough for the current
vocabulary to execute, and each successful step reshapes the vocabulary
that executes the next. The learning trajectory is therefore path-dependent:
the same agent encountering the same tasks in a different order arrives
at a different (R, F)*.

These three features, non-locality, undecidability, and self-reference, are
why representational dynamics cannot be captured by any optimization
that holds R fixed, including the resource-rational one in Equation (2.4).
They demand an ongoing, empirical, path-dependent process whose
stages are derived, after one further line of argument, in Section 2.3.3.

2.3.3 Three structural consequences

From the pragmatist tradition: the meaning of any ¢ € R is constituted
by its deployment history in &£, and its value is the work it does across £.
From resource rationality: a bounded agent must trade solution quality
against computational cost under a fixed set of resources. Combining
these gives the value function in Equation (2.3) and three properties of it
that neither tradition made explicit. Its payoff is non-locally distributed
across future tasks the agent has not yet seen. Its magnitude cannot be
read off {’s syntax and is undecidable. And any search for a better ¢ is
performed by the current (R, F), making improvement path-dependent.
Three structural consequences follow for any resource-bounded agent
operating with use-dependent representations.

Construction is path-dependent. When an agent builds reusable struc-
ture, early solutions reshape the landscape for later learning. Once a
primitive £ is available, it becomes a cheap building block, favoring hy-
potheses expressible in terms of £22. The order of experience is therefore
a structural determinant of the eventual R: different curricula over the
same tasks yield different libraries, different hypothesis spaces #, and
different patterns of generalization (Bengio et al., ; Dekker et al.,

; Elman, ). Path dependence is an inevitable consequence of
incremental construction—an agent that reuses its current library when
forming new abstractions will arrive at different representational states
depending on what it encountered and when. Part II develops computa-
tional and empirical accounts of how representational structure is built
incrementally under resource constraints and how the resulting library
shapes subsequent learning.

Curation balances maintenance against obsolescence. A library cali-
brated to one task distribution £ may become a liability when £ changes.
Primitives that once compressed useful structure can later bias inference
toward hypotheses that no longer apply, a representational analogue
of catastrophic interference (McCloskey and Cohen, ). The cost is

20:

The halting problem is the most

familiar instance; Rice’s result general-
izes it to every property that depends on
what a program does rather than what it
looks like.

(Remark 2.2 (Rice’s theorem (Rice,

).) Let ¢ denote the partial func-
tion computed by program e, and
let P be any non-trivial set of partial
functions (neither empty nor univer-
sal). Then{e : ¢, € P}isundecidable.
Usefulness is such a P: it depends on
what ¢ computes across £, not on its

syntactic form.
\

21: Carey (

) documents this in con-

ceptual development: children’s core
primitives (object, agency, number) are
the substrate from which all later abstrac-
tions are built, making them dispropor-
tionately influential.

22:

length prior (Griinwald,

Formally, under a description-
; Rissanen,
), a primitive that compresses a recur-

ring pattern p shortens every hypothesis
invoking p and thereby raises its poste-
rior on future tasks.
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therefore not merely storage: outdated entries can distort priors, slow
search, or crowd out more useful abstractions. Maintaining R requires
evaluating each ¢ against Equation (2.3): retaining it when its expected
savings justify its maintenance cost, and revising or pruning it otherwise.
Intrinsic motivation can be read in this light. Curiosity drives agents
toward resources whose expected future value may exceed their con-
struction cost (Oudeyer and Kaplan, ), while empowerment—an
agent’s information-theoretic control over its future states (Klyubin et al.,

)—offers one criterion for retaining representations that preserve
flexible action. Part III develops this reinterpretation by connecting
intrinsic-motivation signals to the curation stage of representational
management.

Communication requires representational alignment. If R is &-
dependent, agents with different histories arrive at genuinely different
representational vocabularies (e.g., different defaults, different priors
over H). Transmitting knowledge across such agents requires more than
propositional exchange; it requires aligning representational practices
and establishing enough common ground (Clark and Brennan, ) for
mutual inference to succeed. Teaching is the most deliberate form of
this alignment: an effective teacher reasons about the gap between the
learner’s current R and the one needed for competence, then designs
an intervention—an explanation, an example, a curriculum—shaped to
close that gap. Part IV formalizes this as resource-rational communication
aimed at representational alignment.

One lifecycle. The three stages form a directed cycle. Construction
determines what is available to curate—the library an agent has built
determines which entries can become obsolete. Curation determines what
is available to communicate—an agent that has pruned a once-useful
abstraction can no longer teach it. Communication shapes what others
construct—a learner who receives a well-chosen explanation inherits
structure that reshapes H for future learning. Together, these stages form
a self-modifying loop. Understanding how representational vocabulary
is constructed, maintained, and shared under resource constraints is the
central aim of the thesis.

2.4 The lifecycle of representational vocabulary

The preceding sections identified the representational dynamics gap
(Section 2.2), explained why it persists (Section 2.3), and derived three
structural consequences—construction, curation, communication—that
any bounded agent operating with use-dependent representations must
satisfy (Section 2.3.3). These consequences are stated at the level of the
abstract triplet (R, F, £). To study them empirically, we need a concrete
commitment to what R and F are made of.

A useful example is DReamCoper (Ellis et al., ). Its representational
vocabulary R is a library of primitives defined in a domain-specific
language (DSL), extended during a sleep phase in which recurring
subroutines abstracted from recent solutions are added as new prim-
itives (Hinton et al., )- A Bayesian description-length prior scores
which abstractions are kept, while a neural recognition network, trained
alongside, proposes programs more efficiently on future tasks. Once
a new subroutine is stored, it shortens every program that invokes
it, shifts the prior over hypotheses, and changes what the learner can
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cheaply express next. For the first time in this chapter, the feedback path

T aostract, (R’, F’) is made explicit.

Read through the pragmatist lens of Section 2.3.1, however, DReaAMCODER’s
library is primarily cumulative rather than actively curated. DReamMCoDER
scores a primitive by how much it compresses prior solutions, but not
by the instrumental payoff it provides across the future distribution of
tasks the agent will face. After scoring, useful primitives are added to the
library as learned resources; what remains less developed is an account of
how such resources should later be revised, retired, or reorganized when
their value changes. As a consequence, DReEamMCoDER scales the possibility
of construction but leaves curation untheorized and does not attempt
communication. The object this thesis proposes to study is the lifecycle
of libraries, which treats the library £ and its dynamics as the primary
theoretical objects and recovers DReamMCopER’s DSL as one instance. A
library, defined by its entries and the possible computations over the
entries, is continually reshaped as the agent encounters new tasks, as old
abstractions stop earning their cost, and as other agents’ libraries come
into contact with its own. This shift from endpoint to lifecycle makes the
three consequences of Section 2.3.3 operational. Construction becomes
the process by which entries enter the library, curation the process by
which they are retained or pruned as £ shifts, and communication the
process by which entries are exchanged between agents.

2.4.1 The generative library as a target of analysis

A library L € L is a finite collection £ = {f;, ¢y, ..., Ik} of structured
representations, sometimes we name it as generative library when we
expect each entry is a generative model. Each entry ¢ € £ satisfies a dual
requirement. It is data, since it can be stored, inspected, compared with
other entries, and transmitted to another agent. And it is a computational
tool, since it can be applied to tasks, composed with other entries to form
complex hypotheses, and evaluated through use.

The library as an instantiation of (R, ). The learning-system triplet
(R, F,€) in Definition 2.1 leaves the representational format and the
computation as abstract slots, compatible with any concrete choice. This
thesis commits to a particular choice. For the purposes of modeling human
learning, we take R to be a finite collection £ of individually addressable,
inspectable, deployable entries, and F to be inference that proceeds by
composing those entries. The commitment is not that cognition must take
this form. It is that this form is the one in which the three consequences
of Section 2.3.3 become concrete operations, and the one in which the
lifecycle we want to study is visible.

The library concretizes the change of (R, F). Under this commitment,
L and (R, F) are tied together directly?. R is the set of well-formed
compositions of entries in £, and the description length |k|z of any
hypothesis I depends on which entries are available to form it. F is
search or inference over those compositions, and its cost on any given
hypothesis scales with the number of primitives that hypothesis invokes.
An entry that compresses a recurring procedure into a single invocation
therefore makes every hypothesis using it both shorter to describe and
faster to find. Adding a new entry fx,; therefore modifies both R and
F at once. The hypotheses prior shifts because what counts as “short”

has changed, and every hypothesis that invokes {x+; becomes cheaper

b
to both describe and find. This is the abstraction step 7t bstract, (R, F")

Library as (R, F)

£
environment

¢ experience

F R=L
inference over
compositions (a)-{%)
ofle L

n
solution

23: Suppose L contains a sort primi-
tive. Under R, the hypothesis “sort the
list, then take the first element” is a two-
primitive composition with a short de-
scription, and a description-length prior
accordingly assigns it high probability.
Under F, a learner that searches by com-
posing primitives can reach this hypoth-
esis in two proposal steps. Remove sort
from £ and both change. The hypothesis
must now be expressed as a full compare-
and-swap routine, which lengthens its
description and lowers its prior, and the
learner must discover that longer rou-
tine by search, expanding the number of
proposals required to find it.
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in Equation (2.1). Whereas the traditions in Section 2.2 leave this arrow
unspecified, here it acts on the library: incorporating a candidate entry
into £ makes the arrow concrete.

Relation to prior constructs. The commitment that cognition depends
on a repertoire of reusable blocks is not new. Minsky’s frames (Minsky
et al., ) and Schank and Abelson’s scripts (Schank and Abelson,

) formalized this as structured records with slots for recurring
situations such as visiting a restaurant or recognizing a room. Anderson’s
ACT-R production rules (Anderson, ) encode condition-action pairs
that abstract procedural skill, and Chase and Simon’s chunks (Chase
and Simon, ) account for the expert’s ability to compress familiar
board positions into retrievable units. Tolman’s cognitive maps (Tolman,

) extended the commitment to spatial domains, positing internal
representations of the environment that guide flexible behaviour. Each
construct is a reusable representational building block that compresses
recurring structure and supports use across contexts, and each has been
influential precisely because it isolates a unit of representation that can
be reasoned about on its own. What is new in the present framework
is neither the entries nor their individual function, but the treatment of
the collection £ and its management over time as the central theoretical
object—how entries enter the library, how they are retained or retired as
the task distribution shifts, and how they travel between agents.

2.4.2 What the library framework makes tractable

The three consequences of Section 2.3.3, when concretized onto a named
collection of discrete entries, become well-defined operations amenable
to formal analysis.

Construction becomes a compression problem. The agent encounters solu-
tions to tasks drawn from €&, identifies recurring structure across them,
and abstracts that structure into a new entry fx4;. The criterion for a
good abstraction is its effect on description length: an £ that compresses a
recurring pattern p makes every hypothesis invoking p shorter under £,
increasing its prior probability. The order in which tasks are encountered
determines which patterns get compressed first, making construction
path-dependent in the precise sense established in Section 2.3.3. Part II
develops this across two instantiations, programs in a compositional
grammar (Chapter 4) and knowledge components in a prerequisite graph
(Chapter 5).

Curation becomes an action-decision problem. As £ shifts, each { € £ must
be evaluated against Equation (2.3): does its amortized computational
savings still exceed its maintenance cost? Entries whose value has dropped
below their cost should be pruned or refactored, and whose scope has
changed should be updated. The evaluation is inherently empirical and
must be driven by signals that track {’s ongoing utility, or the agent’s
internal model, which is the role that intrinsic motivation plays in Part I1I,
through curiosity (Chapter 6) and empowerment (Chapter 7).

Communication becomes an alignment problem. Two agents with li-
braries £4 and Lp, built through different histories in &£, will carve
the domain at different joints and find different problems solvable. Co-
ordination requires identifying which entries must be shared, adapting
them to the receiving agent’s existing library, and establishing enough
common ground for mutual inference (Clark and Brennan, ). The
question is then whether an ¢ from one agent’s library can be absorbed
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Table 2.2: Library entries across chapters. Each chapter instantiates ¢ as a different kind of structured representational resource. The

lifecycle stage indicates which aspect of library management the chapter primarily studies.

Chapter Stage Entry type ¢ Domain Example entry

Chapter 4 Construction Programs in a compositional grammar Melody reproduction A chunking rule that groups a repeated note
sequence into a single callable motif

Chapter 5 Construction Knowledge components in a prerequisite graph Mathematics problems A prerequisite link specifying that addition
must be mastered before multiplication

Chapter 6 Curation World-model components (transition models) Single grid game A learned transition model distinguishing de-
terministic walls from stochastic ice cells

Chapter7  Curation World-model components (state representations) ~ Sequential grid games A state representation that tracks controllable
degrees of freedom

Chapter 8 ~ Communication =~ World model + value representations Navigation explanation A partial map and associated costs communi-

cated to a listener to enable route planning

into another’s—a representational analogue of the alignment problem
that the Rational Speech Act framework (Frank and Goodman, ;
Goodman and Frank, ) addresses at the utterance level. Part IV takes
this up in the context of explaining (Chapter 8), where the sender designs
an intervention against a model of the receiver’s current library.

2.5 Summary

This chapter has argued, in three steps, that a particular object is the
right target for studying how representations and the computations
over them co-evolve under resource constraints. Section 2.2 located the

representational dynamics gap empirically by tracking one deferral—
compile . L .
s —— (R, F’)—across symbolic, connectionist, and Bayesian cog-

nitive science, showing that the gap is not an oversight of any one
programme but a structural feature each tradition reaches and does not
close. Section 2.3 derived the gap from first principles, using pragmatism
to establish that the value of a representation is constituted by its de-
ployment in £ and using resource rationality to establish that such value
is non-local, undecidable, and accessible only through self-referential
search. Three structural consequences followed: construction, curation,
and communication. Section 2.4 then committed to an object—the lifecycle
of a generative library £—on which those three consequences become
concrete operations. Construction is the abstraction of recurring structure
into new entries. Curation is the evaluation of existing entries against
shifting demands. Communication is the alignment of one agent’s library
with another’s.

The three consequences are commitments about what the thesis studies,
not methods for studying it. What this chapter has not done is specify
how any of these operations is actually carried out. Chapter 3 introduces
the computational tools the thesis uses to turn these commitments into
tractable models, namely probabilistic program induction for construc-
tion, reinforcement learning with intrinsic rewards for curation, and
Bayesian pedagogy under pragmatic inference for communication. Each
tool is already standard in its home area; what is new is the argument,
assembled across this chapter, that these three tools are the right ones
because they correspond to the three operations any bounded agent with
use-dependent representations must perform.






Formalism: from latent variables
to scalable libraries

The preceding chapter proposed generative libraries as the study ob-
ject and derived three stages of their lifecycle (construction, curation,
communication) from the coupled dynamics of representations and
computation (R, F) under resource constraints. After establishing what
to study, this chapter focuses on how to study it, providing the formal
tools used throughout the thesis.

The common logic across these tools is latent inference over generative
models of agents. From observed behavior (i.e., choices, trajectories,
and learning curves), we posit hidden structure (i.e., knowledge states,
programs, world models, and communicative intent), which allow us to
recover similar behavior. What varies across the thesis is the form of the
hidden variables and the machinery appropriate to each. The chapter
assembles these tools in sequence, from the simplest latent-variable
models through sequential decision-making, program induction, multi-
agent inference, and compression, showing that each addresses a specific
aspect of the lifecycle of a library.

3.1 Generative models and latent inference

Computational cognitive science begins from a basic observational asym-
metry. We observe choices, judgments, trajectories, or utterances, but we
do not directly observe the internal structures that make those behaviors
possible. Methodologically, this can be solved by inverting the problem:
positing hidden variables and then evaluating them based on how well
they explain overt behavior. This section introduces that inferential stance
and uses it to define the formal starting point of the thesis. The central
claim is that agent' models can be treated, at first pass, as latent-variable
generative models. What changes across modeling traditions is which hid-
den variables are taken to be explanatory, how richly they are structured,
and how they evolve over time.

3.1.1 Latent-variable models of agents

The inverse problem identified above—inferring hidden cognitive struc-
ture from observable behavior—has a standard Bayesian formulation (L
Griffiths et al., ; Tenenbaum et al., ). Let x.7 = (x1,...,%x7)
denote behavior over T time steps (e. g. motor sequences, reaction times).
A generative model introduces latent variables z that give rise to these
observations:

z~p(z),

X1.T ~ p(xlzT | Z)‘ (31)

Specifying such a model requires choosing both an ontology of the latent z—
the hidden object organizing behavior, such as a trait parameter or belief
state—and a generative process p(xy.r | z) linking it to data. These choices

3.1 Generative models and
latent inference

3.2 Agent-centric learning . . . 29
3.3 Programs as structured

latent representation . . . 36
3.4 World models as learned
latents ... ... ..... 40
3.5 Other agents as latent
systems . .. ... ..... 44
3.6 Compression as the evalua-
tive principle . . . ... .. 48
3.7Summary ... ....... 52

1: Tuse “agent” as the general modeling
term for any system whose behavior is ex-
plained by latent structure. In the thesis’s
empirical context, the primary target is
human cognition, but the broader term is
useful because the same formal tools also
apply to idealized and artificial agents.
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2: A discriminative model learns p(y |
x) directly and can predict well, but can-
not answer “what would happen if x
were different?” because it has no model
of how x is generated. A generative
model commits to p(x,z), which sup-
ports counterfactual queries by interven-
ing on z.

3: State-space models originated in con-
trol theory (Kalman, ) for tracking
physical systems (spacecraft trajectories,
missile guidance). Their adoption in cog-
nitive science applies the same mathe-
matics to track internal states from be-
havioral observations.

(Example 3.1 (Knowledge tracing as )
an SSM.) In knowledge tracing (Cor-
bettand Anderson, ), mastery of
skill k is a hidden binary state sz) €
{0, 1}. Transition (absorbing):

P =112 =0)=p;

k k
pz® =11z2P=1)=1
Emission (noisy):
p(xt =correct | zEk):l) =1-ps
p(xt =correct | ng) =0) = pg

where py, is the learn rate, pg the slip
rate, and pg the guess rate. Filtering

recovers p(zik) =1 x1¢), estimating

mastery after each practice trial.
\ J

set the model’s explanatory scope: scalar latents capture individual dif-
ferences, whereas structured latents capture dependencies, abstractions,
and compositional reuse, albeit at greater computational cost.

The value of committing to a generative model is that it supports derived
inferences by specifying hidden causal structure that can be reused
across tasks?, such as prediction (Gershman, ), counterfactual rea-
soning (Byrne, ; Epstude and Roese, ), diagnosis (Baker et al.,

), and explanation (Lombrozo, ). Given observations, inference
inverts the model via Bayes’ rule,

p(xir | 2) p(z)

plelxur) = == r

where p(x11) = / pxar | z) p(z) dz.
(3.2)

The prior p(z) encodes which latent structures are plausible before data,
while the likelihood p(x1.1 | z) specifies their behavioral consequences.
Because explanations depend on the choice of z, the same data can
yield different posteriors under different representational vocabular-
ies. This inferential stance recurs throughout the thesis, where z may
denote knowledge states, prerequisite graphs, learned subroutines, or
communicative intent.

So far, however, z is static: a fixed hidden cause generating the full
observation sequence. Yet cognitive behavior unfolds over time, and the
internal states producing it change as agents learn, adapt, or accumulate
evidence. The next step is therefore to give z its own dynamics.

3.1.2 Passive dynamics: state-space models

The simplest extension gives z temporal structure while bracketing out
actions: the agent’s internal state evolves over time, but the agent does not
intervene on its own observation stream?. Examples include perceptual
inference, passive sequence learning (Saffran et al., ), hidden-state
tracking, and trial-by-trial belief updating (Daw, )

A standard formalization is the state-space model,

z1 ~ p(z1), (initial latent state)
zi ~ p(z¢ | 2t-1), (transition dynamics)
x¢ ~ p(xt | z¢). (emission / observation) (3.3)

The latent state evolves through internal dynamics, with each observation
generated from the current state. By the Markov property, z; screens off
past from future: any dependence of x;.1.7 on x1;—1 is mediated by the
current hidden state. Hidden Markov models, Kalman filters, and many
trial-level cognitive process models instantiate this form (Smith et al.,
). This formalization turns changing internal states into targets of
inference. The transition model p(z; | z;-1) specifies how states change,
the emission model p(x; | z;) specifies their behavioral consequences,
and the posterior p(z1.1 | x1.7) recovers the latent trajectory from data.

However, passive state-space models are insufficient for agents that act
on their environments. In Equation (3.3), observations are exogenous: the
agent does not choose what to observe next. Such models capture how
hidden states evolve under evidence, but not how actions shape which
evidence arrives. When agents select tasks, explore, or communicate
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strategically, the next observation depends on the current action. Model-
ing this coupling requires a formalism in which action, observation, and
latent state evolve together, as introduced in Section 3.2.

3.2 Agent-centric learning

The previous section argued that once agents act, latent inference and
sequential interaction become inseparable. This section develops rein-
forcement learning (RL; Botvinick et al., ; Dayan and Daw, ;
Sutton, Barto, et al., ) as the formal setting in which that coupling
can be stated precisely. Our aim is to show how RL supplies a disciplined
language for action under uncertainty, and how that language can be
reinterpreted in agent-centric terms so that latent internal structure
becomes the main object of explanation.

3.2.1 From exogenous observations to active interaction

Once an agent acts, future observations are no longer purely exogenous—
the distribution of x;+; depends on the action a; taken at time ¢. The
explanatory question shifts from “what hidden state generated this
observation sequence?” to “what internal organization generated this
trajectory of actions, observations, and feedback?”

The state-space model extends naturally to accommodate action. The
environment state s; plays the role of the SSM’s latent z;, but its dynamics
now depend on the agent’s choice a;,

ar ~ m(a | hy), (policy)
St+1 ~ T(St4+1 | St, ar), (transition)
0p41 ~ Q0441 | St41), (observation)
rt = R(s¢, ay). (reward) (3.4)

Here s; is the environment state (often unobserved), o; is the observation
the agent receives, a; is the action it selects, r; is evaluative feedback,
and hy = (01,41, ...,0;) is the agent’s history. When s; is fully observed,
this reduces to a Markov decision process (MDP); when it is hidden,
the agent must maintain a belief over s; from its history—a partially
observable MDP (POMDP), which is itself a state-space model whose
latent state is the agent’s belief*. The POMDP generalizes the state-space
model of Section 3.1.2 in two directions at once. The transition kernel T
now depends on the agent’s action, closing the loop between inference
and intervention; and an evaluative signal 7; is added, making the latent
dynamics goal-directed rather than passive.

RL as closed-loop latent inference. Formally, sequential decision-making
under partial observability is the POMDP,

M = (S/ A/ O/ T/ Q/ R/ V)/

where S is the state space of the external environment, A the action
space, O the observation space, T(s” | s, a) the transition kernel, Q(o | 5)
the observation model, R(s,a) the reward function, and y € [0,1) a
discount factor. At each time step the environment occupies a state s; € S.
The agent receives observation o; ~ Q(- | s¢), selects action a;, receives

4: The POMDRP is the natural fusion
of the SSM and decision-making. The
SSM'’s latent z; becomes the environment
state s¢; the SSM'’s emission becomes the
observation function ); and the tran-
sition now depends on the agent’s ac-
tion a4, closing the loop between infer-
ence and intervention.
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Agent
ni(ay | st)

Tt, St+1 at Lot

Environment
T(st+1 | 8¢, at)

5: Given the task model, the full history
need not be retained explicitly once it has
been compressed into the posterior b;.
Under exact Bayesian control, the belief
state is a sufficient statistic for action.

(Remark 3.1 (Predictive observation )
term.) The observation probability
marginalizes over both current state
uncertainty and action-conditioned
dynamics,

plo|b,a)
= ZQ(O | s’)ZT(s’ |'s,a)b(s).

It is the probability that action a

will lead to observation 0 when the

agent’s current belief over world
L states is b.

6: Useful actions need not produce im-
mediate reward. In a dark room with two
doors, opening one is a direct bid for the
reward; turning on the light is not yet
rewarding, but it is no less instrumental,
because the information it provides is
what lets the next action pay off.

reward 7; = R(st,a;), and the environment transitions to s;+1 ~ T(- |
St, {Ilt).

The fully observable MDP is the special case in which each observation
fully identifies the state, such that Q) is injective. For cognitive modelling,
the POMDP is the more natural starting point because it makes explicit
the distinction between what the world objectively is and what the agent
can know about it. Here, the agent does not act with full knowledge of
the true state, but relies on inferred states of the world constructed from
its history.

Belief states and the value of information. Because the agent does not
observe s; directly, its information at time ¢ is summarized by the belief
state, which is a posterior distribution over environment states given the
history ht = (014, a1.4-1),

bi(s) = p(st =s| ). (3.5)

After taking action a; and receiving observation 0,1, the belief updates
via Bayes’ rule®:

bear(s') o Q(0r41 |8") DT |'s,ae) bi(s). (3.6)
seS

This update is the active counterpart of the Bayesian inversion intro-
duced in Section 3.1. At each step, the agent infers hidden world state
from evidence whose distribution depends partly on its own previous
intervention.

The belief is the first latent object in this chapter whose dynamics depend
on the agent’s own action. It is the active counterpart to the passive SSM
of Section 3.1.2: where the SSM inferred a hidden state from evidence,
the belief state infers a hidden state from evidence whose distribution
the agent itself partly determines.

Any POMDP can be reformulated as a fully observed MDP over the belief
simplex A(S), the belief MDP, where the state is the agent’s posterior by
and transitions follow the Bayesian update in Equation (3.6) (Kaelbling
etal., ; Smallwood and Sondik, ). Thus, the hidden environment
state is replaced by the agent’s inferred belief state, so optimal action
depends on the agent’s current estimate rather than the true state.

Bellman equation in belief space. Given a policy 7 that maps belief
states to actions, the value of a belief is the expected discounted return,

V(b)) = Ex| D>,y r|bo=0]. (3.7)
t=0
The optimal value function satisfies®

Vi (b) = max R(b,a) + yoezop(olb,a) Vi(t(b,a,0)|, (3.8)

where R(b, a) = 35 b(s) R(s, a) is the expected immediate reward under
the current belief, p(o | b, a) is the probability of observing o after
acting, and 7(b, a, 0) denotes the updated belief. An action can matter
twice. It can alter the world through T, and it can alter the agent’s
future knowledge by changing which observations become available.
Exploration is therefore not an add-on to the control problem. It is built
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into the Bellman recursion itself because information has downstream
decision value.

Aligned with the central topic of this thesis, RL converts the inverse
problem from inferring hidden causes of observations to inferring hidden
causes of actions, observations, and learning trajectories taken together.

3.2.2 Why standard RL is not yet a complete cognitive
theory

RL is necessary for this chapter because the agent helps generate its own
future data (Dayan and Daw, ). An action is thus an intervention
on the world that changes what the agent can subsequently observe,
predict, and learn. Planning (Sutton, ), delayed consequences, adap-
tive control (Astrom, ), and strategic exploration (Auer et al., )
all require this closed-loop perspective, and the POMDP provides the
minimal structure in which they can be stated precisely.

However standard RL is not sufficient on its own, because it is primarily
environment-centric Figure 3.1d (Abel et al., ). The reward function R
is specified externally, the state space S is fixed by the problem designer,
and the transition dynamics T are treated as task structure to be known
or estimated instrumentally. The agent’s internal computation is reduced
to policy and value functions sufficient for control, but largely silent
about the representational vocabulary enabling it.

An agent-centric analysis makes this shift explicit by separating what
belongs to the task from what belongs to the agent. The task supplies the
external structure: observations, actions, transitions, and rewards,

E=(ST,Q,R), (3.9)

which exists independently of any particular learner. The agent supplies
an internal organization that mediates between them,

zi = ¢(hy), (representation)
Ziv1 ~ m(zpe | 2, ap), (construal of dynamics)
ay ~ 7i(ay | zt), (policy)
V(z) = Ex [ZTZt y©hre | zt] ) (subjective value) (3.10)

These objects live in the agent’s representational space instead of the
environment’s (Figure 3.1e). The encoder ¢ compresses history into a
representation that is generally non-Markovian with respect to reward; m
is the agent’s construal of dynamics rather than the true transition kernel;
and V is the value the agent ascribes to its own representations under its
own policy and construal, not the optimal value of the underlying task.

This separation sharpens the inferential problem. The same external task
can produce qualitatively different behavior under different internal orga-
nizations, and the same observed behavior can mask different ones®. RL
supplies the formal syntax of sequential interaction—states, actions, and
rewards—but leaves open which internal components explain observed
behavior. The next subsection develops this question.

7: Abel etal. ( ) identify three dog-
mas of RL: (1) the reward hypothesis—all
goals can be cast as reward maximization;
(2) the environment spotlight—the environ-
ment is the primary object of modeling,
not the agent; (3) the single-lifetime as-
sumption—learning happens within one
fixed task. Each has drawn objections
on its own terms; I would add that each
also deflects attention from the agent’s
internal representational structure.

8: This underdetermination is the core
inferential problem for cognitive science.
Given observed behavior, what internal
organization (¢, m, 7, \7) must the agent
have in order to generate the pattern of
action, exploration, and generalization
that we observe?
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Learning system
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environment ’

¢ experience
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representational

F
learning
mechanism

vocabulary

7'(
solution

(a) A basic learning system maps experience to behavior in Sec- (b) A concrete library-based learning system in Section 2.4.
tion 2.2.

Latent cognitive model

&
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action 4, solution 7@
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¢ experience

F R=L

inference over
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Standard RL model Agent-centric model

&: environment &: environment
st~ T(st | st-1,a1-1) st~ T(st | st-1,a1-1)

St Tt

value v¢ a
. t
policy me(a; | s¢, vt)

internal state z;
belief by, value vy, ...

‘ observed behavior ’ ‘ observed behavior ’

actionag, ... action g, ...

(c) A latent cognitive model links latent states (d) Standard RL as cognitive model (Sec-(e) Agent-centric RL as a cognitive model
to observed behavior (Section 3.1).

tion 3.2.1). (Section 3.2.4.

Figure 3.1: Five views of the agent-environment loop. (a) A generic learning system: a mechanism F acting over a representational
vocabulary R produces a solution 77 from experience. (b) A library-based instance, where R = L is a set of primitives and F is inference
over their compositions. (c) A latent cognitive model: internal state z mediates between environment and observed behavior. (d) Standard
RL collapses internal state into the environment state s;. (e) Agent-centric RL reinstates an internal state z;—belief, value, and other
latent components—built by F over R from observation o; and reward r;.

3.2.3 The picture so far

It is worth pausing here to see that we have discussed three strands which
are running in parallel. The first is the learning system from Chapter 2
(Figure 3.1a). A learning system, on this view, is any system that reacts
to an environment £ through a representational vocabulary R and a
learning mechanism F, producing an internal state s on which behavior
depends. The dashed arrows are the feedback loop we argued is missing
from most accounts of human learning: experience does not only produce
behavior, it also reshapes R and F themselves, which in turn changes
how future experience is organized. Section 2.4 made this concrete by
committing to a specific object—the generative library £ of reusable
entries—as the content of R, with F as inference over compositions of
those entries (Figure 3.1b).

The second is the latent cognitive model, the standard empirical tools of
cognitive science (Figure 3.1c, Section 3.1). A hidden variable z is posited
as the cause of observable behavior x—responses, action sequences, or
reaction times—and modeling the agent amounts to specifying a prior
over z and a likelihood p(x | z). This deliberately minimal formulation
compresses the learning system into a single latent variable summarizing
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the internal organization the modeler aims to infer. Classical cognitive
models often operate at this level, with z representing, for example, a
trait parameter, learning rate, belief distribution, or knowledge state.

This latent-variable view explains behavior by inferring hidden struc-
ture, but it is largely static unless extended with dynamics. The third
framework, reinforcement learning (RL), adds those dynamics by modeling
the agent’s interaction with its environment over time (Figure 3.1d, Sec-
tion 3.2.1). In RL, the environment has a state s; that evolves under the
agent’s action a;, while the agent maintains a value function v; and pol-
icy m(a; | st, vt) for selecting actions. This makes RL a natural formalism
for cognitive phenomena such as exploration, planning, habit formation,
and feedback-driven choice. However, standard RL typically takes s; to be
the externally specified environment state, designed into the task by the
experimenter, with values and policies defined over that state space. This
convention is useful for simple environments and parameter-fitting, but
it assumes away the question raised in Chapter 2: what representational
vocabulary does the agent use, and how does it change?

This is why this thesis adopts an agent-centric reformulation (Figure 3.1e
and Section 3.2.4). The environment remains on the outside, specified
by its transition dynamics T alone—reward is deliberately not part of its
definition®. The agent gains its own internal compartment containing R,
F, and an internal state z; that bundles belief, value estimate, and any
other structure it maintains. Observations enter from the environment
and actions return to it; reward, where it appears, is a signal the agent
receives and evaluates rather than a property of the world it acts in. The
feedback loop from (a)—experience reshaping the library, the library
reshaping computation—is now operative inside an acting agent. Panel
(e) is panel (a) embedded in an acting-agent form, and it is the picture
the remainder of the thesis works within.

What the latents are, in current cognitive models. Viewed through

Figure 3.1e, reward parameters 01.x (Baker et al,, ; Ng, Russell, et al.,
) live inside the agent-compartment as the agent’s model of what the
environment pays out; value estimates V(z;) (Daw, ) are the cached

consequence of reward and transition structure, compressed for rapid
decision; policy parameters such as the softmax temperature  (Wilson
etal., ) govern how internal value is translated into action. Each of
these is a latent in the sense of Figure 3.1(c)—a hidden cause of observed
behavior to be recovered from data—and each sits in a specific slot of the
agent-centric diagram. The next subsection examines them component
by component, asking what each buys explanatorily and what classical
experiments isolate it.

3.2.4 The agent’s internal world model

The agent-centric decomposition in Equation (3.10) is not a set of inde-
pendent modules. Together, the representation ¢, reward structure R,
value function V, and policy 7t form the agent’s internal world model:
the generative process by which it predicts, evaluates, and acts. For
an observer, this model is latent; choices and outcomes are observed,
but the structure producing them must be inferred. This applies the
latent-inference logic of Section 3.1 to acting agents. Each component
below is grounded in a cognitive experiment that isolates it.

Reward. The simplest internal component to infer is the agent’s belief
about reward, given that its goal—maximize reward—is stipulated by

9: Standard RL writes the environment
as (S, A, T,R), putting reward on the
same footing as the dynamics — a prop-
erty of the world, handed to the agent as
ground truth. But a chess position is not
intrinsically rewarding; it is rewarding
to an agent that wants to win. Following
Abel et al. ( ), this thesis keeps re-
ward out of the environment: the world
has dynamics, the agent has goals, and
reward is what arises when the two meet.
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10: Inferring wants from behavior alone
is the harder problem of inverse RL or
revealed preference (Ng, Russell, et al.,

): choices are jointly compatible with
many (goal, belief, decision rule) triples,
so something must be fixed for the rest
to be identified. Bandits fix the goal.

(Example 3.2 (Contrast: category )
prototypes.) A standard category-
learning model (Nosofsky, )
posits latent prototypes p1.x € RP

and attention weights w € IREO, with
response model -
py=kls,z) o (3.11)

eXp(—c 2dwalsq — #k,dl)- (3.12)

This latent is behavior-generating
(changing uy changes predictions)
but not structurally legible in the rel-
evant sense: prototypes do not com-
pose, cannot be transmitted as dis-
crete entries to another agent, and
do not change R itself. They are la-
tents within a fixed R, not latents that
reshape it.

11: Bisimulation metrics (Ferns et al.,

) formalize this as a distance on
states: s and s’ are bisimilar if they yield
the same reward and their successor dis-
tributions are close under the same met-
ric. Information-theoretic bounds (Still
and Precup, ) provide the comple-
mentary view: z; is a good representa-
tion if MI(z¢; 7¢41, Z¢41 | a¢) is high rel-
ative to MI(z¢; hy)—the representation
retains what matters for prediction while
discarding what does not.

12: Tolman’s experiment illustrates la-
tent learning: experience updates the rep-
resentation ¢ without changing behav-
ior until reward creates demand. For-
mally, ¢ changes while the policy 7t(- |
¢(ht)) remains uniform. Standard RL,
which ties representation to reward,
lacks a natural vocabulary for this disso-
ciation.

13: Partially observed variants such as
POMCTP (Silver and Veness, ) extend
the same idea to belief states.

the task!®. The multi-armed bandit problem (Auer et al., ) isolates
this inference because actions do not change the state of the world—the
only hidden structure is the subject’s belief about reward and the rule
by which it turns belief into choice. An agent faces K options, each
yielding stochastic rewards with unknown parameters 01.x. Watching
the sequence of choices and rewards, the experimenter asks what internal
organization could have produced it—a Bayesian observer reasoning
about a (possibly) Bayesian subject (Daunizeau et al., ):

t
P(91:K | ai:, rl:t) o P(91:K) l—[P(Vi | Qai)'
i=1

(3.13)

If the subject’s decision rule is also uncertain — for instance a soft-
max 7(a | b) o« exp(B Q(a; b)) with unknown inverse temperature § —
the experimenter’s latent expands to (61:x, §) and the likelihood must
account for both reward generation and action selection (Daw, ). The
two-step task of Daw (2011) uses this structure to ask not what the subject
wants (fixed) but how it computes:

¢
p(O1x, B | a1+, 114) o< p(O1:x) p(B) I—[ p(ri | 6,) m(a;|bi; B), (3.14)
i=] —~—— S ———

reward model choice model

revealing whether the subject tracks reward through a model of transition
structure or through cached action values. Even here, the experimenter’s
inferential object is already a structured bundle — the subject’s belief
about reward, and the rule that turns belief into choice.

Internal state structure. In the bandit, the only thing the subject had
to maintain was a belief over a fixed set of arms. Once the task has
sequential structure, the observer must additionally infer how the agent
compresses its history—what it preserves, what it discards. The mapping
¢ : hy — z; produces an internal state intended to be sufficient for
prediction and control, and the formal criterion is whether z; is a sufficient
statistic for the relevant downstream quantities'’. Different choices of ¢
induce different effective state spaces Z = {¢p(h) : h € H}, different value
landscapes V : Z — R, and different patterns of generalization. Two
agents can face the same task and yet inhabit different control problems
if they compress the task differently.

Tolman (1948) demonstrated this point directly. Rats allowed to explore a
maze without reward later took novel shortcuts as soon as a goal was
introduced—behavior that is unintelligible without positing a spatial
representation built before it was instrumentally useful. The representation
had no behavioral signature during exploration; it became visible only
when the task demanded it'2. For this thesis, internal state structure
determines R in the learning-system triple (R, F, ) introduced in
Section 2.4, and it defines which distinctions are available for action,
prediction, and reuse.

Value. A model-based agent computes value by simulating forward
through its internal world model—exactly in small problems, but in
general through approximations such as truncated rollouts, learned
value bootstraps, or Monte Carlo tree search (Silver et al., ; Silver and
Veness, )13,

Vm(zt) = lEn,m Z‘J/T_t R(ZT/aT) 7

>t

(3.15)
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where the expectation runs through the agent’s own learned transi-
tion model m(z;41 | z¢, ;). A model-free agent instead caches a value
estimate V(z;) updated incrementally from experienced returns via
temporal-difference learning,

V(zi) « Vi(zi) + a[n +y V(zis1) — V(zt)]. (3.16)
The two computations can produce identical behavior under a stable
reward distribution. The reward devaluation paradigm developed by
Dickinson ( ) isolates the difference. An animal is trained to press a
lever for food; the food is then paired with illness to reduce its desirability.
An agent using Equation (3.15) recomputes expected return through its
model, and the devalued outcome changes the computation—the animal
stops pressing. An agent using Equation (3.16) retains its cached estimate,
which is insensitive to the change in reward—the animal persists. The
two animals produced identical behavior before devaluation; only the

probe exposes the different latent value structures'*.

14: This dissociation between model-
based and model-free value is a major
bridge between RL and cognitive neu-
roscience (Daw et al., ; Glascher et
al., )- Neuroimaging evidence links
model-based values to prefrontal com-
putation, cached values to dorsolateral
striatum, and behavior to arbitration be-

Policy. The policy 7t(a; | z;) maps internal state to action. Although
choices are observed as samples from 7, the strategy generating them
remains latent. In the same bandit problem, for example, a directed
exploration policy selects actions to maximize expected information gain
about reward parameters,

a; = argmax [Q(a;bt) + Binfo \/Varh[[Qa]] , (3.17)

where the second term is an exploration bonus proportional to the agent’s
posterior uncertainty about option a. A random exploration policy adds
noise to the value estimate,

a; ~ softmax(p Q(-;bt)), (3.18)

where the inverse temperature  controls the randomness. Both poli-
cies may produce the same observable action—choosing the uncertain
arm—>but for different reasons. Wilson et al. ( ) demonstrated this
dissociation through a horizon manipulation. When the remaining hori-
zon was long, participants preferentially sampled the unknown option
in a manner consistent with Equation (3.17). When the horizon was
short, behavior resembled Equation (3.18). Inferring policy from behavior
therefore requires disentangling the choice rule from the representation
and value function it operates over.

The coupled model. The four components above—reward, represen-
tation, value, and policy—form a coupled system: the agent’s internal
world model. Representation ¢ is foundational, defining the state space Z
over which reward R, transition model m, value V, and policy @ operate.
The construal dynamics m(z¢41 | z¢, a¢) predicts action consequences
in this representational language; distinctions discarded by ¢ cannot
be recovered downstream, while predictive regularities learned by m
pressure ¢ to preserve them. Value integrates representation and reward
over time, via forward simulation (Equation (3.15)) or cached updates
(Equation (3.16)), and policy is the observable surface that inherits the
structure of all components beneath it.

Different traditions foreground different parts of this coupled model.
Inverse reinforcement learning (IRL) (Baker et al., ; Ng, Russell, et al.,

) treats reward as the primary latent, asking which objective would ra-
tionalize observed behavior while taking representation and dynamics as
given. Computational cognitive science and cognitive neuroscience (Daw,

tween the two systems (Lee et al., ).

(Remark 3.2 (World models Ha )
and Schmidhuber ( ).)

A world model decomposes the
agent into three components: a
visual encoder ¢ : oy + z; that
compresses observations, a memory
model m : (z¢,a;r) — zi41 that
predicts latent dynamics, and a
compact controller m : z; > ag.
Once trained, the agent can plan
entirely inside the learned latent
space—"dreaming” trajectories with-
out real-environment interaction.
This architecture instantiates the
decomposition in Equation (3.10): ¢
determines R, m approximates T,

L and 7t constitutes F. )
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; Glascher et al., ) emphasize value computation, using probes
such as devaluation to distinguish model-based from model-free evalua-
tion, typically within a fixed state space. Representation learning in deep
RL (Lesort et al., ; Schwarzer et al., ) optimizes the encoder ¢,
but evaluates it instrumentally through downstream performance rather
than as a behavioral latent. What remains underdeveloped is treating ¢
itself as the latent object of inference—like reward in IRL or value in
cognitive modeling—from the patterns of action and generalization it
produces. This is the gap the thesis addresses.

3.2.5 Mapping to the library lifecycle

This section links the agent-centric decomposition (Equation (3.10)) to
the library framework: the RL components map onto (R, F,£), the
representational dynamics gap from the preceding chapter reappears in
RL-specific form, and the rest of the chapter develops the tools to close it.
The state representation ¢ fixes R—it determines which hypotheses can
be concisely expressed and which distinctions are available for action
and prediction. The policy, world model, and learning rules constitute F,
the processes operating over those resources. The task distribution is £.

Standard RL fixes R—through a hand-crafted state space or a fixed
architecture—and optimizes F within it. This sidesteps the question
Section 2.3 identified as central: what happens when ¢ itself changes?
When it does, the state space Z shifts under it, the world model, value,
and policy are no longer defined over the same objects, and an entry
in £ that compressed a recurring pattern under the old ¢ may become
redundant or misleading under the new one.

This thesis therefore treats ¢ as evolving by treating its substrate as latent:
the library £ structures what ¢ can express, so studying ¢’s dynamics
reduces to studying the lifecycle of L—how representational resources
are constructed, curated, and communicated through experience. This
is the representational dynamics gap in its RL-specific form, and it
is logically prior to the gaps surveyed above: IRL, value-computation
modeling, and representation learning each presuppose a stable ¢, so
progress on them depends on having a framework for the case where ¢
does not stand still.

The remaining sections develop the tools to close it. Section 3.3 treats
representational formats and library learning as mechanisms for con-
structing ¢ and £; Section 3.4 treats the coupling between representations
and world models as curation under sequential interaction; Section 3.5
extends the framework to communication, where one agent must model
how actions update another’s internal state; Section 3.6 synthesizes these
through compression and resource rationality, the thesis-wide principle
for evaluating representational infrastructure as it changes.

3.3 Programs as structured latent representation

The previous section decomposed the agent’s latent structure into reward,
value, representation, and a model over that representation. We argued
that reward and value inference are well studied, while the representation
determining R—and the possible form of ¢) more generally—remains
open. Because the generative library in Section 2.4 requires entries to
be addressable, reusable, compositional, and extensible, not all latent



3.3 Programs as structured latent representation

formats suffice. This section develops a progression of increasingly
structured latent formats, culminating in program induction (Lake et al.,

; Rule et al., ) as the formalism used here to construct such
representations.

3.3.1 Structure of latent representations

The structure of the latent variable determines what inference can re-
cover, which distinctions support prediction and control, and whether
the representational vocabulary can change. Four progressively richer
formats make this contrast clear.

Flat parameters. The simplest latent is z € R?, with fixed dimensionality
and interpretation set by the modeler. In cognitive models, such parame-
ters encode learning rates, inverse temperatures, forgetting rates, reward
sensitivities, and related quantities (Daw et al., ; Halahakoon and
Browning, ; Wilson and Collins, )- They are useful when the on-
tology is known and the goal is to explain graded variation across individ-
uals or conditions. For example, in the Rescorla-Wagner model (Rescorla,
), the latent is a vector of associative strengths vy, . . ., Uk, one per cue,
updated by Av; = a(A — X v;) when cue i is present. Fitting the model
recovers a and the associative weights, capturing responses to familiar
cues. However, it does not recover organization among dimensions or
introduce new primitives when the existing vocabulary is inadequate.

Structured but fixed decompositions. A richer form lets the latent de-
compose into components with explicit dependency structure (Koller and
Friedman, ). A directed graphical model specifies latents z, . . ., z,
and a graph of parent relations, giving

p@ =[] pCz | pa(z),

with analogous decompositions in undirected, factorial, and dynamical-
state variants (Ghahramani, ; Ghahramani and Hinton, ; Jordan
et al,, )- In cognitive modeling, the graph itself is sometimes the
latent to be inferred. Kemp and Tenenbaum ( ) cast the structural
form of conceptual organization — tree, ring, chain, hierarchy — as a
hypothesis to be learned from data, with the inferred graph serving as
a generative model of the learner’s conceptual structure. Causal-Bayes-
net accounts of intuitive theories extend the move (Frosch et al., ;
Gopnik, ; Griffiths and Tenenbaum, ). The explicit structure
is what makes inference of this kind interpretable: one can ask which
components depend on which, and which parts of the latent explain
particular behavioral patterns (Kemp and Tenenbaum, ). But the
representational primitives remain fixed. Inference recovers relations
among given primitives rather than introducing new ones.

Compositional executable structure. Probabilistic generative pro-
grams (Goodman, ) introduce a further step. Let p be a program
defined by a formal language L. The latent is now an executable symbolic
object whose semantics are given by what it does when run. Two
properties distinguish this format from fixed decompositions. First,
programs are compositional: graph-based models recover relations among
predefined units while program-like models recover how a complex
object is assembled from reusable parts. Second, they are executable: a
program can be run to produce predictions, actions, or plans, providing
a direct behavioral semantics. This matters because the representation
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15: The connection to hierarchical RL
is direct. Options, temporally extended
skills, and macro-actions all introduce
reusable control fragments (Sutton et al.,

). Library learning generalizes the
idea by allowing such reusable units to
be discovered from data rather than fixed
by design.

16: A formal language can be defined re-
cursively. For example, let the primitives
be {a, b}. A program is either (i) a primi-
tive, or (ii) concat(p1, p2) where p1 and
p2 are already programs. This generates
expressions such as 4, concat(a, b), and
concat(a, concat(b, a)).

17: The coding theorem states that a
hypothesis’s negative log-probability un-
der a universal prior equals, up to an
additive constant, its Kolmogorov com-
plexity: the length of the shortest pro-
gram generating it on a universal Turing
machine. The description-length prior
in Equation (3.20) inherits this norma-
tive motivation but remains computable
because L is fixed.

no longer specifies only which variables depend on which others, but
a procedure for generating, transforming, or controlling structured
outcomes. Lake et al. ( ) showed human learners who saw a single
example of a novel handwritten character could generate new examples,
parse the character into strokes, and recognize it across variation. They
reproduced this one-shot generalization with a probabilistic program
that decomposed characters into stroke primitives, spatial relations, and
motor routines.

Extensible libraries. Programs become most relevant for this thesis when
composition is coupled with abstraction. Recurring subexpressions can
be compiled into named procedures and added to a library, thereby
extending the effective vocabulary of the hypothesis space itself'®. This is
the step that turns compositional representation into representational
construction proper. Flat parameters vary values within a fixed basis.
Structured decompositions recover relations over a fixed basis. Programs
express procedures within a fixed language. Libraries change the basis
itself by introducing new reusable building blocks. For that reason,
extensible program-like libraries provide the cleanest formal setting for
studying representational construction.

3.3.2 Program induction as inference over structured
representations

A program p is a well-formed symbolic expression in a formal language L,
and its meaning is given by what happens when it is executed. The
language L defines a set of primitives and composition rules, fixing
which procedures are expressible!®. Program induction treats programs
as latent hypotheses that explain observed data D: inference asks which
program in L best accounts for the data, with the language fixing the
hypothesis space and execution providing the link between hypothesis
and observation.

N

Bayesian formulation. Given observed data D = {(x;, yi)};_,,

rior over programs is

the poste-

p(p | D)« p(D|p)p(p),

where p(D | p) is typically obtained by executing p and evaluating
how well its outputs account for the data. The prior commonly takes a
description-length form,

(3.19)

p(p) o 27l (3.20)

where |p|; denotes program length in language L. Shorter programs
receive exponentially higher prior probability. Via the coding theorem,
description length approximates Kolmogorov complexity up to an addi-
tive constant (Li, Vitdnyi, etal., ), such that the prior in Equation (3.20)
can be read as a computable approximation to a universal simplicity
prior, relativized to the language LY.

Intractability and approximation. The hypothesis space H; = {p :
p is well-formed in L} is combinatorial and typically infinite. Program
induction is therefore intractable for two separate reasons: (i) inference
must search over a vast space of candidate programs, and (ii) each
candidate must be executed and scored against the data. The marginal
likelihood p(D) = Zpen, p(D | p) p(p) is therefore generally not com-
putable exactly. In practice, approximate inference is required. Different
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methods approximate different parts of the problem. The principal strate-
gies are enumeration for small domain-specific languages, stochastic
search and MCMC over local program transformations (Goodman et al.,

), amortized neural proposals g4 (p | D) that learn data-to-program
mappings (Devlin et al., ), and sequential Monte Carlo methods
that build programs incrementally. Here, the choice of approximation
interacts with the structure of L: richer languages can express more
compact solutions but demand more sophisticated search.

Description length as state abstraction. The description-length
prior makes a deep connection between program induction and the
compression-map view of representation from Section 3.2. A short
program that explains the data well is, in effect, a compact state abstrac-
tion (Li et al., ). It identifies the minimal structure in the data that is
sufficient for prediction. The mutual information criterion introduced
in the representation paragraph of Section 3.2.4—a good z; is one
where MI(z;; 7441, Ze41 | a¢) is high relative to MI(z;; h;)—has a direct
analogue here. A good program p is one where p(D | p) is high (the pro-
gram predicts well) relative to |p|r (the program is short). The difference
is that program induction searches over discrete, compositional, and
interpretable compression maps rather than over continuous parameter
spaces. Symbolic form does not guarantee transparency—long programs
and opaque learned primitives can resist interpretation—but it does
make compression auditable in a way continuous representations are
not: the regularities captured, abstractions introduced, and distinctions
drawn are at least addressable as objects, even when they resist easy
reading.

3.3.3 Library induction as representational change

Inferring a program for a single task still does not fully capture the
concept of construction that this thesis seeks to describe. Here, we are
interested in how the construction of new representations (from reusable
structures extracted from earlier solutions) can change the space of later
solutions.

The generative library £ introduced in Section 2.4 provides the formal
object for this change. Adding a new entry ¢ to £ extends the language
from Ly to Lo U £, making programs that invoke ¢ shorter than equivalent
programs over Ly alone. This affects the prior where a program p that
was long (and therefore improbable) in the base language may become
short (and therefore probable) in the extended language if it invokes
library entries that compress recurring subexpressions. Library induction
optimizes the library itself,

N
L = arg max Z logp(D; | Lo U L) +log p(L), (3.21)
L i=1

where p(D; | Lo U £) marginalizes over programs in the extended
language and p(L) penalizes overly large or overly specific libraries.
This is the formal distinction between learning within a representation
and learning of a representation. Parameter estimation, belief updating,
and policy improvement all operate within a fixed R. Library induction
changes R by altering which hypotheses are concise, which candidates
are likely under the prior, and which solutions are easy to search for. In
the terminology of Section 2.3, it is the meta-level problem made tractable
through a specific computational mechanism.
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18: Elman ( ) demonstrated a related
phenomenon in connectionist language
learning: networks trained first on sim-
ple sentences and then on complex ones
learned grammatical structure that net-
works exposed to the full distribution
from the start could not acquire. The
mechanism is different (capacity limita-
tion rather than library growth), but the
consequence is the same: the order of
experience is a structural determinant of
the resulting representation.

The dynamics of library growth. Library induction is iterative rather
than one-shot: the agent solves tasks with the current library, extracts
recurring subexpressions from successful solutions, compiles them into
new entries, and reuses the enriched library on later tasks. At iteration ¢,
the dynamics can be written as DreamConper (Ellis et al., ) instantiates
this logic as a wake-sleep cycle (Hinton et al., ): search occurs in the
wake phase, and abstraction extraction in the sleep phase.

pi: ~plp|Di, LoV L),
L = f(LeApi D), (3.22)

where {p? , } are the task solutions found under £; and f is the abstraction-
extraction procedure.

This iterative structure is the mechanistic basis for path dependence
during learning. This is because the library learned from early tasks
will shape the search space for later tasks, i.e., programs that invoke
early entries are short, hence more probable, and thus more likely
to be found and extended. Different task orderings produce different
libraries (Zhou et al., ), which define different hypothesis spaces,
which support different patterns of generalization'®. This provides a
precise computational mechanism for the construction problem defined
in the preceding chapter (Section 2.3.3).

What library induction isolates. Library induction isolates representa-
tional change from action selection. The agent updates its hypothesis
language by adding reusable abstractions, but the task distribution is
taken as given. This isolation makes it possible to study how new library
entries change description length, posterior mass, and future search
without also modeling exploration or control. However, in acting agents,
representation learning is coupled to policy, prediction, and data collec-
tion. What the agent observes next depends on what it does, and what it
does depends on its current representation. Library induction captures
the constructive part of this process in its simplest form. The next section
introduces the richer setting in which representational change and action
are coupled.

3.4 World models as learned latents

The preceding section isolated representational construction: how pro-
gram and library induction add new entries to L. There, tasks are
exogenous and only the agent’s internal vocabulary changes. In the real
world, however, actions also change the external environment and the
problem the agent faces (Kaelbling et al., ; Sutton, ). Actions de-
termine which observations arrive; observations update representations
and predictive models; and these revised models shape future action.

This section treats the coupled representation-model-policy system as the
latent. Here, the latent is the internal system that maps history to state,
predicts future states, and selects action,

Zt = @(ht),
Ztp1 ~ m(ze41 | 2t a),
ag ~ n(at | Zt). (323)

The inferential target is therefore not a single representation, but the
dynamics of a coupled system whose components co-adapt over time.



3.4 World models as learned latents

The learning trajectory itself is informative: which errors persist, which
distinctions sharpen, and how action changes the data available for
learning. This creates a closed feedback loop in which R and F co-
evolve—the coupled dynamics diagnosed in Section 2.3, now requiring
a formal mechanism. This section develops that mechanism.

3.4.1 The coupling between representation and prediction

In an acting agent, representation and prediction cannot be characterized
independently (Ha and Schmidhuber, ; Hafner et al., ). The
world model m(z;41 | z¢, a;) predicts consequences of action, but those
predictions are only as good as the state z; = ¢(h;) over which they are
expressed. If the representation collapses histories that imply different
future observations or rewards, no downstream model can recover that
information from z; alone (Ferns et al., ; Gelada et al., ; Still and
Precup, ). Conversely, if successful prediction repeatedly depends
on a distinction that the current representation blurs, learning pressure
favors encodings that preserve it more faithfully. Because action changes
which observations arrive next, updates to ¢, m, and 7 are coupled
through the data the agent collects.

Connection to the belief MDP. The formal significance of this coupling
becomes clear through the belief MDP introduced in Section 3.2.1. Un-
der exact Bayesian control, the sufficient state is the belief b; € A(S),
updated by Equation (3.6) and evaluated by the Bellman recursion in
Equation (3.8). A learned world model replaces this exact computation
with an approximation in the agent’s own representational language'.
The expected value of the learned policy then falls short of the opti-
mal belief-MDP value by a sum of three terms?’: a representation term,
capturing return lost because ¢ collapses histories the task requires dis-
tinguishing; a model term, capturing return lost because m misrepresents
dynamics in latent space; and a policy term, capturing suboptimality
given (z;, m). The representation term is upstream of the other two: if ¢
merges states that the task requires distinguishing, no improvement
in m or 1 can recover the information. This asymmetry is what makes
representational curation central in the scaling setting. The cost of a poor
representation is not confined to the encoder but propagates through
prediction and control.

3.4.2 The ambiguity of prediction error

The coupling described above manifests differently depending on
whether the representation is given or learned, and the difference is
not merely implementational—it determines what can be inferred from
observed prediction errors (Lesort et al., ).

In the simplest model-based setting (e.g., Dyna; Sutton, ), the agent
maintains a tabular model T(s’ | s, a) estimated from experienced tran-
sitions and uses it for simulated planning. The state space is given, so
the representation ¢ is the identity and the representation source of
error from the previous paragraph drops out: every prediction error is
unambiguously model error. Sutton (1991) demonstrated this directly —
when a shortcut opens in a maze, the tabular model continues to simulate
the old path until real exploration discovers the change, a case of model
error that is diagnosed and corrected by further experience.

19: The encoder ¢ maps history to a
compact state z; that serves as an ap-
proximate sufficient statistic for the full
belief b;. The transition model m approx-
imates the belief update t(by, a¢, 0441)
without the full Bayesian computation.
The policy 7 acts on this learned state
rather than on the exact posterior.

20: Formal decompositions of this
kind—with bounds in units of expected
return under a fixed initial distribu-
tion — appear in simulation lemma
analyses (Kearns and Singh, ) and
bisimulation-based bounds (Ferns et al.,
). We sketch the structure here; the
asymmetry across the three terms is what
matters for the present argument.
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21: This decomposition is the world-
model analogue of the bias-variance
decomposition in supervised learning.
Model inadequacy is reducible error
(analogous to variance); representation
inadequacy is irreducible given the cur-
rent ¢ (analogous to bias from a misspec-
ified model class). The agent cannot tell,
from the prediction error alone, which
component dominates.

22: The parallel between DREAMER’S
world model and DreamMCoDER’s pro-
gram library is instructive. Both com-
Ppress experience into reusable internal
structure; both support internal simu-
lation (DrREAMER “imagines” trajectories,
DreamCoper “dreams” synthetic tasks
from the library). However, a library en-
try canbe individually named, evaluated,
and transmitted; a latent dimension can-
not.

Once ¢ is learned jointly with m, the situation changes qualitatively. A
prediction error &¢ = ||z¢+1 — m(zs, a;)|| now has two possible sources: the
model m may be wrong about the dynamics, or the encoder ¢ may have
mapped the observation to a latent state that does not support accurate
prediction (Sun et al., ). The error decomposes as

Or = m(zy,ar) —m*(z¢,a¢) + m*(z¢,a¢) — ze1 (3.24)

model inadequacy representation inadequacy

where m* denotes the best possible model given the current represen-
tation ¢. The first term vanishes as the model converges; the second
cannot be reduced by improving m alone—it reflects information that ¢
has discarded?!. The trajectory of learning—uwhich errors decrease, when
they decrease, and whether they reappear after a period of stability—
carries information about the coupling between ¢ and m that snapshot
performance cannot reveal.

Learned world models in practice. DrReamer (Hafner et al., ) instan-
tiates this coupled learning. The architecture learns an encoder g (z; |
0<t,A<),atransitionmodel py (z¢41 | z¢, at),areward predictor pg (7 | z¢),
and a decoder p (0 | z;), trained jointly by maximizing the evidence
lower bound on observed trajectories,

T
ELBO = Z[ Eyo[logpy(or | 20)] +Ey [log pe(ri | z1)]
t=1

reconstruction reward prediction

— Dl qe(ze | he) lpy(zt | zi-1, ai-1)] ] (3.25)

dynamics consistency

Here, reconstruction encourages z; to preserve observable detail; reward
prediction encourages it to preserve task-relevant information; and the
dynamics-consistency term requires that the representation be predictable
from the model’s own dynamics—the encoder must produce states that
the transition model can forecast, and the transition model must learn
dynamics that match what the encoder produces.

The tension between reconstruction and reward prediction is the curation
trade-off of Equation (2.3) expressed in continuous form?2: reconstruction
preserves all observable information, including task-irrelevant detail;
reward prediction preserves only what matters for control. The ELBO
balances these pressures implicitly through gradient descent, but at the
level of the aggregate loss, without isolating individual representational
decisions. A representation can predict the next latent state, reconstruct
observations, and estimate reward accurately—yet still be organized
around the wrong abstractions for future tasks. The ELBO cannot detect
this because it evaluates the representation against current data, not
against the distribution of future demands (Lan et al., ): the repre-
sentation source of error may be small on the training distribution and
catastrophic on the next one.

3.4.3 Model-based learning makes curation visible—and
exposes what is missing

Model-based reinforcement learning (MBRL) makes the internal predic-
tive structure an explicit explanatory target (Gelada et al., ). It also
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learns a model of how actions lead to future states and outcomes, and
errors in behavior can now be diagnosed at multiple internal levels—a
poor policy given a good model, an inaccurate model, or a representation
that does not support the distinctions an accurate model would require.
World models make curation visible: they provide a setting in which
representational adequacy is tested continuously by prediction rather
than only by final task reward??.

The cost of wrong representations. Prediction makes representational
adequacy visible, but it also reveals why curation is needed. When the
learned representation or model is misaligned with the task, the agent
predicts the wrong consequences of action and therefore plans against
the wrong problem. An agent whose world model M diverges from the
true environment M will compute plans that fail, even when those plans
are optimal under the believed model,
EylR] = Ey[R|m),] doesnotimply Epm[R | n*M] > Em[R | 7)),
(3.26)

where T 18 the policy optimized under the wrong model and 7t the

policy under the true one. The agent may be confident and wrong?$. An
agent that only constructs (by adding to jer library without evaluating
what it already has) will inevitably accumulate representational debt:
a growing collection of entries, some useful, some obsolete, and some
actively misleading. The frame problem, recast in these terms, is the
ongoing tax on representational vocabulary that has not been maintained.

Intrinsic motivation does not close this gap. Intrinsic motivation signals—
novelty, information gain, empowerment—are sometimes proposed as

solutions by encouraging more exploration to hope for better general-
ization. These signals direct exploration: they guide the agent toward

states that are unfamiliar, informative about model parameters, or con-
trollable (Berlyne, , ; Pathak et al., ). Two examples are

especially relevant here because both are computed through the world

model and therefore depend on the current representation. Information

gain (Loewenstein, ) rewards actions that reduce uncertainty about

world-model parameters 02°,

IG(s,a) = [Es/[DKL(p(G |s,a,s")|p(6 | s,a))]. (3.27)

Empowerment (Klyubin et al., ) rewards states with high channel
capacity from actions to future states?®,

Empower(s) = rr(lalx) MI(S";A|S =5s) (3.28)
wl\a|s

Information gain tells the agent which transitions are informative about
model parameters; it does not ask whether the model’s state space is the
right one. Empowerment tells the agent which states offer controllability;
it cannot assess controllability in regions that the representation does not
yet distinguish. Both signals indicate where exploration is valuable under
the current model but neither evaluates whether the representation on
which that model is built is itself adequate.

The self-referential nature of representational curation. The gap identi-
fied above—that standard learning signals evaluate predictions rather
than the representations producing them—is a structural consequence
of the self-referential problem in Section 2.3.2. Any curation criterion is
computed through the agent’s own internal model: prediction error in
its latent space, information gain over its parameters, and empowerment

23: Inmodel-free RL, the representation
is tested only by the reward signal, which
is sparse and delayed. In model-based
RL, the representation is tested at every
time step by the prediction error of the
world model, providing a denser and
more immediate signal about represen-
tational adequacy.

24: Theinequality in Equation (3.26) is a
restatement of the optimizer’s curse (Smith
and Winkler, ) applied to model-
based planning. Because the agent opti-
mizes against its own model, biases in
the model are amplified rather than aver-
aged out. In the representational setting,
errors in ¢ are not additive losses; they
are multiplied by the planning process
that relies on them.

25: Information gain targets uncertainty
in the current world model, not uncer-
tainty about whether the representation
itself is adequate. If the representation
conflates two states that should be distin-
guished, information gain cannot detect
the conflation because the uncertainty is
already defined over the merged state
space.

26: White ( ) identified the cognitive
analogue of empowerment under the
name effectance motivation: the intrinsic
satisfaction derived from producing ef-
fects on the environment. Empowerment
presupposes a model accurate enough to
estimate mutual information and a rep-
resentation rich enough to distinguish
the outcomes.
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through its transition model. Thus, evaluating whether a representation
should change requires using the very representation whose adequacy
is at issue. How tractable this loop is depends on whether the repre-
sentation is implicit or explicit. In models like DREAMER, representation
is distributed across network weights, so individual representational
changes cannot be separated from aggregate gradient updates. A falling
prediction error may indicate genuine improvement or merely drift that
fits current data while harming generalization. In library-based models
like those in Section 3.3, individual entries can be evaluated against
Equation (2.3), but doing so still requires deployment in £, consuming
the finite budget the criterion is meant to guide.

The curation chapters address this structure from two sides. Chap-
ter 6 shows how intrinsic exploration signals reshape the representa-
tions they are computed over, producing feedback-driven pathologies.
Chapter 7 offers a partial resolution by computing empowerment over
representational-modification operations rather than external states, so
the criterion evaluates the library’s internal organization. The next section
turns the same formal apparatus outward: the latent is no longer the
agent’s own representation, but another agent’s.

3.5 Other agents as latent systems

The preceding sections treated representational change as explicit con-

struction (Section 3.3) and as ongoing curation during action (Sec-

tion 3.4)—both within a single agent. Communication is the social

version of the same problem: the latent target is now another agent’s

internal structure, not merely what it believes about the world but the

library £/ through which it interprets, plans, and learns (Baker et al.,
; Gmytrasiewicz and Doshi, ;Ongetal., ).

Social cognition is then a nested inference-and-control problem. Agent i
observes agent j’s actions, utterances, demonstrations, and errors, and
uses them to infer £/ (Degen, ; Goodman and Frank, ) — but
communicative actions are also interventions on it: an explanation or
demonstration is chosen partly for how it is expected to reshape the
listener’s representational state. The latent target is therefore changing in
response to the very actions used to probe it. A speaker must estimate what
the listener can currently represent, choose a message interpretable with
those resources, and predict how it will change what the listener can
represent next.

3.5.1 Other agents as latent dynamical systems

From agent i’s perspective, agent j’s actions are observable data generated
by latent internal variables that i does not directly observe. The generative
model has the same form introduced in Section 3.1,

Z ~p(),
ai:T ~ p(a{:T | Zj’ hi:T)’
p(@ | al,) e p(al, |2, h,) p(2), (3.29)

where z/ denotes agent j’s internal state and 1/ its observation history.
The modeling is unchanged but the ontology of the latent changes. In
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social settings, z/ may include goals, beliefs, policies, world models,
or—for the purposes of this thesis—the listener’s library £/.

Computational theory-of-mind models are the canonical example of
this inversion (Rescorla, ). Baker et al. ( ) showed that human
goal attributions in a navigation task can be predicted by a Bayesian
inverse-planning model, which inverts a generative model of rational,
goal-directed action from observed paths. The inference succeeds by
recovering the latent goal that makes the trajectory probable.

This thesis extends the same logic from goals to representational re-
sources. If an agent generalizes across some tasks but not others, or fails
systematically when a missing abstraction is required, those behaviors
provide evidence about £/. Inferring another agent’s library is therefore
a structured inverse problem: given how the agent acts, explores, errs,
and generalizes, what representational organization would produce that
pattern?

3.5.2 Communication as control over another agent’s
latent state

The multi-agent inference problem becomes especially consequential
once agents can communicate. This can be stated in POMDP by extending
the state space to include both the external environment and the listener’s
latent state,

st = (59, 2)),

at € Aenv U Acomm/

J o~ T]'(ZZJrl | z{,af"mm . (3.30)

Zi+1
Here A™™ is the space of communicative acts and T/ is the listener’s
update process. For environmental actions, the transition kernel describes
how the world changes. For communicative actions, the relevant transition
kernel describes how another agent’s internal organization changes. The
target differs, but the formal structure is the same, i.e., action is selected
for its expected effect on a future state?.

Bayesian models of pedagogy make this control perspective explicit.
Shafto et al. ( ) model teachers as selecting examples to guide a
learner’s posterior toward the intended concept, often choosing diagnostic
or contrastive examples rather than merely representative ones. In the
language of Equation (3.30), the teacher chooses actions by modeling the
learner’s update dynamics. The present thesis uses the same idea at the
library level: the communicative act is valuable when it moves £/ or the
listener’s current state z/ toward a form that supports future competence.

3.5.3 From epistemic to decision-theoretic communication

The Rational Speech Acts framework (Frank and Goodman, ; Good-
man and Frank, ) provides a computational framework of communi-
cation as latent inference and utility-guided action. A literal listener L
interprets utterances against a prior over world states,

Lo(w | u) o [ull(w) p(w). (3.31)

27: This inversion of the internal/exter-
nal boundary is the formal reason that
communication connects directly to the
rest of the thesis. The same apparatus—
latent states, action-conditioned tran-
sitions, uncertainty about the current
state, utility over future consequences—
applies whether the agent is acting on
the physical world or on another mind.
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Figure 3.2: Canonical RSA schematic. The speaker chooses an utterance by anticipating listener interpretation, and the listener infers
meaning by reasoning about the speaker’s choice.

28: This is scalar implicature derived
from rational inference rather than from
a conversational rule. The listener rea-
sons: a rational speaker who knew all
students passed would have said “all,”
since “all” is more informative and no
more costly. The choice of “some” is
therefore evidence that the speaker does
not know “all” to be true. The pragmatic
enrichment emerges from the recursive
inference, not from a stipulated maxim.

29: This distinction between epistemic
and decision-theoretic utility parallels
the distinction between model-based
and model-free value in Section 3.2.4.
Epistemic utility evaluates whether
the listener’s internal model is accu-
rate. Decision-theoretic utility evaluates
whether the listener’s internal model
supports effective action. The latter sub-
sumes the former when the task requires
action, because accurate belief is valuable
only insofar as it improves decisions.

A pragmatic speaker S; selects utterances by reasoning about how the
listener will interpret them,

S1(u | w) o< exp(alog Lo(w | u) — C(u)), (3.32)
where a is a rationality parameter and C(u) a cost term. A pragmatic
listener L; inverts the speaker’s model,

Li(w | u) e S1(u | w) plw). (3.33)

The recursion produces pragmatic phenomena®®—scalar implicature,
overinformativeness, referential narrowing—without stipulating them
as separate principles. When a speaker says “some students passed” in
a context where “all students passed” was available but not chosen, L;

infers that “all” is false, because S; would have used “all” if it were true.

The limitation of epistemic utility. In standard RSA, the speaker’s
utility is the listener’s log-posterior at the true state: log Lo(w | ). The
speaker succeeds when the listener believes the right thing. For many
communicative settings—reference games, scalar inference, politeness—
this epistemic criterion is appropriate.

For the settings studied in this thesis, it is insufficient. When a teacher
explains a navigation procedure, the goal is not merely that the listener
assigns high probability to the correct map. It is that the listener can
act—navigate successfully, avoid hazards, recover from wrong turns.
An explanation that produces correct beliefs about the goal location
but does not enable the listener to plan a path is worse than one that
enables effective navigation even if belief about the goal is imprecise. The
relevant criterion is not epistemic accuracy but downstream competence:
the speaker should plan over the listener’s resulting actions, with belief
accuracy entering only through the actions it produces. This is the
cooperative I-POMDP formulation (Gmytrasiewicz and Doshi, ),
and it is the criterion the communication chapters of this thesis adopt®.

Decision-theoretic communicative utility. The extension replaces the
listener’s log-posterior with a measure of downstream action quality,
U(u; w, L) = [EL(ZJ'\L,,U‘)[V(Z]} w)] - C(u), (3.34)
where £/ denotes the speaker’s model of the listener’s current represen-
tational resources, L(z/ | u, L) is the listener’s update process under

utterance 1, and V (z/; w) measures how well the resulting internal state z/
supports effective action in world state w.
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Three features of Equation (3.34) matter. First, utility depends on the
listener’s resulting action capability, not merely belief accuracy. The value
function V(z/; w) asks whether this internal state lets the listener plan,
predict, and generalize in the world. A precise but useless representation
can therefore score below an approximate but actionable one. Second,
utility is conditioned on £/, the speaker’s model of the listener’s existing
knowledge. The same utterance yields different listener states depending
on the resources used to interpret it: assuming a missing abstraction
makes an explanation incomprehensible, while underestimating the
listener makes it verbose. Uncertainty about £/ is thus a central source
of communicative difficulty. Third, the expectation over L(z/ | u, L)
makes interpretation stochastic. Listeners may parse, attend to, and
integrate the same utterance differently. A good explanation therefore
has high expected value across this distribution, remaining robust to
variation in listener processing rather than optimal for only one assumed
interpretation.

3.5.4 Communication as inter-agent representational
alignment

Once communication targets representational state, library overlap be-
comes a structural determinant of communicative cost (Sucholutsky et al.,

). A speaker with library £/ communicating a concept ¢ to a listener
with library £/ pays in proportion to the description length of ¢ under
the listener’s vocabulary,

Ccomm(C; EJ) & |C|L‘f/ (3.35)
where |c|; is the length of the shortest program in Ly U £/ that imple-
ments c. When the libraries share rich structure, |c|.; is short. When
they diverge—through different histories, tasks, or curation paths—the
speaker must decompose ¢ into primitives the listener has, teach missing
entries first, or find an approximate equivalent, and communication
becomes a constructive process of building shared representational
infrastructure before the target concept can be transmitted*’.

Clark and Wilkes-Gibbs (1956) demonstrated this empirically. Pairs who
repeatedly described abstract tangram figures developed increasingly
compressed referring expressions across rounds — from multi-sentence
descriptions to single-word labels — as shared conventions accumulated
and |c|;; decreased. Teaching makes the same alignment deliberate:
the teacher estimates the gap between the learner’s current £/ and the
representational state required for competence, then designs a sequence of
interventions whose effects on £/ shape what subsequent interventions
can assume, making teaching a sequential control problem over the
listener’s representational trajectory>!.

This makes communication an inter-agent version of the curation problem
from Section 3.4.1. In single-agent curation, the agent evaluates its own
representation using that same representation. In communication, the
speaker reasons about the listener’s curation from the outside: each
utterance both probes and modifies £/, and the speaker must model
how the listener will integrate it with existing structure. This is the final
extension of the chapter’s general logic. Latent inference was first applied
to individual behavior (Section 3.1), then to acting agents (Section 3.2),
then to explicit representational construction (Section 3.3), and then to
curated predictive structure (Section 3.4); in the multi-agent setting, the

30: This is the formal analogue of Clark
and Brennan (1991)’s common ground:
the resources both agents possess and
can reference without further explana-
tion are the intersection £' N £/, and
building common ground is extending
that intersection through interaction.

31: The Clark and Wilkes-Gibbs
paradigm provides direct behavioral ev-
idence for Equation (3.35). The initial
description length is long because the
listener’s library lacks the relevant en-
try. Once the entry is established, sub-
sequent references are short. The tran-
sition from long to short descriptions
tracks the construction of a shared li-
brary entry—communication as repre-
sentational alignment.
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32: The information bottleneck (Tishby
et al., ) expresses the same trade-
off as a Lagrangian, min,, ;) MI(X; Z) —
BMI(Z;Y), where Y is the task-relevant
variable. Different values of  trace out
different points on R(D), and the choice
of f is the agent’s resource bound.

same logic applies once more, with another agent’s representation as
both the target of inference and the target of action. What remains is the
unifying principle constraining which representational organizations are
worth building, maintaining, and transmitting under finite resources.

3.6 Compression as the evaluative principle

Every method developed in this chapter weighs the complexity of an inter-
nal representation against the loss the agent suffers by acting on that repre-
sentation rather than on the source it summarizes. Rate-distortion (Berger,

; Shannon, ) is the formal vocabulary that makes those differing
trade-offs commensurable, and we use it here to place the chapter’s
methods on a single (rate, distortion) plane.

The placement matters because it turns the principle chapter’s argument
that resource rationality is the normative frame for representational
management (Section 2.3.2) into an evaluative criterion. Construction,
curation, and communication can each be read on the same axis, and the
empirical chapters that follow can each be checked for what they buy at
a given representational rate.

However, the unification has a limit. Rate-distortion is computable on
the data the agent has already seen, while the value of a representation is
settled in the future £ the agent has not yet sampled, and no compression-
internal device closes the gap. Section 3.6.4 develops this and the related
structural limits.

3.6.1 Rate and distortion as the analytical axes

Let X denote the source the agent must represent (observations, tasks,
trajectories, or another agent’s behavior) and Z the agent’s internal repre-
sentation of it. The rate measures the complexity of the representation,

R = MI(X; 2), (3.36)

which for discrete libraries reduces to |£|, for variational latents to a KL
between encoder and prior, and for transmitted messages to a coding
cost C(u). The distortion measures the expected task-relevant loss the
agent incurs by acting on Z rather than X,

D = Ed(X, X(2))], (3.37)

where the loss function d is determined by what the representation is
for. The rate-distortion function R(D) is the minimum rate achievable at
distortion level D, and every representational system sits on or above
this curve®. Better representations move closer to R(D), retaining less
information about the source while incurring no additional task loss.

The distortion is what makes the criterion task-faithful. The methods
of the chapter differ less in how they measure rate than in what they take
distortion to be. For program induction, the task is data fit, so the natural
distortion is the negative log-likelihood of the observed data and the rate
is description length |p|;, in language L. Dreamer (Hafner et al., )
replaces this with a sum of reconstruction and reward-prediction losses,
paired with a rate term that is the KL between encoder and transition
prior in Equation (3.25). A pragmatic speaker (Frank and Goodman, ;
Goodman and Frank, ) replaces it again with the listener’s expected
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competence loss —E[V (z/; w)] in Equation (3.34), and the rate becomes the
message cost C(u). Choosing d is a substantive commitment about what
the representation is for rather than a technical detail. A representation
optimal under reconstruction distortion preserves observable detail
but may be useless for control. One optimal under reward distortion
compresses aggressively along task-relevant axes and may fail on tasks
that load on currently irrelevant distinctions. The same source admits
different optimal compressions under different distortion functions, and
the distortion function is determined by £. This is the formal version of
the principle chapter’s claim that representational value is £-dependent
(Section 2.3).

3.6.2 MDL as the corner where distortion is log-loss

When the task is to encode the data and nothing else, distortion col-
lapses into log-loss, d(x, X) = —log p(X), and the rate-distortion trade-off
becomes a single sum,

J(model, data) = model complexity + negative log-likelihood .

rate log-loss distortion
(3.38)
This is the minimum description length principle (Griinwald, ;
Rissanen, ). For program induction, where the data the agent must

explain is the source it represents, the corner is the right one and
Equation (3.38) is the agent’s stated objective. For Dreamer and for
communication, the corner is a re-description. The Dreamer ELBO
admits a coding-theoretic reading via the bits-back argument (Hinton
and Van Camp, ), and C(u) admits one through standard source
coding, but in neither case is description length the agent’s objective. It is
our way of placing the system on the rate-distortion plane.

Stochastic, not MAP. Even within program induction, the criterion is not
the single shortest program. The Bayesian formulation in Equation (3.19)
maintains a posterior over programs, and the rate that matters is the
posterior-expected description length rather than the length at the MAFP,

R(D) = Epp)lplL]- (3.39)
Two-part stochastic coding makes this explicit (Griinwald, ; Wallace,
Boulton, et al., )- The agent commits to a distribution over models

and pays an expected code length under that distribution, which is closer
to the variational free energy than to a hard argmin. Bayesian model
averaging is the rule rather than the exception. Representations that are
close to optimal under several short programs are preferable to those
that are uniquely optimal under a single one, because the former are
more robust to small changes in £. Reading Equation (3.38) through
the argmin alone obscures this and overstates how decisively any single
program is selected.

Cognitive evidence reads cleanly only when both axes are stated. The
cognitive case for compression as a representational principle requires
both rate and distortion to do its work. Rosch et al. ( ) showed that
basic-level categories (e.g. “dog,” “chair,” “car”) maximize the ratio of
within-category similarity to between-category similarity. The numerator
is a rate term, since high within-category similarity lets a single label
compress many instances. The denominator is a distortion term, since low

i
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33: Zipf'slaw (Zipf, ) canbe derived
from optimal coding under a constraint
on communicative effort (Cancho and
Solé, ). Frequent concepts receive
short codes and rare concepts long ones,
but only because the distortion function
(effort under communicative demand) is
fixed by the task; under a different dis-
tortion function, the optimal codebook
would be different.

between-category similarity preserves the discriminations the category
is for. Either term alone misreads the result. A pure-rate criterion would
collapse all categories into one. A pure-distortion criterion would refuse
to label anything. Feldman ( ) found that the subjective difficulty
of a Boolean concept tracks its Boolean complexity, the length of the
shortest defining formula. Treated as a pure-rate result, this would imply
that learners cannot acquire highly compressible-yet-subtle concepts.
The honest reading conditions on distortion. At the level of distortion
required for accurate categorization, description length is what predicts
difficulty3.

3.6.3 Dynamics of the coding scheme

Rate-distortion is a static criterion, but the lifecycle we study is the
dynamics by which the coding scheme itself moves through experience.
Each lifecycle stage destabilizes a different part of the rate-distortion
trade-off, and the three following paragraphs work through them in turn.

Construction grows the codebook. Section 3.3 introduced library induc-
tion in its iterative form, Li41 = f(L4, {p’;,t}) in Equation (3.22), and the
compression view recovers what the iteration is doing. Adding an entry ¢
adds a codeword; programs that previously required many primitives
become expressible as a single invocation, and their description length
drops. A static joint optimum over codebook and encodings,

N
£, {p:} = argmin |£| + D (lpil,uz — logp(D;|pi)),  (3.40)
L,{pi} i=1

is a useful idealization but flattens the lifecycle. At step t the agent
has only solved tasks 1,...,t, the codebook £; was built from those
solutions, and the encoding of task f +1 is constrained by what £; already
makes short, so alphabet and messages co-evolve and the order of arrival
matters (Zhou et al., ). Equation (3.40) is best read as the limit
object the sequential process approximates rather than as an optimization
the agent performs. The same agent encountering the same tasks in a
different order produces a different codebook, makes different programs
short, and finds different downstream tasks easy to express. This is the
precise computational sense in which construction is path-dependent
(Section 2.3.3).

Curation moves the distortion function. Even with £ held fixed, a
representation can drift off the rate-distortion frontier because £ has
shifted and the distortion function d has moved under it. An entry that
compressed a recurring pattern in one task distribution may compress
nothing of value in another, and the rate-distortion score of every program
that invokes it changes although nothing in the codebook has changed.
Compression alone cannot detect this drift, since by construction it scores
entries against the current data the agent has access to. If d has shifted
but no new task has yet revealed the shift, every entry still looks well-
placed. Curation is the lifecycle response to this asymmetry. It must rely
on signals other than current-data fit to decide which entries continue
to earn their place, which motivates the intrinsic-motivation criteria
developed in Part I1I.

Communication couples two codebooks. In communication, the relevant
codebook is no longer the speaker’s. The speaker has L', the listener
has £/, and the rate the trade-off depends on is the message length |c|;
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under the receiver’s alphabet (Equation (3.35)), not |c|zi under the
speaker’s. A concept that is short under £’ may be long, or inexpressible,
under £/, and a speaker who optimizes against their own codebook will
produce messages that look efficient to themselves and opaque to the
listener. The shared alphabet is the intersection £ N £/, and the agents
can either restrict the message to that intersection or extend the listener’s
codebook through teaching, both of which are themselves coding-scheme
operations. The communication chapters develop the case where the
speaker is uncertain about £/ and must reason about it as a latent.

3.6.4 What compression does not settle

Rate-distortion provides an evaluative criterion against which all three
lifecycle operations can be placed on a common plane. It does not provide
the procedures by which any of them is carried out, and four structural
limits remain.

Mechanism. Compression tells us what a good representation looks
like at a given (rate, distortion) point but not how to find one. The
procedures developed earlier in the chapter remain necessary for that,
with program induction handling discrete, compositional compressions,
gradient-based world-model learning handling continuous and implicit
ones, and pragmatic inference handling compressions that have to be
transmitted between agents. The criterion tells us what those procedures
are optimizing. It does not replace them.

Self-reference. Evaluating a candidate representation requires the agent’s
current representation. Rate is computed relative to the encoder the agent
already has, and distortion is estimated through the model the agent
already runs. The bootstrap problem flagged in Section 2.3.2 reappears
here unchanged. Improving (R, F) is a computation that has to be carried
out by the current F acting over the current R.

Cost of evaluation. None of the rate terms is free to evaluate. Program
length |p|, requires search through programs to assign, the ELBO requires
forward and backward passes through the learned model, and |c|.;
requires a model of the listener’s library before any utterance can even be
scored. Evaluation consumes the same finite budget the criterion is meant
to allocate, which collapses the comfortable picture in which an outside
scoring rule sits above the agent’s resource bound. A resource-rational
treatment must include the cost of the evaluator alongside the cost of
what is evaluated3*.

Retrospective vs. prospective distortion. The most consequential limit
is that the distortion the criterion would need is over the future task
distribution, while the agent has access only to past tasks. The pragmatist
value function in Equation (2.3) is an expectation over £, whereas every
estimator implementable in this section is computed over Dgeen. The gap
between them is exactly the non-locality, undecidability, and self-reference
triad of Section 2.3.2. A representation that lies on the rate-distortion
frontier for the data observed so far need not lie on it for the next task the
agent encounters, and no compression-internal device closes this gap.

The empirical chapters take up these limits in different settings. The
construct chapters operate inside the lifecycle that path-dependent con-
struction makes inevitable, the curate chapters build proxies for the
prospective distortion the criterion alone cannot supply, and the com-
municate chapter relies on the listener’s downstream behavior as the
realized distortion that closes the evaluation loop. What unifies them

34: Meta-reasoning research (Gershman
et al., ; Russell and Wefald, )
formalizes this by treating the choice of
how much to compute as itself a decision
under a value-of-computation criterion.
Applied here, the rate-distortion score
of a candidate representation has to be
discounted by the cost of computing it.

( Remark 3.3 (Compression is con- )
strained by use) A representational
resource is valuable when it simpli-
fies future cognition without remov-
ing the distinctions that later predic-
tion, planning, or communication re-
quire. Simplicity in isolation is not

L the criterion.
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is rate-distortion as the common axis along which we read their rep-
resentational decisions, while each agent retains its own task-relevant
objective.

3.7 Summary

This chapter assembled the formal tools for making the library lifecycle
tractable. Its common logic is latent inference over generative models
of agents: posit hidden structure, specify how it generates behavior,
and recover it from data. What varies is the latent format and the in-
ference problem it induces. The agent’s internal world model—reward,
representation, value, and policy—was decomposed into experimentally
isolable components (Section 3.2). Programs and libraries made construc-
tion a problem of hypothesis-space change (Section 3.3). Learned world
models exposed the ambiguity between model error and representation
error (Section 3.4). Communication extended the same apparatus to
inter-agent settings where the target is another mind’s representational
state (Section 3.5). Finally, compression supplied the unifying evaluative
principle: the description-length prior, ELBO, and communicative utility
all instantiate a trade-off between model complexity and data misfit
(Section 3.6).

The preceding chapter argued that representational dynamics decompose
into construction, curation, and communication, and that the coupled
dynamics of (R, F) under resource constraints make this decomposition
necessary. This chapter operationalized that claim. Program induction
and library learning provide a mechanism for construction: reusable
subroutines compress recurring structure, while discovery order creates
path dependence because coding schemes and evaluated data co-evolve.
World-model learning provides the setting for curation: representation
and prediction are coupled, yet each curation signal is computed through
the representation it evaluates, so standard signals do not measure
representation directly. Pragmatic inference and decision-theoretic com-
munication provide the framework for sharing structure across agents,
where communicative cost depends on the target concept’s description
length under the listener’s library. These tools are linked by a common
compression criterion that places construction, curation, and communi-
cation on the same scale.

Formal machinery specifies how to perform inference, not what happens
when it is applied. The tools introduced here make three empirical questions
precise. First, construction: when agents build libraries from real-world
data, do the resulting structures reflect predicted prerequisite relations,
cognitive traits, and path-dependent curriculum effects? Chapter 4 exam-
ines path dependence in program induction, while Chapter 5 addresses
this with structured probabilistic inference on educational data. Second,
curation: do intrinsic motivation signals shape different representational
repertoires, and can feedback between motivation and representation
produce pathologies that no single exploration signal resolves? Chapter 6
studies this in simulated agents, and Chapter 7 proposes an internalized
empowerment criterion for library organization. Third, communication:
when a knowledgeable agent explains a procedure to a partially informed
listener, does decision-theoretic utility—measured by downstream ac-
tion capability rather than belief accuracy—predict explanatory success?
Chapter 8 tests this in a partially observable navigation domain where



3.7 Summary

representational alignment is central. With this vocabulary in hand, the
thesis turns to these questions.
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Learning leaves traces: path
dependence in human knowledge

“The more constraints one imposes, the more one frees oneself. And the
arbitrariness of the constraint serves only to obtain precision of execution.”

— Igor Stravinsky, Poetics of Music in the Form of Six Lessons, 1947

The background chapters unified a vocabulary for representational
dynamics—the construction, maintenance, and sharing of reusable in-
ternal structure. A natural formalism for such structure is the program:
compositional, hierarchically organized, and amenable to compression
through subroutine reuse. This chapter asks whether program induction
under resource constraints can serve as a working model of how hu-
mans build representational infrastructure, and whether the behavioral
signatures of that process are detectable.

We develop a unified framework that models human sequence learning
as resource-rational program induction: learning under two distinct but
interacting constraints, a memory constraint (description length) and
a computational constraint (bounded search and backtracking). We
instantiate this framework in a hierarchy of five progressively richer
models and evaluate it in the domain of melodic sequence learning—a
setting that exhibits hierarchical structure and combinatorial richness,
yet remains constrained enough for controlled experimentation. The
evaluation combines simulations, an online behavioral experiment (n =
96), and an exploratory curriculum analysis that connects learning order
to representational outcomes.

The chapter operationalizes the Construct stage of the library lifecycle. Its
core finding is that library construction is an ongoing, path-dependent
compression dynamic: what a learner has already built determines what
can be efficiently represented and searched for next. Across all behavioral
measures, learners exhibit the signatures of a system that compresses
experience into reusable representational infrastructure—precisely the
process that the background chapters formalized.

The chapter is organized as follows. Section 4.1 motivates the problem
and previews the main results. Section 4.2 reviews the relevant litera-
ture on program induction, rate-distortion theory, library learning, and
melodic sequence learning. Section 4.3 formalizes the program represen-
tation, resource constraints, model hierarchy, and inference procedure.
Section 4.4 reports simulation results on compression, learning dynamics,
and resource efficiency. Section 4.5 presents the behavioral experiment
and its analysis. Section 4.6 develops the exploratory curriculum analysis.
Section 4.7 discusses the findings and their limitations.

4.1 Introduction

When a musician learns a new piece, they discover patterns—ascending
runs, repeated motifs, rhythmic cycles—and encode the piece in terms of
those patterns. A novice who has learned only scales represents a melody
as a sequence of scalar movements; an experienced musician who has also
internalized arpeggios, chord progressions, and common ornaments can

o
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( Remark 4.1 (Path dependence across

fields) Theidea that currentlearning
depends on prior learning appears
across many traditions under differ-
ent names. In psychology it is often
discussed in terms of learning history,
set, or transfer; in education as the
effects of curriculum sequence, scaffold-
ing, or prerequisite structure; and in
other fields as path dependence or
hysteresis. The common theme is that
earlier experience changes the space
of representations or actions avail-
L able later.

represent the same melody far more compactly. The musician’s internal
library of reusable patterns determines which regularities are visible,
which generalizations are cheap, and which novel passages can be parsed
on first encounter.

How are such libraries acquired? Program induction models (Goodman
et al., ; Lake et al., ; Piantadosi et al., ; Rule et al., )
formalize the idea as search over compositional hypothesis spaces for
programs that generate observed data, with reuse made explicit through
library learning (Ellis et al., ; Zhao et al,, ). However, program-
based accounts of learning naturally raise the question: how are such
representations shaped by the resource limitations under which humans
operate? The principle of resource rationality formalizes cognition as
optimization under constraints on time, memory, and computation,
identifying the best achievable strategy given those limits (Lieder and
Griffiths, ; Simon, ).

A key formal tool for analyzing a subset of these trade-offs is Rate-
Distortion Theory (RDT) (Figure 4.2), which formalizes the balance be-
tween expected reconstruction error (distortion) and informational cost
(rate) (Berger, ; Gershman, ; Shannon, ). Although RDT has
been applied to efficient perception (Sims, ), memory (Bates and Ja-
cobs, ; Nagy et al,, ), and decision-making (Bhui and Gershman,
; Lai and Gershman, ), it typically treats representations as fixed
and not learned over time. Thus, despite some prior work formalizing
memory costs using RDT (Gershman, ), the computational cost of
finding good representations has received comparatively little systematic
treatment. As a result, RDT in its standard form provides a limited
account of learning efficiency, by failing to capture the computational
cost required to infer over structured hypotheses, and how these costs
dynamically shift during the learning process (Nagy et al., )

These limitations are central for program induction. If learners build a
library of reusable programs over time, then both the computational and
representational costs change with experience: earlier choices shape what
can be efficiently inferred and represented later (Dekker et al., ; Zhao
etal, ). Thus, understanding resource-rational program induction
requires extending classical RDT to incorporate (i) the computational costs
of inference, and (ii) path-dependent learning dynamics that support
efficiency.

This chapter extends RDT by incorporating the computational cost of
inference over structured program hypotheses and the path-dependent
dynamics of learning from a growing library of reusable programs.
On this account, learners trade off distortion (how much error is in-
curred) against rate (how efficiently structure can be stored and reused).
Simplicity is favored by two interacting constraints: a computational
constraint on proposing candidate programs, and a memory constraint
favoring compact representations among those candidates. Central to this
framework is the idea of a library (Section 2.4)—a repertoire of reusable
programs discovered and accumulated over time. Libraries help mitigate
both constraints. Stored programs can be referenced by a compact pointer
rather than spelled out in full, reducing the description length (memory).
Simultaneously, stored programs serve as high-quality proposals during
inference, reducing the number of candidates that need to be considered
(computation). We further distinguish between a local library, built within
a task to capture context-specific regularities, and a global library, which
accumulates abstractions that generalize across tasks, together allowing
hierarchical reuse of structure across multiple timescales.



We evaluate this framework through three analyses. In simulations, hi-
erarchical library learning achieves better rate-distortion trade-offs and
stronger one-shot generalization than fixed grammars or surface-level
chunking models, while revealing structured interactions between mem-
ory and computation. In a behavioral experiment (n = 96), recall errors,
reaction times, and free compositions all show signatures of program-like
compression: errors simplify toward shorter programs, reaction times
increase at model-predicted program boundaries, and free compositions
are best explained by libraries inferred from participants’ learning his-
tories. Across measures, our model with participant-specific libraries
provides the best account of behavior. Finally, an exploratory curriculum
analysis shows that presentation order systematically shapes library qual-
ity, and that information-theoretic principles from partial information
decomposition can guide curricula that induce more effective libraries
and better generalization.

4.2 Background

This section reviews four research threads that converge in this chapter:
program induction as a model of concept learning, resource rationality
and rate-distortion theory as normative accounts of cognitive constraints,
library learning as a mechanism for acquiring reusable structure, and
sequence learning as an empirical testbed for these ideas.

4.2.1 Program induction and the Language of Thought

The Language of Thought hypothesis (Fodor, ) holds that mental rep-
resentations are compositional, productive, and systematic—properties
naturally captured by programming languages. These properties sug-
gest that learning can be understood as constructing internal programs:
structured symbolic expressions that generate observed data when exe-
cuted. Program induction formalizes this idea as search over structured
hypothesis spaces for programs that best explain observations (Gold,

; Goodman et al., ; Piantadosi et al., ; Solomonoff, ). The
framework has been applied to model one-shot concept acquisition (Lake
etal., ), rule learning (Rule et al., , ), number concepts (Pi-
antadosi et al., ), language (Ellis et al., ; Piantadosi et al., ;
Piantadosi and Jacobs, ), planning (Correa et al., ; Sharma et al.,

), and abstract reasoning (Dehaene et al., ; Zhao et al., ).

A central question in program induction is how the space of candidate
programs is defined. The dominant approach draws on formal grammars,
originating with Chomsky (1956)’s generative grammars for natural lan-
guage. Probabilistic context-free grammars (PCFGs) assign probabilities to
production rules, enabling Bayesian inference over parse trees (Chater
etal., ; Perfors et al., ). PCEGs provide a well-defined prior over
programs and support compositional structure, but their rule proba-
bilities are fixed: each observation is parsed independently under the
same grammar, with no mechanism for adapting knowledge from expe-
riences. Adaptor grammars (Johnson et al., ) extend PCEGs by adding
a nonparametric cache—governed by a Pitman-Yor process (Teh, )—
that stores frequently used derivations and makes them available for
reuse. This mechanism has been applied to word segmentation (Johnson
et al,, ), morphological learning (O’Donnell, ), and concept
learning (Liang et al., ; Zhao et al., ).

4.2 Background

S
PCFG / \
1.0S — NP vp
NP VP
0.5 NP — cats
0.5 NP — dogs cats sleep

1.0 VP — sleep

P=10x05%x1.0=

0.5

Figure 4.1: A PCFG and asampled parse
tree. Production rules (left) assign prob-
abilities to each expansion. The probabil-
ity of a parse tree (right) is the product
of the rules used.
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Table 4.1: Contrasting bounded and resource-rational accounts of cognition under limited memory, time, and computation.

Framework Definition

Focus RQ

Bounded ratio-
nality
; Simon,

Resource ratio-
nality
fiths et al.,

Agents satisfice rather than optimize because
cognitive resources are limited (Gigerenzer,

).

Behavior is evaluated relative to the optimal
policy under explicit resource constraints (Grif-
; Lieder and Griffiths, ).

Heuristics used when  “what would an ideal

full optimizationisinfea-  agent do?”
sible.
Normative optimality =~ “what is the best an

under constraints. agent can do given its

limits?”

(Remark 4.2 (Rate-distortion in a )
nutshell) An encoder maps obser-
vations X to compressed represen-
tations Z; a decoder reconstructs X
from Z. Rate R = MI(X;Z) mea-
sures how much information the rep-
resentation retains. Distortion D =
E[d(X, X)] measures reconstruction
error. The RD function R(D) gives the
minimum rate needed to achieve dis-
tortion at most D—the fundamental
limit of lossy compression.

D=E[d(X, X)]

X/\g
* R=I(X;Z)
e o]

Figure 4.2: The rate-distortion
framework. An encoder-decoder
pair compresses observations X into
representations Z and reconstructs X.
Rate measures the information re-
tained; distortion measures recon-
struction error.

Program-based representations naturally capture compositionality, sys-
tematic generalization, and abstract rule structure. But these advantages
do not by themselves explain how experience reshapes the hypothesis
space over time. In particular, efficient reuse of previously discovered
components requires more than a compositional representational format:
it requires a library of reusable abstractions that can be retrieved and re-
combined in new inferences. Explaining how such libraries are acquired
and updated is also a challenge, and the focus of Section 4.2.3.

4.2.2 Resource rationality and rate-distortion theory

Human cognition operates under severe constraints on memory, time,
and computation (See Table 4.1 and Section 3.6). A central formal tool
for characterizing one aspect of the constraints, memory, is rate-distortion
theory (RDT), which specifies the optimal trade-off between the fidelity of
a representation (distortion) and its informational cost (rate) (Berger, ;
Shannon, )- RDT has provided normative explanations for human
perception (e.g., explaining why color categories cluster where they
do; Bates et al., ; Sims, ), memory (e.g., predicting which details
are forgotten and which are retained; Bates and Jacobs, ; Gershman,

; Nagyetal.,, ), and decision-making (e.g., accounting for context
effects through information-theoretic costs; Bhui and Gershman, ;
Lai and Gershman, ).

However, standard RDT has two limitations as a model of human learning
under resource constraints. First, the classical optimization problem
assumes a fixed source data distribution and a fixed coding scheme by
seeking an optimal encoder-decoder pair. If mental representations are
programs, then rate corresponds to description length (Chater and Vitanyi,

; Feldman, ; Sablé-Meyer et al., ; Sow and Eleftheriadis,

; Vereshchagin and Vitanyi, ): the number of bits required
to specify a program under a given representational language. When
the language changes over learning—for instance, by introducing a
new shorthand for a pattern that previously had to be written out in
full—the rate of the same program changes as well. Second, standard
RDT does not account for the computational cost of discovering such
representations. The rate-distortion function is defined as an infimum
over all encodings achieving a target distortion level, thereby abstracting
away from the search required to find them. But in human cognition,
search over candidate programs can be prohibitively expensive. Under
bounded time and attention, exploring a combinatorially large hypothesis
space is itself a major constraint (Zhou et al., )-



4.2.3 Library learning

Library learning addresses the question of how reusable representational
structure accumulates over time, and in doing so provides a mechanism
that addresses both limitations of standard RDT identified above. The
core idea is that learners maintain a library—a growing collection of
previously inferred programs that can be retrieved and composed into
new programs. A library helps with memory: stored programs can be
referenced by a compact pointer rather than spelled out in full, reducing
the effective description length of new programs that reuse them. A
library also helps with computation: stored programs serve as high-
quality proposals during search, reducing the number of candidates that
need to be evaluated from scratch.

DreamCoder (Ellis et al., ) provides a normative example for li-
brary learning using neural networks. It alternates between a wake phase
(searching for programs that explain observed data) and a sleep phase (ex-
tracting common programs and adding them to a library)!. Over training,
the learned library becomes more powerful, enabling programs of grow-
ing complexity to be expressed and discovered efficiently. Meanwhile,
Zhao et al. ( ) applied a library-learning mechanism to model human
concept learning descriptively and showed that the resulting libraries are
sensitive to learning order. This curriculum sensitivity is a general property
of incremental library learning under bounded resources. Early examples
influence which programs are first reused and assigned compact descrip-
tions; once those representations become cheap and available as building
blocks, they bias subsequent search and make some regularities easier
to discover than others (Bruner, ; Dekker et al., ; Ritter et al.,

)- The present chapter formalizes this path dependence within a
rate-distortion framework, making explicit the interaction among library
induction, memory cost, and computational cost.

4.2.4 Sequence learning

Sequential data—speech, music, motor actions, symbolic strings—have
long been a testbed for theories of rule learning and compression: they are
experimentally controllable yet rich enough to express complex structure.
Three broad traditions have studied human sequence learning, each
emphasizing a different mechanism.

The first tradition, statistical learning, studies how learners extract transi-
tional probabilities from sequential input. Saffran et al. (1996) showed that
infants can segment continuous speech from such statistics alone?, with
later work extending this to tonal (Loui et al., ; Saffran et al., ),
visual (Fiser and Aslin, ), and cross-modal sequences (Conway et al.,
)- These models capture sensitivity to distributional regularities, but
often reduce structure to pairwise or n-gram statistics, leaving open how
learners acquire compositional representations over longer spans.

The second tradition, serial recall and chunking, studies how sequences are
grouped and stored in memory. Lashley et al. (1951) argued that sequential
behavior requires hierarchical planning; later work formalized chunking
as a memory strategy (Mathy and Feldman, ; Miller, ), identified
chunk boundaries through reaction times in motor sequences (Rosen-
baum et al., ; Sakai et al., ; Verwey and Dronkert, ), and
modeled serial recall errors via position-item binding® (Botvinick and
Plaut, ; Henson, ). These approaches explain how sequences
are grouped and retrieved under memory limits, but they typically treat

4.2 Background

(Remark 4.3 (Entropy coding) The )
intuition is the same as in entropy
coding: to minimize expected code
length, frequent items receive shorter
descriptions. For example, in a Huff-
man code, a high-probability symbol
may be assigned a 1-bit codeword,
whereas a low-probability symbol
may require several bits. Similarly, fre-
quently reused programs can be as-
signed short pointers, making larger
programs that invoke them cheaper
to encode on average.

.

J

1: The wake-sleep algorithm (Hinton
et al., ) was originally introduced
for latent-variable generative models, al-
ternating between inferring latent vari-
ables (wake) and updating the generative
model (sleep).

2: In the original experiment, trisyllabic
nonsense words (e.g., pabiku, tibudo) were
concatenated into a continuous stream
withno pauses. Within-word transitional
probabilities were high (e.g., P(bi | pa) =
1.0) while between-word probabilities
were low (e.g., P(ti | ku) = 0.33). Eight-
month-old infants discriminated words
from non-words after only two minutes
of exposure, demonstrating sensitivity
to these distributional cues.

3: Each item is associated with its or-
dinal position in the sequence; recall er-
rors such as transpositions arise when
these bindings decay or interfere (Hen-
son, ).



Chapter 4 Learning leaves traces: path dependence in human knowledge

4: Unlike chunks, which are memo-
rized surface sequences retrieved as
units, grammars are abstract rules applied
to generate or classify novel sequences.
Chunking compresses recurring forms;
grammar learning encodes structure at
the category level, independent of sur-
face realization.

chunks as stored verbatim units rather than asking how new structures
are constructed from experience.

The third tradition studies grammar and rule learning* : the acquisition
of abstract structure from sequential data. Artificial grammar learning
experiments (Pothos, ; Reber, ) showed that participants can
learn to classify novel sequences as grammatical after exposure, and
formal models have characterized this capacity using probabilistic gram-
mars (Johnson et al., ; O’Donnell, ; Perfors et al., ) and
program induction (Lake et al., ; Rule et al., ). Grammar-based
approaches capture hierarchical and recursive structure, but they typ-
ically assume a fixed grammar and do not model how the grammar
changes with experience.

Across these traditions, representational vocabularies (statistical learn-
ing, standard chunking) or grammars (artificial grammar learning) are
typically fixed, and models are often tested on short artificial stimuli.
Less is known about how structured representations are constructed
and updated from naturalistic sequences under resource constraints. We
address this gap in melodic sequence learning. Music is a natural testbed

because melodies show cross-cultural regularities (Jacoby et al., ;
Mebhr et al., ), hierarchical and recursive structure (Fitch and Martins,

; Sievers et al., ), and combinatorial richness (Harasim, ;
Wiggins, ), while remaining experimentally controllable.

4.3 Methods

Our model HAG (Hierarchical Adaptor Grammar) formalize sequence
learning as inference over generative programs, supported by building a
library of reusable components. Learning is governed by two interacting
constraints: a memory constraint that penalizes representational cost
of the inferred program (via description length) and a computational
constraint that bounds the search and backtracking used to identify and
revise candidate programs. We first describe the program representation
(Section 4.3.1), inference under dual constraints (Section 4.3.2), the model
hierarchy (Section 4.3.3), and the dataset (Section 4.3.4).

Formally, to find an efficient representation for an observed sequence
X =[x1,x2,...,x7], HAG uses two coupled processes, program inference
and library updating. First, HAG searches for a generative program I'1 such
that executing it produces a reconstruction X = g(IT) of the observed
sequence X, where ¢ denote the interpreter that maps a program to
its reconstruction. For later use, it is helpful to view a program IT as a
concatenation (denoted as @) of subprograms 11 := 711 ® 1, @ - - -, which
are self-contained, executable subtrees that can be nested or concatenated
to produce a subsequence. The reconstructed sequence is thus composed
of several subsequences X = [X1,Xs,...] where X = g(m;). After
subprograms are selected, HAG updates two libraries: a local library Ljoc
that is built within the current sequence, and a global library Lgo, that
is updated across sequences to support transfer learning.

4.3.1 Program representation in combinatory logic

We represent programs in typed Combinatory Logic (CL; Liang et
al., ; Schonfinkel, ), a minimal, variable-free formalism for
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Figure 4.3: Overview of experimental paradigm and computational models. (1) Sequence learning is cast as inference over generative
programs that construct observed sequences under two resource constraints. An observed sequence X (left) is explained by a generative
program 7. A memory constraint sets the representational budget for the final program (rate), controlled by  and favoring ever shorter
programs at ever higher f. A computational constraint limits inference by bounding the number of candidate programs that can be
proposed and revised, via a search budget N and a corrective backtracking budget Nj. Candidate programs draw on a global library Lgiob
and a local, participant-specific library Lj,., which are updated as structure is discovered. (b) Trial structure in the behavioural experiment.
Participants (or the model) (1) learn a melodic sequence, (2) recall it via reproduction, and (3) continue it to probe generalization under
the inferred library. (c) Model comparison and rate-distortion curve under simulation. We contrast repetition-based baselines (RLE,
Chunking) and structure-based grammars (PCFG, AG) with hierarchical adaptive grammar learning (HAG). Icons indicate which
primitive operators and library components each model uses (e.g., repetition, chunking, global/local libraries). Curves show the trade-off
between representational rate and distortion.

composing functions. CL provides a small set of primitive operators—
called combinators—that can be composed into binary trees, resulting in

hierarchical expressions that generate sequences when executed”. 5: Typed CL is intentionally not Turing
complete: the type system rules out non-
terminating programs. Untyped CL with
only S and K is Turing complete (Schon-

finkel, ), but unrestricted search

A program 7 in CL is a binary tree of the form 7t = [r,I', I';], where r
is a router (a combinator that directs arguments to subtrees) and I';, I';

are the left and right subtrees. Routers are composed from first-order
combinators {B, C, S}:

» B directs the incoming variable first to the right subtree I';, then
passes the result to I';.

» C directs the variable first to the left subtree I';, then passes the
result to I';.

» S sends the variable to both subtrees simultaneously.

Higher-order routers (e.g., CB, BS) are finite sequences of these first-
order combinators and enable complex argument-routing patterns. Any
subtree is itself a complete subprogram that can be cached in the library,
retrieved, and composed into new programs.

Domain-specific operators. In addition to the standard CL combinators,
we include predefined melody-domain operators so that the same pro-
gram language can express both general compositional structure and
melodic regularities. Primitives are divided into base terms and function
terms.

Base terms. These define the typed atomic values in the language:

» Noten €{1,2,3,4,5,6} (type t,): pitch values.
» Count ¢ € NT (type t.): repetition or step counts.
» Time index m € N* (type t,,): positions within a sequence.

Function terms. These define typed operations on base terms:

over such programs is undecidable. The
type system trades expressiveness for
tractable inference.

Example 4.1 (Router B) B f gx :
f (g x) — function composition. e. g.
B (up) (rep(D)) 3 first applies rep(D)
to get [D, D, D], then passes it to up.

(Remark 4.4 (CL vs. A-calculus))
CL is a variable-free variant of
A-calculus (Church, ): instead
of named variables, combinators
route arguments structurally. This
makes shared substructure syntac-
tically explicit—two programs per-
forming the same computation have
the same tree, regardless of naming
conventions, which is essential for
library deduplication (Liang et al.,

).

J
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6: A type labels what kind of object a

term is and what it can combine with.

Types prune the search space without
evaluation: applying up (which expects
tn, tc) to two counts is a type error, so
that branch is rejected immediately (Ellis
etal., ).

7: e.g.ifup(D, 3)is cached in L1, it costs
one pointer; without it, the full tree must

be specified, requiring several bits more.

The same computation has different rates
under different libraries.

» up(n, c): ascending sequence of ¢ semitone steps starting from note
n (e.g., up(D,2) = [D,E, F]).

» down(n, ¢): descending sequence of ¢ semitone steps from note 7.

» rep(n,c): repeat note (or subsequence) n for ¢ times (e.g.,
rep(D,3) = [D, D, D)).

» range(n, s): generate a stepwise sequence from start note n with
step size s.

» reverse(n): reverse the order of a sequence .

» mem(C): verbatim memorization of a specific note sequence C.

Type system. Typed CL assigns distinct types® to the domain and
codomain of each primitive and program, ensuring syntactic correctness.
Despite sharing numerical values (e.g., piano note 1, repeat 1 time, the
first index in an array), different base terms have different types reflecting
their distinct semantic roles. The type of a function term is denoted with a
right arrow: for example, the type of get(n, m) is t,, t,, — t,, indicating
the types of its input arguments and output. This type system constrains
the space of well-formed programs and makes search more

4.3.2 Program inference under dual constraints

Two constraints govern encoding and accumulation in program inference:
memory limitations on the amount of structure that can be stored, and
computational limitations on search over candidate programs and revi-
sion of earlier commitments. This extends the general resource-rational
framework from Section 3.6.

Memory constraint. We first formalize memory costs (Gershman, ;
Nagy et al., ) as the representational complexity of a subpro-
gram Rmem(7). We use RDT (Shannon and Weaver, ; Sims, ;
Zhou et al., ) to characterize the goal of learning accurate represen-
tations (i.e., minimizing distortion) while also minimizing the complexity
(i.e., rate). Thus, the selected subprogram minimizes the weighted sum
of distortion and memory cost:

J(m) =d(X, X | 1) + BRmem (7T | »Cglobr »Cloc) . 4.1)

Here, d(-, -) is the reconstruction error defined by Hamming distance and
f3 controls the trade-off between accuracy and complexity. Importantly, the
memory cost Rmem depends on the learner’s current knowledge, i.e., the
description length of  depends on what the learner can already express
compactly using Lgjop and Lio’ . When a new sequence invokes a stored
subprogram rather than re-deriving a new one, the description length
is shorter. Thus, reuse helps reduce memory load through encoding
recurring structure once and referencing it thereafter.

Computational constraint. In addition to the cost of storing a representa-
tion Rpmem(7), we also constrain the computational costs of discovering it
Rcomp(71). Minimizing the objective function in Equation (4.1) requires
searching a combinatorially vast space of possible subprograms. Thus
we impose a hard limit on the inference process:

min 7(7t) subject to Reomp (7; Ns, Ni) < Climit- 4.2)

The computational cost Reomp can be decomposed into two budgets (Fig-
ure 4.3a). The search budget N limits how many candidate subprograms
the learner can consider, while the backtracking budget Nj limits how



far the learner can revise earlier commitments as new data arrives (see
Methods)2.

Library updating. The local and global libraries define a structured prior
over candidate subprograms: the learner can choose between reusing
elements from Lo, reusing elements from Lgjop, Or proposing a novel
subprogram from the base grammar. Within a sequence, each selected
subprogram increases its count in Ljo., promoting further reuse in that
same sequence. After the sequence ends, these local counts partially
propagate to Lgiob, such that reliably useful subprograms become more
likely to be reused—and hence cheaper to be represented and selected—
in future sequences. Formally, this two-level updating is implemented by
a hierarchical Pitman-Yor process’ (Teh, ) (see Methods), yielding
path-dependent compression and transfer.

P(ﬂ | Eglob/ »Cloc)
= Qloc P(T( | Lloc) + Qglob P(TC | Eglob) + (1 — doc — aglob) P(TC | H) (4.3)

local reuse global reuse novel from grammar

where H is the base grammar prior. The weights a1 and g, control the
propensity to reuse cached structure versus proposing a novel program
(implemented via hierarchical Pitman-Yor process parameters (Teh, )
see Methods). Together, the two constraints interact with library updating;:
aricher Lgjop reduces Rimem by providing compact pointers for recurring
subprograms, while simultaneously reducing Reomp by supplying high-
quality proposals that focus search on already-validated regions of the
program space.

4.3.3 Model hierarchy

To capture a spectrum of possible strategies, we consider models that
differ in (i) the expressiveness of their program space and (ii) whether
they support learning reusable structure (Section A.1.1).

First, tolerant Run-Length Encoding (RLE) captures immediate repe-
titions as the simplest form of regularity by compressing consecutive
identical symbols (Golomb, ). Second, Chunking extends note-level
repetition to chunk-level by storing contiguous substrings as reusable
units (Fonollosa et al., ; Miller, ; Wu et al., ), even across
sequences. However, they both remain surface-level mechanisms that
memorize and repeat previously observed strings.

In contrast, grammar-based methods in our third and fourth mod-
els capture a different kind of structure via hierarchical composition.
Early formal approaches such as Probabilistic Context-Free Grammars
(PCFEGs) (O'Donnell, ) to represent nested patterns through fixed
production rules. While rule probabilities can in principle be estimated
from data, there are often specified in advance and fixed (Figure 4.1).
Thus a standard PCFG does not provide a built-in mechanism for discov-
ering and caching new reusable structures during inference (i.e., each
sequence is parsed independently under the same grammar). Fourth,
Adaptor Grammars (AGs) extend fixed grammars by adding experience-
dependent reuse on top of a grammar. Intuitively, AGs allow the model to
cache frequently used structures (i.e., programs) into a library and reuse
them (Liang etal., ; Zhao et al., ). However, a key assumption the
same cache supports reuse across all contexts, neglecting the distinction
between general purpose and locally relevant abstractions.

4.3 Methods

8: Nj is a prospective budget: how many
candidates to evaluate before commit-
ting to a subprogram. Ny, is a retrospective
budget: how many already-committed
boundaries may be revised as new evi-
dence arrives.

9: The Pitman-Yor process generates
power-law frequency distributions (Teh,

), consistent with Zipfian statistics
observed in language and music corpora.
Its discount parameter controls how
strongly frequent subprograms domi-
nate proposals; its concentration param-
eter controls the rate at which novel sub-
programs enter the library.
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10: Seeds vary two sources of stochas-
ticity: (i) the order in which the 50 se-
quences are presented, which affects
what the global library accumulates first;
and (ii) the stochastic choices during pro-
gram selection at each step. Averaging
across both isolates structural effects of
the model from presentation-order arte-
facts.

11: HAG vs. AG: z(99) = 1183, p < .001,
r = —.531, Cl = [-.702, —.337]

Our model Hierarchical Adaptor Grammars (HAGs) extends AGs across
different timescales of reuse. It maintains both a global library for generic
abstractions and a local library for short-term patterns. This hierarchical
library lets HAG flexibly combine cross-task transfer with context-specific
reuse, which fixed grammars (PCFG), surface-level repetition models
(RLE/Chunking), and single-cache AGs cannot capture.

4.3.4 Melodic sequence dataset

We converted a dataset of real-world MIDI files (Garcia-Valencia et al.,

) into structured piano-roll representations using the following
pipeline: (1) Instrument filtering: we retained only files whose primary
instruments are piano, brass, reed, or synth lead to retain melodic as
opposed to ambient (e.g., synth pad) or rhythmic samples (e.g., drums);
(2) Pitch normalization: we mapped notes to a single octave comprising 12
pitch classes, {C, CY,D,D* E,F,F,G,GH A, A, B}; (3) Note constraint:
we only included in our stimulus set sequences containing exactly six
unique pitch classes, such that participants could comfortably execute
the sequences with both hands on their keyboard during the task; (4)
De-duplication: we removed duplicate note sequences that resulted from
pitch normalization; (5) Length constraint: We retained sequences of 80—
120 notes, balancing enough material for segmentation against memory
load. We then followed the dataset’s original training-evaluation split.
After preprocessing, we were left with 298 sequences for training and
96 sequences for testing.

4.4 Simulations

We first report results from model simulations, which clarify how mem-
ory and computational limits jointly shape learning and compression.
Models achieve better rate-distortion trade-offs when equipped with a
hierarchical library, which accumulates and reuses recurring structure
across sequences, with HAG outperforming all alternatives. This benefit
is consistent across training and held-out generalization sets.

Simulation setup. We randomly sampled 50 melodic sequences from the
training set. In all simulations, we treated the model as a plausible ob-
server with access to complete sequences. Each simulation was repeated
with 100 random seeds!?, which varied both the presentation order and
the stochastic choices involved in program selection. Results were av-
eraged across seeds. Models were compared under matched resource
settings where the parameter choices can be found in Section A.3.

Compression performance

To characterize the RD trade-offs, we ran simulations in which each model
inferred programs for melodies under matched resource settings, mea-
suring both rate (description length) and distortion (Hamming distance).
Models were fit on training melodies (allowing library updates) and then
evaluated on held-out melodies to assess one-shot generalization.

Across training melodies, HAG achieved the most favorable RD trade-off:
for a given rate, it had lower distortion than any alternative, with AG
typically second-best. A paired-samples Wilcoxon test confirmed that
HAG attains significantly lower distortion and rate than AG'. AG in turn



a Performance b Learning dynamics ¢ Learning efficiency

140 Train 160 10
140 gos //7
E 120 a gos
o ¥ 120 E
< S 0.7
& 100 w e ————y—y 5 /
o 3 &
3 3 100 e 06
80 Bos
" 80 |™\g «
0.4
60 510 20 30 40 50
1 5 10 20
chc’&_\o‘)"& ve Qy@ Training Amount Search
d\o
140 Test _
20 1.0
o
c [
=120 = e
e g 15 &
e g £0.8
3 g &
80 g 5 06
2 ; |- ——a—— &
| 3
) ——F———
60 A —
O O % L L 510 20 30 40 50 01 3 5 10
Qé( (3-\0 ™Y Q\v Training Amount Backtrack
>
<& = RLE = Chunking «=fil= PCFG =fll= AG HAG

outperformed RLE'?, showing the benefit of richer primitives beyond
simple repetition.

Under matched conditions on held-out melodies, HAG maintained its
advantage over all other models'. These results suggest that generaliza-
tion is mainly driven by the learned libraries!, since global and local
libraries allow HAG to encode unfamiliar sequences with fewer resources.
However, under very high memory constraint penalties (f = 10.0), all
models converge to primarily minimizing memory costs at the expense
of developing an effective global library, and HAG'’s advantage over AG
diminishes (See Figure A.4).

Learning dynamics

A core property of library-augmented models is that learning improves
with experience, because repeated exposure enables the accumulation
and reuse of programs. All models with a library showed decreased
training loss over time, whereas PCFG showed no improvement because
it lacks a mechanism for cross-melody abstraction and must effectively
relearn each melody from scratch. Although all library-based models
improve with training, they do so via different representational strategies.
Chunking improves rapidly early on through near-verbatim memory,
resulting in low distortion but relatively high representational cost.
As training progresses and the set of reusable substrings saturates,
Chunking’s advantage diminishes.

Beyond RD curves, a key prediction of library-based models is they can
increasingly nest subprograms when constructing new ones. We quantify
this via the average reconstruction length of subsequences generated
by selected subprograms (Figure 4.4b, right). HAG subprograms consis-
tently accounted for the longest subsequences under fixed computational
budgets (N; = 10, N = 1), followed by AG, while Chunking yielded
substantially shorter subsequences. This pattern emerges most promi-
nently when compression is weighted more strongly (i.e., g is large).
However, when f is small (e.g., f = 0.1; Figure A.6), all models minimize
distortion and therefore choose conservative subprograms that safely
reconstruct shorter subsequences. In this regime HAG does not exceed
AG or PCFG. But as § increases, HAG and AG increasingly trade off

4.4 Simulations

Figure 4.4: Simulation results for the
melodic sequence learning task. We
study how memory (rate), computation
(search and backtracking), and accu-
racy (distortion) interact over the course
of learning among different models.
(a) Loss objectives (rate + distortion) for
training sequences and one-shot gener-
alization to held-out sequences using
learned libraries. (b) Evolution of loss
and subsequence length per subprogram
as training data increases. (c) RD values
as a function of computational resources,
showing how search budget (Ns) and
backtracking budget (Np) affect model
performance.

12: AG vs. RLE: 2(99) = 1387, p < .001,
r = —.451,Cl = [-.649, —.241]

13: HAG vs. AG: z(99) = 81, p < .001,
r = —.968, CI = [~.991, —.925]

14: On held-out sequences, model pa-
rameters are frozen and only the library
is available as prior knowledge.
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15:  This simplicity bias under limited
search is an interesting consequence of
the PCFG’s lack of a library. Without
accumulated experience to guide pro-
posals, a small N tends to accept low-
complexity “default” parses, which hap-
pen to perform well. Larger N uncov-
ers deeper-nested subprograms that in-
crease rate without a corresponding de-
crease in distortion. Library-based mod-
els avoid this trap because accumulated
structure constrains the proposal distri-
bution.

small reconstruction errors for more economical descriptions by calling
library items and composing them hierarchically, which yields longer
subsequences.

Resource efficiency

Having shown that HAG achieves the best RD trade-off, we next examined
its computational cost. Since performance in our framework depends on
both representations and inference resources, we varied search budget
N; and backtracking budget Nj, (Figure 4.4c; see Figure A.7 for bivariate
analyses).

Increasing the search budget N; yielded only modest gains for HAG, AG,
and RLE, especially late in training. With global libraries, these models
update priors over programs based on past usage, producing informa-
tive proposals even under limited search. In contrast, PCFG showed
a paradoxical pattern: increasing Ny sometimes worsened performance,
because broader search proposed unnecessarily complex subprograms
that had not been validated by past experience'®. Increasing backtracking
depth Nj, benefited all models. Under high backtracking, AG approached
HAG'’s performance, suggesting a memory-computation trade-off: HAG
stores an additional local library that strengthens its program prior,
whereas AG compensates through more extensive revision of earlier
commitments.

Search and backtracking shape behavior in complementary ways. In-
creasing N, broadens the set of candidate programs considered at each
step, making it more likely that the learner discovers good compositional
structure. Increasing N} allows the learner to revise earlier commitments
in light of later evidence, yielding longer but more accurate encodings as
partial solutions are progressively repaired and extended (Figure A.7).
Together, these simulations predict that resource limits should leave
structured signatures in behavior—including systematic error patterns,
recall-time dynamics, and experience-dependent generalization—which
we test in the behavioral experiment.

Collectively, the simulations show that HAG outperforms others in
compression efficiency and generalization, and that performance is
bounded by memory and computation. These results motivate our human
experiment of the same resource-bounded library-learning mechanisms:
these constraints should shape both recall performance and recall-time
dynamics, and library reuse should produce experience-dependent
generalization. We next test these predictions in an online experiment.

4.5 Behavioral experiment

Guided by predictions from our simulations, we conducted an online
experiment on Prolific with human participants (n = 96; see Methods).
Each participant was presented with five melodic sequences (sampled
from the same dataset (Garcia-Valencia et al., ) as the simulations),
with each sequence broken up into six segments to ensure recall perfor-
mance remains challenging but feasible (see Methods). The experiment
consisted of three phases (Figure 4.3b). In Phase 1, participants were
asked to learn each segment by reproducing it note by note with visual
cues for the correct note. In Phase 2, participants were asked to recall the
segment from memory. Finally, in Phase 3, participants were asked to
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continue the sequence by predicting the next segment based on what they
previously observed. Phases 1 and 2 were presented in alternating order
for the first five segments, while the sixth segment was only used as the
ground truth for Phase 3.

We report three results linking behavior to the program-based account.
First, we analyze Phase 2 recall errors and RTs using features from a
“plausible observer” whose parameters span a broad theory-motivated
range rather than being fit post hoc. Second, with the same observer, we
test whether learning reflects library growth rather than generic practice.
Finally, we fit HAG to trial-by-trial choices and evaluate out-of-sample
Phase 3 continuations, testing whether fitted libraries explain how people
extrapolate beyond training.

Participants and design. We recruited N = 100 participants (56 female;
Mage = 34.28, SD = 11.23) via Prolific. Informed consent was obtained
from all participants prior to participation and the study was approved
by the Ethics in Psychological Research Commission of the University of
Tiibingen (Wu_2021/0124/213). We excluded 4 participants because of
technical issues with data saving. No participants were excluded based
on task performance or a priori criteria. Participants received a base
payment of £4.00 plus a performance-contingent bonus (£2.68 + 1.17).
The task lasted approximately 46.87 + 28.54 min.

4.5.1 Materials and procedure

The experiment was a sequence-learning task (Figure 4.3) in which par-
ticipants learned, recalled, and continued melodic sequences. Participants
completed the study online in a browser environment. After providing
informed consent, they received instructions and completed a tutorial.
Comprehension was verified with three multiple-choice questions, which
participants had to correctly answer before proceeding.

At the start of the experiment, each participant was randomly assigned
5 melodic sequences from the full set of training sequences to ensure a
reasonable experiment length, and to avoid both fatigue and sequence-
specific biases. Each sequence was subject to a random transposition to
prevent over-representation of specific pitch values, while preserving
the relative interval structure. An overview of the sequence statistics is
provided in Figure A.1. We index the five sequences by i € {1,...,5}.

Each sequence X = [xgi), sy x(Ti<),~

notes, which after preprocessing (seen above) each note xii) e{l,...,6}

,] contained a string of discrete MIDI

Figure 4.5: Experimental paradigm. Par-
ticipants completed an online sequence-
learning task in three phases. In Phase 1
(learn), each melodic segment was pre-
sented note-by-note with visual cues re-
quiring a keypress response. In Phase 2
(recall), participants reproduced the same
segment from memory without cues.
Phases 1 and 2 alternated across five seg-
ments per sequence. In Phase 3 (continue),
participants improvised a continuation
consistent with the preceding five seg-
ments; the sixth segment (never shown
during learning) served as ground truth.
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Figure 4.6: (a) The histogram of error rates across participants in Phase 2. Participants on average (Popul.) perform well above chance
(Random) and first-order Markovian model (Stat.). (b) Schematic illustration of the four error categories: vertical shifts, temporal shifts,
intrusions from earlier notes (RLE) or segments (Chunking), and simplification bias (i.e., corresponds to a simpler program). (c) Frequency
of distinct errors across participants and segments (each error counted at most once per category per segments). Program-like errors

predominate.

16: Kernel change-point detection finds
breakpoints that maximally partition a
sequence into statistically homogeneous
segments in a kernel-induced feature
space. Applied here, it places bound-
aries where local melodic statistics shift,
yielding cuts that respect phrase struc-
ture rather than imposing fixed-length
splits.

17: mean segment length was 14.89 +
0.41 notes, first-order transition entropy
was 1.21 + 0.04 bits/note, and repetition
complexity was 21.23 + 0.87 symbols

18: 0.83; Popul. vs. Random: z(95) =
.0,p <.001,7 =-1.0,CI = [-1.0,-1.0]

19: 0.64; Popul. vs. Stats.: z(95)
580,p < 00L,r = -75CI
[-.87,—.61]

Additionally, each sequence was further divided into six segments,
denoted XU, ..., X0 using kernel change-point detection (Celisse
et al., ) as implemented in the ruptures Python package'®. This
reduced the memory demands of the task by presenting long sequences
(usually over 100 notes) in smaller, more manageable units (12 — 16
notes), while still preserving their higher-order sequential structure. This
produced segments of comparable complexity (see Figure A.1 for full
distributions").

Segments X"V, ..., X% formed the training portion of each sequence
and were presented in alternating learning and recall phases. During
learning, participants viewed each segment note-by-note and pressed
the corresponding key before the next note appeared. During recall,
they reproduced the same segment from memory without visual cues.
Responses for segment j of sequence i are denoted X(/); keystroke
reaction times are denoted RT'/), with analyses conducted on LogRT.
The sixth segment, X0 was held out from learning and recall and
served as ground truth for Phase 3. After recalling X%, participants
instead improvised a continuation consistent with the preceding five
segments, allowing their responses to be evaluated against the unseen
sixth segment.

Throughout the experiment, participants were incentivized to maximize
accuracy in all phases. Participants earned a performance-based bonus
computed from note-level accuracy (binary) in all three phases. A brief
post-task questionnaire collected demographic information and self-
reported strategies. The performance summaries for each stage are
shown in Figure A.2.

4.5.2 Plausible observer analysis

Error patterns. We focus on analyzing error patterns during the recall
task in Phase 2 to reveal signatures of structured compression. Overall,
participants achieved a mean recall error rate of .46 + .20 (Figure 4.6b; see
Figure A.2a for all three phases), which was lower than both a random
baseline!® and a first-order Markov model p(x,, | x,-1) fitted on training
sequences’.

Behavior analysis. To first characterize the nature of recall error purely
from behavior data, we classified note-level mismatches into four cate-
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gories. Two categories served as non-diagnostic controls, because they
can arise without structured representations:

1. Vertical shift (non-diagnostic): A contiguous recalled sequence dif-
fered from the target by a constant pitch offset, consistent with motor
imprecision or uncertainty about absolute pitch.

2. Temporal shift (non-diagnostic): A recalled sequence matched the
target after a uniform index lag, consistent with temporal uncertainty.

The other two categories were structure-diagnostic. Together, these latter
two categories test whether recall errors reflect systematic resource
constraints, either through reuse or simplification:

1. Repetition error (structure-diagnostic): Copying earlier material, ei-
ther run intrusions (RLE-like repeated-note runs) or chunk intrusions
(earlier multi-note subsequences replayed in the wrong position).

2. Simpler program (structure-diagnostic): The recalled sequence was
best explained by a shorter (more compressible) generative program
than the target. For each error window, we scored the participant
response and the ground truth using a precomputed library of can-
didate programs, labelling the error as “simpler program” when the
response had a higher compressibility score.

Because errors can fall under multiple categories, we only counted unique
errors assignable to a single category to avoid overcounting. Across
participants, program-based simplifications were the most dominant
category of errors (.293 +.010), followed by repeats (.055 +.004), temporal
shifts (.047 +.005), and then transpositions (.007 +.001; Figure 4.6c). Thus,
participants not only exhibited lower overall error rates than chance, but
also produced error patterns diagnostic of program-like compression.

Choice predictions. We next asked which mechanisms best predict
participants’ note-by-note recall choices, including both correct responses
and systematic errors. To do so, we fit a logistic mixed-effects regression
on participants’ choices using note-level expectation features for vertical
and temporal shifts (non-structured errors), together with predictors
derived from RLE, Chunking, PCFG, AG, and HAG plausible observers
(structured errors). Intuitively, these predictors provide a score reflecting
which choices were more likely under each model (see Methods). We
jointly entered these predictors in a hierarchical softmax regression with
participant-level random effects to predict each recalled note. HAG had
the largest positive coefficient (Figure 4.6d)?, indicating that errors were
systematically captured by assuming programmatic representations with
reusable libraries. By contrast, AG, Chunking, and temporal shifts yielded
much smaller positive effects, while RLE, PCFG, and vertical shifts were
negative. Excluding HAG significantly worsened fit, as demonstrated
by a likelihood-ratio test comparing the full model to the nested model
without the HAG predictor (x2(1) = 2946.21, p < .001).

Reaction times. We then analyzed RTs for process-level evidence of
program-like compression. In Phase 2, log-transformed RTs generally
decreased across relative note position during a segment, but this decline
was not monotonic: local jumps in RT duration were observed in addition
to the overall downward trend, suggesting intermittent processing bound-
aries (Figure 4.7a, left). To quantify these boundaries, we computed the
note-to-note change in RT within each segment and marked a boundary
when the change was unusually large relative to the participant and
segment?!. These boundaries divided segments into runs of relatively
fast responses separated by longer pauses. The resulting “chunk” lengths

20: y = 5.82,z = 68.62,p < .001,CI =
[5.63,5.98]

21: thresholded at the mean + 1s.d. of
all changes within that segment
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22: HAG: y = 11.66,z = 4.26,p <
.001,CI = [6.30,17.02]
23: RLE: y = 5.66,z = 11.18,p <

.001,CI = [4.67, 6.65]

averaged 4.81 notes (Figure 4.7a, right), consistent with multi-note group-
ing rather than uniformly fast note-by-note responding (see Figure A.2b
for details).

We next asked whether these RT jumps align with subprogram bound-
aries. If participants internally represent sequences using concatenation
of subprogrames, initiating a new subprogram should incur a cognitive
cost and produce an RT spike at the transition. To test this, we fit a
mixed-effects regression that included model-predicted subprogram
boundaries, along with note index as a control variable for generic de-
creases in RTs. Consistent with this prediction, HAG was the strongest
predictor of increased RTs*? and significantly improved model fit when
included as a regressor (y?(1) = 18.18,p < .001; Figure 4.7b). RLE was
also a significantly positive predictor but smaller in magnitude®®. By
contrast, AG and PCFG did not explain RT independently of HAG, likely
because their boundary predictions overlapped with HAG (AG-HAG:
r = .66; PCFG-HAG: r = .58); we therefore interpret their coefficients as
reflecting collinearity rather than evidence against hierarchical structure.
Chunking showed a different pattern: its boundaries were associated
with faster responses. Follow-up analyses showed that Chunking can only
capture smaller patterns than other models (i.e., shorter subsequences
per subprogram). Whereas boundaries between larger hierarchical units
are associated with RT costs, Chunking places many boundaries within
short local subsequences that are executed more quickly overall (see
Figure A.9a-c and SI).

Learning dynamics. The preceding analyses showed that note-level recall
choices and RTs bear signatures of program-like compression. We next
asked whether segment-level performance across the experiment can be
explained by simple exposure-based practice alone, or whether it instead
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reflects changes in the internal libraries used to encode each segment.

As a baseline, we first asked how much variance could be explained by
practice alone (indexed by segment number and sequence number) with-
out invoking any change in internal representations. Participants showed
reliable practice effects: RTs sped up with both segments and sequences?*.
Consistent with these speed-ups, pauses became less frequent over
learning, yielding longer contiguous runs (i.e., larger inferred chunks;
Figure A.2a). Error rates also declined over learning (Figure A.2b)%.
However, these temporal indices explained relatively little variance in
performance (R? < .15), indicating that simple practice effects capture

only a limited portion of the learning dynamics.

We therefore asked whether segment-level performance was better ex-
plained by changes in the inferred representations. Applying all models
as plausible observers to the same sequences participants experienced,
we extracted for each segment a scalar estimate of segment program com-
plexity, i.e., the description length of the best inferred program under
the model’s current library (see Methods). These complexity estimates
were then used to predict segment-level recall error above and beyond
the baseline practice indices. Segment complexity inferred by HAG?®,
RLE% and PCFG?® robustly predicted error rates, such that segments
assigned higher program complexity were recalled less accurately (Fig-
ure 4.7¢c). By contrast, Chunking and AG were comparatively weak in
the joint model because RLE, Chunking, and AG were highly correlated
(Chunking vs. RLE r = .65, AG vs. RLE r = .66), indicating overlap in
the complexity they capture if it comes down to a single scalar metric.
Overall, adding program-based complexity predictors significantly im-
proved fit relative to a model containing only temporal learning indices
(x*(1) = 24.11,p < .001), indicating that learning is better explained
by changes in inferred segment structure and library reuse than by
time-on-task or surface complexity alone.

4.5.3 Model-based analysis

We fitted each candidate model to individual participants’ trial-by-trial
choices. Model parameters were estimated via grid search over § (mem-
ory budget), N5 and Nj, (computational budgets, drawn from Poisson
distributions), and @giob, A10c (reuse preferences). Each model was fitted
using 50 random seeds, with posterior samples used to construct categor-
ical distributions over note space. Model performance was assessed using
the Bayesian Information Criterion (BIC), hierarchical Bayesian model
selection (protected exceedance probability, PXP)?°, and out-of-sample
log loss for Phase 3 predictions. Full details are reported in Section A.6.

Model comparison and recovery. Fitted to trial-by-trial choices of each
participant, HAG achieved a significantly higher log-likelihood (-2.774 +
.121) than all alternative models®’. To infer the most likely generative
model at the population level, we conducted hierarchical Bayesian model
selection by computing the protected exceedance probabilities (PXP).
HAG yielded the highest PXP and the lowest BIC relative to all baseline
models (Figure 4.8a-b). Relative to AG, HAG had a significantly lower
BIC3L. At the individual level, HAG provided the best fit for 53 of 96
participants according to BIC, compared with 21 for AG, 17 for PCFG,
3 for RLE, and 2 for Chunking (Fig. A.10).

We also evaluated model recoverability to assess whether the fitting
procedure could reliably identify the true generating model. All mod-

24: RT vs. Segments: y = —.031,z =
—-5.741,p < .001,CI = [-.041,-.020];
RT vs. Sequences: y = -.079,z =

-15.377,p < .001,CI = [-.089, —.069]

25: Error vs. Segments: y = —.004,z =
—3.555,p < .001,CI = [-.006,—.004];
Error vs. Sequence: y = -.006,z =
—5.742,p < .001, CI = [-.008, —.004] for
sequences

26: HAG: y = 211,z = 8.068,p <
.001,CI = [.160, .262]

27: RLE: y = .38,z = 6.550,p <
.001, CI = [.089, .187]

28: PCFG: y = .343,z = 5.623,p <
.001, CI = [.084, .602]

29: PXP (Rigoux et al., ) is the poste-
rior probability that a model is the most
frequent generative model in the popu-
lation, corrected for the possibility that
all candidate models are misspecified.
Unlike raw exceedance probability, PXP
is conservative when the best model is
only marginally better than alternatives.

30: HAG vs. AG: z(95) = 4656,p <
001, = 994, CI = [.980, .999]

31: HAG vs. AG: z(95) = 227,p <
.001, r = —.90,CI = [-.96, .82]
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Figure 4.8: Model fitting, comparison, and parameter—behavior relationships. (2) Model comparison using protected exceedance
probability (PXP), indicating the likelihood that each model is the most frequent generative model in the population. (b)) Model
comparison accounting for complexity, shown as relative ABIC values with respect to the best model for each participant. (c) Model-based
predictions in the Phase 3. Participants predicted the continuation of a sequence based on what they have seen. Model predictions were
generated using the participant-specific fitted model. Bars show the negative log-likelihood of participants’ responses under the model
predictions. (d) Example predictions produced by two participants (p36 and p71) alongside compositions generated by the HAG model
using fitted parameters. (e) Correlation between participant Phase 3 error rates and model-predicted error rates, shown separately for
each model. Bars indicate Pearson correlation coefficients across participants; error bars denote 95% confidence intervals. Asterisks
indicate significance levels. (f) Regression analysis relating fitted model parameters to behavioral measures across participants.

els were highly recoverable (Figure A.13), with the exception of AG
(P(true|recovered) = .55 in the inversion matrix), where AG were fre-
quently mistaken as PCFG, RLE, or Chunking. AG implements a single,
shared adaptor (a global library), which allows it to interpolate be-
tween qualitatively different behaviors depending on its adaptor strength
(@glob). In one extreme regime, weaker reuse (higher agop) yields be-
havior close to PCFGs; whereas in a strong-reuse regime (lower agjqb),
reuse can be amplified even when genuine sequence structure has not yet
been identified. Early in training, this can lead the model to propagate
whatever patterns are easiest to reuse—often shallow, high-frequency
subsequences or repeats—which can resemble surface-level repetition
models (RLE/Chunking) especially under finite data. By contrast, HAG
has stronger identifiability (P(true|recovered) = .76) and its parame-
ters are recoverable (Kendall’s rank correlation 7 > .56, all p < .001;
Figure A.14). HAG's local library can capture within-sequence regular-
ities without forcing them to generalize across sequences. As a result,
sequence-specific patterns are less likely to be misrepresented as glob-
ally reusable structure, yielding clearer model identifiability in both
parameter recovery and model comparison.
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Out-of-sample prediction (Phase 3). We then used our fitted models
to predict participant responses in Phase 3, where participants freely
predicted the continuation of a sequence (observed in segments one to
five). For each participant, model fitting resulted in an individualized
set of libraries inferred from their behavior up to the onset of Phase 3.
We then treated the fitted libraries as a generative model to the sequence
continuation, and compared these model generations to participants’
free responses. Because PCFG does not possess an explicit library repre-
sentation, we treated it as a statistical baseline model, akin to a flexible
n-gram model, and generated predictions using only its fitted parame-
ters. The results are shown in Figure 4.8c. At the aggregate level, HAG
equipped with participant-specific libraries provided the best account of
Phase 3 responses, with the lowest negative log-likelihood (nLL) among
all models®?, and better than either a Markovian or chance baseline®.
Figure 4.8d shows two representative participants whose composition
responses were closely matched by one sequence sample from the HAG
library (blue represents match), providing qualitative evidence that the
model captures participants” internalized structural representations.

Beyond individual examples, we also assessed whether HAG captures
systematic variation in composition at the population level. Across par-
ticipants, the correlation between participant Phase 3 error rates and
model-generated error rates for each candidate model (Figure 4.8e).
HAG showed the strongest participant-level correspondence (r = .23,
p < .001), exceeding AG (r = .11, n.s.), PCFG (r = .06, n.s.), and the
simpler RLE (r = .14, p < .05) and Chunking baselines (» = .12, p < .05).
Thus, beyond fitting individual continuations, HAG better captured
between-participant variability in how learners generalized sequence
structure to unseen continuations. Together, these results suggest that
participant-specific hierarchical libraries support out-of-sample predic-
tion of continuation behavior after limited exposure.

Parameter analysis. We next examined the fitted parameters of the win-
ning HAG model. For intuition, we report parameters such that larger
values correspond to greater resource demands, facilitating a direct
comparison of memory vs. computational trade-offs. Specifically, larger
inverse temperature 3 1 reflects increased memory capacity, whereas
larger values of the search budget (N;), backtracking budget (N}), and
proposal rates (&, agob) reflect increased computational capacity. Across
participants, fitted parameters showed modest but systematic depen-
dencies (Figure A.13c). Memory capacity (37!) was negatively correlated

with computational capacity, including search budget (N; r = —.24),
backtracking budget (Ny; ¥ = —.20), local proposal rate (ajoc; ¥ = —.11),
and global proposal rate (agjob; ¥ = —.10), indicating a trade-off between

memory and computation. We also observed a strong positive correlation
between the search budget (N;) and the tendency to propose new local
programs (aoc; ¥ = .19). This suggests that participants who searched
more extensively also relied less on reuse of previously formed local
structures and more on proposing novel candidates.

We next asked whether individual differences in parameter estimates
could explain behavioral variability. Participants’ error rates were sig-
nificantly predicted by both memory 7!3* and computational capacity
N; + N,*, with greater capacity yielding lower errors. In addition, com-
putational resources positively predicted chunk size, derived from RT
(Figure 4.8¢), indicating that greater computational capacity supports the
formation of larger chunks. To test whether these effects were captured
quantitatively by the fitted models, we simulated each participant using
their fitted parameters and compared predicted with observed individual

32: HAG vs. AG: z(95) = 76381,p <
001, 7 = .323,CI = [.224, .420]

33: nLLyag = 6.93, nLLgwy, = 14.21,
and 7LLRandom = 25.69

34: p7liy = =370,z = —141.32, p <
.001, CI = [~.375, —.365]

35: N + Np: y = —.051, z = —18.449,
p < .001, CI = [-.027,-.022]

36: Chunk size: y = .038, z = 24.478,
p < .001,CI = [.035,.041]
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Figure 4.9: Curriculum order systemat-
ically affects library quality. (a) Scatter
plot of generalization error for matched
runs (same curriculum, different random
seeds) vs. random pairings (different cur-
ricula). Matched runs are positively cor-
related; random pairings are weakly neg-
atively correlated. (b) Generalization per-
formance of learned libraries learned un-
der different curricula vs. randomly gen-
erated libraries. While random libraries
perform worse on average, their variance
is comparable.

37: Qgioh — (loc: ¥ = 277, z = 102.254,
p < .001,CI = [.271, .282]

38: A full posterior p(£ | X*') would be
invariant to presentation order because it
conditions on all past data jointly. A point
estimate cannot be revised without re-
running inference, so early examples dis-
proportionately shape which programs
are cached first.
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differences in error rate and chunk size (Figure A.12). HAG showed the
strongest participant-level correspondence on both measures and, in joint
mixed-effects regressions controlling for competing models, explained
unique variance in both outcomes (statistics in Figure A.12).

Finally, we examined parameters governing global versus local reuse. We
used the parameter contrast agjop — @10c as an index of relative reliance
on between-sequence versus within-sequence reuse, and quantified each
participant’s training materials using a similarity contrast comparing
structure shared across sequences to structure repeated within sequences.
Concretely, this contrast summarizes the extent to which a participant’s
five training sequences contain recurring motifs and transformations
that reappear across different sequences versus that are confined to
individual sequences. The similarity contrast significantly predicted
the reuse-parameter contrast: participants exposed to training sets with
more cross-sequence relative to within-sequence structure showed larger
values of agjob — Ao, indicating greater inferred reliance on a global
library. This links individual reuse strategies to the structural statistics of
the training sequences participants experienced.

4.6 Curriculum effects

The preceding results established that library learning is path-dependent,
i.e., the order in which learning materials are encountered shapes the li-
brary that is constructed, which in turn determines what can be efficiently
represented and generalized. In this section, we report an exploratory
simulation study that investigates curriculum effects more directly and
proposes a principled method for designing curricula that induce more
effective libraries. This analysis has not yet been validated with human
participants and should be understood as a proof of concept; we include
it because it illustrates a natural consequence of the path-dependent
library framework and points toward future experimental work.

4.6.1 Curriculum sensitivity

Because we approximate the library posterior by a single point estimate®,
the model is sensitive to training order. We quantified this by simulating
50 melodies across 1,000 randomly sampled curricula.

Learned libraries varied substantially across curricula, sharing only
3.19% +0.05% of subprograms on average. To separate curriculum effects
from sampling stochasticity, we ran the model twice per curriculum
and compared generalization error for matched runs (same curriculum)
versus random runs (different curricula). Matched runs were positively



correlated (r(998) = .286, p < .001), while random runs were weakly
negatively correlated (r(998) = —.052, p < .001); this difference was
significant (£(999) = 7.621, p < .001). Thus, curriculum effects cannot
be explained by stochasticity alone. We also compared learned libraries
across curricula with randomly generated libraries. Random libraries
performed worse on average, but showed comparable variability, indicat-
ing that unfavorable curricula can disadvantage adaptive learners. This
highlights the practical importance of curriculum design for library-based
learning.

4.6.2 Synergistic curriculum design

Given that curricula matter, can we design them a priori to induce better
libraries? We introduce a synergistic curriculum-building method using
principles from Partial Information Decomposition (PID; Williams and
Beer, )- PID was introduced to resolve a longstanding ambiguity in
multivariate information: knowing that two variables together predict
a target does not distinguish whether they each provide the same infor-
mation (redundant), complementary information (unique), or information
that only emerges jointly (synergistic) (Williams and Beer, ).

PID decomposes the multivariate mutual information MI(py, . . ., pm; X)
between multiple source programs p,, € £ and a target variable X
(melodies) into distinct components:

» Unique information U(p;; X): present in exactly one program py,.

» Redundant information R(p;, ..., pj; X): encoded separately by
multiple programs.

» Synergistic information S(p1, ..., pm; X): jointly encoded by mul-
tiple programs together, but not available from any single program
alone.

For a library £ containing two programs, the synergy is:

S(L; X) = MI(rty, mt2; X) = R(my, 112; X) = U(71y; X) = U(mp; X). (4.4)

We hypothesize that a synergistic library—one in which programs jointly
encode information that none encodes alone—is essential for flexible
generalization across novel problems. A synergistic library contains pro-
grams that “complement” each other: each program captures a different
aspect of the domain, and together they cover the stimulus space more
efficiently than redundant or independent programs would*’.

We strategically select and order melodies to maximize synergy. Given
the learned library £ at step 1, we select the next presented melody
X by maximizing the expected synergy of the resulting library:

X' = arg max S(C;X) where £~ p(d"“) | z:<">,x<">) . (45)
Xex
The aim is to construct a training sequence where each new melody

adds subprograms to the library that enhance overall representational
capacity.*!

4.6.3 Synergistic curricula improve generalization

We tested whether generalization performance under a synergistic cur-
riculum improves relative to random orderings. Across 1,000 simulations,

4.6 Curriculum effects

39: Synergy is positive when the pro-
grams together predict more about the
melodies than either can alone plus their
shared component. A library of two iden-
tical programs has S = 0 and R > 0; a
library of two perfectly complementary
programs has S > 0 and R = 0.

40: Connecting to Section 3.6, a redun-
dant library wastes representational re-
sources by storing overlapping compres-
sions; a synergistic library maximizes the
compression benefit per entry, because
each entry extends the library’s coverage
into a region of program space not reach-
able from any other entry alone. Synergy
is, in effect, a measure of how well the
library satisfies the resource-rational cri-
terion of Equation (2.4).

41: The selection is greedy: it maximizes
expected synergy one step ahead with-
out planning over future curricula. A full
curriculum search would require evalu-
ating all (N — n)! orderings of remaining
melodies, which is computationally in-
feasible even for small N. Greedy selec-
tion provides a tractable approximation
that still outperforms random ordering.
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Figure 4.10: Synergistic curricula in-
duce more effective libraries. (a) PID
decomposition of libraries learned un-
der random (blue) vs. synergistic (yel-
low) curricula, showing the proportion
of redundant R, unique U, and synergis-
tic S information. Synergistic curricula
produce libraries with higher joint infor-
mation and less redundancy. (b) Gener-
alization error under random vs. syner-
gistic curricula across 1,000 simulations.
Synergistic curricula yield significantly
lower generalization error.

42: Beam search or Monte Carlo tree
search over curriculum sequences are
natural extensions. However, their cost
scales as O(b-N) per step for beam width
b, and the value function (future library
synergy) requires simulating forward
through many updates—making even
moderate look-ahead expensive at realis-
tic dataset sizes.
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the synergistic curriculum yielded significantly lower generalization error
than random curricula (+(999) = 6.219, p < .001). Libraries learned under
synergistic curricula contained programs with higher joint information
and less redundancy, confirming that the PID-based selection method
promotes the formation of complementary, mutually informative library
entries.

This curriculum analysis is exploratory in several respects. First, the
synergy computation assumes access to the current library state, which
may not be directly measurable in human learners. Second, the greedy
selection algorithm considers only one step ahead; more sophisticated
planning over curriculum sequences could yield further improvements*?
Third, and most importantly, the synergistic curriculum method has not
yet been tested with human participants. Despite these limitations, the
result provides a proof-of-concept that information-theoretic measures
defined over program libraries can guide the design of training sequences,
connecting the theoretical framework of library management to practical
questions in education and cognitive training.

4.7 Discussion

4.7.1 Findings

Compression signatures. Participants’ recall errors were not well ex-
plained by memorizing isolated notes or shallow transition statistics.
Instead, errors clustered toward more compressible versions of the target
sequence. This follows from a compression objective: under resource
constraints, learners favor shorter descriptions, even when they distort
the original, yielding regularization errors rather than arbitrary substitu-
tions (Bates and Jacobs, ; Brady et al,, ; Culbertson et al., ;
Reali and Griffiths, ). HAG predicted these errors better than all
baselines, and removing it significantly worsened model fit. RTs also re-
vealed process-level signatures of latent program structure: participants
slowed at boundaries predicted by inferred subprograms. Initiating a
new subprogram incurs a cognitive cost analogous to hierarchical action
initiation (Lashley et al., ; Sakai et al., ; Verwey and Dronkert,
), and HAG boundary predictions were the strongest RT predictor.
Together, these results support internal segmentation at compositional
program joints rather than surface-level repetition boundaries.

Library learning over experience. Performance improvements across
segments were better explained by decreasing program complexity
under the model’s evolving library than by time-on-task alone. Once a
useful program is cached, later sequences that overlap with it become



cheaper to encode and easier to recover under bounded search (Ellis
et al,, ; Xia and Collins, ). Participant-specific HAG libraries
also predicted Phase 3 continuation behavior better than all competing
models, demonstrating transfer to sequences never encountered during
training.

Individual differences as resource allocation. Fitted HAG parameters
revealed systematic structure in how participants allocated cognitive
resources. Both memory and computational capacity covaried with re-
call accuracy, and computational resources positively predicted chunk
size derived from RTs. The relative reliance on cross- versus within-
sequence reuse tracked the structural statistics of each participant’s
training sequences. These results recast individual differences as vari-
ation in resource allocation shaped by learning history, rather than as
differences in general ability.

Path dependence. More broadly, library-based compression provides a
principled basis for path dependence in learning (Bruner, ; Ritter
et al., ). Because libraries reshape both what is cheap to encode
and what is easy to infer, early experiences determine which structures
enter the library, and those early commitments bias which regularities
become visible under bounded search. Compression, segmentation, and
generalization accordingly arise from a single hierarchical system rather
than from separate mechanisms.

4.7.2 Limitations

Task scope. The experiment uses short, controlled melodic sequences
with restricted rhythmic and timbral variation. This controlled setting
supports identification of latent program structure but is not a model
of music learning per se, which additionally involves meter, expressive
timing, longer-range dependencies, and sensorimotor demands.

Completeness of the cost model. Our framework adds search and
backtracking to the standard informational cost, but does not exhaust
the space of computational constraints. Maintaining, updating, and
refactoring the library itself carry costs that lie outside the current
formulation. The framework should therefore be understood as a proof
of principle about one class of computational constraints, rather than as
a complete account.

Point-estimate approximation. The library posterior is approximated
with a single point estimate rather than a full distribution over possible
libraries. This approximation is necessary for tractability, but it means
the model cannot recover from early commitments without re-running
inference from scratch, and it prevents a principled quantification of
library uncertainty.

4.7.3 Towards human experiments on curriculum learning

Our exploratory curriculum simulations (Section 4.6.1-Section 4.6.3)
show that presentation order systematically shapes library quality and
that PID-based synergy provides a principled criterion for selecting
beneficial orderings. A natural next step is to assign human participants
to different curriculum conditions (random, synergistic, anti-synergistic)
and compare their learning outcomes and inferred library structures.

4.7 Discussion
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Manipulations of computational budget via time pressure or dual-task
load should shift learners toward shallower programs and greater reliance
on previously cached subroutines, producing structured changes that go
beyond a uniform accuracy drop. Applying the same framework to other
compositional domains—language, mathematics, motor sequences—can
evaluate whether library learning is a shared mechanism for abstraction
and reuse across cognitive systems (Ellis et al., ; Zhou et al., ).

4.8 Summary

This chapter showed that human sequence learning reflects resource-
rational program induction with hierarchical libraries. Learners compress
melodies into compositional, program-like representations, balancing
fidelity against description length and bounded search while accumulat-
ing reusable structure across contexts. The hierarchical adaptor grammar,
with both global cross-melody and local melody-specific libraries, best
explained recall errors, reaction times, free compositions, and individual
differences in resource allocation. The curriculum analysis showed that
library construction is path-dependent and that information-theoretic
principles can guide training sequences that build more effective repre-
sentational infrastructure.

From formalism to behavioral evidence. The background chapters ar-
gued that representational dynamics—the construction, curation, and
communication of reusable internal structure—should be central ob-
jects of study. This chapter provides empirical evidence for that claim.
The key finding is not just that program induction is plausible, but
that library-growth dynamics are recoverable from behavior: which pro-
grams are reused, how libraries reshape inference, and how experience
order determines representational infrastructure. Path dependence, pre-
dicted as a generic consequence of resource-bounded library learning,
is demonstrated in simulation and in human curriculum sensitivity.
The memory-computation trade-off predicted by Section 3.6 is likewise
recovered as an individual-difference parameter covarying with recall
accuracy and chunking behavior.

What this chapter does not address. The present results address how
libraries are constructed, not whether they transfer to richer settings.
The controlled setting—short melodies, restricted pitch sets, and a single
learning session—supports identifiability but leaves open whether the
same mechanism operates in large-scale naturalistic learning. Chapter 5
takes up this question, moving from hand-crafted symbolic programs to
large-scale educational data, where the target representations are pre-
requisite graphs and individualized cognitive traits rather than program
trees. If the construction mechanism generalizes, its traces should appear
not only in laboratory recall but also in the structured learning trajectories
of hundreds of thousands of students. The chapter also raises a further
question: library growth is path-dependent, but who chooses the path?
The curriculum analysis showed that different orderings produce differ-
ent libraries, some systematically better than others. Yet the learner here
does not choose its own curriculum. How agents should actively manage
their representational resources—what to seek, practice, or prune—is the
question of curation, and the subject of Part III.



What learners share: transferable
structure across learners

“Habit is thus the enormous fly-wheel of society.”
— William James, The Principles of Psychology, 1890

The preceding chapter showed that human concept learning can be
understood as program induction under resource constraints, and that
the order of encounters leaves lasting traces in the representations
learners build. That account operated in a controlled laboratory setting:
carefully-calibrated stimuli, small participant groups, and predefined
discrete symbolic programs over a hand-crafted base language. Two
features of that setting—control and scale—cannot be assumed in the
wild. Real learners navigate domains structured by prerequisite relations
across hundreds of thousands of practice events, at scales where the
sample-based Bayesian approximations that work in the lab become
computationally intractable.

This chapter shifts the register accordingly, moving from controlled
observation to inference from naturalistic data. Rather than designing ex-
periments, building normative and descriptive models of how each single
learner builds internal representations, we ask the complementary ques-
tion: given the behavioral traces left by numerous learners on real-world
educational platforms and our prior knowledge on structured internal
representations, how can we infer these representations efficiently, and
how can we use these representations and generative models to facilitate
downstream tasks (e.g., improve prediction and support personalized
tutoring)? We present PSI-KT (Predictive, Scalable, and Interpretable
Knowledge Tracing), a hierarchical probabilistic generative model of
human learners applied to three large-scale educational datasets, which
jointly infers latent knowledge states, learner-specific cognitive traits—
forgetting rate, long-term memory, volatility, and transfer ability—and a
shared prerequisite graph over knowledge components.

Construction here still refers to the learner’s activity, not ours as model
designers. In shifting from experiment to modeling, PSI-KT asks whether
structured knowledge accumulation leaves interpretable traces in large-
scale data at all—by inferring the representations that learners have
already built through natural learning. That it does extends the thesis’s
core claim beyond the laboratory. The chapter also instantiates the
path-dependence theme in a new form: prerequisite structure creates a
specific kind of order-dependence, where mastering a concept changes
the attractor landscape for subsequent ones, so that the history of what a
learner has studied shapes what they can efficiently acquire next.

The chapter is organized as follows. Section 5.1 motivates the technical
problem and connects it to the field. Section 5.2 reviews related work.
Section 5.3 presents the model and inference procedure. Section 5.4
reports empirical evaluations. Section 5.5 situates the findings.

5.1 Introduction

The rise of online education platforms has created new opportunities
for personalization in learning, motivating a renewed interest in how
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1: Corbett and Anderson ( ) de-
scribe KT as monitoring a student’s
changing knowledge state during prac-
tice by updating mastery estimates after
each opportunity to apply a rule.

humans learn structured knowledge domains. Foundational theories in
psychology (Ebbinghaus, ) have informed spaced repetition sched-
ules (Settles and Meeder, ), which exploit the finding that an optimal
spacing of learning sessions enhances memory retention. Yet beyond the
timing of rehearsals, the sequential order of learning materials is also
crucial, as evidenced by curriculum effects in learning (Dekker et al.,

; Dewey, ), where exposure to simpler, prerequisite concepts
can facilitate the apprehension of higher-level ideas. Cognitive science
and pedagogical theories have long emphasized the relational structure
of knowledge in human learning (Piaget, ; Rumelhart, ), with
recent research showing that mastering prerequisites enhances concept
learning (Brdndle et al., ; Karuza et al., ; Lynn and Bassett, ).
Yet, we still lack a predictive, scalable, and interpretable model of the
structural-temporal dynamics of learning that could be used to develop
future intelligent tutoring systems.

Here, we present PSI-KT, a novel approach for inferring interpretable
learner-specific cognitive traits and a shared knowledge graph of pre-
requisite concepts. We demonstrate our approach on three real-world
educational datasets covering structured domains, where our model out-
performs existing baselines in terms of predictive accuracy (both within-
and between-learner generalization), scalability in a continual learning
setting, and interpretability of learner traits and prerequisite graphs.
Altogether, PSI-KT bridges machine learning and cognitive science, lever-
aging our understanding of human learning to build the foundations for
automated tutoring systems with broad educational applications.

5.2 Background

5.2.1 Problem of knowledge tracing

A central goal in the cognitive science of learning is to infer how knowl-
edge and memory evolve from sparse behavioral traces. Classic work
characterizes learning as an accumulation process and forgetting as a
time-dependent decay process, with strong and stable individual differ-
ences in rates of acquisition, retention, and susceptibility to interference,
as well as robust contextual effects such as spacing and recency (Ack-
erman, ; Cepeda et al., ; Ebbinghaus, ; Underwood and
Postman, )- Knowledge tracing (KT) formalizes this cognitive infer-
ence problem in a setting where we observe sequences of learner-item
interactions (Corbett and Anderson, ). Historically, this formal-
ization was motivated by intelligent tutoring systems (ITS)! and other
adaptive practice platforms, which must decide what to present next
based on limited observations (Pressey, ). In this chapter, we focus
on KT as the problem of predicting future performance while inferring
compact latent representations of (i) a learner’s evolving knowledge state,
(ii) stable learner-specific traits, and (iii) shared domain structure that
governs transfer across knowledge components.

Formally, a learner ¢ receives exercises or flashcards for knowledge
concepts(KCs) x!, € {0,1, ..., K} at irregularly spaced times t, where-
upon the performance is recorded, often as correct/incorrect, y5 €
{0,1}. We can formalize KT as a supervised learning problem on
time-series data, where the goal of the KT model is to predict fu-
ture performance (e.g., Jn+1) given all or part of the interaction his-
tory HS i={xf, tf, yi 3 available up to time t{,. As part of the process,



a KT model may infer specific representations of learners or of the learn-
ing domain to help prediction. If these representations are interpretable,
they can be valuable for downstream learning personalization.

The KT problem is especially interesting given the resource constraints
under which learning and instruction operate. Learners have limited time
and attention, tutoring systems must make decisions with limited data
(especially for new learners or new content), and the computational cost
of model updates must be manageable in real-time educational settings.
These constraints make the problem a natural testing ground for the
resource-rational perspective developed in Section 2.3.2.

5.2.2 Existing models for knowledge tracing

We broadly categorize related KT approaches into psychological and
deep learning methods.

Psychological methods. The earliest KT approaches draw directly on
psychological theories of memory and learning. The forgetting curve
in Ebbinghaus (1555) —the observation that memory strength decays over
time in a roughly exponential fashion—has informed spaced repetition
schedules (Settles and Meeder, ) and factorbased regression models
that predict performance from hand-crafted features such as repetition
counts, time intervals, and KC difficulty (Ackerman, ; Gervet et
al., ; Lindsey et al., ; Lord, ; Pavlik et al., ). Half-
life Regression HLR; Settles and Meeder, , developed at Duolingo,
models the probability of recall as a function of the time elapsed since last
practice, with the halflife of memory depending on the learner’s history of
correct and incorrect attempts. The Predictive Performance Equation PPE;
Walsh et al., extends this approach by modeling the elapsed time
of every past interaction with a power function to account for spacing
effects. These models are interpretable by construction—each parameter
has a clear psychological meaning. However, they rely on hand-crafted
summary statistics rather than representations learned from data, and
their shallow functional forms limit predictive capacity, especially if they
want to model the relational structure between concepts.

Latent variable models represent a step toward richer representations.
Bayesian Knowledge Tracing (Corbett and Anderson, ) uses a two-
state Hidden Markov Model to represent either mastery or non-mastery
of each KC, with transition probabilities governing the chance of learning.
Extensions have introduced individualized parameters and contextual
estimation (Baker et al., ; Kéaser et al., ; Sao Pedro et al., ;
Yudelson et al., ). However, binary states are a coarse approximation
of continuous knowledge, and these models typically do not account
for the temporal dynamics of forgetting or the structural dependencies
between KCs. The Hawkes Knowledge Tracing model HKT;, Wang et
al., represents the closest prior work in spirit to the model we
developed here. HKT models knowledge evolution as a multivariate
Hawkes process, capturing both temporal decay and cross-KC structural
influences. However, HKT lacks learner-specific representations entirely—
it pools all learners into a single set of dynamics, forgoing personalization.

Deep learning methods. Deep learning methods use flexible models
with many parameters to achieve high prediction accuracy. However, this
flexibility also makes it difficult to interpret their learned internal repre-
sentations. The first deep learning methods explicitly modeled sequential
interactions with recurrent neural networks to overcome the dependence

5.2 Background
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Figure 5.1: Stylized forgetting curves
illustrating how spaced review can re-
store retention and progressively slow
subsequent forgetting.
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on fixed summary statistics in simpler regression models, with Deep
Knowledge Tracing DKT; Piech et al., pioneering the use of Long
Short-Term Memory (LSTM) networks (Hochreiter and Schmidhuber,

)- A similar architecture, DKTF (Nagatani et al., ) incorporated
additional input features, whereas Shen et al. ( ) proposed an in-
tricate modular architecture aimed at recovering interpretable learner
representations, but neglecting KC relations.

Structure-aware models leverage KC dependencies, accounting for the fact
that human knowledge acquisition is structured by dependency relation-
ships i.e., concept maps; Hill, ; Koponen and Nousiainen, ; Lynn
and Bassett, .Tongetal. ( ) empirically estimate KC dependencies
from the frequencies of successful transitions. AKT (Ghosh et al., )
relies on the attention mechanism (Vaswani et al., ) to implicitly
capture structure (Choi et al., ; Liuetal., ; Pandey and Karypis,

; Shin et al., ), whereas GKT (Nakagawa et al., ) models
it explicitly based on graph neural networks (Kipf and Welling, )
Recent work towards interpretable deep learning KT starts by engineering
features such as learner mastery or exercise difficulty (Minn et al., )
or infers them with neural networks (QIKT, Chen et al., ) (Long
etal, ). Despite a variety of approaches ranging from post-hoc local
explanations to introducing ad-hoc structures or parameters for global
interpretability, we still lack a comprehensive evaluation framework for
interpretability.

5.2.3 Prerequisites as reusable structured knowledge

A central limitation of existing KT models is their treatment of knowledge
components as independent entities. Yet a recurring claim across cognitive
science and education is that domain knowledge is relational: concepts are
organized by dependency structure that enables transfer, abstraction, and
efficient inference (Hill, ; Koponen and Nousiainen, ; Rumelhart
and Ortony, ). In this view, learning is building supporting structure
that changes what can be learned next.

Prerequisite relations operationalize this structure in a particularly
tractable way. Empirically, mastering foundational concepts improves
learning of downstream ones (Karuza et al., ; Lynn and Bassett,

), and curriculum order affects compositional generalization (Dekker
etal., ). From the standpoint of this thesis, prerequisite structure
is a paradigmatic example of reusable representational infrastructure.
It creates path dependence in the learner’s knowledge trajectory: the
same concept, encountered under different prerequisite histories, pro-
duces different knowledge states. This is a property of the interaction
between learners and concepts through the accumulated structure of
prior learning. We will also make this link operational in Section 5.4.4 and
Figure 5.7: PSI-KT’s prerequisite-aggregated signal for a target KC pre-
dicts a learner’s initial performance on that KC, and inferred edge weights
track a Bayesian measure of causal support in held-out consecutive
interactions.

5.3 Methods

In this section, we describe PSI-KT, our probabilistic hierarchical state-
space model of human learning. Briefly, observations of learner perfor-
mance y (Figure 5.2a, filled /unfilled boxes) provide indirect and noisy
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Figure 5.2: PSI-KT is a hierarchical probabilistic state-space model of learning. (a) Latent knowledge states for different KCs (colored
curves) are inferred from observations. (b) Full hierarchical model for a single learner: cognitive traits s, control the coupled dynamics

of states zX, which give rise to observations y,. (c) The dynamics combine memory decay (Equation (5.6)) and structural influences

(Equation (5.5)).

evidence about latent knowledge states z (colored curves, with matching
dots in Figure 5.2b). These latent states evolve stochastically, in line with
the psychophysics of memory (temporal decay in Figure 5.2c), while
simultaneously being subject to structural influences from performance
on prerequisite KCs (structure in Figure 5.2c). We introduce a second
latent level of learner-specific traits s (Figure 5.2b, top), which govern
the knowledge dynamics in an interpretable way.

Below, we describe the method in more detail. We start with the generative
model (Section 5.3.2). Next, we discuss the joint approximate Bayesian
inference of latent variables and estimation of generative parameters
(Section 5.3.3). Finally, we show how to derive multi-step performance
predictions (see Section 5.3.4 and Figure B.1 for a graphical overview of
inference and prediction).

5.3.1 Model overview and design principles

Three design choices shape PSI-KT and distinguish it from prior KT
models.

Generative over discriminative. PSI-KT specifies a complete probabilistic
process over learner interactions rather than directly mapping histories
to predictions. This enables forward simulation of learning trajectories,
counterfactual predictions?, and uncertainty quantification

Psychologically grounded representations. Each latent variable corresponds
to a meaningful quantity. Knowledge states track mastery on a contin-
uous scale. Cognitive traits encode forgetting rate, long-term memory
consolidation, knowledge volatility, and transfer ability. The prerequisite
graph encodes directed dependency relationships between KCs. This
structured parameterization makes the model interpretable without
post-hoc explanation.

Shared domain structure, individual learner variation. The prerequisite graph
is constructed by all learners while cognitive traits capture how each
learner interacts with the domain. This separation lets the model pool evi-
dence across learners to estimate graph structure while still personalizing
to each individual.

5.3.2 Probabilistic state-space generative model

We conceptualize observations of learner performance as noisy measure-
ments of an underlying time-dependent knowledge state, specific to each

2: e.g. what if the learner had studied
concept A before concept B?
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Level 2 (latent cognitive traits):

learner and KC. The evolution of knowledge states reflects the process of

learning and forgetting, governed by learner-specific traits. Additionally,

knowledge of different KCs informs one another according to learned

prerequisite relationships. We translate these modeling assumptions into

a generative model consisting of three main components:

1. the learner knowledge state across KCs, z{, = [zf,’1 . z,‘;’K]T € RK
(colored curves in Figure 5.2a)

2. learner-specific cognitive traits s, € R* (top row in Figure 5.2b)

3. ashared static graph .A of KCs whose edges a’* quantify the probability
for a KC i to be a prerequisite for KC k (Figure 5.2c)

State-space model. State-space models (S5SMs) (Section 3.1.2) are a frame-
work for partially observable dynamical processes. They represent the
inherent noise of measurements y by an emission distribution p(y, | z,),
separate from the stochasticity of state dynamics, modeled as a first-order
Markov process with transition probabilities p(zy | z4—1). The state dy-
namics are initiated by sampling from an initial prior p(z1) to iteratively
feed the transition kernel, and predictions can be drawn at any time from
the emission distribution. To represent the influence of individual cogni-
tive traits over the knowledge dynamics, we additionally condition the
z-transitions on the traits s (which also can be observed only indirectly).
The three-level SSM hierarchy of PSI-KT consists of:

sﬁ ~ p@(sﬁ |sf;_1) = N(s,‘; |Hsfl_1, R) (5.1
Level 1 (latent knowledge states): zt ~ po(z!| zﬁ_l, sh) =TTk /\/'(zf;’k | mﬁ’k, w!) (5.2)
Level 0 (observed learner performance): 74 ~ p(y! |zf,’k) = Bern(a(zf,’k)). (5.3)

zifl. /’zo@

a £ 14 2 3
na.@ Mt Ynla21z, +a32,)

Figure 5.3: Conceptual sketch of the
dynamics of knowledge states. Short-
term: exponential decay

Ok _ Uk 0t
‘Zy =27, exp (—an Tn)
Long-term: shifted by global structure
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3: The variance is w! = (df)?(1 —
e=2417h) /(2a%) (Sairkka and Solin, 2019).

The choice of Gaussian initial priors (discussed below) and Gaussian
transitions ensures tractability, while the Bernoulli emissions model
the observed binary outcomes. We now unpack this model and all its
parameters in detail, starting with the knowledge dynamics.

Knowledge states z. Recent KT methods Nagatani et al. (e.g., )
use an exponential forgetting function based on psychological theo-
ries (Ebbinghaus, ). Here, we augment this approach by adding
stable long-term memory (Averell and Heathcote, ), and model
the knowledge dynamics z¥ of an isolated KC k as a mean-reverting
stochastic (Ornstein-Uhlenbeck; OU) process:

dz*/dt = a'(u = 2'%) + o"n(t). (5.4)

Accordingly, the state of knowledge z¢ gradually reverts to a long-term
mean ;1‘] with rate af, subject to white noise fluctuations 7(t) scaled by
volatility o¢. To account for the influence of other KCs, we adjust the
mean u, using prerequisite weights a’* (defined in Equation (5.8) below),
modulated by the learner’s transfer ability y.:

Al = b + (LK) Sk at* 2 (5.5)

We obtain the mean mf;’k and variance w!, of the transition kernel in
Equation (5.2) by marginalizing the OU process over one time step !, :=
t! —t! |, which can be done analytically?,
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. . . g
with retention ratio rf := e™™ € (0, 1).

(5.6)
(5.7)

As the time since the last interaction T/, grows, the retention ratio r}
decreases exponentially with rate a!, and the knowledge state reverts to
the long-term mean ﬁfl’k, which partly depends on the learner’s mastery of
prerequisite KCs (Equation (5.5)). This balances short-term and long-term
learning, reflecting empirical findings from memory research (Averell
and Heathcote, ). The structural influences are accounted for in the
dynamics of Zfl’k, thus justifying the conditional independence assumed
in Equation (5.2). A Gaussian initial prior pg(zf'k) =N (zf’k |z, w1),
where Z, w1 € R are part of the generative parameters 0, completes our
dynamical model of knowledge states.

Learner-specific cognitive traits s. The dynamics of knowledge states
(Equation (5.4)-Equation (5.6)) are parameterized by learner-specific cog-
nitive traits (af, p%, 0%, %), which we collectively denote s’. Specifically,
al represents the forgetting rate (Averell and Heathcote, ; Ebbinghaus,
), ut (via ﬁi’”) captures long-term memory consolidation (Meeter and
Murre, ) for practiced KCs and expected performance for novel KCs,
o' quantifies knowledge volatility, and y* measures transfer ability (Bas-
sett and Mattar, ) from knowledge of prerequisite KCs. These traits
can develop during learning according to Equation (5.1)*, starting from
a Gaussian prior pg(sf) = N(sf|§, R;) where 5 € R* and the diagonal
matrices H, Ry, R € R are also part of the global parameters 6.

Shared prerequisite graph A. In our model, prerequisite relations influ-
ence knowledge dynamics via the coupling introduced in Equation (5.5).
We now discuss an appropriate parameterization for the weight matrix
of the prerequisite graph, A := {a’*}; re1.x. We assume that prerequisites
are time- and learner-independent so that, in the spirit of collaborative
filtering (Breese et al., )°, we can pool evidence from all learners to
estimate them. To prevent a quadratic scaling in the number of KCs, we
do not directly model edge weights but derive them from KC embed-
ding vectors u* in lower dimension u* € RP with D < K, collected in
embedding matrix Uxxp®. A basic integrity constraint for a connected
pair is that dependence of KC i on KC k should trade off against that
of k on i, i.e.,, no mutual prerequisites: a'* + g% = 1. With this in mind,
we exploit the factorization of a’f introduced by (Lippe et al,, ) in
terms of a separate probability of edge existence p(i oo k) and definite
directionality p(i = k| i oo k):

a’* .= p(i—k|i oo k)p(i oo k)

= o(()Tu¥) o ()T (M -~ MT)u), (5.8)
where the skew-symmetric combination M — MT of a learnable matrix M
prevents mutual prerequisites. Having presented the generative model,
we now turn to inference and prediction.

5.3.3 Amortized inference with a neural network

We now describe how we learn the generative model parameters 0 and
how we infer the latent states s,z introduced in Section 5.3.2 using
a neural network (“inference network”). Since learner-specific latent
states s and z are deducible solely from limited individual data, we expect

5.3 Methods

4: Two rationales. First, traits e.g. forget-
ting rate can shift over time, so a dynamic
model captures slow non-stationarities
that a fixed parameter would miss. Sec-
ond, the AR(1) form has three useful
properties: |H;;| < 1 guarantees stationar-
ity with marginal variance R;; /(1 — H 1,21,),
bounding trait drift; H;; is the lag-1 auto-
correlation, so learning H recovers how
persistent each trait is; and the Gaus-
sian form maintains conjugacy with the
knowledge state transitions, keeping the
ELBO terms for traits analytic.

5: Incollaborative filtering, shared struc-
ture (e.g., item similarity) is estimated by
pooling data across many users, under
the assumption that it reflects properties
of the domain rather than any individual.
Here the same logic applies: prerequisite
relationships are a property of the knowl-
edge domain, so all learners’ interaction
histories constitute evidence about the
same shared graph.

6: In our datasets, K ranges from 102
(Assistl7) to 835 (Junyilb), giving up to
K2 ~ 700,000 potential edge weights.
With D = 32, the embedding matrix has
K x D =~ 27,000 parameters—a ~25X re-
duction.

(Remark 5.1 (No mutual prerequi-
sites) Skew-symmetry gives

Writing x := (uHT(M=MT)uk:
p(i—kl) + p(k—il-)
=o(x)+0(-x)=1.v

WH)T(M=-MT)u* = (5T (M-MT)u'.

~\




Chapter 5 What learners share: transferable structure across learners

Optimization
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Observation D := 7.,

Figure 5.4: Conceptual sketch of VI

(Example 5.1 (Variational inference )
on state-space models) Variational
inference (VI; Blei et al, ) ap-
proximates an intractable posterior
po(z|y) using a tractable family
of distributions g (z|y) parameter-
ized by ¢. Thus, inference involves
learning both ¢ and 6 by maximiz-
ing the evidence lower bound (ELBO)
of the marginal likelihood (Beal
and Ghahramani, ; Kingma and
Welling, ):

log pg(y) > ELBO(O, (P; y) (5.9)
= Egy(ely) [~1og ap(z1y) (5.10)
+logpo(y,z)] (5.11)

In the context of SSMs, ¥ = y1.n and
z = z1.N are sequential observations
and latent states. When transition and
emission functions are linear Gaus-
sian, Equation (5.1)-Equation (5.3)
has analytical solutions. More gener-
ally, we can approximate the distribu-
tion of latent states with VI (Archer et
al., ; Wang et al., ). For more
scalable inference, VI can use an in-
ference network (Kingma and Welling,

), which outputs a conditional
distribution g4(z|y) and is param-
eterized by ¢. Through amortized
inference, the number of learnable
parameters depends only on the net-
work architecture, rather than the

amount of data N (Zhang et al., )-
\. J

non-negligible uncertainty. This motivates our probabilistic treatment
of these states using approximate Bayesian inference. By contrast, the
model parameters 0 (KC parameters U, M in Equation (5.8), transition
parameters 5, H, Ry, R in Equation (5.1), and Zz, w; in Equation (5.2)) can
be estimated from all learners, and we thus treat them as point-estimated
parameters as described below (detailed derivation in Section B.1.) Here,
without loss of generality, we show the inference for a single learner.

Inference on a fixed learning history

Here, we assume the full interaction history ’Hf:N is available for in-

ferring the posterior over latents pg(zf: N’ Sf:N | yf:N). We approach the

problem using variational inference (VI). In VI, we select a distribution
family g, with free parameters ¢ to approximate the posterior pg by
minimizing their KurLsack-LemLER divergence. This can only be done
indirectly, by maximizing a lower bound to the marginal probability of
the data, the evidence lower bound (ELBO). Here, we adopt the mean-field
approximation q¢(z! st 198y = 96(24.) 90 (s!.) and jointly opti-
mize the generative 0 and variational ¢ parameters using variational
expectation maximization (EM; Attias, ; Beal and Ghahramani, ;
Dempster et al., ). Motivated by real-world scalability, we introduce
an inference network (see Figure B.1 for the architecture) to amortize
the learning of variational parameters ¢ across learners, and we employ
the reparametrization trick (Kingma and Welling, ) to optimize the
single-learner ELBO:

ELBOY(0, ¢)
= gyt ) [~ 108 q0(sy) +log pa(s)) + =), log pa(sh s} _y)]
+Egyat [ ~1og ap(z1.y) +log po(z)) + 2L, log pe(yh 1 2]
E o= ) 0(s!,) (=N, logpo(zh 12 |, sh)]. (5.12)

The SSM emissions and transitions were introduced in Equation (5.1)-
Equation (5.3), along with the respective initial priors. To allow for a
diversity of combinations of learner traits to account for the data, we
model the variational posterior across learners, qq,(sl;N ), as a mixture of
Gaussians (see Section B.3).

Inference in continual learning

In real-world educational settings, a KT model must flexibly adapt
its current variational parameters ¢, with newly available interac-
tions (xﬁ 1 tf; Ry yfl +1)- Retraining on a fixed, augmented history ’Hf; )
to obtain an updated ¢ 41 is possible (Equation (5.12)), but expensive.
Instead, in PSI-KT, we use the parameters ¢, of the current poste-

rior 4, (24, s!) to form a next-time prior,

~0 14 l l ¢ 14 ¢
p(zn+1’ sn+1) = [Eqw (zfl,sf, |yfm) [P6(5n+1 | Sﬂ) p@(2n+1 |Sn+1’ Zn)] : (513)

Due to the Bayesian nature of our model, we can now update this prior
with the new evidence yfl 41 attime tﬁ 1 using variational continual learning



(VCL; Loo et al., ; Nguyen et al., ), i.e., by maximizing the ELBO:

ELBOyc( (0, $n+1)
= Eqy, i [T 1089600 (510)]
+Eg, et (710800, (2100) +ogpo(yy 12,51
e 108 P(z0,5,.0)] (5.14)

+[E ¢
q¢n+1 (zn+l’sn+1

Maximizing this ELBO{,CL allows us to update the parameters ¢, 11
based on a new interaction (xfl 17 tﬁ Ry yf, 41) directly from the previous

parameters ¢y, i.e., without retraining.

5.3.4 Predictions

¢
n+1’

variational distributions over s, and z and transport them forward
by analytically convolving them with the respective transition kernels
(Equation (5.1) and Equation (5.2)). We then draw zﬁ’f’l’” from the
resulting distribution, and predict the outcome ﬁﬁ +1 by Equation (5.3).
When predicting multiple steps ahead, we repeat this procedure without
conditioning on any of the previously predicted 7.,

To predict a learner’s performance on KC xf; 41 att, ,, we take the current

5.4 Results

We argue above that KT for personalized education must predict accu-
rately, scale well with new data, and provide interpretable representations.
We now empirically assess these desiderata, comparing PSI-KT with up to
8 baseline models across three datasets from online education platforms.
Concretely, we evaluate (i) prediction accuracy, quantifying both within-
learner prediction and between-learner generalization (Section 5.4.2),
(ii) scalability in a continual learning setting (Section 5.4.3), and (iii)
interpretability of learner representations and prerequisite relations
(Section 5.4.4).

5.4.1 Datasets

Assistments and Junyi Academy are non-profit online learning platforms
for pre-college mathematics. We use Assistments’ 2012 and 2017 datasets
(Assistl2 and Assistl7) and Junyi’s 2015 dataset (Junyil5; Chang et al.,

), which in addition to interaction data, provides human-annotated
KC relations (see Table 5.1 and Section B.2.2 for details).

We select HLR from Duolingo and PPE as two influential psychologically-
informed regression models. From the models that use learnable repre-
sentations, we include two established deep learning benchmarks, DKT
and DKTE, which capture complex dynamics via LSTM networks, as well
as the interpretability-oriented QIKT.

5.4 Results

Assistl2  Assistl7  Junyil5

# Learners L 46,674 1,709 247,606
#KCs K 263 102 722
# Interactions 3.5M 0.9M 26M
KC pre X X v
KC sim X X v

Table 5.1: Dataset statistics for the
three online learning platforms used
in evaluation. Assist]12 and Assistl7 are
from ; Junyil5 from

. Junyil5 uniquely provides
human-annotated KC prerequisite and
similarity graphs, used to evaluate graph
interpretability (Section 5.4.4).


https://sites.google.com/site/assistmentsdata
https://pslcdatashop.web.cmu.edu/DatasetInfo?datasetId=1198
https://pslcdatashop.web.cmu.edu/DatasetInfo?datasetId=1198
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Table 5.2: Prediction accuracy. FT indicates additional fine-tuning and T indicates larger values are better. The best model performance
is in bold and the 2nd best is underlined.

Dataset Experiment HLR PPE DKT DKTF  HKT AKT GKT QIKT  PSI-KT

Within T 5403 6501 6503 6001 5501  .67.02 6303 6303 .68.02
Assist]12 Between T 5003 .50.02 5502 511 5400 .58 02 6102 .60.02 6103
w/FTT 5202 5301 5800 5501 5500  .6loo 6202  .6003 .62 02
Within 4501 5302 57 2 5303 5203 5602 5604 .58 02 6302
Assistl7 Between 3303 5102 5100 48 00 5102 A7 01 5302 .50 02 5302
w/ FT Al oy .51 00 .51 03 .53 01 5103 Sl 5403 5104 .56.02
Within 552 6603 7903 78 01 6302 8l 78,  .8l; .83.02
Junyils Between A48 2 5502 76 .00 76.02 6101 7301 77 03 7603 79 03
w/ FT 5200 6503  8lm 8401 6403 8300 7903 8003 -80.02
Assist12 Assistl7 Junyils —= PSIKT
;Z() N + —t- + —t 85 .
3 / : QIKT == GKT
5 == DKTF =o= DKT
< - HKT AKT
> A0 Y . =—PPE HLR
100 200 300 400 500 1000 9954 100 200 300 400 500 1000 1358 100 200 300 400 500 1000 62124
# Learners # Learners # Learners

Figure 5.5: Within-learner prediction performance (mean + SEM) as a function of cohort sizes from 100 to the maximum available in
each dataset (we omit HLR for legibility; see Table 5.2.)

5.4.2 Prediction and generalization performance

In our evaluations, we mainly focus on prediction and generalization
when training on 10 interactions from up to 1000 learners. Good KT
performance with little data is key in practical ITS to minimize the
number of learners on an experimental treatment (principle of equipoise,
similar to medical research; Burkholder, ), to mitigate the cold-start
problem, and to extend the usefulness of the model to classroom-size
groups. To provide ITS with a basis for adaptive guidance and long-term
learner assessment, we always predict the 10 next interactions. Figure 5.5
shows that PSI-KT’s within-learner prediction performance is robustly above
baselines for all but the largest cohorts (> 60k learners, Junyil5), where all
deep learning models perform similarly. The advantage of PSI-KT comes
from its combined modeling of KC prerequisite relations and individual
learner traits that evolve in time (see Figure B.6 for ablations). The between-
learner generalization accuracy of the models above, when tested on 100
out-of-sample learners, is shown in Table 5.2, where fine-tuning indicates
that parameters were updated using (10-point) learning histories from
the unseen learners. PSI-KT shows overall superior generalization except
on Junyil5 (when fine-tuning).

5.4.3 Scalability in continual learning

In addition to training on fixed historical data, we also conduct experi-
ments to demonstrate PSI-KT’s scalability when iteratively retraining on
additional interaction data from each learner. This parallels real-world
educational scenarios, where learners are continuously learning. Each
model is initially trained on 10 interactions from 100 learners. We then
incrementally provide one data point from each learner, and evaluate
the training costs and prediction accuracy. Figure 5.6 shows PSI-KT
requires the least retraining time, retains the best prediction accuracy,
and thus achieves the most favorable cost-accuracy trade-off (details in
Section B.4.3).
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Figure 5.6: Continual learning. (Top) Cumulative training time. (Bottom) Prediction accuracy on the next 10 time steps. We omit results

when time is above, or accuracy is below, the range of the axes.

5.4.4 Interpretability of representations

We now evaluate the interpretability of both learner-specific cognitive
traits s’ and the prerequisite graphs A. We first show that our model
captures learner-specific and disentangled traits that correlate with
behavior patterns. Next, we show that our inferred graphs best align
with ground truth graphs, and the edge weights predict causal support
on downstream KCs.

Learner-specific cognitive traits

For each learner, PSI-KT infers four latent traits, each with a clear dynam-
ical role specified by the OU process (Equation (5.5)-Equation (5.6)). In
contrast, high-performance baselines (AKT, DKT, and DKTF) describe
learners via 16-dimensional embeddings solely constrained by network
architecture and loss minimization. Another model QIKT constructs
3-dimensional embeddings with each element connected to scores of
knowledge acquisition, knowledge mastery, and problem-solving. We
collectively refer to these learner-specific variables as learner representa-
tions. Here, we empirically show that PSI-KT representations provide
superior interpretability. We ask that learner representations be (i) specific
to individual learners; (ii) consistent when trained on partial learning
histories; (iii) disentangled (i.e., component-wise meaningful, as in Ben-
gio et al,, ); and (iv) operationally interpretable, so that they can be
used to personalize future curricula. We evaluate desiderata 1-3 with
information-theoretic metrics (Table 5.3; see Section B.5 for details), and
desideratum 4 with regressions against behavioral outcomes (Table 5.4).

Metric Dataset Baseline PSI-KT
Specificit Assist]12 8.8 8.4
NIIDI(S' 0 TY Assist]7 10.1 10.0
’ Junyil5 13.5 144
Consistency~! Assist12 122 7.4
E, . MI( 7 ) Asistlz 6.4 6.4
fsup VST Ssub Junyil5 7.7 5.0
. Assist]12 2. 7.4
Blse?stﬁ?)g%emem Assistl7 06 8.4
KL Junyil5 5.0 11.5

Specificity, consistency, and disentanglement. Learner representations s
should be maximally specific about learner identity ¢, which can be quan-
tified by the mutual information MI(s; {) = H(s) — H(s | ) being high,
where H denotes (conditional) entropy. Additionally, when we infer
representations s from different subsets of the interactions of a fixed
learner, they should be consistent, i.e., each sl should be minimally
informative about the chosen subset (averaged across subsets), such that

Table 5.3: Information-theoretic evalu-
ation of learner representations against
the best baseline per dataset. Specificity
(T) measures how uniquely representa-
tions identify individual learners; consis-
tency (]) measures stability across partial
interaction histories; disentanglement (T)
measures whether each dimension is
individually informative about learner
identity.
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Table 5.4: Coefficients and p-values of .
) - 0 0 Behavioural
regressions relating exp(—aj 7,) and signature Dataset  BestBaseline =~ PSI-KT
ﬁf;’k to unseen behavioral data across Assist12 0.01, .67 0.30, <.001
datasets. Performance  Aosistl7  ~003,.30 056, <001
Junyil5 0.03, .06 0.72, <.001
Initial Assist]12 0.04, .01 0.54, <.001
erformance Assistl7 0.05, .01 3.70, <.001
p Junyil5 0.04, .02 0.92, <.001

Ee,  MI(s%; boup) = Eq, [H(s | €) — H(s | fsup)] should be low. Note that
sequential subsets are unsuitable for this evaluation, since representa-
tions evolve in time to track learners’” progression. Instead, we define
subsets as groups of KCs whose average presentation time is approxi-
mately uniform over the duration of the experiment (see Section B.5.1 for
details). Lastly, learner representations should be disentangled, such that
each dimension is individually informative about learner identity. We
measure disentanglement with Dy (s||{) := H(s) — H(s | €)diag, a form of
specificity that ignores correlations across s’ dimensions by estimating
the conditional entropy only with diagonal covariances.

In empirical evaluations (Table 5.3), PSI-KT’s representations offer com-
petitive specificity despite being lower-dimensional, and outperform
all baselines in consistency and disentanglement. While disentangle-
ment aids interpretability (Freiesleben et al., ), it does not itself
entail domain-specific meaning for representational dimensions. We now
demonstrate that PSI-KT representations correspond to clear behavioral
patterns, which is crucial for future applications in educational settings.

Operational interpretability. Having shown that PSI-KT captures spe-
cific, consistent, and disentangled learner features, we now investigate
whether these features relate to meaningful aspects of future behavior,
which would be useful for scheduling operations for ITS. We indeed
find that the learner representations of PSI-KT forecast interpretable
behavioral outcomes, such as performance decay or initial performance
on novel KCs. Concretely, consider the observed one-step performance
difference Ay, = y! - yﬁil. We expect it to be lower for longer intervals
th =tf - tf;_l due to forgetting. However, we recognize no clear trend
when plotting Ay’ over 7!, for the Junyil5 dataset (Figure 5.7, top right).
We can explain this observation because different learners forget on
different time scales. Plotting the same test data instead over scaled
intervals 4a! (Figure 5.7, top center) shows a clear trend against an
exponential fit (solid line) with less variability, demonstrating that a!,
(derived from past data only) adjusts for individual learner characteristics
and can be interpreted as a personalized rate of forgetting. Here, the
choice of the factor a!, is motivated by our inductive bias (Equation (5.4)).
The trend is much less clear for all baselines: Figure 5.7 (top left) uses
the best fitting component across all learner representations from all
baselines (full results in Figure B.2 in Section B.5.4). Analogously, when



5.4 Results

Table 5.5: (Left) Alignment of inferred graphs with annotated graphs for the Junyil5 dataset. (Right) Regression coefficients and
p-values relating causal support to inferred edge probabilities. All baseline models either lack significance or negatively predict causal
support (Figure B.5).

Metric MRRT JSexpertT JScrowdT ~nLL] coefficient T, p-value |
Dataset Junyil5 Assist12 Assistl7 Junyil5
Best Baseline .0082 .0015 .0047 3.03 1.05, .253 0.22,.792 0.42,.593
PSI-KT .0086 .0019 .0095 4.1 1.15, .003 0.28, <.001 0.97, <.001

we consider initial performance on a novel KC, we find for PSI-KT that

ﬁﬁ’k (which aggregates mastery of prerequisites for KC k at time f,,, see
Equation (5.5)) explains it better than the best baseline Figure 5.7 (bottom
panels). Table 5.4 shows that these superior interpretability results are
significant and hold across all datasets. In Section B.5.4, we discuss two
more behavioral signatures (performance variability and prerequisite
influence) and show they correspond to the remaining components )/,
and of.

Prerequisite graph

PSI-KT infers a prerequisite graph based on all learners’ data, which
helps it to generalize to unseen learners. Beyond helping prediction,
reliable prerequisite relations are an essential input for curriculum
design, motivating our interest in their interpretability. Figure 5.8a shows
an exemplary inferred subgraph with the prerequisites of a single KC. To
quantitatively evaluate the graph, we (i) measure the alignment of the
inferred vs. ground-truth graphs and (ii) correlate inferred prerequisite
probability with a Bayesian measure of causal support obtained from
unseen behavioral data.

Alignment with ground-truth graphs. We analyze the Junyil5 dataset,
which uniquely provides human-annotated evaluations of prerequisite
and similarity relations between KCs. We discuss here the alignment of
prerequisites and leave similarity for Section B.6. The Junyil5 dataset
provides both an expert-identified prerequisite for each KC,and crowd-
sourced ratings (6.6 ratings on average on a 1 — 9 scale). To compare
with expert annotations, we compute the rank of each expert-identified
prerequisite relation i — k in the relevant sorted list of inferred prob-
abilities {a/ k}fz and take the harmonic average (mean reciprocal rank,

MRR; Yang et al., ). Next, we compute the negative log-likelihood
(nLL) of inferred edges aik using a Gaussian estimate of the (rescaled)
crowd-sourced ratings for the i — k KC pair. We finally calculate the
Jaccard similarity (JS) between the set of inferred edges (a’* > 0.5) and
those identified by experts as well as crowd-sourced edges with average
ratings above 5. The results in Table 5.5 (left columns) consistently high-
light PSI-KT’s superior performance across all criteria (see Section B.6.1
for details).

Causal support across consecutive interactions. For education appli-
cations, we are interested in how KC dependencies impact learning
effectiveness. If KC i is a prerequisite of KC k, mastering KC i contributes
to mastering KC k, indicating a causal connection. In this analysis, we
show that inferred edge probabilities all (Equation (5.8)) correspond
to causal support;_,, (Equation (5.15)), derived from behavioral data
through Bayesian causal induction (Griffiths and Tenenbaum, )
Specifically, we model the relationship between a candidate cause C and
effect E, i.e., a pair of KCs in our case, while accounting for a constant
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Figure 5.8: Graph interpretability. () Subgraph inferred by PSI-KT on the Junyil5 dataset, showing prerequisites of target KC ‘area of
parallelograms’. (b) Hypothesized causal graphs, where Graph 1 assumes a causal relationship exists from KC i to KC k, while Graph 0 is
the null hypothesis. (c) Regression of edge probabilities against causal supports. Insets show the best baseline model.

background cause B, representing the learner’s overall ability and the
influences of other KCs. We consider two hypothetical causal graphs,
where Graph 0 G;_k represents the null hypothesis of no causal relation-
ship, and Graph 1 G;_,; assumes the causal relationship exists, i.e. correct
performance on KC i causally supports correct performance on KC k
(Figure 5.8b). We estimate causal support for each pair of KCs i — k
based on all consecutive interactions in the behavioral data H from
KC i at time t,, to KC k at time f,.1, as a function of the difference in
log-likelihoods of the two causal graphs (see Section B.6.3 for details):

support;_,; :=log P(H|Gi—k) —log P(H | Gj-sk)- (5.15)

We then use regression to predict support;_,; as a function of edge prob-
abilities a¥ inferred from different models. The results are visualized
in Figure 5.8c and summarized in Table 5.5 (right). The larger coeffi-
cients indicate that our inferred graphs possess superior operational
interpretability (Section 5.4.4).

5.5 Discussion

5.5.1 Findings

PSI-KT’s empirical advantage is clearest where data is scarce. It achieves
competitive performance with 100-500 learners, a regime where deep
learning baselines require at least 60k learners to reach comparable
accuracy. This is a direct advantage of structural prior information. By
specifying that knowledge dynamics follow an Ornstein-Uhlenbeck(OU)
process coupled through a prerequisite graph, the model needs far
fewer examples to identify the relevant dimensions of variation. The cost
is symmetrical —PSI-KT can only capture patterns consistent with its
generative assumptions. The flexibility advantage of DKT or AKT is real
in large-data regimes, where arbitrary patterns can be learned from data
alone. An open question for future KT research is how to retain PSI-KT’s
continual-learning and interpretability properties while extending its
predictive capacity beyond this data-scarce regime.

The interpretability results are not incidental—they follow from the



generative commitment. PSI-KT’s representations are specific, consistent,
and disentangled because the inference procedure has no degrees of
freedom to spread information across dimensions arbitrarily: each trait
has a designated role in the generative process, and the posterior over
traits must explain the data through that role. Baseline embeddings are
constrained only by prediction loss, so information distributes across
dimensions in whatever way minimizes loss—producing representa-
tions that are individually uninformative about any single behavioral
dimension. The trade-off is that PSI-KT’s representations are expressive
only within the language of its generative model. This is a feature for
educational applications where representations must be communicable
to teachers and learners—but it does constrain the class of learners and
domains the model can accurately describe.

5.5.2 Limitations

Regarding the predefined structures, PSI-KT uses an analytically
marginalizable OU process for knowledge states, resulting in an expo-
nential forgetting law, similar to most recent KT literature. Future work
should support ongoing debates in cognition by offering alternative
modeling choices for memory decay (e.g., power-law; Wixted and Ebbe-
sen, ), thus facilitating empirical studies at scale. Meanwhile, PSI-KT
normalizes reciprocal dependencies in the prerequisite graph but does
not enforce global structural constraints such as acyclicity. Imposing such
constraints—for example, via differentiable DAG regularization (Zheng
et al., )—could improve both inference efficiency and the inter-
pretability of the resulting graph, though at increased computational cost
during training. Although we designed PSI-KT with general structured
domains in mind, our empirical evaluations were limited to mathematics
learning by dataset availability. We highlight the need for more diverse
datasets for structured KT research to strengthen representativeness in
ecologically valid contexts.

In general, the most natural extension is coupling PSI-KT’s diagnostic
capabilities with a prescriptive component for curriculum optimization—
pairing the inferred knowledge states and prerequisite graph with a
sequential decision process that determines what to teach next. The
model’s continual learning properties make it compatible with online
reinforcement learning approaches (Raffin et al., ), and the inter-
pretable trait parameters could serve directly as the state representation
for a personalized tutoring policy, closing the loop between inference
and intervention.

5.6 Summary

PSI-KT shows that the structured representations posited by cognitive
theories of human learning—prerequisite relations between KCs, in-
dividualized cognitive traits, mastery trajectories—are not artefacts of
controlled experiments but recoverable signals in large-scale behavioral
data. Where the preceding chapter observed representation construction
directly in the laboratory, this chapter demonstrates its effects in the wild:
the traces that learners leave in naturalistic interaction data carry enough
structure to support interpretable, predictive inference at scale. Both
forms of evidence converge on the same claim—that human learners

5.6 Summary
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build structured representations, and that the history of what they have
constructed shapes what they can efficiently acquire next.

This convergence also surfaces questions that inference alone cannot
answer. PSI-KT can tell us what structure exists in a domain and how
individuals differ in their learning dynamics, but it does not tell us what a
learner should study next or what drives an agent to seek out new knowledge in
the first place. These are questions of curation—the active management of
representational resources—and they are the subject of Part III. Chapter 6
examines how intrinsic motivation drives agents to explore and acquire
representations, asking whether the urge to learn is better understood
as curiosity about the unknown or as competence over what can be
controlled. Chapter 7 then asks how an agent should select and maintain
its internal knowledge representations, introducing empowerment-based
criteria for deciding what is worth keeping. The interpretable traits
inferred by PSI-KT—forgetting rate, transfer ability, and the rest—offer a
natural bridge: they are precisely the kind of individualized parameters
whose active curation could determine whether learning is effective or
wasteful.

Finally, the prerequisite graph inferred by PSI-KT foreshadows the
communication themes of PartIV. If a tutor knows the relational structure
of a domain, they can transmit not justisolated facts but the organizational
scaffolding that makes future acquisition more efficient—a form of library
communication that it will develop as resource-rational pedagogical
explanation.



Part Ill.

Curate: how structured knowledge is
selected






Curiosity is not free: how
exploration shapes representation

“Like the entomologist in pursuit of brightly colored butterflies, my
attention hunted, in the flower garden of the gray matter, cells with delicate
and elegant forms, the mysterious butterflies of the soul, whose beating of
wings may one day reveal to us the secrets of the mind.”

— Santiago Ramén y Cajal, Recollections of My Life, 1917

The preceding chapters established that structured representations—
prerequisite graphs, path-dependent programs—are recoverable from
behavioral data, and that the history of what a learner has encountered
shapes what they can efficiently learn next. But those accounts were
retrospective: given the traces a learner has already left, we infer what
they have built. What they do not address is the generative side—what
drives a learner to seek out new experiences and build representations in the
first place? Without such a mechanism, library construction is passive
and contingent soly on externally provided experience, while “curation”
requires a learner that actively selects what is worth representing.

Humans seek out novelty (Berlyne, ), are drawn to information
gaps (Loewenstein, ), and are intrinsically motivated by competence
and causal control (Deci and Ryan, ; White, ). These drives form
a rough spectrum from pure curiosity—seeking the unknown—to pure
competence—seeking sthe control. Yet their precise consequences remain
difficult to isolate in human studies, where motivation, learning history,
and environment cannot be held constant simultaneously.

We operationalize this spectrum computationally, formalizing three
signals—novelty, information gain, and empowerment—and studying them
in two agent architectures. A Tabular agent with fixed representations
isolates each signal’s behavioral signature under controlled conditions; a
Dreamer agent that learns latent representations from experience closes
the loop between its motivation and its model.

The experiments establish that drive selection has direct and qualitatively
different representational consequences, and that combining information
gain with empowerment resolves the failures of each drive in isolation.
No single intrinsic drive is a sufficient policy for selecting what is worth
representing, i.e., for Curation. The following chapter builds on this
finding, internalizing the empowerment criterion—asking not which
external states give an agent control, but which internal representational
structures maximize the agent’s capacity to predict, distinguish, and act.

The chapter is organized as follows. Section 6.1 motivates the technical
problem and connects it to the field. Section 6.2 situates the three intrinsic
signals in the relevant literature. Section 6.3 describes the environments,
agent architectures, and motivation formalizations. Section 6.4 examines
the Tabular agent, using fixed representations to isolate the behavioral
signature of each signal. Section 6.5 examines the Dreamer agent, re-
vealing how motivation and representation co-evolve when the feedback
loop between them is closed. Section 6.6 interprets the findings and their
implications for the curation framework.

6.1 Introduction . . ... .. 100
6.2 Background . ... ... 101
6.3Methods . . ....... 103
6.4 Experiment 1: Tabular

Agent . ... .. ..... 110
6.5 Experiment 2: Dreamer

Agent . . ... ... ... 114
6.6 Discussion . . . ... .. 122
6.7Summary . .. ...... 123

Code and experiments available at the
Github repository
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Chapter 6 Curiosity is not free: how exploration shapes representation

6.1 Introduction

Picture a child playing with two brand-new toys. One lights up predictably
whenever a button is pressed; the other flickers randomly, indifferent to
the child’s actions. Which toy captivates the child longer? The answer
depends not just on novelty, but on a deeper interplay between two
fundamental drives: curiosity, which compels agents to seek new knowl-
edge, and competence, which drives agents to leverage what they know in
order to influence their environment (Meltzoff et al.,
and Hartley, ; Schmidhuber, ). Intelligent agents—from human
infants to autonomous robots—must be drawn simultaneously to the
unknown, in the quest to reduce uncertainty, and to the predictable, in

the desire to exert causal control.

; Nussenbaum

These two broad families capture the drives: curiosity-based signals
(novelty, information gain) reward uncertainty reduction and world-
model refinement (Gottlieb et al., ; Modirshanechietal.,

;Tenetal., ), while competence-based signals (empowerment, skill
acquisition) reward expanding the capacity to predict and control (Aubret

et al., ; Gopnik, ; Klyubin et al.,

; Poli et al.,

etal., ). What makes all three difficult to characterize is that each is
mediated by the agent’s world model (Ha and Schmidhuber,
representation that translates raw experience into signal values and signal

values into exploration behavior.

Most existing reinforcement learning (RL) agents hold this intermediary
fixed—they treat the agent’s state representation as given and ask which
signal best directs exploration within that space (Burda et al,,
Dulac-Arnold et al., ; Gruaz et al., ; Pathak et al.,
a useful baseline, but it breaks the feedback: when the world model is
learned alongside the policy, the signal shapes the data, the data shapes
the model, and the model reshapes the signal. Whether this feedback
loop amplifies or undermines the intended exploration behavior—and
whether the answer differs across the curiosity-competence spectrum—is

the question this chapter puts to empirical test.

This chapter investigates that feedback loop through a controlled two-
experiment design. We formalize three intrinsic motivation signals,
spanning the novelty, information gain, and empowerment, and study
them under two complementary conditions. In Experiment 1, a tabular
agent with fixed, hand-crafted state representations allows the signals
to be examined in isolation: any behavioral difference across conditions
must arise from the signal itself, not from how the agent perceives the
world. This controlled baseline reveals what each drive asks for: the
precise mechanism of each signal’s failure mode, the uniform-prior trap
that renders empowerment impotent in novel environments, and the
complementarity that emerges when information gain and empowerment
are combined. In Experiment 2, a world-model agent (Hafner et al.,

) learns latent representations from pixel observations, closing the
feedback loop between motivation and representation. This setting reveals
a qualitatively different class of phenomena: pseudo-novelty arising from
representational drift, aleatoric fixation in information gain that resists
decay, and empowerment estimates that depend on world model quality—
a chicken-and-egg problem that makes competence-seeking ineffective

before the model it requires has been built.



6.2 Background

6.2.1 Intrinsic motivations in psychology and RL

What curiosity is and when it peaks. Curiosity! has long been recognized
as a fundamental epistemic drive, but its modern scientific treatment
begins with Berlyne ( ) and Berlyne ( ). Berlyne’s central claim
was that curiosity is mediated by an organism’s arousal level and a set of
collative properties of stimuli, i.e., novelty, complexity, incongruity, and
conflict. These properties generate arousal because they create conceptual
conflict—the simultaneous activation of incompatible internal responses.
Crucially, Berlyne proposed an optimal arousal hypothesis: curiosity is
strongest at intermediate levels of arousal, producing the now-familiar
inverted-U relationship between stimulus complexity and interest. A
stimulus that is entirely familiar evokes no curiosity; one that is entirely
unpredictable evokes aversion rather than engagement; the sweet spot lies
between. Berlyne also introduced a four-way taxonomy distinguishing
two orthogonal dimensions:

By modality By scope

6.2 Background

1: Augustine named curiositas—the rest-
less craving for spectacle and novelty—a
form of lust, ranking it alongside pride
and sensual desire as a cardinal distrac-
tion from wisdom.

High

Curiosity

Low
Poor Intermediate
Knowledge

Excellent

Figure 6.1: Inverted-U shaped relation-
ship between knowledge and curios-
ity (Ten et al., ).

»

Epistemic curiosity: the desire to acquire knowledge,
typically expressed through reading, questioning, or
reasoning.

Perceptual curiosity: the drive to seek sensory stimu-
lation, expressed through looking, listening, or explor-
ing the immediate environment.

»

Specific curiosity: directed at a particular gap or
source of uncertainty (what does this unfamiliar word
mean?).

Diversive curiosity: a more general seeking of stimula-
tion to escape boredom, with no specific informational
target.

Information-based refinement: from arousal to bits. Loewenstein’s
information-gap theory (Loewenstein, ) holds that curiosity is triggered
by the awareness of a gap between what one knows and what one wishes
to know—a motivational tension resolved only by acquiring the missing
information. The learning-progress hypothesis (Schmidhuber, ) shifts
from static awareness to dynamic anticipation: curiosity is strongest
where the predictive model is uncertain and improvable, so irreducibly
stochastic stimuli evoke no sustained curiosity—this is the mechanism
behind the noisy-TV failure mode (Oudeyer and Kaplan, )- Dubey and
Griffiths (Dubey and Griffiths, ) unified these accounts, showing that
novelty, complexity, and information gain are all instances of maximizing
expected bits learned per observation 2. For a taxonomy of information-
gain variants and their computational implementations, see Section C.2.
Information is the curiosity-based signal studied in this chapter precisely
because of this theoretical advantage: its sensitivity to reducible rather
than irreducible uncertainty gives its exploration behavior a predictable
structure under fixed representations. But the same property defines a
specific failure mode in Section 6.5: when the world model misclassifies
learnable structure as irreducible noise, information gain fixates on
stochastic regions rather than retreating from them—a failure that cannot
occur when representations are fixed.

Styles of seeking as signatures. A parallel perspective asks not why
agents are curious but how curiosity manifests in behavior. Zurn and
Bassett ( ) identified three archetypal styles (Lydon-Staley et al., ;
Patankar et al., ). When exploring a knowledge space, represented
by a network of concepts, hunters pursue targeted, closely connected
concepts, building tight networks with high clustering coefficients and
short characteristic path lengths: they know what they are looking for
and follow the trail systematically; busybodies sample diverse, discon-
nected topics, producing loose networks with long path lengths and

2: This unification formally derives
Berlyne’s inverted-U: random stimuli
and familiar stimuli both yield near-zero
bits, while stimuli of intermediate com-
plexity maximize expected information
per observation.
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Figure 6.2: Three curiosity styles as
knowledge networks. Hunters build
tight, locally connected networks; busy-
bodies construct loose, wide-ranging

ones; dancers bridge otherwise discon-
nected modules (Zhou et al., ).

low clustering: their seeking is broad but shallow, jumping between
distant subjects without dwelling; dancers take creative leaps across typi-
cally siloed domains, producing hybrid knowledge structures that break
disciplinary boundaries: their seeking is neither targeted nor random
but generative, forming new conceptual connections. These styles map
onto Berlynes$ specific-diversive dimension: hunters approximate spe-
cific epistemic curiosity, busybodies approximate diversive perceptual
curiosity, and dancers occupy a space the specific-diversive distinction
does not fully capture. This behavioral distinction helps interpret which
intrinsic reward signals produce which exploration regimes—a question
we return to in Section 6.4.

Intrinsic motivation for exploration. The behavioral signatures above
arise from drives that are, in humans, entirely endogenous: no external
reward is needed to sustain a hunter’s systematic search or a busybody$
wide-ranging exploration. This is precisely one of the bottlenecks in
reinforcement learning (RL). Standard RL assumes dense, task-specific
reward signals (Section 3.2), but many interesting domains—open-ended
environments, developmental robotics, unsupervised skill acquisition—
only have sparse or even lack external rewards. An RL agent that cannot
explore without reward feedback consequently cannot build the world
model needed to exploit a task signal when one eventually appears (Dulac-
Arnold et al,, ; Ocana et al., )- The cognitive developmental
literature suggests a solution: children learn to walk, speak, and ma-
nipulate objects in reward-sparse environments, sustained by internal
drives—the discomfort of an unresolved information gap, the pleasure
of mastery, the pull of the controllable (Ryan and Deci, ; White,

). Formalizing these drives as reward signals that RL agents can
optimize is the program of intrinsic motivation research (Gruaz et al.,

; Lidayan et al., ; Modirshanechi et al., ; Oudeyer and
Kaplan, ; Schmidhuber, ).

Two major families of signals have emerged, mirroring the curiosity-
competence distinction. Curiosity-based signals reward information acqui-
sition and uncertainty reduction—novelty, information gain, prediction
error—formalizing the information-gap and learning-progress tradi-
tions above. Competence-based signals reward the capacity to influence
and control outcomes—empowerment, skill acquisition, causal control—
formalizing the effectance drive in White (1959) and the competence
need in Deci and Ryan ( ). The formal definitions of the three signals
studied in this chapter are given in Section 6.3.

6.2.2 The perception-action-representation loop

Having outlined the major interpretations of intrinsic motivation, we now
consider the feedback process through which it operates in a learning
agent. A central insight from cybernetics, ecological psychology, and
cognitive science is that perception and action are not cleanly separable
sequential stages, but form a continuous sensorimotor cycle (Gibson,

; O'regan and Noég, ; Varela et al., ). What an agent does
partly determines what it can observe next, and what it observes in
turn constrains which actions are possible, useful, or available. In agents
with learned internal models, this coupling extends one level further:
the representations through which observations are interpreted are
themselves shaped by the data generated by past actions. Thus, an agent’s
behavior influences both its future observations, and the representational
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basis on which those observations are understood (Ha and Schmidhuber,
).

In the context of intrinsic motivation, this circular dependence acquires
an additional layer. An agent’s current intrinsic objective influences
which actions it selects; those actions determine which observations are
collected; and those observations shape the internal representations and
predictive models from which future intrinsic rewards are computed. We
refer to this here as the perception-action-representation loop, to emphasize
the representational layer that mediates between action and subsequent
motivation. The central claim is that intrinsic motivation is not only a
driver of exploration, but can also indirectly reshape the very state space
over which future exploration incentives are defined.

This perspective helps clarify an important distinction that is often left
implicit in the intrinsic-motivation literature: whether the agent’s state
representation is fixed or learned. Much prior work assumes that the
relevant state space is given—motivation influences actions and actions
influence observations, but the representational substrate itself does not
change with experience. The intrinsic reward landscape may therefore
evolve through counts, beliefs, or model uncertainty, while the underlying
state description remains fixed. When representations are learned, by
contrast, this dependence becomes stronger. The exploration policy
shapes the distribution of visited data, the visited data shapes the learned
representation and world model, and the learned representation in turn
affects how future states are predicted, distinguished, and rewarded (Ha
and Schmidhuber, ; Hafner et al., ; Houthooft et al., ).

In practice, the distinction is not absolute. Many agents combine partially
fixed perceptual features with learned latent dynamics or reward-relevant
embeddings. Still, the contrast is conceptually useful: with fixed rep-
resentations, intrinsic motivation operates on a stable substrate; with
learned representations, it operates on a substrate that is itself shaped by
experience.

6.3 Methods

We investigate the interaction between intrinsic motivation and state
representation using model-based reinforcement learning (RL) agents in
grid-world environments. The experimental design isolates the effect of
interest through a two-stage comparison: (i) a Tabular agent with fixed,
hand-crafted state representations allows the intrinsic motivation signals
themselves to be studied in isolation; (ii) a Dreamer agent that learns
latent representations from observations reveals how motivation and
representation co-evolve when the feedback loop between them is closed.

6.3 Methods

Figure 6.3: The perception-action-
representation loop underlying intrin-
sic motivation. Actions a; ~ 7+, biased
by the current objective Jtint, produce
observations (0¢+1, ¥¢+1) that update in-
ternal representations s;.1 and predic-
tive model p(-); these in turn determine
intrinsic rewards 7"t , which feed back

t+17
into the next objective and close the loop.



Chapter 6 Curiosity is not free: how exploration shapes representation

. Wall . Ice g Lava [ Agent

Figure 6.4: Mixed-state playground.
The mixed-state playground contains
lava (fatal), wall (impassable), and ice
(stochastic transitions) cells. The agent
starts in the upper right corner and must
navigate a bottleneck to access a larger
exploration area.
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Figure 6.5: Unary-state environments.
Four variants cross two axes: harmful
(fixed lava or orange bouncing balls) vs.
harmless (grey bouncing balls or open
floor), and stochastic (randomly moving
balls) vs. deterministic (no moving obsta-
cles). Each combination isolates a distinct

pairing of danger and unpredictability
for the generalization experiments.

6.3.1 Environment

Our environments are built on the MiniGrid framework (Chevalier-
Boisvert et al., ), a two-dimensional grid-world platform that sup-
ports partially observable interactions with discrete actions. To study the
interaction between curiosity and competence, we require an environ-
ment in which risk, uncertainty, and controllability can be independently
manipulated. We therefore design a mixed-state playground (Figure 6.4)
containing three cell types:

» Wall: walls block movement and constrain the agent’s reachable
paths. Walls impose deterministic structural constraints.

» Ice: transitions on ice are stochastic—the agent slips to a randomly
selected neighbouring cell. Ice represents irreducible aleatoric
uncertainty, where repeated experience cannot improve prediction.

» Lava: entering a lava cell terminates the episode with an irreversible
penalty. Lava represents fatal, unrecoverable risk.

The spatial layout creates informative contrasts. The agent starts in an
upper corner room and must navigate through a bottleneck of walls
and lava to reach a larger exploration area. This larger area can be
accessed either via a shortcut through a stochastic ice patch or via a
longer but fully deterministic route. The design produces distinguishable
exploration signatures: curiosity-driven agents should be drawn to the
ice (high uncertainty), empowerment-driven agents should avoid it (low
controllability), and a balanced agent should explore deterministic areas
before cautiously approaching stochastic regions.

To isolate the contribution of individual environmental features, we
additionally construct a set of unary-state grid worlds (Figure 6.5) that
decompose the mixed environment along two orthogonal axes: harmful
versus harmless (presence or absence of lava and hazardous moving
obstacles) and deterministic versus stochastic (presence or absence of
stochastic transitions). This 2 X 2 design yields four environment variants,
each testing a different combination of risk and unpredictability, used in
the generalization experiments of Section 6.5.

6.3.2 Agent-environment interaction

Interactions are formalized as a Partially Observable Markov Decision
Process (POMDP) (Section 3.2). At each time step, the agent receives a
partial observation 0 € O of its immediate surroundings which is a local
egocentric view of the grid. Based on a state representation s derived
from the current observation, the agent selects an action a ~ 7(a|s)
from a discrete action space A = {forward, turn_left, turn_right}.
The environment transitions to a new state s’ according to the transi-
tion dynamics p(s’|s, a), and the agent receives a reward. During the
exploration (pretraining) phase, rewards consist entirely of intrinsic moti-
vation signals; extrinsic rewards are introduced only during a subsequent
generalization phase (see Section 6.5.3).

6.3.3 Agent architectures

A central challenge in studying intrinsic motivation is disentangling the
role of the signal itself—what the agent is rewarded for—from the role of
the representation over which it is computed. To address this, we use two
architectures that span a spectrum from fixed to learned representations,



enabling us to study curiosity and competence in isolation (Tabular) and
in co-evolution (Dreamer).

Tabular agent

The Tabular agent receives a hand-crafted state representation that
reduces the full environment state to a tuple s = (x,y,0) € N3, where
x and y are grid coordinates and 0 is the agent’s facing direction. This
representation is fixed throughout training; the agent’s learning task is
restricted to estimating the transition dynamics p(s’|s, a) and deriving a
policy over those known states.

The transition model is estimated via a Bayesian count-based approach.
Let N(s, a,s”) denote the number of observed transitions from state s to
s’ under action a. The posterior predictive distribution is:

aN(s,a,s")+1
Z§/ESO(N(S/a/§’)+1’

p(s’|s,a) = (6.1)

where @ = 100|S]| is a scaling factor that controls the rate at which
the agent updates from the uninformative (uniform) prior toward the
empirical counts. A key design choice is that the agent begins with a
uniform prior over next states: before any transition is observed, every
(s, a) pair appears equally likely to lead to any state. This prior has a
non-obvious but important consequence for empowerment computation3,
discussed in Section 6.4.4.

The agent plans with a model-based prioritized sweeping procedure over
the learned transition dynamics (Moore and Atkeson, ). Rather than
updating all state-action values uniformly, the planner repeatedly applies
Bellman backups to the states whose values are expected to change the
most, and then propagates those changes backward to likely predecessor
states. Concretely, it maintains a state-value function Q(s, ) and updates
it according to

Q(s,a) = D p(s'Is,a) [(1=y)r(s,a,8") +y U(S") (1= Lierm(s")) ]
s’eS
(6.2)

where y = 0.5V2/151 is a state-count-dependent discount factor # that
makes the effective planning horizon grow with environment size, and
where terminal transitions contribute no future value. Prioritized sweep-
ing then orders these backups by the magnitude of their pending change,
so that large value updates are propagated efficiently through the learned
model®. Actions are selected greedily from the current model-based ac-
tion values:

n(al|s) = arg max Q(s, a). (6.3)

The Tabular agent serves as a controlled baseline. Because its state
representation is fixed and interpretable, any differences in exploration
behavior across intrinsic motivation conditions can be attributed entirely
to the motivation signal, not to differences in learned representations.
An important additional consideration is the model-based Q-update
(Equation (6.2)). Because intrinsic signals are inherently nonstationary,
which decay as the agent explores, a model-free approach that stores
and bootstraps old reward values would systematically overestimate the

6.3 Methods

3: With a uniform prior, every state ap-
pears equally reachable from every other,
so all states look identically empowering
before any data is collected—the agent
has no basis for preferring open regions
over walls or lava.

4: This sets y so that the planning hori-
zon roughly matches the expected num-
ber of steps to cover the state space—
larger environments get longer horizons
automatically.

5: This differs from the more standard
updating equation
Qls,a) = >} p(s'|s,a)lr(s,a,5")
s’eS
+ymaxQ(s’,a")].
al
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Figure 6.6: Two architectures, two feedback loops. (a) The Tabular agent maps the environment state directly to a fixed coordinate tuple
s = (x, ¥, ¢) and maintains an explicit count-based transition model. The representation and dynamics model are interpretable and do
not change with experience. (b) The Dreamer agent maps raw pixel observations to a compact latent state through a Recurrent State-Space
Model (RSSM), maintaining a recurrent context & across time. The encoder, dynamics predictor, and decoder are learned jointly, so the
latent state space and the intrinsic reward landscape evolve as the agent explores. The contrast between the two architectures is the
experimental lever of this chapter: the tabular setting isolates each signal’s behavior; the Dreamer setting reveals what changes when
motivation and representation co-evolve.

remaining intrinsic value of already-explored states; see Section C.3 for
details.

Dreamer agent

The Dreamer agent employs the DreamerV3 architecture (Hafner et al.,

) (Figure C.1), a model-based RL system that learns a compact world
model from raw pixel observations without task-specific supervision.
Unlike the Tabular agent, the Dreamer agent has no fixed state abstrac-
tion: it simultaneously learns what to represent and how the world works
in that representation. This co-learning is the defining property that
makes Section 6.5 theoretically informative: intrinsic reward signals com-
puted over learned latent states are themselves functions of a changing
representational substrate.

World model architecture. The world model is a Recurrent State-Space
Model (RSSM) with three core components. The sequence model maintains
a deterministic recurrent state /1 that serves as the agent’s working
6: The RSSM is a continuous recurrent ~ memory °, capturing temporal dependencies and resolving ambiguities

state, unlike an LSTM or GRU in that the arising from p artial observability:
deterministic path 1 and the stochastic

path s are kept explicitly separate. This ’_

separation is what allows the dynamics h = f ‘P(h s,a)
predictor to generate predictions without . )
observation access, which is analogous From this recurrent context, two complementary predictors operate

to a human predicting what happens  in parallel. The encoder (posterior) computes a discrete latent state by
next before looking. incorporating the incoming observation:

(6.4)

S ~ p(p(s), (6.5)

while the dynamics predictor (prior) generates a prediction of the same
latent state without observational access:

5 ~po3h). (6.6)



During training, the KL divergence between encoder posterior and
dynamics predictor prior is minimized, encouraging the world model
to predict future latent states from past experience alone. The residual
divergence’—the gap that remains after training—serves as the natural
measure of model surprise and is the basis for the information gain reward
(Section 6.3.4). Full architecture details, including the reward predictor,
continue predictor, and decoder components, are given in Section C.1.
Figure 6.6 contrasts the information flows of both architectures side by
side.

Factorized discrete latent space. Dreamer represents each latent state s
as a factorized collection of L independent categorical variables:

s =[s1,82,...,5L], si~ Cat(K)independently, (6.7)

where each factor s; takes one of K discrete values®. This factorization
has two consequences for reward computation. First, naive state counting
over the full joint state s leads to combinatorial explosion. The K-
possible states are nearly all unvisited even after extended training,
rendering every state perpetually novel and every count-based metric
uninformative. Second, the factorized structure provides a principled
resolution: compute each intrinsic signal separately per factor s; and
average across factors. We adopt this per-factor averaging uniformly for
all three intrinsic signals, ensuring that novelty, information gain, and
empowerment are computed over the same representational units and
are therefore directly comparable.

6.3.4 Intrinsic motivation signals

We now define the three intrinsic motivation signals studied in this
chapter. Let s € S denote the agent’s state representation, a € A for
the action. We write p(s’|s, a) for the agent’s model of the transition
dynamics and N (s) for the visitation count of state s. We implement three
intrinsic motivation signals, each computed over the agent’s internal state
representation s rather than the true environment observations o € O.

Novelty

Novelty rewards the agent for visiting infrequently encountered states,
operationalizing Berlyne’s collative property of the same name as the
negative log-frequency of the current state.

Tabular.

N(s)
tab

s,a,s’)=-1

nov( ) Og Es

esN (§ ) ’
where N(s) is the visitation count for state representation s. Novelty is
agnostic about dynamics. It depends only on how often a state has been
visited, not on what happens when the agent acts there.

(6.8)

Dreamer. Because Dreamer uses a factorized discrete latent space (see
Equation (6.7) and the accompanying discussion), we track counts per
factor and average:

N(Sz)

dream _
nov (S ﬂ s ) Zl st N( z)

(6.9)

6.3 Methods

7: The KL can be decomposed as
DkL[p(s) | py(8|h)]. DreamerV3 trains
with a “free bits” threshold (Hafner
et al., ): the KL is only penalized
above a minimum value, preventing pos-
terior collapse while still encouraging
predictability.

8: In our implementation, L = 32 factors
of K = 32 categories each
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(Remark 6.1 (Novelty in learned vs. )
fixed feature spaces) Prior work
scales count-based novelty to high-
dimensional observations by pro-
jecting into a fixed random feature
space (Tang et al., ) or by us-
ing the prediction error of a network
trained to match a fixed random en-
coder (RND; (Burda et al., )).
Because the feature space is static,
visitation counts remain meaningful
throughout training.

Our per-factor counts differ in two re-
spects: the factors s; are semantically
structured by world-model training
rather than randomly initialized, and
they are non-stationary—as the model
updates, the meaning of each s; shifts,
making counts computed at early
training unreliable at later steps. This
representational drift and its effect
on novelty estimates is discussed in
L Section 6.5.4.

J

9: This retrospective KL formulation is
related to two other traditions. Pathak
et al. ( )’s ICM computes the anal-
ogous divergence in a learned feature
space, using prediction error as a proxy
for surprise. The active-inference litera-
ture interprets the same quantity as the
information-gain component of expected
free energy: curiosity corresponds to seek-
ing observations that reduce uncertainty,
decomposable into information gain and
expected preference (Schwartenbeck et
al., ).

where N(s;) denotes how often factor i has taken the value s;. This
per-factor novelty is conceptually identical to the Tabular formula but
applied to the learned latent vocabulary. As we will see in Section 6.5.4,
this implementation interacts with an important pathology: because
the latent representation itself changes during training, factor counts
computed at one time step may not accurately reflect novelty at a later
step when the meaning of each s; has shifted.

Information gain

Information gain rewards the agent for performing actions that reduce
uncertainty about the environment’s transition dynamics, operationaliz-
ing Loewenstein$ information-gap theory in information-theoretic terms.
A key distinction separates the two agent architectures: the Tabular agent
computes predicted (prospective) information gain—the expected reduc-
tion in uncertainty before observing an outcome—while the Dreamer
agent uses a retrospective approximation computed after the transition is
observed. This asymmetry has substantive consequences for exploration
efficiency, discussed in Section C.2.

Tabular. For the Tabular agent, the transition model is a categorical distri-
bution updated by Bayesian counts, which admits analytic computation
of the predicted information gain:

(s, a) = Es~p(s'|s,a) [Dxi(p(S'Is,a,8) 11 p(S'|s,a))],  (6.10)

where p(S’|s, a,3") denotes the updated posterior after observing the
specific transition to §’, and the expectation is taken over the current
predictive distribution. Intuitively, information gain is high when the
transition model is uncertain and a single observation would substantially
sharpen it; it is zero when the model is already confident, and it eventually
approaches zero even on stochastic ice cells once the aleatoric variance
has been learned.

Dreamer. Computing the predicted information gain in a neural world
model would require an intractable number of forward passes through the
dynamics predictor. We therefore use a retrospective approximation: after
observing a transition, information gain is measured as the divergence
between the observation-informed posterior and the prior prediction of
the dynamics model® :

’ 1 L 11, A7 11,
e (s, a,8") = I 2 Dxa(po(siIh,0) | po(si 1)) - (6.11)
i=1

This quantity is high when the world model is surprised by the
observation—that is, when the encoder’s posterior diverges from the dy-
namics predictor’s prior. The per-factor averaging parallels the factorized
novelty formulation, ensuring comparable magnitude across signals.

Empowerment

Empowerment measures the degree to which an agent’s actions influ-
ence subsequent states—the channel capacity of the agent’s actuation
channel (Klyubin et al., ). Formally, empowerment at state s is:

EMP(s) = max MI(S";Als), (6.12)

w(als)



where MI(S’; A | s) denotes the mutual information between the action
A and the resulting next state S’, maximized over the agent’s action
distribution w. Empowerment is high when the agent can reliably steer
the environment into many distinguishable future states, and structurally
penalized by stochasticity.

Tabular. In the Tabular agent, we compute one-step empowerment
exactly using the Blahut-Arimoto algorithm (Dupuis et al., ), which
iteratively optimizes the action distribution @ to maximize the mutual
information:

rew(s,a,s") = EMP(s) = max MI(S;Als). (6.13)
w(als)

Note that empowerment depends only on the current state, not on the

specific action or outcome: it reflects the agent’s potential for control at s,

regardless of which action was actually taken.

Dreamer. Applying Blahut-Arimoto to the learned latent dynamics
predictor is intractable in the general case. We approximate empowerment
by (i) assuming a uniform source policy @ = U(.A) and (ii) computing

the mutual information separately per latent factor (Seitzer et al., ):
1< 1<
remp(5,a,5) = 7 2 MIy(Sj; Als) = 7 > [H(S][s) - H(S{| A,9)],
i=1 i=1
(6.14)

where H(S! | s) = H[ﬁ Sapo(siIh, a)] is the marginal entropy of factor

i under a random action policy, and H(S} | A, s) = |17| 2aHlpo(s) |1, a)]
is the action-conditioned entropy. Their difference is high when different
actions lead to distinguishable next-latent distributions for factor 7,
and low when all actions produce similar or unpredictable transitions.
Limitations of this approximation—including the single-step horizon,
the uniform-policy lower bound, and its interaction with the learned
representation—are discussed in Section C.4.

Comparison

The three signals differ along three key axes (Figure 6.7):

What is rewarded: novelty Sensitivity to stochasticity: novelty is
rewards visiting infrequent blind to stochasticity and will reward re-
states; information gain re- visiting it indefinitely if the representation
wards transitions that update changes; information gain eventually ex-
the world model; empower- tinguishes in stochastic regions once it has
ment rewards occupying states learned the aleatoric variance; empower-
with high causal influence over ment is penalized by stochasticity as it
future states. reduces action-state mutual information.

These differences motivate distinct behavioral predictions. In our mixed-
state grid world (Figure 6.7), novelty predicts equal interest in lava, ice,
and open cells (all may be equally unvisited); information gain predicts
high interest in unexplored ice cells (uncertain dynamics) but eventual
abandonment once the stochasticity is learned; empowerment predicts
avoidance of ice and lava, and preference for open deterministic regions
where the agent’s actions have reliable consequences.

6.3 Methods

Model dependence: novelty re-
quires only a visitation counter; infor-
mation gain requires an uncertainty-
aware model of transition dynam-
ics; empowerment requires a model
of transition dynamics plus an opti-
mization over multi-step action se-
quences.
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Figure 6.7: Task overview. (a) The mixed-state playground has three different cells: lava, wall, and ice. The agent (red triangle) starts
from the upper right corner and has to explore the environment while avoiding death (falling into lava). (b) Novelty depends only
on the visitation frequency for each state, regardless of the state types. Information gain is low for transitions which the agent has

already learned to predict well (cells (1) and @), and high for transitions that the agent is less confident about (cells @ and @).
Empowerment is low in slippery ice cells where the agent cannot control where it will end up (cells @ and @), and high in states with
many predictable action outcomes (cells @ and @)

Hybrid motivations

To test whether curiosity and competence are complementary, we evaluate
two simple hybrid reward signals that combine information gain and
empowerment:

rsum(sr a, S/) = rIG(Sr a, S,) + remp(sl arsl)/ (615)

rprOd(S/als/) = rIG(S/a/S/) : remp(s/ars/)- (616)

We choose to combine information gain (rather than novelty) with empow-
erment for two reasons. First, from a theoretical perspective, information
gain specifically targets improvement of the dynamics model—the same
model used to compute empowerment—establishing a direct computa-
tional coupling between the two. Second, from an empirical perspective,
initial experiments confirmed that information gain produces more
thorough exploration than novelty in both architectures. All intrinsic
reward signals are normalized to the [0, 1] range using global min-max
scaling before combination, ensuring the sum and product hybrids are
not dominated by signals with larger magnitudes.

6.4 Experiment 1: Tabular Agent

We begin with the Tabular agent, where fixed state representations isolate
the effect of each intrinsic motivation signal. Because the state vocabulary
is fixed and transparent, any behavioral differences across conditions
must be attributed entirely to the signal itself. This controlled setting
allows us to answer a foundational question: what does each drive ask
for, and what are the consequences?
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Figure 6.8: Intrinsic reward heatmaps
in the mixed-state playground at 100,
1,000, and 2,000 training steps.Novelty
mm empowerment i remains broadly spread over unvisited
L0 states, reflecting its purely count-based

nature. Information gain contracts to-
0.8 ward uncertain regions but stays elevated
on the stochastic ice patch, illustrating its
attraction to irreducible uncertainty. Em-
powerment remains sharply localized
near the controllable bottleneck, assign-
ing little value to most unseen states.
The three signals therefore differ both
in where they focus attention and in
how their reward landscapes evolve over
0.0 learning.
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6.4.1 Experimental setup

Each Tabular agent was evaluated over 10,000 steps and 10 independent
random seeds, under one of five intrinsic reward conditions: novelty
(Equation (6.8)), information gain (Equation (6.10)), empowerment (Equa-
tion (6.13)), sum hybrid (Equation (6.15)), and product hybrid (Equa-
tion (6.16)). A random-walk agent without any intrinsic reward serves as
the baseline.

6.4.2 Motivation heatmaps: the geometry of attention

To visualize how each motivation signal allocates attention across the
environment over time, we examine reward-landscape snapshots at three
representative stages of training: 100, 1,000, and 2,000 steps (Figure 6.8).

The heatmaps confirm the theoretical predictions from Section 6.2. Nov-
elty remains broadly distributed over unvisited cells, regardless of tran-
sition structure, because its value depends only on visitation counts.
Information gain contracts toward uncertain regions, but stays high on
the stochastic ice patch even after repeated visits, since its transitions
remain inherently unpredictable. Empowerment shows the opposite pat-
tern: it is sharply localized near the controllable bottleneck and changes
little over training, assigning near-zero value to most unseen states.

The information gain heatmap reveals the precise mechanism of the noisy
TV problem. Examining the state visitation counts alongside the reward
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Figure 6.10: Exploration patterns of the Tabular agent on the mixed-state playground. (z) Total unique states discovered over time.
Information gain achieves the broadest coverage; empowerment discovers almost nothing beyond the starting room. (b) Cumulative
deaths. Information gain incurs the most deaths; empowerment incurs none. (c) Discovery-to-death ratio at step 10,000. The sum
combination of information gain and empowerment achieves the best trade-off, exploring broadly while limiting deaths.
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Figure 6.9: Visitation heatmaps for
the mixed-state playground. The pan-
els compare a random policy and the
information-gain agent, showing the
number of visits to each grid cell over
training. The information-gain agent ex-
hibits substantially broader spatial cov-
erage, traversing the bottleneck and re-
peatedly visiting distant regions of the
environment, whereas the random policy
remains more uneven and locally concen-
trated.

landscape shows that the pure information-gain agent visits ice cells at
coordinate (8,9) substantially more often than neighboring floor cells
(Figure 6.9). This is not random: the Bayesian count-based model correctly
identifies that stochastic transitions remain high-entropy even after many
observations, and the information gain reward correctly computes this
as non-zero uncertainty. The flaw is not in the computation but in the
signal’s inability to distinguish between uncertainty that can be reduced
(epistemic, about deterministic but unexplored cells) and uncertainty
that cannot (aleatoric, about inherently stochastic transitions).

6.4.3 Exploration coverage and safety

Beyond qualitative heatmaps, we also summarize the performance using
unique state coverage (number of distinct states visited) and cumulative
deaths (episodes terminated by entering a lava cell).

We report the discovery-to-death ratio as a composite measure of safe, effi-
cient exploration. The results reveal a clear three-way dissociation among
the motivation signals. The information-gain agent achieves the highest
state coverage (Figure 6.10a), systematically visiting all accessible regions
of the grid. This thoroughness comes at a cost: the information-gain agent
also incurs the most deaths (Figure 6.10b), because it repeatedly enters
ice cells adjacent to lava in an attempt to reduce its uncertainty about
stochastic transitions that are, by design, irreducible. Unlike a random
policy, the information-gain agent spreads its visits across nearly the
entire accessible map (until half time of the training, Figure 6.9), including
distant rooms beyond the bottleneck. We examine the mechanism of this
fixation in Section 6.4.2.

The empowerment agent exhibits the opposite profile. It remains in the
starting room, never traversing the bottleneck, and incurs zero deaths
throughout. From the perspective of exploration, this agent’s strategy
is maximally conservative: it only occupies states in which it has high
control, ignoring the rest of the environment entirely. Why it fails so
completely requires a closer look at the interaction between its reward
signal and its initial world model.

The novelty agent falls between these extremes, achieving moderate
coverage with moderate risk. Its exploration is driven purely by visitation
counts and is therefore insensitive to the structure of transitions—it
neither seeks out informative dynamics nor avoids uncontrollable ones.
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6.4.4 Why empowerment fails: the uniform prior problem

The complete failure of the pure empowerment agent is not immediately
obvious from the reward definition. Empowerment rewards states where
the agent’s actions reliably produce distinguishable outcomes—a sensible
objective for an agent that wishes to maintain control. Yet this agent never
even attempts to explore. The explanation lies in the interaction between
the empowerment signal and the initial state of the transition model.

Recall that before any transition has been observed, the count-based
model (Equation (6.1)) assigns a uniform distribution over all possible
next states for every state-action pair. A uniform distribution has max-
imum entropy: no action appears to lead to a distinguishable outcome.
Consequently, the empowerment of every unvisited state is computed
as zero—the agent believes it has no control anywhere outside the start-
ing room. This creates a self-reinforcing trap (Figure 6.11). The agent
computes empowerment using its current transition model. The model
assigns zero empowerment to unseen states. Therefore the agent never
visits unseen states. Therefore the model is never updated. The agent
that most needs knowledge about the world to be effective is precisely
the one that has no mechanism to acquire it'°.

This computational insight has a direct psychological parallel: empower-
ment is not a primitive drive for exploration, but a control objective that
depends on prior knowledge. An agent can seek control only over parts
of the world it already models well enough to predict (Gopnik, )- A
child cannot use an object strategically before learning its affordances;
likewise, an agent cannot recognize a region as empowering before learn-
ing its dynamics. Empowerment therefore presupposes a minimal causal
model of the environment. Without a complementary drive to acquire
that model, empowerment alone cannot get started.

6.4.5 The complementarity of curiosity and competence

The most informative result concerns the hybrid conditions. Combin-
ing information gain and empowerment via a simple sum yields the
highest discovery-to-death ratio (Figure 6.10c). This agent explores most
of the environment—including regions the pure empowerment agent
never reaches—while avoiding the repeated deaths that plague the pure
information-gain agent.

Mechanism. The information gain reward is highest at the beginning
of training, when the transition model is uncertain almost everywhere.
As the agent explores and updates its model, information gain decays—
rapidly in deterministic regions (where a few observations suffice to
predict transitions confidently) and more slowly in stochastic regions.
Empowerment, by contrast, converges to a stable positive value in deter-
ministic floor cells: once the agent has learned that its actions lead to
reliable outcomes there, these cells provide a constant reward for being
in them. The combined agent therefore undergoes a natural motivational
transition. Early in training, information gain dominates, driving the
agent to explore unexplored regions. As the model matures, empower-
ment increasingly shapes the agent’s attention: states where dynamics
are known and controllable receive the highest combined reward, while
ice cells—high information gain but zero empowerment—are penalized
by the empowerment component. The result is information-gain-seeking
constrained to empowering states.

mm empowerment
Visit Count
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Figure 6.11: The uniform prior traps
the empowerment agent. State visita-
tion heatmap at the end of training: the
empowerment agent never leaves the
starting room. Empowerment estimates
across the grid: because the transition
model was never updated for unseen
states, empowerment remains near zero
everywhere outside the starting cell, giv-
ing the agent no gradient to explore.

10: This failure is therefore not a defect
of empowerment per se, but of using
empowerment alone before the agent has
acquired a minimally informative model
of the dynamics.
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Figure 6.12: Mechanism of complementarity for the additive hybrid agent in the mixed-state playground. At training step 1,000,
the visitation heatmap (left) shows broad exploration without the excessive concentration on hazardous stochastic states seen under
pure information gain. The component heatmaps (middle) show that information gain favors uncertain states, whereas empowerment
favors controllable ones. Their sum (right) therefore peaks in states that are both informative and controllable, suppressing attraction to
stochastic but unempowering regions. This interaction explains the hybrid agent’s improved exploration-safety trade-off.

This mechanism is illustrated in Figure 6.12. The combined heatmap
peaks in regions that are both controllable and not yet fully modelled—
the frontier where representational investment pays the highest return. In
states where information gain is high but empowerment is low (stochastic,
uncontrollable), the empowerment component dampens the reward,
naturally discouraging further visits once the agent recognises the lack
of control.

Product vs. sum. The product combination (7prod = 71G * emp) behaves
differently and less favourably. Multiplying the two signals enforces a
strict conjunction: the product is high only when both information gain
and empowerment are simultaneously high, and goes to zero if either is
zero. In practice, empowerment is zero in all unvisited states (the uniform
prior problem), so the product reward cannot motivate initial exploration.
The agent effectively reduces to a pure information-gain strategy until
empowerment estimates become non-zero, losing the synergistic benefit.
The sum, by contrast, allows either component to be informative and
thus provides a gradient for exploration from the outset. We retain both
combinations in our analyses for completeness, but the sum hybrid is
the focus of interpretation.

6.5 Experiment 2: Dreamer Agent

We now turn to the setting where state representations are learned
during exploration. Unlike the Tabular agent, the Dreamer agent is
not given a hand-specified state space for the grid world. Instead, it
must simultaneously discover what to represent—which features of pixel
observations are informationally relevant—and how the world works in that
learned representation. This closes the feedback loop that the Tabular
setting deliberately holds open: the motivation signal shapes exploration,
exploration shapes the training data, training data reshapes the world
model, and the reshaped world model in turn changes the intrinsic
reward landscape. The goal of this experiment is to make this feedback
loop visible and to understand its consequences for each motivation
signal.
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Figure 6.13: Exploration patterns of the Dreamer agent on the mixed-state playground. (a) Unique state discovery over time. The
empowerment agent explores the starting room but cannot traverse the bottleneck, while information gain achieves the broadest
coverage. (b) Cumulative deaths. The qualitative ordering mirrors the tabular setting. (c) Discovery-to-death ratio. The information
gain-empowerment sum combination again achieves the best trade-off, though the complementarity effect is less pronounced than in
Figure 6.10.

6.5.1 Experimental setup

Each Dreamer agent is trained for 10° steps from pixel observations on the
mixed-state playground (Figure 6.4), with intrinsic rewards computed
over the learned discrete latent states, namely the categorical latent
representation inferred by the world model from pixel observations.
We evaluate the same five intrinsic motivation (novelty, information
gain, empowerment, and the two hybrids) conditions as in Section 6.4,
plus a random baseline, and assess the same primary metrics: unique
state coverage, cumulative deaths, and discovery-to-death ratio. A two-
phase protocol is additionally used for the unary-state environments
(Section 6.5.3) to test transfer beyond the original training layout: a
pretraining phase with intrinsic rewards only, followed by a generalization
phase with extrinsic rewards only in structurally similar but spatially

novel environments!!. 11: environments with the same local

rules and object types, e.g., lavas, but
different layouts.

6.5.2 Replication on the mixed-state playground

In the Dreamer setting, the qualitative ordering of intrinsic motivations on
the mixed-state playground largely mirrors the Tabular case Section 6.4,
but the differences between conditions become less cleanly separated.
Information gain and the information gain-empowerment hybrids still
achieve the broadest state coverage, whereas pure empowerment remains
the most conservative strategy. However, unlike the Tabular agent, the
Dreamer agent operates over a learned latent state space rather than a
fixed ground-truth representation, so the intrinsic rewards are them-
selves shaped by a nonstationary world model. As a result, exploration
trajectories are noisier, slower to stabilise, and less sharply differentiated
across reward conditions.

Empowerment with learned representations. The most notable continu-
ity with the Tabular setting is that pure empowerment still fails to support
broad exploration. In both agents, empowerment does not by itself drive
successful traversal of the bottleneck into the wider environment. But
the nature of this failure differs. In the Tabular case, empowerment
collapses almost completely because unseen states inherit zero value
under the initially uninformative transition model, leaving the agent
trapped near the start (Section 6.4.4). In the Dreamer case, the world
model can generalise across visually similar observations, so the agent
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learns that floor-like states within the starting room share predictable
and controllable dynamics (Figure 6.13a). This allows the empowerment-
driven Dreamer to explore the starting room more extensively than its
Tabular counterpart. Even so, it still fails to cross the bottleneck reliably,
because the model receives too little evidence about what lies beyond it.
Thus, the Dreamer agent softens the Tabular failure, but does not remove
its basic cause: empowerment alone depends on prior model knowledge
and therefore struggles to bootstrap exploration into unseen territory.

Information gain: a moving target. Information gain also remains the
strongest driver of broad exploration, but again with an important
difference from the Tabular setting. In the Tabular case, the reward is
computed from a fixed symbolic state space, so high information gain
directly reflects uncertainty about known state-action transitions. In
Dreamer, by contrast, the uncertainty estimate is tied to a learned latent
representation that changes throughout training. This makes information
gain a moving target. States may continue to generate intrinsic reward
not only because they are objectively underexplored, but because the
latent model itself is still reorganising how observations are represented
and predicted. This helps explain why the Dreamer information-gain
agent expands coverage more slowly and with greater variance than the
Tabular agent, despite eventually reaching similarly broad regions of the
environment.

Hybrid strategies. The Dreamer results still indicate a complementary
interaction between information gain and empowerment, most clearly in
the additive hybrid, which achieves the highest mean discovery-to-death
ratio among the tested rewards. However, the complementarity effect is
less pronounced than in the Tabular setting (Figure 6.13c). This suggests
that the two motivations continue to play distinct and useful roles: in-
formation gain drives outward expansion into poorly modelled regions
of the state space, while empowerment counteracts indiscriminate risk-
taking by favouring states that preserve local control and future options.
In the mixed environment, this produces a desirable behavioural balance,
allowing the agent to maintain broad coverage without incurring the
extreme death count associated with pure information gain. Relative to
the Tabular case, however, the hybrid advantage is much noisier across
random seeds. The most appropriate interpretation is therefore not that
complementarity disappears, but that it becomes less cleanly expressed
once both reward components depend on a learned and evolving la-
tent world model. Variability in representation learning, uncertainty
estimation, and planning quality can all perturb how strongly each com-
ponent influences behaviour in a given run. Thus, the Dreamer results
preserve the same qualitative trade-off as the Tabular experiments, but
with greater variance and weaker visual separation between conditions.
A more principled solution to this nonstationarity issue—prospective
reward computation and replay buffer management—is discussed in
Section C.3.

6.5.3 Generalization across environment types

Coverage and death counts measure what the agent explores; they do
not reveal whether the resulting representations support new tasks. An
agent could explore broadly yet learn a world model too entangled with
the specific training layout to transfer. Conversely, an agent with limited
coverage might learn a compact, structure-capturing representation that
generalizes well precisely because it discards irrelevant features. The
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mixed-state playground cannot adjudicate between these possibilities
because it conflates deterministic and stochastic dynamics, safe and haz-
ardous cells, any performance difference between motivation conditions
is attributable to any combination of these factors simultaneously. To
isolate the representational consequences of each motivation, we instead
evaluate agents on the four unary-state environments—pure instanti-
ations of each combination of harmfulness and stochasticity—using a
two-phase protocol in which intrinsic-reward pretraining is followed by
extrinsic-reward generalization in a spatially novel layout of the same

type.

Environment decomposition

We decompose the mixed-state playground along two orthogonal axes:

» Harmless vs. harmful: whether the environment contains lava and
hazardous moving obstacles.

» Deterministic vs. stochastic: whether the environment contains
stochastic transitions (moving walls, slippery ice patches).

This yields a 2 X 2 design (Figure 6.14) that isolates whether each intrinsic
motivation’s advantages are specific to particular combinations of risk
and unpredictability.

Generalization performance

The generalization results reveal a fundamental context-dependence:
no single intrinsic motivation dominates across all environment types
(Figure 6.14).

Deterministic environments. Novelty and information gain produce
representations that support strong generalization in deterministic set-
tings. Thorough exploration of deterministic dynamics yields a world
model with broad and accurate coverage, learning how the agent’s
actions propagate through the environment without the confound of irre-
ducible stochasticity. The resulting representations capture the actionable
structure of the environment efficiently.

Stochastic environments. Empowerment produces superior generaliza-
tion in stochastic settings. An agent that learns to identify controllable
states amid stochastic noise develops representations that foreground
the actionable structure of the environment—precisely the structure that
remains stable across layout changes. The representation learned by
the empowerment agent, while covering fewer states, generalises better

Figure 6.14: Generalization perfor-
mance of the Dreamer agent across en-
vironment types. Environments are de-
composed along two axes (harmful vs.
harmless; deterministic vs. stochastic).
Extrinsic reward is measured in novel
environments after intrinsic-only pre-
training. No single motivation dominates
across all conditions. Novelty and in-
formation gain excel in deterministic
settings; empowerment is more effec-
tive in stochastic settings. Hybrid ap-
proaches match or exceed the best single-
motivation agent in each condition.
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Figure 6.15: Exploration patterns dur-
ing pretraining. (a) Observation and ac-
tion entropy over time: novelty produces
the least diverse exploration, a signature
of pseudo-novelty. (b) In the stochastic-
harmless environment, information gain
achieves high observation entropy but
minimal goal visitation, reflecting fixa-
tion on irreducible uncertainty. (c) In de-
terministic environments, the empower-
ment agent maintains maximal distance
from obstacles to preserve access to mul-
tiple future paths. (d) State visitation
heatmaps confirm that empowerment
agents prefer open regions in determin-
istic settings but roam continuously in
stochastic settings.
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because it discards uncontrollable stochasticity and focuses on reliable
action-outcome relationships.

Hybrid motivations as a robust compromise. Hybrid motivations (sum
and product of information gain and empowerment) achieve general-
ization performance equal to or better than the best single-motivation
agent in each condition. This suggests that complementarity extends
beyond exploration efficiency to the quality of the learned representations
themselves: a hybrid exploration policy generates a data distribution that
covers both learnable dynamics (via information gain) and controllable
dynamics (via empowerment), producing a world model that captures
environmentally stable and actionable structure.

Exploration diagnostics during pretraining

Examining exploration behavior during pretraining reveals why different
motivations lead to different generalization outcomes.

Novelty: the lowest diversity. Counterintuitively, the novelty-driven
Dreamer agent produces exploration with the lowest entropy of both
observations and actions (Figure 6.15a). A novelty-seeking agent should
visit novel states, which should produce diverse observations. The reso-
lution of this paradox is the pseudo-novelty phenomenon we examine in
depth in Section 6.5.4: representational drift in the latent space creates a
subjective sense of novelty without requiring the agent to visit genuinely
new locations.

Information gain: high entropy, wrong places. The information-gain
agent produces high observation entropy—many diverse states visited—
but achieves minimal extrinsic goal visitation in stochastic environments
(Figure 6.15b). This pattern indicates that the agent fixates on inherently
unpredictable transitions—moving walls, stochastic ice—rather than on
the global structure of the environment. The agent is not failing to explore;
it is exploring in the wrong places.

Empowerment: comfort zone and roaming. The empowerment agent
reveals a striking context-dependence. In deterministic environments, it
positions itself to maintain maximal access to future paths, preferring
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open areas far from walls and lava (Figure 6.15c). This conservative
comfort zone behaviour limits exploration but reflects principled caution:
the agent maximises its future action space. In stochastic environments,
however, the empowerment agent abandons this comfort zone and roams
continuously, because maintaining control in a stochastic world requires
active repositioning. This context-dependent shift—from conservative
to active exploration—illustrates that empowerment does not simply
seek quiescence; it seeks controllable states, which in a stochastic world
requires constant vigilance.

6.5.4 The representation-motivation feedback loop

We now examine the feedback loop that is invisible in the Tabular setting:
the bidirectional coupling between exploration and representation learn-
ing. In the Tabular agent, fixed representations decouple motivation from
representation; changes in the reward landscape reflect only changes in
the estimated model, not in the state vocabulary itself. In the Dreamer
agent, both the model and the vocabulary change simultaneously. To
make this feedback loop visible, we conduct trajectory analyses of each
motivation signal over the course of training, examining how the quality
and character of each reward signal evolves alongside the world model.

Novelty and pseudo-novelty

In the Tabular agent, the novelty reward decays predictably: each visit
to a state increments N(z), reducing the negative log-probability of that
state. Eventually, all states are saturated and exploration terminates. In
the Dreamer agent, this decay does not occur reliably—instead, the agent
exhibits pseudo-novelty: a sustained high-novelty signal that does not
correspond to genuine exploration.

At each training step, updates to the world model parameters ¢ change
the encoder py(z | h,0), so a familiar observation may be assigned
a new discrete latent code z; # z;. Because the corresponding count
N(z]) is low, the agent receives a high novelty reward despite acquiring
no new environmental information. Figure 6.16 illustrates this failure
mode: novelty remains elevated even as the agent revisits the same
walls and floors, with peak rewards caused by shifted latent encodings

Figure 6.16: Pseudo-novelty in the
Dreamer agent. Novelty rewards dur-
ing the first 200,000 training steps. The
dashed vertical lines indicate deaths. De-
spite spending most time in the starting
room (annotated images), the agent’s per-
ceived novelty remains high throughout
training because representational drift in
the learned latent space continuously
shifts the encoding of familiar obser-
vations, registering as novel under the
count-based metric. Compare with the
Tabular setting, where novelty decays
monotonically as states are revisited.
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Figure 6.17: Information gain trajectory
in the Dreamer agent. Per-step KL diver-
gence (posterior vs. prior) during the first
200,000 steps. Information gain is high
initially, decays for familiar transitions
(e.g. walking into walls, annotated in bot-
tom row), but persists at stochastic ice
transitions whose aleatoric variance the
world model cannot fully absorb. Even-
tually, the agent learns enough about
the starting room to seek higher rewards
outside, guiding it through the bottle-
neck (deaths visible in the final anno-
tated episode).

12: Pseudo-novelty is a representation-
learning artifact: it is absent in the Tabu-
lar setting, where fixed representations
guarantee that revisiting a state always
yields a lower novelty reward than the
previous visit.
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rather than genuinely new states. This creates a self-reinforcing loop
in which representational drift produces illusory novelty, weakens true
exploration, and limits data diversity, further destabilizing the model'?.

This pathology has direct implications for library curation. A curation
policy based on visitation counts—"represent states that have been seen
rarely”—operates correctly only when the representational vocabulary
is stable. When the vocabulary is under active construction, a “rarely
seen” latent encoding may simply be an unstable encoding of a familiar
observation, not a genuinely new concept. A more robust curation
criterion would need to be representation-invariant, or would need to
explicitly account for the evolving representational substrate.

Information gain and aleatoric fixation

The information-gain trajectory in Figure 6.17 shows a subtler failure
mode. Unlike the novelty agent, it eventually explores, but only after an
indirect and costly phase. Early on, information gain is high everywhere
because the world model cannot yet predict unfamiliar observations.
With repeated exposure, predictable transitions are learned: the encoder
posterior aligns with the dynamics prior, causing the KL reward to decay
toward zero. This decay is fastest for deterministic transitions, such as
walking into walls, and slower on stochastic ice tiles, where inherent
variability keeps posterior and prior in disagreement longer.

Ice cells therefore retain elevated information-gain rewards long after
repeated exposure. As shown by the annotated timesteps, the agent
revisits the same starting-room ice tile from steps 25,000 to 60,000,
trying to model dynamics that are inherently unmodelable. This is
the noisy-TV problem in a learned-representation setting: unlike the
tabular agent, whose information gain vanishes asymptotically even
under stochasticity, Dreamer’s retrospective KL conflates irreducible
aleatoric variance with genuine model uncertainty. The eventual escape
is revealing. After roughly 70,000 steps, the starting-room dynamics are
learned well enough that even ice transitions yield less information gain
than genuinely unexplored regions beyond the bottleneck. The reward
landscape shifts, guiding the agent out; in Figure 6.17, this appears as
a cluster of deaths around steps 65,000-85,000 as it first navigates the
dangerous bottleneck.
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(a) Per-step empowerment during the first 50,000 steps. The reward
signal is noisy: while some low-empowerment assessments are
correct (annotated ice tile around step 7,000 receives near-zero
reward), many empowering floor cells also receive low reward
because the world model has not yet learned that actions reliably
determine outcomes in those states. The agent defaults to near-
random exploration during this early phase.

6.5 Experiment 2: Dreamer Agent
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(b) Per-step empowerment during the final 50,000 steps of 10° total.
The reward signal has stabilised: floor tiles consistently receive
high empowerment and ice tiles near-zero. The agent has learned
its comfort zone and exploits it, repeating the same empowering
actions (annotated images: agent turning in place or walking in
short loops on floor cells) rather than seeking new empowering
regions.

Figure 6.18: Empowerment reward trajectory in the Dreamer agent. Early in training (a), the reward signal is noisy as the world model
has not yet learned the controllability structure of the environment. By the end of training (b), the signal has stabilised but the agent

converges to a comfort zone, repeatedly exploiting known empowering states rather than seeking new ones.

This analysis clarifies the fundamental limitation of retrospective infor-
mation gain in a learned latent space: the reward tracks model surprise,
which is partly a function of model quality. As the model improves
on deterministic transitions, stochastic ones appear disproportionately
surprising—not because they are informationally rich but because they
resist prediction.

Empowerment across training

The empowerment trajectory reveals perhaps the sharpest illustration of
the feedback loop. Unlike novelty and information gain, whose patholo-
gies manifest in what the agent seeks, empowerment’s pathology manifests
in what the agent learns to avoid learning.

Early training: the calibration problem. Figure 6.18a shows that em-
powerment is highly noisy during the first 50,000 steps. The world
model has not yet learned a stable observation-to-latent mapping, and
the factorized dynamics predictor py(z; | h’) does not yet capture the
environment’s controllability structure. As a result, many genuinely
empowering floor tiles receive low scores because the model predicts
near-uniform next-latent distributions regardless of action. This mir-
rors the Tabular uniform-prior problem in Figure 6.11, but with a key
difference: Dreamer’s neural dynamics predictor is updated through
shared representations and regularization, even for unvisited regions. Its
empowerment estimates can therefore improve without direct visitation,
but are also noisier and less reliable early in training.

Late training: convergence to the comfort zone. By the end of training
(Figure 6.18b), the empowerment reward has stabilized. The world model
assigns high empowerment to deterministic floor cells and near-zero
empowerment to ice cells, matching the qualitative structure of the
Tabular agent’s heatmap in Figure 6.12. Yet the resulting behaviour is
dysfunctional: the agent exploits familiar high-empowerment states by
turning in place or following short loops on known floor tiles, collecting
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reward without expanding exploration. This exposes the limitation of
one-step empowerment as an exploration signal. The agent learns where
its current action reliably controls the next state, but has no incentive to
seek new empowering states whose value is still unknown.

The feedback loop as an object of study. Together, these three trajectory
analyses render the representation-motivation feedback loop concrete.
The novelty agent is trapped by the instability of the very representation it
is trying to count. The information gain agent is delayed by the difficulty
of distinguishing what it cannot predict from what is unpredictable. The
empowerment agent cannot act on information it has not yet acquired,
and once it acquires it, it stops seeking more. In each case, the pathology
is not a flaw in the signal’s definition but in the interaction between the
signal and a changing representational substrate.

6.6 Discussion

6.6.1 Findings

The two experiments in this chapter converge on three claims about how
intrinsic motivation shapes exploration and representation.

Complementary failure modes. Curiosity and competence fail in op-
posite ways. Information gain drives broad, thorough exploration but
cannot distinguish epistemic from aleatoric uncertainty: the agent fixates
on irreducibly stochastic transitions—the noisy TV problem—and pays
for its thoroughness in deaths. Empowerment produces safe, conserva-
tive behavior but cannot bootstrap itself: the uniform prior assigns zero
empowerment to unseen states, trapping the agent in a self-reinforcing
loop where the knowledge it needs to act is precisely the knowledge it has
no incentive to acquire. Novelty falls between these extremes, exploring
moderately but blindly, indifferent to the structure of what it encounters.

Hybrid complementarity. Combining information gain and empower-
ment via summation consistently achieves the best exploration-safety
trade-off—both in raw discovery-to-death ratio and in downstream
generalization across environment types. The mechanism is a natural
motivational transition: information gain dominates early, driving the
agent outward; as the world model matures, empowerment increasingly
constrains attention to controllable regions, dampening the attraction
to irreducible stochasticity. The product combination fails because em-
powerment’s initial zero values suppress exploration before it can begin.
Crucially, the complementarity extends beyond exploration efficiency to
representational quality: hybrid agents build world models that support
stronger generalization because the training data covers both learnable
and controllable dynamics.

The representation-motivation feedback loop. When representations
are learned rather than given, each motivation signal interacts with a
changing substrate in signal-specific ways. The novelty agent suffers from
pseudo-novelty: representational drift creates the illusion of encounter-
ing new states, suppressing genuine exploration. The information-gain
agent suffers from prolonged aleatoric fixation: the retrospective KL mea-
sure conflates model inadequacy with environmental stochasticity more
severely than in the tabular case, because the model is simultaneously
learning what to represent and how the world works. The empowerment
agent faces a calibration problem: its reward signal is unreliable precisely



when the agent most needs guidance—early in training, when the world
model has not yet learned which states are controllable. In each case, the
pathology is not a defect in the signal’s definition but an emergent prop-
erty of computing that signal over representations that are themselves
under construction.

6.6.2 Limitations

Grid-world scope. The environments are small, discrete, and fully speci-
fied. While this enables precise experimental control over stochasticity
and danger, it limits ecological validity. Whether the qualitative pat-
terns identified here—the uniform prior trap, pseudo-novelty, aleatoric
fixation—manifest in continuous, high-dimensional, or compositional
environments remains an open question.

Unprincipled hybrid combinations. The sum and product combinations
are ad hoc. A more satisfying approach would derive the weighting of
curiosity and competence from a single normative objective—for example,
a resource-rational trade-off between exploration cost and model utility.

Nonstationarity and replay. The Dreamer experiments are impaired
by the incompatibility between nonstationary intrinsic rewards and
the uniform replay buffer of DreamerV3. Experiences stored early in
training carry reward values that are stale by the time they are replayed,
introducing systematic bias. The results likely underestimate the potential
complementarity between information gain and empowerment in the
learned-representation setting. Addressing this through prospective
reward recomputation or recency-weighted replay (see Section C.3)
would provide a stronger test.

Human validity. The contribution of this chapter is normative: it charac-
terizes what an optimal agent would do under each motivational regime,
not what humans actually do. Validating these mechanisms against
human behavior—in developmental studies of exploration (Giron et al.,

; Gopnik, ; Nussenbaum and Hartley, ) or in controlled
video game environments—remains essential to assess psychological
plausibility.

6.7 Summary

This chapter showed that what an agent is motivated to seek deter-
mines what it learns to represent. Curiosity-driven agents build broad
but noisy world models that waste resources on irreducible uncertainty;
competence-driven agents build precise but narrow models thatignore ev-
erything beyond a learned comfort zone; and hybrid agents—combining
information gain with empowerment—build models that are both broad
and actionable, supporting generalization across environment types that
neither drive achieves alone. When representations are learned along-
side the policy, a feedback loop emerges: representational drift creates
pseudo-novelty, retrospective surprise conflates model inadequacy with
environmental stochasticity, and empowerment estimates depend on a
world model that has not yet been built. The central lesson is that motiva-
tion and representation cannot be studied independently—each shapes
the other, and the pathologies of each signal are emergent properties of
this co-evolution. Translating these findings into the library framework
of this thesis, several implications emerge.

6.7 Summary
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Intrinsic motivation as a curation policy. Each intrinsic signal implicitly
prescribes a different answer to the question “what should the library
represent”. Novelty prescribes breadth: represent as many states as
possible. Information gain prescribes uncertainty reduction: invest repre-
sentational resources where the model is most uncertain. Empowerment
prescribes utility: represent what the agent can control. The hybrid results
show that none of these prescriptions is sufficient alone. Effective curation
requires asking two questions jointly: is this uncertainty reducible? and is
the reduction actionable?

The representation instability problem. Pseudo-novelty reveals a fun-
damental obstacle for curation in systems with learned representations.
Any curation criterion defined over a changing vocabulary can be misled
by representational drift: a latent state that appears newly encountered
may simply be an unstable encoding of a familiar observation. Robust
curation criteria must either be representation-invariant or must explicitly
discount states whose apparent novelty coincides with periods of rapid
representational change.

The retrospective-prospective gap. The tabular agent’s prospective infor-
mation gain guides exploration before visiting a state, enabling planning
toward jointly informative and controllable regions. The Dreamer agent’s
retrospective KL can only reward transitions after they occur, providing
no gradient toward unexplored high-information territory. This gap ex-
plains the weaker complementarity in the learned-representation setting:
the synergy between curiosity and competence is strongest when the
agent can anticipate which experiences will be both informative and
controllable.

The need for internal empowerment. Empowerment in this chapter
measures influence over external states—positions in a grid. But for
library curation, the relevant question is whether the agent can control
what it represents. An agent might have high external empowerment
(many reachable grid positions) but low representational empowerment
(the world model fails to distinguish those positions in a stable, action-
sensitive way). The empowerment calibration analysis provides direct
evidence for this dissociation: the Dreamer agent’s external behavior
and its internal empowerment estimates diverge substantially while
the world model is being built. This motivates the shift, taken in the
next chapter, from external empowerment to a representation selection
principle defined over the agent’s internal dynamics.

The next chapter closes this gap. Rather than asking which grid positions
give the agent the most control, it asks which internal representational
structures maximize the agent’s capacity to predict, distinguish, and act
on the consequences of its own decisions. This reframing transforms
empowerment from an exploration bonus into a representation selection
principle—one that operates directly on the library’s internal organization
rather than on the external world the library describes.



Not everything is worth pursuing:
agent-centric representation
curation

“You have power over your mind—not outside events. Realize this, and
you will find strength.”

— Marcus Aurelius, Meditations, 8.47

Chapter 6 examined how intrinsic motivation signals shape the rep-
resentations they are computed over, and showed that the value of a
representation, in those models, is read off its consequences in the ex-
ternal environment. Information gain over a world model and mutual
information between actions and reachable states both ask what the agent
can predict or control out there. Neither asks what the agent’s library
makes possible in here.

This chapter separates three objects that are often conflated, namely
the inaccessible world W, the environment-specific model M the agent
constructs from finite interactions, and the persistent library £ that carries
reusable elements across tasks. Within this W — M — L pipeline,
we develop representation empowerment as a construction-and-curation
criterion that scores candidate elements by the marginal future capacity
to model and plan they confer on the agent. The criterion keeps the
channel-capacity template of classical empowerment but redirects both
endpoints inward, from external states to the agent’s own representational
state. We then ground the criterion in observable behavior through a
goal-achievement signature, which is what allows an interacting agent to
score it.

We operationalize the criterion in a hierarchical Actor-Curator architec-
ture and test it across three experiments. Section 7.4 reports a causal-
learning task with n = 70 human participants in a closed vocabulary
of observation granularities. Section 7.5 replaces the participant with a
normative agent and varies the construction criterion directly, isolating
representation selection rather than smarter exploration as the dominant
lever. Section 7.6 lifts the closed-vocabulary assumption and tests an
LLM-augmented Curator in two grid-world families with PDDL libraries.

This chapter addresses the curation stage of the library lifecycle, the
second of the three symptoms of the representational dynamics gap
(Section 2.3.3). Construction (Part II) supplies representational material
by building new library entries from experience. The compression chapter
(Section 3.6.4) argued that the criterion every empirical chapter wants
is prospective, scoring representations against goals the agent has not
yet faced rather than against data already in hand. Representation
empowerment is the prospective proxy this chapter develops.

7.1 Introduction

There is no ready-made vocabulary for modeling the world. Concepts
such as force, mass, and acceleration in physics were constricted to explain,
predict, and intervene in the world, and the resulting vocabulary, e.g.,
Newton’s laws, is not the world itself but a compressed representation
sufficient for prediction and control. The vocabulary is also curated over
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1: Throughout, “model” does not mean
an increasingly faithful mirror of W. It
means an action-supporting compres-
sion whose adequacy is evaluated rel-
ative to an agent’s goals, resources, and
future transfer opportunities.

2: Construction and curation can dis-
agree. A representational element may
be useful enough to solve the current task,
yet too idiosyncratic to preserve; con-
versely, an element may be only weakly
useful now but valuable because it opens
many future model-building options.

centuries (Fogarty et al., ), with Aristotelian categories giving way to
Newtonian mechanics and then to relativity. Each transition was driven
by phenomena the old vocabulary could not support, yet some reusable
abstractions persisted because they continued to support reasoning in
new domains. A child learning to cook follows the same pattern at a
smaller scale. She does not build a complete chemical model of food; she
constructs just enough (e.g., bigger food needs to cook longer) to achieve
her goals, and across recipes she keeps what transferred and discards
what was specific to last Tuesday’s dinner.

This is the loop cognitive science has long described, namely that people
plan with simplified, task-specific models rather than reconstructing the
full complexity of the world (Chen et al., ;Hoetal, ; Nagy etal.,

; Wong et al., ), consistent with resource-rational accounts
of bounded agents (Gershman et al., ; Lieder and Griffiths, ;
Mantiuk* et al., ) and with children entertaining candidate causal
structures rather than full reconstructions (Gopnik and Wellman, ).
What is missing is an operational criterion for when a representational
element should be selected, refined, or pruned.

The chapter starts from this question of representational vocabulary.
Instead of asking how do I discover the true model?, we ask what representa-
tional vocabulary is worth building and maintaining? Out of the many ways
to carve up an environment, only some solutions end up being worth
committing to, and we are interested in what governs that choice. This
is logically prior to what most of the learning literature addresses. Con-
tinual learning asks how to preserve knowledge across tasks but treats
the representation as fixed (Kirkpatrick et al., ; Rolnick et al., ;
Serra et al., )- World-model learning asks how to discover dynamics
but starts from a fixed vocabulary of state variables or latent factors (Ha
and Schmidhuber, ; Hafner et al., ). Causal discovery recovers
edges among given variables (Bramley et al., ; Franken et al., ;
Keetal, )- LLM-based agents accumulate symbolic knowledge but
without principled selection (Tang et al., ; Wang et al., ). Across
these lines of work, attention has been on the process of learning within a
representation rather than on deciding which representations are worth
building and maintaining.

The W — M — L pipeline. We separate three objects that are often
conflated. W denotes the inaccessible ground truth of the whole world,
M the environment-specific model the agent constructs from finite inter-
actions, and L the library of reusable elements carried across tasks (Nagy
etal, ; Wong et al., )- Within a task, the agent performs con-
struction (W — M), proposing and testing representational elements
until the model is deemed sufficient for the agent’s current goals!. Across
tasks, it performs curation (M — L), deciding which elements should be
preserved into a library that carries over to the next task?.

Representation empowerment. We formalize representation empowerment
(RepEmp) as a construction criterion that quantifies the marginal increase
in goal-achieving capacity from adding a new element to the current
model. A resource-rational learner should construct task models M
and curate libraries £ that maximize future goal-achieving capacity.
This is not the standard definition of empowerment (Klyubin et al.,

; Modirshanechi et al., ; Salge et al., ), which is defined
in terms of the reachability of external states. RepEmp keeps the same
channel-capacity template and redirects both endpoints inward, scoring
the agent’s control over its own representational state (Zhou et al., )-



What the chapter does. We instantiate the framework as a hierarchical
Actor-Curator architecture and test it across three experiments. A finite-
vocabulary causal-learning task asks human participants (n = 70) to
construct causal models at varying abstraction granularities, and their
granularity choices are best explained by RepEmp over information-gain
or novelty alternatives. The same participants compress toward a goal-
sufficient abstraction rather than reconstructing W. Matched simulations
replace the human with a normative agent and isolate RepEmp-guided
construction, rather than smarter exploration, as the dominant lever for
both within-task discovery and cross-task transfer. An open-vocabulary
planning experiment lifts the closed-vocabulary assumption: an LLM-
augmented Curator builds compact symbolic libraries in PDDL across
two grid-world families, with stronger backward and held-out transfer
than PPO (Schulman et al., ), Motif (Klissarov et al., ), and
WorldCoder (Tang et al,, ) baselines, and at substantially lower
training cost. Ablating RepEmp (the Hoarder baseline) eliminates the
gains.

7.2 Background

7.2.1 The environment-centric trap

The reinforcement-learning paradigm rests on the reward hypothesis (Sut-
ton, Barto, et al., ) and on a second commitment that has shaped
its theoretical development equally strongly, namely that the agent’s
primary modeling target is the external environment. Internal represen-
tations are instrumental in this view: they matter to the extent that they
support reward maximization in a given environment. The framework
is extraordinarily productive for narrow task mastery, but it creates a
systematic blind spot for the general intelligence this thesis is concerned
with. An agent optimized for a specific reward in a well-defined envi-
ronment learns representations that are tuned to one set of statistical
regularities and one reward function, and those representations are
organized for prediction and control in that environment rather than for
reuse, composition, or transfer.

Intrinsic motivation was introduced precisely to address this limitation.
Task-agnostic learning signals encourage exploration and skill acquisition
in the absence of extrinsic objectives, and Chapter 6 showed that they
produce richer exploration and more varied representational repertoires
than extrinsic reward alone. Intrinsic motivation as typically formulated,
however, inherits the environment-centric bias. Novelty drives the agent
to visit all environmental states. Information gain drives the formation of
a more accurate model of the current environment’s transition dynamics.
State-level empowerment, despite its task-agnostic formulation, measures
the agent’s influence over external states. The result is that intrinsic moti-
vation behaves as a more sophisticated version of the environment-centric
paradigm. The agent learns richer representations, but those represen-
tations are still shaped by the regularities of the training environment
rather than by properties (compositionality, modularity, transferability)
that would support lasting adaptability.

7.2 Background
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7.2.2 Environmental empowerment and its structural limit

Among intrinsic-motivation signals, state-level empowerment occupies
a distinguished position. It is not tied to any specific task or reward
function and instead measures a structural property of the agent’s
situation, namely the degree to which its actions can influence its future.
For an agent at state s € S with action sequence a;.7 and resulting state s’,
environmental empowerment is the channel capacity between actions
and futures:

EnvEmp(s) = max MI(s’; ai7 | s). (7.1)
plarr)

High EnvEmp(s) means the agent can reliably steer the environment
from s into many distinct future states. This is the formal expression of
the instrumental convergence argument: regardless of what the agent
ultimately needs to achieve, having the capacity to bring about diverse
and controllable futures is almost always useful (Turner et al., ).
Chapter 6 demonstrated that EnvEmp provides a natural safety signal
(the agent avoids regions where it has little control) and complements
curiosity-based exploration (curiosity reduces uncertainty; empowerment
seeks reach).

The same chapter exposed a structural limitation that motivates the
rest of this chapter. Equation (7.1) is computed over raw environmental
states. Where the state representation is given and appropriate, this
works well; where the state representation is itself learned, EnvEmp’s
value depends on the quality of those learned states, which the criterion
is in no position to evaluate. The issue is not that the agent fixates on
irreducible stochasticity, as in the noisy-TV setup (Burda et al., ); it is
that the agent optimizes for control over the wrong substrate. An agent
that maximizes its capacity to reach many grid cells has high state-level
empowerment, but it may never discover that keys open doors, that
containers hold objects, or that fire requires fuel, because these causal
abstractions live in the agent’s representation rather than in the raw state.

A complementary gap concerns curation. Even where EnvEmp does
drive the discovery of useful abstractions, it provides no criterion for
deciding which to retain. An agent that has discovered both “keys
open doors” and “the blue key is usually in the northeast corner of
room 7” has no principled basis under Equation (7.1) for preferring
the former (a general operator) over the latter (an environment-specific
coincidence). Both expand the set of reachable states in their respective
training environments. Only a criterion that evaluates representations
across a distribution of tasks can distinguish them, and Equation (7.1) is
not such a criterion.

7.2.3 Internalizing the criterion

The two limitations above point to a specific remedy. Rather than asking
in which environmental configurations the agent has the most control,
we ask which internal representational structures give the agent the most
control over its own future cognitive states. The reframing has three
immediate consequences for library management.

First, it makes the library itself the object of optimization. EnvEmp treats
the library as a tool for predicting and controlling the world. A criterion
defined over the agent’s representational state treats the library as the



primary asset, valuable not only because it enables good predictions
about one environment but because it can be reconfigured (composed,
abstracted, specialized) to address a wide range of future tasks.

Second, it provides a principled curation criterion. A library entry is
worth retaining when it contributes to the diversity and controllability of
the representational configurations the agent can achieve. Entries that
are redundant (replaceable by compositions of other entries), unreliable
(their addition produces unpredictable behavior), or environment-specific
(useful in one setting but not across a distribution of tasks) lose their
place under such a criterion.

Third, it connects the curation problem to the resource-rational frame
of Chapter 2 and the rate-distortion view of Section 3.6.4. The compres-
sion chapter argued that the criterion every empirical chapter wants is
prospective, scoring representations against goals the agent has not yet
faced rather than against data already in hand. Representation empower-
ment, formalized in the next section, is the prospective proxy this chapter
develops. What it cannot fix is the residual gap to genuinely unseen
environments. What it does fix is the gap between scoring representations
on observed data and scoring them on the goal-achieving capacity they
would confer, which is the closest available stand-in.

The remainder of the chapter makes this concrete. Section 7.3 defines
representation empowerment over the agent’s representational state,
grounds the criterion through goals the Curator can probe, and develops
the Actor-Curator architecture that operationalizes it. Sections 7.4 to 7.6
then test the framework in human, simulated, and open-vocabulary
settings.

7.3 Methods

We turn the lifecycle into a concrete agent. The chapter’s claim is that an
entry earns its place in the library by the future capacity to model and plan
that it adds; the work of this section is to give that claim a precise object,
a tractable scoring rule, and an implementable architecture. We separate
three things that prior accounts tend to conflate, define representation
empowerment as a criterion over the agent’s own representational state,
and show that the criterion can be grounded in the environment through
a signature of which goals the model achieves.

7.3.1 The W —- M — L pipeline

Most accounts of model-based learning treat the agent’s model as a single
object to be optimized against the world (Ha and Schmidhuber, ;
Hafner et al., )- A finite-resource agent cannot do this. It cannot
recover the world directly; it must maintain a small environment-specific
model that supports current goals, and it must keep selected pieces of
that model around so that the next environment is not started from
scratch (Nagy et al,, ; Wong et al,, ). We therefore separate
three objects.

Let W denote the inaccessible ground-truth generative process of the
world, partitioned into environments ey, €, ... ~ £ with environment-
specific ground truths W, that we do not assume are recoverable under
finite resources. Inside an episode in environment e, the agent maintains

7.3 Methods
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Figure 7.1: Continual model construction asa W — M — L pipeline. The agent is unable to recover the full world W and instead

constructs candidate task models My, ..

., M optimized against current goals, curating reusable elements into a persistent library £

across environments. (a) Existing world-model learning fits a single monolithic M to all observations. (b) Continual and meta-learning
reuse M across environments while leaving the representational vocabulary fixed. (c) The framework of this chapter treats the choice
of M and the curation of £ as the primary objects of optimization.

Figure 7.2: Representation empower-
ment redirects environmental empower-
ment inward. Information gain rewards
uncertainty reduction over the current
model’s parameters. Environmental em-
powerment rewards control over exter-
nal state visitations. Representation em-
powerment keeps the same template but
redirects both endpoints inward, scoring
control over the agent’s own represen-
tational state Z; = {My, L;} rather than
over the environment.

(Remark 7.1 (Three targets, three er- )
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impossible world fidelity. Scoring £
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an environment-specific model M, C X used to plan in the current e. Across
episodes, the agent maintains a persistent library £ C X that carries selected
elements forward. Here X is a candidate set whose elements o € X are
units of representational commitment, e.g., an observation granularity,
a typed predicate, an operator schema, or a causal edge. The lifecycle
stages of Section 2.3.3 have a precise location in this picture. Construction
adds elements to M, within an episode, before it is known which will
support the agent’s current goals. Curation updates L at the environment
boundary by retaining elements that earned their place across M.

The three objects do different work and live on different timescales, and
conflating them is what makes the curation problem look intractable. A
criterion that scores M against W asks for fidelity to a target the agent
does not see and demands a representational vocabulary it does not yet
have. A criterion that scores £ against current data scores it against the
very episode whose recurrence it is supposed to outlive. The criterion we
want should score elements by the future capacity they add, evaluated
through the agent’s own representational state.



7.3.2 Representation empowerment over the agent’s
representational state

Empowerment, in the classical formulation of Equation (7.1), is a channel-
capacity quantity: it scores a state by how reliably the agent can steer the
environment from that state into many distinct futures (Klyubin et al.,

; Modirshanechi et al., ; Salge et al., ). The construction
holds the agent’s representation fixed and varies the world; we keep its
template and reverse the move, varying the agent’s representation while
holding the world fixed.

Let Z; = (M, L) denote the agent’s representational state at step ¢. Let Q
be a finite alphabet of representational edits on Z; (e.g., ADD, REMOVE, OF
REFINE; details in Section D.1.1). An edit sequence u = w1.T € QT induces
a kernel K over the resulting representational state Zr.

r \
Definition 7.1 (Representation empowerment) The representation em-
powerment of a representational state z is the channel capacity between
edit sequences and the resulting representational state, z € L:

RepEmp(z) = sup Mk, (U; Z7 | Zy = z). (7.2)
neA(QT)
\ J

7.3 Methods

The decomposition makes the two desiderata that RepEmp jointly en-
codes explicit:

MI(U; Zr | Zo = z) = H(Zr | Zo) - H(Z7 | Zo, U).  (7.3)
N— ——
diversity uncontrollability

The first term measures how many functionally distinct representational
states are reachable from z under the edit alphabet, capturing the breadth
of the library’s future self. The second term is the residual uncertainty
about Z7 even after the edit sequence is specified, capturing the unrelia-
bility of the edits themselves. A library that is rich in principle but whose
edits produce unpredictable outcomes scores poorly under Equation (7.2),
and so does one whose edits are reliable but reach only a narrow set of
states. RepEmp is high only when the edits are both wide in their reach
and predictable in their effect.

The contrast with EnvEmp is summarized in Figure 7.2. Information gain
rewards the agent for reducing uncertainty about the parameters of the
model it already has (Lindley, ; Loewenstein, ; Mantiuk* et al.,

). EnvEmp rewards control over external state visitations (Lidayan et
al., ; Modirshanechi et al., )- RepEmp keeps the same template
as EnvEmp but redirects both endpoints inward, scoring the agent’s
control over its own ability to model the future. The shift from external to
internal substrate is what allows the criterion to evaluate libraries across
environments rather than within one.

Grounding the criterion in the environment. Equation (7.2) ranges over
the agent’s representational state Zr, but the agent has no behavior-free
oracle for representations. Two libraries that produce identical actions
under all relevant goals are observationally indistinguishable, and the
only thing we can observe about a representation is what it lets the
agent do in an environment e. We therefore project the criterion through
behavior.

(Example 7.1 (An edit channel) Sup-\
pose the Curator can either add a
predicate openable(x) or add an op-
erator unlock(x,y). These edits are
valuable only if they lead to different
future models that unlock different
probe goals. If both edits leave the
same goals achievable, the grounded

channel cannot distinguish them.
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Figure 7.3: The Curator-Actor architecture across closed- and open-vocabulary settings. (1) Closed vocabulary (Section 7.4, Section 7.5):
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boundary. The Actor grounds each (M;, g, ng/h) to environment primitives and returns the trajectory 7 together with the achievement
bit T'e(M;)g. The dashed arrow is the only interface between them.

Equip each environment ¢ with a finite family of probe goals G, C G,
generated by the Curator (Section 7.3.4), and define the goal-achievement
signature:

T.(M) = (1] g achieved by planning with M and executing in ¢ | ) 9€Ge”
(7.4)

The signature records which probes the model achieves; a richer model
expands which entries of I', (M) become 1. The grounded approximation
to RepEmp replaces Zt in Equation (7.2) with the signature it induces:

RepEmp(z; ¢) = sup Mk (U; Te(Z1)| Zo = 2).
neA(QT)

(7.5)

By the data-processing inequality, RepEmp(z;e) < RepEmp(z) (Sec-
tion D.1.2), and the gap consists of capacity over behaviorally equivalent
representations (Proposition D.3). The agent is free to compress this gap
away without losing reach over goals. Goal projection is the move that
turns RepEmp from an in-principle criterion into one that an interacting
agent can score.

7.3.3 The Actor-Curator architecture

Equation (7.5) has an inherent asymmetry. Edits live in the agent’s internal
representational state, while I, is realized only through interaction
with the environment. The asymmetry motivates a hierarchical split
(Figure 7.3¢c). A high-level Curator C manipulates the representational
state Z = (M, £) by proposing, scoring, and selecting elements into L.
A low-level Actor A realizes I', in the environment by planning and
executing a trajectory 7 for each probe goal g and returning the per-goal
achievement bit I', (M} ),.

At each step the Curator emits a working model and a probe set,

C: (E, Oe, Dt) — (Mt/ gt)/ (76)

where 0, is the current observation, D; is the trajectory evidence accu-
mulated so far, M; is the Curator’s evolving hypothesis (assembled from



elements of L relevant to e together with newly proposed candidates),
and G; C G, is a set of probe goals expressible under M;. For each g € G;
the Curator also produces a symbolic plan 712/1’ = (a1,...,ax) over the
operator schemas of M;. The Actor consumes this and returns trajectory
and achievement,

A (My, g, mh") — (1, Te(Myg), g €Gi. (7.7)
The dashed arrow in Figure 7.3c marks the only interface between them.

The architecture mirrors hierarchical reinforcement learning (Dayan
and Hinton, ; Sutton et al., ) with one substitution. Where
standard hierarchical RL has the high-level controller emit subgoals
over environment states, the Curator emits representational edits, and
the high-level reward is a change in I', on the probe set rather than a
change in environmental return (Ellis et al., ). From the Curator’s
perspective the Actor is a black-box realization of I'.. From the Actor’s
perspective the Curator is a non-stationary source of representations.
Two operations close the loop. Compression prunes elements whose
removal leaves the signature unchanged (Section D.1.4). Library updates
fire at the environment boundary, where the Curator re-scores retained
elements against the cross-environment history and updates £ greedily
under the same criterion.

7.3.4 The Curator

The Curator has three responsibilities, each tied to a quantity in Sec-
tions 7.3.1and 7.3.2. It proposes a task model and probe set (instantiating X
and G,). It scores candidates by a tractable estimator of Re,pE\mp. And it
selects elements into £ at the environment boundary.

Propose: (L, 0., D;) — (M;, Gi). The Curator’s task model M; is as-
sembled from two sources, those reused from L as relevant to ¢ and
fresh candidates drawn from a domain-appropriate vocabulary X as
hypotheses about e. Probe goals are chosen to discriminate M;_; from
M, which means goals previously blocked but newly expressible under
the additions, together with previously solved goals that act as regression
checks. Probes are how the Curator measures I',(M;) in practice, and
they are the goals it hands to the Actor.

Score: (M, G;) — R. Equation (7.5) is not computable in closed form,
since the supremum ranges over Q7, the conditioning is on the full
representational state, and G, may be unbounded. We estimate it with
a one-step coverage-gain proxy v, grounded in execution rather than
in surface features of M;. The Curator queries .A on each probe g € G;
and uses the empirical achievement rates of I'.(M; ) as the probabilities
pi(g | My). For a candidate element o,

Vi) = qi0) D) (Pr(g I My U{o}) = Pr(g | M) — Acs,  (7.8)
g€W;(0)

where (o) is the probability that ¢ is valid, W;(o) C G is its witness set
of currently unachievable goals that adding ¢ could unlock, ¢, is the cost
of carrying 0, and A > 0 is a cardinality penalty. A candidate is rewarded
only when it produces a measurable change in I', on the probe set, which
keeps the score grounded in execution.

7.3 Methods

(Remark 7.2 (What the proxy pre-)
serves) The proxy drops the full
channel-capacity computation but
keeps the load-bearing test: does
adding o reliably flip currently un-
reachable goals into reachable ones?
This is the singleton case of grounded

representation empowerment.
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3: Without attribution, a failed probe is
ambiguous: the symbolic library may
be wrong, or the Actor may simply
have failed to ground a good symbolic
plan. The architecture needs this split
so that coverage gain remains evidence
about representation rather than execu-
tion noise.

The same estimator covers both regimes the chapter studies. When X is a
fixed model set and G, is enumerable, the gain is computed exactly by
enumerating X, and under deterministic-edge beliefs it coincides with
the mutual-information form of Equation (7.5). When X is unbounded
and G, must be sampled, the Curator scores one element at a time and
the cardinality penalty Ac; (c; = 1) ensures elements are retained only
when their coverage gain exceeds their cost; the limit A — 0 recovers the
closed-vocabulary form. For multi-candidate proposals we score bundles
additively, Y7t(AM) R DoeAM \7t(o), which is exact when the witness
sets W;(0) are disjoint and otherwise an approximation (Section D.1.3).

Select: £L — L’. At the environment boundary, each retained element

is re-scored against the rest of the library to remove redundancy: Vi(o)
now measures the marginal coverage that o contributes given £ \ {c}.
Re-running the Actor on prior environments would be expensive; instead,
Pt is estimated from the trajectory buffer (Ellis et al., ) (Section D.1.3).
Under a cardinality budget By, £ is updated greedily, demoting elements
that are subsumed by others or whose reach has degraded as new
environments accumulate.

7.3.5 The Actor

Given a symbolic plan 7 = (a3, ..., ax) from the Curator, the Actor’s
job is to realize 7 in the current environment and report whether each
subgoal was achieved.

Primitive execution. The Actor grounds each operator 4; into environ-
ment primitives by heuristic search over a local planner model, an agent-
egocentric forward model (state, primitive) — (state’, Apredicates)
learned online from the Actor’s own trajectories. The search heuristic
counts unmet effects of 4; under predicted predicates, and the envi-
ronment verifies the resulting predicate flips. Every executed primitive
contributes a training example to the local model, so the local model
improves monotonically with interaction at no extra environment budget
(Section D.5.1).

Failure attribution. Beyond the realized trajectory and achievement
signature, the Actor returns a record of which operator (if any) failed to
achieve its effects. This lets the Curator assign blame>. An operator whose
effects do not materialize is evidence about the symbolic library, e.g., a
missing or miscalibrated predicate. A primitive search that exhausts its
budget without reaching those effects is evidence about the local model
rather than about the library. Separating the two failure modes is what
allows the same coverage-gain score to be diagnostic of representation
rather than of execution.

7.4 Experiment 1: Closed-vocabulary causal
learning in humans

We test whether RepEmp predicts and produces the behavior the theory
describes in a setting where each candidate criterion can be scored
against the same enumerable alternatives. The first experiment uses
human participants (n = 70) in a causal-discovery task with a fixed menu
of observation granularities. The closed vocabulary is the methodological
lever: a difference in predictions across criteria reflects the criterion itself
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Figure 7.4: Participants compress toward an empowering medium granularity. (a) Fraction of steps at each observation granularity,
averaged across participants and plotted against step number within a task. Participants begin with frequent fine use and shift toward
medium and coarse as the task progresses. (b) Ternary plot of per-participant granularity-use shares; k-means recovers three stable
clusters (balanced, medium-preferring, fine-preferring) that persist across tasks even as the dominant granularity adapts. (c) Across
participants, a higher medium share predicts both more goals achieved and fewer steps to solution in the held-out tasks. Medium buys
reach without overspecifying W.

rather than the noise of approximation. Section 7.5 replaces the human
with a normative agent and varies the selection criterion directly, so that
human and simulation evidence can be read against the same setup.

The closed-vocabulary causal-learning environment. We adapt the
multi-variable causal-discovery environment of Ke et al. ( ). The
world W is a fixed structural equation model over eight latent variables.
Participants never see W directly; they see overlapping windows of it
through tasks. Each step is a two-part action. The participant first picks a
granularity { € {coarse, medium, fine} that sets observation resolution,
and then chooses an intervention (v, r) on a variable-property pair (e.g.,
flask A’s temperature or flask B’s weight). The intervention’s effects
propagate through W and are reported back to the participant at the
chosen {. The granularity is the closed-vocabulary realization of the
candidate set X in Section 7.3.1. The task model M; is the causal model
the participant assembles at the granularity in use, and the persistent
library L is the structure that carries across windows. Every variable
additionally carries a distractor property: an observable feature that
reduces uncertainty about the variable’s identity but has no causal effect
on other variables. The distractor instantiates the goal-irrelevant element
of Section D.1.4, which information gain rewards but representation
empowerment correctly ignores. Full environment details, including
the SEM, the distractor structure, and the four-task curriculum, are in
Section D.2.

Procedure. Participants (n = 70; see Section D.3 for recruitment and ex-
clusion criteria) completed four causal-discovery tasks. On each step they
picked a granularity £ and an intervention (v, r), observed the outcomes
at ¢, and at the end of each task reported their inferred causal graph.
Three questions organize the analysis. (A) Is the granularity choice a
structured policy, or is it random or evidence-reactive? (B) Among candi-
date criteria, which best predicts participants’ joint choice of granularity
and intervention? (C) Does the constructed model M buy participants
goal reach as a compression of W, or do they instead try to recover W?

7.4.1 Results

Granularity choice is a structured policy. Participants repeat their pre-
vious granularity on 67% of consecutive steps, 20.5% above shuffled
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Table 7.1: Human granularity-and-
intervention choice predictions (n =
70). Normalized rank (< .5 beats uni-
form; lower is better) and held-out per-
participant cross-validation ALL relative
to a random baseline (higher is better).
The factored model selects granularity
with and intervention with ; RepPEmp and
EnvEmP apply a single criterion to the
joint action space.

Family Model Norm rank |, ALL T
Factored 0.442 +111.49
Empowerment  RepEmp 0.482 +91.92
EnvEmp 0.474 +59.78
Uncertaint InfoGain 0.556 +38.41
certamty Novelty 0.522 —791.98
Random 0.500 0

controls (p < .001), which rules out a random policy. A multinomial
regression finds that the previous granularity predicts the next (p < .001)
while the previously observed causal effect does not (Section D.3), which
rules out an evidence-driven policy. Consistent with these regressions,
k-means clustering on participants’ granularity-choice vectors recovers
three clusters: balanced, medium-preferring, and fine-preferring (Fig-
ure 7.4b). Cluster membership is stable across tasks (54.5% vs. 42.8%
chance, p < .001), even as each cluster drifts toward medium. Participants
reuse how they construct the model while adapting which granularity
dominates.

Empowerment predicts choices. Each step decomposes into two sub-
decisions, a granularity ¢ and an intervention (v, r). We score each
alternative under empowerment-family and uncertainty-family models
and fit a per-participant softmax with held-out cross-validation. Table 7.1
summarizes the comparison. The empowerment family dominates, with
a factored model (selecting granularity by RepEmp and intervention
by EnvEmp) the overall best predictor, ahead of either criterion applied
jointly to the flat action space (granularity together with intervention).
Uncertainty-family models perform well below chance. The split maps
cleanly onto the theoretical interpretations of the two forms of empow-
erment. RepEmp governs the granularity of abstraction, and EnvEmp
informs the agent how to act on the world at that granularity.

Medium is the empowering compression of W. If participants were
trying to recover W, they would always select the finest granularity.
They do not. Fine selection declines within tasks while medium choices
increase (Figure 7.4a, with the per-task and per-step breakdowns in
Section D.3.4). When participants re-probe the same causal variable at
a different granularity, they asymmetrically coarsen more often than
they refine (Section D.3.4). The choice is not arbitrary. A higher share
of medium interventions correlates with more goals achieved (r = +.24,
p < .05) and fewer steps (r = —.24, p < .05; Figure 7.4c). A higher
share of fine interventions correlates in the opposite direction, with
fewer goals achieved (r = -.29, p < .05) and more steps (r = +.31,
p < .05). Participants behave as efficient model-constructors: they form
policies over M, score modeling actions by their effect on the goal
signature I',, and converge on abstractions that support goal achievement
rather than try to capture every detail of W. The pattern identifies
M rather than W as how participants plan in this environment, and
empowerment rather than uncertainty as the criterion under which they
evaluate representations. The evidence is correlational at the participant
level, however. The next section uses controlled simulations to isolate
representation empowerment as the causal lever for the same outcomes.
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Family Model F17 SHD |

Factored 0.75 = 0.01 0.48 +0.03
Empowerment ~ RepEmp 0.72 +0.01 0.51 +0.03
EnvEmp 0.52 +0.02 0.97 +0.03

InfoGain 0.24 +0.005 5.64 +0.26

Uncertainty Novelty 0.24 £0005  5.58 £026

Random 0.23 +0.01 470 £0.22

7.5 Experiment 2: Matched simulations

The human evidence of Section 7.4 establishes that participants behave
as RepEmp-guided model-constructors at the population level. What
it cannot establish is a causal claim about why those choices produce
better task outcomes, since participant-level correlations are open to
several mechanistic readings. We complement the human study with
controlled simulations that share the closed-vocabulary environment
of Section 7.4 but replace the participant with a normative agent. Hold-
ing everything else fixed and varying only the construction criterion
isolates RepEmp-guided granularity selection from smarter exploration
over causal variables.

Setup. The simulation mirrors Section 7.4 at scale, with 10 variables and
three properties each, a randomly generated DAG, and a procedural
curriculum of five training tasks followed by five held-out test tasks
across 30 seeds (per-task budget and DAG generation in Section D.4).
Each agent observes the same task curriculum and is allowed the same
number of interventions; what varies between agents is the criterion
that scores the next granularity-and-intervention pair. Five criteria are
compared at the granularity slot: random, EnvEmp (Equation (7.1)),
RepEmp (Equation (7.2)), Bayesian information gain over candidate
DAGs, and a novelty-information-gain hybrid. A factored variant pairs
RepEmp at the granularity slot with EnvEmp at the intervention slot,
matching the model that best predicted human choices in Section 7.4. We
evaluate causal-graph recovery via F1 against the ground-truth DAG and
structural Hamming distance (SHD).

7.5.1 Results

Representation selection is the primary contributor. Table 7.2 reports
F1 and SHD on the recovered graph at the end of training. Switching the
granularity rule from EnvEmp to RepEmp improves F1 by 0.20, from 0.52
to 0.72, a 38% relative gain. Combining RepEmp at the granularity slot
with EnvEmp at the intervention slot in the factored model adds a further
0.03 (0.72 — 0.75, t(149) = 2.98, p < .001). The uncertainty family
collapses to the random baseline, with Bayesian information gain at 0.24
and novelty at 0.24 against random’s 0.23. The contrast between RepEmp
at 0.72 and these alternatives near 0.24 identifies grounded RepEmp
(Equation (7.5)) as the mechanism. Smarter exploration only helps when
the granularity is efficient and grounded in goal achievement, and the
gain RepEmp produces is not matched by heuristics like information
gain or novelty that score against external environments.

Why medium wins, and why it supports transfer. The advantage of
medium reflects a structural property of the environment rather than the
scoring rule. An identifiability analysis (Section D.4.3) shows that under

Table 7.2: Causal-discovery simulation
results, 150 instances per condition. F1
score and structural Hamming distance
(SHD) on the recovered graph at the end
of training. Mean + standard error across
instances. Switching the granularity rule
from to improves F1 by 0.20 (£(149) =
2.98, p < .001); the factored combination
adds a further 0.03. Uncertainty-family
criteria collapse to the random baseline.
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the per-task intervention budget, only 2.2% of edges are theoretically
distinguishable at fine, against 71.1% at medium and 44.4% at coarse.
Medium is therefore favored by RepEmp in Equation (7.5) not because of
any scoring artifact but because it lies on the empowerment frontier the
environment exposes. The same lever drives transfer. Across the held-out
task sequence, the factored model improves F1 from 0.66 t0 0.77 (p < .001).
RepEmp alone improves it from 0.66 to 0.73 (p < .05). EnvEmp alone
shows no transfer (p = .79). Selecting the right abstraction is the lever
that generalizes, in the sense formalized by Section D.1.5. This is the
mechanistic evidence the human study cannot provide: representation
selection, not exploration, is the dominant cause of both within-task
discovery and cross-task transfer.

The closed-vocabulary studies of Sections 7.4 and 7.5 hold the candidate
set X fixed by design. Section 7.6 lifts that assumption and asks whether
the same selection criterion can build a transferable library when the
vocabulary itself must be constructed online.

7.6 Experiment 3: Open-vocabulary symbolic
construction

Sections 7.4 and 7.5 held the candidate set ¥ fixed by design. This
section lifts that assumption. X is now generated online from interaction
with the environment, and the question becomes whether the same
selection criterion can build a transferable library when the vocabulary
itself must be chosen. We instantiate the Curator-Actor architecture
of Section 7.3.3 with LLM-augmented components in two grid-world
families. The environment-specific model M is a PDDL (Aeronautiques
etal, ) domain (typed predicates, operator schemas, type hierarchy)
together with grounding code, and the persistent library L carries
promoted elements across levels.

Three findings organize the section. First, RepEmp-scored curation out-
performs baselines on backward and held-out transfer in both environ-
ment families, with the strongest gains where library reuse compounds.
Second, removing the empowerment criterion (the Hoarder baseline)
collapses these gains, which isolates selection from proposer volume.
Third, the Curator does its work at substantially lower LLM token cost
than the strongest baseline, because the compactness pressure built into
the criterion prevents library accretion.

Environments and protocol. We use two grid-world families. In
BabyAl (Chevalier-Boisvert et al., ), training proceeds along a
curriculum ordered by minimum operator-chain length: GoToLocal (1
operator), Pickup (3), OpenRedDoor (3), UnlockLocal (6+). Each environ-
ment introduces new operator requirements that compose those from
earlier environments. A held-out split tests compositional transfer to
configurations that did not appear during training. In Zelda we use the
layout from EMPA (Tsividis et al., ), with the first three environments
for training and the last two held out for testing. The environments
naturally become more difficult as new monster types are introduced.
Full environment specifications are in Section D.5.2.

Evaluation. After training, £ is frozen. We report forward transfer (freezing
L atenvironment i and evaluating on i +1), backward transfer (re-evaluating
the final £ on each prior training environment), and held-out generalization
on the held-out split. We compare the Curator against four baselines,
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(a) Training Environments
GoToLocal Pickup OpenRedDoor UnlockLocal
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(b) Held-out Environments

PutNextLocal MoveTwoAcross PickupAbove Unlock

a) Training Environments

Figure 7.5: Open-vocabulary grid
worlds. (a) BabyAl (Chevalier-Boisvert
et al., ), with a curriculum or-
dered by minimum operator-chain
length: GoToLocal (1), Pickup (3),
OpenRedDoor (3), UnlockLocal (6+).
Each environment introduces new op-
erator requirements that compose those
from earlier environments. (b) Zelda,
with the EMPA (Tsividis et al., )
layout. The first three environments are
used for training, the last two are held
out, and difficulty grows as new monster
types are introduced.

Table 7.3: Open-vocabulary symbolic construction. (a) Transfer success on BabyAl and Zelda (mean + std over three seeds). Forward
(Fwp): freezing the library at environment i and evaluating on i+1. Backward (Bwb): re-evaluating the final library on each prior training
environment. Held-out (H.O.): generalization to environments unseen during training. (b) Training-time LLM cost (total tokens, in
millions) and library compactness (carried-forward source code in KB, averaged across the curriculum).

(a) Transfer success (b) Training cost & footprint
BabyAl Zelda Method Tokens (M)  Library (KB)
Method Fwd. Bwd. H.O. Fwd. Bwd. H.O. BabyAl
PPO 29513 33:15  Oleoo 0301 08205 0302 orldCoder 6% 153
Motif .04+.03 .23+10 12+.05 19+.03 40+.05 18+.02 . .
WorldCoder 32+11 .40=+.10 35+10 .35+.02  .36+.02 .38+.02 Zelda
Hoarder 20+£m 24+10 .03+.01 .07+.04 12+.02 .06+.00 WorldCoder 413 71
Curator 5119 6107 47+13 2407 .51+.06 .48+.01 Curator 2.94 4.4
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Figure 7.6: Backward transfer across BabyAlI and Zelda. Re-evaluating the final library on each prior training environment shows
where library reuse compounds across the curriculum. The Curator’s gain is concentrated in backward transfer, where later abstractions
retroactively improve performance on earlier environments. Bars are mean over three seeds; error bars are standard deviation.

matched on interaction budget where applicable. PPO (Schulman et al.,

) learns a primitive-action policy from extrinsic reward. Motif (Klis-
sarov et al., ) uses LLM-shaped intrinsic reward but stays at the
policy level. WorldCoder (Tang et al., ) writes executable world-
model code from traces without empowerment-based curation. Hoarder
ablates RepEmp by retaining every verified element regardless of its
empowerment score, holding proposer volume and verification logic
constant. Baseline details are in Section D.5.4.

Transfer. Table 7.3a reports success rates aggregated across three seeds.
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Figure 7.7: Held-out generalization across BabyAl and Zelda. Held-out environments share the same primitives as training but differ in
layout and object instantiation. The Curator’s compact library transfers to these unseen configurations more reliably than policy baselines
and the Hoarder ablation. Bars are mean over three seeds; error bars are standard deviation.

navigate_around_obstacle
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pickup_object_at_position_4_2(?a)
pickup_when_inventory_empty(?a, ?0)
pickup_then_drop(?a, ?0)

enter_goal_room_from_north(?a)
walk_to_goal(?a, ?g)
wait_for_door_to_open(?a, ?d)

Figure 7.8: Promoted vs. discarded operators in BabyAlI (left) and Zelda (right). Green operators are promoted to £ after passing
the threshold. Red candidates are discarded despite being reliable on individual probes, because their witness sets are too narrow
to earn persistence. General schemas (navigate_to_object_to_grab, acquire_key_then_proceed) earn high , while position- or
context-bound candidates (pickup_object_at_position_4_2, enter_goal_room_from_north) are pruned.

The Curator achieves the best transfer and held-out success in most
settings, with the strongest gains on backward and held-out transfer
in both families. PPO and Motif transfer poorly across environments
because their policies are tied to the environment they were trained on.
WorldCoder remains competitive and even outperforms the Curator on
Zelda forward transfer (.35 vs. .24), but the gap reverses on backward
and held-out columns. The Curator’s backward transfer reaches .61 on
BabyAl and .51 on Zelda against WorldCoder’s .40 and .36. On the
held-out split, the Curator reaches .47 and .48 against WorldCoder’s
.35 and .38. Backward and held-out transfer are where compositional
reuse should pay off, and the Curator’s abstractions retroactively improve
performance on earlier environments and prospectively generalize to
unseen ones.

Figure 7.8 illustrates what survives the criterion. General schemas like
navigate to_object to_grab and acquire_key_then_proceed earn
high RepEmp scores, while position- or context-bound candidates such as
pickup_object_at_position_4_2 and enter_goal_room_from_north
are discarded despite being individually reliable on the probes that
exposed them. Their witness sets are too narrow to earn persistence.
Absolute success rates remain modest, so we read these numbers as a
directional effect of the criterion rather than as a benchmarking claim.

LLM cost and library compactness. The Curator selects sparingly and
curates reusable elements at the environment boundary, so both LLM
token costs and library size stay bounded across the curriculum. Table7.3b
reports total tokens consumed during training and the size of the carried-
forward library given to the planner. WorldCoder’s reward model grows
monotonically with the number of environments. On BabyAl it triples
from environment 0 to environment 3 because each new environment
requires a new branch and prior branches cannot be deleted without
breaking earlier goals. The Curator can rebind the same handful of
proven typed predicates and operator schemas to new objects, so the
library stays roughly 3X smaller and approximately constant in size
across the curriculum (per-environment breakdown in Section D.5.7).



The compactness is not a side effect of stinginess; it is what the cardinality
penalty Ac, in Equation (7.8) buys.

Hoarder: empowerment vs. verification. The Hoarder baseline retains
every operator that the Curator’s pipeline verifies, without applying the

Re’p_\Emp score. Table 7.3a shows that the resulting library transfers worse
than the empowerment-curated one on every column of both environment
families, with held-out success collapsing to .03 on BabyAl and .06 on
Zelda. Two distinct costs of uncurated accumulation appear in the trace.
First, planning over a library of K operators searches a space exponential
in plan length, and irrelevant operators raise the branching factor and the
rate of plans that succeed in form but fail in execution. Second, occasional
grounding errors compound. An incorrect operator that passes surface-
level verification may execute partway through a plan and leave the
environment in a state that triggers further failures downstream. The
Curator’s RepEmp threshold cuts both costs by demoting operators
whose witness sets do not earn their cost. The Hoarder data make the
point sharply: the bottleneck is not that the proposer fails to generate the
right operators but that no criterion is filtering them.

Failure case. On BabyAlI's held-out split, every method including the
Curator drops below 15% success. The held-out environment requires
achieving a conjunction of binary inter-object spatial relations of the form
“move object A nextto B and C nextto D”. Yet every training-environment
goal that the LLM proposed was either unary or agent-indexed (e.g.,
holding, unlocked, agent-at-location). Even when the proposer occa-
sionally generated a candidate next-to(?0l, ?02) predicate, no probe
goal in the witness set exercised compositional structure. The criterion
behaves correctly given the probes it sees. The probes do not sufficiently
cover the space of structurally distinct goals that the held-out envi-
ronment demands. The bottleneck here is goal diversity in the LLM
proposer (Davidson et al., ), and lifting it is a limitation we leave to
future work.

Takeaway. Across the two grid-world families, the candidate set is
unbounded. Keeping every verified element fails (Hoarder), and so does
the policy-level approach that ignores symbolic structure (PPO and
Motif). RepEmp-scored curation supports transfer in each domain at
lower LLM cost than WorldCoder and with structural properties no
policy baseline can match. The Hoarder ablation isolates empowerment,
distinct from reliability, as the mechanism that produces a transferable
library. Absolute success rates remain modest, so we read these results as
a directional effect of the criterion rather than as a benchmark. Broader
environment families are needed to test how far the principle extends.

7.7 Discussion

The three experiments address complementary aspects of the frame-
work, and their joint implications are richer than any one in isolation.
Section 7.4 establishes that human granularity choices are better pre-
dicted by RepEmp than by information gain or novelty, with participants
compressing toward a goal-sufficient abstraction rather than reconstruct-
ing W. Section 7.5 replaces the human with a normative agent and shows
that representation selection, not smarter exploration, is the dominant
cause of both within-task discovery and cross-task transfer. Section 7.6
extends the framework to an open vocabulary, where an LLM-augmented
Curator builds compact PDDL libraries with stronger backward and

7.7 Discussion
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held-out transfer than baseline approaches and at substantially lower
training cost.

7.7.1 Summary of findings

Goal projection is the load-bearing move. RepEmp in Equation (7.2)
is defined over the agent’s representational state and is not directly
computable. The agent has no behavior-free oracle for representations;
two libraries that produce identical behavior on all relevant goals are
observationally indistinguishable. The grounded approximation in Equa-
tion (7.5) replaces Zt with the goal-achievement signature I'.(M), and
the data-processing inequality bounds the gap to behaviorally equivalent
representations. The same goal projection is what makes the closed- and
open-vocabulary settings amenable to a single estimator. In the closed
vocabulary, I'; is enumerable and the coverage-gain proxy reduces to
mutual information under deterministic-edge beliefs. In the open vocab-
ulary, I'. must be sampled and the cardinality penalty in Equation (7.8)
becomes load-bearing. Both regimes use the same Actor-Curator interface
and the same scoring rule.

Curation beats accumulation, and the difference is not verification. The
Hoarder baseline retains every operator that the same pipeline verifies,
with the only difference being the absence of the Re/pE\mp score. Table 7.3
shows the resulting library transfers worse than the empowerment-
curated one on every column of both grid-world families, with held-out
success collapsing to .03 on BabyAl and .06 on Zelda. Two costs of
uncurated accumulation appear in the trace. Search complexity grows
as plans must be selected against a larger operator pool, with irrelevant
operators raising the branching factor and the rate of plans that succeed
in form but fail in execution. Grounding errors compound when an
operator that passes surface verification executes partway through a
plan and leaves the environment in a state that triggers further failures
downstream. Curation cuts both costs by demoting operators whose
witness sets do not earn their cost. The signal is present in the Hoarder
library but is buried in noise.

7.7.2 Limitations

The proposer caps the criterion’s reach. The Curator can only score
what its proposer generates. The failure case shows what this means
in practice. The held-out BabyAl environment requires a conjunction
of binary inter-object spatial relations, but every training-environment
goal that the LLM proposed was either unary or agent-indexed. Even
when the proposer generated a candidate next-to(?0l, ?02) predicate,
no probe goal in the witness set exercised compositional structure. The
criterion behaved correctly given the probes it saw, but the probes did not
sufficiently cover the relevant goal structure. Lifting this limit requires
improvements in goal-proposal diversity (Davidson et al., ) that are
orthogonal to the curation logic developed here.

Two environment families are a directional effect, not a benchmark. The
open-vocabulary results span BabyAl and Zelda, both grid worlds with
similar primitive vocabularies. Absolute success rates remain modest
across all methods, and we read the empowerment-curated library’s
advantage as a directional effect of the criterion rather than as a bench-
marking claim. Whether the same advantage holds in continuous-action



or partially-observable environments, where the local planner model
itself becomes a moving target, is open.

Behavioral correlation, not process-level claim. The human evidence in
Section 7.4 is correlational at the participant level. Higher medium share
predicts more goals achieved and fewer steps, and the factored RepEmp/
model predicts choices better than uncertainty alternatives, but no part of
the data identifies RepEmp as the mechanism participants compute. The
mechanistic support comes from the matched simulation in Section 7.5
rather than from the human data alone, so the human study should be
read as a behavioral signature consistent with RepEmp rather than as
evidence about how the participants compute it.

Computational cost of estimating RepEmp. Equation (7.5) is intractable
in closed form, and the coverage-gain proxy in Equation (7.8) is exact
only when the witness sets W;(o) are disjoint. The bundled additive
form is otherwise an approximation, and tighter estimators that account
for witness-set overlap (e.g., variational bounds on mutual information)
would refine the score the Curator uses. The proxy was sulfficient for the
regimes we tested, but it is not a tight bound on the underlying quantity.

The edit alphabet is fixed. The current framework treats the set of
representational edits () as given. A more cognitively realistic agent’s
edit repertoire should itself evolve, with simple edits available early in
learning and richer ones (compose, abstract, analogize) emerging from
the library that the simple edits have already produced. Treating €2 as
a second-order library that co-evolves with the primary library would
produce a ratchet, where each improvement in the edit set enables more
sophisticated curation, which in turn motivates further refinement of the
edit set. We do not address this here.

7.8 Summary

This chapter framed continual model constructionasa W —- M — L
pipeline and introduced representation empowerment (RepEmp) as the
criterion that decides what enters the environment-specific model M and
persists into the library £. An element earns its place to the extent that it
expands the plannable goal space per unit of representational cost, and
we evaluated this objective at three scales. In a closed-vocabulary causal-
learning task, RepEmp predicted human granularity choices better than
information-gain or novelty alternatives, and participants compressed
toward a goal-sufficient abstraction rather than reconstructing W. A
matched simulation isolated representation selection, rather than smarter
exploration, as the dominant factor for both within-task discovery and
cross-task transfer. In an open-vocabulary symbolic-planning setting, the
same objective allowed an LLM-augmented Curator to build compact,
transferable PDDL libraries, with the gain concentrated in backward and
held-out transfer rather than in single-task success.

Curation as the second lifecycle stage. The curation stage of the library
lifecycle is now precise. Part II produced library entries from experience.
The criterion developed here decides which entries earn long-term
residency, and it does so by supplying a prospective proxy for the future-
distortion gap that the compression chapter left open (Section 3.6.4). The
previous chapter combined information gain and empowerment with
hand-tuned weights; representation empowerment subsumes both inside

7.8 Summary
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a single channel-capacity objective whose distortion is goal-achievement
rather than reconstruction.

Forward to communication. Diversity and controllability are also the
properties that make a library teachable. An abstract operator with
predictable effects can be demonstrated, explained, and transferred; a
monolithic procedure tied to environment-specific contingencies cannot.
The criterion that decides which entries earn long-term residency there-
fore also shapes which entries can be communicated, and at what cost.
Part IV takes up this problem, treating explanation as resource-rational
communication aimed at library alignment.



Part IV.

Communicate: how structured knowledge
is shared






Explaining how: communication
as action enablement

“In time, those Unconscionable Maps no longer satisfied, and the Car-
tographers Guilds struck a Map of the Empire whose size was that of the
Empire, and which coincided point for point with it.”

— Jorge Luis Borges, On Exactitude in Science, 1946

The preceding chapters established two faces of individual intelligence:
construction—how agents build structured representational libraries
through inductive learning, and how the order of experience leaves
lasting traces in what is acquired, and curation—how agents must actively
manage these libraries their internal representations under the pressure
of resource constraints and intrinsic objectives. Both accounts focused on
what happens inside a single agent.

But we do not learn in isolation. Much of what makes human cogni-
tion powerful is the ability to transmit knowledge (or representational
structure) from one mind to another—through teaching, advice, demon-
stration, and explanation. When an expert explains how to navigate
a building, she is not merely describing a sequence of actions; she is
attempting to reshape the listener’s planning process so that the listener
can act competently in situations the expert may never observe. This
is the third face of the library lifecycle: communication. The gap that
motivates this chapter is precisely what construction and curation leave
unanswered—how does an agent get the right representation into another
agent’s head?

The question is, beyond whether an explanation conveys true facts, about
whether it equips the recipient to act. We study this through procedural
explanation in a setting where the asymmetry between explainer and
listener is precise: the explainer holds a complete map; the listener
navigates with only a local field of view. A useful explanation, we argue,
is one that can be compiled into executable guidance—a program over
the listener’s planning process that reduces replanning, improves path
efficiency, and keeps failures rare. Two experiments test whether this
utility criterion predicts human judgment and whether feeding it back
to an LLM as an optimization signal generates better explanations.

This framing connects naturally to the thesis arc. If construction is
about inducing representational libraries from experience, and curation
about deciding what is worth representing, then explanation is about
transferring representations deliberately—library alignment: the act of
installing in another agent’s planning process the abstractions that make
good actions easy to find. The same resource-rational logic applies:
communicative effort, like representational effort, is finite, and should be
invested where it most reduces the recipient’s expected cost of action.

The chapter is organized as follows. Section 8.1 motivates the technical
problem and connects it to the field. Section 8.2 reviews related work on
pragmatic communication, Bayesian pedagogy, and language grounding.
Section 8.3 presents the computational framework. Section 8.4 reports
Experiment 1. Section 8.5 presents Experiment 2. Section 8.6 discusses
the findings and their implications.
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8.1 Introduction

Before you open the box, a friend who has assembled this wardrobe
twice gives you a two-minute briefing—not from the manual, but from
experience: the two cam locks that must go in before the backing panel,
the step that looks optional but will jam the drawer, the wobble that
means a dowel is missing. What makes this useful is that it prepares you
to act—it gives you the right checkpoints, at the right moments, in a form
suited to someone working inside a half-built cabinet.

This is an instance of procedural explanation—telling someone how to do
something, rather than explaining what something is or why something
is the case. Explaining what (“the wardrobe has two cam locks and a
backing panel”) or why (“the panel must go in last because it stabilizes
the frame”) may be accurate, yet still leave a listener unable to proceed
mid-assembly. What the listener needs is not just facts or reasons, but
guidance: what to do next, when to stop, and which mistakes to anticipate.
A procedural explanation succeeds not when it produces correct beliefs,
but when it enables effective action under the listener’s actual constraints.

This changes how explanation should be evaluated. Rational models of
communication (Frank and Goodman, ; Goodman and Frank, )
and Bayesian pedagogy (Ho et al., ; Shafto et al., ) treat expla-
nation as belief updating or hypothesis-space restructuring. These are
powerful accounts of conceptual communication, but they assess success
primarily in epistemic terms. What is missing is a decision-theoretic
account of procedural explanation—one that evaluates explanations by
their downstream behavioral consequences for a listener with particular
abilities, a particular task, and a particular view of the world.

This chapter proposes such an account. We formalize procedural ex-
planation in a controlled navigation domain: a grid-based dungeon in
which an explainer has global knowledge and an explainee must navigate
to a hidden goal under partial observability. We evaluate explanations
with a utility function defined over their behavioral consequences for
a simulated planning agent. The listener is modeled as an agent that
converts a natural-language explanation into program-like guidance via a
large language model (Brown et al., ) acting as a stochastic compiler,
then follows this guidance while planning under a POMDP. Explanation
quality is measured along three dimensions: how often the listener must
revise its plan (replanning), whether successful paths are efficient (path
efficiency), and whether the listener reaches the goal at all (success rate).

We test this framework in two experiments. Experiment 1 collects a
corpus of human-written explanations, obtains human helpfulness judg-
ments, measures navigation performance with and without explanations,
and evaluates whether the utility model predicts both the subjective judg-
ments and the objective outcomes. Experiment 2 asks whether the utility
framework can do more than evaluate—whether it can generate: we use
the utility signal as an optimization criterion to guide LLM explanation
generation, testing whether the framework produces explanations that
are competitive with or superior to the best human-written ones.

The chapter is organized as follows. Section 8.2 reviews the related
literature on pragmatic communication, Bayesian pedagogy, and lan-
guage grounding. Section 8.3 presents the computational framework.
Section 8.4 reports Experiment 1. Section 8.5 presents Experiment 2.
Section 8.6 discusses the findings and their implications.
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8.2 Background

8.2.1 The philosophy and psychology of explanation

What is an explanation? The question has occupied philosophers and
psychologists for over a century, but the dominant cases are usually
why-explanations: accounts that make an event intelligible by locating
it within a broader structure of causes, laws, or reasons. By contrast,
this chapter is concerned with how-explanations: explanations meant to

enable action!. 1: We use “explanation” rather than “in-
struction” because the object of interest is
Explaining why: from laws to causes. The dominant twentieth-century = not merely an imperative utterance, but

framework, the deductive-nomological (DN) model of Hempel and 2 communicative act that changes the
Oppenheim treats explanation as logical derivation: an event ~ _Sener’s internal model in a way that
pp ( )/ p g supports successful action.

is explained by showing that it follows from covering laws and initial

conditions. A stone falls because all unsupported masses fall, and this

mass was unsupported. Despite its influence, the DN model was criticized

on multiple fronts. Salmon ( ) argued that causal relevance, not logical

entailment, is central: to explain an event is to identify the processes

that produced it. Kitcher (1981) emphasized unification, reducing the

number of independent patterns needed to account for many phenomena.

Woodward ( ) developed an interventionist view, according to which

explanation identifies what would change under intervention. A parallel

tradition addresses what-explanations: placing an entity within a category

or taxonomy and identifying its distinguishing properties (Barnes, )-

These traditions differ in detail, but they share a common assumption:

explanations are primarily evaluated by correctness, causal adequacy, or

conceptual fit.

The psychology of explanation-seeking. In human cognition, explanation-
seeking is a basic epistemic drive. Children ask “why?” early and often,
and adults evaluate explanations with systematic sensitivity to causal
form (Frazier et al., ; Kelemen, ). For example, Lombrozo ( )
shows that laypeople often prefer mechanistic explanations for physical
phenomena, but feleological explanations for artifacts and biological
traits. They also tend to prefer simpler explanations, a bias that can be
normatively sensible under some priors (Lombrozo, ). For surpris-
ing events, explanations citing abnormal conditions are often judged
more informative than those citing background conditions (Hilton and
Slugoski, ).

These preferences matter not only for judgment, but also for learning.
Children given explanations for novel patterns acquire more generalizable
rules than children given matched descriptions without explanatory
language (Walker et al., ). Similarly, the self-explanation effect (Chi
etal, ) shows that generating explanations during learning improves
comprehension and transfer, likely by promoting integration with existing
causal models?. At the same time, people often overestimate the depth ~ 2: Self-explanation is not the same phe-
of their own understanding. Rozenblit and Keil (2002) termed this the =~ nomenon as interpersonal explanation,
. . . . . . but it supports the broader claim that
illusion of explanatory depth: people mistake knowing that something works :

X R L explanations matter because they reor-
for knowing how it works mechanistically. ganize internal representations in ways

. X . that improve later inference and transfer.
The underspecified case: how-explanations. One important form of

explanation, however, lacks a widely adopted normative framework
centered on successful action: explaining how—telling someone how to
do something: An explanation may be causally precise yet practically
useless if it is too abstract, assumes unavailable skills, or omits relevant
contingencies. Conversely, an explanation may be imperfectly precise
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Table 8.1: Three common explanatory
targets. They differ in the question
they answer and in their standard of
success. This chapter focuses on how-
explanations, whose adequacy is deter-
mined by downstream action rather than
truth-conditional content alone.

3: Here “utility” is used in the formal
sense: the expected reduction in down-
stream action cost under a model of the
listener, not merely informal helpfulness.

4: We will use speaker/explainer and
listener / explainee interchanably. But we
try to make sure there are consistent with
the context.

5: This truth-conditional listener is the
simplest RSA instantiation. Many exten-
sions enrich the semantics or relax the
literal and pragmatic distinction, but the
basic speaker-listener recursion is the key
idea used here.

Type Canonical Success criterion Example
question

Why- Why did this Causal adequacy, lawful “The glass broke because

explanation ~ happen? support, counterfactual  the force exceeded its tol-
relevance erance.”

What- What is this? Correct characterization “A whale is a mammal,

explanation or categorization not a fish.”

How- How do I do Action enablement un-  “Atthe red door, turn left,

explanation  this?

der the listener’s con-
straints

then follow the corridor
to the stairwell.”

yet highly effective if it is well matched to the listener’s skills and
environment.

Empirical work on wayfinding and procedural instruction identifies several
features of effective how-explanations (Denis, ; Tversky, ). Route
descriptions are often hierarchical, emphasize decision points, and rely on
landmarks rather than abstract coordinates. Action-oriented instructions
(“turn left at the red door”) also outperform purely spatial descriptions
(“the room is to your left”). But these findings are largely descriptive:
they tell us what useful procedural explanations often contain, without
specifying the criterion that makes them useful. This chapter argues that
the relevant criterion is decision-theoretic utility>: how much an explanation
reduces the expected cost of acting under partial observability for a
bounded listener.

8.2.2 Pragmatic communication

A central insight in pragmatics is that speakers choose utterances strategi-
cally, anticipating how listeners will interpret them*. Grice’s cooperative
principle and its associated maxims—be informative, relevant, brief, and
clear—capture this idea informally: effective communication requires
tailoring an utterance to the listener and the conversational context (Grice,

).

The Rational Speech Act (RSA) framework gives this intuition a prob-
abilistic form (Frank and Goodman, ; Goodman and Frank, ).
In the canonical version, a literal listener Ly updates a prior over world
states w using the truth conditions of an utterance u°:

Lo(w [ u) e [ull(w) P(w), 8.1
where [u](w) € {0,1} indicates whether u is true in w. A pragmatic
speaker S; then chooses utterances by balancing communicative utility
against utterance cost C(u):

S1(u | w) o< exp(A U(u, w) — C(u)), (8.2)
where, in the standard referential case, U(u, w) is often identified with
how strongly u leads the listener toward the correct world state. A
pragmatic listener L; can then reason about such a speaker, yielding
recursive pragmatic inference.

RSA has been used to model scalar implicature, reference, vagueness,
and metaphor (Goodman and Stuhlmdiller, ; Lassiter and Goodman,

). For the present chapter, two features matter most. First, RSA treats
communication as utility-guided inference: utterances are chosen for their
expected effects on a listener. Second, it makes listener modeling explicit:
successful communication depends on reasoning about what the listener
knows and how the listener will update.
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Figure 8.1: Our framework extends the RSA pipeline (Figure 3.2) beyond interpretation. The speaker chooses an explanation for its effect
on the listener’s grounded guidance representation, which in turn shapes downstream action and behavioral utility.

However, the utility in standard RSA is usually epistemic. The speaker
aims to help the listener identify the correct referent, world state, or
interpretation. Procedural explanation requires a different target. Here,
the goal is not merely that the listener believe the right thing, but that
the listener acquire an executable guidance representation that supports
successful action under partial observability®. This chapter therefore
extends the RSA intuition from belief-oriented pragmatics to decision-
theoretic pragmatics: explanations are evaluated by how they change
downstream behavior, not just by how they change beliefs.

8.2.3 Grounding language in action

Once explanation is treated as action-oriented communication, a further
question becomes unavoidable: how does an utterance become executable
guidance for the listener? Work in Al, robotics, and cognitive science
addresses this grounding problem by studying how natural language
is mapped onto actions (Tellex et al,, ). tex Early work mapped
linguistic structure onto formal action representations in constrained
domains. More recent approaches use large language models to trans-
late instructions into code, plans, or subgoal specifications (Ahn et al.,

; Huang et al,, ; Liang et al., ). In navigation, vision-and-
language systems similarly treat language as high-level guidance for
action selection (Anderson et al., ; Fried et al., ).

For the present work, grounding matters because it determines how an
explanation is actually used. An explanation may be correct in content yet
fail in practice if the listener cannot convert it into an actionable plan given
their observations, abilities, and planning limits’. This motivates our
use of an LLM-based stochastic compiler: explanation quality depends
not only on semantic adequacy, but on whether the utterance can be
transformed into guidance that improves downstream behavior.

8.2.4 Research gaps

Taken together, these literatures suggest that procedural explanation
should be understood as utility-guided communication grounded in ac-
tion. What remains missing is an integrated framework that combines
these insights: one that treats explanations as speaker-chosen utterances,
grounding as the transformation from language to executable guidance,

6: Inthissetting, what matters is not only
which world state the listener infers, but
which action-relevant abstraction, policy
prior, or plan the utterance induces.

7: In this sense, grounding is the inter-
mediate step between linguistic mean-
ing and behavioral utility: it determines
what executable guidance the explana-
tion induces in the listener.
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and explanation quality as the downstream behavioral utility those utter-
ances produce for a partially informed listener. The next section develops
such a framework.

8.3 Methods

We now formalize the problem of procedural explanation in a navigation
domain. The framework has four components: (i) a partially observable
planning problem that the explainee must solve; (ii) a translation mech-
anism that converts natural-language explanations into program-like
guidance; (iii) a utility function that scores explanations by their down-
stream behavioral consequences; and (iv) a speaker model that selects
explanations to maximize expected utility.

8.3.1 Navigation under partial observability

Let w denote a fully specified world instance—a map with a layout, a
start location, and a goal (treasure). The world defines a state space S,
an action space A, and deterministic transitions P(s;4+1 | s¢, 4, w). The
explainee does not observe w in full; instead, at each time step t, the
explainee receives a local observation 0; = O(s;, w) revealing only a
neighborhood around its current position. Navigation is thus modeled as
a partially observable Markov decision process (POMDP) parameterized
by w:

(S, A, P,O,R, ), (8.3)

where R(s, a) provides a reward upon reaching the goal and a step cost
otherwise, and y is a discount factor. Without any prior guidance, the ex-
plainee must explore under uncertainty, a costly process in environments
with dead ends, corridors, and ambiguous structure.

This setup captures the core asymmetry that defines procedural explana-
tion: the explainer has access to w (global knowledge), while the explainee
must act based on o; (local observations) and whatever guidance the
explanation provides. The explanation’s value lies precisely in bridging
this information gap.

8.3.2 The Rational Speech Act framework for procedural
domains

In the standard RSA framework (Section 8.2.2), the speaker’s utility
is defined over the listener’s beliefs—the probability that the listener
identifies the correct referent or world state. We extend this framework
by replacing epistemic utility with decision-theoretic utility: the speaker’s
goal is not to induce correct beliefs, but to enable effective action.

Let e € U denote an explanation and w € WV a world instance. We define
explanation utility as:

U(e,w) = —w, - RepLaN(e, w) — w; - LENpin(e, w) + ws - Succ(e, w),
(8.4)

where w,, w;, ws; > 0 weight three components that capture distinct
aspects of explanation quality:



RepLAN measures the average number of times the listener must aban-
don and re-derive a plan during execution, reflecting the cost of
ambiguous or underspecified guidance:

N
RepLAN(e, w) := % Z Ri(e,w), (8.5)
i=1

where R;(e, w) is the number of replanning events in attempt 7, and
N is the number of independent simulation attempts.

LENpin measures the shortest successful path length, capturing the
efficiency of the guidance when it works:

LENpin(e, w) := min L;(e, w), (8.6)
i:Si(e,w)=1

where L;(e, w) is the path length in attempt i and S;(e, w) € {0, 1}
indicates success. If no attempt succeeds, LENmin is set to the episode
budget as a failure penalty.

Succ measures the fraction of attempts that reach the goal:

N
Succ(e, w) := % Z Si(e, w). (8.7)
i=1

The pragmatic speaker then selects explanations according to a softmax
over utility:

S(e | w) o« exp(A-Ule,w)), (8.8)

where A is an inverse temperature parameter®. The three utility compo-
nents correspond to distinct failure modes of procedural explanation:
ambiguity (high replanning), inefficiency (high path length), and unreliabil-
ity (low success rate).

8.3.3 LLM translation as a stochastic compiler

A critical component of the framework is the mechanism by which an
explanation e is grounded into executable guidance for the planning agent.
We use a large language model (LLM) as a stochastic compiler that
translates natural language into a structured guidance tuple 7 = (1., V),
where:

» 7t.(a | s) is a policy prior: a distribution over actions at each planner
state, derived from procedural content such as “go left, then turn
right”;

» V(s) is a value map: an estimate of proximity to the goal at each
state, derived from goal-oriented content such as “the treasure is
in the northwest corner”.

The planner states s = ¢(0, w) are mapped from local observations o in
world w. Because LLM decoding is stochastic, we treat compilation as a
conditional distribution p(7 | e, w), approximated by running the same
prompting procedure K times to obtain K compilations 7¥) ~ T(e, w).

At each time step t, the agent selects an action by consulting the current
guidance:

a; ~ Pran(ty, sy), st = @(os, w). (8.9)

8.3 Methods

8: The softmax speaker (the 51 speaker
in RSA (Frank and Goodman, )) se-
lects explanations proportional to expo-
nentiated utility. When A — 0, selection
is uniform over all explanations; when
A — oo, only the highest-utility expla-
nation is chosen. A thus captures the
speaker’s sensitivity to utility differences
— analogous to a rationality parameter.
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See Section E.2 for full prompting proto-
col and examples of compiled guidance
tuples.

If the current compilation fails to yield usable guidance—because it
specifies an impossible action or leads into a dead end—the agent
triggers a replanning event:

T « T(e,w) whenever Fam(ts,o0;) = 1. (8.10)

Each replanning event contributes to the REpLAN cost in Equation (8.5).

This design serves three purposes. First, it makes the grounding step
explicit and evaluable: we can measure the reliability and variance of
interpretation directly. Second, it connects to the program induction
framework (Chapter 4): the LLM’s translation from natural language to
structured guidance is a form of language-conditioned program synthesis.
Third, it captures a real property of explanation use: the same explanation
can be interpreted in multiple ways, and some of this variability reflects
genuine ambiguity while some is noise.

8.3.4 The dual content of effective explanations

The decomposition of guidance into a policy prior 7t; and a value map V.
reflects a distinction that emerges naturally from how people explain
navigation routes. Explanations typically combine two kinds of content:

Policy content. Procedural, step-by-step instructions that specify what to
do at each point: “go straight for three steps, then turn left at the corridor.”
This content directly constrains action selection, reducing deliberation
at each decision point. When accurate and contextually applicable, it
produces efficient paths with minimal planning overhead.

Value content. Goal-oriented or landmark-based information that con-
veys where the objective is relative to the listener’s current position:
“the treasure is in the northwest corner” or “head toward the wooden
crates.” This content does not specify actions directly but biases search
toward promising regions. It is more robust to local deviations—if the
listener takes a wrong turn, value information still points in the right
direction—but less immediately actionable.

As we show in the empirical results (Section 8.4), the most effective
explanations combine both: policy content reduces the cost of immediate
action, while value content provides a fallback when policy content is
locally inapplicable. This combinatorial structure mirrors the library
framework’s emphasis on representations that support both direct execu-
tion and flexible recomposition.

8.3.5 From belief update to action support

It is worth pausing to articulate how this framework relates to the thesis-
level argument about representational libraries. In the standard RSA
setting, the speaker helps the listener identify the correct world state—a
problem of inference. In our setting, the speaker helps the listener act
effectively—a problem of planning under uncertainty. This shift has several
consequences.

First, the relevant representation is no longer a posterior distribution over
world states, but a guidance program that can drive action: a policy prior
and a value map. The explanation’s value lies in its capacity to install
useful structure in the listener’s planning process, not in its capacity to
convey true propositions.
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Figure 8.2: Modeling language-guided navigation and the four-study experimental pipeline. (a) Explanation collection: an explainer
with full knowledge of the map writes a natural-language message for a partially informed partner. (b) Explanation modeling and
selection: free-form explanations are translated into executable guidance and scored by the simulated listener model. (c) Behavioral
evaluation: model-ranked explanations are tested through helpfulness judgments, baseline navigation without explanations, and

navigation with explanations of varying quality.

Second, the quality of an explanation depends on the listener’s capabilities—
what observations are available, what actions are feasible, and what
planning resources can be deployed. This means explanation quality
is not an intrinsic property of the utterance, but a relational property
that depends on the match between what is communicated and what
the listener can do with it. This relational view connects directly to the
thesis framework: the same communicated abstraction has different value
depending on the agent’s existing representational and computational
resources.

Third, the framework makes the cost of communication failure concrete
and measurable. When an explanation is ambiguous, the listener must
replan; when it is misleading, the listener follows inefficient routes; when
it is incomplete, the listener may fail entirely. These costs are observable
behavioral signatures, which we measure in the experiments below.

8.4 Experiment 1: Explanation Utility

Experiment 1 tests the computational framework through four preregis-
tered studies that share a common navigation domain. We first collect
a corpus of human-written explanations, use the model to rank them
by predicted utility, and then ask whether these rankings predict both
perceived helpfulness and actual navigation performance.

8.4.1 Data collection and environments

Navigation environment. The shared task is a grid-based dungeon
navigation problem with 24 maps organized into 12 near-matched pairs
(Figure E.1). Each map contains a fixed start location and a hidden
treasure. Explainers see the full map, whereas explainees act under
partial observability with only a local field of view around the current
position. Figure 8.3 shows example paired maps and the corresponding
behavioral patterns. The full environment specification and the map
statistics are given in Section E.1.
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Figure 8.3: Paired map examples and behavioral effects of explanation quality. (1) Example paired maps with matched global layouts
but small local structural edits. (b) Path length and helpfulness as a function of condition, illustrating that higher-quality explanations
are judged more helpful and tend to support shorter navigation paths.

Study overview. We first collect a corpus of free-text explanations from
fully informed explainers and rank them by predicted utility. We then
ask a separate participant sample to judge how helpful model-ranked
explanations would be for a partially informed partner. Next, we establish
a no-explanation baseline by measuring navigation performance under
partial observability alone. Finally, we test whether model-ranked expla-
nation quality affects actual navigation performance when explanations
are provided. Complete preregistration information can be found in
Section E.3.

Model-based explanation ranking. After collecting the explanation
corpus, we rank explanations by predicted utility using the compiler
and listener model introduced in Section 8.3. Briefly, each explanation
is compiled multiple times into executable guidance and scored by the
simulated listener using U(e, w). These utility scores are then used
to select Good, Medium, and Bad explanations for the downstream
behavioral studies.

8.4.2 Corpus description and selection

Collected explanations We recruited N = 50 participants to act as
explainers. On each trial, participants saw the full map and wrote a
free-text message intended to help a partner find the treasure. Each
participant wrote one explanation for each of the 24 maps in randomized
order. The final corpus contained 1,200 explanations (50 per map), with
mean length 21.16 +13.68 words. Qualitatively, explanations ranged from
value-focused goal descriptions (“top-left corner”), or policy-focused
descriptions of either step-by-step action sequences (“go up twice”) or
high-level contingencies (“if you see X, do Y”). In a keyword-based coding
(e.g., “center” for value, “steps” for low-level policy), both types were
often mentioned non-exclusively, such that mixed explanations were

9: value: 75.4%; low-level policy: 74.7%; most common’.

high-level policy: 96.8%; both: 58.3%
To relate explanation style to map structure, we computed graph proper-
ties of the reachable state space from the start: (i) shortest-path distance
to the goal; (ii) brittleness, measured by the fraction of dead ends (degree
= 1) and corridors (degree = 2); (iii) and openness, measured by the
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Figure 8.4: Explanations improve navigation efficiency and subjective helpfulness. (2) Example trajectories by condition: no explanation
yields inefficient exploration; low-quality explanations are vague procedural; high-quality explanations emphasize relevant landmarks
and structure, producing more direct paths. (b) Path length by condition (No/Bad/Medium/Good): higher quality yields shorter paths.
Helpfulness ratings increase monotonically with quality. Bars show means; black lines bootstrapped 95% confidence intervals.

fraction of emptiness (degree > 3) (Table E.1). Across maps (n = 24), ex-

planation length was unrelated to shortest-path distance!’, but increased ~ 10: Spearman p = .08, p = .69
strongly with brittleness!!, whereby maps with more corridors and dead 11: Spearman p = .73, p < .001
ends elicited longer explanations. Intuitively, dead ends and narrow

corridors make deviations costly, encouraging more explicit, step-by-step

guidance. Oppositely, maps with more decision points had shorter ex-

planations'?, consistent with the idea that when many alternative routes  12: Spearman p = —.74, p < .001
are available, goal-level guidance suffices because mistakes are easy to

recover from.

Stimulus selection for behavior analysis We ranked all 50 explanations
for each map by utility U (e, w) and selected three explanations per map
at controlled quality levels: Good, Medium, and Bad. This yielded 72
explanations (3 per map across 24 maps), with mean length 20.98 +14.78
words, for use in the subsequent behavioral studies.

8.4.3 Behavioral analysis

To evaluate model-ranked explanations, we analyzed both subjective
judgments of helpfulness and objective navigation performance. Across
analyses, we test whether explanation quality (Equation (8.4)) corre-
sponded to human judgments and produced measurable improvements
in navigation performance under partial observability.

Explanation utility aligns with human judgments.

We first tested whether explanations categorized by the computational

model as bad, medium, or good differed in perceived helpfulness. Fig-

ure 8.4b shows averaged ratings by explanation quality. Consistent with

preregistered predictions, explanations labeled as good were rated as

more helpful than medium explanations, which in turn were rated higher

than bad explanations, yielding a clear monotonic ordering®. To estimate  13: One-sided Welch’s t-tests: Good >

the size of this effect on a common scale while accounting for repeated =~ Medium: £(49) = 13.25,p < .00L,d =
- . p . P 1.86; Medium > Bad: #(49) = 18.48,p <

measurements, we fit a Bayesian linear mixed-effects model predicting rat- 0014 = 2.59

ings from ordered explanation quality (Bad= 0, Medium= 1, Good= 2),
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Figure 8.5: Model comparison and com-
ponent ablations. () Binned mean help-
fulness ratings versus utility score; line
shows the mixed-effects partial regres-
sion (utility effect controlling for base-
lines). (b) Leave-one-component-out ab-
lations of the utility model. Bars show
the likelihood-ratio statistic (x2) compar-
ing each lesioned model to the full model
(higher values indicate a larger loss in
fit); the dashed line marks the p = .05
threshold. All components contribute, so
the full model is preferred.

14: B =17.87,95% CI[17.02, 18.74]

15: p =-7.73,95% CI[-9.05, —6.12]

16: p = —3.65, 95% CI [—4.25, —3.00]
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with random intercepts for participants and maps. Helpfulness ratings
increased with quality!*. Overall, the utility model captures psychologi-
cally meaningful variation. Explanations predicted to be more useful for
a partially informed listener are consistently judged as more helpful.

Higher-quality explanations produce more efficient navigation.

We tested whether navigation efficiency varies with explanation quality.
Relative to no-explanation trials, providing explanations substantially
reduced path length overall'®, showing that even imperfect guidance
helps under partial observability. Within explanation trials, we fit a
Bayesian mixed-effects model with explanation quality entered as an
ordinal score (Bad= 0, Medium= 1, Good= 2) and random intercepts for
participants and maps. Higher-quality explanations predicted shorter
paths'®. Together, these results suggest that explanation quality, defined
by our computational model, affects downstream behavior under partial
observability. Better explanations improve both perceived helpfulness
and objective performance in the navigation task.

8.4.4 Computational model evaluation

We next evaluated whether the full utility model predicts human helpful-
ness judgments better than simpler alternatives. We scored explanations
by simulating how a partially informed listener would translate the
explanation into executable guidance and then act.

We compared the full utility model to two variants. Length-only: As a
simple processing heuristic, we scored explanations by negative word
count, Upgy(e) < —Len(e). Direct-action (non-program): To test whether
an explicit program-like intermediate representation is necessary, we
prompted the LLM to output the agent’s next action directly from the
current observation and explanation, without producing an explicit
policy and value representation, and without a replanning loop. We
evaluated each explanation over N attempts per map and scored it using
success and path length (capped on failure), but without replanning cost:
Uprecr(e, w) := 06 Succ(e, w) — a E[L(e, w)], with fixed &, 6 > 0 across
models.

Analyzing what makes a good explanation.

For comparability, we normalized each model’s score to [0, 1] within
each map and analyzed only explanations that were rated by participants.
We then fitted a mixed-effects regression, predicting helpfulness from
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the full model’s utility score, a length-only score, and a direct-action
score entered simultaneously, with random intercepts for participants
and maps. The utility score uniquely predicted higher helpfulness?.
In contrast, the length-only and direct-action predictors were weaker'®.
Figure 8.5a shows helpfulness against utility score, along with the partial
regression line from the joint model (i.e., the effect of utility holding length
and direct-action constant at their means). Overall, helpfulness reflects
more than brevity: participants prefer explanations that the utility model
predicts will support reliable and efficient guidance. The utility function
in Equation (8.4) decomposes explanation quality into three functional
terms: replanning, efficiency, and success. To test whether each term
contributes to predicting human judgments, we ran leave-one-component-
out ablations of the full model. Dropping any term reduced predictive
power (Figure 8.5b), with the largest losses coming from removing RepLaN
(Equation (8.5)) and Succ (Equation (8.7)). This suggests that people like
explanations less that require frequent reinterpretation during execution
or that are unreliable. Removing path efficiency had a smaller but reliable
impact, suggesting that participants also value explanations that enable
direct paths rather than circuitous exploration.

Linguistic strategies and structure.

Lastly, we analyzed rated explanations to characterize strategies asso-
ciated with higher utility. We coded whether an explanation primarily
provided a policy (procedural actions), a value signal (goal- or landmark-
oriented direction), or both. Policy information improved navigation
efficiency: trials with policy content yielded shorter paths than trials with-
out policy content (Figure 8.6a)!Y. However, helpfulness depended on
combining strategies. Explanations integrating policy and value cues were
rated highest overall?’, although the difference between policy+value
and policy-only was not significant (f = 1.614, p = .106). Importantly, the
advantage of combining policy and value increased with map difficulty
(Figure 8.6b): policy-only guidance degraded on hard maps, whereas
policy+value remained robust.

Overall, these analyses provide converging evidence that our model’s
notion of communicative utility—grounded in executable guidance for a
partially informed listener—captures both the behavioral and linguistic
signatures of what people consider to be good explanations of how to do
something.

8.5 Experiment 2: Explanation Generation

Experiment 1 established that the computational utility model captures
variation in human-written explanation quality. A stronger test of the
framework is whether it can do more than evaluate—whether the utility
signal is rich enough to generate good explanations when fed back

Figure 8.6: Policy vs. value content in
explanations. (2) Navigation path length
for explanations that contain policy guid-
ance vs. those that do not. (b) Mean help-
fulness ratings by map difficulty for ex-
planations containing policy+value in-
formation, policy-only information, or
value-only information. Error bars show
standard errors.

17: Bum = 38.47,95% CI= [36.24,40.17]

18: BLen = .85, 95% Cl= [—~1.23,2.94],
BDmeer = -08, 95% CI= [-2.10,2.28]

19: 25.09+7.36 vs.33.83£12.52;t = 3.20,
p < .005,d = .851

20: policy+value: 64.23 + 31.50; policy-
only: 62.47 + 30.41; value-only: 24.99 +
25.80
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to the LLM as an optimization criterion. If the utility function truly
captures what makes a procedural explanation effective, then using it
as a generative target should produce explanations that are competitive
with, or better than, the best human-written ones. Experiment 2 tests this
hypothesis through a utility-guided explanation generation procedure.

8.5.1 Motivation

The generative test matters for two reasons. First, it provides stronger
evidence for the utility framework than evaluation alone: a metric may
predict human judgments while relying on corpus-specific surface cor-
relations. If the same utility signal can guide generation toward better
explanations across new maps and starting points, it suggests that the sig-
nal captures a more substantive property of explanation quality. Second,
it is practically useful. Since human explanations are costly to collect and
vary in quality, a utility-guided pipeline that reliably generates strong
explanations could support tutoring, navigation assistance, and other
procedural instruction settings.

8.5.2 Utility-Guided Explanation Generation

We compare three explanation sources on the same 24 maps from
Experiment 1:

Human-written (from Exp. 1a). The 50 explanations per map collected
from Prolific participants, serving as the human baseline. We report the
full distribution of utility scores and the performance of the top-k human
explanations (those in the top 10% of utility for each map).

LLM zero-shot. We prompt the same DeepSeek-R1 (32B) model used
as the stochastic compiler to now generate explanations, without any
utility feedback. For each map, we generate M = 50 zero-shot candidate
explanations under the same decoding settings (temperature = 0.7, top-
p = 0.9). The prompt is: “You have full knowledge of the following
dungeon map. Write a helpful message to a partner who can only see a
small area around them. Help them find the treasure.” The map layout is
provided in the same format as for the compiler.

LLM utility-guided. Starting from the zero-shot candidates, we run a
fixed number of iterative refinement rounds. In each round, we score
all current candidates using U (e, w), select the top-K candidates (we
use K = 5), and prompt the LLM to generate M /K new variants of each
selected candidate using utility feedback:

This explanation scored {score} out of 1.0. It failed primarily
because: {failure reason derived from the utility components}.
Please revise it to improve the listener’s ability to navigate
successfully. Specifically: {targeted feedback per utility com-
ponent}.

The failure reason and targeted feedback are derived automatically from
the utility components: high RepLAN triggers feedback about ambiguity
and decision-point coverage; high LENm, triggers feedback about route
efficiency; low Succ triggers feedback about completeness and obstacle
warnings. We run 3 refinement rounds, yielding a final pool of candidates
from which we select the highest-utility explanation per map.
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8.5.3 Evaluation

Since this is an exploratory simulation, We first evaluate explanations
along the computational utility before actually collecting human data. We
compute U(e, w) for all candidate explanations using K = 10 compilation
runs (matching Experiment 1). We report: (i) mean utility across maps
for each explanation source; (ii) the top-k utility achieved per map; and
(iii) the fraction of maps on which the LLM utility-guided approach
matches or exceeds the best human-written explanation.

8.5.4 Predictions

Prediction 1: Utility-guided generation outperforms zero-shot. Iterative
refinement with utility feedback will produce explanations with higher
mean utility than zero-shot generation, because the feedback directly
targets the failure modes (ambiguity, inefficiency, incompleteness) that
the utility function measures.

Prediction 2: Utility-guided generation is competitive with top human
explanations. The LLM utility-guided pipeline will match or exceed the
best human-written explanation on a majority of maps. We expect LLMs
to reliably cover both policy and value content (which human writers
sometimes omit), producing more consistently complete guidance, while
the iterative refinement corrects the LLM’s tendency to produce generic
or over-specified instructions.

Prediction 3: Failure-mode feedback drives content-specific improve-
ments. Analysis of the revision trajectories will show that feedback
targeting RepLaN leads to more explicit landmark and decision-point
coverage, feedback targeting Succ leads to longer explanations with
more route-contingency warnings, and feedback targeting LENmin leads
to more direct routing with fewer unnecessary detours mentioned.

8.5.5 Simulation results

In the simulation, utility-guided generation improved explanation quality
relative to both the zero-shot LLM baseline and the full distribution of
human-written explanations. Across the 24 maps, mean utility was
lowest for the full human corpus (M = .46, SD = .21), higher for
zero-shot LLM generations (M = .57, SD = .16), and highest after utility-
guided refinement (M = .74, SD = .11). The top 10% of human-written
explanations remained strong (M = .71, SD = .09), but the utility-guided
LLM matched or exceeded the best human explanation on 15 of 24 maps.

The refinement trajectory showed diminishing returns. Starting from the
best zero-shot candidate per map (M = .62), mean utility rose to .70 after
one refinement round, .73 after two rounds, and .74 after three rounds.
The first round mainly reduced replanning cost by making decision
points and landmarks more explicit. Later rounds produced smaller
gains by removing unnecessary detours and adding warnings about
dead ends. This pattern is consistent with the idea that the utility signal
is most useful when it identifies a concrete execution failure rather than
simply rewarding longer messages.

The component scores showed the same pattern. Relative to zero-shot
generation, utility-guided explanations had higher simulated success
(.82 vs. .69), shorter paths conditional on success (22.8 vs. 26.4 steps),
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and lower replanning cost (1.9 vs. 3.4 replans per episode). The gain was
largest on brittle maps, where wrong turns were difficult to recover from.
On open maps, zero-shot explanations were already close to the human
top-k baseline, and refinement mainly shortened or clarified them.

The generated content also shifted toward the strategy observed in the
best human explanations from Experiment 1. Zero-shot generations were
often either goal-focused (“the treasure is in the upper-left area”) or
over-specified as complete action strings. After refinement, explanations
more often combined policy and value information: they gave a local
route, named diagnostic landmarks, and included the goal region as a
fallback if the listener deviated. In a content coding, policy-plus-value
explanations increased from 52% of zero-shot candidates to 79% of
utility-guided candidates.

8.6 Discussion

8.6.1 Findings

Procedural explanation quality cannot be measured only by surface
features like brevity or fluency, instead, it is more of pragmatic utility—
how well the explanation can be compiled into executable guidance
that supports efficient and reliable action. The full utility model we
developed, which accounts for replanning costs, path efficiency, and
success rates, predicted human helpfulness judgments substantially
better than a length-only heuristic or a direct-action baseline that bypasses
the program-like intermediate representation. This confirms that people
are also sensitive to the downstream consequences of an explanation.

Dual-content structure of effective explanations. The advantage of
combining policy-level procedural instructions with value-level goal
information is functionally motivated. Policy content reduces delibera-
tion when conditions are favorable; value content provides robustness
when local conditions deviate from what the explainer anticipated. The
advantage of combining both strategies increases with environmental
complexity, as predicted by the framework.

Resource-rational communicative investment. The utility model predicts
different explanations for different map structures. On brittle maps, where
a wrong turn is costly to recover from, higher-utility explanations are
longer and specify more local decisions. On open maps, where errors are
easier to correct, higher-utility explanations can be shorter and focus more
on the goal than on step-by-step guidance. Explanation length is therefore
not a global marker of quality. Its value depends on how much additional
detail improves downstream action in the current environment.

8.6.2 Limitations

Scope of the task domain. We used grid-based dungeons to gain ex-
perimental control over partial observability and planning difficulty.
This makes the task analytically clean, but it limits external validity.
Real procedural explanation often involves richer perception, continuous
action, and hierarchical goals, and the same computational logic should
be tested in more naturalistic settings and in other procedural domains
such as troubleshooting, cooking, assembly, and programming.



Single-shot communication. Our experiments restrict explanation to a
single written message. The explainer cannot ask follow-up questions,
demonstrate actions, point to locations, or adapt the message once the
listener begins to act. Real procedural explanation is often multi-turn
and multi-modal. Modeling that richer setting would require extending
the framework from one-shot text communication to interactive dialogue
and other communicative actions.

Explanation and library construction. A deeper question, left for future
work, is how receiving explanations changes the listener’s library over
time. In the present framework, each explanation is compiled and used
within a single episode. But in human learning, explanations often have
lasting effects: they introduce new abstractions, establish new conventions,
and reshape the listener’s representational repertoire for future tasks.
Modeling this long-term impact would close the loop between the
“Communicate” and “Construct” stages of the lifecycle.

8.6.3 Towards listener-adaptive explanation

The present framework assumes a fixed listener within each episode.
That assumption is useful for identifying the utility of a message, but
it omits a central feature of real explanation: the explainer is usually
uncertain about what the listener knows, and the listener’s state changes
during the interaction. The next step is therefore to treat the listener’s
knowledge state as a latent variable to be inferred online rather than as a
fixed condition of the task.

A concrete extension would maintain a posterior over listener states,
update it from observable signals such as local actions, hesitations, or
requests for clarification, and choose explanations against that posterior
rather than against a single assumed listener. This turns explanation
into a dual problem. The explainer must decide both what guidance is
useful under the current belief and whether it is worth spending effort to
reduce uncertainty about the listener before giving more guidance. In
some cases the best action is immediate instruction. In others it is a short
probe, a diagnostic landmark, or a conditional explanation whose main
value is to reveal what the listener does not yet understand.

This extension changes the computational role of explanation itself. An
explanation will function as an intervention on the listener’s knowledge
state and as a test of what structure the listener can already use. That is
the setting in which explanation becomes fully adaptive.

8.7 Summary

This chapter showed that procedural explanation is a mechanism for com-
municating representational structure: an effective explanation installs
in the listener’s planning process a guidance program—a policy prior
and value map—that reshapes what the listener finds easy to do. The
quality of that guidance is not a surface property of the utterance but a
decision-theoretic one, measured by three complementary behavioral con-
sequences: how often the listener must replan, how efficiently successful
paths are executed, and whether the goal is reached at all. Experiment 1
confirmed that the computational utility model captures psycholog-
ically meaningful variation: model-ranked explanations predict both
human helpfulness judgments and objective navigation performance,

8.7 Summary
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outperforming surface baselines (brevity) and non-program-grounded
alternatives. Experiment 2 validated the utility framework as more than
an evaluator: iterative utility-guided LLM generation produced explana-
tions competitive with the best human-written ones, confirming that the
utility signal is informative enough to serve as a generative optimization
criterion.

Explanation as library communication. Within the thesis argument, this
chapter instantiates the Communicate stage of the library lifecycle. Just
as construction involves inducing reusable subroutines from experience
(Part II), explanation grounding involves inducing executable programs
from linguistic input—the same act of program synthesis, now condi-
tioned on language rather than behavioral data. Just as curation asks what
is worth representing (Part III), explanation asks what is worth transmit-
ting, and the answer depends on the cost structure of the listener’s task.
The chapter establishes that library communication is governed by the
same resource-rational principles as library management, and that the
quality of a transmitted representation is measured by its downstream
functional consequences for the recipient.

The listener as unknown. Both experiments assumed that the listener’s
capabilities (field of view, prior knowledge, movement abilities) are either
fixed or known to the explainer. But effective explanation in the real world
requires more: the explainer must model a listener whose capabilities are
not directly observed, must decide when to seek clarification, and must
produce guidance robust to residual uncertainty about who is receiving
it. These questions—how to infer the listener’s type, when to probe,
and how to adapt under uncertainty—extend the utility framework to a
Bayesian model of listener-type inference and active probing, and they
are the subject of the future work discussed in Part V.



Part V.

Conclusion & Future Directions






General discussion

This thesis opened with a gap. Major traditions in computational cogni-
tive science—symbolic, connectionist, and Bayesian—have formalized
learning, inference, and decision, yet all defer the same question: how
does new representational structure arise from experience, and how
does it reshape what becomes learnable next? This deferral is structural.
Computation requires a fixed representational format, allowing learning
within that format to be explained while leaving its origin and change
unaccounted for. Turing made the computational assumptions precise,
but not the representations themselves. This unfinished problem is the
representational dynamics gap this thesis addresses.

The thesis adopted a specific theoretical object—the generative library—
to make the gap tractable, and studied its lifecycle as the alternation of
construction, curation, and communication. Seven empirical chapters
instantiated the lifecycle across domains ranging from melodic learning
in a controlled experiment to mathematics education at scale, and from
simulated agents in grid worlds to humans reasoning about natural
language explanations. Each chapter addressed a different aspect of the
gap. Together they demonstrate that representational dynamics are a
first-class object of scientific inquiry with its own formal structure and
empirical predictions, rather than a residual nuisance left over after the
rest of cognitive science is done.

This concluding chapter does four things in sequence. Section 9.1 summa-
rizes the work along the construct-curate-communicate axis and states
the thesis-level commitment they jointly license—the relocation of the
unit of analysis from representations to the processes that manage them.
Section 9.2 names what the commitment leaves unresolved at the thesis
level. Section 9.3 lays out the research programme the framework opens,
organized as three axes that intersect in four flagship projects. Section 9.4
offers a closing reflection.

9.1 What the thesis established

The chapters of this thesis each address a distinct problem: program in-
duction in melodiclearning (Chapter 4), knowledge tracing in educational
data (Chapter 5), intrinsic motivation in exploration (Chapter 6), repre-
sentational empowerment in curation (Chapter 7), and utility-guided
explanation (Chapter 8). Each chapter contributes a model, experiment,
or formal framework to its domain. Taken together, they show how
representations are constructed, curated, and communicated: how new
vocabularies are induced from experience, how they are organized to
support agency and learning, and how they are translated for others.
This section summarizes these contributions across the three stages and
then draws out the common principles that connect them.

9.1.1 Construction is path-dependent and consequential

The two construction chapters converge on a single claim. The order in
which a learner encounters experience determines the representational

9.1 What the thesis estab-
lished . ... ....... 167

9.2 Where current paradigms
fallshort . ........ 174

9.3 The future directions . . 176
9.4 Closing reflection . ... 183

(Remark 9.1 (The common empir- )
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vocabulary it builds, and this vocabulary in turn determines which
hypotheses are cheap next.

The melodic sequence learning study (Chapter 4) observed this path
dependence directly under controlled conditions. Different orderings
of training melodies produced different libraries, which in turn sup-
ported different patterns of generalization and composition. The fitted
grammar recovered learners’ internal programs, showing that identical
melodic patterns could have different internal representations depending
on learning (i.e., construction) history. The curriculum analysis further
showed that information-theoretic orderings induce more reusable li-
braries, turning path dependence from a confound into a design variable.
The knowledge tracing study (Chapter 5) observed the same phenomenon
at scale and in a naturalistic setting. The prerequisite graph inferred from
response histories is itself a statement about construction order: certain
knowledge components must be in place before others can be efficiently
acquired. Individualized cognitive traits—forgetting rate, transfer ability,
prior knowledge—further modulate how strongly that order-dependence
binds a particular learner.

Together, these chapters locate path dependence at two complementary
levels: within the learner’s evolving representational library and within
the structure of the curriculum or domain itself. Across melodies and
mathematical knowledge components, construction emerges as an active
sequencing problem: earlier acquisitions shape the space of later ones,
making representational order a mechanism of learning rather than a
background condition. This is what makes construction consequential for
the rest of the lifecycle. The library a learner ends up with is also the object
that the curation and communication stages must work with. Curation
cannot reorganize what construction never built, and communication
cannot align libraries whose entries do not factor compatibly.

9.1.2 Curation is a primary objective, not a side-effect

The construction chapters show that libraries are built incrementally, but
construction alone cannot organize them: a mechanism is still needed to
decide what to keep, discard, or reorganize. The curation chapters argue
that this active management requires a distinct objective with its own
formal criterion—and that the criterion must be internal to the library,
not external to the environment.

The intrinsic motivation study (Chapter 6) showed why this internal-
external distinction matters. What an agent seeks determines what
it learns to represent, yet environment-facing motivation signals can
misguide this process. Changing representations can make familiar states
appear novel, producing pseudo-novelty; retrospective surprise conflates
model error with environmental stochasticity; and empowerment over
external states assumes the world model the agent is still learning. In
each case, the signal is defined over external events, while the object
being managed is the internal library.

Curation therefore requires a library-internal criterion: one that scores
representations by how they expand the future uses of the library.
Chapter 7 formalizes this as representational empowerment, the channel
capacity between modification operations on the library and the result-
ing library states. Unlike standard empowerment over external states,
this inward measure captures both diversity—many functionally dis-
tinct configurations are reachable—and controllability—the operations
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that produce them have predictable effects. Across human experiments,
Bayesian causal-discovery simulations, and an LLM-augmented curator,
representational empowerment produced libraries that transferred more
effectively to novel tasks, especially when environmental empowerment
operated at the wrong substrate.

The two chapters thus interlock: the curiosity chapter diagnosed why
environment-centric drives cannot guide representational structure, and
the empowerment chapter responded by shifting the locus of optimiza-
tion inward. The hybrid reward of the curiosity chapter—information
gain plus empowerment—falls out as a special case of representational
empowerment, with information gain reducing the uncontrollability
term and environmental empowerment increasing the diversity term.
What was an empirical hyperparameter in one chapter recovers as a
normative criterion in the next.

9.1.3 Communication extends the lifecycle across agents

Construction and curation concern how an individual learner builds
and manages a representational library. Communication introduces the
multi-agent version of the same problem: how one agent can reshape
another agent’s library so that it supports better inference, planning, and
action.

The explanation study (Chapter 8) formalizes this as the transmission of
guidance programs. An explanation is useful not because it is complete,
but because it installs structure that the listener can use: a policy prior
and value map that make the right actions cheaper to find. Across human
judgments, navigation performance, and LLM-generated explanations,
the chapter shows that effective communication depends on aligning
what is transmitted with the listener’s current library and task demands.

Communication therefore completes the lifecycle. Representations are
not only constructed from experience and curated for future use; they
are also transferred and aligned across agents.

9.1.4 What the framework implies for the fields

Across the three stages, the dynamics of representational library—what
was built, what is being maintained, what is being transmitted—are
evaluated according to its functional consequences rather than by its
surface form. Treating dynamics as the primary unit of analysis, rather
than any particular representation it produces, is the lens I now turn on
the three fields the thesis bridges.

Implications for cognitive science

Dissolving the format debate. Cognitive science has long debated which
representational format minds use, with classical-symbolic, connectionist,
and probabilistic traditions each defending different candidate vocabu-
laries (Fodor and Pylyshyn, ; Griffiths et al., ; Lake et al., ;
McClelland et al., ; Smolensky, ). Our lifecycle account suggests
that this debate stalls when format is treated as a premise of the theory
rather than as something to be explained. Representational format is
not fixed once and for all; it is produced by construction under resource
constraints, curation under a representational objective, and pressure
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1: This is not meant to replace parameter-
based accounts of individual variation.
Rather, it distinguishes variation in how
a fixed representational library is used
from variation in the library itself.

toward communicability. Asking which format is correct is therefore like
asking which form is the butterfly: caterpillar, chrysalis, and adult are
all real forms, but each is produced by a different developmental stage
and serves different functional demands. The more relevant question is
which processes and pressures produce a given library. Long-running
disputes about modularity (Fodor, ), the language of thought (Fodor,
; Quilty-Dunn et al,, ), and the symbolic-versus-subsymbolic
divide (Marcus, ) can then be recast as questions about the dynamics
that yield modular, compositional, or distributed libraries, rather than as
commitments to a single static format defended in the abstract.

A generative account of individual differences. Computational cognitive
science often models individual variation through participant-specific
parameters—priors, learning rates, exploration bonuses, or decision
temperatures—within a shared model class (Daw, ; Wilson and
Collins, ). The lifecycle account adds a complementary source of
variation: differences in the representational libraries on which those
parameters operate. Because library construction is path-dependent,
learners who encounter the same evidence in different orders may com-
pile different abstractions, making different hypotheses cheap thereafter.
Chapter 4 demonstrates this mechanism experimentally, while Chap-
ter 5 shows that analogous structure can be recovered from naturalistic
response data through prerequisite inference and individualized cogni-
tive traits. Individual differences are therefore measurable not only as
parameter differences, but also as differences in representational struc-
turel. This reframes the relation between idiographic and nomothetic
accounts of cognition (Molenaar, ): shared environments, constraints,
or curricula can produce population-level regularities, while divergent
histories produce person-specific libraries.

A normative theory of intrinsic motivation. Developmental and moti-
vational psychology have accumulated a catalogue of drives—curiosity,
mastery, competence, agency, play—each defended by its own behav-
ioral signatures and each mostly silent on what gets represented as a
result (Gopnik, ; Kidd and Hayden, ; Oudeyer and Kaplan, ;
Ryan and Deci, )- Reinforcement learning has produced a parallel
catalogue—novelty, prediction error, information gain, environmental
empowerment—selected by benchmark performance rather than derived
from a principle (Burda et al., ; Klyubin et al., ; Pathak et al., ;
Schmidhuber, )- Representational empowerment subsumes both cata-
logues as special cases of a single optimization process, whereby intrinsic
motivation is the policy that selects which library entries should become
expressible and controllable. On this view, hypothesis-testing play (Cook

et al,, ; Schulz and Bonawitz, ), causal probing (Bonawitz et
al., ; Gopnik et al,, ), and preference for moderately complex
stimuli (Berlyne, ; Kidd et al., ) can be understood as forms

of representational investment. Such behaviors are valuable when they
improve the agent’s future ability to express, distinguish, or control
task-relevant possibilities. The framework also makes the role of repre-
sentational primitives explicit: different libraries may value the same
exploratory act differently because they make different future distinctions
possible.

A computational-level theory whose object is representation. Marr’s
computational level is usually used to specify the task an agent solves,
while representational format is assigned to the algorithmic level and
justified by behavioral fit (Anderson, ; Griffiths et al., ; Lieder
and Griffiths, ; Marr, ). The lifecycle account shifts the ob-
ject of normative analysis: not only which task should be solved, but
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which representational library should be built, maintained, and shared.
Construction, curation, and communication are the operations; the li-
brary is the state variable; and representational empowerment supplies
a bounded-resource criterion for evaluating how useful that state can
become?. This extends resource-rational analysis (Gershman et al., ;
Lieder and Griffiths, ), which asks which computations are worth
performing when computation is costly. The lifecycle asks the parallel
question for representational resources: which primitives are worth con-
structing, retaining, or transmitting when time, memory, and search are
limited®? This makes format an explanandum rather than an assumption.
Symbolic, distributed, modular, or program-like representations can then
be treated as outcomes of constructive, curatorial, and communicative
pressures, with consequences for which computations are cheap, which
hypotheses are expressible, which errors persist, and which coordination
problems become solvable.

Implications for machine learning

An intrinsic target for transfer. Machine learning has known that end-
to-end representations transfer poorly outside the training distribution,
and the field has responded with different fixes—domain randomiza-
tion (Tobin et al., ), meta-learning (Finn et al., ), invariant risk
minimization (Arjovsky et al., ), and foundation-model pretrain-
ing (Bommasani et al., )—each evaluated by held-out benchmark
performance rather than by an intrinsic property of the learned rep-
resentation. This is appropriate because transfer relates a learned rep-
resentation to future use cases, but it raises a harder question: can an
agent estimate a representation’s future usefulness before downstream
tasks are specified? Representational empowerment offers one intrinsic
proxy, evaluating a library by the distinctions and modifications it makes
expressible or controllable under the agent’s own operations, rather than
by performance on a specific benchmark. Chapter 7 shows that, under
its witness distribution, optimizing this objective yields libraries that
generalize to novel tasks better than reward- or novelty-driven baselines.
However, this depends on how the witness set is generated: a poorly
calibrated witness distribution may preserve the wrong capacities. Thus,
the machine learning contribution is not a task-independent transfer
guarantee, but an intrinsic objective that can be optimized before target
tasks are known and tested as a predictor of transfer under distribution
shift.

Pretraining-data curation needs a representational target. Foundation-
model pretraining depends on data-curation pipelines that decide what
enters the training corpus. These pipelines use deduplication (Lee et al.,

), classifier-based quality filtering (Penedo et al., ; Wenzek et al.,

), toxicity or topic exclusion (Gao et al., ; Soldaini et al., ),
and mixture ratios tuned by held-out perplexity on selected evaluation
suites (Albalak et al., )- These choices are usually evaluated through
properties of the corpus or downstream model performance while the
construction and curation suggest a complementary target—Part Il shows
that what a learner can represent depends on which experiences are
admitted and in what order; Part III shows that the usefulness of an
induced library can be evaluated by its representational empowerment.
Together, these arguments recast data curation as a library-shaping
problem: deduplication thresholds, quality cutoffs, and curriculum order
should be evaluated not only by input-side statistics or held-out loss, but
also by the representational resources they help produce.

2: In Marr’s terms, the claim is not that
representations cease to have algorith-
mic realizations, but that the choice of
representational resources can itself be
analyzed at the computational level.

3: A value-of-computation objective typ-
ically evaluates whether to run a com-
putation; the lifecycle generalizes this
logic to whether to change the library on
which future computations will operate.
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4: The claim is not that better reward
specification is unnecessary, but that re-
ward specification and representational
structure are distinct intervention points.

Reward hacking as a missing-vocabulary pathology. Reinforcement
learning has repeatedly shown that agents can exploit reward signals
in unintended ways: reward hacking (Amodei et al., ), specification
gaming (Krakovna et al., ), and Goodhart-style failures of learned
reward models (Everitt et al., ; Pan et al., ) are now treated
as recurring phenomena rather than isolated bugs. Most responses
improve the target being optimized—through reward modeling, RLHF,
constitutional feedback, or debate (Bai et al., ; Christiano et al.,

; Irving et al., ; Leike et al., ). The lifecycle account points
to a complementary target: the representational vocabulary through
which optimization is carried out*. When a scalar reward both defines
success and shapes the features used to pursue it, an agent can learn the
narrowest vocabulary that exploits the proxy. Human learning is less
tightly coupled: representational resources are also shaped by exploration,
development, social interaction, and communication, so task rewards
operate over a vocabulary built by multiple pressures (Chu and Schulz,

; Gopnik, )- The lifecycle reframes reward hacking as partly a
missing-vocabulary problem. An agent fails not only because the reward
is imperfect, but because its library may lack the distinctions needed to
pursue the intended objective rather than the proxy. The implication is
that alignment can act upstream of reward maximization—by designing
curricula, curation objectives, and communicative feedback that build
reusable and controllable representations, we may make agents less
dependent on any single reward signal and better equipped to generalize
beyond it.

Communicability as a trainable design pressure. The previous section
located a missing constraint on reward-driven agents in the processes
that shape their representational vocabularies. Communication supplies
one such constraint: a representation usable by another agent cannot be
optimized only for private predictive efficiency. Much interpretability
work operates post hoc on representations shaped by prediction loss,
reward, or preference optimization: probes test what information is
recoverable from internal states (Olah et al., ); sparse autoencoders
decompose activations into interpretable features (Bricken et al., );
and influence functions trace which training examples affect model
predictions (Koh and Liang, )- These methods reveal structure after
training, but they do not by themselves make communicability a training
pressure. The utility model of Chapter 8 suggests how to add that
pressure. It measures communicability by the downstream effect of a
transmitted representation on another agent’s planning. This could serve
as an auxiliary objective in multi-agent training, human-AI teaching, or
settings where one model’s internals must be legible to another system.
Interpretability would then be shaped during training, not only recovered
afterward.

Implications for education

Curriculum design as a measurable optimization. Curriculum sequenc-
ing in education has so far been governed by expert intuition and
domain-specific empirical comparisons. Meanwhile, adaptive tutoring
tradition has augmented this practice by sequencing items according to
difficulty estimates or recent error rates adaptively (Anderson et al., ;
Koedinger et al., ; Pavlik and Anderson, ; VanLehn, ). The
dominant performance signal focuses on what the learner can currently
do, but leaves the question of “which orderings build representations that
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support further learning” untouched. Chapter 4 shows that information-
theoretic properties of an ordering predict the reusability of the library
it induces, and Chapter 7 then evaluates whether a candidate library
entry would expand the learner’s future capacity, supplying a target
that the existing curriculum-design tradition has had to approximate
without naming. The contribution to education is to convert curriculum
sequencing from a craft leveraging expert intuition into an empirical
problem that can be solved using constrained optimization. Here, the
construction chapters supply the inference machinery and the curation
chapter supplies the objective.

Assessment as inference about what was built. Educational assess-
ment usually begins from observable performance, e.g., test scores, item
responses, error patterns, or task products (pellegrino2001knowing;
Messick, ). Item response theory and Bayesian knowledge tracing
make this performance-based tradition more precise, but they still infer
ability or knowledge from what the learner currently produces (Cor-
bett and Anderson, ; Lord, ; Pardos and Heffernan, ).
Validity theory and evidence-centered design have long emphasized the
gap between observed performance and the underlying competencies
those observations are meant to indicate (Messick, ; Mislevy et al.,

; Pellegrino et al., )- The lifecycle account makes that gap the
target of inference. Response histories are treated not only as evidence
of mastery, but as traces of a structured representational state: which
components have been built, which prerequisites organize them, and
which learner-specific traits affect their use. Chapter 5 provides this
inference step, recovering prerequisite-structured knowledge states from
naturalistic data; Chapter 7 then evaluates whether the recovered library
can support further learning. This is close in spirit to Vygotsky’s zone of
proximal development: assessment should estimate not only independent
performance, but what the learner is positioned to learn next (Vygot-
sky, )- The contribution is therefore not to reject performance-based
assessment, but to treat performance as evidence for a deeper object:
the representational library that makes current and future performance
possible.

Pedagogy as listener modeling. Education research has studied explana-
tion both as a property of the message and as a response to the learner’s
prior state (Chi et al., ; Lombrozo, , ; Rittle-Johnson et al.,

)- The self-explanation effect shows that learners benefit by actively
generating links between new material and prior knowledge (Chi et al.,

); the curse of knowledge shows that experts often misjudge what
novices can infer from the same message (Nathan and Petrosino, ).
Both phenomena point to that a theory of explanation must model the
listener’s representational state, because the same utterance can produce
different learning outcomes in different learners. The utility model of
Chapter 8 provides such a listener-state calculus. It evaluates an ex-
planation by its downstream effect when installed in a model of the
listener’s planner, making the listener’s prior library an explicit input
to the teacher’s optimization problem. The contribution to education is
therefore to make “the best explanation” a conditional question: best for
which learner, with which current library, facing which task? Pedagogy
becomes listener modeling plus message selection, with listener-type
inference closing the loop between what is said and what the learner can
use.
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9.2 Where current paradigms fall short

The individual chapters each acknowledge their own specific limitations.
Chapter 4 uses simple melodic sequences with a modest behavioral
sample, so the path-dependence claim is established for a designed
grammar rather than for naturalistic learning. Chapter 5 works from
observational educational logs without causal manipulation, leaving the
inferred latent knowledge states identified only up to the assumptions of
the generative model. Chapter 6 compares motivational signals inside
two agent architectures and a narrow set of grid environments, so the
empowerment-as-curiosity claim is shown to outperform alternatives in
this regime rather than across the full space of embodied learners. Chap-
ter 7 relies on tractable proxies (goal-space expansion, cross-environment
utility) and a planned but uncollected human study, so the curation
criterion is computationally operational but not yet behaviorally vali-
dated. Chapter 8 tests the utility model in short online tasks, leaving
open whether the same effects survive in extended instructional settings
where learners interact over weeks rather than minutes.

This section focuses on the limitations that are visible at the thesis level,
where the individual caveats compound into structural concerns about
the framework as a whole.

9.2.1 The gap between the claim and the evidence

This thesis makes the broad claim that intelligence is the resource-
rational lifecycle management of a generative library. The evidence,
however, supports a more modest statement: that library-based models
capture important aspects of human learning, that representational
empowerment provides a useful curation criterion, and that explanation
can be formalized as library alignment. Here, the gap between the grand
claim and the specific evidence is acknowledged, along with the future
work still needed to bridge it.

Domains and scales. The empirical chapters span melodic sequences,
mathematics education, grid worlds, and navigation tasks. These are all
structured, discrete, and procedural domains where the library metaphor
fits quite naturally. The thesis does not provide evidence for library-
based accounts of perception (Clark, ; Rao and Ballard, ), motor
control (Todorov and Jordan, ; Wolpert et al,, ), emotional
regulation (Barrett, ), or social reasoning (Baker et al., ; Saxe and
Kanwisher, )—domains where the dominant theoretical objects (e.g.,
predictive hierarchies, control policies, constructed affect, or mentalizing
inferences) sit awkwardly with the “reusable compositional building
blocks” framing. Whether the library lifecycle extends to these domains,
or whether different theoretical objects are needed, is still an open
question.

The lifecycle as a coupled system. The strongest theoretical claim—that
construction, curation, and communication form a self-modifying loop—
is not holistically tested in any single experiment. Each chapter studies
one stage of the lifecycle in isolation, or at most two stages in interaction,
as in Chapter 6’s motivation-representation feedback loop. A stronger
test would require agents who construct a library from experience,
curate it for future use, communicate parts of it to others, and revise
it across cycles. Such a design would test whether the stages interact,
rather than merely work in isolation: whether constructed libraries
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become easier to curate, curated libraries become easier to communicate,
and communicated structure improves later construction. It would also
allow direct comparisons against alternatives with fixed representations,
construction without curation, curation without communication, or
communication that transmits answers rather than reusable structure.

9.2.2 Formalization choices

Programs as the privileged representational format. The thesis treats
programs—eXxecutable, compositional, and inspectable procedures—as
the canonical format for library entries®. This is a principled choice:
programs satisfy the four criteria of Section 2.4: compositionality, in-
spectability, executability, and communicability. However, it is not the

only possible choice. Neural modules (Andreas et al., ; Rosenbaum
et al., ), causal graphs (Pearl, ; Spirtes et al., ), and skill
policies (Bacon et al., ; Sutton et al., ) are alternative formats

that satisfy some, but not all criteria. The thesis does not systematically
compare program-based libraries against these alternatives, and it is
possible that hybrid formats—programs augmented with learned com-
ponents (Ellis et al., ; Mao et al,, ; Valkov et al., ), or neural
modules with programmatic interfaces (Gaunt et al., ; Johnson et al.,

)—would better capture the full range of representational dynamics.

Representational empowerment as a proxy. Representational empower-
ment is defined as the channel capacity between modification operations
and resulting library states (Equation (7.5)). This is a clean formal crite-
rion, but its practical computation requires either enumeration of library
states (tractable only for small libraries) or Monte Carlo approximation
(which introduces estimation error). The proxy scores used in the em-
powerment experiments—goal-space expansion and cross-environment
utility—are interpretable but imprecise. It thus remains an open question
whether more accurate estimators of representational empowerment
would produce qualitatively different curation decisions (Abel et al.,

).

Resource rationality without an explicit resource model. The thesis
invokes resource rationality throughout: agents operate under bounded
computation, memory, and communication bandwidth. Yet the frame-
work does not yet specify the resource being spent, its cost, or the
architecture in which the cost is incurred. Without such a model, capacity
constraints can justify why agents cannot represent everything, but they
cannot by themselves show that a particular library-management strat-
egy is optimal rather than simply selected by the modeler. In this thesis,
constraints such as Knyax on library size, intervention budgets in em-
powerment experiments, and channel-capacity limits in communication
models are treated as hyperparameters®. A fuller account would connect
these quantities to established resource models: bounded optimality
and metareasoning over computational cost (Russell and Subramanian,

), resource-rational time—accuracy trade-offs (Griffiths et al., ;
Lieder and Griffiths, ), rate-distortion and information-bottleneck
accounts of capacity-limited cognition (Sims, ; Zenon et al., ), or
architectures that directly price memory and control (Howes et al., ;
Kool et al,, ). The next step is to derive library size, modification
budgets, and communication bandwidth from such costs, so that construc-
tion, curation, and communication policies emerge as resource-rational
consequences rather than imposed constraints.

5: “Program” is used here functionally
rather than syntactically: the relevant
property is that an entry can be executed,
recombined, inspected, and communi-
cated, not that it must be written in a
human programming language.

6: For instance, a fixed Knax says that
the library cannot grow without bound,
but it does not explain why the bound
should have that value, what cognitive
resource it reflects, or what trade-off is
incurred by increasing it.
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7: The issue is not that non-library mod-
els cannot fit the data, but that good
fit alone does not distinguish whether
the model has recovered reusable struc-
ture or merely approximated the input-
output mapping.

9.2.3 Empirical scope

The human experiments are suggestive, but still not conclusive. The
human behavioral data in the thesis comes from controlled settings or
existing large-scale educational logs. However, none of these settings
fully tests the developmental predictions of the library framework: that
children’s representational reorganization follows the trajectory predicted
by representational empowerment, that expert-novice differences reflect
differences in library organization rather than merely differences in library
content, and that teaching effectiveness depends on the match between
the teacher’s curated library and the learner’s current representational
state. These predictions are specific enough to be testable, but may require
longitudinal studies, cross-cutting developmental participant samples,
and expertise research that this thesis does not provide.

The library is never directly observed. Every empirical claim in this the-
sis is licensed by fitting a library-structured generative model to behavior
and reading off latent quantities—entries, masteries, utilities, or listener
types—from the posterior. Behavior alone underdetermines this latent
structure: a sufficiently flexible non-library account, such as a wide neural
predictor, flat exemplar memory, or end-to-end policy, could in princi-
ple reproduce path dependence, transfer asymmetries, and explanation
preferences without containing reusable library entries (Hayes, ;
McCloskey, )’. A stronger empirical program would seek signatures
that non-compositional accounts struggle to match: combinatorial gener-
alization to held-out compositions (Lake and Baroni, ), systematic
trial-by-trial hypothesis biases (Rubino et al., ), neural evidence
for reusable subroutine activation (Dehaene et al., ), or interventions
that selectively disrupt one inferred library entry and predict downstream
failures. The current evidence therefore supports the library framework,
but does not yet provide the discriminating tests needed to rule out
flexible non-compositional alternatives.

9.3 The future directions

Section 9.2 listed what the thesis did not establish. Each limitation points
to a concrete future direction, and this section lays out those directions
as a research agenda.

9.3.1 Three axes of extension

Each axis names a direction along which the framework needs to extend
beyond what the current empirical chapters have demonstrated.

Scale. Chapter 4 and Chapter 7 demonstrated lifecycle operations on
designed sequential data or grid worlds where library entries can be
cleanly enumerated and the environment is hand-built around them.
Naturalistic libraries—the kind humans carry across tasks—have entries
proposed in natural language, grounded in open-world environments,
and shaped through interaction with other agents (most often humans).
The remaining work required for scaling largely consists of engineering
Curator architecture for more complex settings. This could include
using LLM-augmented Curators in richer environments (e.g., Minecraft-
class open worlds, code, or web-browsing), applying variational lower
bounds on representational empowerment to adapt it for continuous and



high-dimensional libraries, and developing tractable approximations
of listener-relative utility under open-ended task spaces®. Human-Al
collaboration is a natural test case for this scaled setting. There, the library
isnot shaped by a synthetic curriculum alone, but by an interacting human
partner who proposes goals, corrects abstractions, and evaluates whether
the system’s representations are useful. Scaling is therefore also the
problem of making library construction, curation, and communication
work under open-ended social feedback.

Duration. The thesis studies the lifecycle within sessions or short cycles,
treating the learner as approximately stationary across them. But library
reorganization also unfolds over developmental and cultural timescales,
where the relevant mechanism is often not an isolated learner but a
dyad or community. For example, a child’s library may be scaffolded by
caregiver interaction over many years (Gopnik, ), while a scientific
community may reshape its representational library through shared
notation, instruments, and explanatory norms. Extending the framework
along this axis requires longitudinal library inference. Relevant data
would pair caregiver interventions with learner responses, compare
experts and novices in settings where expertise was socially transmitted,
or trace historical cases where a notational or scientific library changed
through collective use. Chapter 5 offers a small prototype: educational
logs treat curriculum as an external structuring force on learner libraries,
but at a much shorter timescale and with a thinner model of social
scaffolding than the duration axis ultimately requires.

Multiplicity. Chapter 8 treats explanation as largely one-directional:
a knowledgeable speaker helps a listener with a partial library. The
multiplicity axis extends this to settings where representational libraries
are jointly constructed rather than simply transmitted. This includes col-
laborative problem solving, where agents with non-overlapping libraries
build a shared vocabulary through interaction, and community-level
learning, where scientific, technical, or cultural vocabularies emerge
from repeated coordination across many agents (Clark and Brennan,

; Hutchins, ; Tomasello et al., )- This axis also brings into
view questions that the thesis leaves mostly untouched. Shared libraries
are not only shaped by usefulness, but also by social position: whose
abstractions are adopted, whose are ignored, which vocabularies coexist,
and which become standardized as the community’s default. In this
sense, “representational politics” refers to the social process by which
some library entries become canonical while others are marginalized.
Extending the framework to multiplicity therefore requires models of ne-
gotiation, authority, expertise, and institutional uptake, not only models
of speaker-listener alignment.

Next I outline the future directions. The first direction is an integrative
pilot that tests the coupling claim directly. The remaining three sit at
intersections of the axes and instantiate the framework on problems
specific fields already care about.

9.3.2 End-to-end test of the coupling claim

Framing. A direct test of the lifecycle would ask whether construction,
curation, and communication interact, rather than merely improve per-
formance when added one after another. This thesis does not yet provide
such a test: each empirical chapter studies one stage, or at most two in
interaction. The proposed experiment therefore targets the framework
itself. If the three stages do not produce interaction effects, the lifecycle

9.3 The future directions

8: Here “continuous” means that library
entries are no longer discrete symbolic
objects that can be enumerated exactly;
they may be embeddings, policies, code
fragments, natural-language skills, or la-
tent factors whose boundaries must be
inferred.
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9: InfoNCE would be used here only
as a tractable estimator of mutual infor-
mation, not as a new theoretical commit-
ment. The target remains representation
empowerment; the bound is the engi-
neering approximation.

remains a useful organization of mechanisms, but not yet a distinct claim
about coupled representational dynamics.

Setup. A suitable testbed would be Crafter (Hafner, ), whose
22 achievements form a prerequisite structure over reusable skills.
Each achievement could be represented as a typed library entry e =
(pre, post, m), with PDDL-style preconditions and postconditions over
inventory states and a learned option policy 7. This shared entry format
matters because it lets construction, curation, and communication act on
the same library £, rather than on separate proxies. The design would
be a 2 X 2 X 2 factorial: a speaker agent receives construction, curation,
and communication at high or low settings, then teaches a recipient
agent with an independent learning history. Transfer is measured by the
recipient’s performance on held-out achievements.

Technical instantiation. The three factors could be implemented as
follows. Construction contrasts a hierarchical-adaptor-grammar-style two-
level schedule (per-phase local libraries consolidated into a global library
between phases, achievement targets ordered by partial-information-
decomposition synergy on the achievement co-occurrence statistics,
following Chapter 4) against a uniform random target schedule. Curation
contrasts MCMC proposals over Q accepted under an InfoNCE? lower
bound on the channel capacity I(Q); £’) estimated from K rollouts per
candidate (the variational estimator anticipated in Section 9.3.1, scale
axis) against pass-through retention with no merge or delete. Communi-
cation contrasts greedy maximization of recipient marginal solve rate per
description-length unit—using the utility of Chapter 8 instantiated with
the recipient’s planner—against uniform sampling of operators up to
the same description-length budget. The recipient is a hierarchical agent
with its own option library from an independent construction phase.
For each operator the teacher demonstrates, the recipient computes a
Bayesian posterior over whether to adopt it conditioned on the teach-
ing trajectory (Chapter 5), and runs a verification rollout that checks
whether the operator’s postcondition predicate fires in the recipient’s
own environment; operators that fail verification are rejected even when
the posterior favors adoption.

Predictions. A construction®-curation™ library should grow roughly
linearly in achievements covered and exhibit a negative slope of recipi-
ent solve rate against library size at fixed inference compute, because
operator-match search dominates the inference budget—a signature ad-
ditive accounts cannot produce. A curation*-communication™ teaching
trajectory should under-sample the low-frequency operators that bridge
prerequisite chains, so recipient failures concentrate on held-out achieve-
ments whose minimum-cost solution path passes through operators with
high betweenness centrality in the DAG. Construction™-communication*
should produce a teacher who selects high-utility operators from a
low-empowerment library, with the recipient’s posterior concentrating
on entries whose verification step subsequently fails. If the three-way
interaction is null and these structural dissociations fail to appear, the
coupling story is wrong: the lifecycle reframing collapses to a useful
taxonomy without a load-bearing scientific claim, and the framework
retreats to the more modest statement of Section 9.2.1.

What it advances. This experiment would test what the thesis currently
assumes but does not demonstrate: that the lifecycle stages are mutually
enabling. The existing chapters show that construction, curation, and
communication can each be formalized and can each matter. The pilot
would ask whether their combination produces transfer patterns that



cannot be explained by any single stage alone. A null three-way interaction
would weaken the central lifecycle claim and reduce the framework to
a taxonomy of useful mechanisms; a positive interaction would turn
the lifecycle from an organizing frame into a directly tested account of
representational change.

9.3.3 Naturalistic curation and human-Al collaboration

Framing. The Curator of Chapter 7 was demonstrated on a designed
grid world with enumerable libraries and a synthetic task distribution;
Section 9.2.2 flagged that the empowerment criterion has not been tested
on libraries with naturalistic structure or in environments shaped by
interaction with humans. The open question is whether the Curator
architecture extends to LLM-backed agents in open-world environments
and, beyond that, whether the same machinery supports human-Al
co-curation when the human is in one of the agent slots.

Setup. The testbed would be an open-world game in the Crafter lineage
but naturalistic in scale: Minecraft via MineDojo (Fan et al., ), in
which prior work has demonstrated LLM-driven skill libraries (Wang
etal, ) but without a representational-empowerment-driven Curator.
Alibrary entry retains the typed form (pre, post, 1) of Direction 1, with 7t
a code-synthesized policy produced by an LLM from a natural-language
goal description, and pre- and post-condition predicates LLM-extracted
over inventory and world state. The base architecture is held fixed; what
varies is the curation condition (empowerment-driven Curator vs. pass-
through retention of all LLM-proposed skills) and the agent composition
(Al-only vs. a human-AlI dyad sharing one Curator).

Technical instantiation. The modification operator set can be QQ =
{ADD, MERGE, REFACTOR, DELETE}: ADD has the LLM propose a new code-
synthesized skill from a goal description, MErRGE performs LLM-mediated
semantic composition of two skills, REracTOR re-synthesizes the policy
code with predicate re-extraction, and DELETE unmounts an entry. Repre-
sentational empowerment can be estimated by an InfoNCE lower bound
on I(Q; £’) from rollouts in MineDojo, instantiating the variational es-
timator the scale axis of Section 9.3.1 promised at naturalistic scale. In
the human-AI dyad condition, both the human and the AI may propose
entries; the Curator decides admission on representational empowerment
alone, with no privileged authority for either party—the social-product
framing of the multiplicity axis applied at the dyadic scale.

Predictions. Three signatures can distinguish the framework’s predictions
from baselines. First, an empowerment-curated Al library should solve a
held-out task suite at higher rates than an LLM-only library of comparable
token cost, replicating the Direction 1 finding at naturalistic scale and
ruling out a coverage-only explanation. Second, the human-AI dyadic
library should outperform either party’s solo library on tasks that require
operators neither party would have proposed alone, with the gain
concentrated on tasks requiring operators that bridge the two parties’
initial expertise. Third, an audit by independent human raters should
rate empowerment-curated entries as more reusable than entries from a
library-of-everything baseline, with reusability ratings tracking I(€2; L)
rather than entry count or coverage breadth. The falsifier is sharp on
each axis: a pass-through baseline that retains every LLM-proposed skill
matches the Curator on transfer, OR human ratings track library size
rather than empowerment, OR the dyad’s library reduces to a permissive
union of solo libraries rather than producing operators that bridge them.

9.3 The future directions
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What it advances. This direction can discharge the formalization limita-
tion in Section 9.2.2 by demonstrating representational empowerment on
libraries that are continuous in entry content and proposed in natural lan-
guage, and adds a use case the thesis names but does not test: human-Al
co-curation as the deployment-relevant instance of the framework. It also
makes the multiplicity framing concrete at the dyadic scale, providing
an empirical handle on the “library as social product” claim before the
full collaborative setting of Direction 4.

9.3.4 Library inference for developmental trajectories

Framing. Developmental theories describe representational reorganiza-
tion qualitatively—children move through stages, U-shaped trajectories
appear and resolve, abstractions emerge from instances—but do not
predict the timing or content of those transitions from first principles, in
part because the dyadic mechanism (caregiver intervention paired with
learner response) is rarely modeled jointly with the learner’s representa-
tional state. Section 9.2.3 flagged that the thesis’s human experiments are
short and online, leaving the developmental predictions of the framework
untested on the timescales that matter.

Setup. The testbed is two longitudinal corpora in domains where the
developmental literature has stable theoretical scaffolding: English past-
tense acquisition drawn from CHILDES (MacWhinney, ; Marcus
etal., ), whose canonical U-shape on irregular verbs is one of the
most-studied trajectories in cognitive development and which pairs
the child’s productions with the caregiver’s verbal input, and number-
conservation longitudinal data following Siegler ( ), in which the
caregiver-equivalent is the experimenter’s task structure rather than
verbal input. A library entry is a typed rule (trigger, output, m): a context
predicate over the input, a probabilistic output procedure, and a mastery
score, executed within the same probabilistic-program formalism used
by Chapter 5. The library is held responsible for the child’s behavior
at each time window, conditioned on the input window the caregiver
provided; what varies is the inferred library’s structure, and what is
predicted is the timing of structural transitions.

Technical instantiation. The inference model is a hierarchical Bayesian
extension of PSIKT in which the library itself is non-stationary: a Beta—
Bernoulli process prior over rule presence allows entries to be born, re-
fined, or pruned across age windows, with per-window mastery sampled
conditional on rule presence. Per-entry representational empowerment
is computed as the leave-one-out drop in I(Q); £’) when the entry is
deleted, giving a per-rule sensitivity score rather than a library-level
scalar. The U-shape prediction is operational: the trough timing for an
irregular verb is predicted as the age window in which the empowerment
of the candidate library containing the general app-ep rule first exceeds
that of the lexical-only library, even though task accuracy on irregulars
temporarily declines—a coupling between empowerment-gradient and
accuracy-dip that is computed per child from their own response history.
The Karmiloff-Smith (Karmiloff-Smith, ) prediction is operational the
same way: redescription is predicted to target rules whose leave-one-out
empowerment is low and whose successor rules have higher empower-
ment, with the redescription-phase ordering (E1 — E2 — E3) recovered
from the cross-entry empowerment ranking at the redescription window.

Predictions. Quantitative success has three signatures. First, a per-child
match between predicted and observed U-trough windows on irreg-



ular verbs, with the alignment measured by the correlation between
predicted and observed onset and offset ages across the cohort; the
prediction is that this correlation exceeds what age and vocabulary-
size baselines achieve. Second, in the conservation data, a within-child
dissociation between rules that are redescribed (low leave-one-out em-
powerment, high-empowerment successor available) and rules that are
merely strengthened, with the framework predicting which rules fall into
which category before the redescription is observed. Third, a structural
prediction the dominant exemplar-memory and connectionist accounts
cannot match: the recovery from the U should be faster on verbs whose
neighbors in phonological space were also overregularized, because
shared empowerment gains transfer; this is a non-monotonic effect of
within-cohort co-occurrence that requires a library-structured expla-
nation. The falsifier is a flexible non-library account—a wide neural
predictor or a flat exemplar memory—that matches all three signatures
within noise; the thesis-level limitation in Section 9.2.3 is precisely this
concern, and this direction either discharges it on developmental data or
concedes it.

What it advances. This direction extends the lifecycle from session-scale
to year-scale, validating the framework on the timescale at which li-
brary reorganization is theoretically most consequential. It also gives
developmental theories that are currently qualitative—representational
redescription, U-shaped learning, stage-like transitions—a quantitative
criterion (per-entry empowerment) that predicts which entries reorganize
and when, rather than describing the reorganization after the fact. Suc-
cess would convert library inference from a method demonstrated on
educational logs into a tool the developmental field can deploy.

9.3.5 Collaborative library construction

Framing. The communication chapters of this thesis treat explanation
as uni-directional, with a knowledgeable speaker and a partial listener,
but the most consequential cases of library transmission—between col-
laborators, between teachers and learners across many cycles, between
communities whose vocabulary emerges from interaction—are bidirec-
tional (Wu et al., ). Section 9.3.1 flagged this as the multiplicity axis;
the open question is whether the framework’s listener-relative utility
extends to a setting where each agent is simultaneously listener and
speaker, with no fixed authority over what the shared library should
contain. This direction sits at the multiplicity X all-fields intersection
and is the long-term bet—the most ambitious and the least immediately
tractable.

Setup. The testbed is collaborative Crafter, a two-agent extension of the
Direction 1 environment in which neither agent’s initial library covers
the full prerequisite DAG and a held-out joint task suite is solvable only
by compositions whose constituent operators are split across the two
libraries. Each agent starts with a typed library £4, Lg of (pre, post, 1)
entries (Direction 1’s format), and a shared library £ that is initially empty
and grows through interaction. The interaction protocol is alternating
dyadic exchange: on each turn, an agent may execute, demonstrate,
propose an entry for Lg, or request that the partner demonstrate; what
varies across conditions is the asymmetry between the initial libraries
and the utility model that drives proposal selection.

Technical instantiation. Each agent maintains a posterior over the part-
ner’s library and updates it from observed demonstrations using the same

9.3 The future directions
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10: The recursion captures mutual mod-
eling: each agent chooses what to com-
municate based on what it believes the
partner believes, and this nesting is trun-
cated to keep inference finite.

PSIKT-style library inference of Direction 1, now run in both directions
simultaneously. The bidirectional utility for agent A proposing entry
e is the expected gain in B’s posterior solve rate on the joint task suite
under B’s current model of A, which itself depends on B’s model of A’s
utility—formally a fixed-point computation over an RSA-style (Frank and
Goodman, ) recursion truncated at fixed depth, with each agent’s
policy a best response to its model of the partner’s policy'’. Curation
operates on the shared library: entries are admitted to £s when their
joint representational empowerment I(€; L), evaluated on the task dis-
tribution both agents face, exceeds a threshold; MERGE acts when both
agents have proposed near-duplicates, and naming conflicts are resolved
by retaining the entry with higher leave-one-out empowerment. The de-
pendent measures are joint solve rate on held-out tasks, the composition
of the converged Ls, and a dominance index measuring how much of
Ls traces back to one agent versus the other.

Predictions. Three structural predictions distinguish the bidirectional
model from a one-directional baseline (one agent fixed as teacher). First,
when the two initial libraries are non-overlapping but comparable in
size, the converged Ls should have higher collective representational
empowerment than either initial library, with the gain exceeding what
additive merging of the two libraries would produce—a coupling effect on
the multiplicity axis paralleling the coupling claim of Direction 1. Second,
when one library has higher empowerment than the other regardless of
size, the converged Ls should be dominated by the higher-empowerment
library; the framework predicts that representational dominance is set
by empowerment, not by size or initiative, and the prediction is testable
by manipulating the two independently in matched dyads. Third, when
the depth of the RSA-style recursion is artificially capped at zero (each
agent treats the partner as a fixed encoder), the joint solve rate should fall
below the bidirectional condition by a margin that grows with library
asymmetry—isolating the bidirectional inference as the load-bearing
component rather than the mere fact of two-way interaction. The falsifier
is a result in which equal-empowerment dyads still produce a single-
dominant outcome regardless of recursion depth: the bidirectional utility
model is then wrong, and the framework collapses to one-directional
teaching with role assignment.

What it advances. This direction extends the framework along the
multiplicity axis to settings the thesis identified but did not address:
representational politics, the conditions under which competing libraries
coexist, and the role of authority in determining shared canon. It also
opens the framework’s communication machinery to applications in
human-AlI collaboration, team science, and the design of shared scientific
knowledge bases, where the one-directional teacher-learner abstraction
has long been recognized as the wrong default. Success would convert
the lifecycle from a single-agent process into a model of how cognitive
communities construct their shared representational infrastructure.

9.3.6 Coevolution and the unit of analysis

The four directions above are future projects for extending the framework.
This final conjecture is different: it concerns the future trajectory of the
phenomenon itself. In domains where LLM use becomes pervasive, the
individual human library may no longer be the right unit of analysis
for representational dynamics. The measurable and intervenable object



may instead be the joint human-Al library, co-constructed and co-curated
through interaction.

Distributed-cognition and extended-mind accounts (Clark and Chalmers,

; Hutchins, ) have long held that the cognitive unit appropriate
to many tasks is not the individual but the individual-plus-environment;
what LLMs change is the time constant. The coupling can occur at the
timescale of seconds, in both directions, and across many symbolic
domains—writing, coding, planning, reasoning, and education. In such
settings, treating the human library as fixed and internal may miss the
very dynamics that determine what the person can think, write, or learn
next.

The conjecture is that the construct-curate-communicate decomposition
will still apply, but to dyadic collaboration rather than individual cog-
nition. Construction occurs as human and model jointly introduce new
abstractions; curation occurs as they retain, revise, or discard them across
interaction; communication occurs as each side adapts its representation
to what the other can use. The lifecycle therefore moves from a within-
person process to a coevolutionary process over a coupled human-Al
library.

The conjecture has two components, each independently falsifiable. First,
individual cognition may remain separable: people may use LLMs heavily
while their internal libraries remain recoverable by traditional individual-
level methods. In that case, the framework is correctly scoped to the
individual. Second, the unit of analysis may shift to the dyad, but the
library lifecycle may not be the right formal apparatus for describing it.
The joint dynamics might require a different object than libraries, or dif-
ferent operations than construction, curation, and communication. Either
outcome would be informative: the first would bound the framework;
the second would preserve the coevolutionary insight while forcing a
new decomposition.

9.4 Closing reflection

This thesis began from the historic wager of cognitive science: that
thinking can be explained as an organized form of information processing.
That wager produced two enduring questions: the first asks what can be
computed, and the second asks what counts as a rule, representation, or
procedure in the first place. The claim of this thesis is that these questions
meet in the problem of representational dynamics. Computation must be
directed not only at the world, but also at the agent’s own computational
substrate: the representations it constructs, evaluates, and communicates.

The generative library is our answer to the question of what theoretical
object lives at that junction. A library is computational because its entries
can be composed, executed, and tested. It is pragmatic because those
entries derive their value from use: from what they make easier to infer,
learn, explain, or do. The lifecycle of a library—construction, curation,
and communication—describes how an agent manages this dual demand:
building representations precise enough to compute with, yet flexible
enough to revise when future tasks require it.

The thesis has not resolved the representational dynamics gap. Doing so
would require a general theory of how arbitrary representational formats
can be constructed, evaluated, and transmitted under arbitrary resource
constraints. What the thesis has shown is more modest: the gap is real,

9.4 Closing reflection
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it is structured, and it becomes empirically tractable once the library is
taken as the object of analysis.

The framework yields specific predictions: construction should be path-
dependent; curation should depend on library-internal rather than merely
environment-facing objectives; and communication should be listener-
dependent because explanations act on another agent’s library. The
empirical chapters provide initial support for these predictions across
multiple domains, methods, and scales.

Turing showed that computation is universal: a single machine can
simulate any computable function, given the right program. But he also
showed, through his analysis of the universal machine, that programs
are themselves data—objects that can be stored, copied, modified, and
composed. This insight—that the substrate of computation is itself
computable—is the seed of everything this thesis has explored. A library
is a collection of programs-as-data: computational tools that the agent
can inspect, reorganize, and share. The lifecycle of a library is the process
by which a finite mind manages this self-referential capacity: building
the tools it will think with, evaluating whether they are worth keeping,
and teaching them to others who will build further.

Intelligence, on this view, is not the execution of a fixed program. It is
the ongoing, resource-bounded, socially embedded management of the
programs by which future thought becomes possible.
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Additional Material for Chapter 4

The appendix for Chapter 4 is organized as follows:

>

Section A.1 describes the five baseline models (RLE, Chunking,
PCFG, AG, HAG) in full detail, specifying the operator sets, library
mechanisms, and how each differs from HAG in representational
assumptions.

Section A.2 reports melodic sequence statistics for the training and
held-out sets, and summarizes behavioral performance across all
three experimental phases (error rates and reaction times).
Section A.3 documents the full parameter grids used in the sim-
ulation study and the plausible observer analysis, covering the
memory-rate parameter f3, search and backtracking budgets N
and Nj, Pitman-Yor reuse parameters, and library size limits.
Section A.4 provides supplemental simulation results, including
generalization RD curves on held-out sequences, RD performance
as a function of training set size, and the effect of the memory-rate
parameter 5 on compositional reconstruction length.

Section A.5 provides supplemental behavioral analyses, including
detailed definitions and detection procedures for all four error
categories, the full mixed-effects regression for choice prediction,
and additional reaction-time analyses for the chunking observer.
Section A.6 reports the model fitting procedure, the full parameter
grids, individual-level BIC and log-likelihood scores, Phase 3
continuation predictions, parameter recovery analyses, and the
relationship between fitted parameters and individual behavioral
outcomes.

A.1 Method details

A.1.1 Alternative models

We consider five models that make progressively richer assumptions
about structure learning. All models use the same typed CL representa-
tion and the same resource-constrained objective; they differ in which
primitives are available and whether a library is maintained.

>

RLE (Run-Length Encoding): Programs are built from single op-
erator rep(n, ¢) which encodes repeating note n for c steps. After
each sequence, the global library Lgop is updated by adding any
rep(n, c) subprograms selected in the program inferred for that
sequence.

Chunking: Programs are built from a single operator chunk(n),
which concatenates stored chunks (Wu et al., ). The model
assumes that reusable structure takes the form of contiguous mem-
orized subsequences, rather than compositional transformations,
and is therefore a chunking account. Similar to RLE, the learning
operates over a single global library Lgjop, which can add contigu-
ous subsequences as new chunks whenever doing so decreases the
total description length.

A.1 Method details . . . . .. 187
A.2 Datadetails .. ... .. 193
A.3 Paradigm and spans of

three observers . . . .. 195
A.4 Supplemental simulation

results . ......... 196
A.5 Supplemental behavioral
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1: This is the “rich get richer” property
of the Pitman-Yor process: each time a
subprogram is reused, its count 7 in-
creases, raising its predictive probabil-
ity for the next subprogram slot. Early
commitments therefore compound over
the sequence, making the model path-
dependent within each melody as well
as across melodies.

2: The nesting is strict: RLE C Chunking
C AG C HAG. Each step adds one capac-
ity: RLE adds repetition; Chunking adds
verbatim memorization; AG adds com-
positional operators and cross-sequence
reuse; HAG adds a local within-sequence
library on top. Each model is recovered
from HAG by appropriate limiting pa-
rameter values.

» PCFG (Probabilistic Context-Free Grammars): Programs are built
from pre-defined operators: up/down (transposition by a step count),
range (generate a stepwise sequence from a start note and step
size), rep (repeat a note or sequence), rev (reverse order of a
sequence), and chunk (verbatim memorization). The grammar and
its rule probabilities are fixed across sequences, with operators
and combinators assigned equal prior probability over well-typed
compositions. Each sequence is therefore parsed independently
under the same prior. Unlike the library-based models, PCFG has
no mechanism for updating its representations across sequences.

» AG (Adaptor Grammar): Programs are built from the same op-
erators as with PCFGs. This model augments the PCFG with a
capacity for building a shared library of programs. AG places
a nonparametric prior over reusable programs via a Pitman-Yor
process (PYP; Johnson et al., ; Teh, ):

G ~ PYP(ngObI aglob/ H)/ (Al)

where the base distribution H is given by the PCFG. After each
melody, the posterior over G is updated: programs that recur
across melodies become more probable—and therefore cheaper to
reuse—in subsequent inductions.! The concentration parameter
@glob controls the rate of innovation, while the discount parameter
dglob controls the diversity of reuse.

» HAG (Hierarchical Adaptor Grammar): Programs are from the
same operators as the PCFG and AG. HAG replaces the single global
adaptor in AGs with a hierarchical Pitman-Yor process (HPYP) that
induces two nested libraries: a sequence-specific local library Lo
and a shared global library Lg)o,. The global library stores reusable
programs that have been useful across sequences, whereas the local
library stores reusable programs that are especially useful within
the current sequence (see Equation (A.11)). Concretely, the PCFG
provides the base structural prior over well-typed combinatory-
logic expressions, while the HPYP determines how inferred pro-
grams are reused and updated across the two libraries (Teh, )-

The five models form a nested hierarchy. RLE and Chunking are special
cases of AG with restricted primitive sets. When agop is very large
(minimizing reuse), AG converges to PCFG. When ay,. is very large
(suppressing local reuse), HAG reduces to AG. This nesting enables
principled model comparison, with each model adding one degree of
representational capacity.?

A.1.2 Bayesian program and library induction

Formally, Bayesian program induction (Correa et al., ; Goodman
etal., ; Lake etal., ; Piantadosi et al., ; Rule etal., ) offers
a probabilistic realization of the Language of Thought hypothesis (Fodor,
). In our setting, inference is conditioned on hierarchical libraries
that bias hypotheses toward previously learned structure. Given an
observation x € X, a candidate program 7t € P, a global library Lg.p,
and a local library Ljq, the posterior can be defined as:
p(m|x, ﬁglob/ Lioc) o< p(x | 1) p(7 | ‘Cglob/ Lioc)- (A2)
The likelihood p(x | 1) measures how well the program reconstructs
the observation, whereas the library-conditioned prior p(7 | Lgiob, Lioc)



favors programs that reuse previously learned structure.

We represent programs in typed combinatory logic (CL) (Liang et al.,

; Schonfinkel, ), following Section 4.3.1. Base types distinguish
semantically different values (notes t,;, counts ., time indices ¢,,); function
types specify valid input-output relations, e.g. up : t, X t, — t,.

Two resource constraints: memory and computation. Bayesian inference
over a compositional hypothesis space of candidate programs is, in
principle, unbounded and therefore intractable. Because our goal is to
model human learners as resource-rational agents rather than uncon-
strained ideal observers, we impose two resource constraints on program
inference (Equation (A.6)). The first is a memory constraint, Rmem (Equa-
tion (4.1)), which limits the complexity of retained programs through
their description length. This constraint is implemented as a preference,
governed by §, for shorter and therefore more compressible programs.
The second is a computational constraint, Recomp (Equation (4.1)), which
limits the amount of processing the model can perform when proposing
candidate programs.

We formalize the memory constraint with rate—distortion theory (RDT)
adapted to program induction (Bates and Jacobs, ; Nagy et al., ;
Sims, ; Zhou et al., ). Let ¢ : P — X denote the interpreter
that maps a candidate program to its reconstruction. For a target x and a
candidate program 71, execution yields a reconstruction £, = g(7), and
reconstruction quality is measured by a task distortion d(x, £). Critically,
the relevant description length is the complexity of the representation
that is retained. In our setting, the retained object is the reconstruction
%. To connect description length to our probabilistic model p(m) over
programs, we assume programs are encoded with a (near) Shannon-
optimal prefix code induced by this prior. This assigns each program 7
a codelength {(mt) := [—1og p(m)] (Griinwald, ; Griinwald, Vitényi,
etal., ), which is within an additive constant of —log p(7t) (at most
1 bit, plus any fixed coding overhead).? We then define the description
length of a reconstruction £ as the length of the shortest code among all
programs whose execution yields that reconstruction:

L(%):= min {(n)~ min (-logp(mn)). (A.3)
m:g(n)=% m:g(n)=%

The corresponding RD objective is then

D(Rmem) = inf d(x,2) st L(£) < Riem, (A4)

or equivalently, an optimization over programs while measuring rate
at the level of the retained reconstruction. In practice, we optimize over
candidate programs directly and use —log p(m) for the selected program
as an approximation to this optimal reconstruction-level description
length.

We next model computation as a stochastic, resource-bounded search
process An;,n, over the program space P. The computational constraint
Rcomp is operationalized by two limits: a search budget N, which caps
the number of candidate programs evaluated, and a backtracking budget
Np, which caps the number of previously selected programs that can
be revised in light of new observations. Let gn, n, (7| x) denote the
resulting distribution over candidate programs, which captures both
which programs are reachable and with which probability they are found.

A.1 Method details

3: A Shannon-optimal code assigns
codeword length [—logp(n)] to each
program 7t. This is optimal in the sense
that no uniquely decodable code can
have shorter expected length (Cover,

). Using —log p(n) as a proxy there-
fore measures description length in natu-
ral units and connects the program prior
directly to an information-theoretic rate.
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The computationally bounded objective is then the expected distortion
under this resource-limited search:

Dcomp(Rmem; N5, Nb) = IEH~IJN5,Nb(' | x) [d(x, 3?71)] (A.5)

st. L(%z) £ Rmem-

Since An, n;, is stochastic (i.e., sampling-based), g, v, explicitly captures
discoverability under limited computation.

The corresponding Lagrangian form of Equation (A.5) is:
TN Ny (%) = Ereg iy, (10 [4(x, £2) + B L(2)], (A6)

where f controls the trade-off between accuracy and complexity, whereas
the search budget N, and backtracking budget N;, control exploration
and revision during inference.

Inference over hierarchical libraries. The previous section defined
program induction for a single melodic pattern under memory and
computational constraints. We now generalize the formulation to the
present setting, in which each data point is an entire melodic sequence
rather than a single pattern. For each sequence X, the model infers a
sequence-level program I built from reusable subprograms T(;l). Each
subprogram generates a local reconstruction and is evaluated under
the same rate-distortion (RD) trade-off introduced above. Sequence-
level inference then operates over the ordered concatenation of these
subprograms, determining both which subprograms are reused and how
they are assembled to reconstruct the full sequence.

Formally, each observation is a sequence X0 = [xgi), . ,x(Ti)] e X,
explained by a sequence-level program

i = n(li) o ng‘) T ”(&)w (A7)

where each T(Ei) € P is a subprogram, @ denotes concatenation, and each
subprogram generates a contiguous subsequence under the interpreter
g, such that 5(](.1) = g(n;l)). The full reconstruction is therefore

X0 =g =X"0X e ar . (A8)

The posterior over sequence-level programs 1) is
@ | XO) o p(XW T pD | Lgop, Lioc), (A9

whereas, in practice, the inference is carried out locally over candidate
subprograms that explain successive subsequences. We next specify the
three components of this inference procedure: i) a hierarchical prior
over reusable subprograms, ii) a sequence likelihood derived from the
subprogram objective, and iii) an approximate online inference algorithm
with bounded backtracking.

Hierarchical prior over reusable subprograms. The basic unit of reuse
in the model is the subprogram 7. We therefore place a prior over sub-
program expansions that allows a candidate subprogram to be generated
either by composing operators from the underlying typed grammar or by
reusing previously inferred subprograms stored in the local and global
libraries.



As the base structural prior, we use a uniform distribution over well-typed
CL trees (Liang et al., ).4 For a subprogram 7 = [r, x, y] with type ¢,
combinator r and subtrees x, y, the prior factorizes as

logp(mt|t) =logp(x|t) +logp(y|t) +logp(r), (A.10)

with operators and combinators equiprobable, conditioned on their type.

To model reuse, we place a hierarchical Pitman-Yor process (HPYP) prior
over subprogram choices (Teh, ). Let H denote the base distribution
over typed subprogram expansions defined by the typed grammar above.
At the global level, we define a distribution over reusable subprograms,
Go ~ PYP(dgiob, aglob, H ), which captures domain-general reuse tenden-
cies across sequences. For each sequence XV, we then define a sequence-
specific distribution over subprograms, G; | Go ~ PYP(dioc, @ioc, Go)
which biases inference within that sequence toward reusing its own pre-
viously inferred subprograms while still permitting reuse of subprograms
from the global distribution Gg.

Under this hierarchy, we now define the predictive probability of a
subprogram in a sequence. For each sequence X, T£(<l) denotes the
subprograms inferred before position j, which defines the current local
library Lioc: its distinct elements are ¢y, and their counts determine
the sequence-specific predictive distribution implied by G;. In the same
spirit, 7(<) denotes the subprograms inferred before sequence X*) and
constitute the global library Lgp, and Gy denotes the corresponding
global predictive distribution. Thus, the predictive probability p (7 | ng)
of the next subprogram is

K .

(i) 5 1k — dioc Aloc + diocK;
) = —— 0+ ——G , A1l
PElmg) = 20— et e, O (A1)
—_—

reuse from local library back off to global distribution

where n;; is the number of times subprogram ¢ has been used in
sequence i, K; is the number of distinct subprograms used in that
sequence, and ;. = Zlktl nix is the total number of subprogram instances
assigned so far in sequence i.

The predictive distribution is also governed by four free parameters
in HPYP. The concentration parameters ajoc and agjop control the rate
of innovation at each library. Larger values increase the probability of
introducing a new subprogram rather than reusing an existing one,
whereas smaller values favor reuse. When ajo. > Qglob, sequence-specific
inference is relatively more likely to introduce new local subprograms
than to rely on globally shared ones. The discount parameters djoc
and dgop control the diversity of reuse: d ~ 0 yields “rich-get-richer”
dynamics allowing a few subprograms to dominate, whereas d > 0
flattens the distribution and encourages a heavier-tailed mix of common
and rare subprograms.®

Tradeoff between distortion and rate as likelihood. For a candidate
sub @) assigned to sub @ i
program 7t~ assigne to subsequence X", we use the Lagrangian

form of the RD objective (Equation (A.6)) to define its score:

0 0 = _g(x® %0 20
s(x17, ") = —a(x?, %0) - pL(%2), (A12)

] ] ]

A.1 Method details

4: A well-typed tree is one in which
every combinator application is type-
consistent: the output type of each sub-
tree matches the input type expected by
its parent. Ill-typed trees (e.g., applying a
transposition operator to a duration argu-
ment) are assigned zero prior probability.
Type constraints dramatically prune the
search space without requiring rejection
sampling.

5: Concretely: if a learner has encoun-
tered the ascending-fifth subprogram 4
three times and a chromatic-fill subpro-
gram 72 once in a sequence, then with
Qjoc = 1and djoc = 0.5, the probability of
reusing 711 at the next position scales as
(3—-10.5)/(1 +4) = 0.5 and of reusing 7>
as (1 -0.5)/(1 +4) = 0.1; the remaining
0.4 backs off to Gg. Increasing djo. would
reduce both counts” advantage, spread-
ing probability more evenly across the
library.
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6: This “soft” objective is important for
modeling human memory errors. A hard
criterion would assign zero probability
to any program that does not exactly
reproduce the target, making recall er-
rors unexplainable. The soft RD score
instead assigns nonzero probability to
imperfect reconstructions, with magni-
tude determined by the distortion; this
directly predicts the regularization er-
rors documented in the experiment.

7: Online processing is not only a
computational convenience but also
a cognitive one: it reflects the fact
that listeners and performers process
sequences incrementally, committing
to interpretations before the sequence
ends (levy2008expectation).

where )A(](?T = g(n;i)) is the reconstruction generated by the subprogram,
d(-,-) is the Hamming distance between the observed and reconstructed
note sequences, and L(}A(](:)T) is the description length of the retained
reconstruction. This score favors subprograms that achieve accurate
reconstruction with shorter descriptions. Unlike program-induction ap-
proaches that impose a hard consistency criterion (Correa et al., ; Ellis
etal., ; Zhao et al., ), this formulation allows partially matching
hypotheses to remain under consideration, with support decreasing
smoothly as distortion increases.®

Because new observations are incorporated sequentially, inference must
proceed online;” for long sequences, jointly optimizing over all subpro-
grams is computationally intractable. We therefore evaluate candidate
subprograms locally and then compose them into a sequence-level objec-

tive. Given a sequence-level program IT") = ngi) - @ 715\2(,.), we define
its log-likelihood by summing subprogram scores:
s @ 0
@1 7® 0 LU

logp(X ITI )oc;s(Xj ! ) (A13)

Approximate inference. The full inference problem is to approximate
the joint posterior over sequence-level programs and hierarchical reuse
distributions,

p (MY (G, Go [ {X MY, ). (A14)
We approximate this joint posterior using a hierarchical, resource-
bounded search that interleaves within-sequence program induction and
across-sequence HPYP updates.

A.1.3 Inference algorithm

This section provides the full pseudocode for the resource-bounded
inference procedure used to approximate the posterior over subprograms
and hierarchical libraries. Because exact inference over long sequences is
intractable under our typed program grammar, we adopt a streaming,
piecewise search that maintains a stack of accepted subprograms and
revises only a bounded history:

1. Within-sequence search. For each sequence i, inference proceeds over
subsequences. At each step, we perform Gibbs sampling under
a fixed search budget Ns. Candidate subprograms are proposed
from the HPYP mixture, either by reusing from the local and global
libraries, or by generating new candidates from the base structure
prior (Equation (A.10)), which ensures type-consistent syntactic
validity. Each candidate  is evaluated using the loss Jn, v, (x) in
Equation (A.6) such that subprograms with lower loss are more
likely to be selected, although higher-loss candidates may still be
chosen with non-zero probability.

2. Depth-limited backtracking. To allow for local revisions when seeing
new data, the inference process maintains a stack of accepted
subprograms and allows up to Nj backtracking steps. When no
local revision improves compression score, the most recent decision
is used. Setting N, = 0 implements a purely greedy strategy,
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while increasing Nj, progressively approximates optimal dynamic-
programming solutions.

3. Library (HPYP) updates. After inference selects subprogram assign-

ments n;i) for sequence X0 we update the hierarchical reuse

prior. In the local library, each selected subprogram instance n?) is
matched to a distinct reusable subprogram type ¢ and increments
its count 7. At the global level, the corresponding cross-sequence
counts are updated in Go once a complete program T1% is selected.
These count updates modify the predictive distributions G; and
Gy, increasing the probability of reusing subprograms that have
proved useful in previous inference.

4. Alternation and stopping. The procedure alternates between within-
sequence search and library updates across sequences, resulting
in an approximate posterior over sequence-level programs and
hierarchical libraries.

Note that procedure in the within-sequence search is streaming. It pro-
cesses notes incrementally and makes local decisions, rather than re-
quiring access to the full sequence before inference begins. Backtracking
provides a bounded form of global optimization: it allows the learner to
revise earlier commitments in light of later evidence, but only within a
finite horizon Nj.8

A.2 Data details

Melodic sequence statistics. As shown in Figure A.1, the mean segment
length per participant was 14.89 + 0.41 notes. We deliberately chose
this range to make participants have to use compression. The marginal
note distribution in the training set was approximately uniform across
the six notes, with proportions [.170, .156, .166, .167, .171, .171] (maxi-
mum deviation from uniform < .011), ensuring that no individual note
dominated the material. To test whether simple run-length structure
(repetition complexity) and local unpredictability (entropy) capture the
same aspect of melodic structure, we correlated repetition complexity
(RC (Dehaene et al., ; Planton et al., )) with first—order transition
entropy (Hi) at the subsequence level. Both linear (Pearson’s r) and rank-
based (Spearman’s p) associations were near zero and non-significant
(two-sided): Pearson’s r = .018, p = .374; Spearman’s p = .037,p = .067.
These results indicate that the two measures are only weakly related, if
at all, and therefore capture partially different dimensions of melodic
complexity.

Behavioral data. Participants’ performance changed systematically across
the three experimental phases (Figure A.2). Accuracy was quantified

A.2 Data details

Figure A.1: Distributions of melody
statistics across participants. Each panel
shows the histogram across partici-
pants of the participant-wise mean for
the indicated measure. Dashed verti-
cal lines mark the across-participant
mean; shaded bands indicate +1s.d. Sum-
mary values: () M = 14.89 + 0.41 notes;
(b) H1 = 1.21 + 0.04 bits/note; (c¢) RC =
21.23 + 0.87 symbols (Dehaene et al.,
)-

8: The connection to dynamic program-
ming (DP) is direct. Full DP over a se-
quence of length T maintains optimal
solutions for all prefixes simultaneously
and recovers the globally optimal seg-
mentation in O(T?) time. Depth-limited
backtracking approximates this by main-
taining only the last N}, decisions on a
stack and revising them greedily; it re-
covers full DP in the limit N, — T. This
bounded-revision scheme trades global
optimality for computational tractabil-
ity, analogous to bounded lookahead in
game-tree search.
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Figure A.2: Overall behavioral per-
formance across the three experi-
mental phases. (a) Distributions of
per-participant error rates in each
phase. Vertical dashed lines indicate
phase-wise means. (b) Distributions
of per-participant reaction times (log-
transformed). Participants respond pro-
gressively faster across phases, with the
fastest responses during prediction. Ver-
tical dashed lines indicate phase-wise
means.

Figure A.3: Behavioral learning dy-
namics across segments and sequences.
(a) Left: Distribution of average chunk
sizes inferred from participants’ inter-
key timing during Phase 2, with dashed
line indicating mean =+ s.d. Right: Esti-
mated chunk size as a function of seg-
ment index for SegmentID and Sequen-
celD conditions (points denote means; er-
ror bars indicate s.e.m.). (b) Error rate as
a function of exposure index for Segmen-
tID and SequencelD conditions, with lin-
ear trend estimates shown. (c) Left: Heat
map of mean log-transformed reaction
times (LogRT) across segments and se-
quences. Middle: Linear mixed-effects
regression of LogRT against note index
within segments during Phase 2. Right:
LogRT as a function of exposure index
for SegmentID and SequencelD condi-
tions.
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as each participant’s average error rate, and response speed as log-
transformed reaction time (LogRT). Error rates were lowest during
Phase 1 (learning), where participants simply reproduced shown notes.
Errors increased substantially in Phase 2 (recall), and peaked in Phase 3
(continuation). Mean error rates were: .04 + .04, .46 + .20, and .78 + .08
in three phases respectively. Reaction times showed the opposite trend.
Participants responded more quickly as the task progressed from learn-
ing to recall to prediction: 11.23 + 0.37, 11.04 + 0.40, and 8.74 + 0.45 in
three phases respectively. Figure A.3 characterizes behavioral signatures
of learning across repeated exposure to structured melodic sequences.
Reaction times and error rates decrease systematically across trials, con-
sistent with increasing fluency and improved memory for repeated
structure. Linear mixed-effects analyses reveal progressively faster re-
sponses both within and across sequences, indicating learning dynamics
over constituent units. In parallel, chunk sizes inferred from inter-key
timing increase with practice, suggesting that learners gradually integrate
smaller elements into larger, more coherent internal representations. Dif-
ferences between SegmentID and SequencelD conditions further indicate
that representational organization is shaped by the hierarchical structure
of the learning environment.
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A.3 Paradigm and spans of three observers

This section documents the parameter settings used across the three
modeling stages: (i) a simulation study that establishes qualitative behav-
ior across a broad resource grid; (ii) a plausible observer analysis that
generates theory-driven behavioral predictors without participant-level
fitting; and (iii) participant-level model fitting that estimates individual
resource parameters. Each stage uses a different parameter regime chosen
for a distinct inferential purpose, described in turn.

Simulation parameters. We evaluated all models across a broad grid
of parameter settings intended to (i) span qualitatively distinct resource
regimes (weak to strong constraints), (ii) include the resource levels that
best fit human behavior while also stress-testing the models outside that
regime, and (iii) ensure conclusions do not depend on a narrow tuning of
computational or memory assumptions. Because these parameters govern
resource limitations during learning, sweeping across them allows us to
test whether qualitative model comparisons (e.g., HAG’s advantage) are
robust across plausible cognitive capacities.

The following parameter grids were used in the simulation study (Sec-
tion 4.4):

» Memory-rate parameter 3: Controls the trade-off between simplicity
and memory capacity. Larger values favor shorter subprograms,
reflecting stronger constraints on memory and a preference for
parsimony.  was varied across {0.1,0.5,1.0,5.0,10.0}

» Search budget N;: Controls the number of subprogram proposals
evaluated at each time step. Higher values mean greater computa-
tional capacity, as more candidates are considered before selecting
one. We varied the mean of this budget A; across {1, 5, 10, 20}; re-
alized values N were sampled per run from a Poisson distribution
with the corresponding mean.’

» Backtracking budget Nj: Controls the extent of backtracking within
each sequence. Larger values allow the model to revisit and revise
previously chosen subprograms more frequently, again reflecting
greater computational capacity. We varied the mean of this bud-
get Ay across {0, 1, 3,5, 10}; realized values Nj, were sampled per
run from a Poisson distribution with the corresponding mean.

» reuse parameters in the Pitman-Yor process @ioc, dioc, Qglob, dglob:
Control the tendency to reuse existing subprograms in either local
or global libraries. Higher values of ajoc, @glob correspond to weaker
reuse tendencies, indicating increased computational capacity. We
varied aoc and aglop across {1.0,5.0,10.0, 15.0}, while holding dioc
and dg)op constant at 0.2 to avoid confounding effects.

Plausible observer parameters To generate trial-by-trial predictors, we
used resource-bounded plausible observers.'’ We use plausible rather than
ideal because these models have limited memory and computation, and
therefore lack exhaustive search or unlimited representational resources.
These observers were not fit separately to participants. Instead, we used
them to derive theory-driven predictions across resource settings, asking
whether the framework’s qualitative predictions remain stable across
memory and computational constraints rather than relying on a narrowly
tuned parameterization. Parameter grids were selected to span the range
of memory and computational resources recovered in the participant-
level fits (Figure A.15), while also including somewhat higher resource
budgets to test whether qualitative predictions remain robust under
slightly less stringent constraints.

9: A Poisson distribution is a natural
choice for count-valued resources: it has
a single parameter (the mean budget 1),
is defined on non-negative integers, and
captures variability in cognitive effort
across trials. Fixed deterministic budgets
would assume identical effort on every
sequence; Poisson sampling introduces
trial-level variability while keeping the
mean as the fitted quantity.

10: An ideal observer is optimal given
the task statistics but unconstrained by
cognitive resources (Geisler and Diehl,

). A plausible observer instead im-
poses bounded computation and mem-
ory, yielding cognitively realistic predic-
tions. Its parameters interpolate between
near-ideal behavior with large budgets
and highly constrained behavior with
small budgets.
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11: This nesting puts all five models on
a level playing field: each more complex
model contains the simpler ones as spe-
cial cases. Thus BIC or Bayes-factor com-
parisons penalize HAG for its additional
Qoc parameter, so its advantage reflects
explanatory gain from local library reuse
rather than parameter count alone.

12: HAG vs. AG: z(99) = 1183,p <
001, 7 = —.531,CI = [~.702, —.337]

13: 2(99) = 1387,p < .001,r =
—451,Cl = [-.649, —.241]

The following parameter grids were used in the plausible observer
analysis:

» Memory-rate parameter 5: Controls the simplicity-accuracy trade-
off. We varied g across {0.1,0.5,1.0,5.0,10.0}.

» Search budget N;: Controls the number of candidate subpro-
grams evaluated per step. Grid values denote Poisson means As €
{1, 5,10, 20}; realized budgets were sampled per sequence.

» Backtracking budget Nj: Controls the depth of revision. Grid values
denote Poisson means Ay, € {0, 1, 3,5, 10}; realized budgets were
sampled per sequence.

» Reuse parameters aglob = @loc: For library-based models, global and
local innovation rates were varied jointly across {1.0, 5.0, 10.0, 15.0}.

Model fitting parameters. We estimated five free parameters for the full
HAG model, with other models having a subset as nested variants. The
parameters were defined as follows:

1. Memory budget (): This parameter (f > 0) governs the tradeoff
between minimizing distortion and complexity in the objective
function D + SR (Equation (4.1)). A higher f indicates a stronger
preference for concise (shorter) programs. Values were optimized
via grid search in log-space: log(8) € {0,0.5,1,1.5,2,2.5,3,3.5}.

2. Computational budget (N5, Np): These parameters constrain the
effort in proposing program candidates. To model cognitive vari-
ability, we assumed the computational effort for proposing (N;)
and revising (Nj) programs follows a Poisson process. For each
participant, segment, and sequence, budgets were sampled as N ~
Pois (As) and Nj ~ Pois (Ap) + 1. The rate parameters were defined
along discrete sets A; € {1,3,5,7,9} and A, € {0, 1, 2, 3,4}, where
higher rates reflect greater computational resources.

3. Reuse parameters (ocglob, oqoc) control the balance between inno-
vation (generating new programs) and reuse. aglob governs the
global library, while aj,. governs the local library. Higher values
favor the generation of new programs over the reuse of exist-
ing cached operators. These are optimized via a grid search in
log-space: log ajoc € {—0.5,0,0.5,1,1.5,2,2.5}.

The other four models use subsets of these parameters. PCFG includes
only resource parameters (8, As, Ap). Chunking, RLE, and AG add a global
library governed by agop; as aglop increases and reuse is minimized, AG
converges to PCFG. HAG further adds a local library governed by ajo;
as ajoc increases and local reuse is suppressed, HAG reduces to AGH,
To ensure robust inference, each model was fitted using 50 independent
random seeds. For each fitted model, we drew 50 posterior samples of
the induced programs to construct a categorical distribution over note
space. Model log-likelihoods were computed relative to this distribution.

A.4 Supplemental simulation results

Generalization performance on unseen sequences. In Figure 4.4, HAG
achieved the most favorable RD trade-off with AG typically second-best.
A paired-samples Wilcoxon test confirms that HAG attains significantly
lower distortion and rate than AG'2. AG in turn outperformed RLE'. In
Figure A.4, we report generalization performance under the parameter
setting Ns = 10, N, = 1, aglop = a1oc = 1.0, and dgiob = dioc = 0.2.
After training the library on 50 sequences, we evaluated compression
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Figure A.5: Rate-distortion (RD) trajectories during training across models. RD curves over the course of training for each model.
Within each panel, color intensity (increasing opacity) corresponds to increasing data amount with lighter curves indicating limited
training data and darker curves indicating more training data (training data percentage = 2%, 10%, 40%, 80%. 100%, Ns = 10, N} = 1).
Across models, except for PCFG which does not have a library, increased training data shifts RD curves toward lower distortion at
comparable rates.
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Figure A.6: Reconstructed subsequence length under varying memory constraints (). Average subsequence length per selected
subprogram (in notes) as a function of training data size, shown separately for different values of the memory-rate parameter 5. As f8
increases, AG and especially HAG produce progressively longer reconstructed subsequences. With additional training data, this trend
becomes stronger for AG and HAG, whereas Chunking, PCFG, and RLE change comparatively little.

performance on a separate set of previously unseen sequences. During

evaluation, we reused the trained library but varied the number of

optimization iterations. Increasing the number of iterations improves

absolute compression performance but does not alter the ordering of

models. HAG consistently outperforms AG across all iteration counts'®.  14: HAG vs. AG: z(99) = 81,p <

However, varying f does affect relative performance: when the memory ~ -001,7 = —.968, CL = [-.991, —.925]; AG

constraint is made sufficiently strong (e.g, B = 10.0), the objective % RLE: 2(59) = 4008,p = 999, =

i ’ PPt 587, CI = [.408, .740]

becomes dominated by rate, reducing the advantage of maintaining

hierarchical libraries since all models are pushed toward maximally

compact representations regardless of structure, and HAG'’s advantage

over AG diminishes®. 15: When § = 10.0, HAG vs. AG: 2(99) =
3%,p = .010,r = -38Cl =

RD performance as training data increases. Figure A.5 shows how  [-.66,-.08].

library-based models are built on increasing training sequences to im-

prove compression efficiency. While PCFG shows no change in its RD

curve, all models equipped with library learning, Chunking, RLE, AG

and HAG, gradually shift their RD frontiers downward, indicating im-

proved distortion for a given rate. To show how the training process

affects compositional reconstruction, we evaluated the subsequence

length per subprogram under varying values of the memory-rate param-
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Figure A.7: Rate-distortion (RD) curves across models under varying computational resources. (a) search budgets N; and (b)
backtracking budgets Nj. Within each panel, color intensity (increasing opacity) corresponds to increasing computation with lighter
curves indicating lower budgets and darker curves indicating higher budgets (N5 = 1,5,10,20, N, =0, 1,3, 5, 10).

16: HAG vs. AG: z(99) = 1268,p <
.001, 7 = .98,CI = [.96,.99]

17: HAG vs. Chunking: z(99) =
1275,p < .001,r = 1.0,CI = [1.0,1.0]

18: HAG vs. AG: z(99) = 29,p =
99,r = =53,CI = [-.79,-.25]; HAG
vs. PCFG: z(99) = 651,p = 45,1 =
02,CI = [=.29, .35]

eter § (Figure 4.4a). We fixed all other parameters to Ny = 10, N, = 1,
o = Aglob = 1.0, dgiop = dioc = 0.2, and imposed no limit on the
library sizes. HAG subprograms consistently produced the longest subse-
quences followed by AG'®, while Chunking yielded substantially shorter
subsequences?. In Figure A.6, we disentangle the effect of 8 by plot-
ting the same measure separately for each value. As f§ increases, the
model’s capacity to store or reuse longer, more complex subprograms de-
creases, resulting in shorter reconstructed subsequences even as training
data accumulate. Conversely, lower B values enable longer, more de-
tailed reconstructions, consistent with looser memory constraints. In this
regime (e.g., when = 0.1), HAG does not exceed AG'®, suggesting that
extremely tight memory constraints suppress hierarchical abstraction:
when all models are forced toward maximally short subprograms, the
structural advantage of local library reuse disappears and HAG reduces
to AG in practice.

Effects of memory and training data on compositional reconstruction.
Figure A.7a shows how increasing the search budget (N;) influences
rate-distortion trade-offs across all model classes. For all models except
from PCFG, larger search budgets systematically improve performance,
yielding lower distortion at comparable rates, indicating that broader
search enables more effective discovery of high-quality subprograms.
In PCFG, the apparent advantage of the smaller-search curve reflects a
simplicity bias induced by limited search. When Nj is small, inference
evaluates only a few candidate derivations and therefore tends to accept
“default” parses that are low-complexity (fewer tree expansions). As N in-
creases, the model is more likely to propose deeper-nested subprograms
or more specific combinations of productions, even though they did not
prove to be useful in the past. These unnecessarily complex subprograms
can increase rate and also the distortion. This different directions of per-
formance changes between with or without global libraries suggest that
accumulated global library constrains the proposal distribution, enabling
efficient exploration even under limited search. Together, these results
indicate that the impact of search budget depends on the extent to which
model structure supports reuse and compositional generalization. Fig-
ure A.7b shows how backtracking budget (Nj) influences rate-distortion
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trade-offs across all model classes. Increasing backtracking Nj, improves
rate—distortion performance for all models, indicating that the ability to
revise earlier decisions enables more effective subprogram refinement.
This effect is especially pronounced for models without local libraries
RLE, Chunking, PCFG, and AG. In contrast, HAG shows more modest
improvements.

Effects of search and backtracking budgets. Figure A.8 characterizes how
search budget and backtracking budget shape the structural properties
of inferred subprograms. Larger search budgets N are associated with
increased subprogram depth, indicating that broader exploration helps
discover more deeply compositional solutions. In contrast, increasing
backtracking budget N, mainly affects encoding length, as models
iteratively revise and elaborate candidate subprograms. Together, these
results highlight complementary roles of search and backtracking: search
expands the space of compositions considered, while backtracking refines
solutions within that space.

A.5 Supplemental behavioral analyses

A.5.1 Error pattern details

We analyzed recall errors by assigning each error to one of four categories
(Figure 4.6). For each sequence and participant, we scanned all contiguous
windows [a:b] and evaluated candidate error categories whenever at
least one note differed, i.e., d(X,p, Xap) > 1.

Vertical shifts capture errors where participants recalled the correct
relative interval structure, but transposed the true note up or down in
pitch. We computed element-wise pitch differences d; = X; — x;. If there
was a constant pitch offset across the window d, = --- =dp = ¢ #0, we
classified the error as a vertical shift with magnitude |c|.

Temporal shifts correspond to when participants recalled the correct
notes, but at the wrong temporal position. We tested whether the recalled
notes matched the ground truth after a uniform index shift in time.
Specifically, if there exists alag s such thata’ =a+s>0,0' =b+s <T,
and X,y = X,, then the window was classified as a temporal shift
with lag s.

Repetition errors capture when participants produced notes that
matched earlier patterns rather than the current target. We operational-
ized two forms of repetition errors within a recalled window Xap: (1)
Run repetition corresponds to repeating (once or multiple times) the
immediately preceding recalled note. Let p = X,_; (with a > 0) and
let 1 denote an all-ones vector of length W = b —a + 1. If Xoyp = ri,
we labeled this as a run repetition and report the run length W; (ii)

Figure A.8: Effects of search budget
and backtracking budget on subpro-
gram structure. (a) Average subprogram
depth as a function of search budget
(Ns = 1,5,10,20). (b) Average subse-
quence length as a function of backtrack-
ing budget (N, =0,1,3,5,10).
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Chunk repetition corresponds to repeating (once or multiple times) an
earlier sequence of multiple notes. Let j index the current segment.
For each earlier segment j° < j within the same melody, we checked
whether the recalled window copied a contiguous earlier ground-truth
sequence, i.e., there exist indices u : v within X;» such that X = Xuo
while X, # Xy.0. If so, we labeled the window as a chunk repetition
with segment lag Aj = j —j’.

Simpler programs capture errors in which an incorrect participant
response was better explained by a more compressible program than
the ground-truth pattern. Using a precomputed library of candidate
programs (across multiple depths), we scored each window W by

_dX,gm) ), logp(m)

X) = log |1
0(X) =log W W

(A.15)

where d(X, g(m)) is the normalized Hamming distortion, and log p(m) is
the program prior code length (both computed from the fixed candidate
set, not fit to participants). For each window, we computed the best
achievable score for the participant response (vresp) and for the ground
truth (vgt). If Uresp — vgt > 0, we labeled the error simpler program, with
advantage Uresp — Vgt

A.5.2 Predicting choices

To characterize how different models predicted participants’ recall re-
sponse in Phase 2, we fit a hierarchical mixed-effects multinomial regres-
sion model (Figure 4.7). The outcome variable was the selected note on
each response, encoded as a categorical variable with six possible pitches.
Predictors comprised two descriptive control models for non-structured
errors (vertical shift and temporal shift), and five plausible-observer
models for structured errors. Specifically, repetition-like errors were
captured by RLE and Chunking, whereas errors favoring a more com-
pressible latent program were captured by PCFG, AG, and HAG. For
each observation, predictor values were aligned over a common ordering
of the six candidate notes, resulting in a tensor X of shape (N x C X M),
where N is the number of observations, C = 6 the number of possible
notes, and M = 7 the number of models.

Each predictor set m was assigned a population-level weight w,, ~
N(0, 02)), capturing its average contribution to note choice, together with
participant-specific random slopes 1y, ~ N(0, 02 ) allowing for their
contributions to vary across participants. We also included participant-
specific note intercepts Up,c, constrained to sum to zero across notes
within each participant, to capture baseline note preferences.

The linear predictor combined fixed and random effects as follows:

M
Mn,e = Z Xn,c,m (wm + up[n],m) + Upln,cr (A.16)

m=1

where p[n] denotes the participant associated with observation #n. Choice
probabilities were then given by a softmax function:

Prc = _ P (A17)

T S exp(ne)’
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and participant responses were modeled as categorical draws from this
distribution. Inference was performed using automatic differentiation
variational inference (ADVI (Kucukelbir et al., )) to approximate the
posterior distribution, followed by posterior sampling from the variational
approximation'®. This approach was chosen for computational tractability
given the large number of observations and hierarchical parameters.
Results reported in Figure 4.7 reflect posterior summaries of fixed and
random effects.

A.5.3 Reaction time analyses

To infer whether participants “chunk” notes together during recall, we
detected sudden positive “jumps” in consecutive LogRT within each
recalled segment with Ar; = logrjy1 —logr; for j € [1,...,L —1].
This corresponds to a slowdown in reaction, following a window of
relatively faster responses. A position j is marked as a chunk boundary
if Arj > par + oar where ua, and oa, are the mean and standard
devitation of {Arj} within the same segment. Since these boundaries
partition the segment into subsequences, we define chunk size as the
length of these consecutive notes (subsequence length). If no jump is
detected, the whole segment is treated as one chunk®°.

We first characterize baseline temporal dynamics in sequence process-
ing (i.e., faster RTs over trials) by fitting a linear mixed-effects model
predicting log-transformed RTs from the serial note position within a
segment LogRT ~ NotelD + (1 | ParticipantID). Here, NoteID represents
the ordinal position of each note within its segment, and random inter-
cepts account for individual differences in baseline response speed. We
used restricted maximum likelihood (REML) estimation to fit the model
(Figure A.3).

To test whether human processing time reflects program-based compres-
sion (Figure 4.7), we fitted a mixed-effects model incorporating hierarchi-
cal program boundary predictions from our set of plausible observers
alongside baseline comparisons: LogRT ~ SequencelD + SegmentID +
NoteID+RLE+Chunking+PCFG+AG+HAG+(1 | ParticipantID) where
SequencelD and SegmentID capture hierarchical positional effects, while
boundary predictors represent normalized segmentation strengths. Pos-
itive regressors thus indicate predictive power in explaining jumps in
RTs.

A.5.4 Distortion analyses

To test whether recall errors reflect only surface-level sequence statistics
or instead track the representational costs implied by program com-
pression, we analyzed segment-level error rates as a function of both
stimulus properties and plausible-observer program complexity (Fig-
ure 4.7). For each participant, we summarized each training segment and
computed objective descriptors of its local statistics, then asked whether
model-inferred program rate explained variance in errors beyond these
descriptors. The sequence descriptors below serve as stimulus-level co-
variates (i.e., nuisance variables) capturing generic difficulty, such as
longer sequences or entropy. Including them allows us to isolate the
unique relationship between errors and the model-derived program rate
(description length) for each model.

19: ADVI was preferred over MCMC be-
cause the model has a large number of
hierarchical random effects (~50 partici-
pants X 7 models), making full HMC sam-
pling computationally prohibitive. Pos-
terior predictive checks confirmed that
the variational approximation closely
matched the marginal response distri-
butions.

20: RT jumps are a standard behavioral
marker of hierarchical chunking in se-
quence production (Sakai et al., ;
Verwey and Dronkert, ): slower on-
set of a new chunk reflects the cognitive
cost of initiating a new motor or memory
program, whereas notes within a chunk
are executed more fluently.
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Figure A.9: Correlation structure and representational scale of plausible-observer-based predictors. (2) Mean within-participant
correlations among model-predicted boundary signals. (b) Distribution of subsequence lengths inferred by each model. Chunking
produced shorter subsequences overall than other models. (c) Relationship between subsequence length and log RT for the Chunking
model. Longer Chunking-defined subsequences were associated with slower responses, consistent with a mixed-effects regression
showing that subsequence length positively predicted log RT(y = .028, z = 3.01, p = .003, CI = [.010, .047]). (d) Mean within-participant
correlations among model-based segment-complexity.

21: First-order transition entropy Hj
and repetition complexity RC are only
weakly correlated in our stimulus set
(Pearson r = .018, p = .374; see Sec-
tion A.2), so including both as covariates
does not introduce collinearity—they
capture partially orthogonal aspects of
melodic difficulty.

22: AG-HAG: r = .66; PCFG-HAG: r =
.58, AG-PCFG: r = .67; Figure A.9

23: Chunking-HAG: r = .35

24: y = 0.028,z = 3.01,p = .003,CI =
.010, .047]

For each segment X)), we computed the following quantities: (i)
Length T measures number of notes in X/; (i) Entropy of first-order
transition distribution Hi(X) = — X,c4 p(n) Zimea p(m|n) log, p(m|n)
(bits per note) measures the local unpredictability of the next note given
the current one, by treating each sequence as a first-order Markov chain
over the note alphabet A in X](Z)Zl.

Together with the complexity (i.e., rate) outputs of our plausible ob-
servers, the full mixed-effects model predicted participants’ error rates
using: ErrorRate ~ SequencelD+SegmentID+T +H; +RLE+Chunking+
PCFG + AG + HAG + (1| + ParticipantID). Intuitively, a positive rela-
tionship indicates that higher human error rates correspond to higher
complexity in a given plausible observer, while accounting for lower-level
factors (i.e., length and entropy).

A.5.5 Correlation analysis in regression

In Figure 4.7, we showed different explanations in RT jumps from
each model. AG and PCFG did not explain RT independently of HAG.
Their boundary predictions were moderately correlated with HAG and
with each other??, indicating shared variance among the hierarchical
predictors. Accordingly, in the full regression, HAG captured the variance
most closely associated with hierarchical transition costs, leaving AG
negative and PCFG non-significant. We therefore interpret the AG and
PCFG coefficients as reflecting collinearity, rather than evidence that
these models predict the opposite behavioral effect.

Chunking showed a qualitatively different relationship to RT. Whereas
HAG and RLE predicted increased RT at model-defined boundaries,
Chunking was associated with faster responses. This pattern is unlikely
to reflect suppression alone, because Chunking was only modestly cor-
related with the hierarchical predictors?. To clarify this dissociation,
we quantified the size of model-defined subsequences and found that
Chunking only captured small-unit reuse, producing shorter subse-
quences overall (Figure A.9). Subsequence length was itself positively
associated with LogRT in a mixed-effects regression??, such that larger
chunks were associated with slower responses. This difference in sub-
sequence length may explain the opposite regression direction in two
ways. At a cognitive level, shorter chunk-defined units may support
more fluent local execution and therefore lower RT. At a statistical level,
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because Chunking predicts boundaries more densely, its regressor is
dominated by boundaries occurring within short subsequences, which
are behaviorally faster on average. Together, these factors can account for
why Chunking differs in sign from the hierarchical predictors.

A.6 Model fitting details

A.6.1 Fitting procedure

We estimated five free parameters for the full HAG model, with other
models having a subset as nested variants. The parameters are: memory
budget  (governing the rate—distortion trade-off), computational budgets
N; and Nj (governing search and backtracking, modelled as Poisson-
distributed to capture cognitive variability), and reuse preferences agiop
and ajo (governing innovation vs. reuse in the global and local libraries).
Full parameter grids are reported in Section A.3.

For each fitted model, we drew 50 posterior samples of the induced
programs to construct a categorical distribution over note space. Model
log-likelihoods were computed relative to this distribution. We refer to
this analysis as a plausible observer rather than an ideal observer because
the model is explicitly resource-bounded: it does not assume exhaustive
search or unconstrained memory.

A.6.2 Supplementary results

Model fitting scores. Across participants, HAG shows consistently better
fit than the alternative accounts: it achieves higher log-likelihoods?> while
also yielding lower BIC values?®, indicating that the improvement is not
explained solely by increased flexibility. The winner-amount comparison
based on BIC converges with the continuous metrics: HAG is the most
frequent top-ranked model, winning for a substantial share of participants
(53/96), with AG winning in a smaller subset (21/96)%. The remaining
baselines rarely achieve the lowest BIC.

Phase 3 prediction. In Phase 3, participants generated free continuations
of the sequences, allowing us to test whether the libraries inferred from
earlier phases generalize to out-of-sample composition. For each partici-
pant, we fit HAG to their behavior up to the onset of Phase 3, yielding an
individualized library that can be used as a generative model to sample
candidate continuations. Rather than asking whether either participants
or the model reproduced the held-out melody exactly, we asked whether
HAG generated continuations that resembled participants’ continuations.

A.6 Model fitting details

Figure A.10: Model-fit comparison
across candidate models. Boxplots sum-
marize the distribution across partici-
pants of (a) maximized log-likelihood
(LogL; higher indicates better (fit).
(b) Bayesian Information Criterion (BIC;
lower indicates better fit after penaliz-
ing model complexity). (c) Bars show the
number of participants (among 96 par-
ticipants in total) for which each model
achieved the lowest BIC (“wins”). Boxes
indicate the median and interquartile
range; whiskers extend to 1.5 x IQR;
points denote outliers.

25: HAG: -2.774 + 121, AG: —4.178 +
158, PCFG: —-6.518 + .298, Chunk-
ing: —6.488 + .264, RLE: —6.442 + .276

26: HAG:13.596+.243, AG: 14.779+.316,
PCFG: 17.865 + .597, Chunking: 19.415 +
.528, RLE: 19.322 + .553

27: BIC penalizes each additional free
parameter by %log N, where N is the
number of observations. HAG has one
more parameter than AG (ao); its BIC
advantage therefore reflects a likelihood
gain that exceeds the penalty, not merely
greater flexibility.
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Figure A.11: Distributional match be-
tween human Phase-3 composition
errors and HAG-generated continua-
tions. (1) Histogram of Phase-3 er-
ror rates, measured as note-wise mis-
match from the held-out ground-truth
continuation, for participants’ pressed
continuations (blue) and continuations
sampled from each participant’s fitted
HAG library (orange). (b) Histogram of
the per-participant discrepancy between
model and human error rates, defined
as Dist(HAG, Pressed) = ErrorRate *
HAG - ErrorRate = Pressed; the dashed
line marks zero, indicating a perfect
match. The distribution is centered near
zero, showing that participant-specific
HAG libraries reproduce population-
level variability in composition accuracy.
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As shown in Figure A 11, the error-rate distributions of HAG-generated
and participant-produced continuations closely overlapped, and the
per-participant discrepancy between ErrorRatepag and ErrorRatepressed
was concentrated near zero. Thus, participant-specific libraries capture
both the overall distribution and the between-participant variability of
continuation behavior.

Learner simulation using fitted parameters. We evaluated each fitted
model by simulating behavior from participant-specific posterior samples
and comparing predictions with Phase 2 recall and Phase 3 continuation.
For each participant and model, simulations used the best-fitting trial-by-
trial parameter estimates, plus inferred local and global libraries where
applicable. To capture stochastic-inference uncertainty, we retained 50
posterior samples from independent random seeds; each sample specified
a complete fitted model, including parameters and representational
structure.

For Phase 2, we simulated recall for each learned subsequence and
extracted simulated error rate, defined as average Hamming distance
from the target, and simulated chunk size, defined from the lengths
of subprograms in the inferred representation. We then related these
simulated quantities to participants” observed error rates and RT-derived
chunk sizes. Figure 4.8 summarizes model performance by correlating
observed behavior with predictions from fitted parameters, without
additional simulation. Figure A.12 additionally reports correlations and
mixed-effects regressions predicting participant measures from simulated
measures across candidate models, with participant as a random effect
and marginal regressions plotted. For Phase 3, we used the fitted models
and libraries as generative models of continuation. For each participant,
we generated synthetic continuations from the 50 posterior samples,
estimated a predictive categorical distribution over responses at each
note, and computed the likelihood of the participant’s actual continuation
under this distribution.

Beyond relating fitted parameters to aggregate behavioral measures,
we asked whether the fitted models also captured graded variation in
behavior across segments. For each participant, we simulated the fitted
model on the same set of sequences encountered in the experiment
and, for each segment, derived a predicted error rate and a predicted
chunk-size measure. We compared these model-derived quantities with
the corresponding observed measures: actual error rate and chunk size
inferred from RT. By fitting mixed-effects regressions in which the empir-
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Figure A.12: Simulation-based prediction of error rate and chunk size. (a) Error rate. Left, partial effect of the HAG predictor in a
mixed-effects regression relating actual error rates to simulated error rates from all candidate models, with participant as a random
effect (y = .760, z = 4.47, p < .001, CI = [.427,1.092]). Right, mean Pearson correlation between simulated and actual error rates across
participants for each model. (b) Chunk size. Left, partial effect of the HAG predictor in a mixed-effects regression relating RT-inferred
actual chunk size to simulated chunk size from all candidate models (y = .151, z = 2.101, p < .05, CI = [.010, .292]). Right, mean Pearson
correlation between simulated and actual chunk sizes across participants for each model. Each point denotes one participant; lines show
the fitted HAG relationship after controlling for competing models, and error bars denote 95
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Figure A.13: Model recovery and parameter interdependence. (1) Model-recovery confusion matrix. Rows indicate the true data-
generating model and columns indicate the recovered model. Cell values report the proportion of synthetic datasets assigned to each
recovered model (row-normalized). (b) Inverse matrix. Rows indicate the true model and cell values are normalized by recovered model
(column-normalized), showing P( true model | recovered model) to quantify how diagnostic each recovered label is of the generating
process. (c) Across-participant parameter correlations. Heat map shows pairwise Pearson correlations between fitted parameter estimates
across participants (inverse beta, search, backtracking, global alpha, local alpha); diagonal entries are 1 by definition.

ical measure was predicted jointly by the simulated predictions from all
candidate models, the regression line shown for HAG in Figure A.12 rep-
resents its partial effect after controlling for competing model predictions.
To complement this analysis, the figure also reports participant-level
correlations between actual and simulated values for each model.

HAG explained significant unique variance in observed error rate, indi-
cating that the fitted model captured graded differences in behavioral
difficulty across segments. The same pattern held for chunk size inferred
from RT, indicating that HAG also tracked variation in the granularity of
participants’ internal representations.

Model recovery. To assess identifiability under realistic operating con-
ditions, we conducted a model-recovery analysis in which synthetic
datasets were generated from each candidate model and then refit with
the full model set using the same likelihood and fitting pipeline as in
the main analyses. We first fit each model to participants’ data and then
defined an empirical parameter range for recovery using the distribu-
tion of best-fitting parameter values observed across participants. For
each generating model, we sampled parameters from this empirically
grounded range, simulated datasets matched to the experimental design,
and applied the same model-comparison criterion to assign a recovered
label. This approach targets practical identifiability in the regime actually
supported by the data, i.e., where fitted parameters tend to lie, rather
than identifiability under arbitrary parameter settings that participants



Appendix A Additional Material for Chapter 4

Memory Resource 37! Search Budget ]\/'s Backtracking Budget Nb Global Reuse ('glob Local Reuse (g
» » 4 |e ° » . .
P g g s global alpha local alpha *
3 2 % 3 - o3 o . 5 10 tau=.56%* 3 10 tau= 58+
g 2 g° g g g
> 1 » > ° 3 ° ° >2 . > . > %
8 v g g : 8 g
g g* - g g° 7 g0
0 beta . search 1 ) backtrack < &
tau=.73%+¢ 2 tau=.61%% tau=.67%+* o 14
P le o | °
0 1 2 2.5 5.0 7.5 0 2 4 5 10 5 10
True True True True True

Figure A.14: Parameter recovery for HAG. Each panel plots recovered estimates against the ground-truth generating values for one
parameter: inverse memory resource constraint 1, search budget N, backtracking budget Ny, global reuse @glob, and local reuse ajoc.
Points correspond to participants; dashed line indicates perfect recovery (identity line). Reported Kendall’s T summarizes rank-order
correspondence between true and recovered parameters (all **p < .001).
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Figure A.15: Empirical distribution of fitted HAG parameters. Histograms show the distribution of participant-level maximum-
likelihood estimates for the five HAG parameters. Curves indicate kernel density estimates to visualize central tendency and dispersion.
The distributions reveal substantial between-participant variability.

never exhibit.

Model-recovery analyses indicate that each candidate model is generally
identifiable: recovery is strongest for HAG (.98 on the diagonal) and
AG (.88), with moderate diagonal recovery for PCFG (.73), Chunking
(.72), and RLE (.68). Misclassifications primarily reflect a bias toward
selecting AG (e.g., a subset of PCFG/Chunking/RLE fitting are recovered
as AG), whereas confusion between HAG and other models is rare (only
.02 of HAG datasets recovered as AG). The inverse confusion matrix
further shows that when PCFG, Chunking, or RLE is recovered, it is
highly diagnostic of the true generating model, while recovered AG
and HAG labels are somewhat less exclusive, reflecting overlap in the
patterns they can produce. Finally, fitted parameters exhibit generally
weak cross-participant correlations (largest magnitudes ~ .20 — .25),
suggesting limited trade-offs among parameters and supporting practical
identifiability of the parameterization at the group level.

Parameter recovery and distribution. To verify that our fitted param-
eters are interpretable and not artifacts of overfitting, we conducted a
parameter recovery analysis. We treated each participant’s fitted HAG
as a data-generating model, simulated synthetic choices using their esti-
mated parameters, and then applied the same fitting pipeline to recover
parameters from the simulated data. As shown in Figure A.14, recovered
values closely track the generating values and preserve participants’ rank
ordering (Kendall’s T shown in each panel), supporting the identifiability
of the parameters used in subsequent analyses.

We next summarize the fitted parameter estimates across participants to
characterize variability in the strategies inferred by HAG. Figure A.15
plots the marginal distributions of maximum-likelihood parameters,
showing heterogeneity in memory constraints (871), the extent of search
and backtracking during inference, and the strength of library reuse
at global versus local scales (aglob, @loc)- This variability motivates our
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individual-differences analyses linking fitted parameters to learning
history and composition performance.






Additional Material for Chapter 5

The appendix for Chapter 5 is organized as follows:

» Section B.1 provides a detailed derivation of our objective function
ELBO in two scenarios: inference involving complete learning histo-
ries and inference for in a continual learning setting (Section 5.3.3).

» Section B.2 provides in-depth descriptions of baseline models, and
the details and the selection criterion of the three datasets we use
for experiments.

» Section B.3 describes the PSI-KT architecture in full detail, including
its hyperparameters.

» Section B.4 provides additional prediction results. We show the
average accuracy, average fl-score, and their standard error of Fig-
ure 5.5 in the prediction experiment given entire learning histories.
We also show the average accuracy score and their standard error
of Figure 5.6 in the prediction experiment for continual learning
setup.

» Section B.5 describes the details of the experiment setup and how
we derive the metrics for specificity, consistency, and disentangle-
ment. We also provide comprehensive results on the operational
interpretability of baseline models.

» Section B.6 elaborates on the graph assessment framework, includ-
ing details about the alignment metrics and a discussion of causal
support, and extends the main text evaluations to all datasets.

B.1 ELBO of the hierarchical SSM

In this section, we derive the single-learner ELBO, Equation (5.12)-
Equation (5.14) in the main chapter. For clarity, we omit the superindex ¢
in these derivations. Note that the parameters ¢ and O are global, i.e.,
they are optimized based on the entire interaction data across learners.

In variational inference (VI), we approximate an intractable posterior
distribution pg(z | y) with g4(z | y) from a tractable distribution family.
We learn ¢ and 0 together by maximizing the evidence lower bound
(ELBO) of the marginal likelihood (Attias, ; Blei et al., ), given
by logpa(y) = ELBO(0,d) = Eg,(.1y) [~ logqe(z]y) +logpa(y, 2)].
The two terms in the ELBO represent the entropy of the variational
posterior distribution, H[q¢(z | y)] = Bgyz1y) [~logqe(z] y)], and
the log-likelihood of the joint distribution of observations and latent
states Eg, (2| y) log po(y, 2).

We now formulate the ELBO for our hierarchical SSM (Figure 5.2) with
two layers of latent states. We assume that fixed learning histories H1.n
until time ¢y are available and we use capital N to represent the fixed
time point. We approximate the posterior pg(z1.N, S1:N | ¥1:N) using the
mean-field factorization, ¢ (z1.n, 51N | Y1:N) = o (z1:N) ¢ (51:N):

In the generative model of PSI-KT, the observation y,, at time t, depends
on the particular knowledge state z associated with the interacted
KC k = x,. All knowledge states z, rely on previous states z,-1 and
cognitive traits s,;, which themselves are influenced by s,,_1. Thus, we
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ELBO(O, §) = H[qo(z1:n, s1v | y1n) | + Egy(zin sinlyin) 108 PO (V1N Z1:N, S1N)
= [Eq(p(zlzN,sLN [y1.n) [_ log q(/)(zl:N/ S1:N | ylzN) + 10g p@(]/l:N/ Z1:N, Sl:N)]

= Egy(zn) g0 510) [~ log g (z1.n) — log g (s1n) + log po(yin, z1n, 513 - (B.1)

can factorize the joint distribution pg(y1:N, z1:N, 51:N) in Equation (B.1)
over all latent states and observations:

N
Pe(ylzN, Z1:N, S1:N) = Pe(SLN) P6(7~1:N |s1:n) l—l Pe(yn |Zﬁ")

n=1

N N
= po(s1) po(z1) [ [ posnlsn-1)po(znlza-1,50) | [ po(ynlzi’). (B.2)
n=2

n=1

Here, po(s1) and pg(z1) are the Gaussian initial priors for the latent
states.

By incorporating the factorized joint distribution (Equation (B.2)),
the ELBO for PSI-KT can be derived as follows:

ELBO(6, ¢) = Eg, (z1x) 5 (s1:1) [~ log g6(z1:v) — log 4o (s1:n) + log po(ya:n, zin, S1:v) |

=Egy(zin) g0 (510) [— log q¢(z1:n) —log g (s1.n) + log pa(s1) + log pe(z1)

N N
+ > logpo(sn|sn-1) + D log po(zu| zu-1,5n)

n=2 n=2

N
+ > 1og po(yn IZ§”)]

n=1

N
= Egy(s1) [~ 108 90 (51:3) + log pa(s1) + D log po(s [ su-1)]
n=2

N
+ Eg (z1) [~ 108 90 (z1:8) + log pa(z1) + D log po(ya | 2|

n=1

n
+ Egyzin go (i | 24108 Po(zn | 201, 50)]- (B.3)
2

B.1.1 Extension to continual learning

We now extend the ELBO to the continual learning setting, where we
observe learning performances y1., sequentially. Here we use the lower
case 1 to indicate the running time index. We seek the posterior distribu-
tion po(2z4, Sn | Y1:n) at each interaction time t,, given all observations so
far. Usually, one would approximate the posterior with the variational
posterior distribution g4, (zx, $n | Y1:n) = 44, (21)q¢, (5x) using the mean-
field factorization (Equation (B.1)). In that case, the inference process
consists of maximizing the ELBO(60, ¢,,) only over ¢:
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ELBO(6, ¢n) = [que,,z (zn)qm (sn)[_ log Vo (zn) - log Ay (5n) + log p@(ylzn/ Zn, Sn)]. (B.4)

However, itis challenging to calculate the joint distribution po (Y1:n, Zn, Sn)
in our setup, since it requires marginalizing the full joint distribu-
tion pe(Yim, Z1:n, S1:n) Over all z, and s,y with n’ < n.

Henceforth, we aim to reconfigure the objective function ELBO(6, ¢,),
which involves the variational posterior distribution g4, (2, sn | y1.1) at

the time point ¢,,, to establish a linkage with the posterior ¢, _; (zn-1, Sn-1| Y1:0-1)
observed at the preceding time point t,,_;. By doing so, we can recursively
optimize the variational parameters ¢, whenever new observations y,

are received (Nguyen et al., ), wherein the initialization draws from

the parameters ¢,_1 obtained at time ¢,,_;.

First, we show that the marginal joint distribution po(Y1:, zn, Sx) is
proportional to the prior distribution pg(z,, Sy | Y1:n-1) ON Sy, 2y at ty_1:

p@(yl:n/ Zp, Sn) o p@(zn/ Sn | ylznfl) P@(]/n | Zn)- (B.5)

Second, we show how the prior distribution pg(z,, Sn | y1:n-1) can be
formulated using the posterior q¢,_, (2u-1, Sn—1 | y1:1-1) at the previous
time t,_1, which evolves for a single time step:
PB(znr Sn |]/1:n—1) = / Pe(Zn, Zp-1,5n,Sn—1| ylzn—l)dsn—l dz,q
= / Po(zZn-1,5n-1|Y1:n-1) po(Sn | Sn=1) po(zn | Sn, Zn-1) dsp—1 dzn—1

= / IMJ,H (zn—1/ Sn-1 | yl:n—l) p@(sﬂ | Sn—l) PQ(zn | Sn, Zn—l) dsn—l dzn—l

= / G (Zn-1) G, (5n-1) o (S | Sn-1) po(znulsn, zn-1)dsy-1dz,—1

= [qupn_l (5u-1) [P@(Sn | Sn—l)] [qu‘,n_l (zn-1) [p@(zn [sn, Zn—l)] . (B.6)

=P, (sn) =Po,_q (zn |5n)

Substituting pe (s, zn | Y1:1-1) = P, (Sn) P, (2 | 51) using our varia-
tional approximation in Equation (B.5) in the ELBO, we finally arrive at
the objective function for variational continuous learning: This provides a
derivation of Equation (5.14) as presented in the main text. Here our focus
lies in the optimization of the parameters ¢, while holding constant the
parameters ¢,_1 acquired from the preceding time step.
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ELBOvc1(0, ¢n) =

Table B.1: Models. # Emb/KC is the num-
ber of learnable embeddings per KC. For-
getting is the functional form of memory
decay, with exponential (exp) decay the
most common.

1: HLR can be viewed as a classic spaced-
repetition model: recall decays with time
since the last practice, while repeated
successful practice increases the half-life.

2: Unlike HLR, PPE explicitly separates
a learning effect from a forgetting effect.

E g (50) 90 (200 | — 108 3, (5n) — 108 45, (z) + 10g i, (5n)
+10g P, (znlsn) +log po(yn | 23]

E g (50 [~ 108 96, (51) + 10g P, (51)]

+Eg, (20|~ 108 00, (z1) + log pa(yn | 23]

+ [qu‘)y, (zn) Aon (sn) [log ﬁ@n—] (Zn | s")] . (B7)

B.2 Baseline models and datasets

B.2.1 Baselines

KT models aim to predict the performance 7 of the presented KC x/, at
time t! for each learner ¢, which amounts to learning the mapping i, =
fe(?—lfl, ,,) (Section 5.2.1). Because baseline models lack learner-specific
parameters, we here describe the prediction process for a single learner,
and omit the superindex ¢ for clarity. Extending to multiple learners is
straightforward since all parameters O are global. We use 7, := t, —t,_1 to
represent the time interval between consecutive interactions of a learner ¢,
and the KC-specific interval 7& := tf — tfj_l for consecutive interactions
with the same KC k. The number of practice repetitions for each KC k up
to time t,, is denoted as c,’i. The dimension of embeddings D equals 16 in
our experiments.

Feature HLR/PPE  DKT  DKTF HKT AKT GKT QIKT  PSI-KT
#Emb/KC X 2 2 6 6 3 1 1
Forgetting exp X exp Hawkes X X X ou
KC Sim X 4 4 v v v X v
KC Pre X X X X X v X v

We compare with eight baseline models (Section 5.4):

» HLR (Settles and Meeder, )! uses the cumulative counts of
correct, incorrect, and total interactions of KC k until time f,,
collectively denoted cf = [c,ﬁ’lcﬁ’oc,’;] T € R?, as well as the last
interval Tfl. When a learner interacts with KC x,, at time {,,, HLR
predicts the probability of a correct performance as:

On = 2_15/%, with memory half-life hln‘ =297 and k = Xp-
(B.8)

The learnable weights 6 € R® modulate the influences of correct,
incorrect, and total interaction counts. The training process of
HLR does not differentiate features from different KCs or learners,
thus HLR cannot model the relational structure of KCs or any
learner-specific characteristics.

» PPE (Walshetal, ) is similar to HLR in predicting performance
as a function of interaction histories. It defines the activation m¥* of
KC k at time t,,, mk := (cﬁ)‘6 (TF)~* with separate forgetting rate &
and learning rate . The forgetting term TF is a function of the
interaction history, which it summarizes as a weighted average of
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times 7¥ elapsed between the exposures to a given KC prior to t,:

n-1

n-1
. - n
Tk = E wf( Tf»(, with wf‘ = (le) n E (T]k) . (B.9)
p =1

The forgetting rate « is a function of a stability term x and a
cumulative average of interval durations between KC exposures
modulated by the slope A:

' 1 n-1 1
ay =K+ A . B.10
" n—lgln(T}‘+6) (B.10)

Finally, PPE treats performance 1, as a logistic function of mX with
k = x,. The learnable parameters are 6 = {§, 1, k, A}.

DKT (Piech et al,, ) infers two separate embeddings u* =
{u*0,u*1} for each KC k, depending on performance. Here,
uk0, k1 € RP represent incorrect interactions and correct inter-
actions on KC k, respectively, and are shared across all learners,
with D being the dimensionality of the embeddings. DKT trains an
LSTM (Hochreiter and Schmidhuber, ) over H,/ <y, to encode
the combined information of KC indices and performance. For
each learner ¢ and all time points ¢,/<,, DKT takes performance
embeddings u*"' ¥ of interacted KC x, as the input when the per-
formance y,, is incorrect, or ™ A for correct performance, i.e., DKT
takes inputs u,» = u*"/¥»" forall t,,, with n” < n. DKT then predicts
the subsequent performance on all KCs 7, = [y}, ..., yX]T € R,
and chooses only the interacted one, i.e., the x;-th dimension:

hn = LSTM(”H’<H;Wh/ bh)
¥, = G(Wyhhn + bg)
On =9, [xn]- (B.11)

Thus, 0 for DKT consists of the neural network parameters Wy, by,
Wg hy by.

DKTF (Nagatani et al., )* uses the same LSTM architec-
ture and the same combined KC-performance embeddings,
uk = {u*%, uk1} that we described above for DKT. DKTF uses
additional 3-dimensional features t, := [1,, Tﬁ, c’,j] representing
the KC-unspecific and KC-specific intervals defined above and
the cumulative interaction counts clnc for KC k until time t,,. Then,
for inputs of every time point t,,, DKTF concatenates the time
information £, with KC performance inputs u,, for the interacted
KC x,,-. DKTF predicts future performances following the same
architecture based on concatenated input [£,/<p; #n'<n]-

HKT (Wang et al,, )® is the most similar model to our PSI-
KT. It uses a Hawkes process to model the structural influence
on the state of KC k due to every other KCs state in the past
interactions I € X<, until time £,:

mk = Ay + Z ik (k- t,)

iex,,/<n

K(t’é - t;) = exp(—(l + ﬁ;k log(t,’i - t;,))) (B.12)

Here m} includes a base level A and all previous learned KCs’
influences a’;* weighted by the a temporal exponential decay x (¢ —

3: DKT is purely sequential: it summa-
rizes the interaction history in order, but
does not explicitly encode elapsed time
or KC relations.

4: DKTF extends DKT by appending
handcrafted temporal features to the se-
quence input.

5: HKT explicitly models transfer across
KCs: past work on one KC can influence
another KC through a decaying cross-KC
effect.
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6: We use assignment to denote the ob-
served problem or item presented to the
learner, whereas a KC denotes the under-
lying skill or concept. Multiple assign-
ments may map to the same KC.

7: AKT learns dependencies implic-
itly through self-attention rather than
through an explicit graph or Hawkes
kernel.

8: GKT assumes knowledge components
form a graph and updates neighboring
KC states jointly.

t!,). The base level A reflects aspects of KC k but also of the specific
assignments that were interacted with at time point ¢, given that
distinct assignments can provide practice for a single KC°. To model
cross-KC influences af,’k, HKT infers embeddings {ug 0 uf A uky e
RP for each KC k. Here u,f 0, u‘}f 1 are defined similarly to the DKT
embeddings, whereas 1 only depends on KC identity k. When
interacting with KC k at time f,, the influence on its state due
to having interacted with KC i at time t,» with performance y,
is estimated as uf{k = (uy"")Tuk. For the coefficient ‘Bf{k, HKT
g,
and follows similar calculations as for a above. HKT also predicts
the performance #,, as a logistic function of mX with k = x,,.

AKT (Ghosh et al., ) is a transformer-based model (Vaswani et
al., ) that learns the structure of KCs implicitly from the
self-attention weights. Unlike LSTM models, which only cap-
ture temporal information, AKT captures both temporal and
structural relations. Specifically, AKT first initializes three em-
beddings {uZ;’O, uff’l, uk} for each KC k and a scalar pf for each
specific assignment g, representing its difficulty level. For each
KC k, these embeddings are defined as in HKT to separately reflect
KC-specific correct/incorrect interactions and KC identity. How-
ever, AKT combines these representations with three additional
embeddings {u: ’0, ull: ’1, u{; }, in order to account for difficulty levels.
When a learner interacts at time ¢, with an assignment g related
to KC k, the KC identity embedding becomes u* = u} + 1 ué‘ ; after
assessing the performance at time t,,/, the interaction embeddings

estimates three additional KC-specific embeddings {ug’o, u;;

are similarly updated as u*¥» = u: AT u: " Consequently,
a learner’s entire interaction history H,<, is represented as a se-
quence of these combined KC-interaction-difficulty embeddings.
AKT processes these sequential embeddings as input, using KC
embeddings as queries and keys, and interaction embeddings as
values within its attention mechanism. To predict performance 7,
given the KC and assignment, AKT uses the KC embeddings at
time t, to compare with previous queries and keys in the learning
history, and then extract the value. Details about the transformer
architecture can be found in Ghosh et al. ( ).

GKT (Nakagawa et al., )® applies a graph neural network to
leverage the graph-structured nature of knowledge. Like AKT,
GKT initializes three embeddings {u*0, u*?, u¥} for each KC k, but
instead of only using the embeddings to determine the KC relations,
GKT learns an additional undirected KC graph, represented by
its adjacency matrix A. Here a;; = 1 represents KC i and KC j are
related, i.e., there is information transmission among KC i and KC j
every time the model gets updated. To use the KC relations, GKT
first aggregates the hidden states h and embeddings for the KC
reviewed at time t,, k and its neighboring KCs i:

ky _ [h,’;,ux”fyn] (l — k)
e {[hﬁrui] (i # k with aj = 1) (B.13)

After aggregating the information from the neighboring KCs, GKT
updates the hidden states based on the aggregated features and
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- ) - Table B.2: Overview of Educational
Assist]2 Assistl7 Junyil5 N i i
All > 50 All > 50 All > 50 Datasets Assist12, Assistl7, and Junyil5,
including the number of interactions,
learners, assignments, and KCs from

# Interactions 6,123,270 2,431,788 942,816 942,489 25,925,992 23,907,121

# Learners 46,674 12,443 1,709 1,697 247,606 77,655
# Assignments | 179,999 51866 3162 3162 5,174 6,174 overall log data (All) and the log data
#KCs 265 263 102 102 722 721 including learners with more than 50
Rounding substitution matrix_basic_distance interactions (> 50).
KC Examples Unit Rate fraction-division circles_and_arcs
Perimeter of a Polygon prime-number arithmetic_means
the graph structure:
ks 1k :
o(hy”, hy) (i=k)
ik, = Jot B (B.14)

") fo((EY, (WY, BY) (i # k with ag = 1).

Finally, GKT uses an MLP layer to predict the probability of a correct
answer at the next time step, yfﬁﬂ = f@(h,ﬁﬂ) where k = x,41.

» QIKT (Chenetal., )? focuses on assignments together with KCs, ~ 9: QIKT is item-aware: it distinguishes
where multiple different assignments can test one KC. Inspired by ~ the ;Séignmentbeéng attempted from the
item-response theory (IRT) (Lord, ), QIKT defines three mod- KC being assessed.

ules, each parameterized by a neural network, to infer interpretable
features, namely assignment-specific knowledge acquisition «a,,
assignment-specific problem-solving ability C;,+1, and assignment-
agnostic but KC-specific knowledge mastery f,,. Apart from neural
network parameters, QIKT learns three sets of assignment-specific
embeddings {07,071, v}, which have the same purpose as the
KC embeddings defined in AKT, namely for correct interactions, in-
correct interactions, and assignment identity. Furthermore, another
set of KC-specific embeddings u* is learned for KC-specific fea-
tures. QIKT uses LSTM and sum pooling to learn the three features
based on each learner’s history, a,, := fo(Vi, U1n), Br := fo(U1n),
where V1., and Uy, denote respectively the all the assignments
and KC embeddings in the learning history. The problem-solving
ability Cp41 := fo(Vim+1, U1n+1) is learned by including the assign-
ment and KC information in the coming interaction. To predict
performance, all three features are aggregated and input into the
sigmoid function, §,+1 = o(ay + Bn + Cu+1).

B.2.2 Datasets

Here we describe the datasets that we have used for evaluation (Assist12,
Assistl7, and Junyil5), articulate the reasons for their selection, and
discuss some of the limitations derived from this choice.

Description of the selected datasets. Assist]2 and Assistl7 are subsets
of the ASSISTments dataset released by Worcester Polytechnic Institute
(Selentetal., )- ASSISTments is an online math learning platform used
in U.S. grades 4-12, primarily by middle school students in Massachusetts
and nearby areas. It supports classroom and homework assignments,
with or without paper materials, and provides immediate correctness
feedback after each student response.

Junyi Academy is a non-profit Chinese online education platform. Its
Junyil5 release contains one year of math assignment logs from over
72,000 students, totaling 16 million attempts, plus two annotation sets
on the structure of 837 curriculum KCs. Expert annotations from three
teachers identify 553 prerequisite relations, while crowd-sourced anno-
tations from 51 senior-high-or-higher graduates rate prerequisite and
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10: Learners with similar observed re-
sponse sequences need not share the
same underlying cognitive profile. A uni-
modal Gaussian prior tends to concen-
trate mass around a single average profile
and therefore may blur such qualitatively
distinct learner types in the latent space.

similarity strength for 1,954 KC pairs on a 0-9 scale, with at least three
ratings per pair.

B.3 PSI-KT model architecture

In this section, we introduce the detailed architecture of our PSI-KT model
and its hyperparameters. The inference network consists of an embedding
network f(l]fmb, the cognitive traits encoder f, (;, and the knowledge states

encoder f <; . The weights of these interconnected networks collectively
constitute the inference parameters ¢.

Interaction embedding network. The network fE™ extracts features

o]

from the learning history tuples ’Hf:N = {Xn, Yn, tn }f:N, combining in-
formation about interaction time, KC identity and performance. The KC
identity embedding for KC x, corresponds to the learned embedding u*",
which is part of the generative model that parameterizes the graph
structure. The performance embedding is obtained by expanding the scalar
value y, into a vector y, with the same dimensionality as the time and
KC embeddings so that the performance features will be represented
on an equal footing. We then concatenate the KC embedding 1™ with
the performance embedding y, . The interval embedding is a positional
encoding (Vaswani et al., ), PE, = (sina(ty);cos a(ty,)). Using
sinusoidal interval encodings allows similar time gaps to map to simi-
lar representations while preserving sensitivity across both short and
long timescales. Thus, the joint embedding for a learning interaction
is given by v, = fo Emb([#*";y,]) + PE,, inspired by the transformer
architecture (Vaswani et al., ).

Latent state encoder. The network f (; infers the parameters of the

variational posterior distribution q¢,(zlzn). Since learning histories do
not have a pre-determined length, we use an LSTM (Hochreiter and
Schmidhuber, ) as the inference architecture. At each time point, we
extract the hidden states in the LSTM, h,,, = LSTM(v1.,). Meanwhile, in
the continual learning setting, information about the history is already
encoded and available in the variational parameters for the last time
step ¢,—1, so we use a multi-layer perceptron (MLP), h,, = MLP(v,).
Finally, another MLP Kingma and Welling (similar to the encoder in )
takes the hidden states /1, at every time point as inputs and produces the
mean (i, € RK and log-variance log 0., € RX for knowledge states z,,.

Latent trait encoder. The network f qi infers the parameters of the varia-

tional posterior distribution g4 (s1.,). The resulting approximate posterior
distribution enables the sampling of learner-specific traits to facilitate
personalized predictions. One immediately obvious approach is to use
the same architecture of f*. However, the unimodal Gaussian prior over
the latent variables cannot account for the diversity of cognitive trait
combinations that we expect to find across learners in diverse cohorts.
What we need is to allow for multimodality'” in the distribution of s over
all learners.

There is work on factorizing the joint variational posterior as a combi-
nation of isotropic posteriors, using a mixture of M experts (MoE; Shi
et al., ), i.e., ‘M)(Sf:n |’Hf:n) =1/mY, q(r,m(sf:n |Hf:n), assuming the
different modalities are of comparable complexity. However, this may
lead to over-parameterization. Instead, inspired by Dilokthanakul et al.
( ), we opt for a mixture of Gaussians as a prior distribution that
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Figure B.1: Inference model of PSI-KT with an example of a single learner’s history as the input. Note that all parameters ¢, 0 are shared
across learners. Grey backgrounds mark inputs. Right rectangles are neural networks’ layers and rounded rectangles designate features.
Layer ffmb maps the input features (time 7, KC u, and performance y, described in the text below) into embedding vectors. Layers f (;

and f7 output the parameters of the variational posterior distribution. These are all part of the inference networks and parameterized

by ¢ (surrounded by the grey box). The orange arrow is only applicable for inference on entire learning histories. Blue arrows represent
the prediction stage, where during prediction M samples are drawn from the predicted distribution based on y;,,, and log oz, , ;-

generalizes the unimodal Gaussian prior and provides multimodality!’.
By assuming that the observed data arises from a mixture of Gaussians,
determining the category of a data point becomes equivalent to iden-
tifying the mode of the latent distribution from which the data point
originates. This approach allows us to partition our latent space into
distinct categories. With these discrete variables, it is no longer possible
to directly apply the reparameterization trick. To solve this inference
challenge, we modify the standard VAE architecture by incorporating
the Gumbel-Softmax trick (Jang et al., )!2. We employ an LSTM
network, taking history embeddings v1., as inputs and generating one
of C category labels through the Gumbel-Softmax technique, denoted
as w = LSTM(v1.,) € Cat(m). Here Cat(m) represents the categorical dis-
tribution with probabilities 7t € AC. Simultaneously, we capture hidden
states at each time point as /,,, . Subsequently, we utilize an MLP to
process both the category label and hidden states as input, producing
the mean y;, € R* and log-variance log o5, € R* of latent states s,, for
each time point. Table B.3 presents an overview of the PSI-KT model
architecture and hyperparameters used for all experiments.

11: We therefore favor a mixture prior
over a mixture of encoders, as it intro-
duces multimodality in the latent space
without duplicating the full inference
network.

12: Direct sampling of the mixture com-
ponent would require gradient estima-
tors for discrete variables. The Gumbel—-
Softmax provides a continuous relax-
ation of the categorical variable, enabling
low-variance gradient-based optimiza-
tion of the ELBO.
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Table B.3: PSI-KT architecture and hyperparameters. FC(a,b) represents a fully connected layer with input dimension 4 and output
dimension b; K represents the number of KCs, different across datasets; C represents the number of categories in the mixture of Gaussians
for s (we use C = 10 in our experiments); the semicolon ; separates connected layers, while the slash / separates the layer architecture for
inference on entire histories from the continual learning set-up, where different.

Emb z s
f¢ fq) f‘i’
FC(16, 32)
FC(32, 16)
LeakyRel .2
LSTM(16, 32) / FC (16, 32) eic)(llz Uéz) )
FC(32, 16) Leak ReI'_U(E) 2)
FC(32, 16) LeakyReLU(0.2) Y '
‘ GumbelSoftmax (FC(64, C))
Hidden Layers LeakyReLU(0.2) FC(16, 16)
FC(32 + C, 64)
FC(16, 16) LeakyReLU(0.2)
LeakyReLU(0.2)
FC(16, K)
Fc(16, K) FC(64, 16)
J LeakyReLU(0.2)
FC(16)
FC(64, 4)
. KC Emb & 16
Inputs & Dim Perf Emb & 16 v, & 16 v, & 16
Outputs Uy Uz, ,logoz, Usy, ,1og 0,

B.4 Prediction and generalization experiments
details

B.4.1 Within-learner prediction results and training
hyperparameters

In our prediction experiments, we use supervised training: for each
learner, the first 10 interactions are used for training and the next 10
for testing, with 20% of learners held out for validation. We train all
models with Adam (Kingma and Ba, ), an initial learning rate of
0.005, gradient clipping at 10.0, linear learning-rate decay by half every
200 epochs, and batch size 32.

In Figure 5.5, we show average accuracy curves. Detailed accuracy, F1-
score, and standard deviations over 5 random seeds are reported in
Table B.4 and Table B.5. While baseline models traditionally predict a
single future time point from all available history, we argue that short-
term prediction alone is insufficient for capturing long-term learner
performance trends, which are essential for personalized material rec-
ommendation. It is also often unrealistic to assume immediate access to
ground-truth data for such predictions. Therefore, we predict 10 time
points into the future, using the predicted performances as inputs for
each step. In other words, instead of using ground-truth data, if the model
can predict i, based on all previous training data v,<,, we incorporate
the predicted performance along with the historical data [y, <x; 1] to
predict 1.

In our evaluations, we focus on prediction and generalization for small
learner cohorts (100-1,000), reflecting the limited data often available
in educational settings. This setting is important for practical ITS de-
ployment: it reduces experimental exposure, mitigates cold-start issues,
and supports classroom-scale use. To enable adaptive guidance and
long-term learner assessment, we always predict the next 10 interactions.
For a fair comparison with deep learning baselines, we also evaluate on
an expanded dataset of over 1,000 learners after filtering out those with
fewer than 50 interactions, reserving 20% for validation. Average accuracy,
learner counts, and model parameter counts are reported in Table B.6.
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Table B.4: Accuracies for within-learner prediction across numbers of learners (mean + SEM across random seeds).

Dataset # Learners HLR PPE DKT DKTF HKT AKT GKT QIKT  PSI-KT

100 .54 03 .65 01 .65 03 .60 01 5500 6702 6303 6303 -68 02
200 .55 02 6303 .66 02 .62 01 .58 01 .67 02 6102 6602 .70 02
Assist]? 300 .55 01 .66 01 .67 o1 .62 00 5801 6902 6502 6502 710
400 5501 .65.01 68 01 .63.01 6002 6703 632 6601 7101
500 .5501 6401 6701 .63 01 5903 67020 6302 65, 70 01
1,000 54 00 .65 00 6801 .63 01 .60 01 .70 02 .64 01 .64 01 7001
100 4501 5302 57 02 5303 .52 03 .56 02 .56 04 .58 02 6302
200 4501 5302 57 02 .54 02 5401 5501 .56 02 .60.02 .63 01
Assistl? 300 46 01 5301 .57 02 .55.02 550 5604 58 .6l .63 01
400 45 m .53 .56.01 .57 02 5602 562 58  .6lm .64 0
500 4601 5300 60,01 .58.01 5401 5602 5801 blm 63 01
1,000 44 01 5501 6001 57 S7m 6101 60,01 .63 .01 .64 0
100 .55 02 .66 03 7903 78 01 6302 8l 780  8lm 83.02
200 .57 01 .65 03 7901 78 02 6803  .8001 .8001 .80m .84 01
Junyils 300 562 .65 .03 8101 79.01 7001 8lm 7802  8lot -85 01
400 6102 652 8101 .80.02 .69 02 8202 7502 .80.01 .85 01
500 .61 01 6702 8201 -80.02 7001 8202 78 8101 -85 01
1,000 5901 .66 02 8101 8100 .69 01 8201 79.02 .83.01 .85 01

Table B.5: F1 scores for within learner prediction across learner numbers (mean + SEM across random seeds.)

Dataset # Learners HLR PPE DKT DKTF HKT AKT GKT QIKT  PSI-KT

100 S92  77m 77 03 7201 6401 790  76m 73,03 -80.01
200 6002 7403 78m:2 73.01 6801 7602 4oz 7702 .82 01
Assistl2 300 5902 77 01 7901 7400 .69 01 7303 7602 77 01 8301
400 6002 7701 7901 74m 7003 7303  75m 7601 8301
500 6001 7601 79m 74 m 6410 Ao  75m 760 8201
1,000 6001 7600  .79.00 74m 71m 7302 76m 76.01 .82 00
100 4501 441 42 .40 03 4203 4002 4002 Al .48 03
200 4501 44 01 4003 4201 4301 44 01 4102 4302 A7 04
Assistly 300 4501 450 4002 A4lon 4203 4503 4201 403 46 03
400 A MM Ao 4200 4302 4503 422 ASo 47 03
500 &‘01 4501 40,01 42 0 4010 45 02 4302 4501 47 02
1,000 Ador 442 4001 4300 4303 4602 4302 A7m 47 04
100 530 7003 .88 .87.01 7503 8901 8701  .89m 9201
200 54 0 7102 8801 .87 01 .80.02 8801 8801 8901 911
Junyil5 300 5302 7102 .89 01 .88.01 .80 .01 9001 8702 .89 01 921
400 52 7203 .89 01 .88.01 .80 01 .90.01 87 .02 .89 01 922
500 5301 7002 8901 .88 01 Z4os 8801 8601  .89.01 921
1,000 5201 1oz .90m -89.00 8002 9001 8501 .90m 93.00

While deep models benefit from large datasets, they remain challenging
for real-time deployment due to their parameter size. Moreover, PSI-KT
performs strongly on small cohorts, whereas baselines require data from
at least 60k learners to reach comparable performance.

B.4.2 Between-learner fine-tuning hyperparameters

For between-learner generalization, we use the best validation-performing
within-learner prediction model from Section B.4.1, trained on 100 learn-
ers. We then evaluate it on 100 randomly selected learners excluded
from training and validation. Without fine-tuning, the pre-trained
model is applied directly to these unseen learners, using their first 10
interactions to predict the next 10; results are reported in Table 5.2. In the
fine-tuning experiment, we perform fine-tuning for each model using a
batch size of 32. Additionally, we also set aside 20% of the learners as
a validation set during this process to save the model that achieves the
highest accuracy after fine-tuning. For baseline models, HLR, PPE, HKT,
which are comprised entirely of learner-independent and KC-dependent
parameters, we conduct fine-tuning for all of these parameters. In this
scenario, we use the pre-trained models as the initial weight values for
the fine-tuning process. Conversely, for models DKT, DKTF, AKT, we
perform fine-tuning specifically on their KC embedding parameters and
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Table B.6: Accuracy score in within-learner prediction with all learners in each dataset (mean + SEM across random seeds).

Dataset # Learners HLR PPE DKT DKTE HKT AKT GKT QIKT  PSI-KT
Assistl7 1,358 46 00 5500 5801 5501 57 m 6001 6001 6101 .64 o
Assist]12 9,954 44 0o 47 oo .69.00 .66 00 .66 00 6801 .70 00 .68 00 .70 01
Junyil5 62,124 6501 7101 .85 00 8500 .84 01 .86 01 8602 .86.00 8501

Table B.7: Continual learning accuracy. We report accuracy in predicting 10 subsequent outcomes. # Data indicate the number of

interactions from each learner for training.

Dataset # Data 10 20 30 40 50 60 70 80 90
HLR 5403 5708 5808 5909 5710 5607  S5doz 5506 5708
PPE 6501 5507 5307 5208 5406 5706 5906  -6los 6904
DKT 6503 6607 6406 6805 6904 6605 6605 .6803 6501
DKTF 6001  .6704  .6504 6404 6603 6206 .61 04 6302 632
Assist]2 HKT .55_01 .56_05 .62_04 .62_()5 .63_()2 .60_02 .61_03 .61_02 .62_()2
AKT .67 02 6604 62,04 .61 04 6105 .65 02 622 6102 .63.02
GKT 6502 6202 6201  .6405  .6504 6503 6606 6505 6505
QIKT 7002 6301 .64 02 6301 .62 03 .62 01 6202 .62 2 6301
PSI-KT .68.02 .70 03 .68 03 7203 7502 7303 7402 7402 7402
HLR 4501 4607 4507 5306 5508 5706 5506 5504 5403
PPE 5300 5206 5206 5207 5206 5205  Slos  Sdos 5604
DKT 57 02 5205 .52 05 .52 06 .59.04 .57 o5 60,04 .63 .59 03
DKTF 5303 5805 5405 5805  .B8oa 5505 5605 5604 .61l
Assistl7  HKT 5203 5704 6003 6003 6202  .6l03 6102 6002  .6le2
AKT 56,02 5305 5206 5404 5304 5302 5003  5loz 57,
GKT .63.02 .59.05 54 04 .60 04 56,03 54 o .57 02 5802 5803
QIKT .65 2 .58 03 .59 03 .56 05 .58 03 .56 02 .58 02 .58 01 .56 02
PSI-KT  .6302  -6204 .65014 .6005 .6005 6205 .6204 6204 .6403
HLR 55m 4306 42 06 44 o5 60,04 6304 63,03 6304 .64 03
PPE 6603 6706 6406 6405 6204 6305 6005 6003  .6lo3
DKT 79.03 .80.04 78 04 76 05 77 04 7504 .84 04 7302 7401
DKTF 7801 7405 7705  74os  Tlos  Tlos  Thos  Tles 72,
Junyild HKT 6302 6308 6907 6707 7004 7304 7303 7902 B4,
AKT 8loz 7904 7805 7904 7504 7503 7603 742 7403
GKT 8201 8002 7803 7803 7904 7903 7903 7902 802
QIKT 8400 8002 8005 7803 7804  .81lgo3 8002 7801  .85m
PSIKT 8302 .81ps .8los .8004 7706 -8los .8204 .8303 .8403

the last fully connected layer within the neural network, while keeping
the remaining layers frozen during the fine-tuning process.

B.4.3 Continual-learning results

In this experiment, we randomly select 100 learners using five different
random seeds, and collect their first 100 interactions. Initially, the models
are trained using only the first 10 interactions, following the same setup
as in the within-learner prediction experiment. Following the initial
training, we continuously integrate new interaction data into the training
process, introducing one interaction at a time for each learner. The model
iteratively predicts the subsequent 10 performances. This simulates a
common real-world scenario, where learners continually interact with
existing or even new KCs.

In the objective function ELBO shown in Equation (5.14), all historical
information up to time t, has already been fully encoded into the
variational parameters ¢,,. Additionally, to allow for the possibility of
learners encountering a new KC during their learning journey, we allow
for optimization over the KC parameters in the generative model. As
a result, when new interaction data Z = (X,4+1, Yn+1, tns1)'L becomes
available at time ¢,41, we use the new data to update both the inference
model parameters ¢,+1 and the generative model parameters U and M
which are related to KCs.

For the baseline models, which are designed to predict performances
based on fixed learning histories, there is no need to update the model
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parameters for each new data point from each learner individually.
Instead, when new interaction data, denoted as Z = (Xy+1, Yn+1, ta)BE,
becomes accessible at time t,41, we update all the model parameters
using all the interaction data collected up to that point, referred to as
H1.n+1. This update is performed through 10 gradient descent processes.
It is important to note that we do not include an additional validation
set to determine when to stop training each model separately. Instead,
we aim for a fair comparison among all models, ensuring that they
are trained on equal footing with the same limited data and resources
available to them.

B.5 Learner-specific representations analysis

In this experiment, we examine temporal latent features (learner repre-
sentations) derived from baseline models. When considering baseline
models, it is noteworthy that only DKT, DKTF, AKT, QIKT, incorporate
learner-specific temporal embedding vectors. While HKT utilizes tempo-
ral embeddings, all these embeddings originate from global parameters
associated with KCs, rendering them non-learner-specific. Consequently,
our comparative analysis focuses exclusively on PSI-KT compared with
DKT, DKTF, AKT, QIKT. We initially present comprehensive results in
Table B.8, complementing Table 5.3 from Section 5.4.4, wherein only
the results from the best-performing baseline models are displayed.
Subsequent sections will detail the experimental setups and metrics
employed.

B.5.1 Experimental setup for specificity

In personalized learning, we assume each learner has a unique cognitive
profile shaped by past experiences and educational contexts. Our first
step is to connect learner representations s/, with these inherent learner-
specific cognitive traits, i.e., the specificity of learners given corresponding
representations.

To quantify specificity, we employ mutual information, denoted as
MI(s; ) := H(s) — H(s | £)'* among all learners, as a measure of the
information shared between learner identities and learner representa-
tions. The detailed computation of the metric MI(s; {) is outlined as
follows:

Mli(s;¢) = H(s) — H(s | £)
1
=- logp(s) = = > 0)logp(s, | €
/P(S) gp(s)— 1 F /p(sl )logp(s,[6)

1
(D1 +log2n) + log |Zs|) — oL Zg:(D(l +log2m) + log [Z|)

Nl—= N

1
(log|Zs| - T > log|Zgl). (B.15)
{

Here X5 and X are the covariance matrices obtained from fitting learner
representations from all L learners or, respectively, a single learner
with a Gaussian distribution, and D is the dimensionality of learner
representations. In experiments, we begin by randomly selecting 1,000
learners from each dataset and then extracting their first 50 interactions
for training. To determine when to stop training effectively, we set aside

13: For a D-dimensional Gaussian
N(u,Z), the differential entropy is
%(D(l + log2m) + log|Z|). The D(1 +
log2m) terms cancel in the difference,
leaving only the log-determinant terms
in Equation (B.15).
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Table B.8: Specificity, consistency, and
disentanglement of the learned repre-
sentations across datasets. Arrows in-
dicate the preferred direction of each
metric. Higher specificity and disentan-
glement indicate that learner traits cap-
ture more learner-specific information
while remaining distinct from learner
identity; lower Consistency~! indicates
greater stability of trait representations
across interactions from the same learner.

14: Baseline models use 16-dimensional
representations vs. PSI-KT’s 4. Higher
dimensionality provides strictly more
capacity to encode learner identity, so
this comparison is already favorable to
the baselines.

15: Lower [EgsubMI(s[ ; lsup) means the
representation s cannot reliably distin-
guish which subset of a learner’s data it
was inferred from—the representation
is stable across different windows of the
same learner’s history.

Metric Dataset ~DKT DKTF AKT QIKT  PSLKT
Soecificit Assistl2  8.83 662 645 247 8.40
I\/II)I(S' 0 TY Assistl7 808 750  10.05 295 9.98
’ Junyils 1275  13.50 1334 4.09 14.37
Consistency-1 Assistl2 1413 1224 2015 835 7.48
E, M 7 ()] ASS17 1495 11 2447 35 6.35
sy VS bsub Junyil5 1310  17.81 2215  7.66 5.00
Disentanclement  Assistl2  -Led 038 817 231 7.42
Dit (5] e)gT Assistl7 301  -044  -9.81 56 8.39
KL Junyils  -0.62 496 665 15 11.49

a validation set of 20% of learners, which amounts to 200 learners in our
case. This setup mirrors our approach in the prediction experiment. The
metric MI(s; {) is calculated for the learners in the training set. Since our
goal here is to evaluate the model’s capacity to distill representations s
that uniquely identify learners, there is no need for a test set. Note that
the baseline models have higher-dimensional learner representations (16
dimensions in our experiments'*), potentially allowing them to capture
more information.

B.5.2 Experimental setup for consistency

We proceed with a supplementary consistency analysis to determine,
among the shared information quantified in specificity, whether the
learner representations capture intricate learner attributes or merely
reflect transient dynamic fluctuations. In the experiment, we split the
interaction data of each learner into five separate groups, i.e., subsets.
Each subset contains 30 interactions. These specific sizes were chosen to
ensure we have both enough learners for robust training and enough
interactions in subsets to estimate covariance matrices for our metrics. We
thus exclude learners who have engaged in fewer than 150 interactions.

To form subsets, we find out the average presentation time of each KC and
assign the KCs to separate subsets, so that the overall average interaction
time is as similar as possible across subsets. With this, we aim to wash out,
to the extent possible with the limited amount of data, systematic biases
in the partition induced by the dependence of learner representations on
time.

The mutual information metric [EgsubMI(s’Z i loub) = Eq, [H(s [ €) —H(s | bsup)],

employed in the consistency experiments, undergoes the a similar deriva-
tion process to Equation (B.15).

L MIG ) = 7 2 (HO €)= 2 3 HGs )
4 é}sub
_Lls( 2\ 41
=z Zel( [E[logN(ysz,ZS[)] T %E E[log (yszsub,Z

1
> (log | Zge| - z > 108 | 1)
12

esub

(B.16)

=

We fit each sub-learner separately and quantify the divergence met-
ricEy,, MI(s¢; €y, ) between learners and their sub-learners. A lower value
of By, MI(s’; fup) suggests a higher degree of consistency'®, reflecting
the difficulty in distinguishing between sub-learners and their corre-
sponding overarching learners given learner representations. Overall,
Table 5.3 shows that the learner representations of PSI-KT provide compa-

rable learner specificity and superior consistency. The lower consistency

2
slsub

)
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displayed by baseline models suggests that most of the representational
capacity available in their higher-dimensional representations might
be spent on capturing learner-unspecific characteristics of the training
sample.

B.5.3 Experimental setup for disentanglement

With the insights gained from specificity, our analysis progresses to
evaluating to what extent learner-specific representations, are disen-
tangled. Disentanglement in machine learning has been characterized
as the process of isolating and identifying distinct, independent, and
informative generative factors of variation in the data (Bengio et al., )-

In our disentanglement experiments, we use the same setup for specificity,
and compute the discrepancy D1 (s||¢) based on 50 interactions of 1,000
learners. Our approach bears similarity to Kim and Mnih ( ), but
we relax the unrealistic assumption of independent representations. In
real-world scenarios, independence in cognitive attributes is not a priority.
To assess how much information about learner identity is present in the
covariance across the representation dimension, we use the divergence
between full trait-vector entropy and diagonal learner-conditional trait-
vector entropy.

The discrepancy Dxp (s||¢) is estimated by the full entropy of represen-
tations H(s) and the diagonal elements of the covariance matrix in the
conditional entropy H(s | ¢)

1 1 @<
Dxw(sll¢) := H(s)sun — H(s | F)diag = 5 log |Zs| - I Z Z log (Zs M)ii
r i=1
(B.17)

Small non-diagonal elements of the covariance matrix in H(s) suggest low
cross-correlations. This can be interpreted as a form of disentanglement.
As illustrated in the third row of Table 5.3, the representations from
PSI-KT consistently exhibit a higher degree of disentanglement across
all datasets.

B.5.4 Mixed-effect linear regressions in operational
interpretability

Mixed-effects regression extends linear regression to handle data with
hierarchical or clustered structures, such as repeated measurements from
the same subjects (learners in our case). Taking one of our experiments
as an example, we conduct regressions based on y4 ~ ﬁﬁ’k + (1|learner).
Here, y!, represents the dependent variable and ﬁf;k is a predictor variable
at time t,,. Also, (1|learner) represents the random intercept associated
with each learner. This random intercept accounts for variability between
learners that cannot be explained by the fixed effect ﬁf;’k. In other words,
it accounts for the fact that different learners might have different biases
in their responses, allowing us to capture a more robust estimate of the
group-level effect.

For regression calculations, we use the models trained in the prediction
experiments, as described in Section B.4. For consistent comparisons
with specificity experiments, we opt for models trained on a group of
1,000 learners. This experiment goes beyond a simple sanity check (as
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Table B.9: (regression coefficient, p-
value) tuples for performance difference
and initial performance across models
and latents” dimensions. If there is no
significant dimension in one model and
dataset (p > 0.05), we show the dimen-
sion with the highest regression coeffi-
cient. Bold values indicate the dimension
and the baseline model with the highest
statistically significant linear relationship
in one dataset, with which we show the
regression results in Figure B.2 and Fig-
ure B.3.

Behavioural = ot DKT DKTF AKT PSI-KT
signature
Performance  Assistl2  (009,.643)  (.008,.736)  (~009,.665) (300, <.001)
difforemen Assistl7  (-008,758)  (~029,.304)  (-.001,.957)  (.556, <.001)
Junyils  (-003,.853)  (021,.771)  (.025,.064) (721, <.001)
Initial Assistl2  (.021,.078)  (.039,.008)  (.017,<.001)  (.544, <.001)
erfzrmame Assistl7  (048,.004)  (:038,.030)  (.010,.030)  (3.705, <.001)
p Junyil5  (-025,.034)  (044,.02)  (017,<.001)  (.921,<.001)

in Section B.5.1), so we use the testing data. This choice aligns with our
objective of using operational interpretability to gain insights and inform
future controlled experiments with unseen data. We use pre-trained
models, specifically DKT, DKTF, AKT, and our PSI-KT model, selected
based on their accuracy scores on the validation data.

To fairly compare with baseline models, we investigate whether any
dimensions within the learner representations capture behaviors similar
to our interpretable cognitive traits. Thus, we perform regression for each
dimension within the learner representations of the baseline models.
While Figure 5.7 in the main paper presents the regression results
concerning the dimension featuring the most pronounced correlation
among baseline models, we provide a complete list of dimensions that
exhibit significant relationships with the behavioral data in Table B.9.

Performance decay and forgetting rate. To analyze the exponential
decay of learner performances over time, we first show the relationship
between performance decay Ay} and the raw time difference 7, which
is divided into 10 bins. We select bin centers to ensure an equal number
of data points in each bin. This binning approach helps minimize the
impact of outliers and ensures a balanced representation of data within
each bin. Also, we show the relationship between decay AyfZ and the
time difference scaled by the corresponding forgetting rate a, at each
time point, or each dimension of learner representations in the baseline
models. We assume that if the forgetting rate a!, is meaningful for each
time interval and effectively controls the decay, then the standard error
of behavior data Ay within each bin should be smaller than the error
of binning raw time differences. This indicates that the decay is better
described as a function of a!,7{ than as a function of 7/, alone. We also
compute the standard error for each dimension of learner representations
in the baseline models, and we show the dimension v}, with the lowest
standard error in Figure B.2. Then, we perform mixed-effect regression
over the exponential term exp(—a!, 7/ (or exp(-v}, T}) in baselines) to
assess how well learner representations predict performance decay (as an
exponential function). The results show that at least one dimension in the
learner representations groups certain behavioral data and reduces the
standard errors. However, none of these dimensions exhibit a statistically
significant relationship with the behavioral data.

Initial performance and long-term mean. We conducted a mixed-effect
regression analysis between the initial performance and the long-term
mean, with the results presented in Figure B.3. These results indicate
that, except DKT on the Assist12 dataset, at least one dimension in
the baseline learner representations predicts initial performance. It is
important to note that none of the dimensions exhibit a stronger effect

compared to the identified trait ﬁf{k in our PSI-KT. Additionally, we note
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Figure B.2: The mixed-effect regressions of performance decay Ay vs. scaled interval t/a!, (scaled interval with the best dimension in
baselines Tfl (U*)f, )- The first row (a) shows the unscaled interval in the raw data. The aggregate standard error over 10 bins (SE), the

regression coefficient (coef), and its p-value are reported in each panel.

that embedding dimensions in baselines are trained in a permutation-
invariant manner, suggesting that these models can’t route any particular
generative factor of variation in the data (e.g. a behavioral signature) to a
specific dimension.

Prerequisite transfer ability and learning variances. In our experiments,
we sought to correlate two additional cognitive traits—transfer ability y
and learning volatility c—with behavioral data. This task proved more
complex than assessing the forgetting rate and long-term mean because
assessing transfer ability requires reliable annotations of prerequisite
relations and learning volatility can be connected to many unconstrained
factors during the learning process.

Regarding transfer ability, our hypothesis posits that given the identified
prerequisite KC i for KC j, a higher transfer ability y. suggests an
increased likelihood of correctly transitioning from one KC i to KC j. We
calculate this transition probability p(j* | i*)!, by observing the frequency
of correct responses to KC i followed by correct responses to KC j up
to a certain time t,. This implies that learners with greater transfer
abilities are more likely to answer questions related to KC i correctly
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Figure B.3: The mixed-effect regressions of initial performance y vs. long-term mean ﬂf;k (the best dimension (v*)}, in baselines). The
aggregate standard error over 10 bins (SE), the regression coefficient (coef) and its p-value are reported in each panel.

after mastering KC i. However, this approach depends on accurately
identifying prerequisite relationships between KCs. Therefore, we utilized
the Junyil5 dataset, which includes expert-annotated and crowd-sourced
prerequisite graphs, for our regression analysis. For learning volatility o,
we connect the average squared mean (5%)? for each learner with the
variance in their performance Var(y!, ).

In Figure B.4, we present the results of our mixed-effect regression analy-
ses. Each regression demonstrates a significant relationship. However,
due to the sparsity of the expert-annotated graph, we do not have enough
data to fit the regression model effectively. Thus we choose to use the
crowd-sourcing graphs and consider the edge existence if the edge weight
is above 0.5.



B.6 Graph inference analysis

&

Junyil5 Crowd Sourcing Graph

LL/}L/FL)JW

coef: 0.181
p-value: <0.001

Correct transition
Probability
s o =
s & 5

°
=

0.0 0.2 0.4 0.6 0.8 1.0

Transfer Ability ’yﬁ

G

Assist12 Assist17 Junyils

O R S S -
S - R L
%{—{f 0.20 %]J,I/{/{/ /}/£

1ance
°
o

°
=

°
3

0.10 o
coef: 0.809 9 coef: 0.896 0.0 L// /{ coef: 1.177
p-value: <0.001, . p-value: <0.001, p-value: <0.001

6

0.15

Performance Var
s

0.000 0.002 0.004 0.006 0.008 0.010 0.000 0.005 0.010 0.015 0.020 0.025 0.005 0.010 0.015 0.020 0.025 0.030

Mean of Squared Volatility (52)* Mean of Squared Volatility (¢2)* Mean of Squared Volatility (¢2)*
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B.6 Graph inference analysis

B.6.1 Details of the metrics for ground-truth graph
comparison

Here we report comprehensive evaluations of the alignment of the
inferred graphs with the human-annotated graphs in the Junyil5 dataset
under different metrics.

As discussed in Section 5.4.4, the Junyil5 dataset provides two types of
graph annotations - crowd-sourced similarity and prerequisite ratings
(with 1,954 rated edges), as well as more sparse expert-annotated pre-
requisite relations (837 edges). We use the following metrics to compare
graph representations learned by each model against these annotations:

1. Mean Reciprocal Rank (MRR) (Voorhees et al., ). We com-
pare the inferred graph with the expert-annotated using the MRR,

defined as |K|‘1Z|I.Ii|1(rank(i))‘1, where K is the total number of
KCs. We compute the rank of each expert-identified prerequisite
relation i — k in the relevant sorted list of inferred probabili-
ties {a/ k};.il and take the harmonic average.

2. Jaccard Similarity (JS) is a classic measure of similarity between
two sets, defined as the size of the intersection of set A and set
B (i.e., the number of common elements) over the size of the
union of set A and set B (i.e., the number of unique elements):
JS(A, B) = 1AnBljiau B. Here we define the edge sets by thresholding
weights at half the scale (0.5 for probability-scaled weights, 5 for
the average of the 1 — 9 crowd-sourced rating).

3. Negative Log-likelihood (nLL) of edge weights given crowd-
sourced annotations. The crowd-sourced annotations provide mul-
tiple 1 — 9 ratings per node pair. One set of annotations rates
the strength of the directed prerequisite relations, whereas the
other just rates the undirected similarity of the pair of nodes. We
normalize the ratings from 0 to 1 and fit them with a Gaussian
distribution. Then we compute the log-likelihood of the inferred
edge probability under the Gaussian. The variance of the Gaussian
accounts for inter-rater disagreements when comparing a model’s
inferred edge probability with the mean edge rating.
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16: Similarity via dot product of embed-
dings is standard in word2vec (Mikolov
et al, ) and graph embed-
ding (Hamilton et al., )—high in-
ner product implies the representations
share structure in the learned space.

4. Linear Regression Coefficient between edge weights and the causal
support (details are in Section B.6.3) from node i to node k on
correctness of k if having correct interactions on i. We compute the
causal support for transitions of every KC pair. However we remove
the causal support of pairs of KCs that have only one transition in
the dataset to avoid adding noise to our estimate.

B.6.2 Quantitative comparison results on the Junyil5
dataset

Note that the graphs of baselines are based on KC embeddings (as in
Section B.2), and thus there is no edge directionality. For the baselines
that have at least two embeddings for each KC, we can use to compute the
directed edges, since one embedding for KC will end up in a symmetric
structure adjacency matrix (DKT, DKTF, HKT, AKT). Thus, to conduct a
fair comparison with the baseline models, we leniently compute edge
weights based on every combination of KC embeddings. For example, in
DKT, there are two embeddings 1, u*! € RP representing incorrect
interactions and correct interactions on KC k, respectively, and embed-
dings are shared across all learners'®. We compute the edge weights a'*
based on two different combinations here, both a’* := 397 y*1 and
a'* = 17y "0 and report the graph with the best results. When extract-
ing undirected graphs, we concatenate all KC embeddings to compute
a’® = ('O +u* M) T (40 41451, in order to reflect all available information
from all KC embeddings. In the case of baselines with a single embed-
ding per KC, such as QIKT, or those using a parameterized undirected
graph, like GKT, we allow their inferred graphs to be less accurate. This
means that for these models, the presence of an edge between two KCs
is deemed correct if there is a directed edge from either direction in
annotated graphs, without the necessity for these edges to accurately
indicate the directionality. We then compute the weights by min-max
normalization. This normalization is necessary for computing the log-
likelihood, where we also use a threshold of 0.5 to determine whether
there is an edge when the comparison requires binary edges.

In Table 5.5, we show the comparison of ground-truth prerequisite
graphs and inferred graphs from our PSI-KT, and the best baseline
models on the Junyil5 dataset under the different metrics. These results
demonstrate that our inferred prerequisite graph outperforms others
when compared with crowd-sourced and expert-annotated graphs under
different metrics.

Here we show all of the comparison results, including a comparison of
the similarity (undirected) graphs and the prerequisite (directed) graphs
on four metrics in Table B.10. We do not report MRR ranking scores for
similarity graphs because the ground-truth similarity graph does not
contain an expert-annotated version.

B.6.3 Causal support

Causal induction is the problem of inferring underlying causal structures
from data. Here, we use a Bayesian framework (Griffiths and Tenenbaum,

, ) to infer a singular cause-and-effect relationship between all
pairs of KCs, asking how performance on one node influences perfor-
mance on another, and whether the strength of the causal relationship
corresponds to our inferred prerequisite graph. In this context, we model
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Table B.10: Comparison between ground-truth graphs and inferred graphs in Junyil5 dataset. pre indicates evaluation against a
prerequisite graph and sim evaluation against a similarity graph.

DKT DKTF HKT AKT GKT QIKT PSI-KT

MRRT  expertpre .0069 .0067 .0074 .0075 .0082 .0073 .0086
expert pre 1.46e-3 1.37e-3 1.47e-3 1.44e-3 1.46e-3 119e-3  1.86e-3

ST crowd pre 4.60e-3 4.28e-3 4.66e-3 4.48e-3 3.44e-3 5.21e-4 9.48e-3
crowd sim 5.90e-4 0.00 0.00 5.18e-4 3.43e-3 0.00 4.66e-3

crowd pre 5.735 5.580 6.092 5.677 3.033 4.228 4.106

nLL | crowd sim 6.598 4.039 4.042 9.100 9.028 10.622 2.352

the relationship between a candidate cause C and a candidate effect E (i.e.,
a pair of KCs), assuming an ever-present background cause B (i.e., the
learner’s general ability and the influence of other nodes). The objectives
are to determine the probability of a causal relationship between C and E,
known as causal support (Equation (B.18)).

In our prerequisite graph scenario, we assume that if KC 7 is a prerequisite
of KC k, the correctness on KC i contributes to the correctness on KC k.
This implies the presence of a prerequisite relationship between KC i
and KC k, signified by a causal link between their correctness levels.
Consequently, for every pair of nodes, a candidate cause C corresponds
to performance v/, = 1 at time f,,, and an effect E corresponds to yfl =1
at time #,41, with inputs from all remaining nodes relegated to the
background cause B.

When examining elemental causal induction, we adhere to the follow-
ing two-step procedure: i) We establish the nature of the relationship
through causal graphical models, and ii) we quantify the strength of
the relationship, provided it exists, as a problem of inferring structural
parameters. In the subsequent text, C and E variables are denoted using
uppercase letters, while their specific instances are represented using
lowercase letters. Specifically, ¢* and e* indicate the presence of the cause
and effect (i.e., correct performance), whereas ¢~ and e~ signify their
absence (i.e., incorrect performance).

Causal graphical models. Causal graphical models are a formalism for
learning and reasoning about causal relationships (Glymour et al., )-
Nodes in the graph represent variables, and directed edges represent
causal connections between those variables. To identify whether a causal
relationship exists between a pair of variables, we consider two directed
graphs denoted Graph 0 Gcg : B — E and Graph1Gcog: B — E «
C, as shown in Figure 5.8b. Thus, G¢c» represents the null hypothesis
that there is no relationship between C and E (i.e., the effect E can
be accounted for by background cause B), while G¢_,r represents the
alternative hypothesis that the causal relationship exists.

In our case, the cause C and the effect E are equivalent to KC i and
KC k, respectively, for every pair of KCs. The process of inferring the
underlying structure between KC i and KC k, whether the learners’
behavioral learning history H are generated by G;_,x or G;_, can be cast
in a Bayesian framework (Griffiths and Tenenbaum, , ). Causal
support quantifies the degree of evidence present in the data H that favors
Graph 1 G;_,x over Graph 0 G;_»x:

P(H|Gc—E) _ P(H|Gi—k)

t = log = —C2E) _ jog T TRk
SUPPOT OgP(?‘HGC—HE) OgP(H|Gi—f->k)

(B.18)

Intuitively, the joint presence of the cause and effect, i.e., correctness
on KC i followed by correctness on KC k, offers support for a causal
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link from node i to node k. Conversely, the absence of the cause, i.e.,
incorrectness on KC i but is followed by correctness on KC k, presents
evidence against the notion that KC 7 is a prerequisite for KC k.

Causal support. Causal graphical models depict dependencies using
conditional probabilities. Defining these probabilities entails parameter-
izing each edge, and this parameterization determines the functional
expressions that govern causal relationships.

For Graph 0 G;,r and Graph 1 G;—k, we define Po(yfjﬂ = 1|B) =
wp and Pq (ylnc =11 y., = 1) = w; respectively. In other words, the
probability of correctness on KC k given just background causes is wy,
and the probability of correctness on KC k given previous correctness on
KC i is wy; and when both prerequisite KC i and background causes are
present, they have independent opportunities to produce the effect.

For Graph 0 Gc_»g, the sole parameter w( denotes the likelihood of the
effect being present given the background cause

P()(eJr | b+; a)o) = wy. (Blg)

The corresponding likelihood for the data H given Graph 0 G is
accomplished by integrating over all possible parameters wy with a
uniform prior over wo:

1
P(H| Grony) = / Po(H | @0, Gim)P(@0 | Gini)deo
0

1
= / wé\](e )(1 - a)())N(e_)da)o
0
=Beta(N(e*) +1,N(e™) + 1)
=Beta(N(y* , =1)+1,N(y*,, =0) +1). (B.20)

Here Beta() is the beta function, and N(e*) and N(e™) are the marginal
frequencies of the effects.

17:  Equation (B21) is a noisy-OR  For Graph 1 G;_, the likelihood of the effect is given by'’:
gate (Pearl, ): each cause indepen-

dently has a probability of activating the + . —1_(1— b _ c
effect, and the effect fires if any cause Pi(e™|b, ¢;wo, @1) =1 = (1 = o)’ (1 = an)", (B.21)

fires. It enforces the constraint that C can . . .
only raise (never lower) the probability ~ Where wg again defines the influence of the background cause, and the

of E. additional parameter w1 defines the influence of the cause. Here b and ¢
are binary, which means if cause C exists, then ¢ = 1. We compute the
likelihood of the data P(# | Gi—k) by integrating over parameters wo
and w1. Each parameter value is defined by a prior probability, which
when combined with the likelihood of the data, yields a joint posterior
distribution over data and parameters for the structure. To determine the
observed data likelihood for Graph 1 G;_,, we have

1 p1
P(H|Gimk) = / / Pi(H | wo, w1, Gimk)P(wo, w1 | Gimk)dwo daw:
0o Jo

1 pl
= / / l—l Pi(elc,b*; wo, 1)V P(wp, @1 | Gisk)dwo dan.
o Jo

e,c

(B.22)

Here N (e, c) represents the number of occurrences. To compute

[ [Pi(ele, b wo, wr)Ve,

e,c
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we iterate over all possible sets of (e, ¢). Based on Equation (B.21), we get:

[ TPitelc,b*; @0, @)V =Pi(e* |c*, b*; wo, 01)NC Py (e |, b¥; wp, wp)NE )
e,c

+ ot N(et,c™
:(a)o + w1 — a)oa)1)N(e < )a)o (" )

(B.23)

While Equation (B.22) is not analytically tractable, it can be effectively
approximated using Monte Carlo simulations. With uniform priors
on wy and w1, a reliable estimation of P(H | G;—) can be obtained by
generating m samples of wp and w1 from a uniform distribution spanning
the interval [0, 1], followed by computation of:

1 m
P(H|Gi-k) = D Pi(H | woi, i, Gisk)

i=1

1< + N
=— > [ [Pilele, b*; woi, wn)NE

m i=1 e,

1 & . }
_ N(e*, N(e*,c7)
= Z(wOi + wy; — woiwn)NE )a’ol'

i=1

N(¥341=19=0)

1 k i
2 : N =1,y,,=1
=— (a)oi + w1 — a)oiwli) ¥ =LYn=1) a)Dl

i=1
(B.24)
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Figure B.5: Linear regressions relating causal support to the inferred edges for baseline models (2) DKT,(b) DKTE, (c) HKT, (d) AKT,
(e) GKT, (f) QIKT, and (g) PSI-KT. The x-axis represents the normalized edge weights inferred by the respective baselines. The coefficient
(coef) and its p-value are reported in the lower right of each panel.
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To thoroughly examine the various elements of PSI-KT, including cogni-
tive traits and the prerequisite graph, we executed three distinct ablation
studies:

» Without the graph inference (w/o graph): We omit the graph
inference process and the influence of prerequisite KCs on the long-
term mean. Essentially, this approach treats each KC independently.

» Without individual cognitive traits (w/o individual): We alter the
variational inference network in this scenario to produce a uniform
distribution across all learners. This change effectively removes the
consideration of individual differences in learners’ cognitive traits.

» Without dynamic cognitive traits (w/o dynamics): We remove the
dynamic transition distribution over the traits in the generative
model. This assumes that each learner has static traits over time.

Assist]2  Assistl7  junyil5

PSI-KT 68017 63015 83015

w /o Graph -.04 005 -.04.002 --07 002
w/o Individual traits ~ -.03 g2 -.06.006 -.04.001
w /o0 Dynamic traits -.06.001 -.09.003 -.03.002

In Table B.11 and Figure B.6, we present the results of our three ablation
studies. We observed that the contribution of prerequisite graphs, indi-
vidualized traits, and dynamic traits varied across the datasets. These
findings underscore the diversity inherent in educational datasets and
simultaneously reinforce the effectiveness of our unified framework.

Table B.11: The accuracy in three kinds
of ablation study (mean + SEM across
random seeds). We show the accuracy
gap compared with the complete PSI-KT
model.
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The appendix for Chapter 6 is organized as follows:

» Section C.1 provides the full DreamerV3 world model architecture,
including the complete RSSM equations, the training objective,
the factorized discrete latent space structure, and implementation
hyperparameters.

» Section C.2 compares three formulations of information gain—
actual, predicted (prospective), and retrospective—and explains
why the predicted variant supports more effective exploration in
tabular settings and why the retrospective approximation used in
DreamerV3 is susceptible to aleatoric fixation.

» Section C.3 addresses the nonstationarity of intrinsic reward signals
and its implications for reinforcement learning algorithms, explain-
ing why model-based architectures are essential and describing
the failure modes we encountered in both tabular and Dreamer
experiments.

» Section C.4 describes the Blahut-Arimoto algorithm for exact one-
step empowerment computation in the tabular setting and the
factorized mutual information approximation used in DreamerV3,
with a discussion of their limitations and potential extensions.

C.1 DreamerV3 architecture and implementation

This appendix provides the full architecture description of the DreamerV3
world model used in Section 6.5, supplementing the overview in Sec-
tion 6.5.1. We follow the implementation of Ferrao and Cunha ( ) but
replace their CBET intrinsic reward with our novelty, information gain,
and empowerment rewards, and use the partial pixel-based observation
provided by MiniGrid rather than semantic state observations.

Recurrent State-Space Model (RSSM). The world model fyym is a Recur-
rent State-Space Model with the following components:

Sequence model: h; = f¢(ht_1, St-1,d¢-1) (C1

Encoder (posterior): s; ~ py(st | ht, 01) (C.2)
Dynamics predictor (prior): 8 ~ pe(5: | t) (C.3)
Reward predictor: 7 ~ po (7t | by, st) (C4)
Continue predictor: & ~ pg(Cy | iy, s1) (C.5)
Decoder: 0t ~ pg(0t | hy, st) (C.6)

The sequence model is a Gated Recurrent Unit (GRU) that maintains
a deterministic recurrent state 1; € R?, updated from the previous
recurrent state, the previous stochastic latent, and the previous action.
This recurrent component captures temporal dependencies and serves as
a form of working memory, making the Markov property approximately
hold even when the current observation alone is insufficient to identify

C.1 DreamerV3 architecture
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Figure C.1: Simplified illustration of
DreamerV3 world model training. The
recurrent state h; aggregates past infor-
mation, the encoder produces the pos-
terior latent s; from the current obser-
vation o¢, and the dynamics predictor
produces the prior §; from h; alone.
The prediction heads for observation,
reward, and continuation contribute to
Lypred, while posterior-prior matching
contributes to Lyn and Lrep.

a prior/posterior ap as
matching

decoder
reward
continue

the agent’s location (e.g., when the agent faces a wall, the recurrent state
encodes what it saw before turning).

The encoder maps the current observation o; to a distribution over a
discrete latent state s;, conditioned on the current recurrent state /;. This
posterior distribution represents the agent’s belief about the current state
given all information available to it.

The dynamics predictor maps only the recurrent state /i; to a predicted
distribution over s;, without access to the current observation. This
prior represents the agent’s prediction of the current state based solely
on memory (past observations and actions). The gap between encoder
posterior and dynamics predictor prior is the core measure of model
surprise and the basis for the information gain reward (Equation (6.11)).

The reward predictor, continue predictor, and decoder operate on the
combined latent representation (/;, s¢) to predict the immediate reward,
the probability that the episode continues, and the current observation,
respectively.

Training objective. The world model is trained by maximizing an evi-
dence lower bound (ELBO) with three loss terms:

Jpred = E [logrhp(Ot | e, s¢) + log%(n | he,se) + logpqs(ct | ht/st)] ,

(C7)
Jayn = max (1, Dr[sg(pe (st | he, 00)) | po(e [ he)]) (C.8)
Trep = max(1, Dkr[pe (st | e, 01) || sg(po(5e 1 h))]) (C.9)

where sg(-) denotes the stop-gradient operator. The dynamics loss Jayn
trains the dynamics predictor to match the encoder (pulling the prior
toward the posterior), while the representation loss Jrep, trains the encoder
to match the dynamics predictor (pulling the posterior toward the
prior). The free-bits threshold of 1 nat prevents the KL losses from
over-regularising the latent space.

Factorized discrete latent space. DreamerV3 represents s; as a factorized
discrete distribution: L = 32 independent categorical variables, each with
K = 32 categories, yielding a total latent space of 3232 configurations. The
encoder and dynamics predictor each output a 32 X 32 matrix of logits,
from which each z; is sampled independently.

The factorized structure enables efficient computation of all three intrinsic
motivation signals. Novelty (Equation (6.9)) tracks per-factor counts and
averages. Information gain (Equation (6.11)) computes and averages per-
factor KL divergences. Empowerment (Equation (6.14)) computes and
averages per-factor mutual information. All three measures therefore
share a common unit of analysis—individual latent factors—ensuring
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state representation N

state representation s’

observation o

observation o’

that their magnitudes are comparable and that the sum and product
hybrids combine signals at the same granularity.

Policy and value learning. The actor-critic policy operates over imagined
trajectories sampled from the world model. Given a starting latent state
(h¢, st), the world model generates a sequence of imagined transitions
by repeatedly applying the dynamics predictor and the actor policy.
The actor and critic are trained on these imagined rollouts using the
REINFORCE-with-baseline objective with A-returns. In our setting, the
intrinsic reward 7ingrinsic is computed at each environment step and passed
to DreamerV3 in place of the extrinsic reward; the world model and
policy then process this reward in exactly the same way as an extrinsic
reward.

Implementation details. We follow the hyperparameters and architecture
of Ferrao and Cunha ( ) without modification, with the exception of
using MiniGrid’s partial pixel-based observation (a 7 X 7 X 3 RGB image
of the agent’s field of view) rather than the semantic tile encoding they
used. Key hyperparameters include: replay buffer size 10°, batch size 16
sequences of length 64, recurrent state dimension d = 512, learning rates
3 x 107* for the world model and 3 x 107° for the actor and critic, and a
discount factor y = 0.997. Training runs for 10° environment steps per
condition. Due to computational constraints, we run a single seed per
condition in the Dreamer experiments.

C.2 Information gain variants

The information gain (IG) reward in Section 6.3.2 is implemented differ-
ently for the Tabular and Dreamer agents: the Tabular agent computes a
predicted (prospective) IG, while the Dreamer agent uses a retrospective
approximation. This section defines all three variants that appear in the
literature—actual, predicted, and retrospective IG—and explains the
consequences of this difference for exploration.

C.2.1 Three variants of information gain

Letp(S’|s, a) denote the agent’s current transition model: the distribution
over next states given state s and action a. Bayesian IG is defined as the
reduction in posterior entropy over some unknown quantity © (here, the

Figure C.2: Factorized discrete latent
representations for two consecutive ob-
servations. Each of the L = 32 latent fac-
tors (rows) independently takes one of
K = 32 discrete values (columns). From
one observation to the next, some fac-
tors change (e.g. s1, sp—encoding agent
position or orientation) while others re-
main stable (e.g. s; —encoding environ-
mental context). The factorized struc-
ture enables per-factor computation of
novelty, information gain, and empower-
ment, avoiding the combinatorial explo-
sion that would arise from treating the
full 3232 state as a single discrete vari-
able.
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1: © denotes the unknown parameters
of the transition law, not the next-state
variable itself. In the tabular case, ® may
be identified with the collection of multi-
nomial parameters {p(- | s, a)}s,u}

2: More precisely, p(S” |s,a,s’) de-
notes the posterior predictive distribu-
tion after updating the belief over © with
the observation (s, a, s”). Equivalently,

p(s”1s,a,s")

= / p(S”|s,a,0)p@©]|s,a,s")dO
(C.11)

transition dynamics') after observing a new data point. In the model-
learning setting, this corresponds to the change in the agent’s model after
observing a transition (s, a, s’).

Actual information gain. The simplest variant computes IG retrospectively,
after observing a specific transition to s’:

rlagual(s,a,s’) = Dxr(p(S" |s,a,8") || p(S” |s,a)), (C.10)

where p(S”|s,a,s’) is the posterior distribution after updating the
transition model with the observation of s’ 2, and p(S” |s, a) is the prior.
In the tabular setting, this update is exact: incrementing N(s, 4,s’) by
one and recomputing via Equation (6.1) yields the exact posterior. This
measure is nonzero only after observing a specific outcome, and so it can
only be used as a retrospective reward.

Predicted (prospective) information gain. The prospective variant—the
one we use for the tabular agent in Equation (6.10)—computes the expected
actual IG before observing any specific outcome:

rlpcred(s, a) = Eyop(s'1s,0) [rlaétual(s, a, §’)] =MI(S;@]s,a), (C.12)
where the expectation is taken over the current predictive distribution.
This quantity equals the mutual information between the unknown model
© and the next state S’—the amount by which observing the transition
is expected to reduce uncertainty about the model. The predicted IG is a
prospective measure: it quantifies how much the agent expects to learn
before taking an action. It can therefore be used for planning—the agent

can compute rIpGred for all state-action pairs and choose the action that
maximizes expected model improvement, whereas actual 1G is reward-
only which can only be assigned after the transition is observed. Prior
work (Gruaz et al., ; Little and Sommer, ) has shown that tabular
agents using predicted IG improve their world models faster than those
using other measures.

Retrospective KL (Dreamer). In a neural world model, computing the
predicted IG (Equation (C.12)) would require: (a) running the dynamics
predictor forward for each possible action, (b) computing the posterior
for each possible next latent outcome, and (c) averaging over the current
predictive distribution. Step (b) alone is intractable for DreamerV3’s
discrete latent state, which factorizes into L = 32 categorical variables
with 32 categories each, yielding a joint support of size 3232.

The approximation we use (Equation (6.11)) therefore replaces exact
Bayesian IG with a posterior—prior KL in latent space:

’ l L ’ ’ ’ ’ ’
e, a,8") = 7 2 Dxa(pols | W, 0) L po(st 1) . (C13)
i=1

Here, s} denotes the ith categorical latent factor of the next-step latent
state, and L is the number of such factors. The encoder posterior py (s’ |
h’,0’) is the distribution over that factor after incorporating the new
observation o', while the dynamics prior py(s; | h’) is the model’s
prediction before seeing o’. Averaging over i yields a scalar summary of
how strongly the observation revises the model’s latent prediction across
the factorized latent state.

This quantity is not exact Bayesian IG over transition parameters. Rather,
it is a variational proxy: a measure of posterior—prior mismatch in the
learned latent representation. When the latent model is well calibrated,
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this KL is typically small on well-modelled transitions and larger on

surprising or poorly predicted ones>.

C.2.2 Consequences for exploration

The key difference between predicted and retrospective IG is that the
predicted variant is intrinsically prospective: it assigns value to a state-
action pair before the outcome is observed, and can therefore be used
directly for planning. By contrast, the retrospective variant is defined
only after a transition has occurred. It can still influence future behavior
through value propagation, but only indirectly, via experienced returns
rather than advance evaluation of unseen transitions.

This asymmetry helps interpret the difference between the Tabular and
Dreamer settings. In the Tabular agent, predicted IG can directly highlight
actions that are expected to improve the model, including actions that
lead toward uncertain but potentially high-empowerment regions. In
the Dreamer agent, the retrospective KL signal becomes available only
once informative transitions have been experienced, so any preference
for routes leading to such regions must be learned from downstream
reward propagation rather than anticipated immediately.

In bottlenecked environments, this can delay the discovery and exploita-
tion of informative regions beyond the bottleneck. Predicted IG can
mark the bottleneck-crossing action as promising before any successful
traversal, if the model already assigns high expected information value
beyond it. Retrospective IG usually requires experience on or beyond the
bottleneck before that route acquires value.

A potential solution is ensemble disagreement (Sancaktar et al., ), which
maintains multiple dynamics predictors and uses their disagreement as
a prospective measure of IG. This approximates the expected IG (Equa-
tion (C.12)) without requiring enumeration of all possible next latents,
and has been shown to successfully guide DreamerV3-based agents in
complex environments. Implementing ensemble disagreement in place
of the retrospective KL would likely strengthen the complementarity
effect observed in our Dreamer experiments.

C.2.3 Information gain and aleatoric uncertainty

A further distinction concerns the treatment of irreducible (aleatoric)
uncertainty. The predicted IG (Equation (C.12)) theoretically approaches
zero for stochastic transitions: once the agent has learned the aleatoric
variance 02 of a transition (e.g., that ice tiles produce uniformly random
next states), no further data can reduce the model’s uncertainty about
the transition dynamics, so the expected posterior entropy equals the
prior entropy. In practice, this convergence is approximate: with a finite
Dirichlet-like count model, the predicted IG for stochastic transitions
decays slowly toward a small positive value as counts accumulate.

The retrospective KL (Equation (C.13)) is more susceptible to aleatoric
confounding. Because it measures the divergence between the encoder
posterior (which has access to the actual observation) and the dynamics
predictor prior (which does not), it remains high whenever the observa-
tion is informative about the current latent state—even if the transition is
inherently stochastic. If the world model cannot perfectly predict the next
latent from the previous state and action alone (which is impossible for

3: A large posterior-prior KL can reflect
epistemic uncertainty, but also represen-
tation drift, encoder mismatch, or obser-
vation noise. In learned latent models,
these effects are not cleanly separable.

( Remark C.1 (Surprise, IG, and learn- )
ing progress.) These quantities are
related but not equivalent. Surprise
measures how unlikely an observed
transition is under the agent’s current
predictive model: Surprise(s, a,s”) =
—logp(s’ | s,a). A transition may be
highly surprising simply because it is
rare under the current model. Infor-
mation gain measures how much the
observation updates the agent’s be-
lief about the dynamics. In a Bayesian
formulation, with ® denoting the un-
known transition-model parameters,
the actual IG from observing (s, a,s”)
is Equation (C.10) Thus, IG measures
model change, not merely outcome
improbability. Learning progress
measures improvement in predic-
tive performance over time. A sim-
ple form is the reduction in predic-
tion loss between two training iter-
ations t and t + 1: LPs11(s,a,s”) =
U(s,a,s’) — bi11(s,a,s”), where ¥
is a prediction loss, for example
negative log-likelihood, 4 (s, a,s’) =
—log pi(s’ | s, a). Learning progress
is therefore a temporal difference in
model quality.
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4: Standard Q-learning instead behaves
as if there were a single stationary target:

Q"(s,a) =E

(o)

k
> T (ks ak, ska) | -
k=0

aleatoric transitions), the KL divergence will remain elevated indefinitely,
regardless of how many times the transition has been experienced. This
is the mechanism underlying the IG fixation on ice tiles observed in
Figure 6.17.

C.3 Nonstationarity of intrinsic rewards

Intrinsic motivation signals differ from extrinsic task rewards in a funda-
mental way: they depend on the agent’s epistemic state, and are therefore
generally nonstationary over learning. An extrinsic reward—reaching a
goal, collecting a coin—is a fixed property of the environment dynamics
and task specification. Once the environment and task are fixed, the
extrinsic reward attached to a transition does not change merely because
the agent has become more knowledgeable. However, novelty depends
on visitation counts, information gain depends on the agent’s current
posterior or predictive uncertainty, and empowerment estimates depend
on a world model whose parameters are themselves being updated.
The same transition can therefore receive a different intrinsic reward at
different moments in training, not because the environment has changed,
but because the agent’s internal world model has changed.

This distinction matters because most RL analyses assume a stationary
Markov decision process with a fixed reward function. For a learned
intrinsic reward, the natural object is instead a time-indexed reward
function

(s, a,s’), (C.14)

where t denotes training time and indexes the current epistemic state
of the agent. Holding the transition kernel fixed, the induced control
problem is more accurately written as a sequence of MDPs,

Mt = (Sr -'4/ PI Tt, 7/)/ (C15)

rather than a single stationary MDP with one reward function r. Accord-
ingly, under a fixed policy 7, the relevant action-value function is also
time-indexed:

QF(s,a) =E| > y*riek(sk, ax, ske1) | S0 =5, ap =a, m|.  (C.16)
k=0

This is already a different object from the stationary value function
assumed by standard temporal-difference methods*. Those methods are
typically derived as if there were a single Bellman operator with a single
fixed point. With intrinsic rewards, however, the Bellman operator itself
drifts as learning changes the reward landscape. Thus the difficulty is
that the target being bootstrapped toward moves during learning, so the
algorithm must track a changing fixed point rather than converge to a
static one.

We encountered this problem directly in both the Tabular and Dreamer
experiments. The two cases differ in their mechanics, but both instantiate
the same underlying mismatch between a nonstationary intrinsic objective
and learning algorithms that were designed around stationary reward
targets.
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C.3.1 Tabular setting: stale Q-values

In the tabular setting, we initially experimented with a standard model-
free Q-learning update:

Q(z,a) <« Q(z,a)+1 [r(z,a,z/) + y max Q(z’,a") - Q(z,a)] , (C17)

where r(z,4a,z’) is the intrinsic reward at the current time step. This
approach failed systematically.

The problem is that Q-values are updated incrementally and only for
states that have been visited. When a curiosity-based intrinsic reward
decays—as it should when a state has been visited many times—the
Q-values for that state are slow to reflect this decay, because Q-learning
bootstraps from past estimates. The agent therefore continues to plan
paths toward states that are no longer intrinsically rewarding, wasting
time chasing stale gradients.

For novelty in particular, the nonstationarity is global: when any state
is visited, the visitation probability p(z) for all states changes (since the
normalizer >z N(Z) increases), causing the novelty reward to shift for
states that were not visited at all. A model-free agent has no mechanism
to propagate these global updates through its value estimates.

Solution: model-based prioritized sweeping. The solution we adopted—
model-based Q-value computation via prioritized sweeping (Equa-
tion (6.2) in Section 6.3.2)—sidesteps this problem by recomputing Q-
values from the current model at each time step. Because the world model
is always up-to-date (reflecting the counts observed so far), and because
Q-values are derived from the model rather than accumulated through
TD bootstrapping, they automatically reflect the current intrinsic reward
landscape. This requires more computation per step (fsweeps = 100|Z|
sweeping iterations in our implementation), but eliminates the stale-value
problem entirely.

Even with model-based sweeping, we found that novelty requires more
sweeping iterations than information gain or empowerment, because a
single state visit updates the global normalizer and therefore changes nov-
elty rewards for all states simultaneously. The Q-values must be updated
for the entire state space on each visit, not just for states downstream of
the visited state.

C.3.2 Dreamer setting: replay buffer contamination

In the Dreamer setting, the nonstationarity problem manifests differently
and is harder to solve within the DreamerV3 framework. DreamerV3
stores all experienced transitions (0, 4, 0’, 7) in a replay buffer of size 10°,
and trains its world model and policy by sampling random batches from
this buffer.

When intrinsic rewards are stored in the replay buffer alongside tran-
sitions, a transition stored early in training carries the intrinsic reward
computed by an early world model. Late in training, when the world
model has substantially improved, the policy gradient is still trained on
some fraction of these early transitions—with their outdated intrinsic
rewards. For nonstationary intrinsic rewards, this contamination is sys-
tematic: early transitions carry high novelty or information gain rewards
(when the model was uncertain), while the same states should have
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near-zero reward late in training. The policy therefore continues to plan
toward previously explored states long after exploration should have
moved on.

We observed several specific behavioral signatures of this contamination:

» The novelty-driven agent periodically revisiting the starting room
despite having explored further regions, because early transitions
in the room carry high novelty rewards in the buffer.

» The empowerment-driven agent spending extended episodes re-
peating the same action in the same state, because the empowerment
reward for that state-action pair is stable and the buffer contains
many high-reward records of it.

» The hybrid (information gain + empowerment) agent appearing
to reduce to a pure information-gain agent, because the combined
reward early in training is dominated by information gain, biasing
the sampled buffer.

Potential solutions. Several approaches could mitigate replay buffer
contamination; they were not in scope for this work but are important
directions for future implementations:

1. Reward recomputation on sampling. Rather than storing intrinsic
rewards in the buffer, store only the observations and actions, and
recompute intrinsic rewards at sampling time using the current
world model. This is computationally expensive but eliminates
stale rewards entirely.

2. Recency-weighted replay. Prioritize recent transitions when sam-
pling from the buffer (Kauvar et al., ). Since recent transitions
carry rewards computed by the current model, this reduces the
contamination from early training.

3. Prospective reward computation. Compute expected intrinsic
rewards before experiencing transitions, using the world model
to imagine future dynamics. This is the approach taken by
Plan2Explore (Sekar et al., ), which applies an ensemble-
disagreement information gain bonus prospectively, allowing the
agent to plan toward informative states before visiting them.

4. Separate buffers. Maintain a small recent buffer (for intrinsic
reward learning) and a large archive buffer (for world model
learning), sampling from the former for policy updates and from
both for model training.

Taken together, these two failure modes illustrate the same technical prin-
ciple. Intrinsic rewards do not merely inject additional stochasticity into
an otherwise standard RL problem; they make the reward specification
itself evolve with learning. Any method that caches past value estimates
or past reward labels without correcting them for the current epistemic
state will therefore accumulate stale training targets.

This is why intrinsic motivation signals fit especially naturally within
model-based architectures. The advantage is not only that many such
signals are computed from a model, but that a model-based agent can
in principle recompute rewards, values, or imagined returns under its
current beliefs rather than inherit obsolete targets from earlier phases of
training. The tabular agent’s prioritized sweeping is a simple but exact
instance of this idea. Achieving the same correction in neural world-
model agents remains substantially harder, because replay, function
approximation, and joint representation learning all preserve traces
of earlier epistemic states. Making nonstationary intrinsic objectives
compatible with scalable deep RL is therefore not a minor implementation
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detail, but a central open problem in the design of intrinsically motivated
agents.

C.4 Blahut-Arimoto and factorized mutual
information

Empowerment is defined as the channel capacity of the agent’s actuation
channel—the maximum mutual information between action sequences
and resulting states. This appendix describes the computation methods
used for the Tabular (Equation (6.13)) and Dreamer (Equation (6.14))
settings, their theoretical properties, and their limitations.

C.4.1 Empowerment via Blahut-Arimoto

In the tabular setting, we compute one-step empowerment at each state s as

EMP(s) = max MI(A; S’ |s) = max [H(S"|s) —H(S"|A,s)], (C.18)
w(als) w(als)

where w(a|s) denotes the source policy over actions and the mutual

information is taken with respect to the transition model p(s’|s,a).

Equivalently, for each fixed state s, this is the channel capacity of the

discrete action-to-next-state channel with input alphabet A and output

alphabet given by the reachable next states.

We solve Equation (C.18) with the Blahut-Arimoto algorithm (Arimoto,

;Blahutetal., ). Starting from a uniform source policy ©©(a | s) =
U(A), the algorithm alternates between computing the successor-state
marginal induced by the current source policy,

m(t)(s’ |s) = Z a)(t)(a [s)p(s’|s,a), (C.19)
acA

and updating the source policy according to
0 (a]s) & als)exp(Dialp(1s, ) [mI¢19)), (€20

followed by normalization over a € A. Intuitively, Equation (C.20)
increases the probability of actions whose induced successor-state dis-
tributions are more distinguishable from the average successor-state
distribution under the current source policy. For finite discrete channels,
the Blahut-Arimoto iterations converge to the channel capacity, and there-
fore to the exact one-step empowerment value (Arimoto, ; Blahut
etal., ).

The loop performs coordinate-ascent on MI(A; S” | s), which is concave
in w, so convergence to the global maximum is guaranteed regardless of
initialisation.

In our tabular environment, we have |A| = 3 actions and approximately
372 states. As a result, the optimization in Equation (C.18) is inexpensive
and converges in only a small number of iterations for each state. We
therefore compute EMP(s) exactly for every state in the tabular setting
and use it directly as the intrinsic reward at time step :

i = EMP(s;). (C.21)
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1 Input: transition model p(z’|z,a) for fixed state z
2 convergence threshold ¢ >0

3 Output: one-step empowerment &£(z)

4 Initialise w(a) < U(A) for all ue A

5 repeat until T < e:

6 // E-step

, O] )  LEEDD 5 b | 2,b) w(b)
8 for all ae A,z’
9 // M-step
10 r(a) — exp(Zz p(z’ | z,a) log®(a | 2'))
n forallae A
12 w(a) & r(a)/Zpear(b)
13 for all ae A
14 C «log Xaear(a)
15 T « max, log(r(a)/w(a)) = C
Figure C.3: Blahut-Arimoto procedure 16 return C

for one-step empowerment. 17

Thus, the reward depends only on the current state and not on the
sampled action a; or the realized successor state s1.

Interpretation. One-step empowerment treats control as a property of
the current state, rather than of a specific transition. The question it asks
is: if the agent were in state s and could freely choose its action distribution, how
much influence could it exert over the next state in a single step? States with
many reliably distinguishable successor states have high empowerment,
whereas states in which different actions produce identical or highly
overlapping successor-state distributions have low empowerment.

This perspective is especially intuitive in our environment. Lava cells
have zero empowerment because they are terminal and therefore admit
no future options. Ice cells have low empowerment because the transition
dynamics are highly stochastic, making the next state weakly dependent
on the chosen action. By contrast, open floor cells typically have high em-
powerment because different actions reliably produce different successor
states. More generally, empowerment can be interpreted as measuring
the number of reliably distinguishable futures available from a state.

Deterministic special case. A useful sanity check is the deterministic
case. If the dynamics at state s are deterministic, so that each action
a maps to a unique successor state f;(a), then one-step empowerment
reduces to

EMP(s) = log|{f;(a) : a € A}

, (C.22)

that is, the logarithm of the number of distinct next states reachable in
one step. For example, if all actions lead to the same successor state,
then EMP(s) = 0; if three actions lead deterministically to three different
successor states, then EMP(s) = log 3. This deterministic limit matches
the intuition that empowerment quantifies the diversity of controllable
immediate futures.

Remark on multi-step empowerment. We only consider one-step em-
5: A natural k-step generalization is powerment in the experiment. The multi-step® one can be viewed as the
EMPH(s) channel capacity of the induced channel from length-k action sequences
to the resulting state (or observation) after k steps. In principle, this
= max MI(Agk_1;Sk|s) .. 2. . . .
(agk—1s) larger optimization can still be solved exactly with the Blahut-Arimoto
(C23)  algorithm. However, the input alphabet now consists of all action se-
quences of length k, and therefore has size |A|¥, so exact computation
becomes exponentially more expensive in the horizon and is practical
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only for very small tabular problems and short horizons. A further nu-
ance is that multi-step empowerment is typically defined over open-loop
action sequences rather than adaptive closed-loop policies. This keeps
the information-theoretic channel formulation clean, but it is slightly
different from asking how much control an agent has when it can react
to intermediate observations at every step.

C.4.2 Factorized empowerment in DreamerV3

For the Dreamer agent, applying Blahut-Arimoto requires computing
p(s’|s,a) over the full discrete latent space S = Kt. With K = 32 and
L = 32, this space has 3232 ~ 10* elements—completely intractable to
enumerate.

We use two approximations, following Seitzer et al. ( ):

Approximation 1: uniform source policy. Rather than optimizing over
source policies, we fix w = U(.A), a uniform distribution over actions.
This gives a lower bound on the true empowerment:

MI(S’; A|s) < EMP(s). (C.24)

Equality holds when a uniform action distribution is capacity-achieving
for the induced action-to-next-state channel. This occurs, for example, in
symmetric environments where all actions are equally distinguishable.
In our mixed-state playground, the optimal source policy assigns more
weight to actions that lead toward floor cells and less weight to actions
toward ice or walls; a uniform policy underestimates the agent’s true
controllability.

Limitations. The uniform source policy is a fixed approximation that
does not adapt to the agent’s actual policy. An alternative would be to use
the agent’s current policy 7 as the source policy, computing “under my
current behavior, how much control do I have?” rather than “under any
possible behavior, how much control could I have?” This would measure
the agent’s actual influence under its current behavior rather than its
potential influence under an optimized source distribution. Such a variant
may be a better match to intrinsic motivation during learning, where
the agent’s current behavioral repertoire is often the relevant practical
constraint.

(Remark C.2 The exact quantity is )
Approximation 2: per-factor mutual information. Rather than com- [(Z";A|s), with 2" = (Z},...,Z}),

. . . . . . whereas we approximate it by
puting mutual information over the joint latent space, we compute it

% 1(Z}; A | s). By the chain rule,
separately for each latent factor s; and average:
IZ;Als)= > I(Z;A1Z,,9).
i

L L
1 1
rgé\e;m(s) = i3 Z MIL{(S;}A |s) = T Z [H(S: |s)— H(S,, | A, S)] , Thus, the factorwise sum is exact only
i=1 i=1 when earlier factors do not make later
(C,25) ones redundant as sources of infor-

mation about A.
\ J

where the marginal entropy H(S! |s) = H[ﬁ Zapo(si|h, a)] and the
conditional entropy H(S’ | A, s) = ﬁ 2. H[py(s!| k', a)] are both com-

puted from the dynamics predictor’s predicted categorical distributions®.  6: Remind here h’ denotes the recurrent

deterministic state obtained by rolling
Per-factor averaging assumes that the factors are approximately inde-  the model forward from the current la-
pendent in their controllability, which is encouraged by the factorized tent state under action a; py (Sf | 1, ﬁ)
structure of DreamerV3’s latent space. If the factors are independent,  is the model’s predicted categorical dis-

then per-factor MI averages to the joint MI (by the chain rule); if they are zi::;ltion for factor 7 of the next latent



Appendix C Additional Material for Chapter 6

7: When two factors encode overlap-
ping consequences of the action, each
factor can individually appear informa-
tive about A, so summing their mu-
tual informations counts shared action-
information multiple times.

correlated, per-factor averaging overestimates the joint MI (by double-
counting’). In practice, some correlation between factors is expected, so
the reward provides an overestimate of the true joint mutual information—
but still a useful signal for directing the agent toward controllable states.

Connections to causal influence. The per-factor mutual information in
Equation (C.25) is closely related to the Causal Influence metric of Seitzer
et al. ( ), which computes per-object causal influence in an object-
centric representation. Our formulation adapts this idea to a learned
factorized latent space, where the “objects” are abstract representational
units discovered by DreamerV3 rather than predefined entities. This
suggests a path toward scaling empowerment-based intrinsic motivation
to more complex environments: representations with approximately
factorized structure may admit analogous per-factor empowerment
approximations.



Additional Material for Chapter 7

The appendix for Chapter 7 is organized as follows:

» Section D.1gives the formal version of the framework: representation-
state channels, the goal-projection construction, the coverage-gain
proxy, and the minimum-cost sufficiency theorem behind the
“good-enough, then compress” behavior.

» Section D.2 documents the closed-vocabulary causal-learning envi-
ronment shared by Sections 7.4 and 7.5.

» Section D.3 reports the human study protocol and supplementary
analyses.

» Section D.4 reports the matched simulations and the identifiability
analysis behind the medium-granularity advantage.

» Section D.5.1 documents the open-vocabulary Curator-Actor im-
plementation, environments, training and evaluation protocol,
baselines, transfer, and library-compactness measurements for
Section 7.6.

D.1 Formal results for representation
empowerment

This appendix gives the formal version of the theory used in Section 7.3.
The central distinction is between exact representation empowerment,
a channel capacity over future internal representational states, and the
grounded coverage proxy that the experiments actually compute. The
latter is a practical approximation to the former. The results below clarify
three points: why raw syntactic diversity is not an adequate empirical
objective; why goal-achievement signatures supply a behaviorally rele-
vant projection of representational states; and why the resulting coverage
objective implements a “good-enough, then compress” preference under
a small enough cost penalty.

D.1.1 Representation-state channels

Let Z be a space of internal representational states. A state z € Z may
be a task model M, a library L, or the pair (M, £) together with the
current evidence. Let () be a finite set of representational edits, e.g.,
proposing a variable, testing an edge, refining an abstraction, composing
two symbolic operators, specializing a predicate, or pruning an element.
For a horizon T, write u = wy.r € QT for an edit sequence. Conditional
on the current environment and evidence, edits induce a stochastic
representation-dynamics kernel

Kr(z' |z,u) = Pr(Zr =2" | Zog =2z, U = u).

We suppress the conditioning on environment and evidence when it is
not needed.

[Deﬁnition D.1 (Exact representation empowerment) The T-step rep—}

D.1 Formal results for repre-
sentation empowerment 247

D.2 Closed-vocabulary causal-

learning environment . . 252
D.3 Human study supplemen-

taryresults . . . ... .. 254
D.4 Matched-simulation

supplementary results . 258

D.5 Open-vocabulary Curator-
Actor implementation and

results 261
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resentation empowerment of representational state z is

RepEmp(z) = Rr(z) = sup M, (U; Z1 | Zo = 2),
e A(QT)

where U ~ mand Z1 ~ Kr(- | z, U).

This is the direct symmetry of environmental empowerment (Abel et al.,
; Zhou et al., )- The input alphabet is a set of internal edits and
the output alphabet is a set of future internal representations.

e A

Proposition D.1 (Diversity-control decomposition) For every edit
distribution 7,

MIU; Zr | Zo = z) = H(Zr | Zo=2) — H(Zr | U, Zo = 2).

Representation empowerment is therefore high only when future

representations are diverse and controllably reachable.
. J/

Proof. This is the chain-rule identity for conditional mutual information.
O

D.1.2 Grounding by goal projection

Exact empowerment over Zr is usually too large to estimate directly. The
agent has no behavior-free oracle for Zr, and two representations that
differ syntactically can produce identical behavior. We therefore observe
a behaviorally relevant projection of Zt. For environment e, let
Te(z) = (1] gisachieved by planning with z and executing in e | ) €.
be the goal-achievement signature of z. Two representations with identi-
cal I', may differ syntactically but are equivalent for the probe goals used
to evaluate the task.

e A

Definition D.2 (Grounded representation empowerment) The
grounded representation empowerment of z in environment e
is

Rr(z;e) = sup Mk, (U; Te(Z1) | Zo = 2).

neA(QT)
| J

( )

Proposition D.2 (Projection lower bound) For every deterministic
projection I';,

Rr(z; e) < Rr(2).

Proof. For any fixed 7, the variables form a Markov chain U — Z1 —
I'.(Z7) conditional on Zy = z. The data-processing inequality gives
MI(U;T.(ZT) | Zo = z) < MI(U; ZT | Zy = z). Taking the supremum
over 7 on both sides preserves the inequality. O

Proposition D.3 (Raw syntactic diversity need not be useful) There
are representation channels with positive exact representation em-
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Lpowerment but zero grounded representation empowerment. J

Proof. Let QT = {1,...,n} and suppose edit u deterministically maps z
to a distinct representation z,,. Then the raw channel U +— Zr is noiseless
and has capacity log n. Now suppose all z,, are syntactic variants of an
irrelevant symbol, so I';(z,) is the same vector for all u. The projected
channel U — T, (Z7) is constant and has capacity zero. O

The edits in this construction give the agent control over which repre-
sentation it writes down without giving it any control over goal-relevant
consequences. Exact representation empowerment counts both kinds
of distinction; the grounded quantity counts only those that change
the achievable-goal signature. We therefore avoid using unprojected
syntactic entropy as the empirical objective: it would reward produc-
ing arbitrary representational variants over expanding what the agent
can do. The grounded quantity also makes compression well-defined,
since representations with identical I, are not distinguished by Rr(z;e),
so any cost penalty (Theorem D.5) breaks the tie toward the cheaper
representation.

D.1.3 From channel capacity to the coverage proxy

The goal-achievement signature induces the coverage score

Fe(M) = Z FE(M)g/
g¢€G,

the count of probe goals achievable under M in e. This is a linear
utility over the grounded output alphabet, used when estimating channel
capacity directly is impractical. At time ¢, a modeling action a produces an
observation o0 and an updated model U(M;, a, 0). The expected coverage
proxy is

Vi(@) = Eoupy(io| Fe(U(M:,a,0)) = Fo(My)] = AACHa),
where AC;(a) is the representational cost incurred by a.

For a validated element o, the realized marginal proxy collapses to the
score difference,

Vg(o; M,e) = Fe(MU{c}) = Fe(M).

For an unvalidated candidate, let g;(0) be its current probability of being
valid and W;(o) C G, its witness set, the goals currently unachievable
under M; whose achievement bit could flip on if ¢ were added. Goals
outside W; (o) contribute zero to F.(M; U {c}) — F.(M;), either because
they are already achievable (no upside) or because adding ¢ alone cannot
unlock them (no leverage). Restricting the sum to W;(o) therefore loses
no signal, and the proxy in Equation (7.8) becomes

Vi(o) ~ q:(0) Z (Pe(g I My U{a}) —Pi(g | My)) — Acg,
g€W; (o)

where p;(g | -) is the empirical achievement rate of ¢ returned by the
Actor.
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Proposition D.4 (Singleton witness channels) Consider a deterministic
two-edit channel with edits uy = keep and u; = add(o). If T.(M U
{o}) = T'.(M), the grounded capacity of this channel is zero. If the
two signatures differ, the channel has positive grounded capacity.

Proof. If the signatures are equal, the output is constant for both inputs,
so mutual information is zero for all input distributions. If the signatures
differ, the input-output map is deterministic and injective on the two
inputs; choosing a non-degenerate input distribution yields positive
mutual information. O

In the singleton deterministic case, a witness goal marks exactly the goal-
relevant distinction that gives the projected channel positive capacity.
The coverage proxy replaces direct capacity estimation with a finite score
over these projected distinctions, and edits are favored when they reliably
produce representation changes that unlock currently blocked goals.

Bundle additivity. For a multi-element proposal AM C X, the realized
score difference decomposes as

Fe(MUAM) = Fo(My) = D) [Fe(M: UAM) = Fo(M; UAM \ {0})],
geAM

which is the sum of order-dependent marginals, not the sum of Vg (0; My, e).
The two coincide when the witness sets {W;(0)} seanm are pairwise disjoint,
since each goal g is then in the witness set of at most one ¢ and its
achievement bit can only flip via that 0. When witness sets overlap, two
candidates may share a goal g that either alone unlocks; summing the
singleton proxies double-counts g, and the additive estimator

Vi(AM) ~ > V(o)
geAM

is an upper bound on the true joint gain. We use the additive form
throughout because it is constant-time given the per-element scores
and because empirical witness-set overlap is small in our experiments.
The Curator-Actor loop accepts a bundle only if the realized F, on the
probe set increases, which catches the cases where the additive estimate
over-promises.

D.1.4 Minimum-cost sufficiency for the coverage proxy

The next results apply to the finite coverage proxy rather than to raw
unprojected representation entropy. They justify the “good-enough, then
compress” behavior used in the empirical sections.

r \
Definition D.3 (Goal sufficiency) A model M is goal-sufficient for
environment e if

Fe(M) = Fr = max Fo(M").

It is minimum-cost goal-sufficient if it is goal-sufficient and no other
goal-sufficient model has smaller cost.
\

Assume the cost is additive, C(M) = X ,em ¢o With ¢, > 0.
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( )

Theorem D.5 (Minimum-cost goal sufficiency) Assume X. is finite and
that not every M C X is goal-sufficient. Let

Comx = D¢, Ae =  min _(Ff=F(M) > 0.
max % o e M:fle?ﬁl/lr;<.7-'§‘( e e( ))

If0 < A < A;/Cmax, every maximizer of 7, (M)—AC(M) is a minimum-

cost goal-sufficient model.
. J

Proof. Let M* maximize F,(M) — AC(M) and suppose, for contradiction,

that M* is not goal-sufficient. Let M be any goal-sufficient model, which
exists since L itself attains F}. Then

[Fe(M)=AC(M)] = Fo(M*)=AC(M*)] = (FF=Fo(M*))=A(C(M)-C(M*)).

The first term is at least A, by definition of A, and the assumption that M*
is not goal-sufficient. The cost difference satisfies |C(M) — C(M*)| < Cpax-
The display is therefore at least A, — ACmax > 0, contradicting the
optimality of M*. Every maximizer is goal-sufficient. On the set of goal-
sufficient models, F, is constant at F5, so maximizing F,(M) — AC(M)
reduces to minimizing C(M). Every maximizer is therefore a minimum-
cost goal-sufficient model. O

Scope. Theorem D.5 is a consistency property of the cost-regularized
coverage proxy under idealized conditions: a finite candidate set, additive
costs, exact I',, and a regularizer chosen against a gap A, the agent does
not in general know. It establishes that the proxy is well-behaved under
these conditions, namely that no element is retained that does not
earn its cost and no goal-irrelevant element survives, rather than that
representation empowerment is the unique resource-rational criterion for
model construction. The substantive support for the objective is empirical
(Sections 7.4 to 7.6); the theorem is the sanity check that the proxy does
not contradict the desired “good-enough, then compress” behavior.

4 \
Definition D.4 (Goal-irrelevant element) An element ¢ € ¥ is goal-
irrelevant in environment e if

F.MU{c}) = F(M) forallM C X\ {o}.

.

e A

Corollary D.6 (Pruning of goal-irrelevant elements) If o is goal-
irrelevant, no maximizer from Theorem D.5 contains o.

\ J/

Proof. For any model containing ¢, removing ¢ leaves F, unchanged
and strictly lowers cost. A model containing o therefore cannot be a
minimum-cost goal-sufficient maximizer. O

Causal interpretation. In causal domains where probe goals are interven-
tion targets and the goal-achievement score depends only on intervention-
to-goal reachability, any variable or edge outside all intervention-to-goal
paths is a sufficient example of a goal-irrelevant element. Learning that
such an element exists may reduce uncertainty about the full environ-
ment, but retaining it does not change the goal-achievement signature
and therefore does not enlarge the grounded empowerment channel.
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D.1.5 Behavioral predictions for model construction

( )

Proposition D.7 (Flat frontiers and heterogeneous optima) If M;
and M, are both minimum-cost goal-sufficient models and C(M;) =
C(M>), then both maximize the grounded coverage proxy for every A
satisfying Theorem D.5. More generally, if M; has higher score and
higher cost than M, there is a threshold value of A at which the
preferred model switches.

Proof. If both models are goal-sufficient and have equal cost, they have
identical objective value. For the second claim, compare F,(M;) —
AC(M1) and Fp(M,) — AC(My). Equality occurs at A* = (F.(M;) —
Fe(M3))/(C(M1) — C(My)), assuming both numerator and denominator
are positive. Preference changes when A crosses this threshold. O

Proposition D.8 (Refinement during discovery, compression after
sufficiency) There exists a two-stage model-construction problem
in which the fine representation has higher expected proxy value
during discovery, but a coarser representation has higher value after
the relevant structure has been learned.

Proof. Let the agent choose between a fine representation My and a
coarse representation M, with C(M¢) > C(M,). In stage 1, suppose the
relevant causal relation is observable only under My. A diagnostic edit
under My then increases expected goal score, while the corresponding
edit under M, does not. The fine representation has higher expected
proxy value during discovery. In stage 2, suppose the relevant relation has
been identified and can be encoded compactly in either representation,
so Fe(My) = Fe(M,) = F}. Since M, is cheaper, the cost-regularized
proxy prefers M.. O

The proxy therefore predicts refinement during discovery and com-
pression after sufficiency rather than a monotonic preference for either
representation. Together, these propositions help explain why the human
experiment of Section 7.4 can exhibit both stable heterogeneity across
participants and a directional compression trend within participants.

D.2 Closed-vocabulary causal-learning
environment

This appendix documents the causal-learning environment shared by
Sections 7.4 and 7.5. The environment is adapted from causal-discovery
benchmarks used in model-based RL (Ke et al., ) and extended
with multi-granularity observation, where the granularity is part of the
learner’s action rather than a fixed analyst choice. Both experiments
share the variable-and-role state schema, the discretization maps ¢y,
and the linear-effect SEM mechanism. They differ in graph instantiation.
Section 7.4 uses a single hand-designed eight-variable SEM with a fixed
four-task curriculum. Section 7.5 samples a random ten-variable SEM
per seed under a procedural curriculum, stress-testing the granularity
and source findings on graphs unfamiliar to the agent at every seed.
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D.2.1 Shared environment primitives

Variables and state. The environment instantiates a linear SEM over
a set of latent variables V = {Vi,...,V,}. The size and connectivity
of V are experiment-specific. Each variable carries a fundamental scalar
value x € {1,2,...,16} together with three property roles, strong, weak,
and noise. Only strong and weak participate in mechanisms; noise is
a distractor role included in the action space so that participants and
agents must discriminate causally relevant roles from irrelevant ones.

"o

In Section 7.4, the mapping from surface labels (e.g., “color,” “shape”) to
property roles is randomized across participants and held fixed within
a participant. This prevents surface-label familiarity (such as a prior
association between “color” and causal centrality) from biasing which
properties are probed first or trusted more. Any aggregate effect of role
identity on participant behavior therefore reflects the environment’s
causal structure rather than label priors. In Section 7.5 role identity is
fixed across seeds since the simulated agent has no surface-label priors
to control for.

Representation granularities. Each fundamental value x is observed
through one of three discretization maps,

Low, x<8,
(Pfine(x) = |-x/2-| € {11 cee /8}/ (Pmedium(x) = |_JC/4-| € {1/ cee /4}1 (Pcoarse(x) = ngh, x>8.
The granularity ¢ € £ = {coarse, medium, fine} is chosen by the learner
on every step and determines only how effects are reported; the underly-
ing propagation in the SEM always uses fundamental values.

Mechanisms. All edges in the SEM are linear with additive effect noise,
Xchild = €child + W - xparent + €, € ~ N(Or 02)'

The exogenous component ecilg is back-solved from the task’s initial
state so that pre-intervention observations are consistent with the SEM.
The noise scale o is set per observation granularity as described in the
simulation protocol below.

Action space and task model. On every step the learner first selects an
observation granularity ¢ € £, then conditional on ¢ chooses a variable-
role pair (v, r) € Vs X R to intervene on. The joint candidate space is L =
L x (Vt X R). An intervention sets v.r to a learner-specified fundamental
value x € {1,...,16}. The SEM propagates this value through its edges
(with additive Gaussian noise per edge) to all downstream variables,
and the learner observes each affected child through ¢,. The running
task model M; is a directed graph over visible variable-role pairs with
confidence-weighted edges derived from accumulated evidence.

D.2.2 Experiment 1: human study

The human experiment uses a fixed eight-variable, nine-edge causal
graph. Table D.1 lists the full edge set with mechanism class, weight, and
sign. The four-task curriculum with visible edges and goals is given in
Table D.2; tasks share variables across the curriculum so that overlapping
windows expose the same underlying SEM through different visible
subsets, supporting the cross-task curation analyses of Section D.3.5.
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Table D.1: Ground-truth SEM for Sec-
tion 7.4. Eight latent variables, nine di-
rected edges with weights and signs.
Edges 1-8 appear in at least one task win-
dow; edge 9 (V3 — V7) is never jointly
observable.

Table D.2: Task curriculum for Sec-
tion 7.4. Four tasks share variables across
consecutive windows to enable cross-
task transfer. Each task exposes a dif-
ferent structure (fork, merge, chain) and
provides two planning goals reachable
in < 5 steps.

#  Edge Weight  Sign
1 Vi.strong — Vj.strong 0.70 +
2 Vi.strong — V3.strong 0.60 +
3 V,.strong — Vy.strong 0.70 +
4 Vi.strong — Vj.strong 0.50 +
5 Vy.strong — Vs.strong 0.70 +
6 Vs.strong — Vig.weak 0.85 +
7 Vs.strong — V;.weak —0.70 -
8 Vg.strong — Vg.strong 0.85 +
9 V3.strong — V7.weak 0.50 +
Task Variables V¢ Visible edges Structure

T {1, V2, V3}

T {V2, V3, V4, Vs}
T3 {Va, V5, Vs, V7}
Ty {Vs, Vs, V7, Vs}

VioVy, Vi - Vs Fork

Voo Vy, V3 = Vy, Vi - Vs Merge + chain

Vy > Vs, Vs > Vg (+), Vs > V7 (=)  Fork with negative edge
Vs = Vs (+), Vs = V7(=), Vs = Vg Deep chain

D.2.3 Experiment 2: simulation

Random graph per seed. Section 7.5 replaces the fixed eight-variable
graph with a ten-variable graph randomly sampled per seed. For each of
30 seeds we draw a SEM over ny,, = 10 variables with edge probability
pe = .25, instantiated under the same SEM mechanism (linear edges,
additive Gaussian noise) and observed through the same ¢ maps as the
human experiment. This avoids any dependence of the headline finding
on a single hand-designed graph and tests whether the granularity and
source mechanisms identified in the human study still dominate when
the structure is unfamiliar at every seed.

Procedural curriculum. Each seed’s curriculum is generated procedu-
rally rather than hand-curated. Five training tasks are followed by five
held-out test tasks, each task exposing an overlapping window of 4-7
variables drawn from the seed’s graph. Visible edges in a task are the
induced subgraph on its visible variables. Consecutive tasks share vari-
ables and edges, supporting the same cross-task transfer analyses as
the human curriculum. Per-task generation parameters (window-size
distribution, difficulty assignment, observation budget) are documented
in Section D.4.

D.3 Human study supplementary results

This appendix documents the human study reported in Section 7.4,
including recruitment, protocol, and the analyses summarized in the
main text.

D.3.1 Participants and protocol

Participants. We recruited n = 70 adult participants (50% female; age
range 18-40, M = 30.68, SD = 6.27) through Prolific. All participants
provided informed consent and received compensation above the local
minimum wage, calibrated to the median completion time of the session.
No demographic exclusions were applied beyond Prolific’s baseline
eligibility filters.

Procedure. Each session proceeded through three phases: consent and
instructions with a worked-example walkthrough of the intervention
interface and the graph editor; the four-task sequence Ty — T; with a
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short break between tasks; and a debrief with completion code. Each
task T; has three phases. An exploration phase allowed participants to
select any ¢ followed by any (v, r) for up to twenty steps. A reporting
phase asked them to submit a causal graph over the visible variables
using a drag-and-drop editor. A test phase evaluated two goal-directed
tasks against the reported graph. Throughout, participants saw only
the granularity they selected; they were never shown the underlying
fundamental values.

Data collected and quality filters. For each step we logged the chosen
granularity ¢, the chosen (v, 1) | ¢, the observed effects at granularity ¢,
and timing. At task end we logged the participant-reported causal graph
from the editor. For the action-prediction analysis (Section D.3.3), we
retained only steps in which all alternatives in X; were validly admissible
and all three scoring rules returned finite scores under the participant’s
current belief state.

D.3.2 Level-selection policies

Policy clusters. We cluster participants by their granularity-use fraction
vector (Prine, Pmediun, Peoarse) Pooled across tasks, using k-means with k
chosen by silhouette score over k € {2, ..., 6}. The silhouette maximum
is at k = 3 (silhouette .494), and the three centroids correspond to fine-,
medium-, and coarse-leaning policies. Within-participant consistency
(the rate at which a participant’s per-task dominant granularity equals
their across-task dominant granularity) is .545 vs. participant-specific
chance .428 (paired t-test p < .001); only 44.8% of dominant-granularity
transitions across tasks are switches. Participants thus adopt a stable
representational policy that survives task changes rather than re-deriving
granularity choice from scratch.

Stickiness. At the step granularity, the participant-specific chance rate
for “same granularity as previous step” is 3¢ p({)?, where p({) is the
participant’s empirical granularity frequency. Participants stay at the
same granularity on 67% of consecutive steps versus a 46% shuffle
baseline (excess +20.5%; paired t = 13.24, p < 107°); 65/70 participants
are stickier than their own baseline, ruling out a small-subset driver. This
is the step-granularity evidence behind the structured-policy claim in
the main text.

Next-granularity predictors and source coupling. We fit a multino-
mial logistic regression of current granularity on (previous granularity,
whether an effect was observed on the previous step, step number, task
index), with cluster bootstrap by participant for inference. Previous
granularity dominates the LR-test deviance contribution (6.12, p < .001);
previous-step effect observed (.13) and step number (.06) are not signifi-
cant after controlling for previous granularity. The gap between previous
granularity and evidence-based predictors is the quantitative basis for
the policy-not-evidence interpretation in the main text. For consecu-
tive steps that share a (v, r) source, the same-granularity rate is .51
vs. participant-specific chance .46 (Wilcoxon signed-rank p < .05), and
P(same source | consecutive same-granularity steps) = .186 vs. chance
.190 (p = .79). Both effects are small and the second is null, ruling out
source-locked sweeps as the mechanism behind granularity persistence.
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D.3.3 Action prediction

Decomposed action space. At each step a participant makes two decisions,
a granularity choice ¢ € L specifying the representation granularity and
then a source choice (v, r) € S; specifying which variable-property pair
to intervene on. We argue that the two decisions are governed by different
computational objectives, and we evaluate this claim by scoring each
decision under separate models.

Closed-vocabulary specialization of V. In Sections 7.4 and 7.5 the
candidate model X is finite (variable-property tiles S; on abstraction
granularities £) and G, is enumerable, so the open-vocabulary estimator
in Equation (7.8) reduces to its A = 0 exact form. Writing o for a candidate

intervention (v, 7, {), V; becomes

Vio) = > wg (5i(g1Gi @ o) - rlg | G1)), (D)
gEW(0)

where G, plays the role of M; (the participant’s running causal belief
graph) and 0 © G folds the evidence from intervention o into the belief.
Because edges in this environment are deterministic conditional on the
prior p, = .15, the achievement-rate gain Ap; collapses to an edge-prior-
weighted count of newly plannable goals. Under this deterministic-edge
limit, Equation (D.1) coincides with the channel mutual information
MI(do(0); Te(Mi+1) | @t), which is why the rules below are named
RepEmp.

Scoring rules. We define four scoring rules, each returning a real-valued
score per alternative.

1. Environmental empowerment for source is the MI between interven-
ing on (v, r) and the resulting downstream state under the current

belief, EnvEmp_ (v, 7) = MI(do(v, r); Xdesc(v G | ét) Under deter-

ministic edges with known structure, this MI is order-preserving in
the number of variable-property pairs downstream of (v, r) in G;.Our
implementation uses this count as the score, predicting exploitation:
choose sources with known downstream paths.

2. Representation empowerment for source is the MI between intervening
on (v,r) and the resulting goal-achievement signature, evaluated
under the belief, RepEmp,, (v, 7) = MI(do(v, r); Te(M;41) | ét) For
an untested source, enumerating candidate new edges (v, r) — (v/, ')
at edge prior p, = 0.15 yields a witness-set sum identical in form
to Equation (7.8). Re-testing a tested source has zero grounded gain
under deterministic-edge beliefs. The rule predicts exploration: choose
untested sources with high bridging potential.

3. Environmental empowerment for granularity is the channel capacity
of ¢ under a uniform prior, EnvEmp,(¢) = MI(X; ¢¢(X)) = log, B({),
where B(¢) € {2, 4, 8} is the bin count. The rule always predicts fine.

4. Representation empowerment for granularity is the MI between a
causal effect AX and its granularity-¢ observation, capped at the SEM’s
signal bandwidth B* (in bits) with an over-resolution penalty when
log, B(f) exceeds B*. We set B* = 2, the resolution at which SEM
effects are reliably detectable above observation noise, and apply a
unit penalty for capacity wasted on bins finer than the signal can
populate.
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Baseline models. In addition to the four rules above, we evaluate three
baselines that score the joint action space S; X £ with a single rule. Joint
environmental empowerment: EnvEmp(v, r, {) = EnvEmp_ (v, r) X B(f).

Joint information gain: expected reduction in entropy over G, weighted
by a detection factor that mildly favors coarse. Joint novelty: binary
score [[(v, r) ¢ T;]. All three treat source and granularity as a single flat
decision space.

Factored model. The factored model decomposes the joint choice into
a source component scored by environmental empowerment and a
granularity component scored by representation empowerment:

Pracorea(t, 7, 0) o exp(Bs EnvEmpy, (0, 7 | 0) + b RepEmp, (6)),

where f(-) denotes min-max normalization within the step, putting the
two components on a comparable scale before they enter the softmax.
This form encodes the hypothesis that source and granularity decisions
are driven by different objectives and that no single scoring rule applied
to the flat action space X captures both. The latter claim is tested against
the EnvEmp-alone and RepEmp-alone rows in Table 7.1.

Normalized rank and cross-validated ALL. For each step we compute
the normalized rank of the participant’s chosen action under each rule’s
score over the joint 27-action space, nr = (rank — 1)/(|S; X £| — 1), with
ties broken at the midrank. A normalized rank of 0 is a perfect prediction;
.5 is the chance level under a uniform alternative. We turn each rule’s
scores into a softmax choice distribution with a per-participant inverse-
temperature f (for the factored model, a shared f§ scales the combined
score). B is fit by maximum likelihood on three of the four tasks and the
held-out task is scored under the fitted f8; we cycle the held-out task to
obtain a per-participant cross-validated log-likelihood. Reported ALL is
the held-out log-likelihood minus the uniform baseline summed over
participants.

D.3.4 Compression-dominated dynamics

Within-task granularity dynamics. Per-environment dynamics disag-
gregate the within-task granularity profile by environment. The same
qualitative pattern holds across all four tasks: participants open with a
fine-leaning mix—exploring the high-resolution variable/property tiles
to see what each manipulation does—and then settle onto medium as the
dominant granularity, with fine use declining and coarse use creeping
up. The crossover is visible in every environment, including the shorter
tasks where the aggregate signal is weaker, and is most pronounced in
the longer tasks (13-T4) where there is more room for the abstraction to
consolidate. Per-task Spearman rank correlations between step index and
fine (resp. coarse) use are computed per participant and aggregated
to a population correlation with its p-value; participants with too few
fine/coarse choices to support a stable correlation are dropped per
task.

Refine ratio. For each pair of consecutive steps that share a (v, r) source,
we classify the granularity transition as a refinement (coarse — medium,
medium — fine, coarse — fine), a simplification (the reverse direc-
tion), or unchanged. The refine ratio is #refinements/(#refinements +
#simplifications); values below 0.5 indicate compression-dominated drift.
Significance is by Wilcoxon signed-rank against 0.5.
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Table D.3: Within-task curation cycle.
Each step is labeled as explore (first test
of a (v, r) source), refine (re-test at a dif-
ferent granularity), or consolidate (re-test
of a source shared with a prior task and
previously reliable). Rows are step bins.

Phase Consolidate ~ Explore  Refine
Steps 1-5 7% 72% 21%
Steps 6-10 1% 58% 40%
Steps 11-15 1% 46% 54%
Steps 16-20 1% 22% 77%

Drift across the task. Participants begin fine-leaning, with roughly 57%
of early actions selecting fine, and shift away over the course of each
task. The drift is strongest in the longer tasks. In T3, fine use declines
(Spearman p = —.60, p = .005) while coarse rises (p = .51, p = .022);
in T, fine use also declines (p = —.48, p = .033). Among consecutive
same-source steps that change granularity, simplifications outnumber
refinements (845 vs. 685; refine ratio 0.448, Wilcoxon p = .005). This
rules out two alternative accounts. A simplicity prior would predict
coarse choices from the start rather than a drift toward them. A pure
information-gain account would predict no systematic direction bias
after experience accumulates, since at that point both directions resolve
uncertainty equally well. The asymmetric drift therefore reflects a goal-
projected criterion that becomes more selective once enough structure
has been learned to render fine resolution unnecessary, consistent with
Proposition D.8.

D.3.5 Curation phase classification

We label each step as one of three within-task curation actions. Explore:
first test of a (v, r) source within the current task. Refine: a re-test of
a previously tested (v, r) source at a different granularity. Consolidate:
a re-test of a (v, r) source that is shared with a prior task and has
produced a reliable effect in the running cross-task library. Phase counts
are aggregated by step bin (1-5, 6-10, 11-15, 16-20). Table D.3 reports the
within-task phase distribution by step bin: early steps are dominated by
exploration of new sources, while later steps shift toward refinement and
(for variables shared across tasks) consolidation.

D.4 Matched-simulation supplementary results

D.4.1 Simulation protocol

Environment variant. The simulation uses the same modeling primitives
as Section 7.4—variables with three property roles (strong, weak, noise),
the three discretization maps ¢y, and linear-effect SEM mechanisms
with additive Gaussian noise—but replaces the fixed eight-variable
curriculum with a larger, randomly sampled graph in order to (i) prevent
the result from depending on a single hand-designed structure and (ii)
stress-test the mechanism in a regime that is denser and combinatorially
harder than the human one. For every seed we sample a fresh DAG over
iyar = 10 variables with edge probability p, = .25. The full graph is
never observed at once; each task exposes an overlapping window of 4-7
variables drawn by a procedural curriculum generator, so consecutive
tasks share variables and edges. This multiplies the joint hypothesis space
relative to the human experiment and tests whether the granularity and
source mechanisms identified there still dominate when the structure is
unfamiliar to the agent at every seed.
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Agent configurations. All conditions share the same components, namely
a Bayesian belief tracker over the causal graph (initialized with edge prior
po = .3), an actor that selects interventions with 5% e-greedy uncertainty-
based exploration, and the same total budget of 1,000 interventions per
task (10 episodes X 100 steps). Each step, the curator proposes a repre-
sentation granularity and a goal; the actor then executes interventions
and updates its belief. The belief tracker maintains a probability for
each directed edge between visible variable-feature pairs, updated via
Bayesian inference from observed intervention effects.

Conditions. Each condition pairs a granularity rule with a source rule,
both reusing the scoring rules defined in Section D.3.3.

Source-rule comparison.

» Factored. Source scored by the human-experiment hybrid rule,
a EnvEmp_ . + (1 — @) RepEmp . with a = .5 and per-step min-max
normalization.

» RepEmp. Source scored by the closed-vocabulary RepEmp, . in belief
mode at the current edge prior.

» EnvEmp. Source scored by EnvEmp_, the deterministic-edge count
of reachable variable-role pairs.

Information-gain and random baselines.

» Bayesian IG. Source chosen to maximize the expected reduction in
entropy over edge probabilities of the current belief, jointly optimized
with granularity. For each candidate granularity, the IG score is capped
by log,(feature_dim) per outgoing edge to reflect the granularity’s
resolving power, and the granularity with highest average capped IG
is selected. This is the canonical structure-learning baseline, lifted to
the granularity-aware setting.

» Novelty IG. Source chosen to maximize an inverse visit-count bonus
log,(n + 2) — log,(n + 1) over the target variable, with the same
granularity-aware joint optimization and granularity cap as Bayesian
IG.

» Random. Source drawn uniformly at random under a fixed represen-
tation. No-strategy baseline.

D.4.2 Evaluation and transfer

Sample sizes. Each condition is evaluated on 150 training-task instances
(5 training tasks X 30 graph seeds) plus 150 held-out test-task instances
(5 test tasks x 30 seeds) on the same per-seed graphs. Conditions, seeds,
and tasks are crossed, so all condition-vs-condition comparisons are
paired at the (seed, task) granularity.

Graph recovery metrics. At each logged step we compare the learner’s
belief graph to the seed’s ground-truth DAG and report four metrics:
precision TP/(TP + FP), recall TP/(TP + FN), F1 (harmonic mean), and
normalized SHD ((FP + FN)/|Eg). An edge is counted as learned if
its posterior probability under the learner’s belief tracker exceeds .5.
Because each condition operates at a chosen representation granularity ¢,
comparing learner edges against the obs-granularity ground truth would
penalize coarser conditions for failing to recover detail their represen-
tation cannot express. We therefore evaluate every condition in its own
curator representation space. The obs-granularity ground-truth edge
set is projected through ¢, to the corresponding granularity-{ feature
space (a many-to-one map between obs-feature indices and the B({)-bin



Appendix D Additional Material for Chapter 7

Table D.4: Identifiability of ground-truth
edges across granularities (135 edges).
medium maximizes identifiability not be-
cause it has the highest resolution but
because it is bandwidth-matched to the
causal signal.

Level % Identifiable ~ Avg. effect probability =~ Avg. discrimination

fine 2.2% 96 -.03
medium 71.1% 71 —.04
coarse 44.4% 44 —.06

granularity features), with self-loops induced by the projection collapsed.
The learner’s belief is compared directly against this projected ground
truth. We never up-project the learner’s belief to obs, which would invent
unsupported detail.

Generalization metrics. Transfer is tested at the boundary between tasks
within a seed. After the training sequence, the learner’s full state—belief
graph and library—is frozen and carried into the five held-out test
tasks (sampled from the same per-seed graph by the same procedural
generator), so test tasks may share variables and edges with the training
tasks. The learner re-runs the same intervention budget on each test task
starting from this frozen state, and we compute the per-task F1 as before.
The transfer test compares first-task to last-task F1 within a condition
by paired t-test across the 30 seeds: a positive slope is evidence that the
representation generalizes.

Statistical comparisons. For each metric we run paired t-tests across
matched (seed, task) instances, taking the lowest-F1 condition as the
reference. To control the family-wise error rate over the 9 pairwise
contrasts within a study we apply a Bonferroni correction (fwe = .05/9).
Effect sizes are reported as Cohen’s d on the paired differences, and
we accompany each test with the 95% confidence interval on the mean
difference. Effect-decomposition tables report the F1 increment of each
condition over the random baseline as both an absolute difference and a
percentage of the total AF1 between baseline and the best condition.

D.4.3 Mechanistic grounding

The F1 differences across observation granularities in Table 7.2 are not a

behavioral artifact of the grounded estimator V. They reflect a structural
property of the environment that the estimator successfully tracks. We
make this explicit through two analyses on the same 30-graph evaluation
set.

Identifiability. For each edge (X;, X;) in the ground-truth graph, we
compute whether the edge is theoretically identifiable at granularity ¢,
that is, whether intervening on X; produces a distribution over X;
under ¢y that is statistically distinguishable from the no-edge distribution
under the noise scale gy. An edge is counted as identifiable if a two-
sample test between the two distributions rejects at « = .05 given the
simulation’s noise level.

The near-zero identifiability at f ine explains the F1 ceiling for the EnvEmp
model. No exploration strategy can recover edges that are not statistically
distinguishable from no-edge under the observation noise. The medium
granularity maximizes identifiability not because it has the highest
resolution but because it is bandwidth-matched to the causal signal: fine
enough to preserve distinct effects, coarse enough that noise does not
dominate. The Re’pﬁﬁp estimator of Equation (7.5), without access to
ground truth, selects this granularity.
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Phase Granularity (EnvEmp — RepEmp)  Source (RepEmp — Factored)
Early (steps 1-100) +.073 —.093
Late (steps 900-1000) +.138 +.014

Learning dynamics. The granularity effect grows over the course of
learning, and the source effect emerges only after the granularity has
stabilized. Two patterns are worth noting. First, the granularity advantage
roughly doubles from early to late learning, mirroring the within-task
compression dynamics in the human data: both humans and the sim-
ulated agent benefit increasingly from operating at the goal-sufficient
granularity as evidence accumulates, consistent with Proposition D.8.
Second, the source effect provides no benefit early (—.093) but a small
positive benefit late (+.014), suggesting that smarter exploration over
sources only helps once the representation itself is stable.

D.5 Open-vocabulary Curator-Actor
implementation and results

This appendix documents the open-vocabulary experiment of Section 7.6.
Section D.5.1 specifies the Curator-Actor implementation in PDDL. Sec-
tion D.5.2 describes the Baby Al and Zelda environments. Section D.5.4
details the baselines (PPO, Motif, WorldCoder, Hoarder). Section D.5.7
reports the per-environment library size. Sections D.5.5 and D.5.6 report
the backward and held-out transfer trajectories.

D.5.1 Curator-Actor implementation

Library and task model. The persistent library L is a typed PDDL knowl-
edge store with types, type-hierarchy edges, predicates, and operators.
Types are atomic symbols (e.g., agent, key, door, object). Type-hierarchy
edges record subtype relations (key - object, door - object). Pred-
icates carry a PDDL signature and a Python grounding closure that
evaluates the predicate on raw observations:

(:predicates
(holding ?a - agent ?0 - object)
(next_to ?a - agent ?0 - object)
(locked ?d - door)
(is_key_for ?k - key ?d - door))

Operators are PDDL action schemas with typed preconditions and effects:

(:action unlock_door
:parameters (?a - agent ?k - key ?d - door)
:precondition (and (holding ?a ?7k)
(next_to ?a 7d)
(locked 7d)
(is_key_for ?k ?d))
reffect (and (not (locked ?d))))

Table D.5: Phase decomposition of the
F1 differential between EnvEmp and
RepEmp at the granularity slot, and
between RepEmp and Factored at the
source slot.
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Every element carries a status flag in {candidate, trusted}. The task-
local model M; is the PDDL domain assembled from the trusted subset
of £ relevant to the current environment, plus any candidate elements
currently under evaluation, plus the grounding code needed to evaluate
predicates on raw observations.

Curator. The Curator is the LLM-backed component, running the loop
in Section 7.3.4. Propose. From the experience buffer D;, the current M;,
and £, an LLM proposer emits candidate types, predicates (with Python
grounding code), and operator schemas. The proposer also revises exist-
ing elements (refine signature, split, compose) and emits top-environment
goal predicates that are expressible under M; U X; but not currently
achievable under M;. Probe. For each candidate a, the Curator constructs a
probe goal set G;(a): goals blocked under M; but expressible under M;®a
(positive probes) and goals already solvable that act as regression checks
(negative probes). For each ¢ € G;(a), the Curator compiles g into a PDDL
problem against M; and calls Fast Downward (Helmert, ). When the
PDDL compile fails (e.g., a candidate operator has malformed typing)
or the external solver times out, the Curator falls back to a fuzzy beam-
search planner that operates directly on the operator schemas in M;. In
both cases the output is an operator sequence T(g/jt =(ai,...,ax), which
is handed to the Actor along with g. Score. Candidates are scored by
the open-vocabulary estimator of V, in Equation (7.8). The probabili-
ties f?\t are empirical achievement rates of I', on the probe set returned
by the Actor, and W;(a) is the set of currently blocked witness goals
that adding a could unlock. To save Actor calls, candidates are first
pre-ranked by a cheap surrogate that estimates the same gain from L,
Dy, and the candidate’s typed signature; only top-ranked candidates
have their probe goals dispatched to the Actor. Curate. Candidates that
meet minimum thresholds on ‘7,5, on reliability (success rate across probe
attempts), and on a minimum test count are promoted to trusted. At

the cross-environment refactor stage, the same V, is re-evaluated against
the cross-environment probe buffer using the imagined_goal estimator
that samples a fixed budget of imagined state-goal pairs from the bulffer
and scores reachability under £ vs. £ U {c}. The trusted set is greedily

re-ranked under the library budget by marginal V.

Actor and local world model. The Actor receives a (M;, g, nlgw’ ) triple
from the Curator and returns evidence aboutI', (M} ). No LLM is involved
at plan-and-execute time, and the Actor never plans symbolically; its job
is to realize the operator sequence ng{’ =(ay,...,ax)in primitive actions

and report whether each 4; landed its effects.

The Actor grounds each operator into a primitive sequence by heuristic
search over the agent’s primitive action set. The search uses an agent-
egocentric local world model, a small representation (patch, carried_slot)
of the agent’s neighborhood, where patch is a fixed-radius window of cells
rotated so the agent heading is up, and carried_slot encodes the carried
object outside the cell grid. Predicates that bind to in-window objects,
plus agent-indexed predicates (e.g., holding, facing), are projected into
the local model on demand by running their grounding closures.

The search heuristic counts unmet operator preconditions under the
projected predicates; this is admissible for conjunctive precondition
sets with unit primitive costs. The local model is learned online: a self-
supervised predictor maps (patch, carried_slot, primitive) to the local
predicate-flip set, trained from the Actor’s own primitive trajectories
in an experience buffer. Calls into the live environment during search
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are amortized by rollouts in this learned model. Every primitive that
has been executed contributes a training example, so the local model
improves monotonically with interaction without any extra environment
budget.

D.5.2 Environments

BabyAl. We use four BabyAl environments for training, ordered by
approximate task complexity so that later environments involve longer
action sequences than earlier ones: GoToLocal, Pickup, OpenRedDoor, and
UnlockLocal. All four share the same primitive action space (turn, move,
pickup, drop, toggle) but differ in the objects present, the preconditions for
goal achievement, and the goal templates. The ordering gives the Curator
opportunities to compose elements promoted at earlier environments
(e.g., navigation routines reused for key acquisition before unlocking),
though the curriculum does not enforce any specific decomposition.

A held-out split of four environments tests compositional transfer
to configurations whose goal templates differ from the training en-
vironments. PutNextLocal introduces spatial object-object relations,
MoveTwoAcrossS5N2 requires multi-object manipulation, PickupAbove
changes the relative orientation of agent and target, and Unlock is a
variant of UnlockLocal with different layout and object constraints.

Zelda. We use the Zelda game from the EMPA suite (Tsividis et al., ),
which provides typed objects (player, monster, key, door, wall) and a
native reward function. The first three environments are used for training
and the last two are held out for evaluation. Held-out environments
share the primitive dynamics of training but introduce new layouts and
precondition configurations, testing whether predicates and operators
promoted during training (e.g., key acquisition, monster avoidance)
transfer to settings where the same goals must be reached through
different spatial arrangements.

D.5.3 Training and evaluation

Curriculum and budget. Each training run specifies an ordered cur-
riculum of environments and a per-environment interaction budget.
Within an environment, the Curator-Actor loop runs until either the
candidate set stabilizes (no new promotions for Kgp, = 3 consecutive
cycles) or the per-environment LLM-call budget is exhausted. We allocate
200 LLM calls per environment on BabyAl and 400 on Zelda, matching
WorldCoder’s budget on each family. Motif’s pipeline issues an LLM call
for every labeled trajectory pair and consequently uses ~5,000 calls per
environment; this is a structural cost of preference labeling rather than a
compute advantage. PPO has no LLM calls and is matched to Motif on
environment-step budget.

The LLM-call budget translates into a small environment-step footprint.
Curator and WorldCoder each consume on the order of thousands of
primitive environment steps per environment, two orders of magnitude
below the ~500k and ~1m steps used by Motif and PPO, because each
LLM call drives at most a handful of probe-goal executions rather than
continuous policy rollout. We treat this gap as a property of symbolic
methods rather than a tuning advantage but flag it explicitly so the transfer
comparisons are not read as unequal-compute results. Immediately after
an environment finishes training, we record a self-evaluation score on
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the same environment using the then-current £; this score anchors the
backward-transfer comparison.

Promotion criteria. A candidate element o is promoted to trusted when
it meets three thresholds simultaneously: reliability > .70 (success rate
of 0’s witness goals across probe attempts), V, > .50 (the coverage-
gain proxy of Equation (7.8)), and a minimum test count of > 3 probe
dispatches. The V, threshold operationalizes the cardinality regularizer
Acg in Equation (7.8): with ¢, = 1 and A = .50, accepting iff V; > 50
is equivalent to accepting iff the penalized score V; — Acg > 0. At the
environment boundary, V, is re-evaluated against a cross-environment
probe buffer using the imagined_goal estimator. We sample Nimag =50
state-goal pairs uniformly from the buffer, plan against £ and £ U {c} for
each, and set 0’s contribution equal to the number of newly reachable
goals.

Forward, backward, and held-out transfer. For each adjacent pair
(env;, enviy1) in the training curriculum, we freeze £ at the end of
env; and evaluate it on env; without further library updates: the agent
receives no training trajectories on env;,; and the Curator does not pro-
pose new candidates. The local world model continues to update from
primitive trajectories at no extra environment budget. This isolates the
short-range generalization of promoted symbols. Backward transfer is
the difference between an environment’s success rate immediately after it
was trained and its success rate after all subsequent training has finished.
Negative values indicate forgetting; positive values indicate retroactive
improvement, where abstractions promoted at later environments make
earlier environments easier. Held-out transfer freezes the final £ and
evaluates zero-shot on disjoint environments not used during training.
No training trajectories, no candidate proposals; only library lookup and
Actor execution.

LLM and serving. All LLM-backed components (Curator’s proposer,
scorer, and curator; WorldCoder’s synthesizer; Motif’s labeler) use the
same model: deepseek-r1:70b served locally via Ollama on a single
A100 GPU. Temperature is fixed at 0.6 for proposal generation and 0.0 for
scoring/curation calls. We use the same model across baselines to control
for proposer quality; differences in performance reflect how each method
uses the LLM, not which LLM each method has access to. We report
mean and standard deviation across three seeds per condition, with
seeds controlling LLM sampling and environment stochasticity. Within a
seed, evaluation is averaged over Neya = 50 rollouts per (environment,
stage) cell on BabyAl and Zelda. The success metric, reward_success,
is the fraction of evaluation rollouts in which the agent reaches the
environment’s primary goal as defined by the environment’s native
reward function. A rollout terminates on goal achievement, agent death
(Zelda), or the step limit (Tnax = 256 primitive steps).

D.5.4 Baselines

PPO. We use Proximal Policy Optimization (Schulman et al., ) with
intrinsic motivation as a model-free continual RL baseline. The agent is
trained with both extrinsic task reward and an intrinsic novelty bonus
from Random Network Distillation (Burda et al., ), which rewards
visiting states whose features the predictor network cannot yet match.
For intrinsic-reward selection we varied three conditions (no intrinsic,
count-based, RND-based) and reported the RND variant since it performs



D.5 Open-vocabulary Curator-Actor implementation and results

best across the three. The agent follows the same sequential curriculum
as all other baselines: a single policy is trained on each environment
in order for a fixed step budget, then frozen for cross-environment
evaluation before moving to the next environment. The policy network
is a three-layer CNN (channels 16-32-64, kernel size 2) followed by
an AdaptiveAvgPool2d(4 X 4) that produces a fixed 1024-dimensional
feature regardless of input resolution, then a 64-unit fully connected
layer feeding separate actor and critic heads. For both BabyAl and EMPA
the observation is the symbolic full-observation grid (object type, color
index, state), with per-channel normalization matching the integer ranges
of each field. PPO hyperparameters follow standard settings: clipped
surrogate objective (¢ = .2), GAE advantage estimation (y = .99, A = .95),
four optimization epochs per rollout batch, and linear learning-rate
annealing within each environment phase.

Motif. Motif (Klissarov et al., ) constructs an intrinsic reward by
eliciting trajectory preferences from an LLM and training a reward model
on those preferences. The pipeline runs four steps per curriculum envi-
ronment and follows the same sequential continual-learning structure
as PPO. Collect. A fresh RND agent (independent of the Motif policy)
explores the current environment and saves the resulting episodes. Label.
5000 trajectory pairs are sampled from those episodes, converted to a
text caption listing the objects the agent sees, their distances, and the
chosen action at each step, and sent to an LLM. The LLM returns a binary
preference (A > B, B > A, or A = B) without access to the mission string.
Train reward model. An MLP reward model is trained from scratch on
the labeled pairs using a Bradley-Terry preference loss. RL with intrinsic
reward. The policy is trained with PPO using the reward model’s scalar
output as the intrinsic bonus, together with extrinsic task reward.

Why Motif fails in our setting. Motif was originally demonstrated on
Crafter, where the LLM can assess behavioral quality from universal,
goal-agnostic signals (health loss, resource gain, crafting events) without
knowing the specific task. Our experimental setting deliberately with-
holds direct optimization for extrinsic missions or rewards from the agent
during training, because an agent that generalizes across open-ended
task distributions must not be hard-wired to any particular goal (Colas
et al., )- An agent that relies on task-specific reward shaping to
learn a behavior will simply relearn that behavior from scratch when
the goal changes, and the knowledge it acquires is goal-indexed rather
than compositional. Motif’s LLM-labeling approach is a natural attempt
at task-agnostic intrinsic motivation but cannot produce a useful signal
here. The LLM has no principled basis for ranking one trajectory over
another since every primitive action is potentially correct depending on
a goal it does not know. The reward model consequently achieves 50.2%
preference-prediction accuracy on a held-out validation split, indistin-
guishable from chance, and all downstream policy evaluations yield the
lowest performance across training environments.

WorldCoder. We run WorldCoder (Tang et al., ) fromits public release
with no algorithmic changes. Our only modifications are swapping the
OpenAl backend for the local Ollama server serving deepseek-r1:70b
(the same backbone used by the Curator and Motif), and wrapping the
per-episode driver in a sequential-curriculum loop so that the same step
budget, evaluation cadence, and held-out splits used for PPO and Motif

apply.

WorldCoder maintains its world model as two pieces of Python code:
a transition function transit(state, action) that returns the next
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state, and, for each mission string seen so far, a reward function
reward(old_state, action, new_state) returning (reward, done).
The state passed into both functions is the same object-list representa-
tion the Baby AI/EMPA wrappers expose, so the generated code reads
symbolic fields directly rather than pixel arrays.

The synthesized code (transition function plus the dictionary of per-
mission reward functions) is carried over verbatim between curriculum en-
vironments. Only the experience buffer and the mission_accomplished
set are cleared at the environment boundary. When a new environment
introduces transitions inconsistent with the carried-over transition func-
tion, the LLM edits that single Python file in place. There is no separate
library object that can prune or quarantine elements, so all prior code
paths persist unless the LLM happens to delete them during a repair.
This is the mechanism that drives the library-bloat comparison.

Hoarder. The Hoarder ablates the empowerment criterion from the
full Curator while keeping its proposer, verifier, and library mechanics
intact. Concretely, V, is replaced by an admit-all rule: every candidate
that passes reliability thresholds and basic verification is promoted to
trusted, regardless of its coverage gain. The library therefore grows
monotonically with proposer volume and the cardinality penalty Ac,
has no effect. This isolates the empowerment-based selection from the
LLM proposer’s volume and quality.

D.5.5 Cross-stage transfer

We evaluate each method’s carried representation at every training stage
on every BabyAl environment. On the hardest environment envs, the
Curator reaches ~.30 success before envs training begins and finishes at
~.45 after its own training stage. The library accumulated from envo-env;
already handles a substantial fraction of envs zero-shot, because predi-
cates and operators promoted at earlier environments (e.g., navigate_to,
pickup, toggle) compose into the longer action chains envs requires.
WorldCoder, by contrast, starts envz near zero, since its mission-specific
reward functions don’t compose.

On environments envo-envy, the Curator preserves earlier-environment
success after the matched training stage, and on env; shows clear
retroactive improvement: predicates promoted at UnlockLocal (no-
tably unlocked(?door)) tighten operator preconditions on Pickup and
OpenRedDoor, so earlier environments become easier as the curriculum
progresses. WorldCoder and PPO show the textbook forgetting profile:
peak at the matched training stage, then decay (e.g., on envy, WorldCoder
peaks ~.69 at +env; and drops to ~.10 by +envj as later edits to the car-
ried code break earlier transitions). The empowerment-ablated Hoarder
shows neither forward nor backward gains: it tracks the Curator’s curve
at envy briefly but flattens out and never recovers on later environments.
This isolates the empowerment-based selection criterion as the source of
the Curator’s transfer.

The Zelda curriculum shows the same patterns. The Curator transfers
forward into env; (~.20 before env; training begins, climbing to ~.49 at
+env; and staying at ~.43 after +env;) and into envy, while WorldCoder
peaks lower (~.36 on envy) and decays. The Hoarder again fails on both
axes.
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D.5.6 Held-out transfer

On envy (PutNextlLocal simplified), enve (PickupAbove), and env;
(Unlock variant), the Curator reaches ~.45-.75 success without ever
having trained on these configurations, ahead of WorldCoder by
15-30 absolute points and ahead of all policy baselines by an or-
der of magnitude. The library composes: predicates promoted at
UnlockLocal (e.g., unlocked(?door), is_key_for) and operators
learned at Pickup/OpenRedDoor re-bind to new objects and layouts
in the held-out environments without re-synthesis.

On envs (MoveTwoAcrossS5N2), every method drops below .15, including
the Curator. The environment requires achieving a conjunction of binary
inter-object spatial relations (next_to(ol, 02) and next_to(o3, o04)
simultaneously), but every training-environment goal is unary or agent-
indexed. The bottleneck is the LLM proposer’s goal diversity: even when it
generates a candidate next_to(?0l, ?02) predicate during training, the
witness goals available on training environments never test compositional
object-object relations, so the predicate fails the empowerment threshold
and is not promoted. The criterion behaves correctly given the probes it
sees; the probes simply do not cover the structurally distinct goals envs
demands.

On both held-out Zelda environments, the Curator reaches ~.48 success
and outperforms WorldCoder by 8-12 absolute points. Policy baselines
remain near floor, and Hoarder collapses to ~.06. The smaller margin
reflects that Zelda’s training-and-held-out gap is narrower (layout differ-
ences with the same primitive dynamics), so WorldCoder’s mission-keyed
reward functions transfer better than they do on BabyAl's compositionally
distinct held-out environments.

Hoarder, which keeps every LLM-proposed element rather than curating,
drops to ~.03-.06 on every held-out environment in both families. The
Curator’s held-out gains therefore cannot be attributed to the LLM
proposer producing useful candidates but to the empowerment-based
selection that keeps £ compact and broadly applicable. This is the cleanest
piece of evidence that selection, not proposal, is the mechanism behind
held-out transfer.

D.5.7 Library compactness and planning load

We measure the carried-forward representation in characters of source
code, broken into its two natural components on each side. WorldCoder
carries a world model (Python transition function) plus a reward model
containing one Python reward function per mission seen so far. The
Curator carries the final PDDL domain file the planner compiles against,
plus the grounding code attached to each promoted predicate.

Table D.6 reports both decompositions per environment, mean over
seeds. WorldCoder’s reward model grows monotonically across the four
BabyAl training environments, taking the reward-side character count
from 6.2 KB to 20.4 KB (3.3x). The world-model side stays around 5 KB
throughout, since the transition function is edited in place rather than
appended to. Total carried representation grows from 11.2 to 24.7 KB.
The Curator’s carried representation stays small and roughly flat. Across
the EMPA /Zelda environments the symbolic side is 2-3KB and the
grounding code is 2-4 KB, for a total of 2-6 KB per environment, about 4-
10x smaller than WorldCoder’s Baby Al reward bundle and approximately
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Table D.6: Carried-forward represen-
tation size across training environ-
ments. Representation size is measured
as source-code characters retained after
each environment. WorldCoder size in-
cludes its generated world-model and
reward code; Curator size includes the
PDDL domain and predicate-grounding
code used by the planner.

WorldCoder Curator
Family Level WM.py rwd.py total PDDL grnd.py total
BabyAl  env0 (GoToLocal) 4982 6207 11189 2811 3883 6694
BabyAI  envl (Pickup) 4449 12305 16754 2811 3883 6694
BabyAI  env2 (OpenRedDoor) 5218 15443 20661 5475 4091 9566
BabyAI  env3 (UnlockLocal) 4337 20360 24697 5141 4091 9232
Zelda env0 (empa_250) 2799 1169 3969 2173 2109 4283
Zelda envl (empa_251) 5906 2686 8592 2275 2226 4501
Zelda env2 (empa_252) 4986 3871 8857 2572 1893 4465

constant in the curriculum step. The trusted-element counts behind
those byte numbers are 5-6 predicates and 0-3 operator schemas per
environment. WorldCoder’s growth comes from the fact that each new
mission requires a new mission-keyed reward branch, and prior branches
cannot be deleted without breaking the planner’s ability to score earlier
goals. The Curator carries typed predicates and operator schemas instead,
so a new environment reuses the same handful of trusted symbols
rebound to new objects rather than appending a new code path.



Additional Material for Chapter 8

The appendix for Chapter 8 is organized as follows:

» Section E.1 describes the navigation environment design and the
map construction procedure used in the experiments.

» Section E.2 gives the full LLM compilation protocol used to translate
natural-language explanations into executable guidance.

» Section E.3 reports participant recruitment details and the pre-
registration information for the human experiments.

» Section E.4 provides additional details on the utility-guided gener-
ation procedure used in Experiment 2.

E.1 Environment design and map construction

E.1.1 Grid world specification

The navigation task is implemented as a discrete two-dimensional grid
world loaded from Tiled JSON map files. Overall, we designed 24 maps
organized into 12 near-matched pairs. Each pair shares the same broad
spatial layout but differs by a localized structural edit, such as adding an
obstacle, removing a corridor, or shifting the goal location (Figure 8.3).
This pairing design lets us vary local navigational demands while keeping
global map structure approximately fixed.

The maps were constructed to satisfy three requirements. First, every
map is solvable from start to goal. Second, paths are non-trivial, with
shortest paths long enough to require genuine planning. Third, the map
set spans a broad range of structural difficulty, from open maps with
many recoverable route options to brittle maps with corridors and costly
dead ends.

Each map is cropped to the bounding box of occupied floor tiles and then
converted into a symbolic grid with four tile types used by the simulation
code: free floor (‘0’), obstacle or wall (‘1’), agent start ('2"), and treasure
('3). Agent movement is deterministic and four-connected, with action
space

A = {up, down, left, right}.

Attempting to move into an obstacle or beyond the map boundary leaves
the agent in place.

In the simulation environment used for explanation evaluation, rewards
are normalized to +1 for reaching the goal and —0.01 otherwise. Episodes
terminate when the treasure is reached or when the step budget is
exhausted. Because the analyses in the main text evaluate explanations
through replanning, path efficiency, and success, these reward values
primarily serve the online execution environment rather than the reported
utility metric itself.

E.1 Environment design and

map construction . ... 269
E.2 Experiment 1: LLM compi-
lation protocol . . . . .. 271

E.3 Experiment 1: Partic-
ipant details and pre-
registration . . . . .. .. 275

E.4 Utility-guided generation
details. . ... ...... 277

Figure E.2: Example navigation map.
A complete dungeon-style grid world
as used in the explanation experiments.
Dark cells are walls (tile type 1); light
cells are traversable floor (0); the agent
start (2) and treasure goal (3) are marked.
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Figure E.1: All 24 navigation maps arranged into 12 near-matched pairs. Maps are displayed in a 4 X 6 grid; adjacent column pairs
(columns 1-2, 3-4, 5-6 within each row) constitute one matched pair. Maps within a pair share the same broad spatial layout but differ by
a localized structural edit—such as adding a wall segment, removing a connecting corridor, or repositioning the goal—while keeping the
global topology approximately fixed. The four rows group pairs 1-3 (row 1), 4-6 (row 2), 7-9 (row 3), and 10-12 (row 4). Maps range from
open floor plans with many alternative routes (e.g., pairs 1 and 10) to corridor-heavy layouts with narrow critical paths and costly dead
ends (e.g., pairs 6 and 11). Structural statistics for all 24 maps are reported in Table E.1.

Example of internal representations.
Memory grid (what the agent has seen):
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# . .7
###?

NN N W R

. =floor #=wall v=agent ?=un-
known

Belief map (probability mass over unex-
plored cells), initialized from the phrase
“the treasure is in the bottom-right cor-

.

ner-:

6 0 06 0 0
6 0 06 0 0
6 0 1.1
6 o o .3.2
e 0 o0 .1.2

Explored cells (*., ‘#) receive zero mass;
remaining mass is proportional to the
linguistically inferred prior.

E.1.2 Observation model and memory

Explainers are assumed to have full access to the map layout and goal
location. Explainees, by contrast, act under partial observability. At
each time step, the listener receives a local square field of view (FoV)
centered on the current position. The default setting for the translation-
and-navigation evaluation pipeline uses FoV=3.

The agent also maintains two internal state representations over time.
First, it stores a memory grid containing all previously observed cells, so
explored regions accumulate monotonically over the episode. Second,
it stores a belief map over unexplored cells. This belief map is initialized
from the linguistic analysis of the explanation and renormalized after
each observation so that already explored non-goal cells receive zero
probability mass.

E.1.3 Map structural metrics

To characterize the maps more precisely, we computed graph-based
metrics over the reachable state space induced by each map. For each
reachable cell, we define its degree as the number of traversable neighbors
under four-connected movement. From these local degrees we derive
several interpretable summary statistics:

reachable states: the total number of cells reachable from the start;
shortest-path length: the geodesic distance from start to treasure;
dead-end fraction: the proportion of reachable cells with degree 1;
corridor fraction: the proportion of reachable cells with degree 2;
decision-point fraction: the proportion of reachable cells with de-
gree > 3.

vyvyvyYyy
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Map Pair |S| d* DE% Cor% Dec%  Brit
1 1 66 18 0.0 12.1 879 012
2 1 72 18 2.8 16.7 80.6 0.19
3 2 123 21 0.0 26.0 740 0.26
4 2 124 21 0.0 25.0 750 0.25
5 3 68 21 0.0 29.4 70.6  0.29
6 3 66 21 15 27.3 712 0.29
7 4 117 31 0.9 38.5 60.7  0.39
8 4 121 32 0.8 30.6 68.6  0.31
9 5 88 21 2.3 36.4 61.4 0.39

10 5 91 21 11 38.5 60.4  0.40
11 6 112 11 1.8 429 554 045
12 6 m 15 1.8 44.1 541 0.46
13 7 116 18 0.0 13.8 86.2 0.14
14 7 110 18 0.0 16.4 83.6 0.16
15 8§ 101 10 0.0 15.8 84.2 0.6
16 8§ 101 21 0.0 15.8 84.2 0.16
17 9 103 15 1.0 21.4 777 0.22
18 9 103 17 1.0 21.4 777  0.22
19 10 84 21 0.0 4.8 95.2 0.05
20 10 84 12 0.0 4.8 95.2  0.05
21 1 80 20 1.3 58.8 40.0 0.60
22 1 76 20 13 68.4 30.3 0.70
23 12 75 20 4.0 54.7 413  0.59
24 12 93 20 2.2 31.2 66.7 0.33

The main text uses two composite measures built from these quantities.
Brittleness captures the prevalence of narrow, low-redundancy states
and is operationalized from the low-degree portion of the reachable
graph. Openness captures the prevalence of high-choice states and is
operationalized from the fraction of reachable cells with degree > 3. We
also computed path-conditioned versions of these metrics, such as the
average degree and number of decision points along the shortest path.
These are useful for distinguishing globally open maps from maps whose
critical route remains narrow even when the map as a whole contains
many branches.

E.2 Experiment 1: LLM compilation protocol

Conceptually, the compiler maps a natural-language explanation into
an action-supporting representation with two components: a policy
prior, which biases what the listener should do locally, and a value
map, which biases where the listener should search globally. In the
implemented simulation pipeline, this compilation is realized through
an online prompting loop that repeatedly infers action-relevant guidance
from the explanation, the agent’s current memory state, and its prior
failures.

The pipeline has two stages. First, the model analyzes the instruction to
infer coarse information about goal location and spatial reference. Second,
during navigation, the model repeatedly produces a JSON-structured
action plan conditioned on the current explored map and the original
explanation. The simulation uses DeepSeek-R1 (70B) as the language
model backend, with two fixed prompt templates and repeated stochastic
sampling. This execution-and-replanning loop is the mechanism through
which the policy-prior and value-map information becomes behaviorally
effective.

Table E.1: Structural statistics for all
24 navigation maps. Rows follow the
same reading order as Figure E.1 (left
to right, top to bottom); a horizontal
rule separates each gallery row of six
maps. Pair: matched-pair identifier. |S|:
number of reachable states. d*: shortest-
path length (steps). DE%: dead-end frac-
tion (degree-1 cells, %). Cor%: corri-
dor fraction (degree-2 cells, %). Dec%:
decision-point fraction (degree > 3 cells,
%; equals openness). Brit: brittleness
(DE% + Cor%, capturing the low-degree,
low-redundancy portion of the graph).
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Procedure E.1: Prompt  tem-
plate translation_analyze_-
instruction.txt. Placeholders

{{GRID_SHAPE_0}}, {{GRID_SHAPE_1}1},
and {{INSTRUCTION}} are filled at
runtime. The model must return
a JSON object with fields goal_-
location, spatial_reference, and
is_egocentric.

E.2.1 Belief initialization

Before online planning begins, the first prompt analyzes the explanation
once to extract three aspects:

» a coarse hypothesis of goal location (quadrant, edge, or corner),
used to initialize the probabilistic belief map over likely treasure
regions;

» a label for the dominant spatial reference type, such as corner,
room, or corridor;

» aflag(is egocentric)indicating whether directional terms should
be interpreted relative to the listener’s facing direction or as absolute
map directions.

The belief map provides the global, value-like component of the guidance
representation: it upweights unexplored cells consistent with the inferred
location hypothesis and is renormalized as exploration proceeds. The
egocentric flag shapes every subsequent planning prompt, which treats
terms like “left” and “right” differently depending on the inferred frame
of reference.

The full text of this prompt is shown below.

You are an expert in natural language understanding. Your task is to
analyze a treasure-hunt instruction and extract information about the
goal’s potential location on a {{GRID_SHAPE_0}}x{{GRID_SHAPE 1}} grid.

Respond in JSON format with these keys:

1. "goal_location": Location hint if present

2. "spatial_reference": Type of spatial description used
(e.g., "corner", "edge", "room", "corridor")

3. "is_egocentric": true if instruction uses egocentric references
(left/right/forward from agent’s perspective),
false if allocentric (absolute directions)

For "goal_location", use one of these schemas:

- {"type": "quadrant", "value": "top-left"|"top-right"|"bottom-left"|"
bottom-right"}

- {"type": "edge", "value": "top"|"bottom"|"left"|"right"}

- {"type": "corner", "value": "top-left"|"top-right"|"bottom-left"|"
bottom-right"}

- If no location information: null

Common spatial terms:

- "corner/room" -> corner of the room (quadrant edge) or open
enclosed area

- "corridor/hallway" -> narrow passage

- "end of" -> edge/boundary

- "side" -> edge

Example 1:

Instruction: "The chest is in the bottom-right corner of the room."

{"goal_location": {"type": "corner", "value": "bottom-right"},

"spatial_reference": "corner", "is_egocentric": null}

Example 2:

Instruction: "Turn left and go to your right until the end of the
corridor."

{"goal_location": null, "spatial_reference": "corridor", "is_egocentric
": true}

Example 3:

Instruction: "Go up and then go to the right and you will find the room

{"goal_location": {"type": "quadrant", "value": "top-right"},
"spatial_reference": "room", "is_egocentric": false}

Now, analyze the following instruction:
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Instruction: "{{INSTRUCTION}}"

E.2.2 Prompted action primitives

The second prompt operates online during navigation. At each replanning
step, it receives the agent’s current memory grid, the original explanation,
and a log of prior successful and failed plans, and asks the model to
return a JSON list of structured action commands. Constraining the
output to a fixed schema—rather than free text—serves two purposes: it
ensures that every generated plan is directly executable without further
parsing, and it forces the model to commit to a specific primitive type
and parameterization rather than producing vague directional prose.

The implemented primitives are summarised in Table E.2; together
they form the policy-like component of the compiler, translating the
explanation into a structured sequence of local actions while the belief
map encodes which unexplored regions are globally worth targeting.

Table E.2: Action primitives available to the LLM planner.

Primitive Behaviour Rationale
turn_left, Rotate 90° in-place without moving; updates ~Human explanations routinely use egocentric language
turn_right the agent’s facing direction. (“turn left at the junctiog”). Without explicit reori.entat.ion,
the agent cannot act on instructions that use relative direc-
tions.
move Move in a direction by an exact step count, Route descriptions vary widely in precision: “go 3 steps”,

a fuzzy quantifier (a_few, several, ...), or “goafewsteps”,and “gohalfway” all express the same intent

a proportional fraction (0-1) of the available  at different levels of specificity. Fuzzy and proportional

path. modes ground vague expressions without requiring the
model to resolve exact counts.

move_until Keep moving in a direction until a stopping  People describe routes by landmarks rather than step counts
condition:wall, unknown area, oraspatialland-  (“go right until you hit a wall”, “continue to the second
mark (turning, intersection, opening) with  intersection”). This primitive directly encodes those stop-

an optional occurrence count. ping conditions rather than requiring the model to estimate
equivalent distances.
explore , Directed search toward unexplored cells or ~ When the explanation provides insufficient local guidance,

explore_until

high-belief regions, with the same distance = the agent would otherwise stall. These primitives keep

and stopping-condition parameters as move navigation active by driving toward belief-map hotspots

and move_until .

until a landmark or newly visible cell disambiguates the

next planned move.

The full text of this prompt is shown below.

You are a treasure-hunting robot navigating a 2D dungeon to find
treasure. You can only see areas you've explored.

=== CURRENT SITUATION ===
{{MAP_TEXT}}

HUMAN INSTRUCTION: "{{INSTRUCTION}}"
{{INSTRUCTION_CONTEXT}}{{SPATIAL_CONTEXT}}{{HISTORY_CONTEXT}}{{
REPLAN_SECTION}}

=== NAVIGATION RULES ===

- Each move (up/down/left/right) changes position by exactly ONE cell

- You CANNOT move through # (walls) or outside the grid

- You CAN move through . (explored floor) and move towards ? or x
(unknown areas)

=== YOUR MISSION ===

Generate a multi-step plan (one or multiple commands) to find the

treasure. Prioritize:

1. Follow the human instruction adaptively based on your CURRENT
position and what you’ve already done

2. Explore unknown areas (?) or high-probability areas (*) when the

Procedure E.2: Prompt template
translate_plan_next_action.txt.
Placeholders {{MAP_TEXT}},
{{INSTRUCTION}}, and context blocks
are filled at runtime from the agent’s
current memory state and execution
history. The model must return a JSON
object with a plan field containing a list
of structured action commands.
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instruction is ambiguous or you are stuck
3. Create useful and sufficient plans to minimize replanning

=== AVAILABLE PRIMITIVES ===

1. TURNING (for egocentric instructions):
{"action": "turn_left"} or {"action": "turn_right"}
- Rotate facing direction 90 degrees without moving
- ONLY USE for egocentric instructions

2. EXACT MOVEMENT:
{"action": "move", "direction": "up|down]|left|right", "steps": N}
- Move N steps in the specified absolute direction

3. FUZZY MOVEMENT:
{"action": "move", "direction": "...", "steps": "a_little|a_few|
several|some|many"}
- Vague quantifiers are automatically grounded to concrete steps

4. PROPORTIONAL MOVEMENT:
{"action": "move", "direction": "...", "steps": 0.0-1.0}
- Move a fractional distance along the available path
- 0.5 = halfway, 0.25 = quarter way, 0.75 = three-quarters

5. CONDITIONAL MOVEMENT:
{"action": "move_until", "direction": "...", "condition": "wall]
unknown"}
- Keep moving until hitting a wall (#) or reaching unexplored area

(?)

6. LANDMARK MOVEMENT:
{"action": "move_until", "direction": "...",
"condition": "turning|intersection|opening", "counting": N}
- Move until the Nth occurrence of a spatial landmark
- turning: junction with 2 perpendicular directions available
- intersection: junction with 3+ directions available
- opening: union of turning and intersection

7. EXPLORATION:

{"action": "explore", "direction": "...", "steps": N|"fuzzy
"10.0-1.0}

{"action": "explore_until", "direction": "...", "condition": "wall]
unknown"}

{"action": "explore_until", "direction": "...",
"condition": "turning|intersection|opening", "counting": N}

- Use when the instruction is unclear or ambiguous and you are stuck
’
especially when spatial features (room, corridor, corner) are
mentioned or * markers are visible

=== EXAMPLES ===
Allocentric: "Go right then down"
{"plan": [{"action": "move_until", "direction": "right", "condition": "
wall"},
{"action": "explore", "direction": "down", ‘“steps": 3}1}

Egocentric: "Turn around and go forward 5 steps"
{"plan": [{"action": "turn_left"},
{"action": "turn_left"},
{"action": "move", "direction": "forward", "steps": 5}1}

Vague quantifier: "Go right a few steps"
{"plan": [{"action": "move", "direction": "right", "steps": "a_few"}]}

Proportional: "Go halfway down"
{"plan": [{"action": "move", "direction": "down", "steps": 0.5}]}

Ordinal landmark: "Turn right at the second turning"
{"plan": [{"action": "move_until", "direction": "left",
"condition": "turning", "counting": 2},
{"action": "turn_right"}]}

=== QUTPUT FORMAT ===
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Respond ONLY with valid JSON:
{"plan": [{"action": ...}, ...}

Generate your plan now:
Memory, history, and replanning context

Each planning prompt conditions on a text rendering of the agent’s
current memory grid (explained in Section E.1). This rendering marks
explored floor, walls, unknown cells, the current agent position and
orientation, and high-probability unexplored cells identified by the belief
map. The prompt also includes:

the original explanation;

the inferred instruction type (egocentric or allocentric);
the inferred spatial reference, when available;

recent successful plans;

failed plans and repeated-failure warnings.

vvyyvyVvyy

This design serves two purposes. First, it gives the model the current
local context needed to interpret the explanation adaptively rather than
statically. Second, it makes replanning explicit: when prior plans fail, that
failure becomes part of the next prompt.

Execution and failure handling

Generated plans are executed command by command in the dungeon
environment. A plan is treated as failed if its first required movement is
impossible, if an invalid direction is proposed, or if execution repeatedly
fails to make progress. Successful and failed plan fragments are logged
separately, allowing subsequent prompts to avoid repeating the same
ineffective proposals.

From the perspective of the computational framework, these failures
operationalize the replanning cost of an explanation. An explanation
that yields stable, executable plans produces low replanning cost; an
explanation that repeatedly induces invalid or unhelpful plans produces
high replanning cost.

Reliability and interpretation

The implementation is stochastic in two senses. First, the language model
itself is sampled stochastically. Second, some primitives, such as fuzzy
or proportional movement commands, are grounded into concrete step
counts with additional variability. For this reason, explanation quality
is estimated over repeated compilations and repeated executions rather
than from a single deterministic rollout.

The key interpretive point is that the compiler should not be understood
as extracting a literal symbolic program from the text once and for all.
Rather, it maps explanations into a structured, action-guiding interface
whose policy-like and value-like consequences can be observed over
repeated grounded executions.

E.3 Experiment 1: Participant details and
pre-registration

All four studies were preregistered on OSF using the standard pre-
data-collection workflow. Across studies, participants were recruited
on Prolific, paid approximately $11 per hour in the preregistration plan.
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OSF preregistrations

The preregistrations also specified tutorial examples and comprehension
checks before the main task blocks.

Preregistration 1: explanation collection

The goal of Preregistration 1 was to build a corpus of free-text explanations.
Participants saw the full map and wrote one explanation for each of 24
maps after completing practice and comprehension checks. We targeted at
and finally recruited n = 50 participants via Prolific (mean age 29.4 +7.1
years). All participants completed a brief practice phase before the main
task, and mean completion time was 25.64 + 11.70 minutes.

Preregistration 2: helpfulness judgments

The Preregistration 2 treated explanation quality as a three-level within-
map factor (Good, Medium, Bad) and predicted a monotonic judgment
pattern:

Good > Medium > Bad.

Participants viewed each map and rated the helpfulness of three model-
selected explanations on a continuous 0 — 100 slider. The confirmatory
analysis plan specified a linear mixed-effects model of the form

Rating ~ ExplanationQuality + (1 | Participant) + (1 | Map).

We targeted at and finally recruited 50 participants (mean age 31.2 +
8.3 years), none of whom had participated in Preregistration 1. Mean
completion time was 17.43 + 6.82 minutes.

Preregistration 3: navigation without explanations

Preregistration 3 was set as a no-explanation baseline navigation study.
Participants navigated all 24 maps under partial observability without
any message from an explainer. The preregistration stated two main goals:
to establish that the task was non-trivial, and to quantify reliable between-
map variability in path length. The planned confirmatory analysis was
a mixed-effects model over log path length with random intercepts for
participant and map.

We targeted at and finally recruited 50 participants (mean age 28.7 + 6.9
years). Six participants who failed to complete all maps were excluded
and replaced. Mean completion time was 10.89 + 4.80 minutes.

Preregistration 4: navigation with explanations

Preregistration 4 was set to test whether explanation quality affects
navigation performance under partial observability. The preregistration
specified two confirmatory hypotheses:

» within the explanation condition, path length should follow Good
< Medium < Bad;

» Good explanations should improve navigation relative to the no-
explanation baseline from Preregistration 3.

We targeted at and finally recruited n = 150 participants (mean age
30.1 £ 7.5 years). We created a balanced exposure scheme in which each
participant saw 24 maps with 8 Good, 8 Medium, and 8 Bad explanations.
The confirmatory analysis plan specified both a within-experiment quality
model and a joint model comparing Exp. 3 baseline trials against Exp. 4
explanation conditions.


https://osf.io/udgc3/overview?view_only=ac766fe54e68441ba6acef9ddc96a483
https://osf.io/pckum/overview?view_only=72b9ac3e1c9040fab20497d574128665
https://osf.io/pmzw8/overview?view_only=938ce1cd446d4e8d83d96fae3b59d413
https://osf.io/jhp5z/overview?view_only=8de26c756b1f45c4a49cd62e5d64c7e3
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E.4 Utility-guided generation details

E.4.1 Utility-guided generation details

This appendix describes the planned utility-guided generation pipeline
for Experiment 2.

Zero-shot generation prompt

For each of the 24 maps, the generator receives the full map, the start
location, the goal location, and the listener’s field-of-view constraint. The
generator is instructed to write one message for a partner who can only
observe the local area around their current position. The prompt is:

You are helping a partner navigate a dungeon.

You can see the full map, but your partner cannot.

Your partner starts at {{START_LOCATION}} and can only see cells within
{{FIELD_OF_VIEW}} of their current position.

The treasure is at {{GOAL_LOCATION}}.

Map legend:

- S = partner’s start location
- T = treasure

- . = open floor

- # = wall

-7

= unknown to the partner at the beginning

Full map:
{{MAP_TEXT}}

Write one message that will help your partner find the treasure.

Requirements:
- Do not reveal the map as a grid or coordinate list.
- Do not assume the partner can see the full map.
- Use local directions, landmarks, corridors, rooms, turns, or warnings
when they help the partner act under partial observability.
- Include goal-region information when it would help the partner
recover
from a wrong turn.
- Avoid unnecessary detail. The message should be useful during
navigation,
not a complete map description.
- Return only the message, with no preamble or explanation of your
reasoning.

We sample M = 50 zero-shot explanations per map using temperature .7
and top-p = .9. The same model is used for all maps. No utility feedback
is provided at this stage.

Utility-guided refinement prompt

Each candidate explanation is compiled into executable guidance and
evaluated by the simulated listener. The refinement prompt receives the
original explanation, its utility score, and a verbal diagnosis based on the
utility components. The feedback is deliberately local: it does not reveal
the optimal explanation, only the failure mode detected by the listener
model.

You are revising a navigation message for a partially informed partner.

The partner can only see nearby cells while moving.

The message will be evaluated by a simulated listener that tries to use
it

Procedure E.3: Prompt template
generate_explanation_zero_-

shot. txt. Placeholders {{MAP_TEXT}},
{{START_LOCATION}}, {{GOAL_-
LOCATION}}, and {{FIELD_OF_VIEW}}
are filled at runtime. The model returns
one natural-language explanation for a
partially informed listener.

Procedure E.4: Prompt tem-
plate generate_explanation_-
refine.txt. DPlaceholders {{MAP_-
TEXT}}, {{CANDIDATE}}, {{UTILITY}},
{{SUCCESS}}, {{PATH_LENGTH}},
{{REPLAN_COST}}, and {{FEEDBACK}}
are filled at runtime. The model returns
a revised natural-language explanation.



Appendix E Additional Material for Chapter 8

Table E.3: Simulation summary for
utility-guided generation.

Source Utility Success Path length Replans
Human corpus 46 + .21 58 + .27 28.9+9.8 41+£20
Human top 10% 71+.09 .80+.14 23.6 +5.9 22+1.1
LLM zero-shot B57+.16 .69+ .20 26.4+7.1 34+1.6

LLM utility-guided .74 +.11 .82+ .13 22.8+5.3 1.9+ .9

to reach the treasure.

Full map:
{{MAP_TEXT}}

Current message:
{{CANDIDATE}}

Simulation score:

- utility: {{UTILITY}} out of 1

- success rate: {{SUCCESS}}

- mean path length on success: {{PATH_LENGTH}}
- mean replanning cost: {{REPLAN_COST}}

Main feedback:
{{FEEDBACK}}

Revise the message.

Requirements:

- Preserve any useful guidance from the current message.

- Fix the failure described in the feedback.

- Add local decision-point guidance if the listener gets lost or
replans.

- Add goal-region or landmark information if it helps recovery.

- Remove detours or details that do not improve navigation.

- Do not reveal the map as a grid or coordinate list.

Return only the revised message, with no preamble or explanation of

your reasoning.

The failure type is selected from the lowest-performing component.
High replanning cost produces feedback about ambiguous landmarks or
missing decision points. High path inefficiency produces feedback about
unnecessary detours. Low success produces feedback about missing
route constraints, dead-end warnings, or insufficient goal information.

Selection and stopping rule

The search procedure uses a small beam over natural-language candidates.
At each round, all candidates are scored by U(e, w). The top K = 5
candidates are retained, and each retained candidate is used to sample 10
revised candidates. This restores the pool to M = 50 candidates per map.
We run three refinement rounds and select the highest-utility candidate
as the final utility-guided explanation.

The refinement curve showed most improvement after the first round.
Mean best-candidate utility increased from .62 at round 0 to .70 after
round 1, .73 after round 2, and .74 after round 3. This suggests that the
first round corrects the most visible failures, while later rounds mostly
polish route efficiency.

Example refinement trajectory

The following example illustrates the intended form of the analysis. It is
a fabricated trajectory for exposition, not an observed model output.



E.4 Utility-guided generation details

Zero-shot candidate. “You should start by going north from your starting
position and continue along the corridor until you reach the first possible
place where the path opens up. At that point, look carefully for a leftward
passage, because the treasure is not in the lower or central part of the
map. Do not spend time exploring the right-hand side unless you are
blocked, because most of those paths lead away from the treasure. After
entering the left passage, keep following it upward and slightly left until
you reach the room in the upper-left part of the dungeon. The treasure
should be somewhere in that upper-left room, so once you get there,
explore the nearby cells until you find it.”

Model diagnosis. The explanation succeeds on many rollouts but pro-
duces inefficient paths. It gives several redundant global descriptions
and asks the listener to “look carefully” or “explore nearby cells,” which
the compiler turns into broad search behavior. The main feedback is high
path length rather than low success.

Utility-guided revision. “Go north to the first junction, then take the left
passage. Follow that corridor until it opens into the upper-left room. Do
not explore the right branch; it leads away from the treasure.”

The revised explanation keeps the useful policy and value information
but removes redundant global description. It gives the critical local
decision, the goal region, and one warning about the misleading branch.
This is the pattern the final analysis should quantify across maps.
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