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Zusammenfassung

In der vorliegendenDissertationwird ein Modellrahmenzur Beschreilnng von
Baryonenals Diquark-Quark-Bindungszushdevorgestellt, der auf eine mani-
festeKovarianzderBeschreilingzielt.

NacheinemkurzenUberblick iiberdrei oft verwandteTypenvon Baryonmo-
dellenwird dasrelatvistischeProblemeinesDrei-Quark-Bindungszustandester
Vernach@issigung/on dreiteilchenirreduzibleiVechselirkungenbetrachtetDi-
quarkswerdenals separabl&orrelationenin der Zwei-Quark-Korrelationsfunk-
tion eingefihrt. Mit diesenhier angenommenekiereinfichungergelangtman
zu einer Beschreilng der Baryonenmittels einer Bethe-SalpeteGleichungfir
Bindungszusindevon Quarkund Diquark, wobeidie beidenKonstituenterniber
Quarkaustauscimiteinanderwechselirken. Skalareund axialvektorielle Di-
quarkswerdenin Analogiezum Massenspektrurder Mesonenals die dominan-
ten Zwei-Quark-Korrelationenin denBaryonenangenommenDie Strukturder
relatvistischenWellenfunktion,die die skalarerundaxialvektoriellenKorrelatio-
nenbeschreibtwird unterZuhilfenahmeeinerPartialellenzerlgungaustihrlich
diskutiert.

Die numerischerLosungender kovariantenBethe-SalpeteGleichungwer-
dendesweiterenzur Berechnungron elektromagnetischerstarken und axialen
Nukleon-FormfaktorenrherangezogerHierbeiwird derelektromagnetisch®trom-
operatorin dem Modell so konstruiert,dal3er die Eichinvarianzrespektiert.In-
varianzunterchiralenSymmetrietransformationast dageenleicht verletzt,da
Vektordiquarksrernach@issigtwurden.Diesfuhrt zu einermoderaten/erletzung
derGoldbegerTreiman-Beziehung.

Weiterhinwird die Moglichkeit, Confinementffektiv iibergeeigneteModi-
fikationender Quark-und Diguarkpropagatoreau parametrisierenyntersucht.
Mittels einer solchenModifikation kann das Massenspektrunader Oktett- und
Dekuplettbaryonemerechnetwerden. Obwohl dieseVorgehensweiseler Con-
finement-Rrametrisierungichalsgeeigneftir die BerechnungaumartigeNuk-
leoneigenschafteerweist, versagtsie bei der Behandlungvon Prozessenbei
denengrofRe Enegien auf das Nukleon Uibertragenwerden, wie z.B. bei aus-
gewahltenMesonproduktionsprozessen.

In einemweiterenAbschnittwerdendie Losungeriur Nukleonwellenfunktio-
nenund-obsenablenmiteinandewerglichen,die in dervoll relatvistischenBe-
handlungundin einerweitverbreitetersemirelatvistischenNaherunggevonnen
werden. Die hierbeibeobachtetebetrachtlichenAbweichungerfur die berech-
netenObsenablen,die sich ausder Anwendungder beidenMethodenergeben,
zeigendie Unzulanglichlkeitender semirelatvistischerBehandlungauf.



Abstract

In this thesisa modelframework for describingbaryonsasdiquark-quarkoound
stateds presenteavhichis formulatedin anexplicitly covariantmanner

After ashortsummaryof threewidely usedclasse®f baryonmodelstherel-
ativistic boundstateproblemfor threequarksis consideredwherethree-particle
irreducibleinteractionsare neglected. Diquarksareintroducedas separableor-
relationsin the two-quark correlationfunction. With thesesimplificationsas-
sumed,baryonsare describedoy a Bethe-Salpeteequationfor boundstatesof
qguarkanddiquark which interactby quark exchange. In analogyto the meson
spectrumscalarandaxialvectordiquarksareconsideredo bethe mostimportant
two-quarkconfigurationswithin baryons. The structureof the relatiistic wave
function which encompassethe scalarand axialvectorcorrelationss discussed
in termsof a partialwave decomposition.

The numericalsolutionsof the covariantBethe-Salpeteequationare subse-
guently employed in the calculationof electromagneticstrongand axial form
factorsof the nucleons. The constructionof the electromagneticurrentopera-
tor in thediquark-quarkmodelrespectgjaugeinvariance Invarianceunderchiral
symmetrytransformationss slightly violatedfor vectordiquarkshave beenne-
glected Jeadingto a modestviolation of the GoldbegerTreimanrelation.

The possibility of an effective parametrizatiorof confinementby suitable
modificationsof the quarkanddiquark propagatorss investigated.Therebythe
massspectrumof octetanddecupletbaryonscanbe calculated.It is shovn that
themodellingof confinementhoserhereis suitablefor the calculationof space-
likenucleonpropertieshutits applicabilitybreaksdown for processewherelarge
enepiesaretransferredo thenucleonasit is thecasen certainmesorproduction
processes.

Model solutionsfor nucleonwave functionsand obserablesare compared
betweerthefull relatwvistic treatmen&anda widely usedsemi-relatvistic approx-
imation. The considerablaeleviations betweenthe calculatedobsenablesusing
thetwo methodsllustratetheinadequag of employing the semi-relatvistic treat-
ment.



Contents

1

Intr oduction 7
1.1 Generaremarks. . . . . ... ... .. .. 7
1.2 ModellingBaryons . . . . .. .. ... ... . ... ... ... 8
1.2.1 Constituenguarkmodels . . . ... ... ........ 8
1.2.2 Solitonmodels . . . . ... ... . ... ... .... 10
1.23 Bagmodels. . . .. ... .. ... ... . .. ... 14
1.2.4 Thediquark-quarkpicture: baryonsasrelatvistic bound
states . . . ... 16
The Covariant Diquark-Quark Model 19
2.1 Reductionof therelatwvistic three-quarkproblem . . . . . . . .. 19
2.1.1 Distinguishablequarks. . . . .. ... ... ....... 20
2.1.2 ldenticalquarks. . . . ... ... ... .. .o 25
2.2 Diquarkcorrelations . . . .. ... ... L. 28
2.3 Thediquark-quarkBethe-Salpetegquation . . . . . .. ... .. 34
23.1 Nucleon. . . .. ... .. . ... ... . 35
232 Delta . ... ... .. ... e 36
2.4 Decompositiorof theFaddeg amplitudes. . . . . ... ... .. 37
2.4.1 Partialwavedecomposition . . . . ... ... ... ... 43
2.5 Numericalsolutions. . . . .. ... ... ............. 49
2.5.1 Numericalmethod . . . .. ... ... ... ....... 49
2.5.2 Solutionsl: Thescalardiquarksector . . . . . ... ... 54
2.5.3 Solutionsll: Scalarandaxialvectordiquarks . . . . . . . 60
ElectromagneticForm Factors 65
3.1 Thenucleoncurrentoperatorin thediquark-quarknodel . . . . . 67
3.1.1 Impulseapproximation. . . . ... ... ... ...... 71
3.1.2 Seagulls. . . ... ... ... 74
3.1.3 Normalizationof the Bethe-Salpetewave function and
thenucleonchages. . . . .. ... ... ... ...... 78

3.1.4 Summary. . .. ... 81



Contents

3.2 Numericalcalculations. . . . .. ... ... ... ........ 82
3.2.1 Numericalmethod . . . .. ... ... .......... 82
322 Results. . ... ... ... . ... ... 84
3.23 Conclusions . . ... ... ... . . e 89

Strong and Axial Form Factors 91

4.1 Scalarandvector/axiahectordiquarksaschiral multiplets. . . . . 94

4.2 Pseudoscalandpseudweectorcurrentoperator. . . . . .. . .. 95

4.3 Numericalresults . . . . . . . ... ... . . 99

Effective Confinement 103

5.1 Confinementn modelpropagators. . . . . ... ... ... ... 104

5.2 Theoctet-decuplemassspectrum . . . . .. ... ... ..... 106

5.3 Electromagnetiformfactors. . . . . ... ... ... ... ... 109

5.4 DISCUSSION. . . . . . . i 113

The Salpeter Approximation 117

6.1 Solutionsfor vertex functions. . . . .. ... ... ... 118

6.2 Resultsforobserables. . . .. .. ... ... ... ....... 121

Summary and Conclusions 127

Varia 131

Al Corventions. . . . . . . . . . e 131

A.2 Colorandflavor factorsin the Bethe-Salpeteequations. . . . . . 133
A.2.1 Nucleon. . . ... ... ... .. 133
A2.2 A e 135

A.3 Wavefunctions . . . . .. ... ... ... ... 135

A.4 Bethe-Salpeteequationdor octetanddecuplet . . . . . ... .. 136

Form Factor Calculations 141

B.1 Resolvingdiquarks . . . . . ... ... .. ... ... .. ..., 141
B.1.1 Electromagnetid/ertices. . . . . . ... ... ... ... 141
B.1.2 Pseudoscalandpseudeoectorvertices . . . . ... . .. 143

B.2 Calculationof theimpulseapproximatiordiagrams. . . . . . . . 145

Bibliography 151



Chapter 1

Intr oduction

1.1 Generalremarks

Up to now, no corvincing solution for the problemof describingbaryonsand
mesongn termsof a few underlyingfields hasbeenfound, yet it is widely be-
lievedthat quarksandgluonsarethe basicentitieswhich build the hadrons.The
associatedheory is called QuantumChromodynamic§QCD). The compleity
of thistheoryin thelow enegy sectoris prohibitive for a straightforvard deduc-
tion of hadronicpropertiedrom it. Thereforemodelswith asimplifieddynamics
have beenemployed over the lastdecadesvhich aim at describinghadronswith
degreesof freedomborravedfrom QCD (like quarks)or from theobsenablepar
ticle spectrum(lik e pions)thatmight be bettersuitedin thetreatmenof hadrons.

The aim of the presenthesisis to studya relatwvistic framenork for the de-
scription of baryonsemploying quark and diquark degreesof freedom. Actual
calculationsare performedwith rathersimple assumptiongboutthese,but it is
hopedthatfurther progressn knowledgeaboutQCD’s quarkpropagatoandthe
structureof 2-quarkcorrelationswill clarify whetherthe reductionto quarksand
diquarksin thetreatmenof baryonsis compatiblewith QCD.

We refrainfrom discussingQCD here.Therelevanceof QCD andits (approx-
imate) symmetriedor hadronicphysicsis discussedn mary goodtextbookson
quantuntield theory seee.g. refs.[1, 2].

In the remainingpart of this Introductionwe will give a shortdescriptionof
the basicideasunderlyingthreeclassesf hadronicmodelswhich have become
popular(and have remainedso) over the last years. This brief surwey is by no
meanameantto be exhaustingandsenesonly asa motivationto considera fully
covariantapproachlike the diquark-quarkmodel. A short overvien aboutthe
topicswhich arecoveredin the subsequenthapterss givenin thelastsubsection
of this chapter
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1.2 Modelling Baryons

1.2.1 Constituent quark models

In theearlysixties,it hasbecomeecognizedhattheeightspin-1/2baryongoday
referredto as“octetbaryons’belongto aneight-dimensionalensormrepresentation
of the unitary group SU(3). Obviously this unitary symmetryis broken, ascan
be seenfrom the massdifferenceswithin the baryonoctet,neverthelessa couple
of usefulrelationsamonge.g. the octetmassesandmagneticnomentscould be
deducedrom unitary symmetry[3] that appearedo be in fair agreementvith
experiment.

Quarkswith their denominations:p, down and strange as building blocks
of hadronshave beenintroducedsomevhat later asthe fundamentalepresenta-
tion of the flavor groupSU(3). Accordingto this hypothesisthe baryonoctetis
anirreduciblerepresentationvhich arisesfrom the decompositiorof the tensor
representatioriormed by threequarks. Anotherirreduciblerepresentationthe
decupletof spin-3/2baryons,hasbeenidentifiedin experimentsin subsequent
years.

To matchthebaryonquanturmumbersthequarkshadto beassignedpinl/2.
Spinandflavor may be combinedto the larger group SU(6) andthenoctetand
decupletbaryonscan be interpretedas a 56-dimensionalepresentatiorof this
group, with a symmetricspin-flazor wave function. However, the overall wave
functionneeddo beantisymmetricandif oneis notwilling to sacrificethespatial
symmetryof a baryongroundstatewave function, oneis led to the hypothesis
thatall quarksappeatin threecolors. Baryonsarethenfully antisymmetriccolor
singlets

Still, thesegroup-theoreticatonsiderationsio not encompass dynamical
modelfor baryonsin termsof quarks. To explain the plethoraof baryonreso-
nancespneof theveryfirst modelg[4] aimsatdescribingoaryonsby solutionsof
a 3-particleSchibdingerequationusingthe non-relatvistic Hamiltonian

H = Hkin+HC0nf7 (11)

3 2 3
‘ 1
Ps Hconf = imquﬂ Z(rz - 'rj)2 . (12)

Hkin = om.
q

i=1

ij=1
1<)

Massve quarkswith m, ~ 0.3GeVmovein aharmonicoscillatorpotentiaiwhich
(?) confinesthe quarks,(i:) allows for the separatiorof variableseasilyand (i)
leadsto a rich spectrumof excitations,even far morethanobsened. However,
the splitting betweeroctetanddecuplethasto be provided by somesortof spin-
dependeninteractionfrom thetheoryof atomicspectrausuallyknown ashyper
fineinteraction.As meanwhileQCD becamédavoredby mary theoriststo bethe
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theoryaccountingfor the stronginteractionsa tensorialanda spin-spininterac-
tion termin the Hamiltoniancould be motivatedby a non-relatvistic truncation
of one-gluonexchangebetweerguarks|5, 6],

3
2005 |87
Hyin = ) 3?2 [353("%—77)&'5#
ij=1°""q

1<j

1

7y — 753

(38;-(ri —7m;) Sj-(ri —r;) — Si-S;)| . (1.3)

Here,«o, isidentifiedwith theQCDfine structureconstantandsS; is thespinvector
for quark:. Spin-orbitinteractionswhich also resultfrom the non-relatvistic
expansionof the one-gluonexchangeare usually neglectedusing more or less
convincing argumentsas they leadto practicalcomplications(e.g. three-body
interactionsyandspoil the calculatechadronicspectrun6].

We have introducedthe basicelementy Hyin, Heons and Hypin) Of nearlyall
guark potentialmodelsthat have beendevised sincethe first modelshave been
developedsomethirty yearsago. The conceptuaproblemsassociatedavith this
approachare manifest: lack of covarianceand not even an approximatechiral
symmetryasthequarksappeawith massesf aroundd.3GeVin theHamiltonian.
We shortly discussapproachethathave beentakento remedythis.

In orderto includerelatvistic effects,onecertainlyhasto modify the kinetic

enegy operatoy
3
Hyn — Y /P2 +m2. (1.4)
i=1

Fortunatelyit is in this casestill possibleto separat@verall boundstatevariables
(total momentumandspin) from relative variablessuchthatthe following holds:
the herebyconstructednassoperatoris only a function of the relative variables
andtheoverallandrelative variables(considereagsoperatorsjulfill thecommu-
tationrelationsfor the Poincaé algebraseparately7]. However, Poincaé invari-
ancedoesnot guaranteea covariantdescriptionwithin Hamiltoniandynamics.
Rather demandingcovarianceleadsto fairly complicatedspin-dependenton-
straintson the Hamiltonian. They have beenexplicitly formulatedfor light-cone
variablesin ref. [8] but arealsopresentfor the above discussedornventionaluse
of Galileantime asthe Minkowski time variablein relatvity. As theseconstraints
areusuallyoverriddenin phenomenologicapplicationscovariances definitely
lostin semi-relatvistic potentialmodels.

Chiral symmetryandits dynamicalbreakingleadto massles$oldstonebo-
sons. They areidentified with the pseudoscalamesonswhich do have mass,
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but this being comparatrely small. Thus, chiral symmetryappearso be ex-
plicitly broken only by small parametersvhich in QCD are the currentquark
masses.Within the last years,it hasbecomepopularto replacepotentialsmo-
tivatedthrough one-gluonexchangeby non-relatvistic approximationgo one-
mesonexchangebetweenquarks[9], to pay credit to the importanceof pions.
Thisdoesnotrenderthe Hamiltonianchirally symmetric though,but solvessome
problemsof thelevel orderingin the baryonspectrum.

To concludethis brief summaryof quark potentialmodels,we remarkthat
the practicalimpossibility of a covariant descriptionlimits thesemodelsto an
effective parametrizatioof thespectrumandof somestaticobserables.In anon-
covariantdescriptionthe calculationof dynamicalobserables with the simplest
beingform factors,introducetoo muchof a framedependencato theresultsas
thatthey couldbetrustedasmodelpredictions.

1.2.2 Soliton models

We now turn to a shortdiscussionaboutanotherkind of baryonmodel which
in its original form also predateQCD and even the first quark models. In our
exposition,we follow closelyref. [10]. The centralideais to regardbaryonsas
solitonsof aneffective, non-lineamesortheory Toillustratethis, let usstartwith
achirally symmetrictheorydescribingmasslespionsandits chiral partnerthe o
meson.Theso-calleds modelis definedby the Lagrangiandensity

L=210,m o' +0,00'c)+V(r-T+0%). (1.5)

1
2
The ¢ field may be regardedasthe fourth componenf the pion field, andwe
seethat this Lagrangiandensityis invariantunderrotationsin the (7, o) space
leaving w2 + 02 constantThus,theLagrangiaris invariantundertransformations
of thegroupO(4) whichin turn shareghe samel.ie algebrawith thechiral group
SU(2) x SU(2). Dependingon thefunctionalform for V', themodelmay exhibit
alsothefeatureof spontaneousymmetrybreaking.Thenon-linearversionof this
modelis definedby demanding

o0? + 7% =¢® = const . (1.6)
IntroducingU = exp(iT-¢), the Lagrangiarsimplifiesto
CQ
£® = e o,UorUt (1.7)
sincethe potentiallV” reducego a constanandmay be omitted. Now we look for

static,finite enegy configurationsvith afinite extensionin spacevhich minimize
theenepgy —solitons Dueto theconstrainin eq.(1.6), isavariablewhichlabels
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thepointsof thethree-dimensionalnit sphere A finite enegy configurationonly
existsif U approachesa constantvaluefor || — oo, with  beingthe position
variable. Evidently, all pointsz on the spherewith radiusr may beidentifiedin
thelimit » — oo, andafinite enegy configurationis determinedy the map

x—wx): S°—= 5%, (1.8)

which is labelledby its topologicalinvariants,the winding numbes. Thesecon-
siderationganbeeasilyextendedo time-dependerfields«(x, t) sincethesame
boundaryconditionsasfor the staticconfigurationamusthold at infinity. Thusa
topologicalcurrentmaybe defined,

B! = iﬂewm (U, U) (U0, U)(UOU)] (1.9)
which conseresthe winding numberasthe correspondinghage. It hasbeen
the conjectureof Skyrme [11] to identify the topolagical current B# with the
baryoncurrentandthe winding numberwith the baryonnumber Unfortunately
onefindsby scalingU(r,t) — U(\r,t) thata configurationof minimal enegy
is only obtainedfor A — oo, i.e. the soliton is not stableand collapsedo size
zero. This alreadyindicatesthe way to resole the problem,by addinga termto
theLagrangian(1.7)with morederiatives(but nomorethantwo time-dervatives
in view of laterquantization)wvhich stabilizesthe soliton,

B 1
-~ 32¢2

£@ Tr ([(Ut8,U), (U, U)] [(UtorU), (UG U)]) . (1.10)

Thena staticsolitonconfigurationis givenby theingenioushedghay ansatz
Up = exp(iT & F(r)) . (1.12)

We seethat the isovector pion field is simply proportionalto the position vec-
tor. The strengthof the pion field is determinecby F(r), the chiral angle The
boundaryconditionsfor finite enegy configurationmay be translatednto there-
quirementsF'(0) = nm and F(co) = 0 for a configurationwith baryonnumber
n. Thuswe have found a classicaldescriptionof baryonswithin the context of a
simplenon-linearmesontheory

There arisesthe immediatequestionof how the baryonsobtain their half-
integerspinandisospin,sincethe fundamentapionfield possessespinzeroand
isospinone. To answelthis questionthe solitonneedgo be quantizecandto this
end,time-dependergolitonsolutionsareneededWe do notwantto gointo detail
hereandjust line out the basicideas.Full time dependensolutionsto thetheory
describedby the Lagrangianl = £®? + £® arehardto comeby. Nevertheless
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oneobsenresthatglobalrotationsin isospacecausedy atime-dependemnnatrix
A(t) € SU(2),

Uz, t) = A(t) Up(z) AN (1) | (1.12)

do not changethe “potential” enegy of the hedgehogj.e. the partin the La-
grangiandependingonly on spatialderivatives. Thereforethey might be a suit-
able ansatzfor a time-dependensoliton solution! The time derivativesin the
Lagrangiancreatetermswhich representhe rotationalenegy. Upon usingthe
hedgehogpropertiesand a suitabledefinition of angularvelocitiesas canonical
variablesonefinds[10]:

e Theabsolutevaluesof spinandisospinareequal,J> = T?.

e The Hamiltonianof the problemreducesto the one of the sphericaltop,
H = 21_9J2 + M. Here,f is amomentof inertiaand M is the staticenegy
(themass)of the soliton.

Thus, upon quantizingthe top, J and 7" asthe quantumnumbersfor spin and
isospinmay be well assignechalf-integer values,thoughthereis no compelling
reasorto dothis.

Alas,onewouldlik eto extendthetheoryto threeflavorsandto chiral SU(3) x
SU(3) symmetryin orderto describethe baryonoctetanddecuplet.A detailed
review onthis subjectis providedby ref.[12]. LettheLagrangianC = £® +£®
remainunchangedut definethe chiral field asan SU (3) field usingthe mesons
¢*, a=1,...,8, built by pions,kaonsandthe octetcomponentf then,

U =exp (iZqﬁ“Aa) . (1.13)

Onemaywishto addsomeflavor symmetrybreakingtermsto the Lagrangiarand
canthenproceedasdescribedabove, i.e. by introducingthe collective rotations
andquantizingthe soliton. At somepoint onewould like to relatethe effective
mesontheoryto QCD, andonecouldstartby comparingsymmetrieslt turnsout
thatthis modelpossessean extra discretesymmetrythatis not sharedoy QCD.
Under parity transformation® the pseudoscalamesonfields as describedby
QCD shouldobey

P: ¢"(z,t) - —¢*(—x,t) . (1.14)

1The staticsolitonviolatesisospinor, equivalently, rotationalsymmetry Thereforeit needgo
be projectedonto goodspin/isospinstates.The introductionof the collective rotationin isospace
exactly doesthis job.
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In the mesontheory onethereforedefinesP as
P:az——z U—U'. (1.15)

The Lagrangiaris howeverinvariantunderz — —x andU — U' separatelyTo
breakthis unwantedsymmetry one needsto add someextra termto the meson
action, the famousWess-Zumino-Wten (WZW)term [13]. We statethe conse-
guencesvhich comeaboutby addingthisterm:

e If photonsareaddedin a gaugeinvariantmannerto the mesontheory the
WZW term generates vertex for the anomalousdecayr® — ~v. This
decayis determinedin QCD by the triangle graphwhich is proportional
to the numberof colors, Nc. Thus,the strengthof the WZW term canbe
relatedto Ne.

e If oneconsidersan adiabatic27 rotation of the soliton during an infinite
time intenval, the WZW term givesa contritution No7 to the actionwhile
all othercontritutionsvanish.Thusthesolitonacquiresaphase—1)"¢ for
sucha rotation. For N- odd, the soliton mustthereforebe quantizedasa
fermion,in accordancevith No = 3 in QCD.

We find thatincorporatingthe QCD symmetriegfor threeflavors) alreadygener
atesa goodargumentto identify baryonswith solitons.

Thereis onemoreconnectiorof thesolitonpictureto QCD. Witten hasshovn
in ref. [14] thatin the limit No — oo QCD transformsinto a theory of weakly
interactingmesonsand baryonsemege as solitonsin this theory However, an
exactmappinghasnot beenfoundin this limit.

Instead,one canconsidera Namhu-Jona-LasinigNJL) modelinvolving ex-
plicit quarkdegreesof freedom definedby the Lagrangiarf15]

Ly = (i@ —m°)g - G (g%’MQ) (CY%VMCO : (1.16)
Here,quarks(q) areassumedo comein 3 flavors and N¢ colors,m° denotesa
currentquarkmassmatrix which is assumedo containsmall diagonaltermsand
A¢ arethegeneratorsf the color groupSU(N). Themodelis anapproximation
to QCD if oneassumeshe gluon propagatorto be diagonalin color spaceand
~ 6*(x). Additionally, in the limit m® = 0 it conseres the chiral SU(3) x
SU(3) symmetryof QCD (with masslessurrentquarks)which is of importance
for mesonandbaryonproperties.Upon Fierz transformingthe NJL Lagrangian
into attractve channelspnecanshaow thatin thelimit No — oo only themeson
channelsurviveindeed.
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Furthermorethis specificmodelandotherquarkmodelsof the NJL type ad-
mit solitonic solutionswhich are reviewed in refs. [16, 17]. In contrastto the
non-linears modelsdiscussedefore thesesolitonsarenon-topologicalIn mini-
mizingtheenegy of afield configurationpnedetermineshequarkenepy levels
in a backgroundmesonfield of the hedgehogype, and a unit baryonnumber
is still provided by a configurationof N quarks. It is an adwantageougeature
to retainquarkdegreesof freedomin the solitonic picture,if oneconsidergphe-
nomenologicabpplicationssuchascalculationf structurefunctionsandparton
distributionswhich have beenperformedn thelastyears.

We will stopat this point and summarizesomeimportantfeaturesof soliton
models.They possess deepconceptuabppeakswith the requiremenof chiral
symmetryimposedonto someeffective mesontheorythe baryonsariseaslumps
of thesewithout further ado. The possibletransformationof QCD in the limit
N¢ — oo into sucha nonlinearmesontheorycreateghelink to the fundamental
guarks.However, in practicalcalculationsonehasto abstractrom quarksentirely
or mustresortto NJL modelsascrudeapproximationso QCD. For bothstrateyies
it turnsoutthatin leadingorderof N (quasiclassicaoliton configurationwith
guantizedcollective variables)staticbaryonobsenablesareonly accurateon the
20... 30 % level, asknown from nearlyall hadronicmodels. Correctionsdue
to thefinite numberof colors(or, phrasedtherwise dueto mesonidluctuations)
yield substantialcontrilbutions, and their technically involved calculationtends
to hide the original conceptuabeauty Another point of weaknesss the non-
covariantformulationwhich will hamperthe possibleapplicationof this modelto
hadronicprocesses theintermediateenegy regime.

1.2.3 Bagmodels

SoonafterQCD surfacedin theorycircles,it becamepopularto associatéadrons
with adifferentphaseof thetheoryascomparedo thevacuumphase This picture
motivatesthe original M.I.T. bagmodel,wherethe vacuumphases assumedo
prohibitthe propagatiorof quarksandgluonsbut createsubblesof hadronicsize
in which quarksandgluonsmay propagaterdinarily. The modelis reviewedin
ref.[18]. It is formalizedby the Lagrangian

1
Loag = (Lacp — B) Oy — 54¢As - (1.17)

Insidethebag,to be specifiedgy = 1, andoutside #,, = 0. Thesurfacefunction
Ag is definedby g’% = n*Ag andn* = (n° n) is a normalizedunit vector
perpendiculato the surface. Accordingto this setup,no quarkor gluon current
canescapéehebag,dueto theboundaryconditions(for a statichag)

nxBc=0, n-Ec=0, qiq=0, (1.18)
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whereB and E - denotethe color magneticandelectricfield, respectiely. The
bagconstantB hasbeenintroducedo balancehesurfacepressuref theconfined
colorfields.

Theusualproceduran finding thegroundstateis to assume spherical static
bag andevaluatethe quarkwave functionsandenepy levels perturbatvely. To
this end, one solvesthe free Dirac equationwith the sphericalboundarycondi-
tions,andthelowest-lyingenegy level for amasslesguarkis approximately400
MeV for abagradiusof 1 fm, slightly above the constituentjuarkmassesisedin
thepotentialmodels.Thesplitting betweemucleon(spin1/2) andA (spin3/2)is
evaluatedby aone-loopgluoncorrectionto the“bare” quarklevels. In theendone
findsthatthebagradiususuallycomesouttoolarge,above 1 fm, andfor the QCD
fine structureconstanty, > 2 to accountfor the N — A massdifference.Hence
thevalidity of a perturbatve treatments highly questionableFurthermorepionic
bagsgive justthewrongpion mass.

Thisledto theideato couplec mesonsandpionsto thebagin orderto regain
chiralinvariance.Thesemodelscomeunderdifferentguisesas

e a“hybrid” bagwherequarksando — 7« coupleon the bagsurfaceandthe
latterarealsoallowedto propagatensidethebag,

e a‘little” bagwherein contrastto the hybrid bagpionsare excludedfrom
theinterior of thebag,

e a“cloudy” bagwherethemesonsareconstrainedo thechiral circleandare
allowedinsidethebag,and

e a“chiral” bagwherethe constrainednesonsaredescribedutsidethe bag
by the Skyrme Lagrangian = £® + £® which was discussedn the
previoussubsectionef. eqs.(1.7,1.10).

All theseacetf asoftenedagaredescribednanintroductorylevelin ref.[19].
Usuallyall thesemodelsimprove onthe shortcomingsnentionedabove. Thebag
radiuscanbe chosernconsiderablysmallerandas needsot be aslarge sincethe
N — A splitting arisespartially from the pions. Additionally, they supportthe
popularpictureof a nucleonasconsistingof a valencequarkcoresurroundedy
a pionic cloud. As it will be of interestlater on, the non-zeroelectricform fac-
tor of the neutronis frequentlyattributedto “the” pion cloud aroundthe neutron
but sucha statemenhasto beinterpretedwith careasit is only valid in amodel
contet suchasa bagmodel,wherevalencequarksaloneyield zerofor theform
factorindeed.

Especiallythe chiral bagmentionedastin the above list aimsat combining
thesolitonpictureof baryonswith thevalencequarkpicture. At first sight,it is ap-
pealingto think of thebagsurfaceasaborderlinewhichindicatesvhereto switch
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from a descriptionwith quarkdegreesof freedomto a descriptionwith mesons.
Thenobsenablesshoulddependvery little on the sizeof the bag(Cheshie Cat
Principle) and this hasbeenfound indeed. Unfortunatelythe static properties
of baryonsarenotimproved ascomparedo the puresoliton,andcomeout even
worsethanfor solitonswhichareformulatedwith pseudoscalandvectormesons
[12, 20]. Non-covarianceof the formulationand possiblelarge modificationsof
obsenableshy quantunfluctuationsalsoremainpresentisproblemso besolved.

1.2.4 Thediquark-quark picture: baryonsasrelativistic bound
states

Hopefully, the shortreview of the basicprinciplesof three establishectlasses
of baryonmodelshasillustratedthe conceptualariancethat exists amongthe
models. Yet, all of them describestatic and a few dynamicobsenrablesfairly
well onthe proverbialtwenty-percent-leel of accurayg, andtheir degreesof free-
dom may be motivatedfrom underlyingQCD andits symmetries.Nevertheless
we find thatnoneof theseis formulatedin a manifestlycovariantmanneyanda
modelwhich deliberatelycaresaboutcovariancemight bridge the gap between
soft and high-enegy physics. Experimentalprogressn this intermediateenegy
regime hasbeenconsiderablavithin the last years,andthereforeunderstanding
the correspondingesultswithin a hadronicmodelwith substructureonstitutesa
goodmotivation.

In thenext chaptertheframavork of adiquark-quarkmodelwill bedescribed
in detail. In this model,we identify baryonswith polesin the 3-quarkcorrelation
function. Thesepolesmay ariseby summingover infinitely mary interaction
graphs,andit is well known thatthis summationleadsto boundstateequations
suchasthe Bethe-Salpeteequationwhich is usuallyformulatedfor two particles
but canbe extendedto n particlesaswell. We will reducethe 3-quarkproblem
to an effective two-particle problemby introducingquasi-particlegdiquarks)as
separabl@-quarkcorrelations.Thecorrespondin@ethe-Salpetezquatiorcanbe
solvedwithoutary non-or semi-relatistic reduction.For themodelcalculations,
we employ in afirst attemptmassve constituentquarkswith the corresponding
free-fermionpropagatar It is certainly reasonabldéo assumehat a constituent
guarkmassds generatedh QCD, andthis massggyenerations reflectedn thequark
propagatof21], butwe acknavledgethatthefull structureof thequarkpropagator
in QCD s certainlydescribednadequatelyy just afree,massve propagatar

In chapter3, we calculatethe nucleonelectromagnetiéorm factorsmaintain-
ing covarianceandgaugeinvariancewhich demonstratethe feasibility of a fully
relativistic treatmentalsofor dynamicobsenables. The electricnucleonproper
ties canbe describedvery well, we emphasizénerein anticipationof the results
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thatthebehaior of theneutronelectricform factorcanbeunderstoodvithoutany
explicit referencdo pions. Themagnetionomentgurn outto beunderestimated,
atthis stage.

Theresultsfor the pion-nucleorform factorandthe isovectoraxial form fac-
tor, presentedn chapter4, are, for the latter and away from the soft point, in
accordancevith the availabledata.For the pion-nucleorform factor our predic-
tions converge with the predictionsof otherbaryonmodels.However, the results
revealanoverestimatdor the pion-nucleorandtheweakcouplingconstaniwhich
areobtainedin the soft limit. Chiral symmetrydemandserea further extension
of themodelto includeanotherdiquarkcorrelation but this provedto be beyond
the scopeof this work.

In contrasto thebaryonmodelsdescribedaborve, confinements notincluded
by constructionn the diquark-quarkmodel. In chapter5 we investigatethe pos-
sibility of incorporatingconfinemenby a suitablemodificationof quarkanddi-
guarkpropagatorsTherebywe arein the positionto calculatethe massspectrum
of octetand decupletbaryons,and also the nucleonmagneticmomentsreceve
someimprovement. The justification of thesemodificationsis discussedhor-
oughly.

Chapter6 is concernedvith a critical comparisorto a semi-relatvistic solu-
tion of the modelwhich is shavn to be inadequate Finally, we summarizethe
obtainedresultsin chapter7 and commentupon further perspectiesin the de-
scriptionof baryonswithin the context of thediquark-quarkmodel.

Mostof theresultspresentetherehave beenpublishedpreviously, cf. refs.[22,
23,24, 25, 26]. Also, theauthorof this thesishasbenefiteda lot from the collab-
orationwith theauthorsof ref. [27] andref. [28].

Throughoutthe text we work in Euclideanspace|f notindicatedotherwise.
Thecornventionsrelevantin this connectioraresummarizedn appendixA.1.
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Chapter 2

The Covariant Diquark-Quark
Model

2.1 Reduction of the relativistic thr ee-quark prob-
lem

Thethree-bodyproblemhasattractedagreatdealof attentionoverthelastdecades
andthe formal frameawork presentstself to us asbeingquite establishedfor an
introductionseerefs.[29, 30]. Mostwork in the field hasbeenrestrictedto the
treatmenbf quantummechanicakystemsthough,wherecertaintheoremsabout
existenceanduniquenes®f solutionscould be proved, seee.g. ref. [31] for the
caseof three-particlescatteringwith justtwo-bodypotentials.For relativistic sys-
temsthe few-body problemseemsto be somehw ill-posed as formal require-
mentslik e covarianceandlocality have led to the formulation of quantumfield
theorieswhich employ infinitely mary degreesof freedom(that comeaboutby
the possiblecreationand annihilationof particles). Neverthelessthe spectrum
of mesonsand baryons,their static propertiesand transitionsindicatethat only
the degreesof freedomof a fixed numberof (constituent)quarksare relevant.
Therefordet usintroducethe notionof baryonwave functionsasmatrix elements
of threequark operatorghat interpolatebetweenthe vacuumand a boundstate
with obsenable quantumnumbers(seebelov eq.(2.7)). Within QCD, the non-
perturbatve vacuumis anon-trivial condensatandthereforehesevave functions
would containper definitionemseaquark and gluonic parts. However, it seems
to bejustifiedphenomenologicallyo regardwave functionswhich arematrix ele-
mentsof threeeffective quark operatordetweenthe perturbatve vacuumanda
boundstateasthedominantonescomparedo otheroperatomatrix elementghat
involve anarbitrarynumberof particlecreationandannihilationoperators.Then
thequantummechanicaformulationof thethree-bodyproblemcanbetakenover
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to field theoryin the formulationof Greens functions.

2.1.1 Distinguishablequarks

First, let us considerthreedistinguishablequarks. Later we will generalizethe
obtainedresultsto indistinguishableparticles.

To save on notation,we will drop Dirac, flavor and color indices. They are
assumedo becontainedn thesingleparticlelabels.In our definitionsof Greens
functionsor boundstatematrix elementsve alwaystake out oned-functionrep-
resentingconsenration of the total momentum,e.g. we will denotea (dressed)
singlequarkpropagatoby S; with

(2m)* 6" (ki — i) Si(ks;pi) = / d*xy, / d*yp, exp [i(ki Tk, — DiYp,)]

(01T gi(wk: ) (yp: ) 10) (2.1)

Wewill usetheabbreviation‘F.T. (x)’ for theFouriertransformof thesubsequent
expressionz) in thefollowing. Theannihilationoperatorfor a quarkof kind i is
denoteddy ¢;. In thisway, thedisconnectedfree)three-quarkropagators found
to be

Go(kispi) = 0*(ky — p1)6* (ka2 — pa) [ [ Silkss 22) (2.3)

Sumand productrun overi = 1,2,3. The full quark6-pointfunction (or the
3-quarkcorrelationfunction) G is accordingly

r)'6* (ki =) Gkiip) = FTOT [ ailer)ailuy,)I0) - 24)
It obeys Dyson’s equationsymbolicallywritten as
G=G+GyKG. (2.5)

K is the three-quarkscatteringkernel that containsall two- and three-particle
irreduciblegraphsandthe whole equationinvolving the symbolicproductsreads
explicitly

G(ki;pi) = Golkispi) + (2.6)
d4l1 d4l2 d4m1 d4m2
/ (27r)4/ (27r)4/ (27r)4/ (amy Golhs ) Kllssmi) Glmiipi)

Besideghefour-dimensionalntegrations,sumsover Dirac indices,color andfla-
vor labelsareimplicitly understoodn the symbolicmultiplication.




2.1 Reduction of the relativistic three-quark problem

We defineathree-particlavave functiony to bethetransitionmatrix element
betweenthe vacuumanda statewith an on-shellfour-momentumP andappro-
priatediscretequantumnumbergspin,isospin,. .. ),

(2m)*6* (3" pi = P) 6(p1, 2, ps) = FT. (0las(@1)aa(22)s (23)|P) . (2.7)

A boundstateof massM with wave function > will shav up asa polein the
6-pointfunction,i.e. in thevicinity of thepole G becomes

w(kb ks, ks) ¢<P1jp27p3)

G~ P2+ M? ’

(2.8)

whereP = p; + p, + p3. Insertingthisinto Dyson’s equation(2.5)andcomparing
residuespnefindsthehomogeneouboundstateequation

V=G K¢ < Gly=0. (2.9)

Thisis our startingpoint. As it standsthe equationis fartoo complicatedasnei-
therthe fully dressedjuarkpropagatonor anexpressionfor all two- andthree-
particleirreduciblegraphsareknown. Onehasto resortto somesortof approx-
imation in which the problemis tractableand judge the quality of the chosen
approximatiorby theresultsfor the boundstateproperties.

Theproblemis greatlysimplifiedwhenonediscardghree-particlérreducible
graphdromtheinteractionkernel K. We will call thisapproximatiortheFadde&
(boundstate)problemin thefollowing. The kernelthenconsistof threeterms,

TheK;,i = 1,2, 3, describaheinteractionf quarkpairs(jk), i.e. with quark(:)

asaspectatar(ijk) is hereacyclic permutatiorof (123). In figure2.1,examples
for admittedand excludedgraphsin the kernel K for the Fadde& problemare
shovn. The two-quark propagatorsy; fulfill their own Dyson's equationwith

respecto thekernel K,

9i=Go+Go K; g; . (2.11)

The objectsg; and K; are definedin three-quarkspace. The former containa
factor.S;, the propagatof the spectatoquark,andthe latter containa factorof
S (althoughthe spectatoquarkis notinvolvedin theinteractionsdescribedy
K;). Thematrix ¢, is definedby amputatingall incomingandoutgoingquarklegs
from theconnectegartof g;,
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Figure 2.1: Exampledor admittedandexcludedgraphsn the 3-quarkinteractionkernel
K for the Fadde® problem.

Combiningthe two previous equationgieldsanintegral equatiorfor £;,
ti=K;+ K; Gy t; . (2.13)

Still this matrix containgemnantf thespectatoguark,thistime S; '. Therefore
thetwo-quarkt matrix of theinteractingquarks(jk) is obtainedby

ti=1; S, (2.14)

andcontaingustatrivial unit matrixin the subspacef the spectatoquark.
We needone more definition beforewe cantackle the boundstateproblem.
Theso-calledradde® components); areintroducedby

Vi =Go K; v, (2.15)

and by virtue of egs.(2.9,2.10)¢y = > ;. Solving eq. (2.11) for G K; and
insertingtheresultinto eq.(2.9) yields

V=g (K;+Ky) 9. (2.16)

Using the definition of #; andt; in egs.(2.12,2.14)%he equationcanbe rewritten
as

Vi = Go i (V5 + i) = (S;Sk) ti (V5 + Ur) - (2.17)

Thesearethe famousFadde#& boundstateequationselatingthe Fadde& com-
ponenty; to ¥;, 1 usingthe full two-quarkcorrelationfunction ¢; (insteadof
the kernel K). In turn the ¢; would have to be determinedn a full solutionto
theFadde® problemby solvingeq.(2.13)whichinvolvesthekernelcomponents
K;. Therelatvistic Fadde& equationsdepictedin figure 2.2, area setof cou-
pled 4-dimensionaintegral equationsand arethus a considerablesimplification
of the original 8-dimensionaintegral equationproblemdefinedin eq.(2.9). Still,
the wave function components); dependon the two relatve momentabetween
thethreequarksandexpandingthesecomponentsn Dirac spacg32] leadsto an
enormousiumberof coupledintegral equations.
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Figure 2.2: The Fadde& boundstateequationfor the component);. Theequationgor
19 andyps follow by cyclic permutatiorof the particleindices.

Therefore we aim at further simplification of the boundstateproblem. This
will be achieved by approximatinghe two-quarkcorrelationfunctiont; in terms
of asumover separableorrelations,

ti(k1, kai p1,p2) = > X¢(ka, ko) D" (k1 + ka) X¢ (p1.p2) , (2.18)

pictorially shawn in figure 2.3. Separabilityrefersto the assumedroperty of
t; thatit doesnot dependon ary of the scalarproductsk;-p; (1,7 = 1,2). We
call theseseparableorrelations‘diquarks”. The function x* is the vertex func-
tion of two quarkswith a diquark (labelledwith ), x* correspondinglydenotes
the conjugatevertex function! Differenta’s referto differentrepresentationim
flavor and Dirac space,andwe nameD(® the “diquark propagator“for the re-
spectve diquark. The assumptiorof separabilityin the two-quarkcorrelationss
the startingpoint in the descriptionof baryonswithin the diquark-quarkmodel.
In the following sectionwe will introducescalarandaxialvectordiquarksasthe
supposedlymostimportantcorrelationsand explore the consequencesf quark
antisymmetrizatiorfor their parametrization.

A suitableansatzfor the Fadde® components);, seefigure 2.4, takesthe
form

Vi(pi i o) = 3 Go X5, pk) DIV (0 + o) 0% (pivpy + 1), (2.19)

wherewe introducedan effective vertex function of the baryonwith quarkand
diquark,¢¢. It only depend®n the relatve momentumbetweerthe momentum

1We refer hereto the conjugateof a Bethe-Salpetevertex function. For the scalarand axi-
alvectordiquarkswhichwill beof interest,it is introducedn egs.(2.48,2.49).

] L 2 2
L= >
— - 3 o® 3
a 1

Figure 2.3: Theseparablenatrix t;.
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1 1

Figure 2.4: Theansat#or ¢, usingeffective baryon-quark-digark vertex functions¢;.

of thespectatoquark,p;, andthemomentunof thediquarkquasiparticlep; + py.
A detailedderivationof this propertyof ¢¢ canbefoundin refs.[29, 33].

Insertingthis ansatznto the Fadde& equationg2.17)yields coupledintegral
equationdor the effective vertex functions,

8 = X (5,50 D006+ D) (220
b

We will rewrite theseequationanto a form thatwill be familiar from the theory
of Bethe-Salpeteequationg34, 35]. To this endwe definea relatve momentum
betweemuark: andthe diquarkmadeof the quarkswith label (%),

i = (1 —n)p;i —np; + ) (2.21)

andthetotal momentum
P = p1+ p2 + P3 . (222)

In contrastto the separatiorof variablesin a non-relatvistic two-bodyproblem,
we have no uniquedefinition of the relatve momentumbetweenquark and di-
guark. Thereforewe have introducedthe parameter which distributesrelative
andtotal momentumbetweenquarkanddiquark? Physicalobserables like the
massof the boundstates form factorsetc. shouldof coursenot dependon this
parameter

Usingthelasttwo definitionsfor total andrelatve momentumandtakinginto
accountll momentuntonserationconditionsin eq.(2.20),theboundstateequa-

2Let z, andz, bethe coordinatesf quarkanddiquarkin configurationspace.Translational
invariancetells usthat¢? (z, + h,zq + h) = exp(—iP-h)¢%(z4, z4). Thereforeoneintroduces
arelative coordinater™ = z, — z, andanoverall configuratiorvariableX = nz, + (1 — n)z4.
Themomentgp™! and P arethe conjugatevariablesto z™! and X. Then¢?(z, + h,z4 + h) =
#%(z**!, X + a) and,aftera Fouriertransformationtranslationalnvarianceis seerto befulfilled
with this choiceof coordinatesleaving the freedomto choose, arbitrarily.
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tionsread

3 4 1.rel
d ke - re re
o P) = 3 [ G K K P) GIE, P) 0. ).
b

7=1

(2.23)

Gq(dq describeghe disconnected“free”) quark-diquarkpropagatorin the di-
quarkchanneb,

G (K, P) = S;(nP + k) DY (1 = )P — k) | (2.24)

andK] > 1S thequark-diquarkinteractionkernelgivenby

KBS, (0 B P) = > bk Xe(kjq) Sel(a) Xo(a.pi),  (2.25)

ki = nP+kf, (2.26)
pi = 77P+p“’1 (2.27)
g = PP —k+(1-2)P. (2.28)

Thesymbols; ;. is equalto 1 if i, j, k arepairwisedistinctand0 otherwise.
Clearly this Bethe- SalpetemteractlonkernelKZBSab describeghe quark ex-
changebetweerthe two-particleconfigurationsof quarkz/dlquarka andquark;y/
diquarkb. To arrive atanequationfor physicalbaryonswe have to projectthese
configurationsonto the respectre baryonquantumnumbers. This will be done
for the nucleonsandthe A resonances section2.3. As it will turn out, after
the projectionof the vertex functionsthe quarkexchangegenerateshe attractve

interactionthatbindsquarksanddiquarksto baryons.

2.1.2 Identical quarks

For identical quarksantisymmetrizations required. Neverthelessthe Bethe-
Salpeterequation(2.23)will take the samealgebraidorm regardlesof the parti-
cleindex i. Singleparticleindices: onthe quarkpropagatorss; andthe diquark
propagatorsDz(“) canbe omittednow aswell ason the verticesy? astheir func-
tionalform doesnotdependnthem.However, somecareis neededincethepar-
ticle indicesi, 7, k in eq. (2.23) specifiedthe summatiororder over color, flavor
andDiracindices.Thereforevewill introducefor eachtermin theBethe-Salpeter
equatiorfor identicalquarkssmall Greekmulti-indices,, g, .. for quarksthatcon-
tain all of the indicesmentionedabove. Consequentlyantisymmetrydemands
thatthediquark-quarkverticesyj, beantisymmetrian theirindicesg .
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R =nP+p k=nP+ K
A —

P - '

R=An)P-p PHL-N P =q ky=(1n)P-K

Figure 2.5: The coupledsetof Bethe-Salpeteequationgfor the effective vertex func-
tions¢®.

The Bethe-Salpeteequationfor ¢¢ = ¢* in the caseof identicalquarkstakes
theform

4 1.rel
(bg(prel’P) — Z/d k KBS krel rele) % (229)

G dq<kre1 )(b,(;(krel,P) ’

07"y
vad'?(krel P) = S’Y"Y(kq) 2D( )(kd) I (230)
K(])?E’(krelaprela P) = )Zg"y’(kqa Q) Sﬂ'ﬂ(Q) XZ,B (Q7pq) . (231)

Repeatedndicesare summedover. Pleasenote that, to save on notation, we
neglectedtheindicesfor theinvolveddiquarkchannelsn thesymboIng*dq and
KBS, Dueto the summationover &jk an overall factorof two emegedthatwe
have to absorbin the definition of the diquarkpropagatoin the caseof identical
quarks[33]. Spectatorquark momentak,[p,|, diquark momentak,[p;] andthe
exchangequarkmomentumy aregivenby

kolpg) = nP+ k™, (2.32)
kalp) = (1—n)P — k<], (2.33)
q = —k—p+(1-2nP. (2.34)

The setof Bethe-Salpeteequationss pictorially shavn in figure 2.5.

To concludethis section,we will write down the completelyantisymmetric
Fadde& amplitudel’, obtainedby cutting off the threeexternalquarklegs from
thewave functiony (cf. eq.(2.19)),

even
perms

Tosasas (P1,P2,P3) = D D Xoo (05 06) DO((1 =) — 5 62, () -
a (ijk)

(2.35)
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The relative momentuny:® is definedasin eq.(2.21). Dueto the antisymmetry
of the diquark-quarkverticesy® the summationover even permutationf (ijk)
alreadygenerateshefully antisymmetridcadde& amplitude.

Summarizingheresultsof this sectionwe have shovn thatthedetermination
of a 3-quarkwave function definedby eq.(2.7) canbe simplified enormouslyby
thefollowing approximations:

1. Neglect all three-particleirreducible contributions to the full three-quark
correlationfunctionG.

2. Assumethatthe truncated,connectedwo-quarkcorrelations(the ¢ matri-
ces)canbe representeds a sumover separablégermsthat are identified
with diquark-quarkvertex functions,seeeq.(2.18).

The boundstateequation(2.9) reducedo a coupledsetof Bethe-Salpeteequa-
tions for effective baryon-quark-diquarkertex functions¢®, wherea labelsthe
diquarktypesthataresummedover in the expressiorfor the separableé matrix,
eg.(2.18). TheseBethe-Salpeteequationg2.29) arethe mainresultof this sec-
tion andits only ingredientsare

e thequarkpropagatols,
e thediquark-quarkverticesy® and
¢ thediquarkpropagators(®.

The aim of this work is to explore the consequencesf choosingrathersimple
formsfor S, x* and D(@ thatin amoreelaborateapproactshouldbe determined
by a suitableeffective theory of QCD. In the diquark sectorsof Namhu-Jona-
Lasinio(NJL) type of models[36], the correspondindpoundstateequationave

beenformulatedfirstin ref. [37] andsolutionsof thefull Bethe-Salpetegquation
have beenobtainedin ref. [33]. However, the framavork of anNJL modelis too

tight: quarkanddiquarkarenot confinedandadditionallythediquarkis pointlike

(x* # X"(p1, p2) Wherep; ;) arethequarkmomenta) Furthermoretheframevork

presentechereis well-suitedfor the calculationof dynamicalobsenables. In

the caseof electromagnetiobsenables,gaugeinvarianceis also maintainedin

numericalsolutionsto a high degreeof precision. This is somavhat harderto

achievein NJL modelcalculationseemploying sharpEuclidearcut-offs. Partly due
to thislimitation, nodynamicalbbsenablesof baryonshave beencalculatedn the
diquarksectorof the NJL modelsofar, usingfully four-dimensionabkolutionsof

the Bethe-Salpetegquation.
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2.2 Diquark correlations

As explainedin the previous section,“diquarks” or “diquark correlations’refer
to the useof a separabléwo-quarkcorrelationfunction, the ¢ matrix. As the
diquark-quarkmodel presentedhereis inspiredby the NJL model, we will de-
scribeshortlyhow separable matricesarisein it anddiscusgpreviousapproaches
to the diquark-quarkpicture of baryons.The following main part of this section
introducesour parametrizatiorof the ¢ matrix including the explicit form for the
diquark-quarkverticesandthe diquarkpropagators.

Beforewe embarkuponthesepoints, let us discussheuristicallysomeprop-
ertiesof diquarks. Any two quarkswithin a baryonhave to be in a color anti-
symmetricstateasrequiredby the Pauli principle andthe assumedatolor singlet
natureof baryons.If we considerffor themomentdiquarksasasymptoticstategin
anunphysicalsubspacef the whole Hilbert space)their spatialwave functions
(assumedo be separatedrom their Dirac structure)will bedominatedby a sym-
metric groundstate. This requiresthe combinationof flavor andDirac structure
to be symmetric. Their massspectrumandthereforetheir importanceasvirtual
statesn baryonscanbeguessedy looking atthe mesonspectrum:pseudoscalar
mesongorrespondo scalardiquarks yectormesongo axialvectordiquarkssince
theintrinsic parity of (¢g) is oppositeto theintrinsic parity of (¢¢). Althoughthe
pseudoscalamesonsare especiallylight dueto their suspectedatureas Gold-
stonebosons,the scalardiquarkscorrespondingo them shouldbe still lighter
thanaxialvectordiquarks. This point getssupportfrom lattice calculationg38].
In quenchedQCD emplgying Landaugaugethe scalardiquark correlationfunc-
tion corresponds$o a massve stateof around700 MeV whereaghe axialvectors
areheavier by around100MeV. Vectorandpseudoscalatiquarkmassesrethen
expectedto lie aroundl GeV andthereforeassumedo be lessimportantfor nu-
cleons. This is indeedthe casein a calculationwithin the Global Color Model
[39].

Having motivatedthe importanceof scalarand axialvector diquarks,let us
returnto their descriptionwithin the 2-quarkcorrelations As is well-known, sep-
arablet matricesarisefrom separablé-quarkscatteringkernelsk’ = K;S; in the
following way?. Let

K5 (K, ko; pr, pa) = X" (ki) A(a)<k1 + k2) X*(pi) (2.36)

be the scatteringkernelin the particularchannela. Thenthe corresponding
matrix in this channekanbeinferredfrom eq.(2.13)which for identicalparticles

3The kernelsK; introducedin eq.(2.10) containafactorS;l, the inversepropagatorof the
spectatoquark.



2.2Diquark correlations

29

is modifiedto
1
t:K+§KG82)t. (2.37)

We denoteG(()z) asthefreetwo-quarkpropagatqgrasfor distinguishablgarticlest
correspondso justtheproductof thesinglepropagatorsDueto theantisymmetry
of K inthelabels(jk), t is alsoantisymmetridn theselabels.|Its solutionfor the
separabl&ernel K5¢P¢ reads

t*(ki; pi) = (ki) D' (k1 + k2) X“(pi) - (2.38)

Theinverseof the propagatoD(® is determinedy
a —1 a -1 1 —a a
(D)= (AW) " =5 ¥ Gg'x" (2.39)

We usethe symbolic productnotationasin the previous chapter The lastterm
in eq.(2.39)describes quarkloop with insertionsof thevertex functionsy* and
X“.

In QCD the simplesttermin the perturbatve kernel,the gluonexchangehas
alreadya non-separabléorm. However, whenapproximatinghe gluon propaga-
tor by a -functionin configurationspacethe resultingmodelis a Namhu-Jona-
Lasinio (NJL) modelwith pointlike four-quarkinteractionghatcanbeviewedas
color octet—flavor singletquarkcurrentinteractionsThislocal current-currenin-
teractioncan be rewritten into attractie interactionsin color singletmesonand
colortriplet diguarkchannelq15]. Let us pick the quark-quarkscatteringkernel
in the scalarchannels which we write in theform

(K*)aprs = 4G5(X")ap (X" (2.40)
= 4G, (V°C 7 N)ap (CTY° 72 NF)05 (2.41)

wherewe considerjust anisospindoubletof two quarksthatarein a flavor an-
tisymmetric(72) anda color antitriplet state(\*, k = 2,5,7). The 7 arePauli
matricesandthe \* areGell-Mannmatriceq40]. Thecouplingconstanti, regu-
latesthe strengthin thisinteractionchannelndC denoteghechage conjugation
matrix. The scalardiquarkpropagatois by virtue of eq.(2.39)

(D)™ (k) = @, ~ 2T / (324 (C"%) S(g+ k/2) (°C) ST(k/2 —q) .
(2.42)

After suitableregularizationof the divergentintegral it turnsout thatthe inverse
propagatohaszerosfor certainvaluesof £2, thereforeboundscalamdiquarksexist
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in the NJL modelandthe propagatocanbeviewedasa scalarpropagatomhich
containgtheeffect of thedressingjuarkloop.

In analogyto the mesonspectrumwherepseudoscalamesonsarethelightest
ones,followedby vectormesonsaxialvectordiquarksare expectedto be impor-
tantin the diguarkchannel.In fact, the axialvectordiquark propagatoracquires
poles[41], but their appearancdependn theratio of the couplingconstanin
thediquarkchanneko the couplingconstanin the pseudoscalamesonchannel.

Having obtainedseparable matricesfor the scalarandthe axialvectorcor-
relations the spectrunof spin-1/2andspin-3/2baryonsis in principle calculable
from theBethe-Salpetegquation(2.29). Thiswasdonein refs.[42, 43], however,
for thequarkexchangekernela staticapproximationvasused(which amountgo
neglectingall momentumdependencen the propagatoiof the exchangequark).
In doing this, covarianceis lost, andthe rich relatvistic structureof the effec-
tive nucleon-quark-diquarkertex functions,to be describedn section2.4, has
beenfurthermoreapproximateddy the dominatingnon-relatvistic components,
the s waves. Thefull solutionof theBethe-Salpeteequationsi.e. with scalarand
axialvectordiquarks for nucleonandA wasobtainedn ref. [33]. Subsequental-
culationsof staticnucleonobsenablesemployedunfortunatelyonly the solutions
in thescalardiquarksector44, 45]. Especiallythe magnetiaonomentdurnedout
to bedeficient,thuscalling for includingthe axialvectordiquarkchannel.

Theapproximatiorof the two-quarkt matrix by afinite sumof isolatedpoles
at timelike momentak? seemso be supportedby thesecalculations. Solutions
for on-shelldiquarkswerealsoobtainedn theladderapproximatedslobal Color
model[39]. TheGlobalColor Modelemplo/sanon-localcurrent-curreninterac-
tion, mediatedoy an effective gluon propagatoandthereforeavoids the regular
ization problemspresenin the NJL model. Parametrizinghe ¢ matrix with only
the herebyobtainedscalardiquarkpolethe nucleonBethe-Salpeteequationwas
solvedin ref. [46].

However, whengoing beyondladderapproximationj.e. including higheror-
der perturbationgraphsin the quark-quarkscatteringkernel, the diquark poles
disappeain the NJL model[47] aswell asin the Munczek-Nemiravsky model
[48]. The latter employs for the gluon propagatora ¢-function in momentum
spaceandcanbe regardedasquite complementaryo the NJL model,indicating
thatin higherordercalculationswith a more realistic gluon propagatordiquark
polesmaydisappeafrom the quark-quarkscatteringamplitudetoo.

Neverthelessthe phenomenologicatfficacy of usinga diquarkcorrelatorto
parametrizehe 2-quarkcorrelationsdoesnot rely on the existenceof asymptotic
diquarkstates.Rather the diquark correlatormay be devoid of singularitiesfor
timelike momentayhichmaybeinterpretecasonepossiblerealizationof diquark
confinementln principle,onemayappeato modelsemploying ageneralsepara-
ble diquarkcorrelatorwhich neednothave ary simpleanalyticstructurejn which
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caseno particleinterpretatiorfor the diquarkwould be possible.Indeed thefact
thattheinteractionmechanismn the quark-diquarkpicture(the quarkexchange)
is attractve, turnsout to be independendf the detailsof the employed diquark
correlations It canbetracedbackto the antisymmetryof the diquarkandbaryon
verticesand arisesthus from the color and flavor factorsin the Bethe-Salpeter
equationseethenext section.Lastbut notleast,the usefulnessf this pictureand
of employing specificdiquarkcorrelatorshasto be judgedby comparisorto the
experiment.Calculationsof obsenableshave to go beyond nucleonand A mass
or the octetand decupletspectrumastheseareratherinsensitve to the level of
sophisticationn thetreatment.

As theresultsfor the ¢t matrix have sucha strongmodeldependenceaye will
not resortto a specificeffective quarkmodelfor calculatingit in the following.
Rather we will emplgy an admittedly simple ansatzfor the ¢ matrix, the pole
approximationn the scalarandaxialvectorchannel.We will assumenisospin-
doubletof » andd quarksaswe aremainly interestedn nucleonpropertiesLater
on,in chapter5, we will generalizeour treatmento the caseof broken SU (3) fla-
vor symmetry We will usevertex functionswith afinite extensionin momentum
spacefirst becauséf strongdiquarkcorrelationsexist their sizeis mostlik ely of
the orderof the protonradius,andsecondlyto avoid artificial regularizationsn
solvingthe boundstateequationsThe ansatzor the 2-quark: matrix reads,

t(ka> kg Parpp) = t(k,p, P) = x2s(k,P) D(P) X25(p, P) +
Xhs(k, P) D*(P) X%s(p, P) . (2.43)

Therelative momentaaredefinedas
klp] = o kalpa] — (1 - 0) kﬂ[pﬂ]a o €[0,1]. (2.44)

Thediquarkpropagatorsisedin the scalarandthe axialvectorchannelaretaken
to be

1

DIP) = = Frg g, O m = mac) (2.45)
) 1 , prpY
D (P) = TP w2 <5“ +(1-9) N ) C(P?,m = my,) - (2.46)

ThechoiceC(P?, m) = 1 and¢ = 0 correspondso free propagatoref a spin-0
anda spin-1patrticle,to beemployed here.Most generally the dressingunction
C is notnecessarilfhe samefor scalarandaxialvectordiquarks.However, when
investigatingnontrivial formsfor C' (which mimic confinementjn chapter5 we
will assumehe sameC' in bothchanneldor simplicity.
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For thetrivial form, the diquark-quarkverticesy andx* corresponan-shell
(P? = —m? [am]) to diquark Bethe-Salpetevertex functions. With quarklegs at-

SC

tachedthey areFouriertransformsof thetransitionmatrix element

S(P+p)xof ( P)S"(1=0)P—p) = (247)

/d4X/d4x exp(iP-X + ip-2){(0|Tqs(xq)qs(x5)| P, sc [ax]) ,

with therelatve coordinater = =, — 3 andX = (1 — o)z, + oxg. TheDirac
partof the conjugatevertex functionsis obtainedoy chage conjugation,

P P) = C (X*(-p,—P))" CT, (2.48)
', P) = —C (x*(-p,—P))" C". (2.49)

They have to be antisymmetricwith respectto the interchangeof the two
guarksandthis entails

5 5
Xa[g]@’ P) = —Xﬂ[f;}(_p’ P) oo(l-0)

As ary two quarksin a baryonhave to belongto the color antitriplet represen-
tation, the diquark-quarkverticesare proportionalto the antisymmetrictensor
eapp With colorindices A, B for the quarks,andwith D labelling the color of
the diquark. Furthermorethe scalardiquarkis an antisymmetricflavor singlet
|0) representedly (7»),,, andthe axialvectordiquarkis a symmetricflavor triplet
|1, k) which canberepresentedy (m»7x).. Here,a andb labelthe quarkflavors
and k the flavor of the axialvectordiquark. For their structurein Dirac space,
we maintainonly the dominantcomponentsthe antisymmetriamatrix (v°C') for
the scalardiquarkandthe symmetricmatrices(~*C') for the axialvectordiquark.
Thus,with all theseindicesmadeexplicit, theverticesread

(2.50)

Xos(0) = 9s(7°C)ap V(p*,p-P) (72\/)5” Gi%D’ (2.51)
Xhs(0) = 9a(7"Cas V(p?, p-P) (TZ’\T[’;)“” ei‘f; . (2.52)

Normalizationsof the flavor and color part have beenchosensuchthat for the
matrix elementsn therespectie spaceshefollowing holds,

<3, IB; J>color = %GIMNGJMN =" ) (2.53)
00 faor = STrrim=1, (2.54)
<1ai‘1’j>ﬂavor = %T\I‘ (7-27—1')*@—27—]') = 5ij . (255)

4Symbolically denotingthe totality of quarkindicesby the sameGreeklettersthat are used
astheir Dirac indicesshouldnot causeconfusion. The particularflavor structuresaretied to the
Dirac decompositiorof the diquarks,color-3 is fixed.
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The antisymmetrycondition (2.50) translatesnto a symmetrycondition for
the scalarfunctionV/,

V' pP)= Ve, -pP), 0, - (2.56)

For o # 1/2 andthusfor p := p\m(lﬂ) # p, it is not possibleto neglectthe
p-P dependenci thevertex withoutviolating the quark-excchangeantisymmetry
To maintainthecorrectquark-excchangeantisymmetrywe assumensteadhatthe
vertex dependson both scalarsp? andp- P in a specificway. In particular we
assumehe diquark-quarkvertex is givenby a functionthatdependsnly on the
scalar

r:=(1-20)p-P+p*=—(1—-20)p-P+ p* (2.57)

with p = (1 — 0)p, — ops andpy, 53 asgivenabove. Thetwo scalarghatmaybe
constructedrom the availablemomentg and P which have definitesymmetries
under quark exchangeare given by the two independentombinationsp,, - pg
(which is essentiallythe sameas above x) and p? — p%. The latter may only
appearin odd powerswhich are associatedvith higher momentsof the Bethe-
Salpetenertex in a polynomialexpansionin p2 — p%. Hence theseareneglected
by setting

V(p®,p-P) — V() (2.58)

which obviously satisfieghe symmetryconstraingivenby eq.(2.56)Vo € [0, 1].
For the actualcalculationswe will restrictourselesto equalmomentumparti-
tioning betweerthe quarksin thediquarkcorrelation,o = 1/2. Thescalarz then
reducedo the squareof therelative momentumy = p?.

The overall strengthof the diquark correlationsgivenin egs.(2.51,2.52)is
hiddenin the “diquark-quarkcoupling constants”g, and g,. To estimatetheir
valueswe canresortto the canonicalnormalizationconditionfor Bethe-Salpeter
vertex functions[34] whichreadsin our context,

1 d4p 3 0 '
5/ i Xos P (G s X = 2mi, (259)

1 d4p —v " a (2) v 1 9
2] @n) (Xep)r P'5pa(Go anss (Xos)p = 6may.  (2.60)

Here,(x"), = x*— P (P*x*) isthetrans\ersepartof thevertex y”. Notethatthe
pole contribution of the axialvectordiquarkis trans\erseto its total momentum,
and the sum over the three polarizationstatesprovides an extra factor of 3 on
ther.h.s. of eq.(2.60)ascomparedo eq.(2.59). With normalizationsaschosen
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in egs.(2.51,2.52)the tracesover the color andflavor partsyield no additional
factors,seeeqs.(2.53-2.55).

In the following, we will solve the baryonboundstateproblemwith the cou-
pling constantsy, and g, fixed in the indicatedmanney keepingin mind that
theBethe-Salpetenormalizationconditiondetermineshesevaluesonly on-shell.
When calculatingdiquark contributionsto the nucleonelectricform factors,we
will seethatthe Ward identity providesfor anindirect off-shell constrainton g,
andg,. However, theratio betweernthe constantdixed eitheron- or off-shell will
be of the orderof unity.

In themodelsectomwith scalardiquarksonly, wewill exploretheramifications
of severalansatzefor the scalarfunctionsV (x),

A2 \"
Vi = (55 .61
Vep = exp(—z/X%,), (2.62)
Veau = exp(—(a:—xo)Q/)\éau). (2.63)

Thelastform, theGaussiariorm for thediquarkverticeswassuggestedsaresult
of a variationalcalculationof an approximatediquark Bethe-Salpeteequation
in ref. [49]. The nucleoncalculationsof ref. [46] usedthis form without fixing
the strengthg, by a conditionsuchaseq. (2.59). It turnsout thatthe necessary
valuefor \z,, to obtainareasonabl@ucleonmasss aboutanorderof magnitude
smallerthanthevaluegivenin ref. [46]. Furthermorewe will shaw in sect.2.5.2
thattheresultsfor theelectricform factorsin thescalardiquarksectorclearlyrule
out the Gaussiarandthe exponentialform of the diquarkverticesandfavor the
dipoleansatz

2.3 Thediquark-quark Bethe-Salpeterequation

Equippedwith the separabldorm of the two-quarkcorrelationseq. (2.43),and
the functional form of the scalar and axialvector diquark correlationsin
egs.(2.51,2.52)we will have a closerlook on the effective Bethe-Salpeteequa-
tion derivedin section2.1 andsetit up for the nucleonandthe A in turn® To
completehemodeldefinition,we have to specifythefunctionalform of thequark
propagatarWetake it to beafreefermionpropagatowith aconstituentmassm,,

ip —m )
S(p) = o mgq C’(pQ, m=my) with C(pQ’m =my,) = 1. (2.64)

SWe will sumupthefour nearlymass-dgeneratestatesA*t+, A+, A% A~ underthelabel A
in thefollowing.
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Thisincorporatesrom thebeginninganeffective quarkmassn the orderof mag-
nitude of several hundredMeV which is believed to be dynamicallygenerated
in QCD. The propertyof confinements neithermanifestin eq. (2.64)nor in the
form of the diquark propagatorseqs.(2.45,2.46). Effective parametrizationsf
confinementn the modelpropagatorandits influenceon resultswill beinvesti-
gatedin chapterb.

2.3.1 Nucleon
TheFaddeg amplitudeof eq.(2.35)takesthefollowing form,

Tagy = X3, D (°u), + x4, D" (@ u), . (2.65)

Thenecessarantisymmetrizatiomof I',4.,, providedby the summatiorover even
permutation®f the multi-indices .4, asin eq.(2.35),will beunderstoodmplic-
itly from now on. Thespinorialquantities

®(p, P) u(P) := (gigz 1;%) u(P) (2.66)

describehe effective nucleon-quark-diquarkertex functions. The quantityu(P)
is a positive-enegy spinorfor a spin-1/2particlewith momentump.

We defineBethe-Salpetawave functionsby attachingquarkanddiquarklegs
to thevertex functions,

D<pd) = (D%)d) D/wo(pd)>v (2.67)

vpp) = () 0.2 =560 D00 () 0P). (269)

Vertex andwave function® andW¥ areDirac matricesto be constructedrom the
quark-diquarkrelatve momentunmp, the nucleonmomentumP andthe setof ~
matrices. The task of their decompositiorwill be taken up in the next section,
showing that thereare altogethereight componentghat encompassll possible
spin-orbitcouplingsof quarkanddiquarkto the nucleonspin.

Insertingall thesedefinitionsinto the Bethe-Salpeteequation(2.29),we find
theequation

/ ng)4 (Ga=99) ™" (p, &, P) (&I,’,f) (k, P)=0, (2.69)
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in which (Gq*dq)_1 (p, k, P) is theinverseof thefull quark-diquarks-pointfunc-
tion. It is thesumof thedisconnectegartandtheinteractionkernel,

(G) (. k P) = (G3 ) bk, P) — K™, (2.70)
(G3) ™ (pk, P) = (2m)" §*(p— k) S (pg) D™ (pa) , (2.71)

KBS _ l( —°wh) ST Xud V3D STw X 2)) _
2 \V3X°w) ST X' x*wh ST X o)

For completenessve list the definitionsof quark, diquark and exchangequark
momentumseeegs.(2.32-2.34),

pg = nP+p, (2.73)
pa = (1=-n)P—p, (2.74)
g = —p—k+(1-2n)P. (2.75)

Thediquarkverticesandtheirconjugateslependntherelatve momentadetween
aspectatoquarkandthe exchangeguark,

p = p+k/2-(1-3n)P/2, (2.76)
po = —k—p/2+(1—-3n)P/2. (2.77)

Physicalquantitiesshouldnot dependon the momentunpartitioningparameter
which expressegust the invarianceunderreparametrizationsf the relatve mo-
mentum.As we explainedearlier this follows from relatwistic translationinvari-
ancefor the solutionsof the Bethe-Salpeteequation.This impliesthatfor every
solution¥(p, P;n;) of the Bethe-Salpeteequationthereexists a family of solu-
tions of theform U (p + (e — m )P, P;n2). The manifestatiorof this invariance
in actualnumericalcalculationswill beinvestigatedn section2.5.2.

Color and flavor factorshave alreadybeenworked out in egs.(2.69,2.70).
Theirdervationhasbeenrelocatedo appendixA.2.1.

2.3.2 Delta

TheA(1232) resonances aspin-3/2 isospin-3/Xtate.Thereforeonly axialvector
diquarkcorrelationscanbe presenin the 2-quarks matrix sincetheflavor stateof
the A hasto befully symmetric.Accordinglyits Fadde& amplitudereads

FA

aBy = Xjg, D' (®7Puf), . (2.78)
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The effective A-quark-diquarkverticesare now quantitieswhich transformas
vectorspinors: & (p, P)u”(P), whereu”(P) is a Rarita-Schwingespinor de-
scribing a free spin-3/2 particle with momentumP. We may constructBethe-
Salpetemwave functionsby attachingegs,

U™ (p, P) = S(pg) D" (pa) " (p, P) . (2.79)

Both vertex and wave function ®** and ¥#* are Dirac matriceswith two un-
contracted_orentzindices,respectrely. Their completedecompositionn Dirac
spacewill beshawvn in the next section.

The Bethe-Salpeteequationfor the A is in compacinotation

4 -1 ,
/ (%4 (GC{C‘Q) (p, k, PYUX" (k, P) = 0 , (2.80)

wheretheinversequark-diquarkpropagatolG'y' in the A-channeis givenby

(6x9) " b P) = @0 p—k) S () (D) (pa) +
X (p}) S™(q) X*(p3) - (2.81)

The necessaryolor algebrathat entersthe explicit form of (GqA_dq)—1 doesnot
differ from the nucleoncaseasall diquarksarein a color antitriplet state. The
computatiorof theflavor factoris givenin appendixA.2.2.

2.4 Decompositionof the Faddeesr amplitudes

At this pointwe will solve the problemof the Dirac spacedecompositiorof nu-
cleonand A vertex functionswith quarkanddiquark. The exerciseseemsgo be
clearly straightforvard in the sensethat, usinga finite basisof Dirac matrices,
tensorial(A) or vectorandscalarmatrices(nucleon)have to be foundthatyield
properspin anddescribepositive parity andenegy solutions. We will go a step
further, however, and show that representationsan be found which correspond
to a partial wave decompositiorin the baryonrestframe,i.e. a decomposition
into eigenfunction®f spinandangularmomentum.Therebywe recover all non-
relativistic basiselementghatwould survive a correspondingeduction.In addi-
tion, virtual componentslueto the off-shell axialvectordiquark andrelatvistic
“lower componentswill be found. Theresultsobtainedin this sectionarethus
an explicit illustration of the differencebetweenrelativistic and non-relatvistic
baryonwave functions.
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Nucleon

In eq. (2.65) we have definedthe nucleonFadde& amplitudesin termsof the
effective spinors®®(p, P) u(P) and®*(p, P) u(P) thatdescribethe scalarand
the axialvectorcorrelationsan the nucleon.In the following we will describethe
completedecompositiorof the vertex function ® in Dirac spacesuchthat the
Fadde& amplitudesdescribea spin-1/2 particle with positve enegy and have
positive parity.

First let us definethe projectorsonto positive enegy, A*, andfor negative
enegy, A—, by

A*(P):%(l—i-i]@n) , A(P):%<1-M174n) L 28

The nucleonboundstatemassis denotedby M,,, andin the restframethe nu-
cleonmomentunis givenby P = (0, iM,,). Theprojectorsdefinedabove form a
completeset(A* + A~ = 1) andthusthe effective spinorscanbewritten as

S u(P)=dAT+ A7) u(P)=dAT u(P). (2.83)

In the following, we will substitutethe projectedvertex function for the vertex
function itself, PAT — ®. Clearlyit is thenan eigenfunctionof the positive-
enegy projector

PAY = . (2.84)

Next we considerthetransformatiorpropertief the Fadde& amplitudesun-
derparity. To describenucleonswith positive parity the Faddeg amplitudemust
fulfill

Plas,(a,0, P) = (V'X°(@)7")sy DB, P) (v'@°(B, P)u(P))a +
(VX (@7")gy D (B, P) (v*®* (B, P)u(P))a
= Tapy(0.0.P), (2.85)
with p = App, P = ApP and
Ay =diag {-1,—-1,-1,1} . (2.86)
Using the transformationpropertiesof the diquark-quarkverticesand a Dirac
spinor,
Yt = X, (2.87)
Yyt = —ARXY, (2.88)
Yu(P) = wu(P), (2.89)
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onecandeducerom eq.(2.85)aconditionfor the vertex function ®:

p (@5(17, P)) _ < 75 (p, P)y* ) L ( @ (p, P) ) (2.90)
(I)N(pv P) 74(/\%”@”(]3, P))74 _(I)V(pv P) ‘ .
We seethatapartfrom the Diracindices®? transformdik e ascalarand®* like a
pseudwector
The conditions(2.84) and (2.90) greatly restrictthe numberof independent

componentsn the vertex function. The scalarcorrelations®® are describecby
two componentsandthe axialvectorcorrelationsy six components,

S 5,2 p-P) Si(p, P)

25)- | e

Zl Ai(p?*,p-P) v5.A (p, P)
i=
The scalarfunctionsS; and 4; dependon the two possiblescalars(p? andp- P)
that canbe formedout of the relatve momentump andthe nucleonmomentum
P. The Dirac componentslescribingthe scalarcorrelationanay be built out of
At andpA* andthe Dirac partof the axialvectorcorrelationscanbe constructed
usingthematricesP#A™, PFp AT, vHAT, yFp AT, p AT andp”pAT.

In table2.1theDirac componentss; and. A% aregivenascertainlinearcombi-
nationsof thesematrices.First, they obey a usefultraceorthogonalitycondition.
Definingtheadjointvertex functionin termsof conjugateDirac components,

(‘55(1,713)) _| moemseen , (2.92)

= - 6
PH(p, P) S A¥(p, P)vs Ai(p?, p-P)
=1

we find for them

(j%(g)];,]p)> = <_% (agig’p’_f])g);)qﬂcg_l) . (2.93)

This identificationof the conjugatedcomponentgollows by chage-conjugating
the Faddeg amplitudeand using the definition of the conjugatediquark-quark
verticesin egs.(2.48,2.49).Thetraceorthogonalitypropertytakesthe following
form,

TrSS; = 2(—1Y76; (2.94)
Tr APAY = 2(-1)7"0; (2.95)
Tr Siys Al = Tr AlysS; = 0 (2.96)
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S AT
So —ipr AT
3 PrAT
g —1 ﬁMﬁT AT
5 At
A ol pr AT
As 3 (Prpr —37r) A*

Table 2.1: BasicDirac component®sf thenucleonvertex function. With ahatwe denote
normalized4-vectors,p = ﬁ. In the caseof the complex on-shellnucleonmomentum,

we defineP = %. The subscript; denoteghe transersalcomponenbf a vectorwith
respecto thenucleonmomentumP, e.g. p; = p — (p-P)P.

As asecondattribute,the Fadde& amplitudewritten with theseDirac compo-
nentsis given asa completedecompositiorinto partial waves,i.e. into compo-
nentsthatareeigenstatesf the spinaswell asof theangulamomentunoperator
in thenucleonrestframe. Thiswill beshavn in section2.4.1.

Delta

TheFaddeg amplitudedor the A aredescribedy aneffective Rarita-Schwinger
spinor ®"y”, seeeq. (2.78). As in the nucleoncasewe only needto consider
the projectediensorvertex function ®#°P¥ — @+, P*¥ is the Rarita-Schwinger
projector[50] onto positive-enegy, spin-3/2spinors,

1 2 PHPY PHyY — PYAH

P .= AT [ W — ZABr 4 2 — 7 T ) = ATA® . (297
( 377 T3 T3 M ) (2.97)

It obeysthe constraints
PP = AP =0 . (2.98)
Thetensorvertex functionmustbe aneigenfunctiorof the projector therefore

P = THP PP (2.99)



2.4Decompositionof the Faddeer amplitudes

41

Dueto the constraint42.98),7#* mustbe eitherproportionalto 6*# or the trans-
verserelatve momentumpr = p — P(p- P) may contractwith oneindex of the
Rarita-Schwingeprojectorandtherefore

THe = D/§H 4+ EMph. (2.100)

with D" and&’ beingDirac matricesyetto be determined.
To furtherconstrainthe vertex function, let us considetthe effect of the parity
transformatiorontothe Fadde& amplitude,

Py (0,0, P) = (VX (0)7")sy D(5, P) (' (B, P)u"(P))a

= T%.(¢,p,P). (2.101)

We needto evaluatethe effect of a parity transformatioron the Rarita-Schwinger
spinor Thelattermaybe built asfollows[51],

3
u'(Pys) =Y Crnty En(P) u(P,s). (2.102)

The e, arespin-1polarizationvectors(m = 0, +1) thatcanbe written in terms
of a3-dimensionakpin-1polarizationvectorbasise,, as

¢ (P) = Ma D+ Ma | (2.103)
i

In eq. (2.102), thesecovariant polarizationvectorsare combinedwith a Dirac
3
spinoru(P) of helicity s’ andappropriateClebsch-GordasoeficientsC’ ,  to

’2

give a spin-3/2objectwith helicity s. Fromthesedefinitionsit canbe seenthat
underparity theu* transformasfollows,

Y AR U (P) = —u'(P), (2.104)
andthereforethe vertex functionmustobey
P®" (p, P) = " (AF 2™ (p, P)AY) +* = @"(p, P) (2.105)

which translatesnto conditionsfor the unknovn Dirac matricesappearingin
ed.(2.100),

s ( Agu) é(p(]f)P)) V= <§;((I;”Z))> . (2.106)
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D §ne Prv
D" —i 3V/5 (P 6" — i 55 ) PP
Dy” V3 pr Pl B
DY i/3 Pr il P
Dg” vrPr Pr P
Dg” —i vy pr P
D7” 3 (P 0 — 5 10M + i pr o)) P
Dy” —iV5 (Pror o — 5 [Br 6* + V7)) P

Table 2.2: BasicDirac component®f the A vertex function.

ThesetransformatiompropertiessuggesthatD’ is a linearcombinationof the S;
and&’" canbecomposedisingthe A% thatwerefoundfor thenucleon.Againwe
will reshufle the matricesto find a decompositiorthatis orthogonalandyields
partialwave components:

8
®*(p,P) =Y Di(p’,p-P) D" (p, P) . (2.107)

1=1

Theeightcomponent®!” aregivenin table2.2. To statethe orthogonalitycon-
dition we write theadjointvertex functionas

8
@"(p,P)=>_DI"(p, P)D;i(p*,p-P). (2.108)
=1

The definition of the adjoint Dirac componentss inferredfrom the chage-con-
jugatedFadde& amplitudeand the correspondingelationsfor the axialvector
diquarkvertex andthe Rarita-Schwingespinor,

DY (p, P) = C (D{*(—p,—P))" C*. (2.109)
Orthogonalityof the basiccomponentgannow be expresseds

_ ~ .
Tr DU D = 4(—1)7+16% . (2.110)



2.4Decompositionof the Faddeer amplitudes

2.4.1 Partial wave decomposition

In a generalmoving frame, all the componentf the Fadde& amplitudeF([fﬂ]v
possesgust the total angularmomentum,1/2 for the nucleonand 3/2 for the A,
asagoodquanturmumber A furtherinterpretatiorof the componentss not ob-
vious. In the restframe of the boundstate,however, thetrispinorFEyAﬂ]7 canbe
written asa sumof trispinor componentgachpossessinglefinite orbital angu-
lar momentumand spin, thusallowing a directinterpretationin termsof partial
waves.

Firstwe setupthegeneraformalismandapplyit to nucleonandA in turn. In
therestframethePauli-Lubanskioperatoffor anarbitrarytri-spinori,. is given

by
] 1 ik
W' = §€ijk£ y (2111)
whosesquarecharacterizeghetotal angularmomentum,

WQ%&/ =J(J + 1)%&/ : (2.112)

Thetensor/( is thesumof anorbital part, L., anda spinpart,.S, which read

3 8 (9
ko N ( 9 > , 2.113
>0 (g Py, (2-113)
2<Sjk)aa',ﬁﬁ’77’7' = Ojk)aa’ ® 0ppr @ Oy + Oaar @ (Ujk)ﬁﬁ' ® Oyy +
boer @ b5 @ (O-jk)’w' 7 (2.114)

suchthatl = L+S. ThetensorL is proportionako theunit matrixin Diracspace.
The definition o# := —%[y#,+"] differs by a minus sign from its Minkowski
counterpartThetensorsL andS arewritten asa sumover therespectre tensors
for eachof the threeconstituentquarkswhich arelabelleda = 1,2, 3 andwith
respectre Dirac indiceSaa’ 88’ 77"

With the definition of the spinmatrix X' = Z¢;;,07% the Pauli-Lubanskioper
atorreads

(Wl)aal’ﬂﬂl’,y,yl = LZ 50&@’ ® 56ﬂ/ ® 5771 + (Si)aal,,ﬁﬂ,,'y’y’ 9 (2.115)
; . .0 0
L' = (—i)eijn |:p73—pk +C]]a—qk] ; (2.116)
. 1 . .
(Sz)aa’,ﬁﬂ’,w’ = 5 ((Ez)aa’ ® (5@6’ ® 577’ + daar ® (Ez)ﬁﬁ’ ® 577’+

baar @ O @ (E)y) (2.117)
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wherewe have alreadyintroducedthe relatve momentump betweenquarkand
diquarkandtherelative momentuny within thediquarkvia a canonicakransfor
mation:
1
P=p'+p"+p", p=n' +p)—(1-np’, ¢=50" -p). (2118)
In the diquark-quarkmodel, the quark (o) and diquark (5) Dirac indices of
Va5, 0 separate.In the parametrizatiorof the diquark-quarkverticesX%V(q)
and ng(q), cf. egs.(2.51,2.52),we retainedonly the dominantDirac compo-
nentalongwith a scalarfunctionof ¢q. Thereforeno orbital angularTmomentumis
carriedby thediquarks,

L?x3,(q) = L’x5,(¢) =0, (2.119)

andthe secondtermin the definition of L? in eq. (2.116)dependingon ¢ may
safelybedropped.The operatofW? now takestheform

W? = L’+2L-S+ 5%, (2.120)
.0 0 0
L? = (2p=— — i — — 2.121
( i p’A p7 0 p]) ( )
N
2(L-S)aa gy = —Gijklﬂa—pk (") aa ® dppr @ G+
Oact ® [(Z)35 ® by + 05 ® (T)5y]) . (2.122)
(8)ac g1y = 5 (9 00cr @ Ip ® Gt |

250 @ [(E)pr @ yy + 05 ® (T)yy] +

200 @ (550 @ (5)yy) - (2.123)

For evaluatingthe actionof the spinoperator:* onthediquark-quarkvertices
x® andy* thefollowing identitiesprovedto be useful,

WO + (PO = 0, (2.124)

J (740) (’740) N 0
Y <(710))+<(7i0)> )" = <2i€mji(’7m0)>’ (2.125)
YO = =3(y°0), (2.126)

5y <(fc)> (YT = (‘3(74C>> | (2.127)
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Dirac Faddeg amplitude EV EV
com- component I(14+1) s(s+1)
ponent of L? of §2
S <8) (75C) 0 i
Sy ((O'ﬁ):) . (75C)ﬂ7 2 %
0
A P (?) o, 0o
op)s
g () o, 2
io's i
A (%) eon, o
Iz 1 0 i 3
Al 3 <0i(a'j))§ i (7' C)py 2 1
i (p(ep) — Ltot) ¢
A (PRI o 6w
0
b 3 ) % 9 15
Ag 2 (z (pz %0’(0’13)) g)a (v C)ﬂv 4

Table 2.3: Classificationof the component®f the nucleonFaddeg amplitudein terms
of eigenfunctionsof L2 andS? in the restframe of the boundstate. ‘EV’ abbreiates
‘eigernvalue’ ands denotesanarbitraryPauli two-componenspinor EachFaddeg com-
ponentis to be multiplied with the diquarkwidth function V(z = ¢?). Normalized4-
vectorsarep = p/|p| andnormalized3-vectorsarecorrespondingly = p/|p|.
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Nucleon

We will make useof the Bethe-Salpetewave function ¥ definedin eq. (2.68).
The Faddeg takesthefollowing form, if the wave functioninsteadof the vertex
functionis used,

Sear (NP + p)Larpy (0,0, P) = (¥°(p, P)u(P))a x*(q)py +
(U*(p, P)u(P))a X" (q)sy - (2.128)

We will seekeigenfunctionsof the spin and orbital angularmomentumopera-
tors L2 and S?, wherethe eigenfunctionsshall be of the generalform asindi-

catedabove. Thusthey representomponent®f the Faddeg amplitudewith the
spectatolquarkleg attached{ST"),s3,. We notethatfor the wave function ¥ an
analogouslecompositiorasfor thevertex functionholds,seeeq.(2.91),

(22 1) =

A new setof scalarfunctions,S; and A;, hasbeenintroducedwhereashe basic
Dirac componentsare the onesfrom table2.1. The reasonwhy we choosethe
wave function for further treatmentis that the Faddeg® amplitudewritten with
the vertex functiondependsxplicitly on the axialvectordiquarkpropagatoD*”
whichfor the Procaform inducesmixing betweerspacecomponent®sf thevertex
function and the (virtual) time componentof the axialvector diquark (and vice
versa) in which caseno partial wave decompositiorcanbe found. This canbe
circumwentedby usingthe wave functionasin virtue of its definitionthe diquark
propagatohasbecomeabsorbedn V.

In table 2.3 we have listed all eightcomponentsogetherwith the respectie
eigervaluesof L2 andS2. The Fadde® componentghat are givenin the rest
frame of the nucleonhave beenbuilt usingthe basicDirac componentdor the
wave functionshown in table2.1.

Thereis ones wave associateavith the scalardiquark,describedy S;, and
two s wavesassociatewvith theaxialvectordiquark,oneconnectedvith its virtual
time component,4;, andthe otherdescribedby 4;. In a non-relatvistic limit
wherediquarkoff-shell componentsre ngglected,only the s wavesS;, Az and
thed wave A5 wouldsurvive. It is remarkablehattherelatiistic descriptioneads
to accompaning four p waves,the “lower components”which are expectedto
give substantiatontributionsto thefractionof the nucleonspincarriedby orbital
angularmomentum. Thesep waveswould not be presentin a non-relatvistic
model.

2 A
o (2.129)
;Ai<p2,p-P) v5 A% (p, P)
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a7

Delta

The Fadde® amplitudewritten in termsof the tensorwave function # defined
in eq.(2.79)reads

Soar (NP + )T 5, (q, 0, P) = (¥ (p, P)u”(P))a X*(q)p - (2.130)

Again,thewave functiondecompositioproceedsn thesamemannerasdonefor
the A vertex function

8
U (p, P) =Y Di(p”,p-P) D" (p, P) . (2.131)

=1

Applying the operatord.? andS?, egs.(2.121,2.123)to the Faddeg amplitude
(ST'%) 44, this decompositioris seento yield eigenfunctionf the spinandor-
bital angularmomentumoperatorsTheir explicit form in therestframeis shavn
in table2.4. Thestrengthof the partialwavesis determinedy thescalarfunctions

In contrastto the nucleon,only one s wave (describedoy D, ) is found. Two
d wavesthatsurvive the non-relatvistic limit aregivenby D5 andD-,, andoned
wave canbe attributedto the virtual time componenbf the axialvectordiquark,
Ds. All even partial wavesareaccompaniedby relativistic “lower” components
thatcouldbeevenmoreimportantasin the nucleoncasefor only onedominants
wave is presentomparedo threewithin the nucleon.

To summarizetherelatvistic decompositiorof nucleonandA quark-diquark
wave functionsyieldsarich structuren termsof partialwaves.Well-known prob-
lemsfrom certainnon-relatvistic quarkmodeldescriptionsaareavoidedfrom the
beginningin arelativistic treatmentFirst,photoinducedV — A transitionghatare
impossiblein sphericallysymmetricnon-relatvistic nucleonground states(de-
scribedby only one s wave) will occurin our modelthroughoverlapsin the axi-
alvectorpartof the respectie wave functions.Additionally, photoinducedransi-
tionsfrom scalarto axialvectordiquarkscantake place,thuscreatingan overlap
of thenucleonscalardiquarkcorrelationswith the A axialvectordiquarkcorrela-
tions. Secondlyalthoughthetotal baryonspinwill be mainly madeof the quark
spinin the s waves,the orbital momentumof the relatwistic p wavescontributes
aswell which couldnot happerin anon-relatvistic descriptionsincethe p waves
areabsenthere.
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Dirac Fadde® amplitude EV EV
com- component (l+1) s(s+1)
ponent of L2 of §2
v gi i
D (5) tom oz
0 .
DL 3 5( . o ) i 9 15
2 5 ((0‘p)§’ _ %01(19()) i (7 )ﬁ7 1
v . ~ 0
Dg ivV3P* ((Uﬁxﬁg)) (740)@7 6 %
o war () (o, .
v ol(op pS i
(809) 0, o
0 "
uv % 3
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Table 2.4: Classificationof the componentf the A Faddeg amplitudein termsof
eigenfunctionsf L2 andS? in the restframeof the boundstate.c’ denotesan arbitrary
2pauli X 3vectorcomponentspinor that representshe non-vanishingcomponentof «# in
the A restframe. EachFaddeg® componenis to be multiplied with the diquark width
functionV (z = ¢?).
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2.5 Numerical solutions

After having describedthe numericalalgorithm that solves the Bethe-Salpeter
equationdor nucleonand A, we will first presentolutionsfor the nucleonwith
scalardiquarkcorrelationonly. Theseresults publishedn ref.[23], will provide
uswith constraintonthe scalarfunctionswhich enterthediquark-quarkvertices.
Especiallyresultson the neutronelectric chage radiusand the proton electric
form factor signalthe superiorityof usinga dipole form for the scalarfunction
P appearingn eqs.(2.51,2.52). Although presentingorm factorsat this point
is an early anticipationof resultswhich are not derived until chapter3, it moti-
vatesthe choiceof the specificdiquark-quarkvertex in thefull scalaraxialvector
calculationsof section2.5.3.

2.5.1 Numerical method

Wewill solvetheBethe-Salpetezquationgor nucleonseq.(2.69),andfor the A,
ed.(2.80),in the baryonrestframeasa systemof equationdor vertex andwave
function. In aconcisenotationthe systemof equationgeads

Y(p,P) = Gi*p,P)¢(p,P) (2.132)
d*k BS
6(p P) = / Gyt KUk P). (2.133)

The productof quarkanddiquarkpropagatorss givenby Gg*dq and KBS is the
guarkexchangekernel.

The procedurdo solve theequationsanbedividedinto thefollowing steps:

e We will projectout the unknonvn scalarfunctions describingthe partial
wavesfrom theexpansiongor wave andvertex functionby contractiorwith
appropriateDirac components.

e As the scalarfunctions dependon two Lorentz scalars,p? andp-P =
iM|p| p-P, we shift thedependencen p- P into anexpansiorin Chebyshe
polynomialsand projectthe equationsonto the expansioncoeficients, the
Chebyshe moments.We will seethatthis expansionis closeto a hyper
sphericalexpansion.

e Theinteractionkernelcanbe approximatedby a finite numberof Cheby-
shev polynomials.Employing appropriaterthogonalityrelations theequa-
tionsarereducedo a coupledsystemof one-dimensionahtegral equations
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for the Chebyshe moments.The numericaleffort will be considerablye-
ducedcomparedo thebruteforcemethodwhich putswave andvertex func-
tion on a two-dimensionabrid, sinceonly a few Chebyshe polynomials
will beneeded.

Thesestepsaredescribedn moredetailin thefollowing.

The wave function andthe vertex function ¢ have beenexpandedn Dirac
spaceaccordingto eqs.(2.91,2.129)n the nucleoncaseandfor the A according
to eqs.(2.107,2.131).We will usethe genericlabelsY; (i = 1,...,8) for the
scalarfunctionsdescribingthe partial wavesin the vertex function andlik ewise
Y; for the wave function. The scalarfunctionsdependn turn on the scalarsp?,
p- P, andthe latter scalarreducesn the baryonrestframeto z = cos © where
O is the anglebetweenp andthe 4-axis, seeappendixA.1 for our corventions
for hypersphericatoordinatesFor numericalcorveniencewe redefinehescalar
functionsassociatedavith the“lower” components,

. 1 . .

Yi[lYi] — Vi Yi[Yi], (i odd). (2.134)

The setof scalarfunctionsis now expandedinto Chebyshe polynomialsof the
firstkind [52],

Yi(p*2) = ii"Yi”(pZ) To(z) (2.135)
n=0

Y:(p?,z) = sz‘“ﬁ"@z) T.(2) , (2.136)
n=0

therebydefiningthe Chebyshe momentsY;” and an Here,we employ a con-
venient(albeitnon-standardipormalizationfor the zerothChebyshe momentby
settingTy = 1/v/2.

In the first step, we project the left hand sidesof egs.(2.132,2.133)onto
the scalarfunctionsY; andY; usingthe orthogonalityrelations(2.94—2.96)and
(2.110),

Vi’ 2) = (970" 2) Y;(p", 2) (2.137)
2 d4k Nij (2 1.2 1 AR 2 1
V) = [ (Y05 V) (2438)

Thenew propagatomatrix (g¢) andthe modifiedkernel(H')* aretheresultof
taking Dirac tracesafter multiplication with the respectre adjoint Dirac compo-
nents.As aconsequencehekernel( H')” depend®nthepossiblescalaproducts
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betweerthevectorsk, p, P whicharecanbeexpresseassk?, p?, 2/ = kP, z = pP
andy’ = k-p.
Usingthe orthogonalityrelationof the Chebyshe polynomials,

T (2) ™
T EmAE) = T m s 2.139
/_1 V1—22 T3 ( )

the systemof equationgor the scalarquantitiesY; andY; is projectedonto their
Chebyshe moments,

}A/in(pQ) — / dz 2 zg p Z mlzmixzm nYm T ( )T( ) (2 140)

V1—22
d4
nm<p2>=/dz / (IR, 2, ) X
= T( )T (2)
n—mvy/n/1.2
E:z Y7 (k?) Dyl (2.141)

Of coursejn the practicalcalculationtheChebyshe expansioncanbetakeninto
accountonly up to am!" momentfor the Y™ andup to an!",  momentfor the
Y;". The propagatomatrix (g5)¥ canbe expandednto Chebyshe polynomials
aswell andtherebyresultsanexpressiorfrom eq.(2.140)thatinvolvesanintegral

over threeChebyshe polynomials.Theadditiontheorem

T(2) Tu(2) = (Do) (2) + Tosm(2)) (nom#£0),  (2.142)
To(z2) Trn(2) = %Tm(z) (2.143)
simplifiesthis expressiorto aform wherea subsequerdpplicationof the orthog-
onality relation(2.139)reducest to a matrix equation,
Y (0*) = (90)7"" (%) Y (07) - (2.144)
The elementsof the propagatomatrix (go)"™ are all real dueto the explicit
phaseactor:™ in the Chebyshe expansions.
Let usnow focusattentionon eq.(2.141),the 4-dimensionaintegral over the
Bethe-Salpetekernel,

Y;m(pZ) = / d|k|/ vl—z’de/ dz/ dy' (H ”p Ky, z,2')

i o Tn(2) T (2
X Zz” myr(k?) %) . (2.145)
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We will take careof the angularintegrationsover z and z’ next. To this end
we approximatethe Bethe-Salpetekernelwith Chebyshe polynomialsin the
following manney

Mmax+1 Nmax+1

(H")7 = (1 = 2"%)( Z Z Pt T 1 ()T (2) . (2.146)

Thecoeficientsc”** arenotthe Chebyshe momentsof (H”)¥ but rather

2 Mmax+1 Nmax+1

ij,st — T T
’ (mmaX+1 nmax+1 Z Z s— 12“ t— 1( )

X (H")9(p*, K2,y s 2, 2 v) - (2.147)

The z, [z]] arethe zeios of the Chebyshe polynomialT,,... +1(2) [Thmat1(2')]-
Egs.(2.146,2.147areanexampleof theso-calledChebyshe approximatiorof a
functionwhich we have appliedto boththearguments: andz’. Asis known from
theliterature[53], the Chebyshe approximatiorof afunctionis very closeto the
approximatiorby the minimaxpolynomial which (amongall polynomialsof the
samedegree)hasthe smallestmaximumdeviation from thetrue function.

Wheninsertingthe kernelapproximatiorbackinto eq.(2.145),we seethatthe
orthogonalityrelation(2.139)will take careof theintegrationsover z andz’. We
find

1 mmax+1 nmax+1
Y™(p?) = —d|k dy’
() <mmw1)<nm+1/0 il \/ DD

% Ton(2a) Tu(20) (H")7 (0%, K2,y 20, 2) Yj”(/f2) : (2.148)

Herethesumrunsalsooverthelabel ; andthe Chebyshe momentlabeln.

Finally we have succeededo transformthe original 4-dimensionaintegral
equationinto a systemof coupledone-dimensionagéquations.In summary the
systenreads,

YR®*) = (90)7""(p°) V(D7) , (2.149)
Y (p?) = / dlk| H9™ (k2 p?) Y (k?) (2.150)
0
with thedefinition
. 1 k’3 Mmax—+1 Nmax+1
Hzg,mn k2, 2 — /
.7 (Mumax + 1) (Mamax + 1) 472 Y ’U,Z:; v=1

X T (2a) T (2) (H"Y (9%, K20, 245 20) (2.151)
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The momentun¥ is discretizedon a meshwith n ;) points,with typically n ;) =
20, ..., 50, andtheintegrationis performedasa Gaussiamuadrature.Thenthe
problemis equialentto tuningthe lowesteigervalueof a matrix equationto one
by readjustinghe parametersf themodel.

We have introducedthe numericalmethodfrom a merelytechnicalpoint of
view. Combiningthe Chebyshe expansionof the scalarfunctionsdescribingthe
partial waves with the Chebyshe approximationof the quark exchangekernel
replaceshe angularintegrationsover z = cos© andz’ = cos ©’ by sumsthat
aretruncatedby my,.x andn,.x, the highestChebyshe momentsof the vertex
andwave function partial waves, respectrely. The questionis whetherthereis
anotheymoreintuitiveargumenthatsupportsaquick convergenceof thesolution
with increasingmmax["max -

Thereexists a motivation usingthis kind of expansionthatis relatedto sym-
metriesin a simplerdynamicalsystem.The numericalsolutionof the ladderap-
proximatedBethe-Salpeteequationin the masslessindmassve Wick-Cutkosky
modelhasbeenstudiedextensiely in theliterature,for areview see[54]. In this
model,two massve mesonsnteractby exchanginga third (massles®r massve)
meson. In the caseof a massles&xchangemeson the Bethe-Salpeteequation
exhibits an O(4) symmetry[55]. By expandingthe wave functionsinto hyper
sphericaharmonics),,;,,, (cf. appendixA.1), the solutionscanbeclassifiedusing
the quantumnumbersn (four-dimensionalngularmomentum)and!/, m (three-
dimensionabrbitalangulammomentumandits third component) Thezeroorbital
angularmomentumstatesof the Wick-Cutkosky model (I = 0) are essentially
givenby

ick Y Wick(p2) U, (2) (2.152)

with theU,,(z) beingChebyshe polynomialsof thesecondind. They arerelated
totheT,(z) by

To(z) = Up(z) — 2Up_1(2) , (n>0). (2.153)

Thus an expansionof wave functionsinto the 7,,’s is closely relatedto the ex-
pansionnto hypersphericaharmonics Furthermoretheauthorsof ref. [56] have
shown thatin the caseof a massve exchangemeson,wherethe O(4) symme-
try is broken, the expansioninto hypersphericaharmonicsconvergesamazingly
quickly althoughn ceaseso beagoodquantumnumber Typically n,., < 6 was
sufficient to obtainstablesolutions.exceptfor thevery weakbindingregime.
After this shortdigressionet usreturnto the Bethe-Salpeteequationsn the
diquark-quarkmodel. The Bethe-Salpeteequationgreatedhereareladderequa-
tions aswell, thoughcomplicatedby the mixing of componentswith differing
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angularmomentum.Neverthelessthe expansioninto spinor hypersphericahar
monicsin the modelsectorwith pointlike scalardiquarksonly hasbeenshavn to
work well in ref. [57]. This finding hasbeenconfirmedand extendedto point-
like axialvectordiquarksin refs.[58, 22]. Thuswe canconcludethatthe O(4)
symmetryis alsoin thediquark-quarkmodelapproximatelyalid.

Letuspointoutthekinematicakituationgn whichtheremightariseproblems.
Due to the singularitiesin the propagatordenominatorof Gg—dq, the allowed
rangeof the momentumpartitioning parameter in the nucleonBethe-Salpeter
equationis restrictedto

n € [l —mg/M,, m,/M,|, (2.154)

if myy > my. > m, is assumed.Singularitiesin the exchangequark propaga-
tor andthe diquarkverticesemploying n-pole scalarfunctionsV, seeeq.(2.61),
imposethe additionalbounds

n € [3(1—my/M,), (1 +my/M,)] , (2.155)
n € [H1=2\/M,), $(142),/M,] . (2.156)
Note thattheseboundson the valueof n arisein the practicalcalculationsvhen
performedasoutlinedabove. In principle,n could be chosenrarbitrarily between
0 and1, but beyondtheseboundsthe connectiorof therespectre Bethe-Salpeter
equationin Minkowski spaceandthe presenbnein Euclideanspaces nolonger
givenby a simpleWick rotation,but the Euclideanspacesquationpicks up addi-
tional residueterms®

If n is choserto becloseto oneof theboundariegivenin egs.(2.154-2.156)
thenthepropagatorsary stronglydueto thevicinity of thepolesandtheir Cheby-
shes expansion,employedto derive eq.(2.144),will corvergeslowly. Thus,the
numberof Chebyshe momentdor thepartialwavesin thewave functiony, nyax,
needgo beincreasedn orderto achieve sufficient accurag for the vertex func-
tion. We will alsoseein thenumericalsolutionsthatthewave functionexpansion
itself will corverge moreslowly underthesecircumstances.

2.5.2 Solutionsl: The scalardiquark sector

In this subsectionwe will presentesultsin themodelsectorwith scalardiquarks
only, summarizinghe work describedn ref. [23]. We recallthe Fadde& ampli-
tudefor thenucleoncf. eq.(2.128)andtable2.3,thathasbeendecomposethto

5We will encountethe problemof relatingMinkowski and Euclideanvertex andwave func-
tionsagainin section3.2.1whencalculatingcurrentmatrix elements.
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F|XedW|dth Sl(pQ)‘|p|:0.2Mn = ]_/2
Viz)  ms [My] mg [Mp] A [My] 9s

n=1 0.7 0.685 0.162 117.1
n=2 0.7 0.620 0.294 91.79
n=4 0.7 0.605 0.458 85.47
n==~6 0.7 0.600 0.574 84.37
n=2_, 0.7 0.598 0.671 83.76

exp 0.7 0.593 0.246 82.16
gau 0.7 0.572 0.238 71.47
Fixedmasses

n=1 0.7 0.62 0.113 155.8
n=2 0.7 0.62 0.294 91.79
n=4 0.7 0.62 0.495 81.08
n==~06 0.7 0.62 0.637 78.61
exp 0.7 0.62 0.283 74.71

Table 2.5: Summaryof parametersisedfor the variousscalarfunctionsV () in the
diquark-quarkverticescf. eqs.(2.61-2.63).

partialwaves.Usingscalardiquarksonly, it readsin therestframe

_ gl S
ST = (g my o) V) OO (2.157)

The two scalarfunctions S; and S, (relatedto the wave function) describeup-
perandlower componenbf the effective nucleonspinor Lik ewise only the two
functionsS; and.S, enterthe decompositiorof the vertex function.

Wewill startoutwith investigation®f thevariousformsof thescalarfunction
V(x) that parametrizeshe diquark-quarkvertex, seeegs.(2.61-2.63).Further
morewe pick ¢ = 1/2 for the momentundistributing parametein the diquark-
guarkvertex.

We have chosento considertwo cases:First we fix the the ratios of quark
andscalardiquarkmassto the nucleonmass(m,/M,, andm,./M,) andtunethe
width parameter\ in the scalarfunction V'(z) until the normalizationg;, cal-
culatedusingeq. (2.59), providesenoughbinding to reachthe physicalnucleon
mass. This correspondgo the constraintthat iterating the systemof equations
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n=04
nmax O 2 4 6 8

Mmax

0.7005 0.9551 0.9731 0.9738
0.7806 0.9797 0.9967 0.9979
0.7844 0.9922 0.9993 0.9999
0.7846 0.9928 0.9999 1.0000

n=0.31

0.6517 0.8379 0.9285 0.9431 0.9449
0.8755 0.8988 0.9743 0.9940 0.9965
0.9326 0.9614 0.9904 0.9977 0.9996
0.9406 0.9714 0.9978 0.9992 0.9998
0.9416 0.9726 0.9992 0.9998 0.9999

oA~ DNO

oo~ NO

Table 2.6: Convergenceof thegroundstateeigervalueof the Bethe-Salpetegquationin
termsof mmax andnmax, shavn for two valuesof the momentunmdistributing parameter
n. For thekernelintegrationthe Gaussjuadraturavith n,, = 20 grid pointswasused cf.
eg.(2.151). Themomentunintegrationin theiterationwasperformedwith n, = 20 grid
points,cf. eq.(2.150).Higheraccurag in thesdntegrationsdoesnotaffecttheeigervalue
in the precisiongivenhere.

(2.149,2.150)ields an eigervalue 1. The resultsfor the ratiosm,/M, = 0.62
andmg. /M, = 0.7 aregivenin the upperhalf of table2.5. With this choiceand
the choiceof a dipole form for V' (z) we find a good descriptionof the nucleon
electricform factors seebelow. In thesecondtasewe have keptfixedthediquark
masym./M, = 0.7 asbefore)andvary the quarkmassandthewidth parameter
A until asolutionof the Bethe-Salpeteequationwasfoundwith the property

SY (P jpl=02n, = 1/2.. (2.158)

This condition fixes the width of the zeroth Chebyshe momentof the s wave
amplitudeS; which we normalizeby settingS?(0) = 1. We canregardthis asa
conditionon the extensionof thewhole nucleon-quark-diquarkertex in momen-
tum spacesincethe zerothmomentof S; dominatedsn the expansionof the nu-
cleonvertex function. Theresultingparametesetsthatsolve the Bethe-Salpeter
equationaredisplayedn thelower half of table2.5.

All of the parametersetssuffer from a generaldefectthat resultsfrom the
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Figure 2.6: The Chebyshe momentsof the dominatingscalarfunction S in the ex-
pansionof the wave function. In the left panel,the momentsfor the choicen = 0.4 are
shavn. For the respectie momentsdepictedin the right panel,the employed value of
n = 0.31 is closeto thediquarkpropagatopoles.

restrictionto scalardiquarksonly. The constituenjuarkmassm, hasto be cho-
senratherlarge (correspondindo a stronglyboundscalardiquark) suchthatthe
diquarknormalizationg, providesenoughbinding enegy for the nucleon. Fur

thermorethediquark-quarkverticesarerathernarrov in momentunspaceascan
be seenfrom the valuesfor \. In configurationspacé, the extensionof the scalar
diquark (measuredy the FWHM valuefor the scalarfunction V) is roughly 1

fm andthusthe diquarkis asbroadasthe nucleonappeargo be when probed
with electronsor pions[59]! Theinclusionof the axialvectordiquark provides
anotherattractve channelthereforethe scalardiquarknormalizationg, couldbe
adjustedo smallervaluesandconsequentlyhe constituentjuarkmasswill drop.
Theresultsto be shavn in section2.5.3indeedconfirmthis algument.

We turn now to the corvergencepropertieof the Chebyshe expansion pick-
ing as an examplethe setof parameter&mploying a dipole form (n = 2) for
the scalarfunction V' (z). Herethe polein the diquarkpropagatoandthe poles
appearingn V (z) puttherestrictionn € [0.3,0.52], cf. egs.(2.154,2.156).We
exemplify our resultswith the choicen = 0.4 (far away from ary poles)and
n = 0.31 (closeto the diquarkpropagatopole). First we investigatehe conver-
genceof the eigervalue (thatis obtainedin the numericaliterationof the Bethe-

"We refer hereto the Fourier transformof the relative momentumbetweerthe quarkswithin
thediquarkthatcorrespond$o thedistancebetweerthetwo quarks.
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Salpeterequation)in termsof the highestChebyshe momentm,,,,, employedin

the expansionof the vertex functionandn,,., for the wave function. Theresults
of table2.6 shaw thatfor the “safe” valueof n = 0.4 seven Chebyshe moments
for both wave andvertex function aresufficient to determinethe eigervalueto a
precisionbelon 10~%. For the choiceof n nearthe diquark propagatoipole two

more Chebyshe momentsare neededo arrive at the sameprecision. Further

moretheresultsdemonstratéhatin orderto obtainann-independengigervalue,
thefull dependencef thescalarfunctionss;, S, ontheanglez = cos © hasto be
takeninto accountj.e. n-invarianceis not guaranteedor an arbitrarytruncation
in the Chebyshe expansion.

In the determinatiorof obsenablesthe explicit solutionsfor wave or vertex
function enter We will thereforehave a look at their corvergencepropertiesas
well. The Chebyshe momentsof the scalarfunctions.S; and S, building the
vertex functionshav a very similar corvergencepatternfor the differentchoices
of n. Eachsubsequenmomentdropsin its magnitudeby a factorof 7 ... 10
ascomparedo the magnitudeof the previous one. The situationis completely
differentfor the Chebyshe momentsof S; andS,, makingup thewavefunction
Thisis depictedin figure 2.6. Whereaghe corvergencefor the choiceof n = 0.4
is still reasonablyapid (a factorof 10 betweenthe subsequenéven Chebyshe
momenta) the momentsof S; for the choicen = 0.31 becomesqueezedh mo-
mentumspaceandonly corverge slowly with increasingChebyshe order

In the calculationof form factorswe will needbothwave andvertex function,
dependingon the diagramso compute.The slow corvergenceof the wave func-
tion expansionwill put certainrestrictionson the numericalaccurag whenever
therespectre scalarfunctionsareemployed.

ElectomagneticProperties

In thefollowing we will quotefrom ref. [23] someresultsfor electricform factors,
electricradiiandmagnetianomentsvhich have beenobtainedwith the parameter
setsof table2.5. Thedefinitionsfor thecurrentoperatortheform factorsandradii
arecollectedn chaptel3. Thenecessarformalismfor calculatingtheappropriate
currentmatrix elementss also presentedhere,alongwith the proof of current
consenration. Presentinghe resultsat this point will exhibit the shortcomingf
the scalardiquarksectorandfurthermoremotivatesthe choiceof the dipoleform
for V(x) in thecalculationswith scalarandaxialvectordiquarks.

In table 2.7 we have compiledthe resultsfor the protonand neutronchage
radii aswell asfor the nucleonmagneticnoments.A first glanceat the proton
chageradiusconfirmsthatfixing thewidth of thedominantscalarfunction S? of
the nucleon-quark-diquarkertex function fixesroughly this radiusaswell. But
whereasll parametesetsshow for the protonchageradiusa maximaldeviation
of about15 % to the experimentalalue,theresultsfor the neutronchageradius
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Formofdiquark 7, (fm) 72 (fm?)  pu, I
vertex V (z)

fixed Sy o-width: n=1 0.78 —-0.17 0.95 -0.80
n=2 082 -0.14 1.09 -0.93
n=4 0.84 -0.12 1.13 -0.97
exp 0.83 -0.04 1.16 -1.00
gauss 0.92 0.01 1.22 -1.07

fixedmasses: n=1 097 -0.24 0.98 -0.86
n=2 082 -0.14 1.09 -0.93
n= 0.75 -0.03 1.12 -0.95
exp 0.73 —-0.01 1.13 -0.96

experiment 084 -0.11 279 -1.91

Table 2.7: Electricradii of proton/neutrorandthe nucleonmagneticmomentsfor the
parametesetshaving eitherthe S¥-width or the quarkmassfixed.

differ drastically Thedipoleandthequadrupoldorm for V' (x) arehereclosesto
theobsenedradius.

We have plottedthe nucleonelectricform factorsup to a momentuntransfer
of Q? = 2.25 Ge\? in figure 2.7. The protonform factor (left panel)hasbeen
normalizedto the phenomenologicalipolefit

phen __ 1

Y 14Q2/(0.71 Gev?))?

which representfor momentuntransferbelov 1 Ge\? a quite accuratedescrip-
tion of the experimentallymeasured~z [60]. Heretheresultsfor the parameter
setemplgying the dipole shapefor V' (z) follows the phenomenologicatlipole
closestascomparedo the othercurves. Thereforewe employ the dipolein the
diquarkvertex for furthercalculations Regardingthe overall shapeof theneutron
form factor only the Gaussiarparametrizatiorior V(x) producegesultsgrossly
deviating from the scarceexperimentainformationonehasaboutthis quantity A
discussiorof the availableexperimentakesultsis postponedintil section3.2.2.
Returningto the discussionof the resultsin table 2.7, we seethat the pro-
ton and neutronmagneticmomentsare () muchtoo smalland (iz) their ratio is
far from the experimentallymeasuredralue. Both defectsare known from ex-
ploratorystudieswithin otherforms of quark-scaladiquarkmodels[62] andcan

(2.159)
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Proton Electric Form Factor
different forms for V(x), normalized to the dipole fit

Neutron Electric Form Factor
different forms for V(x)
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Figure 2.7: Proton(left panel)and neutron(right panel)electric form factorsfor the
variousparametesetswith fixedwidth of thezerothChebyshe momentS;. The experi-
mentaldatafor the neutronis takenform ref. [61].

be attributed to the oversimplificationof the two-quark correlationsto just the
propagatiorof aspinlessscalardiquarkthatcannotexhibit aspinflip whenstruck
by aphoton.Theproblemis furthermoreenhancedby thecomparatiely largeval-
uesof the constituenguarkmassin all parametesets.Remembethatthe main
indicationfor aquarkmassscaleof around0.3 GeV comesrom anon-relatvistic
estimateof the nucleonmagneticmnoments.Accordingto this agument,the nu-
cleonmagnetianomentsareproportionalto M, /m, andthusquarkmasses$eing
largerthan0.5GeV areexpectedo yield magnetianomentgshatarefartoosmall.

Althoughthe resultson the electromagnetipropertieshave beenreportedat
this stagewithout derivation, we regard the previously unspecifiedform of the
diquarkvertex asbeingfixednow by thedipoleform. With theingredientsof the
model being complete,we presentin the next subsectiorsolutionsfor nucleon
andA usingthe scalarandthe axialvectordiquarkchannel.

2.5.3 Solutionsll: Scalarand axialvector diquarks

Including axialvectordiquarks,the Bethe-Salpeteequationscannow be solved
for nucleonandA. Thefull decompositiorof wave andvertex functions,shavn
in table2.3for thenucleonandin table2.4for the A, hasto betakeninto account
andthe equationsare solved for the eight scalarfunctionsthat describevertex
andwave functionrespectrely. Altogethertherearefour parametersthe quark
massm,, thediquarkmassesn,. andm,,, andthewidth A of thedipole-shaped
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Set m, Mise Moz A Js Ja Ma M,
[GeV] [GeV] [GeV] [GeV] [GeV] [GeV]

I 0.36 0.625 0.684 095 9.29 6.97 1.007 0.939
I 0.425 0.598 0.831 0.53 2210 6.37 1.232 0.939

Table 2.8: Thetwo parametesetsof the full modeltogethemwith the valuesof diquark
normalizationgcouplings)andtheboundmasses\{,,, M thatarisefor thesesets.

diquark-quarkvertex.

The solutionsin the scalardiquark sectorsufferedfrom the large constituent
quark masseghat seta wrong scalewithin the nucleon,as seenby the results
for the magneticmoments. The inclusion of the attractve axialvector diquark
channelnow allows for solutionswith smallerquarkmassesandsmallerbinding
enepy for thescalardiquark. Thediquarknormalization(or coupling)constant,
dropsfor thisreasorandthereforethenucleonbindingenegy becomesmallerin
the scalarchannelput the additionalbinding provided by the axialvectordiquark
compensatethis effectto yield the physicalnucleonmass.

In the calculationspresentechereandin the following chapterswve shallil-
lustratethe consequencesf the modelassumptionsvith two differentparameter
setswhichemphasizslightly differentaspectsFor Setl, we employ aconstituent
quarkmassof m, = 0.36 GeV which is closeto the valuescommonlyusedby
non-or semi-relatvistic constituenguarkmodels.Dueto the free-particlepoles
in the barequarkanddiquarkpropagatorsthe axialvectordiquarkmassis belov
0.72 GeV andthe deltamassbelov 1.08 GeV. On the otherhand,nucleonand
deltamassesrefitted by Setll, i.e. the parametespaces constrainedy these
two masses.n particular this impliesm, > 0.41 GeV. Both parametesetsto-
gethemwith the correspondingaluesresultingfor the effective diquarkcouplings
andbaryonmassesregivenin table2.8.

Two differencesbetweenthe two setsare importantin the following: The
strengthof the axialvectorcorrelationswithin the nucleonis ratherweakfor Set
Il, astheratio of axialvectorto scalardiquarknormalization(coupling),g./gs =
0.29, is muchsmallerthanfor Setl whereg,/gs = 0.75. We will quantify the
correlationstrengthmorepreciselywhenassessinthe contributionsof scalarand
axialvectorcorrelationgo thenormalizationof thenucleon cf. section3.2.2.Sec-
ondly, the 15 % differencebetweerthe constitueniguarkmasse®f the two sets
will have aninfluenceon the resultsfor magneticmomentsthatis evenstronger
thancould be expectedrom thenon-relatvistic agument.
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Figure 2.8: TheleadingChebyshe momentsof the functionsS;, A; and A5 relatedto
thenucleons waves.All functionsarenormalizedby the condition 59 = 1.

Although the wave andthe vertex function are no physicalobserablesthey
do enterobsenablematrix elementsszia Mandelstans formalism[63] (to be de-
scribedin the next chapter)andthereforethe strengthsof the singlecomponents
give ahint ontheir effect on obsenables.We have plottedtheleadingChebyshe
momentsof the scalarfunctionsdescribingthe nucleons wavesin figure 2.8.
Theseare S{) and Ag, describingthe s wavesfor scalarand axialvectordiquark
and A thatis connectedvith thevirtual time componenbf thelatter. We seefor
bothsetsthatthe functions A? aresuppresseby a factorof 10 comparedo the
dominatingS?. The strengthof the other s wave associateavith the axialvector
diquarkis roughlyproportionalto theratio g,/ g, for therespectie parameteset.

In appendixA.3 thenucleonpartialwavesfor Setl andthe A partialwavesfor
Setll (herethe A boundstatemasscorrespondso the physicalone)are shovn
anddiscussedIn summaryall the remarksfrom the previous subsectioron the
numericalaccurag andthe cornvergencepropertiedor wave andvertex functions
applyalsoin thecaseof thefull model.Especiallyfor Setll, the A is anextremely
weaklyboundstateandthusthe Chebyshe expansiorfor thewave functioncon-
vergesquite slowly.

Beforeweturnto thedetaileddiscussiorof the nucleonelectromagnetiprop-
ertieswewill sumuptheresultsobtainedsofar. Fromaphysicalpointof view, the
parameter®f the modelcould be chosenmoreintuitively after having included
the axialvectordiquark sectorof the model. This especiallyappliesto the value
of the constitueniguarkmasswhich appearedo beratherlarge in the scalardi-
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guarksector Still, the inclusionof the A resonancéeadsto ratherlarge quark
and axialvectordiquark massesand consequentlysmall axialvector correlations
in the nucleon. This is an artefact of employing free quarkand diquark propa-
gators thereforewe will discussappropriatemodificationswhich mimic confine-
mentlaterin chapters.

From a technicalpoint of view, we have succeededo transformthe full 4-
dimensionalprobleminto a manageabléorm. The chosenexpansionin Dirac
spaceinto partial waveshasbeendonecovariantly andthe resultsfor the partial
wave strengthgdentify the leadingandsubleadingcomponentsThe Chebyshe
expansionfor the scalarfunctionswhich describethe partial wave strengthshas
provedto bequiteefficientandaccuratefurthermoreheexpansiorhasbeendone
for aLorentzinvariantvariable,z = - P, with the consequencthatthe boostof
thewave andvertex functionsolutionsis renderedeasible.A similar methodfor
treatingmesonsn aBethe-Salpetesipproachhasbeenputforwardin refs.[64, 65]
wherethe efficagy of thistechniquehasbeendemonstratefbr the solutionof the
Bethe-Salpeteequationsaswell asin calculationsof mesonicobsenrables.

As a conclusion,thereis no technicalreasonwhy one shouldstick to some
kind of non-relatvistic approximationin solving a ladderBethe-Salpeteequa-
tion. Suchanapproximatiorcouldonly bejustifiedin averyweakbindingsitua-
tion andresultsfor physicalobsenablesshoulddependn acontrolledmanneron
thenon-relatvistic truncation.We investigatehisissuein chaptef6 for thecaseof
the diquark-quarkmodelwherewe compareresultsfor vertex function solutions
andobsenablesobtained(i) with the exacttreatmentand(i:) in the Salpeterap-
proximation[66], a popularsemi-relatvistic approximatiorof the Bethe-Salpeter
equation. We find that the Salpeterapproximationstrongly violatesthe approx-
imate O(4) symmetrypresentin the solutionsof the full Bethe-Salpeteequa-
tion andobsenablesobtainedwith bothmethodgdeviatein aratherunpredictable
manner
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Chapter 3

ElectromagneticForm Factors

Electromagnetiéorm factorsdescribeoneof the mostbasicdynamicobsenables
of acompositesystem:the elasticscatteringof anelectronon the compositetar-

get. Electronand target interactwith eachother by exchangingquantaof the
electromagnetifield. For thetamgetbeinga nucleonthescatterings from aclas-
sicalpointof view afunctionof thechageandmagnetizatiorlistributionswithin

the target which interactwith chage andspin of the electron,respectiely. The
Sachdorm factorsG g andGjy, to beintroducedn egs.(3.4,3.5),describen the
Breit systemexactlytheFouriertransformsf thesedistributions[67]. In theusual
field theoreticaltreatmentt is justified to assumehatthe scatterings mediated
by onevirtual photon(dueto the smallnesf the couplingconstanin quantum
electrodynamics}therebytheinformationon the electromagnetistructureof the
probeis containedn thefollowing matrix elementdefinedin momentunspace,

(J)Q) = (target; Py| J* [target; P)(Q) , (3.1)

whereinitial andfinal target stateposses®n-shellfour-momentaP;, = P — Q) /2
and Py = P + Q/2, respectiely. The currentoperatorJ* is obtainedfrom a
suitablemodelLagrangiarwhereit is the coeficient of thelineartermin A*, the
electromagnetigectorpotential.For nucleontargetsthe matrix elemenis written
in themostgeneralform as

ZRFQ

o | (P (3.2)

(J#) = g, (Pp) | —in"F1 +
Here, 7, and F, arethe Dirac chage andthe Pauli anomalousnagneticform
factor respectrely. The constants describegshe anomalousnagneticmoment.
No furtherindependenstructuresxist if the currentis assumedo transformlike
avectorunderparity transformationsindif currentconseration,

Q' (J") =0, (3.3)
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isto hold [68]. The Sachdorm factorsGr andG,, areintroducedas

Q2
GE = fl — ml{fz y (34)
GM = fl + ng . (35)

By definition, the valuesof Gz and G}, at zeromomentunmtransferarethe nu-
cleonchage andmagnetionoments.

It is corvenientin thefollowing to introducematrix elementsvhich arethem-
selvesmatrix valueddueto summation®ver initial andfinal spin,

(Pl J* |PY = ug, (Pr) (J*) i, (P) | (3.6)

0f,04

to remove the nucleonspinorsin the parametrizatiorof (J#). Usingthe Gordon
identities[68], this matrix elemenis writtenin termsof Gz andG,; as

(Pl 7 B) = ~ia*(By) [##Gw + M (G = G| A7) . @

Theform factorscanbe extractedfrom this expressiorby takingtracesasfollows,

M,

Ge(QY) = 535 Tr (Py| J* |P)P", (3.8)
) iM? .
Gu(@) = “gg TR IP))r . (09 =2* = PP) .(39)

This little introductoryexerciseprovided us with the necessaryormulaeto
obtaintheform factorsfrom thenucleoncurrentmatrix element.Themoreformi-
dabletaskis to constructa suitablecurrentoperatorfor the diquark-quarkmodel
andto give a prescriptiorhow to obtainnucleonmatrix elementgrom the current
operatorandthe solutionsof the Bethe-Salpeteequation. The currentoperator
shouldrespecgaugenvarianceandconsequentlyhe condition(3.3),i.e. current
conseration,shouldhold.

Thefollowing sectionaimsat constructinghe currentoperator This amounts
to clarify how thephotoncouplego thefull quark-diquarkpropagatotz4-44 given
in eg. (2.70),the 4-pointfunctionfor quarkanddiquarkin the channelwith nu-
cleon quantumnumbers. The resulting 5-point function hasto fulfill a Ward-
Takahashidentity which in turn guaranteeshatfor the currentmatrix elements
currentconsenration holds. Therebywe find non-trivial irreduciblecouplingsof
the photonto the diquark-quarkverticesy® and y*, the seayull vertices besides
the expectedphotoncouplingsto quarkanddiquark. In totalwe will find thatthe
nucleoncurrentoperatorconsistsof
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e thephotoncouplingto quarkanddiquark(impulseapproximatior),

¢ thephoton-mediatetransitionsfrom scalarto axialvectordiquarksandthe
reversetransition(extendedmpulseapproximatior) and

e contributionsfrom the quarkexchangekernelwhich containghe couplings
to the exchangequarkandthe seagullcouplingsto the diquark-quarkver-
tices.

Unknown constantdik e the anomalousnagneticmomentof the axialvectordi-
quarkandthe strengthof the scalaraxialvectortransitionswill be calculatedby
taking into accountthe diquarksubstructuren a first approximatiorwhich does
notviolate gaugenvariancefor the nucleoncurrent.

The constructionof the currentoperatorby using Ward-Takahashidentities
provides us furthermorewith a proof of the equivalenceof the canonicalnor-
malizationconditionfor Bethe-Salpetewave functionwith the normalizationto
correctboundstatechage. The canonicalnormalizationamountsto fixing the
residueof the boundstatepolein thefull propagatolG4-44,

Equippedwith the explicit form of the currentoperatorwe will thenproceed
by calculatingthe form factorsfor the two parametesetsintroducedin section
2.5.3. We find that currentconseration is reflectedin the numericalsolutions
very accurately The electricform factorsof protonand neutronare described
very well by our solutionswhereaghe magneticform factorsfall shortby some
15 %, dueto our simplified assumptiongor the quarkanddiquark propagators.
An interestingpoint is thatthe recentexperimentaldataon theratio Gg /G, for
the proton[69] strongly constrainghe axialvectorcorrelationsn the nucleonto
be rathermoderate We will concludethis chapterby discussingpossiblefurther
improvements.

3.1 The nucleon current operator in the diquark-
guark model

We shallmake useof the “gaugingof equations’formalismoutlinedin refs.[70,
71,72). To simplify thetreatmentwe will derive the currentoperatorby assum-
ing thatthe diquark quasiparticlecould in principle be representedby a diquark
creationoperatord’ = (df, d*) which createsscalarand axialvector diquarks.
Theresultingexpressionareequialentto theresultswhenconstructinghe cur-
rentoperatorby startingfrom the 3-quarkproblem,provided a Wardidentity for
thediquarkpropagatoholds(cf. refs.[72, 73]).

We employ anotationfor Greens functionsasin section2.1. We remindthat
theirmultiplicationis to beunderstoogdymbolicallyandinvolvessummatiorover
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Diracindicesandintegrationovertherelative momentaasin eq.(2.6). We assume
that,in contrasto eq.(2.70),thequark-diquarkpropagatoin thenucleonchannel

(2m)*6* (kg + ka — pg — Pa) G (ky, ka3 Dy, Pa) = (3.10)
F.T. (0] Tq(wk,)d(Yry) Tp,)d' (4p,) |0)

is givenasa matrix thatdescribeghe propagatiorof chage eigenstateombina-
tionsof quarksu, d andscalardiquark(ud) / axialvectordiquarks{uu], [ud], [dd],
cf. appendixA.2.1. The partdescribedy thefree quarkanddiquarkpropagators
is of coursediagonalin the chage eigenstatesvhereasthe possible(multiple)
guarkexchangedescribedransitionsbetweenthem. Lik ewise the 5-point func-
tion is definedto be

G (kg hai Py pa) = FT. (0 Talay, ) (un,) ey, )d (45, #(0) [0) . (3.11)

We fix momentunconserationby k, + k; = p, + ps + Q, where( denoteghe
photonmomentum.lt is evidentfrom the applicationof Wick’s theoremto this
equationthat G* contains(at least)all diagramsthat canbe constructedrom G
by attachinga photonto all propagatorglike (0| T¢g |0)) andvertices(like the
diquark-quarkvertices{0| 7d g |0)). An equialentdefinition of G* expresses
the procedureof attachingphotonson propagatorsand verticesby a functional
derivative,

0
Gu(kqa kd;pqapd) = _5AT(O)

F.T. (0| Tq(xx,)d(yr,) @(xp,)d' (Yp,) exp (— [d*z J#(2) A*(x)) \0>‘AM:0 .(3.12)

“Gauging”is anoperatiorwhich achiezesthesameresultby thefollowing simple
rules[70]:

e 0
1. Notation: F* = 5A70) Fy e where
F=FT.(0|q(x1)...q(y1)-..--. |0) and

Fy=F.T. (0| q(x1)...q(w1)...exp (= [d*z J#(x)A*(z)) |0).
2. It is alinearoperationandfor a constant its actionyieldszero,c* = 0.
3. It fulfills Leibniz’ rule, (F1 F»)* = FI'Fy + FyFY.

4. Gaugingthe inverse,F~1, is accomplishedy applyingrule 2 and3, i.e.
(F'F)t=0— (F ') =—-F'FrF-1,
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Besidesthe abose mentionedcontributionsto G* from attachingphotonsto
propagatorand diquark-quarkvertices(which are obtainedby gaugingG4—99),
thereexist othercontritutionsthatcannoteobtainedhisway: Althoughatransi-
tion from scalarto axialvectordiquarkcannotoccur (0| 7d% di |0) = 0, thistran-
sition is possibleif mediatedoy a photon,(0| T'd d}.J* |0)iea # 0. The special
featureof this scalarto-axialvectortransitionis thatit satisfiesgaugeinvariance
onits own, i.e. its contribution vanishesiponcontractionwith Q.

We know from gaugeinvariancethatthe five-pointfunction G* mustobey a
Ward-Takahashidentity,

QMGU(kq’ kd;pq7pd) =
QQqu_dq(kq — @, ka; pg; pa) + Qdqu_dq(kqv ka = Q; pg; Pa) —
ququdq<kqa ka;pg + Q,pa) — Qdquidq(kq’ ka; g, a + Q) - (3.13)

The chagesg,, ;) referto the quarkchagesin the final [initial] state,likewise
q4,14;) referto the respectre diquarkchages. The notationis somevhatsloppy,
sinceG9~%4 is amatrixthatdescribeshepropagatiorbetweerthedifferentchage
eigenstate®f quarkanddiquark. Therefore,eq. (3.13)is to be understoodor
eac matrix elemenbf G994,

Wewill shav thatgaugingG94—4¢ leadsto aG* thatfulfills theWard-Takahashi
identity (3.13). First, we fix somenotationfor the basicquarkanddiquarkver-
tices. Defining —(S—1)* = ['# to be the quark-photorvertex, we find for the
gaugedquarkpropagatar

SH(kg; pg) = S(kq) Tt S(pg) - (3.14)
The Ward-Takahashidentity for it reads
Q"S"(kg; pg) = a4 (S(ky — Q) — S(pg + Q)) - (3.15)

In the samemannerwe gaugethe diquark propagatargiven by eq. (2.67), and
write its Ward-Takahashidentity as

D*(kg;pa) = D(kq) T, D(pa) (3.16)
_ (D) 0 e, 0 \(Dla) 0

= (707 o) (0 i) (07 0%0)

Q"D*(ksipa) = (qgc q()) (D(ks = Q) = D(pa+Q)) , (317)

wherewe have introducedthe photonvertex with the scalardiquark,I'’”, andthe
vertex with the axialvector diquark, T'»2#. For the gaugedfree quark-diquark
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propagatomwe obtainafterapplyingLeibniz’ rule,
(G = GErg G, (3.18)
I = D' +S'TY . (3.19)

The rules2 and 3 cannow be appliedto the inhoma@eneousquark-diquark
Bethe-Salpeteequationin orderto find G+,

G = GiTY 4 G KBS e (3.20)
After simplealgebraicnanipulationsisingthe above equatiorwe find

Gh o= (GIYay 4 (Gg—dq KBS Gq—dQ)“ , (3.21)
= GUY (T + (KP)*) Ga9a. (3.22)

Sincethe Ward-Takahashidentitiesfor the free diquarkandquarkverticeshold,
egs.(3.15,3.17)a Ward-Takahashidentity for I'j followstrivially. Now we con-
sider:if thefollowing identity for (KB5)* holds,

QKB (ky, ka; Pys pa) =
qquBS<kq - Q> kd;pq;pd) + qdeBS(kqa kd - Q;pqupd) -
04 K% (k g, ka; g + Q. pa) — 4, K5 (kg ka; pgy Pa + Q) (3.23)

thentheidentity
Q" (Tg + (K™)") =
g, (G kg, ka; g + Q, pa) + ¢4, (G (ky, ka; s pa + Q) —
G, (G kg — Q, ka; Pg, Pa) — a, (G4 (kg, ka — Q3 pg,pa) (3.24)

is valid, ascanbe inferredfrom eq. (3.22)and (G4-49)~! = (GI 99~ — KPS,
eg. (2.70). The Ward-Takahashidentity for G* itself, eq. (3.13),follows imme-
diatelyafterleft andright multiplicationwith G4-49. Indeed eq.(3.23)whichwe
will call the Ward-Takahashidentity for the quark exchangekernelis derved
from a Ward-Takahashiidentity? for (G3 91KBSGI 99y and egs. (3.15,3.17).
Thereforewe have establisheeq.(3.13).

Matrix element®f thecurrentbetweerboundstatesareobtainedrom theex-
pressiorfor G*, eq.(3.22). Thefull quark-diquarkpropagatarwhich sandwiches

1Asfor G949, thekernel KBS hasnotexactly theform asgivenin eq.(2.72)butis ratherwrit-
tenasa larger matrix describingthe quarkexchangebetweerall chage eigenstateombinations
of quarkanddiquark.

2Any perturbatve graphwith externallegs and an external photoncanbe shown to fulfill a
correspondinVard-Takahashidentity.
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thefull vertex I'y + (KB%)#, canbe approximatedt the nucleonboundstatepole
by

U (iP — M,) ¥

Ga—da
P2+ M2

+ regular terms (3.25)

aswill be shavn in the beginning of section3.1.3. Insertedinto eq. (3.22), we
find for the currentmatrix element(the residuetermof theleadingpole)

(Py| J* |P) =Wy (T + (KP%)") ;. (3.26)

This expressiondescribeshow to obtain bound statematrix elementsfrom its
Bethe-Salpetewave functionandis usuallyreferredto asMandelstams formal-
ism[63] althoughin the original paperonly contritutionsin impulseapproxima-
tion have beendiscussed.

Whencontractingeq.(3.26)with Q*, we canusethe Ward-Takahashidentity
(3.24). Currentconseration, Q*(Py| J" |P;) = 0, follows immediatelyupon
usingthe Bethe-Salpeteegquations

(G4 = (Gt =0. (3.27)

We have arrivedatanimportantpointin this chapter The nucleoncurrentdefined
in eq.(3.26)aboveis consered. To guarantegaugenvariancewe mustinclude
in the definitionof the currentoperatorthe gaugedBethe-Salpetekernel (K 55)#
besideghe photoncouplingto the free propagators™. Thelattercontributionis
commonlyreferredto asthe impulseapproximation Incidentally the necessity
of including currentcontributionsfrom the Bethe-Salpetekernelfor a gaugein-
variantmatrix elementwasfirst discussedn ref. [74] in a deuteronboundstate
equationwherethebindingis providedby mesonexchange.

Weturnnow to theconstructiorof explicit expressiongor thecurrentoperator
in impulseapproximationI'4, andthe gaugedckernel (K B5)~,

3.1.1 Impulse approximation

Let us specify the electromagnetiwerticesof the basicconstituentsquarkand
diquark. For the quark-photorvertex, we employ the perturbatve expressionas
themodelpropagatoin eq.(2.64)is thetree-level one,

[ = —igy" . (3.28)

Of courseit satisfieghecorrespondingVardidentity (3.15).
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Figure 3.1: Resoled vertices: photon-scaladiquark, photon-axialector diquarkand
anomalouscalaraxialvectordiquarktransition.

Thediquarkpropagatoraretheonesof afreespin-Oandspin-1particle there-
fore we alsoemploy the correspondingree vertices

re« 0
FSq = < 0 Fé&;}zﬂ) ’ (329)
F?c = —Qsc (kd +pd)“ 3 (330)
D = qua (= (pat ka)* 87 + (0 — € K§) 0% + (k] — € pf)) 0"+
K (QF 6h — Q@ 5vP)) (3.31)

As the spin-1vertex is not necessariljtextbook material, we refer to ref. [75]
for its derivation. The constants which appearsn eq.(3.31) denotesa possible
anomalousnagnetianomentof theaxialvectordiquark. We obtainits valuefrom
acalculationfor vanishingmomentuntransfer(Q? = 0) in which the quarksub-
structureof the diquarksis resoled, i.e. in which a (soft) photoncouplesto the
guarkswithin the diquarks,cf. the secondgraphin figure 3.1. The calculationof
k is providedin appendixB.1.1. Althoughthe parameterpresentedn table2.8
differ for thetwo sets especiallythediquarkwidth parametei, we obtainin both
cases: = 1.0 (cf. tableB.1in appendixB.1.1). This might seemunderstandable
from nonrelatvistic intuition: the magneticmomentsof two quarkswith chages
¢; andg, addup to (¢; + ¢2)/m,, the magneticmomentof the axialvector di-
quarkis (1 + k)(q1 + ¢2)/ma, andif the axialvectordiquarkis weakly bound,
Maz 2 2my,, thenk = 1.

As alreadymentionedthereis onecontritutionto thecurrentwhich cannotbe
obtainedby the gaugingmethod: photon-induceganomalou$ transitionsfrom a
scalarto axialvectordiquarkandviceversa Thecorrespondingertex describing

3If the productof the parity eigervaluesr; of the threeparticlesat somevertex thatdescribes
their interactionis (—1) we call the vertex anomalous For the scalaraxialvectortransitionswe
haver, = 7. = —ma, = 1, thusthecorrespondingertex is anomalous.
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thetransitionfrom axialvector(with index ) to scalardiquarkmusthave theform

- . Rsa
P4l = iy €7 (pa + k)’ Q™ (3.32)

n

andthatfor thereversetransitionfrom anscalarto axialvector(index «) is given
by,

TU = iy P pat k' Q (3.33)
Thetensorstructureof theseanomalousliagramss derivedin appendixB.1.1by
resolvingthe diquarksin away asrepresentedy theright diagramin figure 3.1.
Theexplicit factor1/M,, wasintroducedto isolatea dimensionlesgonstant,.
Its valueis obtainedroughlyasx,, ~ 2.1 (with the next digit dependingon the
parameteset,cf. tableB.1). Sincethe only possibletransitionfor nucleonsn-
volvesthe scalar(ud) diquarkandthe axialvector [ud] diquark,thereis only a
constantchage (or flavor) factorin eqs.(3.32,3.33).1t is (¢4 — qu)/2 = —1/2.
We seeimmediatelythat nucleoncurrentcontributions using theseverticesare
trans\ersalandthusdo not affect currentconseration.

The currentoperatorassociatedavith theanomalougransitionsreads

UpTh o Wi = wpg ()™ + (J5)™7) (3.34)
= wyg (T T*) 0 STW\ [ ¥ .(3.35)
S-iTwe 0 v

As for nucleonsonly the transitionbetweenscalar(ud) diquark and axialvec-
tor [ud] diquarkis possible,the flavor weight factor wy,q for the strengthof
the [ud] diguarkcorrelationsin the total axialvector correlationsis included,cf.
egs.(A.18,A.20).

To concludethis subsectionwe write down the explicit expressiondor the
protonand neutroncurrentmatrix elementsn the extendedimpulseapproxima-
tion,

i 1
p<Pf‘ JH ‘]_jz,)gﬂmp — <Ju>scfsc + g(JéLc)sc—sc + <JCILL:U>aX7aX i

q

[GVRIN )

J/J, sC—ax Ju >ax sc) ’ (336)

w|»—n°""§

(«
( Ju>sc sc __ Ju>ax ax __ <J£:>sc—sc+

q

(%) = Y2 (s () (3.37)

The superscriptsc-sc’ indicatesthat the currentoperatoris to be sandwiched
betweerscalamucleonamplitudedor boththefinal andtheinitial state.Lik ewise

Py I |PY =

~
=
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axial-
scalar vector.
= . =

Figure 3.2: Impulseapproximatecontritutionsto the electromagneticurrent. For the
scalaraxialvectortransition,a diagramanalogougo the third one (with initial andfinal
nucleonstatesnterchangedhasto becomputed.

‘sc-ax’ denotescurrentoperatorghatare sandwichedetweenscalaramplitudes
in thefinal andaxialvectoramplitudesn theinitial state,etc. As anexamplewe
give

<J5>ax7ax — g <D—1)aﬁ f*g Pl (f*g _ Fg/qq) (3.38)
§ A
- / (;lﬂ];ﬂ“(Pf’er (1=n)Q) (D™")* (k) I WP(P;, p) (3.39)

The weight factorsmultiplying the single matrix elementsarisefrom flavor al-
gebra: we have chosento definethe matrix elementsto be independenbf the
chage of the struckparticle,cf. eq.(3.38). The nucleonis decomposedhto its
chage eigenstatesf quarkanddiquarkasin eqgs.(A.18,A.20). Thenthe weight
factorsfor the matrix elementsare composef the weightfactorsof the chage
eigenstateandthe chage of the struckquarkor diquark.

We notethatthe axialvectoramplitudescontribute to the protoncurrentonly
in combinationwith diquarkcurrentcouplings.

For visualization,the diagramsof the extendedimpulse approximationare
showvnin figure 3.2.

3.1.2 Seagqulls

A matrix elementof the quark exchangekernel (betweenchage eigenstatesis
givenby

K3 = = foa X" (kg @) ST (q) X*(q, pg) (3.40)

cf. figure3.3. Thecorrespondindlavor factorwhich is unimportanin thefollow-
ing is givenby f,,. As in theactualsolutionsof the nucleonBethe-Salpeteequa-
tion we have assumedhatthe diquark-quarkverticesdependon just the relative
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Figure 3.3: Left panel: The quarkexchangekernel. Right panel: The seagullvertices.
The chagesbelongingto the incomingand outgoingparticlesare enclosedn braclets,
theotherlabelsdenotetheir momenta.

momentumbetweenthe two “participating” quarks,x*(k,p) — x*((k — p)/2).
Gaugingthekernelleadsto threeterms,

(Ko )" = = foa (M) ST X"+ X" (S)T X" +x" ST (M*)] . (3.41)

The gaugeddiquark-quarkverticesy® and y* arecalled (M?)* and (M*)*, re-
spectvely. Thesearethe seagullverticesmentionedn the beginningof the chap-
ter.

The Ward-Takahashidentity (3.23) which leadsto a consered nucleoncur-
rent constrainghe longitudinal part of the seagullvertices. Contracting(3.41)
with Q*, insertingon the left handsideeq. (3.23)andusingthe Ward-Takahashi
identity (3.15)for the gaugedexchangedjuarkon theright handside,we find

QM (M) (parps) = da [X*(Pa— Q,18) — X*(Pa,pp)] +

a8 [X"(Pas g — Q) — X" (Pas P3)] (3.42)
(with  pg+ Q = pa +ps) »
QU (M) (payps) = —da [X*(Pa+ Q. 15) — X*(Pas D3] —
98 [X*(Papp + Q) — X*(Pa, Ps)] (3.43)

(with  pg — Q = pa +Dps) -

The notationis explainedin the right panelof figure 3.3. Of course,suchcon-
straintsdo notfix theseagullverticescompletely We choosea form which solves
for this constraintandis regularin thelimit @ — 0. With p = (p, — pg)/2 the
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verticesread

(Y0, Q) = o (= Q/2) — ') +

15 LD Q) ) s R4
(V0. Qi0s3) = —t0 D ol +.Q/2) — x* (o)) +

45 LD - @f2) - )] - (349)

In thelimit @ — 0 they simplify to

1 dx*®
M*H(p, 0; g, = —=(¢o — " , 3.46
(M*)*(p, 0; qa, qp) 5 (4= as) p i (3.46)
. 1 dx°
(M*)"(p,0;qa,q8) = —§(qa—qﬁ)p" 17 (3.47)

We addasa sideremarkthattheseseagulltermswerederiveda little bit dif-
ferentlyin ref. [23]. Therethe Ward-Takahashidentity for the matrix element
(0| TqqqqJ* |0) hasbeenconsidered. Using the separableansatzfor the two-
quarkcorrelations,eq. (2.43), for expressiondike (0| T¢q3q |0}, the constraints
(3.42,3.43have beenderived underthe assumptiorthatthe photon-diquarkver
tices containno quarkloop, i.e. they aregiven by the perturbatve expressions
(3.30,3.31).However, in thelimit ) — 0 the seagullsmusthave the form asin
eqs.(3.46,3.47) asherethe Ward-Takahashidentitiesreduceto the (differential)
Ward identitieswhich fix the verticescompletely In this kinematicalsituationa
dressingguarkloop in the photon-diquarkverticesmustyield thediquarkchage
(for anon-shelldiquark).

Furthermorewne notethat seagullverticesof a similar kind werefirst consid-
eredin ref.[76]. Theauthordiscussesxtendedmeson-baryorerticesandderives
meson-baryon-photoverticesfrom a Lagrangianpoint of view by applyingthe
minimal substitutiorrule.

For completeneswe givetheexplicit expressiongor theseagullandexchange
guarkcontributionsthatareobtainedvhenrecombininghe quark-diquarkchage
eigenstateso the correctnucleonflavor state. The symbolic matrix multiplica-
tions are to be understoodas accompaniedy an integration over the relative
quark-diquarkmomentain the initial and final states,respectiely, and a sum-
mationover Dirac andLorentzindices. First we write down the currenttermfor
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the protonthatcorresponds$o thediagramin thelowerright of figure 3.4,

< Jfg > proton

KU

59,58

K

5g,5a

KU

$g,as

w
sg,aa

K* K* Iz

$9,as sg,aa

-3 (T ) (K Kb ., ) ( oo ) (3.48)
(M) (P, Q; qu, q4) ST (') X°(p2) ,

1
—5\/5 (MPYM (1, Q; 3qu, 2¢u + q4) ST () X°(p2)

1 / N —o
—g\/?; (MY (D, Qs qu + 2qa, 20w + 44) ST (¢') X% (p2)

1

-3 (MPY(p), Q; qu + 244, 4y — q4) ST (¢') X*(p2)

to befollowedby the conjugatedseagulicontributionsasdepictedn thediagram
to thelower left in figure 3.4,

< Jéig ) proton

n
59,85

i
5g,sa

"
E,GS

o
59,00

—L (0 9 (KL, KE. s (3.49)
th_g,az; Kg_g,aa \II,B ’

X (p1) ST (q) (MP)*(py, Q3 4a, u) »
—%\/3 X2 (p1) ST (q) (M®)*(ph, Q; qa + 2, ¢u + 24a)

_%\/5 X*(p1) 8™ (q) (M®)" (P, Q: 2 + da, 3¢u)

1 _
-3 X?(p1) ST (q) (M®)*(ph, Q; 4y — qas @u + 24a) ,

andto be completedfinally by the exchangequark contrikution, cf. the upper
diagramin figure 3.4,

< Jé;)proton

KU

ex,ss

K

ex,sa

KH*

ex,as

K*

exr,aa

-1 (¥ v*) ([ K:, Kb, V& (3.50)
Ke  KF e

ex,as ex,aq

1 X’ (p) S"(@) ()" 5" (¢) X (p2)
~5V3 Cu+40) X (00) () (1) S7(0) X°(02)

V3 200+ 00) X (p0) S70) (T4)” S7(d) ()

_% (4 — ) X*(p1) ST (q) (T%)" ST(¢') X*(p2) -

Therespectre contributionsto the neutroncurrentareobtainedby interchanging
thechagesof theu andd quarks,g, < ¢4. Therelatve momentan thediquark-
quarkverticesandseagullsareaccordingo figure3.4:p, = k, — ¢, p} =k, — ¢,

P2 = ¢ — pgandpl, = q — p,.
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Figure 3.4: Exchangeguarkandseagulldiagrams.

Thenucleoncurrentoperatolis now complete We recapitulatehatthecurrent
matrix elements written as,

(Py| J* |P) = Wy Tho Wy = Wy (Tf + Tl + (K°)F) ¥, (3.51)
includingall the discusse@lementsTheimpulseapproximatioroperatorlyy in-
volvesthecouplingsto quarkanddiquark,cf. egs.(3.19,3.28-3.31)Theextended
impulseapproximatiorcomprisesadditionallytheanomalougransitionsbetween
scalarandaxialvectordiquarks. Their operatorTX, _. _ is givenin eq.(3.35). Fi-
nally we have discussedhe couplingto theexchangeguarkkernel,( K8%)#, in the
lastsubsection.

3.1.3 Normalization of the Bethe-Salpeterwave function and
the nucleoncharges

A boundstateBethe-Salpetezquationis ahomogeneoumtegral equationthere-
fore its solutionsneedsubsequenhormalization. The canonicalnormalization
conditionis derived by demandinghat the boundstatecontritutesa pole to the
full two-body propagatomwith residuel. As the nucleonsarespin-1/2particles,
we demandhat nearthe nucleonpole the full quark-diquarkpropagatobehaes
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like afreefermionpropagatar

P - M,

Uy Ug

S(P) = P2 T Mg = (—2Mn) - m = (352)
_ ! (‘I’ug) (ﬂa‘il)
(Gq dq)pole == (—2MH)W (353)

Now we write the inhomogeneouethe-Salpeteequation(2.70) for the full
guark-diquarkpropagatoin theform

G = GOl (G ) — KPS ) g (3.54)
andinsertthe poleform (3.53)on both sidesto find the condition
) o (Ggqu)q _ KBS ! 1
1 = U,V Yy, = — : :
P2%HIlM,,2L Ug P2 1 M,?L Uy 2Mn (3 55)

Summingover spins,applyingl’H dspital’s rule andwriting the resultcovariantly
yieldsthefinal normalizationcondition

- 0 |
L q—dqy—1 __ BS =
Tr ¥ [P P ((GO ) K )]P_anf 1, (3.56)

2M,

whereP,, denoteghe on-shellnucleonmomentum.

Ontheotherhand theelectricform factorG g is normalizedo yield the phys-
ical nucleonchagesin the soft limit, ) — 0. Usingeq.(3.8) thatextractsG g
from the currentmatrix elementand eq. (3.26) for the definition of the current
operatot we find anothercondition,

1
oM,

Tr O (T4 4+ (KPS)") @ = gy (3.57)

In fact, the two conditions(3.56,3.57)are equivalentfor the protonwhich has
non-zerochage gy . In theliterature,a proof of this statementanbefound[77]
wherethe authorstreatthe caseof one interactionchanneland the momentum
partitioning fixed by » = 1/2. Crucial for their proof is the differential form
of the Ward-Takahashidentity for the gaugedfull 2-particle propagatomvhich
correspond#n our caseto the gaugedquark-diquarkpropagatareq.(3.13). The
proofis easilyaccomodatefbr our purposesndhereit comes.

In ournotationfor thefull quark-diquarkpropagatomdicatingall four particle
momenta,G1~(k,, k4; py, pa), the momentaare not independent.We employ

4As the scalarto-axialvectortransitionsaretrans\ersal,they do not contritute to the nucleon
chages.
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thereforethe equivalentnotationG~-%4(k, p; P) with P = k, + k4 = p, + ps and
p, k beingtherelative momenta Our usualcorventionshold:

kolpg =nP +k[p], kalpsl = (1 —n)P —k[p] . (3.58)

For the gaugedpropagatoiG* (k,, kq4; py, pa) the four momentaareindependent,
andherewe define

Pr=pg+pa, Pi=ky+ka. (3.59)
The Ward-Takahashidentity (3.13)cannow beformulatedas

(Pr—P)'G" = (3.60)
G, Gk — (1 = 0)(Pr = B),p; P)) + 4, G (k + n(P; — P,),p; Pi) —
4G4k, p+ (1 —n)(Pr — P); Py) — 4a, Gk, p — n(Ps — P,); Py) .

As we remarled earliet thisidentity holdsfor eachmatrix elementof G974 that
connectsinitial and final chage eigenstate®f the quark-diquarksystem. We
differentiatebothsideswith respecto P;‘ andsubsequentlpssumehesoftlimit,
P, = Py =: P,tofind

OGa—dq
oprw

Ga—da HGa—da
(nga; — (1 — H)qu)w(kjp; P) + (ngq, — (1 - ﬂ)qu)Tpu(/fap; P).

G" = —(¢4 + a:) (k,p; P) + (3.61)

Sincegq,, + g4, = 1 (protonchage) for all the matrix elementsof G4749, we
employ for thefirst termontheright handside

% [Gqqu<Gqqu)fl} = 0 =
q—dq q—dq)—1
agpﬂ - _Gq—dqia(GaPM) Gida . (3.62)

Ontheotherhand,we canuseeq.(3.22)for G* ontheleft handsideof eq.(3.61).
Thereforewe obtain

Ga—da (Fg + (KBS)M) Ga-dd — _a—dq a(Gaql_::)—le_dq +
0Ga—da 0Ga—da
(nqa, — (1 — U)qu)w + (nga, — (1 — n)qqZ')Tp“ : (3.63)

Nearthe boundstatethe full quark-diquarkpropagatocanbewrittenin the pole
form of eq. (3.53). We seethat the first termson the left and right handside
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of eq.(3.63)have adoublepoleat P? = — M2, whereaghe remainingtermscan
only contrituteasinglepole. Fortunatelythesedropoutwhencomparingesidues
andwe areleft with

d(Gada)-1
opv

Uy Yy = 0,0 (Th + (K°5)) Tu, . (3.64)

Puttingo = o', performingthe spin summationand contractingwith P*, we
indeedfind the equality of the canonicalnormalizationcondition (3.56) andthe
chage normalizationcondition (3.57). Also the neutronhasthe correctchage:
Althoughtheoverallnormalizationcannotbefixedin this casegq.(3.61)guaran-
teesthatits electricform factoris zeroin the softlimit sinceg,, + ¢4, = 0 for all

quark-diquarkchannels.

It is possibleto prove theequialenceof egs.(3.56,3.57)without explicitly re-
curringto theWard-Takahashidentity (3.13). Theproofis slightly moretechnical
andfor the scalardiquarksectorof themodelit is describedn ref. [23].

3.1.4 Summary

In conclusionwe wantto emphasizehe power of the generalWard-Takahashi
identity for thefull quark-diquarkpropagatareq.(3.13). Its implicationsallowed
usto derive (i) conseration of the nucleoncurrent,(i¢) constrainton the longi-
tudinal partof all contributing graphs,notably of the irreduciblequark-diquark-
photonvertices(seagullspndfinally (ii7) theequialenceof thecanonicakndthe
chage normalizationcondition. It is interestingto notethatactuallycurrentcon-
senationholdsfor ead singlediagramdepictedin figures3.2and3.4. This has
beenprovedin ref. [62] by usingjust thetransformatiompropertieof therespec-
tive matrix elementsindertime reversalandparity. But aswe know, gaugeanvari-
anceprovidesmore informationthanconsered currentmatrix elementon-shell.
This additionalinformationis manifestin the (off-shell) Ward-Takahashidenti-
tiesandit is certainlywrongto restrictoneselfto assorteccurrentcontributions
sinceat leastthe correctnucleonchagescannotbe obtainedn general.Thisis a
shortcomingof a quark-diquarkmodelinvestigatedn refs.[78, 79]. Theauthors
employ parametrizechucleonFaddeg amplitudesand calculateform factorsin
ageneralizedmpulseapproximatiorwhich, besidesontainingovercountedon-
tributions[73], doesnot respecta Ward-Takahashidentity like eq. (3.13). The
immediateconsequencéurnedout to be that the correctnucleonchageshave
beenobtainedonly for a specialchoiceof parameters.
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3.2 Numerical calculations

Beforewe presenthe resultsfor the nucleonelectricandmagneticform factors,
we will discussshortly the numericalmethod.As we have calculatedthe Bethe-
Salpetewavefunctions¥ in therestframeof thenucleonwe haveto discusgheir
boostingto a moving frame. Therebywe will find thatanaccuratedescriptionof

theboostedvave functionis linkedto theaccurag of its Chebyshe expansionn

therestframe. Sincethevertex function® show bettercorvergencen the Cheby-
sher expansionjt would bedesirableo used insteadof thewave function¥. We
find that this is feasibleonly for the diagramsof the extendedimpulseapproxi-
mationbut thatdueto their singularity structurethe diagramsevaluatedwith the
vertex function acquireadditionalresiduecontributionsin a certainkinematical
region. In this region the (Euclidean)vertex function @ is not connectedo the
(Euclideanwave function ¥ by simply cuttingquarkanddiquarklegsoff W.

3.2.1 Numerical method

Thenumericalcomputatiorof theform factorsis donein the Breit framewhere

Q" = (Q,0),
P! = (-Q/2,iwg) , (3.65)
Py = (Q/2,iwq) ,

Pt =(Pi+ P;)/2 = (0,iwg),

with wg = /M2 + Q°/4.

The total currentoperatoy eq. (3.51), employs the wave functions ¥ in the
initial andfinal state.Thesearedeterminedy the basiccovariantsandthe corre-
spondingscalarfunctionsS;(p%, z = p-P,), A;(p?, z = p-B,), cf. eq.(2.129).We
recallthatwe absorbedhe angular(z) dependencen the Chebyshe expansion,
eq.(2.136). In therestframe, P, = (0,iM,), z isrealand|z| < 1, therefore
the expansionis alwayscornvergent. In the Breit framewe have the real relatve
momentain the initial state,p, andthe final state,k, which areintegratedover.
Thereforethe angularvariablesz;, = k- P andz, = p- P arerealandnot larger
thanl. Theangularvariablesthatentertheinitial andfinal statewave functions
asanargumentare,however,

_pb = Yo, el
z=p-P, = anp 2MpQ (3.66)
p e 1000
=k-Pr = an—|— 5 M, k-Q . (3.67)



3.2Numerical calculations

Thereforejn orderto usetherestframesolutions analyticalcontinuationto com-
plex valuesfor z; and z; is necessary This canbe justified for the bound-state
Bethe-Salpetewave functionsW. Thesecanbe expressedas vacuumexpecta-
tion valuesof local (quarkfield) andalmostlocal operatorgdiquarkfield) andwe
canresortto the domainof holomorphyof suchexpectationvaluesto continue
the relatve momentaof the bound-stateBethe-Salpetewave function ¥(p, P)
into the4-dimensionatomplex Euclideanspacenecessarjor the computatiorof
Breit-framematrix elementdrom restframe nucleonwave functions. The nec-
essaryanalyticity propertiesaremanifestin the expansionin termsof Chebyshe
polynomialswith complex alguments.

Thereis apracticalobstaclen theoutlinedprocedure As the maximumof the
squaredabsolutevalues)z; |2, = 1 + Q*/(4M?) riseswith increasingl?, we
encountecornvergenceproblemdor thecurrentmatrix elementsasthe Chebyshe
momentof higherordern becomemoreandmoreimportant(7;, is a polynomial
of degreen). Considerthe strengthsof the wave function Chebyshe moments
presentedn appendixA.3 (Setl). Thefourth Chebyshe momentof thedominat-
ing function S, is about7 % of the zerothmoment.With Ty(z) = 82* — 822 +1
onecanestimatethe critical Q2 for which contritutionsfrom 5S¢ arecomparable
to the onesfrom 5?2,

1SETy(20) lmax ~ |90 To(2f) lmax = = Q% ~ 1.4 GeV?. (3.68)

As aconsequencehegrid sizein theangularntegrationshasto beincreasede-
yondthis valueof Q? becausé¢he higherChebyshe polynomialsintroducerapid
oscillationsin the integrand. Sincethe Chebyshe momentsof the vertex func-
tion corverge muchmorerapidly ( |S}|max = 0.01|S?|max for Setll), it would be
desirableio use® insteadof ¥ in theexpressiongor thecurrent,eq.(3.51). Hav-
ingv = Gg—dq ®, thefreequarkanddiquarkpropagatorsvith the corresponding
singularitiesareintroducedin the integrand. For suficiently small Q? theseare
outsidethe complex integrationdomain. For larger Q?, thesesingularitiesen-
ter the integrationdomain,therefore a propertreatmentof thesesingularitiesis
requiredwhenthey comeinto the domainof interest.

For theimpulseapproximatiorcontributionsto the form factorswe have been
ableto take the correspondingesiduesnto accountexplicitly in the integration.
Heretheintegrationis reducedo onefour-dimensionalntegral over eitherp or k
dueto theinherents-function of thefree quark-diquarkpropagatoGd . Being
technicallysomeavhatinvolved,we have placedthe matterinto appendixB.2. For
thesecontributions,onecancomparethe calculationswith boostedd and® and
verify numericallythatthey yield thesame uniqueresults(upto several@?). This
is demonstrateth appendixB.2.

For thecurrentcontritutionsfrom thegaugedethe-Salpeteternel,cf. figure
3.4, two four-dimensionalintegrationsover p and k arerequired. The comple
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singularitystructureof theintegranddid notallow asimilartreatmentisdescribed
in appendixB.2 for the diagramsof the impulseapproximation. Thereforewe
have resortedo employ theboostedvave functionsW. As aresult,thenumerical
uncertainty(for thesediagramsonly) exceededhe level of afew percentbeyond
momentuntransfersof 2.5GeV2. Dueto this limitation (which could be avoided
by increasingsimply the usedcomputertime) theform factorresultspresentedn
section3.2.2arerestrictedto theregion of momentuntransferdelov 2.5Ge\~.
In additionto theaforementionedomplicationsthereis anotheboundonthe
valueof ()2 above which the exchangeandseagulldiagramscannotbe evaluated.
It is dueto the singularitiesin the diquark-quarkverticesy®*! (p;) andin the ex-
changeguarkpropagatarTherationaln-poleformsof thediquark-quarkvertices,
Vi—pole(D?) = (A2 /(A2 + p?))" for exampleyield thefollowing upperbound,

Q* < 4 i—Mﬁ (3.69)
(1—3n)? ") '

A free constituentpropagatorfor the exchangequark givesthe additional con-

straint,

m2
P4 —Lt s —-M2) . 3.70
@< g - &0
It turns out, however, that theseboundson @? are insignificantfor the model
parameteremployedin the calculationgdescribecdherein.

3.2.2 Results

For the scalardiquark sector we have presentedesultsfor the nucleonelectric
form factors,radii and magneticmomentsalreadyin section2.5.2. Therewe
found a good descriptionof both the proton and neutronelectric form factos
whereaghe magneticmomentsturnedout to be lessthanhalf of the respectie
experimentalvalue. We attributedthis failure to the absenceof axialvector di-
guarks(which carry spinandthereforecontribute to the spin-flip currents)andto
the high constituenguarkmassemployedfor the solutions.Furthermorehereis
a substantiatontrikbution to the electricform factorsby the exchangequarkand
the seagulldiagramg23] with the latter beingof the orderof 30 %. We attribute
thisfindingto therelatively smalldiquarkwidth in momentunspaceandthequite
sizeablenucleonbindingenepgy (whichis around300MeV for the parametesets
from table2.5).

We turn now to theform factorsfor thetwo parametesetsof table2.8 which
include axialvectordiquark correlations. First we want to judgethe strengthof
the axialvector correlationswithin the nucleonby evaluatingthe contributions
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Figure 3.5: Electric form factorsof both nucleonsfor the parametesetsof table 2.8.
Experimentabatafor the protonis takenfrom [60]. Theolderneutrondataanalysig61]
containsmore systematiauncertaintiegdueto specificnucleon-nucleomotentials)than
themorerecentdatafrom [80, 81].

of U5 and ¥* to the norm integral, eq. (3.56). The strengthof the axialvector
correlationsis ratherweakfor Setll, sincethe scalardiquark contributes92 %

to the norm integral of eq. (3.56) while the axialvector correlationsand scalaf

axialvectortransitiontermstogethergive rise only to the remaining8 % for this

set.Scalardiquarkcontributionsareterms~ ¥5¥°, axialvectorcontrikutionsare
~ UHI¥ andthe transitiontermsaccountfor the two crossterms. For Setl, the

fraction of the scalarcorrelationss reducedo 66 %, the axialvectorcorrelations
arethereforeexpectedo influencenucleonpropertiesnorestronglyfor Setl than
for Setill.

The resultsfor the nucleonelectricform factorsare presentedn figure 3.5.
For the two setswe showv herethe sumof all diagramsformedby the extended
impulseapproximatiorandthe exchangekernelgraphs.In table3.1we have col-
lected the correspondingadii.> The phenomenologicatlipole behaior of the
proton G g is well reproducedoy both parametessets. In the neutroncase,the
slopeat the soft point andthe generalbehaior arewell accountedor although
the datapoints of ref. [61] have to be interpretedwith caresinceherethe elec-
tric form factor hasbeenextractedfrom electron-deuteroscatteringdatausing
specificnucleon-nucleorpotentials. Datafrom more recentexperimentswhich

°A radiusr correspondingo aform factorF” is definedby 1% = —6 75| g2=0/ F(0) if F(0)
is non-zero.For the neutronelectricchage radius,the quotient'(0) is simply omitted.
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Setl  Setll experiment

r)e  [m] 088 0.81 0.836+0.013
)a  [fm? —0.12 —0.10 —0.113+ 0.007
Jmeg [fM]  0.84 0.83 0.843+0.013
Jmag [fM]  0.84 0.83  0.840+ 0.042

Table 3.1: Nucleonelectricandmagneticradii for the two parametesetscomparedo
the experimentalaluesfrom [82] (for (r2).) and[60] (for the remainingradii).

largely avoid thismodeldependencarestill rare.Ourresultslie hereatthelower
experimentabound.

In figure 3.6 we evaluatethe contributionsfrom the singlediagramdor Setl.
For the notationof the singlecurrentmatrix elementsve referto eqgs.(3.36,3.37)
and(3.48-3.50) As canbe seenthe overall behaior of theimpulseapproxima-
tion diagramsis closeto the total form factor Clearly the onessandwichede-
tweenthe scalamucleoncorrelationgstraightthin line) dominateover the matrix
elementf theaxialvectorcorrelationgdashedhin line). Seagullsandexchange
quarkrepresenjust a correctionbelov 10 % but are neverthelessmportantto
guarantedhe correctbehaior for @ — 0. On the otherside, the neutronelec-
tric form factoris muchmoresensitie to the behaior of the singlediagramsas
it arisesasa resultof delicatecancellations.Especiallywe wantto point to the
contributionfrom theimpulseapproximatiorgraphswhich areproportionalto the
nucleonaxialvectorcorrelationsn theinitial andfinal statesj.e. tothematrix ele-
ments(.J/)>~** and(.J; )*~** (dashedhin line): At Q* = 0, they addpositively
to the neutronchaige but for increasingQ? their contribution quickly drops. As
a consequencestrongeraxialvectorcorrelationgendto suppresshe peakin the
form factorwhich thedatasuggesto belocatedatQ? = 0.2...0.5 Ge\2. Again,
theseagullsandthe exchangequarkgraphprovide for the correctneutronchage.

Theresultsfor the protonmagneticform factorareshowvn in figure 3.7. Cor-
respondinglywe have collectedthe singlediagramcontributionsto the magnetic
momenty = G(0) in table3.2. There,the influenceof two parameterss vis-
ible. First, in contrastto non-relatvistic constituentmodels,the dependencef
the proton magneticmomenton the ratio A, /m, is strongerthanlinear As a
result,the quarkimpulsecontritution to y, with the scalardiquarkbeingspecta-
tor, which is the dominantone, yields aboutthe samefor both sets,eventhough
the correspondingiucleonamplitudesof Setl contribute about25 % lessto the
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Figure 3.6: Contritutionsof the singlediagramgo the nucleonelectricform factorsfor
Setl. They areobtainedby applyingeq.(3.8) to thecurrentmatrix elements.

G,, — Proton G,, — Proton
Set | Set Il
3 3
o Hoehler et al., NPB 114 (1976), 505] o Hoehler et al., NPB 114 (1976), 505
25 ) — 25 ’ —
— all diagrams all diagrams
2 SC-SC 2 SC-SC
» e — <3 | ol = — <35 |
. u _ax-ax = W _ax-ax
————— <qu> § - <qu>
=15l R 371/2(<J;>scfax+<~]:s>axfsc) | =15 § R 37112(<Jsua>scfax+<‘]aus>axfsc) |
ko3

0.5

0 0.5 1, ,15 2 25
Q [GeV']

Figure 3.7: The protonmagneticform factorfor Setl andll alongwith the dominat-
ing contritutions from the impulseapproximation. Experimentaldataare provided by
ref. [60].
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Setl Setll experiment

(Jhyse=e 1.35 1.33

(g 0.44 0.08
iy (Jeysemax o (Juyax—sc 043 0.24

(J&) 025 0.22

SUM 248 1.92 2.79
L SUM —-1.53 -1.35 -1.91
Wy + 14y, iSOScCalar 095 0.57 0.88
Wp — o ISOVECTOr 4.01 3.27 4.70

Table 3.2: Magneticmomentsof protonandneutron. The contritutionsfrom the indi-
catedcurrentmatrix elementsareto be understoodiscomingwith the appropriatelavor
factorscf. eq.(3.36).

normthanthoseof Setll. Secondlythe scalaraxialvectortransitionscontribute
equallystrong(Setl) or stronger(Setll) thanthe spinflip of the axialvectordi-

quarkitself. While for Setll (with wealer axialvectordiquarkcorrelations)the

magneticnomentsareabout30 % too small,the strongerdiquarkcorrelationsof

Setl yield anisovectorcontribution which is only 15% belov and an isoscalar
magneticanomentslightly above the phenomenologicalalue.

Strongeraxialvectordiquarkcorrelationsarefavorablefor largervaluesof the
magneticmomentsasexpected.If theisoscalaimagneticnomentis takenasan
indicationthatthoseof Setl aresomeavhattoostronghowever, acertainmismatch
with the isovectorcontribution remains,alsowith axialvectordiquarksincluded.
Looking at the left panelof figure 3.7, we notethat the axialvectordiquarkdia-
gram(dashedhin line) falls very slowly with increasing)? andeventuallycauses
aviolation of theobsenreddipoleshapeFor Setll, this effectis absendueto the
weaknes®f the axialvectorcorrelations.

We canaddanothenwist to the story by comparingour resultsto therecently
measuredatio y, G /Gy for the proton[69], cf. figure 3.8. Theratio obtained
from Setll with weakaxialvectorcorrelationdies above the experimentaldata,
andthatfor Setl below. Theexperimentabbsenationthatthisratio decreasesig-
nificantly with increasing)? (about40 % from Q% = 0 to 3.5 Ge\?), canbewell
reproducedvith axialvectordiquark correlationsof a certainstrengthincluded.
The reasonfor this is the following: The impulse-approximateghoton-diquark
couplingsyield contritutionsthattendto fall off slower with increasingQ? than
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Figure 3.8: Theratio (1, Gr)/G um comparedo thedatafrom ref. [69].

thoseof the quark. This is the casefor both, the electricandthe magneticform

factor If no axialvectordiquarkcorrelationsinside the nucleonare maintained,
however, the only diquarkcontribution to the electromagneticurrentarisesfrom

(JE )55, seeeqs.(3.36,3.37) Althoughthistermdoesprovide a substantiaton-

tribution to G', its respectie contrikution to G, is of the orderof 1073. This

reflectsthe factthat an on-shellscalardiquarkwould have no magneticmoment
at all, andthe small contribution to GG, may be interpretedas an off-shell ef-

fect. Consequentlytoo large a ratio i, Gr/G ) results,if only scalardiquarks
aremaintained23]. For Setll (with weakaxialvectorcorrelations)this effectis

still visible,althoughthescalarto-axialvectortransitionsalreadybendtheratioto-

wardslowervaluesatlarger@?. Thesdransitionsalmostexclusively contrikbuteto

G, andit thusfollowsthatthe strongeraxialvectorcorrelationsof Setl enhance
this effect. Justasfor the isoscalarmagneticmoment,the axialvector diquark
correlationsof Setl tendto be somavhattoo stronghereagain.

3.2.3 Conclusions

Thenumericalresultsfor theelectricform factorssupporthealreadyemphasized
importanceof usingthe Ward-Takahashidentitiesfor constructinga suitablecur-
rentoperator The correctvaluefor Gz(0) = ¢y, the nucleonchage, hasbeen
obtainedhotonly for thetwo parametesetsthathave beenpresentedherebut also
for a generalchoiceof parameterandof the momentumpartitioningn. Further
more,the protonandneutronelectricform factorsaredescribedrery well in the
diquark-quark-model.
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The strengthof axialvectorcorrelations?# within the nucleonturnsoutto be
constrainedy two obsenations:

e Theimpulseapproximationgraphsinvolving ¥# tendto suppresshe neu-
tron electricform factor This becomesffective only for strongercorrela-
tionsthanpresentedhere,though.

e Althoughlargeraxialvectorcorrelationsarefavorablefor the magnetiamo-
mentsasexpectedtheratio y, Gr /G, providestight bounds.As aresult,
U+ shouldcontributeto the nucleonnormaround20 %.

As hasbeenmentioneda considerablemprovementin the descriptionof the nu-
cleonmagnetianomentshasbeenachiezedcomparedo thescalardiquarksector
Theanomaloudransitionshetweerscalarandaxialvectordiquarkarein this con-
nectionequally importantas the contributions of the axialvector diquark itself.
We herebyconfirmthe conjecturérom ref. [41] wherethe nucleonmagnetiano-
mentshave beenascertainedh a simpleadditive diquark-quarkpictureincluding
scalarandaxialvectordiquark.

Neverthelessthe isovector magneticmomentsare still too small by about
15 %. We discusswo possibilitiesthatmight accountor the mismatch.

e As we will seein the next chapteron the pionic andthe axial form factor
of the nucleon,vectordiquarksneedto be includedin the parametrization
of the two-quarkcorrelationson theoreticalgrounds. Although their con-
tributionsto the nucleonbinding enegy are expectedto be negligible, cf.
the discussionin the beginning of section2.2, the photoncoupling of the
vectordiquarkscould be strongenoughto compensat¢he underestimated
magnetionoments.

e Thetree-level form of the employed quarkanddiquarkpropagatorss cer
tainly too naive an assumption.As an example,a non-trivial quark prop-
agatorwould leadto someeffective anomalousmagneticmomentof the
(constituentguarkvia the associatedhon-trivial quark-photorvertex. The
effect of the latterwould bevisible, e.g., in anenhanceanagneticnoment
contribution of the quarkimpulseapproximatiordiagram.In chapters we
will thereforediscusssomeaspect®f a dressedjuarkpropagatoandem-
ploy an especiallysimple parametrizatior(which avoids the free-particle
threshold)in calculationsof the octet-decuplespectrumand of form fac-
tors.



Chapter 4

Strong and Axial Form Factors

In this chaptemwve will investigatethe pion-nucleorform factorasanexampleof
astrongform factorandtheisovectoraxial form factorwhich is of interestin the
descriptionof nucleonweakinteractionsln thefirst casewe areinterestedn the
matrix elementsof a pseudoscalacurrentoperatorJ¢ andin the secondcaseit
is the pseudweectorf currentoperator.Js* whosematrix elementsarethe object
underscrutiry. The superscriptaz labelsthe componentof the isovectortriplet
which bothcurrentoperatorselongto.

If the squaredmomentumtransferis equalto the pion mass,Q? = —m2,
thenthe pseudoscalamatrix elements entirely determinedoy the pion-nucleon
couplingconstanty, xy ; Which is accessiblexperimentally Thereappeargo be
no experimentallyfeasiblescatteringprocessvhichis dominatedoy one-pionex-
changesuchthat the form factor could be determinedaway from the pion mass
shell. Thereforecorrespondingheoreticalesultsfrom microscopicucleonmod-
elssuchasthediquark-quarkmodelonly sene asaguidelinefor effective nucleon
potentialmodelswhich incorporateone-pionexchange.

The matrix elementof the pseudeectorcurrentat Q? = 0 is determinedoy
the 5 decayandthe correspondingveakdecayor axial couplingconstantg, is
known quiteaccurately. For spacelile Q?, theform factormaybe determinedy
neutrino-deuteroscattering[85] but theseexperimentsare difficult to perform.
Thustheaxial structureof thenucleonis known far lesspreciselythanits electro-
magneticstructure.

As it is well-known, theseseeminglyunrelatedconstantsy, and g,yn are
linked with eachother by the famousGoldbeger-Treimanrelation, seebelow.
It canbe derived from the assumptiorof chiral symmetryof an underlyingLa-

lwe resenethelabelpseudeectorfor theexternalcurrentsto distinguishthemfrom axialvec-
tor diquarks.Both objectshave of coursethe samelorentzandparity transformatiorproperties.

2Althoughin 1959the constantvasassumedo be known preciseenoughgaligse = 1.17 +
0.02, it is quite differentfrom the presentlyknown value,g 4 |2000 = 1.267 + 0.0035 [83, 84].
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grangianwhich conseresthe pseudwectorcurrent. Additionally it is assumed
that this chiral symmetryis spontaneouslyroken and pions appearas mass-
less Goldstonebosons. Now the physical pion is massve, albeit its massis
small, so chiral symmetryis explicitly broken andthe pseudoectorcurrentcan
beonly partially consered (PCAC hypothesis However, it canbeshowvn thatthe
GoldbegerTreimanrelationis still valid undertheassumptiorthattheaxialform
factoris slowly varyingin thevicinity of Q? = 0. Furthermorethe Goldbeger
Treimanrelationholdsexperimentallyon the five per centaccurag level which,
amongotherobsenations,lendssupportto the conceptof spontaneouslproken
chiral symmetryandthepartially consered pseudoectorcurrent.

We tried to shaw by theseintroductoryagumentshatthe pion-nucleoncou-
pling constanandtheweakdecayconstantrerelatedwith eachotherin amodel
independentvay. Therebywe imply that if one were to start with a chirally
symmetricquark theory one shouldalwaysrecover the GoldbegerTreimanre-
lation for the nucleon similar to the caseof electromagnetiinteractionswhere
the nucleonchagesshouldalwayscomeout correctly Again similarto theelec-
tromagneticcase thereare powerful chiral Ward identitieswhich constrainthe
pseudw@ectorcurrentvertices.

Unfortunatelywe will notbe ableto complywith the demandof a consered
pseudwoector currentandto actually derive the GoldbegerTreimanrelationin
the diquark-quarkmodelin its presentform. As will becomeclearin section
4.1,vectordiquarkcorrelationsareinevitably neededo consere the pseudoec-
tor current. Theseareneglectedin our model,for their influenceon the binding
enegy is assumedo be smallandthey introducesix additionalscalarfunctions
in the nucleonvertex function @, thereforebeing a substantiahumericalcom-
plication. Our calculationgpresentedn this chapteraim thereforeat quantitatve
resultsfor the expecteddiscrepang andat possibleexplanationdor themeasured
weakcouplingconstantln contrasto theanomalousnagnetianomentsthenon-
relativistic quarkmodelestimate; 4, = 5/3 is 31% largerthanthemeasuredalue,
ga = 1.27, andthereforearelatvistic treatmensuchastakenup heremight offer
anexplanationfor this difference.

We will begin with fixing our corventionsfor the matrix elementsand re-
derive quickly the GoldbegerTreimanrelation. Section4.1 explainsthe neces-
sity of vectordiquarksfor pseudoectorcurrentconseration. In section4.2 we
areconcernedvith the constructiorof the pseudoscalaandpseudeectorcurrent
operatorfor our model. Herewe startwith a suitablequark-pionvertex whichin
conjunctionwith achiral Wardidentity yieldsthequark-pseudeectorvertex. The
structuresaandstrengthof the couplingsof the diquarksto the pion andthe pseu-
dovectorcurrentareobtainedrom resolvingthediquarksin away similarto their
electromagneticouplings. The numericalresults,againobtainedby emplogying
thetwo parametesetsfrom table2.8, are presentedn section4.3. We will find
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a slight overestimatiorof g, anda violation of the GoldbegerTreimanrelation
of around15 %. The axial form factorresultsfor finite ? areconsistentvith the
presentlyavailableexperimentaresults.

Let usstartwith afew definitions. The (spin-summedjnatrix elementof the
pseudoscalagurrent/J¢ is parametrizes

(Py| Jg |P) = AT (Pf) 79" g (Q°) AT (P) (4.1)

which definesthe pion-nucleorform factor g, nn (Q?). As before,Q = P; — P,
holds. For numericalevaluation,we will choosethe neutralcomponent,j2, and
sandwichbetweenprotonflavor statesjndicatedby the subscript,. Straightfor
wardalgebraallows to extracttheform factorasthefollowing Dirac trace,

2M?
— T B 1Py 7] (4.2)
Wetake for grantedn thefollowing thatg, y v (0) is closeto thepion-nucleorcou-
pling constanyy, vy = g.nn(—m2) asconsistentvith theassumptiorof PCAC.

Thematrix elementof thepseudoectorcurrentareparametrizedby theform

factorg, (Q?) andtheinducedpseudoscaldiorm factorgp(Q?),

(Bl I3 |P) = A¥(Py) T [ 0a(Q) + @2 °0n(Q)] AY(R) . (43)

For Q? — 0, theinducedpseudoscaldiorm factorwill be dominatedby the pion
pole,

ngN(QQ) =

. _ fw ngN(O)

We denotethe pion decayconstanby f, = 92.7 MeV. The GoldbegerTreiman
relationfollows from currentconseration, Q*(.J;"*) = 0, andafterreplacinggp
by eq.(4.4)wefind,

gA(O) = fwgﬂNN(O)/Mn . (45)
The regular part of the matrix element,g4(Q?), andthe pion pole part, gp(Q?),
canbeextractedfrom eq.(4.3) asfollows:

1

M,
@) = - 7 e 222 R, (20 - 72 e ||

2(1+4ij% Q?
(4.6)
w@) = 22 (gA@Q)—Qf;” T [o(Py] I (P, Q“ﬂ)- @.7)

Having specifiedour corventions,we turn now to a shortdiscussionaboutthe
consequenced excludingvectordiquarksfrom our considerations.
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4.1 Scalarand vector/axialvector diquarks aschiral
multiplets

The necessityof including vector diquarksalong with the axialvectorswas ob-
sened only very recentlyin ref. [86] within the context of an NJL model. Re-
memberthatdiquarksasseparabl@-quarkcorrelatorsarein the NJL modelsolu-
tionsof thet matrix integral equationwith theinteractionkernelgivenin lowest
orderin thecouplingconstant.The separablénteractionkerneldescribeserethe
4-quarkpointinteraction:two quarksin a channelwith certaindiguarkquantum
numbersnteractlocally with two antiquarkswith respectre antidiquarkquantum
numbers,seee.g. eq.(2.41)for the scalarchannel. The statemenof ref. [86]
is summarizedasfollows: Chiral invarianceof the NJL Lagrangianrequiresthe
inclusionof quark-quarkinteractionkernelswith both vectorandaxialvectordi-
guarkquantunmumbersandthe samecouplingconstant Solutionsfor thesepara-
ble vectordiquarkt matrix do not have the sameform asthe axialvectort matrix,
e.g., apossiblevectordiquarkmasspolewill appeasatlargerinvariantmomentum
valuesthanan axialvectorpole. Nevertheless/ectordiquarkshave to be carried
all theway throughthe nucleonFaddeg problemin orderto comply with chiral
invariance.

In our model, we have parametrizedhe diquark correlationswithout recur
ring to a specificmodel Lagrangian. To adaptthe above agumentto our case,
we introduceinterpolatingdiquarkfields as donein section3.1. Let d! denote
scalardiquarkcreationoperatorsandd”f, d°*! the onesfor vectorandaxialvector
diquarks. Scalarandvectordiquarksareflavor singlets,the axialvectordiquark
belongdo aflavor triplet, with its componentsienotedoy theindex b. Theappro-
priatecolorindicesaresuppressedsthey areunimportanfor theargument.The
interactionof (pointlike)diquarkswith quarkscannow bewrittenasaninteraction
Lagrangian,

Liw = g5 (¢" OV’ 7%q)dl +g, (¢" Cinfy* 7% q ) i +
Ja (qT Ciy' m°rbq ) d®' 4+ herm. conj. , (4.8)
whereq denotesas usualthe quarkfield. A combinedinfinitesimal chiral and
isospinvariationof the quarkfield reads
5q = —iwym*y0 q | (4.9)

with w;, denotinga setof threeinfinitesimalparametersStraightforvard evalua-
tion to first orderin thevariationyields

) (qT Cy’1m%q ) = 0, (4.10)
) (qT Civty5 12 ¢ ) = —iwp (qT Civ' 10 ¢q ) , (4.11)
) (qT Civ* 10 ¢ ) = —iWwp (qT Civ*y5 2 ¢ ) . (4.12)
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We demandhattheinteractionLagrangian4.8) be invariantunderaninfinitesi-
mal chiral variation. Substitutingeqgs.(4.10—4.12)nto eq.(4.8), we seethatthis
leadsto therequirements

§ A = jupdt, 6 d" = iwpd®™  and g, = g, - (4.13)

Vectorandaxialvectordiquarksmix underachiral (isovector)transformationThe
scalardiquarkchanneis unafectedby the transformatiorasits variationis zero.
Thisis equivalentto thestatementhata pseudoector(isovector)currentdoesnot
coupleto the scalardiquark. Summarizinghesefindingswe have foundthatthe
scalardiquark on the one side and vector/axialectordiquarkson the otherside
belongto differentchiral multiplets[86].

We learnsomethingelse. Theabove agumentis only valid for alocal quark-
diquarkinteraction.If weintroducedextendeddiquarksby anon-localinteraction
with somemomentumdependenvertex we would find additionalchiral seaull
verticesasa resultof the variation. This is very similar to the electromagnetic
case Althoughwe derivedthe seagullsn section3.1.2by requiringgaugenvari-
ancevia a Ward-Takahashidentity for the Bethe-Salpetenteractionkernel,they

canalsobe obtainedfrom aninteractionLagrangiarwith momentum-dependent

vertices[76] in muchthe sameway asindicatedhere.

In the following we will neglect both the chiral seagullsand the vector di-
guarkcorrelations.As we remarled earlier the expectedhigh massof the vec-
tor diquarkswould suppresshe strengthof the correspondingectorcorrelations
within the nucleon. Anotherargumentis concernedvith the numericalfeasibil-
ity. In the Dirac algebrathevectorcorrelationscouldbedecomposedimilarly to
theaxialvectorcorrelations|eadingto six additionalscalarfunctions.Thiswould
increasethe numericaleffort considerablyand sincethe numericalcalculations
arealreadyvery involvedat this stage the inclusionof vectordiquarksis beyond
the scopeof this thesis. On the otherhand,we have no seriousargumentfor the
neglectof the seagullsHowever, we canestimategrom the numericalresultspre-
sentedn section4.3thattheir contritution to the weakcouplingconstanshould
bebelav tenpercent.

4.2 Pseudoscalarand pseudorector curr ent opera-
tor
Firstwe will specifythe quarkverticeswith pseudoscalaandpseudoectorcur-

rentoperator@ndthencontinuewith adiscussiorof theeffective diquarkvertices
thatcanbeobtainedby couplingthe currentsto anintermediatequarkloop.
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As we useafreefermionpropagatofor the quark,eq.(2.64),thescalarfunc-
tions A, B in theparametrizatiors ' = —i) A— B reduceto A = 1 andB = m,,.
This suggestshatwe usefor the pion-quarkvertex

2 2
Ts, = _WsBUf ) + B(p®) _ _755 ’
2fr e
anddiscardthe threeadditionallypossibleDirac structuresThe momentaof out-
going andincoming quark are k£ andp, respectrely. The reasonis thatin the
chiral limit eq. (4.14) representshe exact pion Bethe-Salpeteamplitude (on-
shell,i.e. Q? = 0) for equalquarkand antiquarkmomenta,sincein this limit,
with constant4, the Dyson-Schwingeequationfor the scalarfunction B agrees
with the Bethe-Salpeteequationfor a pion of zeromomentum.Of course the
subdominanamplitudesshouldin principle beincludedfor physicalpions(with
momentumP? = —m?), whensolvingthe Dyson-Schwingeequationfor A and
B andthe Bethe-Salpeteequationfor the pionin mutually consistentruncations
[48,87,64]. Thegeneralizationo pion off-shellmomentaasusedin eq.(4.14)is
by no meansuniquebut certainlythe mostsimpleone.
We usechiral symmetryconstraintso constructhe pseudeectorquarkvertex
I's .. In thechirallimit, the Ward-Takahashidentity for this vertex reads,

(4.14)

Q'TE, =S k)Y +4°5(p), (Q=k—-p). (4.15)
To satisfythis constraintwe usethe form of the vertex proposedn ref. [88],
: Q*
TL, = —iv"y° + o
The physicalpicturebehindthis form of thevertex is clear In the spontaneously
broken phaseof chiral symmetrythe quarkacquiresmassandat the sametime
the Goldstonebosonpole mustappeaiin thefull quark-pseudeectorvertex, and
the Goldstonebosonpolein turnis proportionalto thegenerateduarkmass.The
secondterm which containsthe masslesgion pole doesnot contribute to g4 as
canbeseenfrom eq.(4.6).
The pion andthe pseudeectorcurrentcan coupleto the diquarksby anin-
termediatequarkloop. As for theanomalougontributionsto the electromagnetic
current,we derive the Lorentzstructureof thediquarkverticesandcalculatetheir

effective strengthgrom this quarksubstructuref thediquarksin appendixB.1.2.
For momentundefinitionsat theseverticeswe referto figure 3.1.

2fxls4 . (4.16)

3We dropthe flavor indiceson the verticesin the following. Eachpseudoscalarertex comes
with afactorof 7% andeachpseudweectorvertex with a factorof 7% /2 asthesearewidely used
corventions.
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As alreadymentionedn thelastsectionno suchcouplingsarisefor thescalar
diquark. This canbeinferredfrom parity or covarianceor, simpler oneconsiders
theflavor traceof anisovectorcurrentbetweertwo isoscalastategscalardiquark
vertex) which yields zero. The axialvector diquark and the pion coupleby an
anomalousrertex. Its Lorentzstructureis similar to thatfor the photon-induced
scalarto-axialvectortransitionin eq.(3.32),

I“aﬂ _ K:?La: my afuv k uoywv 4.17
5ar Mﬁe (pd+ d) Q . ( . )
Here,a andj arethe Lorentzindicesof outgoingandincomingdiquark,respec-
tively. Thefactorm,/f, comesfrom the quark-pionvertex (4.14)in the quark
loop (seeappendixB.1.2), andthe nucleonmasswasintroducedto isolatea di-
mensionlessonstant:? .

The pseudwoector currentand the axialvector diquark are also coupledby
anomalougerms. As before,we denotewith « and g the Lorentz indices of
outgoingandincomingdiquark,respectrely, andwith p the pseudeectorindex.
Outof threepossibleLorentzstructuregor theregularpartof thevertex,

P PP PN, PQP and €% (pg + kq)’

only the lastterm contritutesto g4 in thelimit @ — 0. We furthermoreverified
numericallythatthefirst two termsyield negligible contributionsto theform fac-
tor alsofor nonzera(). Again,thepion polecontributesproportionallyto Q*, and
our ansatzfor thevertex thusreads

uap /{Z,aac pofv v QM af
P5aw = —5 ¢ (patka)" + @mrw : (4.18)
For bothcouplingstrengthsn theverticesl“gfm andF‘gzg weroughlyobtains? , ~

/{Z’m ~ 4.5 slightly dependenbn the parametesset, seetable B.2 in appendix
B.1.2.

Scalarto-axialvector transitionsare also possibleby the pion and the pseu-
dovectorcurrent.An effective vertex for the pion-mediatedransitionhasonefree
Lorentzindex to becontractedvith the axialvectordiquark. Therefore two types
of structuresxist, onewith the pion momentunty, andtheotherwith any combi-
nationof thediquarkmomentay,; andk,. If we consideredhistransitionasbeing
describedby an interactionLagrangianof scalar axialvector and pseudoscalar
fields, termsof the latter structurewould be proportionalto the divergenceof the
axialvectorfield which is a constrainthatcanbe setto zero. We thereforeadopt

thefollowing form for thetransitionvertex,
r? = s Tags (4.19)

5,s5a sa f
s
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Herethe Lorentzindex of the participatingaxialvectordiquarkis givenby 3. This
vertex correspondso a derivative coupling of the pion to scalarandaxialvector
diquark.

The pseudeectorinducedtransitionvertex hastwo Lorentzindices,denoted
by . for thepseudwoectorcurrentand s for theaxialvectordiquark. Fromthemo-
mentumtransferQ” andoneof the diguarkmomentaaltogetheffive independent
tensorscanbe constructed,

o7, Q7 Q'pg. Pi@ and ppg.
Note that a term constructedwith the totally antisymmetrictensorwould have
the wrong parity. We assumeas before,that all termsproportionalto Q* are
containedn thepionpart. They donotcontrituteto g4 anyway. Fromthediquark
loopcalculationin appendixB.1.2we find thatthetermsproportionato p/,Q” and
pfjpg canagainbengglectedwith anerroronthelevel of onepercent. Therefore,
we usea vertex of theform,

. Q*
LY, = iMur,,, 0" + @2 faT8 (4.20)

For the strengthsof thesetwo transitionverticeswe obtain 3, ~ 3.9 and(on
average)® . ~ 2.1, cf. tableB.2in appendixB.1.2.

U,sa
TheverticesI'’? _ T“? for the reversetransitionsare obtainedby simply re-

) ) 5,as7 - 5,as

versingthe signof Q).
Having constructedall vertices,we cannow performthe flavor algebraand

write down the pseudoscalacurrentmatrix elementn the extendedimpulseap-

proximation.As donein section3.1.1we introducequarkcurrentmatrix elements
by

(J5,)°7 =W° D71 T5, U° (4.21)

wherethis time no flavor matrix factorcomeswith I'; , aswe computethe flavor
factorsseparately Lik ewise scalar/axialectordiquarkandthe transitionmatrix
elementsaaredefined.With thesedefinitionswe find for the matrix elementof the
extendedmpulseapproximation

—im SC—SC 1 ax—ax 2 ax—ax
p(Prl T3 PP = (J5,4)% % — 3{J5.0) + 5(J5.d0) +
\/g sc—ax ax—sc
3 (<J5,sa> + <J5,as> ) . (422)

As we neglectseagullcontritutions,theonly contributionfrom theBethe-Salpeter
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kernelis dueto the couplingto the exchangeguarkandit readsexplicitly

o(Prl B P)ET = (Jsea) (4.23)
= _% ( @5 ‘ja ) K€5£L' 88 Kgx sa @5
K€5.’L'70,$ Ke5:c7aa \Ilﬂ 9

Kl = X°(p1)ST(q) (Tsq)" ST() X°(p2)

Kl = 5V3X(00)S7(0) (Ts)" 57 () ()

1 N —a
Koras = 3V3X°(01) 87(0) (T5,0)" ST (@) X (02)

5 N oo
Ke5ac,aa = g Xﬂ(pl) ST(Q) <F5,q)T ST(q ) X <p2) :
Thediagramsof the extendedmpulseapproximatiorareequialentto thosedis-
playedin figure 3.2 and likewise the exchangequark diagramis similar to the
first diagramin figure 3.4. The black dot which representshe quark-photoror
diquark-photorvertex shouldbereplacedvith theappropriatejuark-pseudoscalar
or diquark-pseudoscalaertex. Thematrix elementdor the pseud@ectorcurrent
differ from eqgs.(4.22,4.23)only by an overall factor of 1/2 after replacingthe
pseudoscalarerticesby their pseudwectorcounterparts.

4.3 Numerical results

Having definedthe pseudoscalaand pseudoector currentoperatorsn the last
sectionand having fixed all unknonvn coupling constantdy appropriatequark
loop calculationscf. appendipxB.1.2,we cannow computeheform factorsfor the
two parametesetsof table2.8. Regardingthe numericalprocedurethe method
andits intricacieshave beenlined outin section3.2.1andall theremarksmadein
this sectionalsoapply here.We summarizeimpulseapproximatiordiagramsare
computedn theBreit frameemploying boostedsertex functions® andtakinginto
accountheresiduecontribtutions,cf. appendixB.2. Theexchangequarkdiagram
canonly be computedusingboostedwave functions¥ andthereforethe related
numericalaccurag becomesery limited beyond momentuntransfers)? > 2.5
Ge\2.

Examiningg,. v~ (0) whichis assumedo becloseto thephysicalpion-nucleon
coupling and the weak coupling constantg 4 (0), we find large contritutionsto
both arisingfrom the scalaraxialvectortransitions,cf. table4.1. As mentioned
in the previous section the variousdiquarkcontributionsviolate the Goldbeger
Treimanrelation. Somecompensationsccur betweenthe small contributions
from the axialvectordiquarkcouplingin impulseapproximatiorandthe compar
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Setl Setll
gﬂ'NN(O) ga (0) grNN (0) ga <0)

(Jlysemse 796 076 925 0.86
<J5[fﬁ>ax—ax 050 0.04 0.10 0.01
<J§73q>ax—ax 144 018 034  0.04
(JHL ysemax 4 (g yax—se 566 0.39  3.79 0.22
(JEL) 1.69 0.12 2.70 0.22
suU 17.25 1.49  16.18 1.35
grNN ga
experiment 13.14+ 0.07[89] | 1.267+ 0.0035[84]

13.38t 0.12[90]

Table 4.1: Variouscontritutionsto g,y (0) andg4(0), labelledasin table3.2.

atively large onesfrom scalaraxialvectortransitionswhich provide the dominant
effecttoyield g4(0) > 1.
Summingall thesecontributions,the GoldbegerTreimandiscrepany,

Agp = IO fr (4.24)

9A<0) M,

amountdo 0.14for Setl and0.18for Setll. Thelargerdiscrepanyg for Setll (with
wealer axialvectorcorrelations)s dueto the larger violation of the Goldbeger
Treimanrelationfrom theexchangeguarkcontritutionin this case.This contribu-
tion is dominatedby the scalaramplitudesandits GoldbegerTreimanviolation
shouldthereforebe compensatetly appropriatechiral segyulls asalreadymen-
tionedin section4.1. For Setll whichis dominatedoy scalarcorrelationswithin
thenucleon their contritutionto g4 (0) canbeestimatedo bearound0.1because
the seagullstogetherwith the contributions from (Jé’j)“*“ and (Jéfﬂm) should
approximatelyobey the GoldbegerTreimanrelation.

The strongand weak radii are presentedn table 4.2 andthe corresponding
form factorsin figure 4.1. Experimentallythe axial form factoris known much
lesspreciselythanthe electromagnetiéorm factors. In the right panelof figure
4.1theexperimentakituationis summarizedy a bandof dipole parametrizations
of g4 thatareconsistentvith awide-(enegy)bandneutrinoexperiment/85]. Be-
sidesthe slightly too large valuesobtainedfor Q?> — 0 which arelikely to be
dueto the PCAC violationsof axialvectordiquarksandof themissingseagullsas
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Figure 4.1: Thepion-nucleorform factorg, y x (Q?) andthe axial form factorg 4 (Q?).
'‘Diquark diagrams’labelsthe sumof the impulse-approximatexialvector contrilbutions
and scalaraxialvector transitions. The shadedregion in the right panelrepresentshe
uncertaintyin g 4 asdeterminedrom quasi-elasticeutrinoscatteringvhenadipoleform
is fitted to both, the vectorandthe axial form factor[85].

discussedh sectiord.1,ourresultsyield quitecompellingagreementvith the ex-
perimentabounds.As in the caseof the electromagnetiéorm factorswe obsenre
adominanceof thediquarkcontrikutionsfor larger Q2.

Turningto the pion-nucleorform factorwe have fitted our resultsto ann-pole,

grNN (0)
(1+Q2 /A"
Theform factorof Setl is closeto amonopolen = 1, with cut-off A; = 0.6 GeV,
whereaghe oneof Setll is betterapproximatedy a dipole, n = 2, with cut-off

g=nn(Q%) = (4.25)

Setl Setll experiment

r-nn [fm] 0.83 0.81
'an [fm] 0.82 0.81 0.70+0.09

Table 4.2: Strongradiusr, y y andweakradiusr 4, the experimentalvalueof thelatter
is takenfrom [85].
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Ay = 0.9 GeV. Theexponentr is determinedy thestrengthof thediquarkcontri-
butionswhereaghecut-off hasto complywith theslopeat Q? = 0 (theradius).It
is notabig surprisethatthe protonelectromagneticadii andthe pionic/axialradii
arevery closeto eachothersincethedominatingmpulseapproximatiordiagrams
have avery similar behaior for all obsenables.

As we have mentionedn the beginningof the chapteypion-nucleorform fac-
torsareusedin one-bosorexchangepotentialansatzeto describethe NV force.
Most of the potentialsthat fit the dataemploy a monopolewith a large cut-off,
Ay > 1.3 GeV, seeeg. ref. [91]. However, othernucleonmodels,lattice and
QCD sumrule calculationsindicatea monopolebehaior with a much smaller
cut-off A; = 0.5—0.95 GeV, cf. ref. [92] andreferencesherein.Our calculations
supportthis point of view.

Summarizingthe resultsof this section,we have found moderateviolations
of PCAC andthe GoldbegerTreimanrelation. Theseviolationsareestimatedo
bepartitionedequallybetweerthe effectsof neglectingchiral seagullsandvector
diquarks.Theinclusionof axialvectordiquarksis essentiato obtainvaluesfor the
weakcouplingconstanty, > 1. Of particularimportancefor this resultarethe
transitionsbetweenscalarandaxialvectordiquarks,additionallythey restrictthe
axialvectorcorrelationswithin thenucleonto besmall. For the pion-nucleorform
factor our modelcalculationssupporta monopole-or dipole-like fall-off with a
cut-off well belov 1 GeV.



Chapter 5

Effective Confinement

In thischaptemwe will investigatehepossibilityof incorporatingconfinemeninto
the diquark-quarkmodelby a suitablemodificationof quarkanddiquarkpropa-
gators. As will becomeclearin the following, this will enableus to calculate
the massspectrumof octetanddecupletbaryons. Electromagnetidorm factors
recomputedvith the modified propagatorseveal a drasticincreaseon the mag-
netic moments,being almosttoo much of an improvement. We have donethe
calculationdor pointlike andfor extendeddiquarksto demonstratéhe necessity
of the latterfor a consistentlescriptionof massesandelectromagnetistructure.
Althoughtheresultsfor thespectrumandthemagnetianomentsareencouraging,
thereare seriousdifficulties associatedvith this approachof implementingcon-
finement both motivatedfrom “theoretical’and“phenomenologicalalguments.

Remembethat the propagatoralongwith the diquarkverticesarethe only
ingredientsof the modelafterthefull 3-quarkproblemhasbeenreducedcf. the
summaryattheendof section2.1. By choosinghemostsimpleansatzefor them,
i.e. free spin-1/2and spin-0/spin-1propagatorgor quarkand diquarkwe have
succeededo describequite successfullwariousspacelile nucleonform factors.
However, shortcomingsemainwhich might be curedby allowing for non-trivial
propagatorsTheseshortcomingsre:

e Toincorporateghe A into thedescriptionratherlarge quarkandaxialvector
diquark massedhave to be chosen,as their sum must be larger than the
massof the A. This problemextendsto the strangequarkmassandstrange
diquarkswhenaimingatincludingthewhole octet-decuplespectrum.

e Theisovectorpartof thenucleonmagnetionomentss too small,evenafter
inclusionof the axialvectordiquarks. The differenceis substantiafor pa-
rametersetswhichfit the A mass.A reasorfor this, besidegoolargeacon-
stituentquarkmassmightbetheinsufficiency of thebarequark-photorver-
tex to accountfor the quarkcontritutionsto the magnetiomnoments Gauge
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invariancedemandshowever, thatanonperturbatie quark-photorvertex is
intimately connectedvith a nonperturbatie quarkpropagatar

e Hadronicreactionsvheretimelike momenteof the orderof 1 GeV arede-
positedonto nucleons,e.g. mesonproductionprocessesgcannotbe de-
scribedwithin the modelin its presentform. The free-particlepoles of
guarkanddiquarkcauseunphysicakhresholdsn theseprocesses.

As we see,the lack of confinementwhich is manifestin the polesof the quark
anddiquarkpropagatorsisedsofaris themainmotivationto consideralterations
in the modelpremises At this stagewe hopethatthe necessarynodificationsin
the quark-photorvertex which arerequiredby gaugeinvariancewill improve the
resultsonthe magnetionomentsaaswell.

5.1 Confinementin model propagators

Confinementis understoodas the absenceof coloredstatesin the spectrumof
obsened particles. From a phenomenologicgboint of view (asadoptedhere),
calculationsof S matrix elementsisingdiagramswith internalquarkloopsmust
not have ary imaginarypartswhich are associatedvith the singularitiesof the
quarkpropagatorsSo, eitherthey areabsenor their contributionscancelin some
mannei21]. In this way, oneis led to considerthefollowing possibilities which
arenotnecessarilyheonly ones:

a. Propagatorare entirefunctionsin the whole complec plane[93]. If they
areto be analytic,they mustpossessn essentiakingularityin the infinite.
An exampleis thefunction f(z) = e*.

b. Propagatordrave complex conjugatepoles[94]. In somesensethe poles
correspondo virtual excitationsthat canceleachotherin physicalampli-
tudes.Hereanexampleis providedby thefunction f(z) = z/(a* + z?).

Wewill investigateheconsequencesf propagatoreingentireanalyticfunc-
tions. We insisthereon analyticityin ordernotto loosetherelatvistic reparame-
trization invariancerelatedto the choiceof the momentumpartitioningparame-
tern.! A word of cautionis in orderhere. The Wick rotationwhich connects

1As explainedin section2.3.1,, invariancerequiresthefollowing: If ¥ (p, P;n,) is asolution
of theBethe-Salpeteequatiorthen® (p + (2 — m ) P, P;n2) with s # n, is alsoone.In therest
frameof theboundstate,P = (0,iM,,), thiscanbeshavnto bevalidif theintegrationof thequark
exchangekernel KBS (p, k, P) overthecomponent* canbeshiftedask* — k* + (172 — 11 )iM,,.
This is of coursepossible,if the propagatorareanalyticin the complex domainof k* given by
(Re k47 Im k4) € ((—OO, +OO), [07 (772 - Ul)Mn])
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Minkowski andEuclideanmetricis no longerapplicableasthe propagatorpos-
sesgheessentiakingularityat infinity. Furthermorewve areawarethatthis prop-
agatorcontradictsgeneralargumentsaboutthe behaior of propagatorsn gauge
theorieswith confinementFollowing ref. [95], it shouldvanishfor p> — oo in all
directionsof thecomplex p?-planefasterthanthefree propagato(p is theparticle
momentum). Furthermorethe propagatorshould have cuts along the real p?-
axis. Unphysicalcoloredstatesassociateavith thesecutsarethento beremoved
from the obsenable spectrumby other conditionssuchas a suitabledefinition
of a physicalsubspacécf. the long-knovn Gupta-Bleulemechanisnio remove
scalarandlongitudinalphotonsrom the physicalparticlespectrunin QED [96]).
It seemso be impossibleto implementpropagatorsvhich behae asindicated
above andsucha projectiononto physicalstatesn actualmatrix elementcalcula-
tionsat presentthough.Thereforewe believeit is instructive to investigatesome
phenomenologicadwantagesanddeficiencieof an“entire” propagatarin prac-
tical calculationsthequarkpropagatowill beneedednly onalimited domainin
the complex planeandthe essentiakingularitythusposesno practicaldifficulty,
atleastfor the form factorcalculationgresentedhere.

The secondpossibleform for the propagatormentionedabove suffers from
only oneprincipaldeficieng, astherearecomplex conjugatepoleassociateavith
it. Theasymptoticconditionsin the complex planearein this caseeasyto incor-
porate.Actual calculationswith this form areharderto performandarecurrently
underinvestigation.

Before we turn to the propagatorparametrizatiorchosenhere, we discuss
someaspectof the quarkpropagatothatareknown sofar. We regardthe quark
propagatoto begivenin its mostgeneraform, S~ = —ip A— B, with A, B being
scalarfunctions. Informationaboutthe quark propagatomay be obtainedfrom
calculationswithin the framework of Dyson-Schwingeequations for a recent
review seeref. [21]. In the nearfuture, lattice resultswill provide uswith more
“empirical” information,for arecentstudyin quenched@)CD seeref. [97]. Unfor-
tunately the quarkpropagatois usuallycomputedn bothscheme®nly for pos-
itive real p?, wherep is the Euclideanquarkmomentumthereforetheimmediate
benefitfor phenomenologicatalculationss limited. However, thesecalculations
have establishe@nimportantgenerideature.ln rainbav truncationof theDyson-
Schwingerquationsaswell asin improvedtruncationscheme# couldbeshovn
that the quark acquiresan effective constituentmass,i.e. M(0) = B(0)/A(0)
is non-zerafor a vanishingcurrentquarkmass.This featureof dynamicalchiral
symmetrybreakinghasalsobeenobsened in the alreadymentionedattice cal-
culation[97]. For phenomenologicatalculationsthe numericalresultsfor A, B
have beenfitted to entire functionswhich hasbeensuccessfullyusedin the de-
scriptionof (spacelile) meson98] andnucleonpropertie§78, 79]. Themostim-
pressve succesi thisdirectionhasbeenachiezedin acombinedrainbov/ladder
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truncationschemédor quarksandmesonemploying a specificgluon propagator
which displayssignificantenhancemenat momentaof the order of a few hun-
dredMeV. Herethe quarkpropagatohasbeencomputedrom Dyson-Schwinger
equationson all complex momentumpoints whereit hasbeenneededo solve
the Bethe-Salpeteequationfor mesonsandto computetheir electric form fac-
tors[64, 65, 99. Additionally the quark-photornvertex hasbeenobtainedfrom
the solution of a correspondingnhomogeneou8ethe-Salpeteequation[100].
In thesestudiesthe solutionfor the quark propagatorexhibited no polesfor the
(complex) momentasampledoy the mesoncalculations.Thesecalculationssup-
portthe working hypothesiof aquarkpropagatohaving no poles,atleastin the
interestingmomentunregime.

In eq.(2.64)we have alreadyindicateda possibleparametrizatiomf thequark
propagatoby multiplying the free onewith a singledressingunction C'(p?, m).
We choosea function for C' which is entire and analyticand removesthe free-
particlepolein thedenominatoof thefree propagatar

(5.1)

2 2
C(p*,m) = C®®(p* ,m) =1 — exp (—d ptm ) i

m2

The essentiakingularityoccursherefor p?> — —oco. The parameter regulates
the modificationas comparedo the free propagatar If d is large, the spacelile
propertiesemainnearlyunchangedwhereador timelike momentahe propaga-
tor blows up quickly. Forsmalld < 1, eventhespacelile behaior is substantially
modified.

For simplicity, we apply the samemodificationto the propagatorof scalar
andaxialvectordiquarks,cf. eqs.(2.45,2.46).Additionally we choose = 1 in
eq.(2.46). This parameteis agaugeparametewhendescribingheinteractionof
avectorfield with photong[75]. The photonvertex with the axialvectordiquark
hasto be modifiedcorrespondingly

We notethatdueto the absencef polesthe “masses’m,, mg., mq, have no
physicalinterpretation.They aremerelywidth parametersf the propagatar

5.2 The octet-decupletmassspectrum

Equippedwith propagatorsvhich effectively mimic confinementwe can calcu-
latethe massspectrunof octetanddecupletaryons.This investigatiorhasbeen
reportedin ref. [24]. In doing so, we have to extendall previous considerations
to flavor SU(3) andintroduceexplicit symmetrybreakingasvisible in the exper
imental spectrum. However, we will confineoursehesto the limit of unbroken

2This wasrenderecpossiblethroughthe analyticalansatzor the gluon propagatar
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isospinand,accordingly the strange quarkmassis the only sourceof symmetry
breaking,m, # m, = mgy, wherem,, m, denotethe massparametersf up and
down quark.

In orderto limit thenumberof parametersve assumehe scalarandaxialvec-
tor diqguarkmassparameter$o be equalandintroducea diquarkmasscoeficient

¢ by
m® =m = ((mg+my)  (a,b € {u,d,s}). (5.2)

sC

Thusab denoteghe flavor contentof the diquark. It will be interestingto see
whetherthe massdifferencesetweenspin-1/2and spin-3/2baryonscan be ex-
plainedwithout anexplicitly largeraxialvectordiquarkmassparameter

Diquark 3x 3 flavor matrices(t(ab))ﬂc arechoserantisymmetridor scalardi-
quarks,

t — L 22 t — L — L
(ud) \/5 ’ (us) \/5 \/5

Herewe usefor the \'s the standardGell-Mann matrices[40]. Axialvectordi-
quarkmatrices(t[a,,])jlC aresymmetricin their indicesj, k,

A° y o tas) = A (5.3)

1 1 1
tud,:—/\la tus:—)‘47 tds:—)‘Ga
Vet et (5.4)
fuu] = 051081 5 T[aa) = 0j20k2 s  tss] = 0;30k3 -

To derive the Bethe-Salpeteequationgor the octet (N, A, ¥, =) anddecuplet
baryons(A, ¥*, =%, Q), onestartswith their flavor wave functionsprescribedy
the Eightfold Way. The octetbaryonshave scalardiquarkcorrelationstherefore
this part of the flavor wave function is mixed antisymmetric. The axialvector
diquarkcorrelationdor octetmembersaredescribedn flavor spaceby a sumof
two mixedantisymmetricstates.For the decupletmemberswith only axialvector
diguarkscontrikuting theseare eithertotally symmetric(A*+, A=, Q) or mixed
symmetricstates. Thesewave functionsmay containdifferentmasseigenstates
of quark-diquarkpairs. For thesemasseigenstatethe systemof coupledBethe-
Salpeteequationshasto besolved,wherethedecompositionn theDirac algebra
accordingo section2.4 canbeused.As anexamplewe considerthe X" hyperon
with its flavor wave function

|2 ) favor = ( \/gu[ug(jui/gs[uuo . (5.5)

Thescalardiquarkpart,u(su) is clearlymixedantisymmetriandthe axialvector
diquarkpartis thenormalizedsumof (us — su)u anduus — suu, bothalsomixed
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experi- pointlike extended
ment diquark
1% 1V 2\
(p) = (p) ~ 2 +p2
A=0.5GeV
My [GeV] 0.50 0.56
My [GeV] 0.63 0.68
1S 0.73 0.60
9a/9s 1.37 0.58
My ) 1.116 1.133 1.098
My, 1.193 1.140 1.129
M= 1.315 1.319 1.279
M. ( [C®V] 1384 1380 1.396
M= 1.530 1.516 1.572
Mq 1.672 1.665 1.766

Table 5.1: Octetanddecupletmasses.

antisymmetric.The Dirac-flavor wave function containsthreeindependenterms
U2 sy Vhfuug and\Ifg[us] with atotal of 2+6+6=14unknavn scalarfunctionswhich

shavsthe necessarincreaseof computeresources.

We have listedthe Bethe-Salpetezquationdor all octetanddecupletaryons
in appendixA.4 andquotefrom the resultsgiventherejust oneremarkabldact.
Due to the symmetrybreaking,there occursmixing of the flavor singletwave
functionwith the scalardiquarkcorrelationswithin the A. This mixing is absent
in quarkpotentialmodels.

As the diquarkshere can never be on-shell,we are not allowed to usethe
normalizationconditions(2.59,2.60)to fix the quark-diquarkcouplingstrengths
gs andg,. Thereforewe adjustthemto themasse®f nucleonandA, M,, = 0.939
GeVandMa = 1.232 GeV.

In table 5.1 we shaw resultsfor the masse®f the remainingbaryons(:) for
pointlike diquarksand(i:) for aquadrupole-lile diquarkvertex function. For both
casesheoctet-decuplemasdlifferencds aresultof solelytherelatvistic dynam-
ics; it is evenoverestimatedor extendeddiquarks. The parametesetusingthe
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extendeddiquarksallows a considerableeductionof theratio g, /g, ascompared
to theratio for pointlike diquarks.Still, axialvectorcorrelationsaresomeavhattoo
strongregardingthe constraintsvhich have beenobtainedn chapters3 and4.

As canbeseernfrom table5.1,the calculatedbaryonmassesrehigherfor the
spin-3/2stateghanthe sumof thequarkanddiquarkmassparametersDueto the
absencef polesiit is possibleo smoothlycrossthetree-level thresholdgyivenby
theboundariedor the momentunpartitioningparameter, in eqs.(2.154,2.155),
cf. thediscussiorin refs.[58, 22].

Theseresultshave beenobtainedwith thechoiced = 1 in thepropagatomod-
ification function C**?, cf. eq.(5.1), correspondingo a quite substantiamodifi-
cationof thespacelile propagatoproperties Sincemainly theseareimportantfor
solvingthe Bethe-Salpeteequationaswell asfor the calculationof form factors,
we expectvisible changedgor thelatteraswell. We will now turnto thisissue.

5.3 Electromagneticform factors

In orderto usethe machinerydevelopedin chapter3 for calculatingthe form
factors,we have to re-specifythe basicquark and diquark vertices. To satisfy
gaugenvariance the quarkvertex mustfulfill the Ward-Takahashidentity

(k—p)lTh=q, (S'(k)—S () , (5.6)

with the quark propagatobeingdressedy the function C*® of eq.(5.1). The
scalarfunctionsA, B aregivenin termsof C**? by

1
- C'exp (pZ, mq) ’

My

= G (5.7)

A(p?) B(p*)
It turnsout thatthe longitudinalpart of the quarkvertex is unambiguoushgiven
by the Ball-Chiu ansatZ101], labelledby the superscripBC,

rg = (9" +T0) (5.8)
Fg,BC i A<k2) '2i_ A<p2) ’Y“ o (59)
$ D o) - a0t EEE i 302 - BG#)

Its excluswity resultsif thefollowing four conditionsarevalid:
1. It satisfiegshe Ward-Takahashidentity (5.6).

2. It doesnot possessary kinematicalsingularities.
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3. It transformaunderparity, chage conjugationandtime reversalasthe free
vertex.

4. It reducedo thefreevertex for A = 1 and B = m,,.

Thetrans\ersepartof the verte, I} -, remainsundetermined We will putit to

zeroin thefollowing which s certainlyanoversimplificationregardingthe infor-

mationaboutit which hasbeenobtainedduringthe lastyears.It hasbeenshavn

in ref. [102] that the requirementof multiplicative renormalizabilitygreatly re-

strictsthetensorstructureof the trans\ersalvertex. For large spacelik momenta
@, whereno resonancesre present,this leadsto a phenomenologicallynim-

portantvertex modification. For the small and moderatenomentuntransfersat

which we investigatethe form factors,a trans\ersalterm which containsthe ef-

fect of the p mesonpole might turn out to be of importancefor the quark-photon
vertex. The alreadymentionedstudyin ref. [100] hasobtainedthe full quark-
photonvertex asa solutionof aninhomogeneouBethe-Salpeteequation. The

guark-antiquarlscatteringkernelin thevectorchannemustentertheequatiorfor

the quark-photorvertex aswell, therebythe solutionfor the full vertex contains
thevectormesonpoleasthepolealsoappearsn thefull quark-antiquarlscatter

ing amplitude. Besideshaving found this vectormesonpole contribution (being
trans\ersal)to the quark-photorvertex, the studyhasnumericallyconfirmedthat
the longitudinal part of the vertex is given by the Ball-Chiu recipe. Within this

model context, the remnantsof the vectormesonpole have beenshown to con-
tribute about30 % to the full pion chage radiusr,, with the remainderbeing
attributableto the Ball-Chiu vertex.

In orderto createa link to the old and, at this time, fairly successfupicture
of vectormesondominanceit would beinterestingto investigateheinfluenceof
thevectormesorpolealsofor the nucleonform factors.Thisrequireshowever, a
tremendougffort to useaneffective gluoninteractionlik e theonefrom ref. [100]
for thequark-antiquarlandquark-quarkscatteringkernelsto describanesonsand
diquarks,to obtainthe quark-photorvertex self-consistentlyandto calculateor
reliably parametrizeéhe quarkpropagatoin thecomple planewhereit is needed
for calculationsof nucleonproperties.This is beyondthe scopeof this work.

Having introducedhe Ball-Chiu vertex asanapproximatiorto thefull quark-
photon vertex and having discussedpossibleshortcomings,let us turn to the
diquark-photorvertices.We make useof the Ward-Takahashidentitiesfor scalar
andaxialvectordiquarks,

(k —p)* T = g (DHE (k) — (DY (p)) | (5.10)

[az]
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to fix the longitudinal part of the respectre photonvertices. Neglecting again
trans\ersalparts,we find for thevertices,

+mi,  pi4ml
Oexp k2a M Cexp 2) Mse
Ph = g (k4 pyr E00 k)Q — (P2, mse) (5.11)
K +me,  pPtme,
a ap CFP(k?,maz)  C™P(P?, My
Dh? = —qop (k +p)* 0% ( k)2—p2 ( ) ¢
Goo (14 K) (Q7 6" — Q*6"7) (5.12)

Thelasttermin eq.(5.12)is trans\ersalandthereforeno dressingcanbeinferred
from the Ward-Takahashidentity. For this reasonwe do not modify this term.
Comparedo thebareverte, eq.(3.31),thetrans\ersaltermappearsith a mod-
ified prefactor (1 + «) insteadof x wherex denotesthe anomalousmagnetic
moment. This is a consequencef choosingthe gaugeparamete = 1 in the
dressecropagatof75].

Anomaloustransitionsbetweerscalarandaxialvectordiquarksare of course
possibleaswell. Theirverticesremainunchangedcf. egs.(3.32,3.33).

We can determinethe unknovn anomalousmagneticmomentx appearing
in eq. (5.12) and the strengthof the scalarto-axialvector transitionsx,, from
egs.(3.32,3.33by muchthe sameprocedureasdescribedn section3.1 andap-
pendixB.1.1. Thatis, we calculatethe resoled diquarkverticesfrom figure 3.1,
of courseby usingthe dressedjuark propagatorand quark-photonvertex given
above, andre-adjustthe diquark normalization(coupling) constantsy, — ¢:*¢
andg, — ¢:*¢ suchthatthe differentialWard identity is fulfilled, cf. appendix
B.1.1. Usingtheserescaledjuantitiesy;** andg:®°, we determinex andx,.

For pointlike diquarksasusedby thefirst parametesetof table5.1thecalcu-
lation of the resohed verticesleadsto divergentintegralsandthereforeprohibits
their use. We have performedthe calculationfor the secondparametesetfrom

95°/9s  95/9a K Ksa

extendeddiquarks 0.73 1.33 0.69 1.76

Table 5.2: Rescaledliquarknormalizationsandconstantsf photon-diquarkcouplings
for the parametesetwith extendedquarks cf. table5.1.



112

Effective Confinement

G — Proton

G — Neutron
! 0.16 ‘
N © Hoehler et al., il
AN NPB 114 (1976), 505 014 | s
08 S ——— pointlike diquark e
< !

A o extended diquark 0.12 // Platchkov et al.

/ O Passchier et al.

0.6

0.1 -

w
¢ 0.08

/ < Ostrick et al.

——— pointlike diquark
extended diquark

L /
/
0.06 - E

0.04
0.2 f

0.02 |/

I I I I I I I . . . . . . I
0 0.2 0.4 0.6 ) 0.8 ) 1 12 1.4 16 0 0.2 0.4 0.6 ) 0.8 ) 1 12 14 16
Q [GeV'] Q [GeV']

Figure 5.1: Electricform factorsof bothnucleongor the parametesetsof table5.1.

table5.1,i.e. thesetwhich employs extendeddiquarks.Fromtheresultsfoundin

table5.2 we seethatthe anomalousnagneticonomentandthe transitionstrength
arereducedccomparedo the previouscalculationswith free propagatorsgf. table
B.1.

The form factorsare now calculatedasthe sumof the extendedimpulseap-
proximationdiagramsgf. figure 3.2, andof the quarkexchangekerneldiagrams
depictedin figure 3.4. The relevantformulaefor the impulseapproximationare
givenby egs.(3.36,3.37)andby eqs.(3.48-3.50¥or the exchangekernelcontri-
butions.

Turningto theresultsfor the electricform factors,shavnin figure5.1,we see
thefavorableinfluenceof the diquark-quarkverticeswith finite width. They lead
to a basicallycorrectdescriptionof the protonelectricform factor The neutron
electric form factoris also much betterdescribedby the parameteisetswhich
employs extendeddiquarks.Herewe seethe alreadymentionedquenchingeffect
of the axialvectorcorrelationsthough. They arequite strongascomparedo the
parametesetsfrom table 2.8, with the scalardiquark contributionsto the norm
integral reducedo 51 % (thenumbersare66 % for Setl and92 % for Setll).

Regardingthe overall shapeof the calculatedmagneticform factors,depicted
in figure 5.2, we obtainthe sameconclusionas before. The parametesetwith
extendeddiquarksfairly well describeshe empiricaldipole shapewvhereagoint-
like diquarksassumehe nucleongo befartoorigid. It is interestingto obsene
thatfor the extendeddiquarksthe calculatedmagneticnoments ., = 3.32and
1, = —2.14,now exceedthe experimentalvaluesby 19 and12 percent,respec-
tively. We find that the magneticmomentcontribution of every single diagram
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Figure 5.2: Magneticform factorsof both nucleonsfor the parametesetsof table5.1.
Experimentallatafor the neutronis takenfrom refs.[103, 104, 105 106].

weighedwith its contribution to the total nucleonchageis enhancedvhencom-
paringwith thecorrespondingatiosfor the Setsl andll which employ bareprop-
agatorandvertices. Clearly the dressingof propagator&ndverticeshasa quite
substantiakffect on the magneticmomentsanda morerefinedchoicefor them
may provide for anexactdescriptionof bothelectricandmagneticdorm factors.

5.4 Discussion

We have employed a simple parametrizatiorof quark and diquark propagators
which rendersthemto be devoid of polesin the complex momentumplaneex-
ceptfor an essentiakingularity at infinity. Therebywe could demonstratehat
anoverall satisfyingdescriptionof boththe electromagnetiéorm factorsandthe
massspectrumof octetanddecupletbaryonshasbeenachiared. However, these
resultshave to be takenwith a grainof saltashasbeenalreadyalludedto. Gen-
eralagumentsaboutthe functionalform of the quarkpropagatoin QCD simply
prohibit sucha behaior for timelike momentaashasbeenassumedere. Since
massspectrumandform factorcalculationgestthe propagatoonly to a moder
ateextentin thetimelike region (Re(p?) > —0.3 GeV?) onemight aguethatthe
choserform for the propagatoparametrizeshe momentunregime neededvell
enoughfor practicalcalculationsof physicalprocesseandonly the continuation
to largetimelike momentaneedgo be adapted.
Ontheotherhand,thereareprocessewhich permitto testthequarkpropaga-
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Figure 5.3: The dominatingprocessein the diquark-quarkmodelfor kaonphotopro-
duction,assumingsmallaxialvectorcorrelations.

tor propertiedor largertimelike momenta Considethephotoproductiorf kaons
off theproton(yp — K*A), measuredby the SAPHIR collaboration[107]. The
dominantcontributionsto this processn thediquark-quarkmodelaredepictedn

figure5.3. Thethresholdohotonenegy for this procesdo occur(with the proton
beingatrest)is £, = 0.913GeV andabroad dippedmaximumfor thetotal cross
sectionis foundfor £, = 1.1... 1.5GeV. Now considertheleft diagramin fig-

ure5.3. For the momentuny of the quarkpropagatingpetweerthe pointsof the
photonabsorptiorandkaonemissionwe find theboundRe(p?) > —(nM,, + E.,)?

[108], with M,, beingthe nucleonmassandn the momentumpartitioning pa-
rameterbetweenquark and diquark. For photonenegieslargerthanl GeV a
propagatodresseasgivenby eq.(5.1)will shov considerablenhancemerdand
this hasindeedbeenfound[109, 108]. The calculationof the total crosssection
usingthe parametesetwith pointlike diquarksfrom table5.1 revealsan upshot
of the crosssectionbeyond £, = 1.2 GeV, clearlyin contrastto the data. Only

with a (non-analyticalymodificationfunction,

1Ip2+m§|>

5.13
4 mg ( )

C(p*,m) =1 —exp (—
which dampsthe propagatorfor timelike momentathe experimentalcrosssec-
tion couldbereproducedUnfortunatelysolutionsof the Bethe-Salpeteequation
andresultsfor obsenablesemploying sucha propagatordo not exhibit invari-
anceundershifts of the momentumpartitioningparameter, anymoredueto the
non-analyticityof C'. Therebyrelativistic translationinvarianceseemgo belost.

Anotherphenomenologicaligumentagainsthe pole-freeform for the quark
propagatorcomesfrom the analysisof DeeplnelasticScatteringn the diquark-
quarkpicture.In the Bjorkenlimit theleadingcontributionto the hadronictensor
is obtainedby calculatingthe imaginarypartof the “handbagdiagram”shawvn in
figure 5.4. This diagramconstitutesthe leadingpart of the Comptontensorin
forward scattering.By Cutkosky’s rule theimaginarypartis obtainedby cutting
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| Cutkosky’s rule

Figure 5.4: Handbagdiagramfor Virtual Compton Scatteringin the diquark-quark
model. The imaginary part of the forward amplitudeis obtainedby Cutkosky’s rule,
i.e. by settingthe intermediatequarkanddiquark propagator®n-shell,indicatedby the
dashedine.

the diagramasindicatedin the figure andsettingthe propagatoron-shellat the
cuts. This procedures of coursenot possiblewhenemploying pole-freeprop-
agatorsandin this casethe imaginarypart of the Comptonscatteringamplitude
couldonly beobtainedoy calculatingmorecomplicateddiagramswith intermedi-
atemesonsandbaryons.In thelimit of the squaregphotonmomentum@? going
to infinity, eachof thesediagramswill besuppressedndthe hadronictensorvan-
ishes,in obviouscontradictionto the measuredinite structurefunctions.

Thereforewe arein the peculiarsituationthat resultsobtainedby usingfree
quark and diquark propagatorsomparedavorably with experimentswhen cal-
culating quark distributions. For the quark-diquarkmodelwith pointlike scalar
diquarksthis hasbeendonein ref. [57]. A simplequark-diquarkspectatomodel
which parametrizeshe nucleonvertex functionin termsof the“s wave” covari-
antsS; and A;, cf. table 2.1, hasbeenusedin ref. [110] to calculatevarious
distribution andfragmentatiorfunctions. Thesecalculationsndicatethatthe ap-
proximationof the plethoraof intermediatgcolorless)tategossiblan Compton
scatteringby a simple (colored)quarkanda (colored)diquarkworks amazingly
well. However, in the beginning of the chapterwe have emphasizedhat exactly
thesethresholdsare soughtto avoid in other calculationssuchasthoserelated
to kaonphotoproduction.lt thereforeremainsan interestingtaskto resole this
puzzlein a consistenmanner
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Chapter 6

The Salpeter Approximation

In this chaptemwe will critically compareresultsfor vertex functionsandnucleon
obsenablesobtained?) by usingthefull solutionasdescribedn chapter2—4and

(77) in the Salpeterapproximation[66] to the (ladder) Bethe-Salpeteequation.
The Salpeterapproximation to be explainedbelaw, is a popular3-dimensional
reductionof the original 4-dimensionalproblem. We mentionthat the hereob-

tainedresultsaresummarizedn ref. [25].

We canidentify two motivationsto study semi-relatvistic reductionsto the
Bethe-Salpetegquation.First,thegainin technicalsimplicity is substantialvhen
the equationis transformednto a 3-dimensionalproblemwhich can be solved
with the tried and testedmethodsfrom quantummechanics.Secondly excited
stateswhich have negative norm are absentin the spectrumof a Salpeterap-
proximatedequation. We will shortly dwell upon this point. Let us consider
the spectrumof the Bethe-Salpeteequationin ladderapproximationwithin two
well-studiedmodels,the Wick-Cutkosky model[111] and the positroniumsys-
tem[112,113. They have a classof “normal” solutions,i.e. solutionswith a
non-relatvistic quantummechanicabnaloguewhich exist alreadyfor infinitesi-
mally smallcouplingconstantsOntheotherside,therearesolutionswhich begin
to exist only for afinite couplingconstantandthesearecalled“abnormal”states.
In the Wick-Cutkosky model, they are excitationsin the relative time between
the two constituentsaandclearly in a non-relatvistic descriptionwith no separa-
tion in the time coordinatebetweerthe two constituentsorrespondingtatesdo
not exist. Furthermoretheseabnormalstateshave partly negatve norm [35].
Thereforetheinterpretatiorof excited stateswithin agivenmodelemploying the
Bethe-Salpeteequationfor modellingboundstatess seriouslynamperedHere,
theSalpeteapproximatiorallows atransformatiorof the probleminto aHamilto-
nianform with the Hamiltonianbeinghermitianandthusno negative normstates
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canarisé. Thistransformatioris possibleastheinteractionkernelin the Bethe-
Salpeterequations assumedo beindependenof therelative time coordinateor,
eqguvalently, independentf thefourth componenbf therelatve momentgequal
timeapproximatior). Studiesemploying thistechniquen solvingfor groundstate
andexcitedmesonmmasseganbefoundin refs.[115, 116].

Appreciatingtheadvantage®f the Salpeterlapproximationin thecomputation
of excited statesone could proceedand calculatedynamicalobsenablesfor the
boundstates.However, we will shaw in thefollowing thatnucleonform factors,
the pion-nucleonand weak coupling constantscalculatedin the diquark-quark
model differ substantiallyfor the full solutionand the Salpeterapproximation.
Thereforeyesultsfrom thelatter mightleadto a misinterpretatiorof the model’s
parametersAs thereexist studiesfor the diquark-quarkmodelusingthe Salpeter
approximation[62, 117], we will emplogy model parametersas chosenthereto
furnishthe comparison.

6.1 Solutionsfor vertex functions

We will usethediquark-quarkmodelasdefinedin chapter2. Following refs.[62,
117, we employ free quarkanddiquarkpropagatorswith the gaugeparametet
for theaxialvectordiquarkchoserto be1l, cf. eq.(2.46),

ip —my
= 6.1
S0) = s 6.1)
D(p) = - D (p) = S (6.2)
br= PP +m2.’ br= p?+m2, '

TheDirac partof thediquark-quarkverticesis givenasin egs.(2.51,2.52)y
X’=9s VPOVV(E), x'=g.("C)V(d*), (6.3)
with thescalarfunctionV choserto be
V(q®) = exp(—4X’¢°) . (6.4)

Therelatve momentunmbetweenhe quarksis denotedoy ¢. We recapitulatehe
Bethe-Salpeteequationin shortnotation,

U(p,P) = S(pg) D(pa) ®(p, P) (6.5)
d(p,P) = /<§T§4KBS(p,k,P) U(k,P) . (6.6)

LAbnormalstatesmaystill exist, cf. ref. [114] for aninvestigationon the persistencef abnor
mal statesn 3-dimensionateductionsof a two-fermionBethe-Salpeteequation.
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All termsappearindherearedefinedin section2.3.1.Letgr = ¢— P(q-P) denote
thetrans\ersalpartof any momentumy with respecto theboundstatemomentum
P. The Salpeterapproximationconsistsn reducingthe momentumdependence
of thequarkexchangekernelin thefollowing manney

KBS<p7k1P) — KBS<pT7kT) . (67)

In the restframe of the boundstate, K55 (pr, kr) = K®5(p, k), andhencethe
(other)namesequaltimeor instantaneougpproximationlt followsimmediately
from eq. (6.6) that ®(p, P) = ®(p). Although covarianceis lost by assuming
instantaneougteractions the solutionsfor & areinvariantagainstshiftsin the
parameter; which definesthe distribution of momentumbetweenquarkanddi-
quark.

Again following ref. [62], the reducedBethe-Salpeteequationcan be pro-
cessedy introducing

. . [ dpt

Up)=7" [ 5V P), (6.8)
™

integrating eq. (6.5) over p* likewise, andthus arriving at an equationwith the

formal structure,

HU =MV . (6.9)

The“Hamiltonian” H is anintegral operatomwhich contains'kinetic” partsstem-
ming from the propagatoranda “potential”, beingthe instantaneouguark ex-
change.

Insteadof solvingthis Schibdingertypeequationwe will employ thenumeri-
calmethoddevelopedin section2.5.1.Having expandedhewave function ¥ and
the vertex function® accordingto egs.(2.91,2.129)we solve the Bethe-Salpeter
equationfor the setsof scalarfunctions{sS;, A;} and{S*i, fli}. As describedn
section2.5.1,eachof thescalarfunctionsdepend®n p? andz = p-P. Thedepen-
denceon z will be absorbedy the Chebyshe expansionof egs.(2.135,2.136).
Note thatin the Salpeterapproximationthe scalarfunctions.S;, A; pertainingto
thevertex functiondependonly onthesinglevariablep? = p?(1 — 22), thustheir
Chebyshe expansiongontaingustevenmoments.

As statedabove we adoptthe parametersf refs.[62, 117]. Thefirst studyin-
vestigate®oneparametesetin the scalardiquarksectoronly andthe secondone
includesthe axialvector diquark channelusing anotherparameterset. In these
studiesthe authordid notfix the diquark-quarkcouplingconstant$y a normal-
ization conditionlike in egs.(2.59,2.60),but ratheradjustedg, so asto obtain
the physicalnucleonmassfor given valuesof quark and diquark mass,and of
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Set myg Mse Magx A 9a/9s s
[GeV] [GeV] [GeV] [fm]
la Salpeter 0.35 0.65 - 0.18 - 20.0 (20.0)
full 16.5
lla Salpeter 0.35 0.65 065 0.24 1 12.3 (11.5)
full 9.6

Table 6.1: Thetwo parametesetsof themodelastakenfrom refs.[62, 117].

9a/9s Whenincluding the axialvectordiquarks. This procedurds corvenientas
the Bethe-Salpeteequationis aneigervalueproblemfor theeigervalueg,. In ta-
ble 6.1 we have listed the two setsof parametersvith their correspondingeigen-
valuesg, obtainedby usin the full calculationandthe Salpeterapproximation.
Thevaluesin parenthesearethe onesfrom refs.[62, 117]. Pleasenotethatdue
to a differentflavor normalizationthesevalueshadto be multiplied by v/2 to be
directly comparablédo ours.

Although we could reproducethe eigervalue for the model casewith scalar
diquarksonly, this is not the casefor Setlla. We obsene that the calculations
of [117] involved only 4 insteadof 6 axialvectorcomponent®f &, namelythe
projectedonesonto zeroorbital angularmomentumandthe correspondindower
components.Still onewould expecta highereigervaluein the reducedsystem.
The morestriking obsenationis the amplificationof the eigervalueby about20
... 25% in the Salpetermpproximatioralthoughthe bindingenegy is small,be-
ing only 6% of the sumof the constituentmasses.This is in contrastto results
obtainedin the massve Wick-Cutkosky model[118] wherethe Salpeterapprox-
imation leadsto a reductionof the eigervalue. This may be attributed to the
exchangeof abosoninsteadof afermionasherein thediquark-quarkmodel.

The substantiallifferencebetweernthetwo approachess alsoreflectedn the
vertex function solutionsthemseles. Figure 6.1 shovs the Chebyshe moments
of thedominantscalarfunction S; for both methodsusingthe parametersf Set
la. Only theevenmomentaaregiven,sincethe odd onesarezeroin the Salpeter
approximationbut arepresentpf coursejn thefull calculation).Two thingsare
manifest:the Salpetelamplitudeshave a muchbroaderspatialextentthanthefull
amplitudes.Secondlythe expansionin Chebyshe polynomialsthatrelieson an
approximateO(4) symmetrycorvergesmuchmorerapidly for the full solution
but is hardly corvincing in the Salpeterapproximation. Again, sincethe scalar
functionsdependn the Salpeterapproximationon just onevariable,p?(1 — z?),
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Figure 6.1: The Chebyshe expansionof the dominantscalarfunction S; (p, z) in the
Salpeteapproximatiorandthefull calculation.

our expansionis a cumbersomevay of visualizingthe solutionbut makesclear
thatthe Salpeterapproximatiordoesnot exhibit anapproximate)(4)-symmetry

We remindoursehesthatSalpetein hisoriginalwork [66] devisedtheinstan-
taneousapproximationof the Bethe-Salpetekernelasthefirst termin a pertur
bationseriesfor the full solution. We clearly seethat one shouldnot stop after
thefirst termasthe characteof the exactandthe approximatedolutiondiffer so
profoundly

6.2 Resultsfor obsewables

Let us turn first to the calculationof the electromagnetidorm factorsGg and
G- They canbe extractedfrom the currentmatrix elementas prescribedby
egs.(3.8,3.9).In impulseapproximatiorthe currentoperatorfor protonandneu-
tronreads

. 2 1
p<Pf‘ JH ‘Pi>;mp — §<J5>scfsc + g(JéLJscfsc + <J5w>axfax ’ (6.10)
im 1 SC—SC ax—ax SC—SC ax—ax
n(Pr[ JH P = —3 ((THYP75 = (TR = (TR 7%+ (Th)™ ™)
(6.11)

Herewe adoptedhe notationfrom section3.1. Diagrammaticallythe singlema-
trix elementscorrespondo the left two graphsof figure 3.2. The quarkanddi-
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Figure 6.2: Nucleonelectricform factorsin the Salpeterapproximationandin the full
calculation. The cunesfor the Salpeterapproximatiorhave beenobtainedby including
the Chebyshe momentf thevertex functionup to ordermyy,ax.

guarkverticeswhich areneededn thesediagramsaregivenby egs.(3.28-3.31).
Thesediagramsarethe only oneswhich have beencalculatedn refs.[62, 117],
with the following justification given: asalreadymentionedin the summaryof
section3.1, the diagramsof the impulseapproximationseparatelyconsere the
current. Furthermore peculiaridentitiesat zeromomentumtransferhold in the
Salpetemapproximation,

JHQ@ =0 = (L@ =) 6.12)
(H@ =)™ = (JL@Q = o), (6.13)

which areproved by straightforward calculation. Theseidentities,in conjunction
with egs.(6.10,6.11)andthenormalizationcondition(3.56)for thenucleonwave
function, guaranteghat proton and neutronhave their correctchage, i.e. the
electricform factorssatisfyGh " (Q? = 0) = 1 andG"°" (Q? = 0) = 0.

We have seerthatin thefull calculationwe needthecurrentcontributionsfrom
thequarkexchangekernelto establistthe correctnucleonchages. This followed
asaconsequencef thegeneraWard-Takahashidentity, eq.(3.13),for thequark-
diquarkpropagatarWe will thereforecompareheimpulseapproximatiorfor the
Salpetercalculationto thecalculationswith full vertex functionswith andwithout
theexchangediagramsof figure 3.4.

In figure 6.2 the electric form factorsof proton and neutronare displayed,
usingthe parameter®f Setlla. Thefirst obsenationis thatin the Salpeterap-
proximationwe could not obtain convergencewith the expansionin Chebyshe
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— py —

Set (Jeyese (JR)PT (JB)  SUM

la Salpeter 1.57 - - 1.58(1.58)
full 2.04 - 031 2.38

lla Salpeter 0.92(1.08) 1.37(1.7) - 2.29(2.78)
full 1.09 0.98 037 245

Table 6.2: The mostimportantcontritutions to the proton magneticnomentfrom the
singlediagrams.Thenotationis asin table3.2. In parenthesethevaluesof refs.[62, 117
aregiven.

polynomialsbeyond Q? ~ 0.4 Ge\?. As describedn section3.2.1, we com-
putedthe form factorsin the Breit frame where( is realbut z; = p - P, and
z; = k - Py, theangularvariableswhich enterastheir agumentsthe Chebyshe
polynomialsfor the boostedvertex functions,have imaginaryparts. Their abso-
lute valuesmay exceedone, exceptfor the caseof zero momentumtransfer cf.
egs.(3.66,3.67).Sothis expansiorthatworksin therestframe,andit doesbarely
sofor the Salpeteapproximationwill notgenerallywork in amoving frame.On
theotherhand thedecreasef thehigherChebyshe momentss goodenoughfor
the full four-dimensionalsolutionthatthe numericalvaluesfor the form factors
converge up to several Ge\V?. However, ascanbe seenfrom fig. 6.2the Salpeter
approximationbadly fails above 0.5 GeV? therebyrevealingits semi-relatvistic
nature.

The secondinding concernghe electromagneticadii. The Salpeterapprox-
imation tendsto underestimat¢he protonchage radiusandto overestimatehe
absolutevalue of the neutronchage radius,seethe first two resultlines of table
6.3. Theaxialvectorcorrelationgendto suppresshe neutronelectricform factor
muchmorein thefull calculationthanin the Salpetemapproximation. Remember
thatthis suppressiors dueto theaxialvectorcorrelationsvhich have beenchosen
to beratherstrongfor Setlla, asg, = g,.

Turning to the magneticmoments the contributions of the variousdiagrams
aretalulatedin table6.2 for the proton. Following ref. [117] we ascribedto the
axialvectordiquarkaratherlarge anomalousnagneticonomentof x = 1.6 which
wasneededn thatstudyto fit the protonmagnetionoment.As alreadyobsened
earlier we couldreproduceghe magnetiomomentfor Setla, however, for Setlla,
the valuesdiffer and especiallythe couplingto the axialvectordiquarkis much
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Set la lla
Salpeter full Salpeter full

1A IA all IA 1A all
(7p)el [fm] 0.89 1.00 0.99 088 1.01 1.01
(r2)a  [fm?* -0.28 -0.21 -0.23 —0.06 -0.04 -0.04
o 158 205 258 229 2.07 245
(Tp)mag  [fM] 1.04 109 1.06 0.85 0.99 0.99
L —-0.77 -1.02 -1.65 —-0.98 —-1.02 -1.26
(Tn)mag  [fM] 1.05 109 1.00 094 106 1.05
9rNN 8.96 11.71 15.34 6.03 6.95 9.36
TRNN [fm] 1.04 107 104 115 121 1.5
ga 093 116 1.46 053 065 0.82
n [fm] 093 099 1.02 1.08 114 1.10

Table 6.3: Somestaticnucleonobserables. Theacrorym ‘IA’ indicateshattheresults
in thesecolumnshave beenobtainedin the impulseapproximatiorwhereasall means
thatalsothe diagramsof the quarkexchangekernelhave beentakeninto account.

wealer in our Salpetercalculation. Rathermore interestingis the comparison
betweenthe full calculationsusingeither Setla or Setlla: The axialvectordi-
guarkimprovesthe magneticmomentonly mamginally, dueto the negglect of the
anomalougransitionsbetweerscalarandaxialvectordiquarks. The Salpeterap-
proximationtendsto overestimatehe contribution of (.J# )~ quitedrastically

We have also calculatedthe pion-nucleonconstant,the weak coupling con-
stantandthe correspondingadii for the two setsin afirst approximationtaking
into accountonly the diagramswherethe pseudoscalasndpseudeoectorcurrent
coupleto the spectatoror the exchangedquark. Pleasereferto table 6.3 for the
numericalresults. Of course the numbersfor g4 andg, yx Obtainedfor the pa-
rameterof Setlla signalthe missingcontributionsfrom theresolhedaxialvector
diquarkandfrom the scalafrto-axialvectortransitions.But we wantto emphasize
anothemoint: Alreadyin impulseapproximatiortheresultsvary strongly(onthe
level of 20 %) betweenthefull andthe Salpetercalculationwith the Salpeterap-
proximationundeestimatinghe couplings.But aswe have seerfor themagnetic
momentdor Setlla, the Salpeterapproximatioroverestimateshem,sowe arrive
at the conclusionthat obsenablesvary quite strongly and unpredictablywhen
employing the equaltime approximation.In this casejt is hardly of useto relate
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parameterso the physicalcontentwhich the modelhopefullydescribes.

Let us summarizethe resultsobtainedin this chapter The Bethe-Salpeter
equationfor the nucleonhasbeensolvedin a fully covariantway andin thein-
stantaneouSalpeterapproximation.As for the modelwith scalardiquarksonly
we have verified the resultsof ref. [62] whereagdiscrepanciesemainif the ax-
lalvector diquarkis included. Thesedifferencesare partly dueto the fact that
in ref. [117] not all (groundstate)axialvectorcomponent$ave beentaken into
account. Additionally, we take our resultas an indicationthat the calculations
presentedn ref. [117] might suffer from someminor error.

However, themainpurposéhasbeenthecomparisorof obserablescalculated
in the Salpeterapproximationto the onesobtainedin the fully four-dimensional
scheme.Thefirst very surprisingobsenationis the overestimatiorof the Bethe-
Salpeterigervaluein the Salpetelapproximation Phrasetherwise for agiven
coupling constantthe binding enegy would be muchtoo smallin the Salpeter
approximation.We have alsodemonstratethatthe characteof the vertex func-
tion solutionsin the full treatmentandfor the Salpeterapproximations grossly
different, sincethe full solutionsexhibit an approximateO(4) symmetrywhich
is absentin the Salpeterapproximation. This hasdrasticconsequencetr the
resulting nucleonelectromagnetidorm factorsif the photonvirtuality exceeds
0.4 Ge\2. Althoughthe non-cowvergenceof the form factorsin the Salpeterap-
proximationin this momentumregime canbe solely ascribedto the Chebyshe
expansionwhich is inappropriatefor the instantaneouspproximation,we find
neverthelesslifferencedor staticobsenables.Onthe onehand differentnucleon
radii differ only mildly in thesetwo approachesyith the exceptionof the neutron
chageradius.Ontheotherhand,oneseesreryclearlythattheresults(obtainedn
the Salpeteapproximationfor themagnetianomentsthepion-nucleorcoupling
andtheweakcouplingconstantieviate sizeablyfrom thefull calculation.
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Chapter 7

Summary and Conclusions

In this thesiswe have presentedh framework for a fully covariantdiquark-quark
modelof baryonsandobtainedsolutionsfor boundstatesandcertainnucleonob-
senableshaving employedsimpleansatzefor thequarkanddiquarkpropagators,
andthe diquark-quarkvertices. We derived the basicBethe-Salpeteequations
governingthe dynamicsof the quarksandthe diquark quasi-particledy a suit-
ablereductionof the relativistic three-quarkproblem. This reductionconsistsn
neglectingthree-quarkrreducibleinteractionsandassumingeparabléwo-quark
correlations,the diquarks. Scalarand axialvector diquarkshave beenincluded
into the descriptionasthe presumablymostimportantdiquarkcorrelations.

We solved the Bethe-Salpeteequationwhich sumsup the continuousquark
exchangebetweenquark and diquark in a fully covariant manney therebyob-
taining relativistic baryonwave functionswhich containfar more structurethan
non-relatvistic wave functions. Thesewave functionshave beensubsequently
employed to calculateelectromagnetidorm factors. Here, we constructedhe
currentoperatoffor theelectromagneti@ield usingWard-Takahashidentitiesand
therebymaintaininggaugenvariance Covarianceandgaugenvarianceareman-
ifest in the numericalresults. For the nucleonelectric form factorswe found
goodagreementvith the experimentaldata. The magneticmomentdall shortby
approximatelyl5 ... 30 %, dependingon whetherthe A resonances included
in the descriptionor not. A possiblesourceof this failure is found in the free
constituentquark and diquark propagatorsvhich have beenemployed in these
calculations.Thelack of confinementorcedusto chooseratherlarge quarkand
diquark massedo obtaina bound A, andthe perturbatve quark-photornvertex
is probablyinsufficient to accountfor the obsened magneticmoments.There-
centlymeasuredatio of electricto magnetidorm factorof the protonrestrictsthe
strengthof theaxialvectorcorrelationswithin thenucleonto besmall,onthelevel
of 20 %, if ourresultsareto matchthe data.

In anattemptto circumwentthe problemposedby theinclusionof the A reso-
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nanceandtheunderestimatethagnetianomentswe have investigated possible
parametrizatiorof confinemenby modifying quarkanddiquark propagatorgo
renderthempole-freein the complex momentunplane. Thesemodificationsal-
lowed us to calculatethe massspectrumof octet and decupletbaryonsin fair
agreementwith experimentand the nucleonmagneticmomentsreceved addi-
tional contributionswhich evenrenderedhemto be largerby 15 % thanthe ex-
perimentalvalues. Neverthelessthereare seriousdoubtsaboutthe justification
of sucha modification. The modifiedpropagatorhiave anessentiakingularityat
timelike infinity which is notin accordancevith generaltheoremsaboutthe be-
havior of propagator quantunfield theory Additionally, thissingularitycauses
a spuriousenhancementf the calculatedcrosssectionin kaonphotoproduction,
andwouldrenderthecalculationof theleadingtwist contributionsto Deeplnelas-
tic Scatteringmpossible.Therefore refinedmethodgo incorporateconfinement
areneededandwork onthis problemis currentlydone.

The isovector axial form factor for the nucleonand the pion-nucleonform
factorhave alsobeencalculated.Chiral symmetrycould be usedto constructhe
pseudwectorandthe pseudoscalajuarkcurrentoperatorsAs it turnsout, chiral
symmetryrequiresalsothe inclusion of vector diquarksbesideshe axialvector
diquarks,sincethey form a chiral multiplet. The neglectof the formerleadsto a
moderateviolation of the GoldbegerTreimanrelation,andthe pion-nucleorand
theweakcouplingconstantarefoundto be somavhattoo large comparedo their
experimentalalues.Sincethetransitiondbetweerscalarandaxialvectordiquarks
provedto be the main sourceof the calculatedGoldbegerTreimandiscrepang
andthe large pion-nucleorcouplingconstantwe againconcludethataxialvector
correlationswithin the nucleonshouldbe small.

We also comparedesultsfor nucleonvertex function solutionsand observ-
ablesbetweenthe fully covarianttreatmentof the diquark-quarkBethe-Salpeter
equationandthe semi-relatistic Salpeterapproximation. The vertex functions
for the latter differed strongly from the full solution, on a qualitatve aswell as
on a quantitatve level. Furthermorewe found rathererratic deviationsbetween
the resultsfor staticobserablesobtainedwith both methodsandthereforecon-
cludethatthe semi-relatvistic treatmenis inadmissiblewithin thediquark-quark
model.

Regardingthe simplicity of the quark-diquarkpicture,the modelreproduces
fairly well the basic nucleonobsenrablesinvestigatedhere. It should be con-
sidereda succesghat maintainingcovarianceis feasiblein calculatingthe form
factorsandthis is a good starting point to investigatemore involved hadronic
processesFor kaonphotoproduction;yp — K*A, andassociatedgtrangeness
production,pp — pK T A, preliminaryresultsarealreadyavailable,cf. refs.[109,
119.

To checkthe viability of the chosenapproachwithin QCD, somemore in-
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formationaboutthe quarkpropagatoandthe two-quarkcorrelationsareneeded.

Whereaghereis justified hopethat lattice or Dyson-Schwingecalculationswill
provide us with morerefinedresultsfor the quark propagatoin the nearfuture,
it is not clearat all whethera non-perturbatie characterizatiorf the two-quark
correlationscanbe found. To proceedurtherin this direction,oneprobablyhas
to resortin a next stepto anapproximatenodelfor the quark-gluondynamics.
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Appendix A

Varia

A.1 Conventions

Throughouthetext we work in Euclideanspacewith the metric g** = §*¥. Ac-
cordingly, a hermitianbasisof Dirac matrices{~, v*} is usedwhich is relatedto
thematrices{~?, v} of theDirac representatioby

Y=9Y, v=—ivp. (A1)

Furthermorewe definey® = —~!42+34%. The chage conjugationmatrix is de-
finedby C = —+2+*. ThefreequarkpropagatoiS(k) is determinedby therela-
tion, valid in thetheoryfor a free,massve fermion,

(O[T q()a(y)[0) = / %exp@k-(a:—y))sw, (A2)
S(k) = Zﬁ;;:”g (A.3)

We arrive at this equation,if we formulatethe continuationbetweenMinkowski
andEuclideanspaceusingthewell-known rules

2, = —izt, Ty —x, (A.4)

K, — k', ky — —k (A.5)
for aformaltranscriptiorof positionvariablesr; andmomentunvariablest,, in
Minkowski spaceto their Euclideanpendants: andk. Additionally we prescribe

for the Euclideanmomentumvariablesk — —k. Furnishedwith an additional
transcriptiorrule for the metrictensornin Minkowski space,

gt = =", (A.6)



132 Varia
we find for the scalarandthe Procapropagatar
1 Ly e
D(p) = T m D (p) = —W - (A.7)

Four-dimensionamomentunintegrals,appearingn the Bethe-Salpeteequa-
tion orin theexpressiorfor currentmatrix elementsareevaluatedoy usinghyper
sphericakoordinatesWe parametrizéhe Cartesiarcomponent®f an Euclidean
vectorg” in thefollowing way,

sin ¢ sin 6 sin ©
cos ¢ sin 0 sin ©
cos f sin ©
cos ©

¢" =lq| (A.8)

With the abbreviationsz = cos® andy = cos#@ the four-dimensionalvolume
integralmeasuras

/%:ﬁ /Ooo\q\3d\q|/_llmw/_lldy/0%d¢. (A.9)

Hypersphericaharmonicsaredefinedby

2241 (n + 1) (n — 1)!1(1!)?

-1 1+1
T (n + 1+ 1)! sin’ © Cnfl(COS G)Yim(ea ¢)a

ynlm<@a 05 ¢) = \/
(A.10)

wherethe polynomialsC*(cos ©) arethe Gegenbauempolynomialg52] andthe
Yim (0, ¢) arethe familiar sphericalharmonics.For vanishingthree-dimensional
angulatmomentum/ = 0, the Gegenbauepolynomialsreduceto the Chebyshe
polynomialsof the secondckind, C! = U,,, andthe correspondindnyperspherical

n00 2 n C . . I I

Thus,the expansionof relatwistic groundstatewave functions(/ = 0) in termsof
Chebyshe polynomials,asdonein section2.5for thebaryons correspond$o an
expansioninto hypersphericaharmonics.
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A.2 Color and flavor factors in the Bethe-Salpeter
equations

A.2.1 Nucleon

For thedervationof thecolor factor let usintroducethe color singletstateof the
nucleonasbeingproportionalto a 3-dimensionalinit matrix (3 @ 3 = 1 @ 8)

‘0>c010r = \/g(/\O)AB = \/g(SAB; <0‘0> =1. (A12)
Sincebothdiquarksarein anantitripletrepresentatiorthe color partof the Bethe-
Salpetekernelreadsseefigure A.1)

Ko = Terkacina = —5(0n0ks — Ors0KN) - (A.13)

Sandwichingoetweerthe nucleoncolor singletstateyields

(0|KB3S |0) = _%5JK(5LN5KJ — 0rs0kN)0LN = —1. (A.14)

color

The nucleonflavor statedistinguisheof coursebetweerscalarandaxialvec-
tor diquarks.We rewrite the diquarksaseigenstatesf their total isospinandthe
projectionontotherespectre =z axis. They areeasilyexpressedy the combina-

tionsof v andd quark. (ud) = —\/g(ud — du) hasisospinzero(scalardiquark).

[uu], [ud] = \@(ud + du) and[dd] have isospinone with the respectie third
(z) componentoeing+1,0, —1. Expressedwvith sphericalisospinmatricesr,,,
Ty = :F\/g(ﬂ'l +47?) andry = 73, they read

(ud)

[uu] L [ 72
[ud] — | i’ (A.16)
([dd]) V2 <i7'17'2)

Remembethe expressiorfor the nucleonFaddeg amplitude,

ir? (A.15)

Lagy = X5, D (®°u), + x4, D" (9"u), . (A.17)

Thetwo summand®ntheright handsiderepresenscalarandaxialvectorcorrela-
tions, respectiely, andthe Greekindicescontainalsothe flavor indices. We will

write the nucleonflavor stateasa 2-vector with scalarand axialvectorcorrela-
tionsascomponentsandkeepin mind thatthey addupto the Fadde& amplitude
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asindicatedabove. Thenthe protonflavor wave functioncanbe constructeadvith
theappropriateClebsch-Gordacoeficientsas

>abc

] B u(ud)
D) flavor = <|§>abc> = (ﬁu[ud] _ ﬁd[uu])

_ 2 (0)alm e . (Als)

1 0 .
E @ = /3 (), (717
The scalarand axialvectorflavor componentsre separatelynormalizedto yield
unity,

acb

!
dlqplp)ig =1, (A.19)

wherethe conjugateflavor statesare obtainedby Hermitian conjugation. The
absolutestrengthof the scalarand axialvector correlationsis determinedoy the
solutionto the Bethe-Salpeteequation.A redefinitionof the diquarkflavor ma-
tricesappearingn eq. (A.18) alsoaffectsthe diquark normalizationconditions,
egs.(2.59,2.60),andthe Bethe-Salpetekernelsuchthatthe contributionsof the
scalarandaxialvectorcorrelationgo obsenablesremainunchangedTheneutron
flavor stateaccordinglywrites

n)favor = ( \[d +\[u[dd) (A.20)

Thematrixrepresentationf the Bethe-Salpetédternelwith respecto thediquark
isospineigenstatedefinedaboveis givenby (seefigureA.1)

1=0 I=1
KBS = =0 1( (T ) kn — (T 7)) ) (A21
f =1 2\ — (7’ (7271 ))kn ((TmITZ) (7271 ))kn ( )

Sandwichingoetweereitherthe protonor the neutronflavor stateyieldstheiden-
tical flavor matrix

I=0 =1
=0 1/ +1 -3
BRI = i) = =0 (e ) e

Egs.(A.14,A.22) provide for the explicit factorsin the Bethe-Salpetekernel of
eq.(2.70).
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Lm]

Figure A.1: Color andflavor indicesappearingn the Bethe-Salpetekernel. Capital
lettersrunfrom 1. .. 3 andlabelthe color stateof quarks(3) andof diquarks(3). Small
lettersn, k = 1, 2 labelquarkisospinandm, m’ = +1, 0 labelthethird componenbf the
axialvectordiquarkisospin.

A22 A

Taking over the notationsfrom the previous subsectionye write the flavor states
of thefour nearlymass-dgenerate\ resonanceas

|fA+:)> \/ju ud) + fd[uu]

W \[dud +/3uldd

d|dd)

The flavor matrix of the Bethe-Salpetekernelinvolvesonly the axialvector di-
quark(/ = 1) channel,

(A.23)

(K35 gavor = ((TmITQ) (7'27']L ))kn i (A.24)
Thisyieldsfor all A states € {++, +, 0, —} identicalflavor factors,
(AD (KBS avor| ADY =1 . (A.25)

A.3 Wavefunctions

On the next pagesthe scalarfunctionsdescribingthe partial waves of nucleon
andA aredisplayed.In figure A.2 we shav the nucleonfunctionsS;, A; for the
parameteiSet| of table 2.8. The momentumpartitioning parameter; = 0.36

hasbeenchosen.This valueis roughly half way betweenthe boundssetby the
constituenpoles,cf. eq.(2.154),

n € [0.334,0.383] . (A.26)
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TheevenChebyshe momentadominatethe expansiorof thescalarfunctionsand
thereforewe shaw the threeleadingeven momentafor eachfunction. The two
dominatings wavesS; and A; corverge quickly in their expansion.Thep waves
S,, A, and Ag which follow next with respecto the overall magnitudedisplay
a more moderatecornvergence. One can estimatethat thesep waveswill have
aninfluenceon obsenableson the level of belonv 10 %. All otherfunctionsare
subdominantespeciallythe d wave A5 turnsoutto be extremelysmall.

The A partial waves depictedin figure A.3 have beencalculatedusing the
parameterSet Il which fits the experimental A mass. The binding enegy is
only 24 MeV and consequentlythe rangeof allowed » valuesis restrictedby
egs.(2.154,2.155jo

n € [0.328,0.345] . (A.27)

We have choserm = 1/3. The small binding enepy is reflectedin the scalar
functionsasfollows. Theonly s wave D; clearlydominatesandthe p waves D,

D, and Dg representorrectionsof the order of one per cent. All other partial
wavesaresuppressedAlthoughthe corvergenceof the Chebyshe expansionis

still moderatefor D;, the remainingfunctionspossess numberof higher mo-
mentswhich arelarger than one tenth of the zerothmoment. In figure A.3 we
have pickedthemomentd), 4 and8 to illustratethis behaiour.

A.4 Bethe-Salpeterequationsfor octetand decuplet

Herewe list the Bethe-Salpeteequationdor octetanddecupletbaryonsneeded
in section5.2. Firstwe introducethe notation:

U2y Uiy SPIN-1/2 wave function for flavor componentswith spectator
quarkc andscalar(ab) or axialvectordiquark [ab], decomposed
asin eq.(2.129)

\115[2 . Spin-3/2 wave function for flavor componentswith spectator

quarkc andaxialvectordiquark[ab], decomposedsin eq.(2.131)
S, Quarkpropagatoasin eq.(2.64)with m, = m,

D (ap), D[‘;’Z] Diquark propagatorssin eqs.(2.45,2.46)with m,. = m,) and
Maz = Mgp)

K?2b Quark exchangekernel with momentumdefinitions as belov

eq.(2.72): K2 = —1 (g;’;4xa STb (a,b=1,...,5)
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As we considertheisospinsymmetriccase theflavor labelsa, b, ¢ will bechosen
amongup andstrange (u, s). We recapitulatehe nucleonequation(2.69),

(A.28)
TheX: hyperonis describedy
KP =K V2EP\ (Vi
—K o Kew 2K | Yong | - (A29)

The equationfor the = hyperonis obtainedby interchangingu «+ s. SU(3)
symmetrybreakingcouplesthe eightfold way stateof the A to the flavor singlet,
s(ud) + u(ds) + d(su). We introducetheflavor statesf, = [d(us) — u(ds)]/v/2,
f2 = s(ud) andl = (d[us] — u[ds])/+/2 andthe equationfor the physicalA hy-
peronreads

Si' Dy 0 0 v
0 S Dy 0 v | =
0 0 St (Dhuy) ™' ) \ W
— K% V2 K% K ‘1,?1
V2K 0 V2ES 95 ] . (A30)

K VREY k) \ v
Theequationfor the A readscf. eq.(2.80),

S, (DR ) TE e =2 KPR (A.31)

By interchanging: < s onefindsthe equationfor the Q2. Finally the X* obeys
theequation
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(Su_l (ngfs])_l 0 ) <‘Ijzl[fus]) ( Ksp” \/§K5N> (\I}Z([Tus]>
—1/ppv \—1 vo = po .
(A.32)

In eq.(A.32) theinterchange: <> s leadsto the=* equation.
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Appendix B

Form Factor Calculations

B.1 Resolvingdiquarks

B.1.1 ElectromagneticVertices

Here we adoptan impulse approximationto couplethe photondirectly to the
quarksnsidethediquarksobtainingthescalar axialvectorandthephoton-induced
scalaraxialvectordiquarktransitioncouplingsasrepresentedby the 3 diagrams
in figure 3.1. For on-shelldiquarkstheseyield diquarkform factorsand at the
soft point (Q = 0) the electricform factorsof scalarandaxialvectordiquarkare
equivalentto the normalizationconditions(2.59,2.60).Herebyit is assumedhat
the diquark-quarkverticesy®™ could be obtainedfrom a quark-quarkscattering
kernelwhichis independenof thetotal diquarkmomentumcf. alsosection3.1.3
wherewe discussedhe equivalenceof canonicalandchage normalizationin the
nucleoncase.

Dueto the quark-exchangeantisymmetryof the diquarkamplitudest sufiices
to calculateonediagramfor eachof thethreecontributions,i.e., thoseof figure3.1
in whichthephotoncouplego the“upper” quarkline. Thecolortraceyieldsunity
asin the normalizationintegrals, egs. (2.59) and (2.60). To performthe traces
over the diquarkflavor matriceswith the chage matrix actingon the quarkline
it is advantageouso choosethe diquarkchage eigenstates;f. appendixA.2.1.
With thedefinition

_ 3
Qc= i1+ 1t (B.1)
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we thenobtainthe following flavor factors

(T4 ) favor = ST Qe = ¢, (B.2)
2
3
(Fga’:aﬂ)ﬁavor = %Tr (TQT;)QC(TmT% = % ) (B.3)
_1
3
(f‘gf)ﬁavor = —%Tr 7?Qe(Ti ™) = —6mo % . (B.4)

For the flavor factorsof the scalarand axialvectordiquarkswe obtain half their
total chages. Thefactor1/2 is dueto the antisymmetryof the verticesandalso
appearsn thenormalizationconditions(2.59,2.60).

We areleft with thequarkloopthatinvolvesjustatraceovertheDiracindices.
Including the minussign for fermionloops,we find for the Lorentz structureof
theresolhedvertices

d4q _5 (P2—Dps3 P1—DP3
o= -t f i ¢ (122 Sy s (M52) 8. B5)
T\, _ d4(] —_o [P2—P3 P1—P3
e = 1 [ B (52 St (%) 7). 89
B _ d*q 5 (p2-ps P1—Ps3
s = —Tf/(%)4 x5( ; )S<pz)F“S p1) ( )ST p3) (B.7)
= dimy €@ (py + ka)’Q / (dq 9594 V(g = Q/4)V (g + Q/4)

2m)* (p1 + mg) (03 + mg)(p§ +m3)
Thequarkmomentahereinare,

pat+ka @ pa+ke Q

P = 1 —§+qa D2 = 1 +§+CI7
+ k
p3 = pd4 1 q. (B.8)

Eventhoughcurrentconseration canbe maintainedwith theseverticeson-shell,
off-shell I, andI'*# do not satisfy the Ward-Takahashidentitiesfor the free
propagatorsn egs.(2.45,2.46). Thusthey cannotbe directly employedto cou-
ple the photonto the diquarksinsidethe nucleonwithout violating gaugeinvari-
ance.For ) = 0, however, they canbe usedto estimatethe anomalousnagnetic
momentx of the axialvector diquark and the strengthof the scalaraxialvector
transition,denoteddy «,, in (3.32),asfollows.

Firstwe calculatethe contributionsof the scalarandaxialvectordiquarkto the
protonchage, i.e. the contrikution of the first diagramin figure 3.2 to Gg(0),
uponreplacingtheverticesl™*, andT'*:2# givenin egs.(3.30,3.31)y theresohed
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95°/9s 92°/9a K Ksa

Setl 0943 1421 1.01 2.09
Setll 0.907 3.342 1.04 214

Table B.1: Rescaledliquarknormalizationsandconstant®f photon-diquarkcouplings.

ones,I'* andI'**f in egs.(B.5) and (B.6). Sincethe bare verticessatisfythe
Ward-Takahashiidentities, and since currentconseration is maintainedin the
calculationof theelectromagnetiéorm factors the correctchagesof bothnucle-
onsareguaranteedo resultfrom the contritutionsto G (0) obtainedwith these
bareverticesI'*, andI'*:*? of egs.(3.30,3.31)In orderto reproducehesecorrect
contritutions,we thenadjustthevaluesfor thediquarkcouplings,g, andg,, to be
usedin connectiorwith theresolhedverticesof egs.(B.5) and(B.6). Thisyields
couplingsg;*© andg;**, slightly rescaledby a factorof the orderof one,cf. ta-
ble B.1). We seethatgaugeinvariancein form of the differential Ward identity
providesanoff-shell constrainon thediquarknormalizatiorwherewe have aver-
agedover diquarkoff-shell statesdoy performingthe four-dimensionaintegration
for the currentmatrix element.Oncethe “off-shell couplings” ¢:*° and g;**¢ are
fixedwe cancontinueandcalculatethe contributionsto the magneticmomentof
the protonthatarisefrom the resohed axialvectorandtransitioncouplings I'*;*#
andI'~?, respectiely. Thesecontritutionsdeterminethe valuesof the constants
k andk,, for thecouplingsin egs.(3.31)and(3.32,3.33).Theresultsaregivenin
tableB.1. As canbeseenthevaluesobtainedfor x andx, by this procedureare
insensitve to the parametesetsfor thenucleonamplitudesin thecalculationsof
obsenableswe usex = 1.0 andx,, = 2.1.

B.1.2 Pseudoscalailand pseudwector vertices

Thepionandthepseudweectorcurrentdo not coupleto thescalardiquark. There-
fore,in bothcase®nly thosetwo contributionshave to becomputedvhichareob-
tainedfrom themiddleandlowerdiagramsn figure 3.1 with replacingthephoton-
quarkvertex by thepion-quarkvertex of eq.(4.14),andby thepseudwectorquark
vertex of eq.(4.16),respectiely.

Firstwe evaluatetheflavor traceimplicitly givenin thediagramsof figure3.1.
As we employ only thethird componentin isospacedf the pseudoscalaandthe
pseudeectorcurrentsto obtaing, vy andg4, cf. eqs.(4.2,4.6),we just needthe



144

Form Factor Calculations

following flavor factors,

1

([ )tavor = 3Tr (Pr) P (mr?) = | 0 |, (B.9)
-1

(fg,sa)ﬁavor = —%TYTZT?’(TmTZ):—mO. (B.10)

Theflavor factorsfor the pseudwectorverticesarehalf of theabove factors.

In the quarkloop calculationswe usethe rescaledcouplingsfrom appendix
B.1.1 which provedto yield consistentesultswith respecto the Ward identity
for the nucleon. For the Dirac part of the vertex describingthe pion couplingto
theaxialvectordiquarkwe obtain,

2
- m
Tehe = 21 (pa k)" Q” (B.11)

™

/ d*q (g9 V(g —Q/HV (g + Q/4)
2m)* (p + m2)(p3 + m2)(p3 + m2)

I

andfixesits strength(at Q* = 0) to x>, ~ 4.5, seetableB.2.

For the effective pseudoectoraxialvector diquark vertex in eq. (4.18) it is
sufficientto considerthe regular part, sinceits pion pole contritution is fully de-
terminedby eq.(B.11)already Theregularpartreads,

fuas  _ / d*q (ggeSC)Q Vig—Q/4)V(g+Q/4) (B.12)

5ae 2m)* (pf + m2)(p} + m2)(p3 + m32)
[—4mge“aﬂy (p1+p2+ps) —Tr 75’70(]527%17%3] :

Although after the g-integrationthe termsin bracletsyield the four independent

Lorentzstructuresdiscussedn the paragraptabove eq.(4.18),only thefirst term

contritutesto g4(0) (with p; + p2 + ps = (3/4)(pa + ka) + 9).
Thescalaraxialvectortransitioninducedby thepionis describedy thevertex

. d*
M. = Z% / (2;5492"“92"“ V(ig—Q/4)V(g+Q/4) x (B.13)

(p2-p3)pe — (ps-p1)Ds + (p1-p2)pl
(p 4+ m2)(p3 + m2)(p3 + m2)

b

andthereverse(axialvectorscalar)ransitionis obtainedoy substitutingl) — —Q
(or p1 < p9) in (B.14). The correspondingertex for the pseudoectorcurrent
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5 5 5 5
Kag ’%u,aw Ksa /{u,sa

Setl 453 4.41 397 197
Setll 455 4.47 3.84 2.13

Table B.2: Strengthgor pion- andpseudwectordiquak couplings.

reads

fuﬂ

5,s5a

— i / d'q g9 V(g — Q/4)V (g + Q/4)
T emt (p+m2) 3 +m)(p; + m2)
[5“ﬁ (mﬁ —P1°P2 — P2-P3 — P3-p1) + (B.14)
{p1p2}ﬁﬂ + {p1p3}iﬁﬁ - {pzp?,}liﬁ] .

The short-handhotationfor a(n) (anti)symmetricproductusedhereinis defined
as{mp}'Y = pl'vy + pypy. Thereversetransitionis obtainedfrom Q@ — —Q
togethemwith anoverall signchangen (B.14). As alreadymentionedn themain
text, the term proportionalto 6*# provides99 % of the valuefor g, asobtained
with thefull vertex. It thereforeclearlyrepresentshe dominanttensorstructure.

As explainedfor the electromagneticouplingsof diquarks,we usethesere-
solvedverticesn connectiorwith therescaleatouplingsg;®*° andg;**° to compute
g=nn @andgy in thelimit @ — 0. In this way the otherwiseunknonvn constants
thatoccurin the (pointlike) verticesof eqs.(4.17—-4.20aredetermined.

As seenfrom the resultsin tableB.2, the valuesobtainedfor theseeffective
couplingconstantsareonly slightly dependenon the parameteset(the only ex-
ceptionbeing Kz,sa wherethetwo valuesdiffer by 8 %). For the numericalcalcu-
lationspresentedn sectiond.3weemploy x2, = 4.5, k2> ., = 4.4, k5, = 3.9 and

5 Hn,ax
Kpsa = 2-1.

B.2 Calculation of the impulse approximation dia-
grams

In this appendixwe discusghedifficultiesin the formal transitionfrom the Min-
kowski to the Euclideammetric. Theseareencountereh the connectiorbetween
Bethe-Salpetewave function ¥ and vertex functions® in a general(boosted)
frameof referenceof the nucleonboundstate.
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ky=(@n)R-k =@-n)P-p

Figure B.1: Thequarkcouplingdiagramof theimpulseapproximation.

As the genericexamplefor this discussionwe have chosenthe seconddia-
gramin figure 3.2which describesheimpulse-approximatedontritution arising
from the coupling of the photonto the quarkwithin the nucleon. Furthermore
it is sufficient to restrictoursehesto scalardiquark correlations retainingonly
U5 and®®. The principle of the calculationwill neverthelessbecomeclear We
have singledout this diagramand,having addedthe appropriatenomentundef-
initions, it is shavn in figure B.1. We evaluatethe diagramin the Breit frame,cf.
themomentundefinitionsin egs.(3.65).

LetusconsideMandelstansformalism,eq.(3.26),in Minkowski spacevhere
it hasbeenderived originally [63]. Here, the matrix elementsbetweenbound
statesarerelatedto thecorrespondingethe-Salpetewvave functionsin Minkowski
spacewhichfor themomentareour nucleonBethe-Salpetewave functions¥ ;.1
Uponthetransitionto the Euclideammetric,the correspondingontribution to the
obsenable, hereto the nucleonform factors,is determinedby the “Euclidean”
Bethe-Salpetewave function Ug. In the restframe of the nucleonboundstate
this transferfrom M — FE of the Bethe-Salpetewave functionscommuteswith
thereplacemenof thewave by thevertex functions;thatis, uniqueresultsareob-
tainedfrom the Euclidearcontributionsbasedn eitheremploying the Minkowski
spacewave functionsor the vertex functionswhich arerelatedby the truncation

of the propagator®f the constitueniegs,here®,, = (Gg—dqu y ¥, Or, vice

versa U, = GI4 M<I>M

At finite momentumtransferQ? one needsto employ Bethe-Salpetewave
functionsin a more generalframe of reference herewe usethe Breit framein
which neitherthe incomingnor the outgoingnucleonareat rest. As describedn
section3.2.1,the “Euclideanwave function” ¥ in this frameis obtainedfrom
thesolutionto the Bethe-Salpeteequationin therestframeby analyticcontinua-

n the following the subscripty, standsfor definitionsin Minkowski spaceand g for the
correspondingnesin Euclidearspace.
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Figure B.2: Interrelationof matrix elementsn Minkowski and Euclideanspace.The
integral signis shorthandor thefour-dimensionalntegrationover therelatve momentum
p, seeequation(B.15).

tion, in particular by insertingcomplex valuesfor theargumentof the Chebyshe
polynomials,seeeqs.(3.66,3.67).This correspondso the transitionfrom left to
rightindicatedby thearrow of theupperline in figure B.2.

In the analogougransitionon the otherhand,whenthe truncatedBethe-Sal-
peteramplitudesareemployed, the possiblepresencef singularitiesin thelegs
hasto betakeninto accounexplicitly. In thepresenexample thesearethesingle
particle polesof the propagator®f the constitueniguarkanddiquarkthat might
be encircledby the closedpathin the p°-integration. The correspondingesidues
have to beincludedin thetransitionto the Euclideanmetricin this casewhichis
indicatedin thelower line of figureB.2.

Theconclusions thereforehatthenaverelationbetweerBethe-Salpeterer-
tex andwave functionscannotbe maintainedn the Chebyshe expansionof the
Euclideansphericamomentuncoordinatesvhensingularitiesareencountereth
thetruncationof thelegs. Resortingto the Minkowski spacedefinitionsof vertex
vs. wave functions,however, uniqueresultsare obtainedfrom eitheremploying
the domainof holomorphyof the Bethe-Salpetewave functionsin the continua-
tion to the Euclidearmetric (with complex momentaor, alternatvely andtechni-
cally moreinvolved,from keepingtrack of the singularitiesthatcanoccurin the
Wick rotationwhenthetruncatecamplitudesandexplicit constituenpropagators
areemployed.

Therestof thissectionis concernedvith thedescriptionof how to accountfor
thesesingularitieswhich, for our presentalculationsareaffectedby constituent
polesfor quarkanddiquark, give rise to residuetermsasindicatedin the lower
right cornerof figure B.2.

To this endconsiderthe quarkcontribution to the matrix elementf the elec-
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Figure B.3: Location of the relevant singularitiesin the impulse-approximateuark
contrikution to the form factors. The relatve momentuny is the integrationvariablein
theloop diagramcorrespondingo equation(B.15).

tromagneticurrentwhichis givenby (cf. alsoeq.(3.39))

sc—sc d4p e
(e = [ SR 0+ (-0, P DEISH) T S() (0. P)
(B.15)
We areinterestedn thelocationof the propagatopolesherein(in Minkowski

space).For thesepoles,solving the correspondingjuadraticequationfor the ze-
roth componenbf therelative momentuny® yields

pi—mi—ie = 0 & (B.16)
pgole,l = —NwWq + W(mQa (p - 77/2 Q)Z)
2 2 . _
ky—my—te = 0 & (B.17)
Prolez = —Nwo £ W(mg, (p—(n/2-1)Q)?)
k3 —m2, —ic = 0 & (B.18)

pgole,?) = (1 - 77) wQ + W(msca (p - (77/2 - 1/2) Q)Q)

with W (m, p?) = \/p? + m? — ie. We usedthe momentundefinitionsgivenin
figureB.1 andin eqs.(3.65).

For @ = 0, i.e. in therestframeof the nucleonin which the Bethe-Salpeter
equationwassolved, the naive Wick rotationis justifiedfor 1 — e <n< E—Z



B.2 Calculation of the impulse approximation diagrams

149

sincethereis always a finite gap betweenthe cuts containedin the hypersur

faceRep’ = 0 of the Rep® — Imp® — p space.As (Q increasesthesecutsare

shiftedalongboth, the p* andthe p°-axis, assketchedin FigureB.3. This even-

tually amountgo the effect thatoneof thetwo cutsarisingfrom eachpropagator
crosseshe Im pP-axis. As indicatedin the figure, the Wick rotationp® — ip* is

no longerpossiblefor arbitraryvaluesof p? without encirclingsingularities.The

correspondingesidueghusleadto

usc sc

(p+ (1 =mQ, Py) D(ka)S(pg) Ty S(kq) @°(p, )

®° (Ppote, 1 P + (1 = 1)Q, Py) D(ka)S(kq) x

+ z/ d
(2m)?
Fg Res(S(pq)) @5 (ppole,la D, PZ)
+ analogousermsfor S(k,) andD(k;) (B.19)

upon transformingequation(B.15) to the Euclideanmetric. Here, the residue
integral is evaluatedat the positionof the polein the incomingquarkpropagator
S(p,) onthe Euclidearnp*-axis

Ppoten = —iV/ M2 + Q*/4+iW (my, (p — n/2Q)?) (B.20)

whereRegS(k,)) denotesghe correspondingesidue andthe abbreviation

9p =40 (UWQ - W(mqa (p - 77/2 Q)Q))

wasadoptedtio determinethe integrationdomainfor which the encircledsingu-
larities of figure B.3 contrikute.

Analogousintegralsover the spatialcomponent®f the relatve momentump
arisefrom theresiduescorrespondingo the polesin the outgoingquarkpropaga-
tor S(k,) andthediquarkpropagatotD(k,) asgivenin egs.(B.17,B.18).

One verifiesthat thesecuts (asrepresentedby the shadedareasin Fig. B.3)
never overlap. Pinchingof the deformedcontourdoesnot occur, sincethereare
no anomaloushresholdgor spacelile momentuntransfer? in thesediagrams.

We have numericallychecledthe proceduradescribechereusingthe parame-
ter setfrom the scalardiquarksectoremploying diquark-quarkverticesof dipole
shapecf. table2.5. We have calculatedthe contributionsto the proton electric
form factor from the (quark and diquark) impulse approximationdiagramsfor
two differentvaluesof n, n; andn,. Herebyn, = 1/3 is closeto theleft limit of
the n rangein which the (Euclidean)Bethe-Salpeteequationcan be solved, cf.
eq.(2.154).Thesecondralue,n, = 0.4, liessafelyin themiddleof thisrange.For
eachn value,we calculatedthe form factorin Euclideanspaceusing(i) boosted
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Form Factor Calculations

Proton Electric Form Factor
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Figure B.4: Theimpulse-approximatedontritution, correspondingdo the two left di-
agramsof figure 3.2, to the electric form factor of the proton. We have employed the
dipoleV parametesetfrom the scalardiquarksectoy cf. table2.5. Resultsof the Bethe-
Salpeterwave function calculationsfor the n values1/3 and 0.4 are comparedto the
respectie vertex function plus residuecalculations. The resultsare normalizedto the
latterthatusesy = 1/3.

wave functions¥® and (i7) boostedvertex functions®® alongwith the residue
prescriptionform eq. (B.19). The resultsare found in figure B.4. For n; the
Chebyshe expansionof the Bethe-Salpetewave functionto 9 ordersstill turns
out insufficient to provide for stablenumericalresults. This is dueto beingtoo
closeto thelimit of theallowedrangein n. Theconsiderablyvealer suppression
of higherordersin the Chebyshe expansionof the wave function ascompared
to the expansiornof thevertex functionenhancesheresiduak)-dependencef the
obsenablesobtainedfrom the former expansionat a given ordeg in particular
whenit hasto reproduceclose-bypole contributionsin the constituentpropaga-
tors. Theimpulseapproximationcontributionsto Gz deviate substantiallyfrom
thoseemploying the vertex function and residuecalculationsin this case. On
the otherhand,for 7, thathasbeenemployedto give the otherresultsof figure
B.4, uniqueresultsare obtainedfrom both procedures Both the Bethe-Salpeter
wave functionandvertex functioncalculationarein perfectagreementor values
of the momentumpartitioningthat are closerto the middle of the rangeallowed
to n. Furthermorehe differencebetweenthe vertex function calculationsfor 7,
andrn, shov a good agreementind only deviate for larger momentumtransfer
(Q? > 3 Ge\?) by afew percent. Thus,theindependencef the form factoron
the momentundistribution betweenquarkanddiquarkholdsin actualnumerical
calculations.
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