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Zusammenfassung

Die Anforderungenan denRealismusvirtueller Szenenin der Computergraphik
habensichstetigerḧoht. DaherreichengeometrischeModelle in einigenAnwen-
dungsgebietennicht mehraus. Textilsimulation ist einedieserAnwendungen,in
denendieModelledurchihr physikalischesVerhaltenbeschriebenwerdenmüssen.

In derComputeranimationwerdenvielfachPartikelsystemeeingesetzt,umFlä-
chenzuanimieren.In dieserDissertationwerdenPartikelsystemeweiterentwickelt,
sodaßsie kontinuierlicheMaterialienmodellierenund Modelle der Kontinuums-
mechanikapproximieren.Mit solchenPartikelsystemenkönnendannMaterialien
wie z.B. Textilien simuliert werden,ohnedaßdie Materialeigenschaften von der
Diskretisierungabḧangigsind.

DasPartikelsystembeschreibtdasdynamischeSystemdurchgewöhnlicheDif-
ferentialgleichungen, unddieeigentlicheSimulationbestehtausdemLösendieser
Gleichungen.Animationenerfordern,daßdieseLösungschnellberechnetwird.
Geeigneteimplizite Verfahrengarantierenzwar Stabiliẗat, abermachendie Be-
rechnungeinesZeitschrittssehraufwendig.DaherwerdenVerfahrenvorgestellt,
diedie KosteneinessolchenZeitschrittswesentlichreduzieren.

Ein weiteresProblemin der Animation ist die Behandlungvon Kollisionen,
undeswird gezeigt,daßKollisionensich übereinenMechanismus,derZwangs-
bedingungenbenutzt,realisierenlassen. Die Kollisionsantwort erfolgt so stabil
undschnell,undauchRuhekontaktelassensichmodellieren.

Weiterhinwird einVerfahrenvorgestellt,dasin Regionen,in denenKollisionen
auftreten,die Diskretisierungadaptiv verfeinert. Dies ermöglicht es,realistische
Resultatesogarmit sehrgrobenAuflösungenzuerzielen.

Die in dieserArbeit entwickeltenKonzeptewurdenin einemSystemzur Klei-
dersimulationrealisiert.Am SchlußdieserArbeit wird dessenSoftwarearchitektur
beschriebenundResultatevorgestellt.
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Abstract

Therealismrequirementsof virtual scenesin computergraphicshavebeenincreas-
ing permanently. Therefore,geometricmodelsdo no longersuffice in someappli-
cationareas.Textile simulationis oneof theseapplicationsin which the models
mustbedescribedby their physicalbehaviour.

In computeranimation,particlesystemsarefrequentlyemployed in order to
animatesurfaces.In this thesisparticlesystemsareadvancedso that they model
continuousmaterialsandapproximatemodelsof continuummechanics.With such
particlesystemsmaterialslike textiles canbesimulatedwithout thematerialprop-
ertiesdependingon thediscretization.

Theparticlesystemmodeldescribesthedynamicssystemby ordinarydiffer-
ential equations,andthe actualsimulationconsistsof solving theseequationsin
time. Animationsrequirethat the solution be computedfast. Suitableimplicit
methodsguaranteestability but make the computationof onetime stepvery ex-
pensive. Hence,methodsthat reducethecostsof suchtime stepssignificantlyare
presented.

The treatmentof collisions is anotherproblemin animation,and it will be
shown thatcollisionscanbeimplementedbyaconstraintmechanism.Thecollision
responsetakesplacestablyandfast.Also restingcontactscanbemodelled.

Furthermore,a methodthat refinesthe discretizationadaptively in regionsin
which collisionsoccuris developed. This allows to achieve realisticresultseven
with very coarseresolutions.

The conceptsdevelopedin this work have beenimplementedin a systemfor
cloth modelling. At the endof this work thesoftwarearchitectureof this imple-
mentationis described,andresultsarepresented.
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Chapter 1

Intr oduction

1.1 Deformable Objectsand Cloth Modelling

Physicallybasedanimationhasbeenestablishedasoneof themajorfieldsof com-
putergraphics.Animation hasdevelopedefficient techniquesfor fluid dynamics,
rigid-body animation,andmodellingof deformableobjects. Among deformable
objects,highly flexible surfacesareparticularlyinterestingbecausethey have im-
portantapplications.Modelling of virtual textiles andclothesis oneof the most
prominentapplications,andthespecificpropertiesof textiles will guidethedevel-
opmentof solutionsin this thesis.

Commercially, virtual clothesareparticularlyinterestingwithin two scenarios.
In thefirst one,a virtual movie or environmentis generated,andthevirtual actors
thereinhave to bedressedwith virtual clothes.Simpleanimationsimitateclothes
by two-dimensionaltexturesmappedontothevirtual characters.However, thereis
demandfor realthree-dimensionalobjectsthatgive theimpressionof realclothes.
Particularly in virtual reality environments,real-timecapabilityof theanimations
is crucial,whereasthereareonly moderaterequirementsonaccuracy becauseonly
a realisticimpressionof theseclothesis relevant.Applicationscanbefoundin the
generationof computeranimatedmoviesor commercials.

In the secondscenario,clothesareboughton the Internet,and the customer
is providedwith a preview in which heseesa three-dimensionalimageof himself
andtheclothesto beableto decideonfit andappearanceof theclothes.In thisap-
plicationmoreaccuratephysicalmodelsarenecessarybecausea specificmaterial
hasto bemodelled,andthecustomermustbeableto distinguishamongmaterials
by their physicalpropertiesandbehaviour.

Without a physicallybasedmodel,deformableobjectsin computergenerated
sceneshave to bemodelledmanuallyin a tediousprocess.In animatedsequences
thisproblembecomesevenmoresevereandageometricapproachinfeasible.Physi-
cally-basedmodelsintroducethelaws of mechanicsinto artificial scenessuchthat
virtual curtains,tablecloths,anddressescanbecomputedautomatically.



2 Introduction

Clearly, the areaof researchin deformablemodelsspansout from computer
scienceto physicsandmathematicsasin ananimationsystemproblemsfrom each
of thesefieldshave to besolved.Figure1.1givesanoverview overall thesetasks.

The first taskis to chooseor develop a physicalmodelto representtheprop-
ertiesof a materialasaccuratelyaspossible.Physically-basedanimationmeans
that theobjectsmove accordingto forcesexertedon them.It canbedistinguished
betweenexternalandinternal,elasticandviscousforces. Externalforces,for in-
stance,aregravity, wind, collision impact,andfriction, internalforcesareelastic
forcesthat restorethe object’s shapeandviscousforcesthat reducethe internal
movementof the objectanddissipateits energy. The model is parametrisedby
materialconstantsthatspecifythetypeof material.

Naturally a deformingobject is describedby a partial differential equation
(PDE), thesolutionof which mustbecomputedwith methodsof numericalanal-
ysis. Thenumericalsolutioninvolvesthediscretisationof thecontinuoussurface
by a discrete,polygonalmesh,which is alsoacommonobjectdescriptionin com-
putergraphics.Thenthesimulationis run by solvingan initial valueproblemfor
anordinarydifferentialequation(ODE).

Interactionplaysamajorrole in computeranimation,andcollisionswith other
objectsarethemostimportantkind of interaction.Hence,in animationthereare
no predefinedboundaryconditions,but the boundaryconditionsare imposedby
collisionswith obstaclesin thesceneandmustbehandledon thefly. In eachtime
stepcollisionshave to bedetectedandtreatedappropriatelyafterwards.Thus,col-
lisionsleadto two majorproblems:First, collisionshave to bedetected.Collision
detectionis a classicalproblemin computergraphics.However, mostalgorithms
aredesignedto dealwith rigid objects.Deformableobjectsrequirespecialisedal-
gorithmsthatcanhandlea large numberof colliding trianglesor tetrahedrons,as
thecontinuousobjectsarediscretizedby such.

Thesecondproblemof collisionsis theresponseto themandthereis no obvi-
ousway to do this physicallyandmathematicallycorrectlyandfast. In computer
animationsolutionsaredevelopedthatapproximatethecollisionssothat thesim-
ulationis not sloweddown.

Finally, themeshescomputedin eachtime stephave to be renderedin a way
that thematerialpropertiesarenot only obvious in thedynamicsbut alsoin their
light reflectanceproperties.

1.2 Overview and Contrib utions

This thesismakes several contributions to the researchin physically-basedani-
mation of surfaces. New resultsare presentedfor the physical,numerical,and
collisionmodel.

For modellingdeformableobjects,continuummechanicsprovidesasolidbase
andthemodelsarewell known. However, therehave beenseveral reasonsnot to
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Figure1.1: Textile modellingoverview

usecontinuummechanics.First, in computeranimationresearchersoften were
interestedin very simpleandintuitive modelsthatwereeasyandfastto animate,
whereasthey werenot interestedin preservingmaterialpropertiesaccurately. Sec-
ond, linear elasticity is not always applicablein animation. Highly flexible ob-
jects needto be computedby nonlinearmodels,which arecomputationallytoo
expensive in animation.Finally, materialslike textileswerenotconsideredcontin-
uousmaterialsbut assembliesor structuresof several threads.Otherresearchers
[BHW94, EWS96]have usedparticlesystemsasan intuitive modelfor thesein-
terconnectedthreads.They analysedthe interactionbetweendifferent threadsin
woven or knitted yarn. Thesestructuresweremodelledby particlesystemswith
theobjective to mapmeasuredmaterialpropertiesontothemodel. Unfortunately,
themodelcannothave somuchdetail to modeleachthreadof the textile. There-
fore,we preferto view textiles ascontinuousmaterials.

In this work thenotionsof particlesystemsandcontinuummechanicswill be
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merged to combinetheir respective advantages.Particle systemsare employed
becausethey allow fast simulations,and we will show that they are capableof
modellingcontinuousdeformableobjects. Chapter2 comprisesan entirely new
derivation of a particlesystemsfrom continuummechanicsand illuminateshow
particlesystemswork. For rectilinearmeshes,we will even beableto prove and
verify that sucha particlesystemis a discretizationof a partly linear continuum
model.

Thebenefitsof thisnew particlesystemareobvious.Sincepropertiesof previ-
ousparticlesystemsremainedpartly unclear, themainproblemin particlesystem
modellingwasto find asounddescriptionthatallowedto modelmaterialproperties
with somematerialconstantsindependentof theresolutionof theparticlesystem.
Theseproblemsaresolvedby thecontinuummechanicsbasedparticlesystems.

The physicalmodelderived in chapter2 is statedasan ordinarydifferential
equationin time. The actualsimulationis run by solving the ODE numerically.
It turnsout that a fastnumericalsolutionrequiressophisticatednumericalmeth-
ods. Very stiff forces, which are necessaryto model textiles, presenta major
hurdle on the way to interactive applications. For stiff forces lead to stiff dif-
ferential equationsthat requireimplicit numericalsolvers. Although employing
implicit solvershasbecomestandardin cloth animationsincethework by Baraff
andWitkin [BW98], theefficiency problemshaveremainedhardbecausethisclass
of solversrequiresa nonlinearsystemof equationsto besolvedat eachtime step.
Hence,somespecialisedmethodsarenecessaryto allow for bothfastandaccurate
solutionsfor theODEof theparticlesystem.

A thoroughanalysisof thesystemof ODEsleadsus to methodsthatarecus-
tomisedto thespecificpropertiesof thederived particlesystem.By choosingthe
appropriatenumericalmethods,a superiorperformancein theexecutionof a time
stepof thesolver is reachedwhile the time stepcanbearbitrarily large. The full
framework for solvingtheODEswill bedevelopedin chapter3 andallows to con-
trol accuracy andspeedof thesimulation.

Discontinuitiesimposedby collisionsarea majorproblemin physicallybased
animationbecauselesssophisticatedcollision responsetechniquesleadeither to
instabilitiesof thesimulationor requirea reductionof thestepsizeandmake the
computationsvery time consuming. Therefore,the collision responsehasto be
integratedinto the numericalintegration. The collision responseschemethat we
will introducein chapter4 imposesthecollisionconditionsby filtering andreaction
constraints.This ensuresthestability duringthecollisions,andthetime stepdoes
not have to be reducedto guaranteevalid results. Moreover, restingcontactsare
modellednaturallywithout increasedcomputationalwork.

In colliding surfaceregionsthe resolutionof the surfaceshouldbe increased
to modelthesecollisionsrealistically. Therefore,acollisionadaptive approachhas
beendeveloped,which will be presentedin chapter5. It is basedon a collision
responsefor colliding particles.After this response,in thecolliding areasthemesh
is refinedby projectingoneobjectonto theother. Theresultingmeshmodelsthe
collision areaaccurately. This permitsthat very coarsemeshescollide with rigid



objectsandgive valid results,evenif thegeometryof therigid objectsis complex.
Finally, theefficiency of thetheoreticalconceptsof theanimationof deformable

objectsdependson anappropriatesoftwareframework asa basefor a flexible and
efficient implementationof theanimation.In chapter6 we describethesystemar-
chitecturethat thesoftwaredevelopedfor this thesisis basedon. A specialfocus
hasbeenonthecapabilityof extendingto futuredevelopmentssothatthesoftware
is not restrictedto the modelsdescribedin this thesis. Also, applicationsof the
softwaresystemdemonstratingits capabilitiesareshown.

1.3 Notation

In this thesiswe will usethefollowing notationfor mathematicalexpressions:���������
thescalarproductof two vectors��� first derivative of � with respectto �� ��� secondmixedderivative of � with respectto � and � � Laplacianof �!#"%$#& gradientof avector&('�) divergenceof avectoror tensor� � normalisedvector �
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Chapter 2

Two-dimensionalDeformable
Models

In their bookon cloth modellingDonaldHouseandDavid Breenstatethat“Cloth
is a mechanism,not a continuousmaterial” [BH00, p. 55]. This is certainlytrue.
However, in computeranimationwe cannotafford to model eachdetail of this
mechanism,i.e. eachsinglethreadandstructure.Theonly way to avoid this is to
representa patchof textile asa continuousmaterial,which allows us to uselow
resolutionmodelswithout losingbasicmaterialproperties.

Nevertheless,somediscretesystemsthathavebeendevelopedin computerani-
mationfor theanimationof clothesandothersurfaceshave theadvantagethatthey
allow very fastsimulations.In particular, particlesystemshave beensuccessfully
usedfor rapidanimations.

This chapterwill provide a new derivation of particlesystemsthat allows to
modelcontinuousobjects. Also, aswill be shown in the following chapter, this
particlesystempermitsvery fastsimulations.

We will startthis chapterby giving an overview over theexisting continuous
anddiscretemodelsthat have beensuggestedin literaturefor textiles andother
surfaces.In section2.2wewill show how achainof massesandspringscanbeob-
tainedby a discretizationof thelinearwave equationgeneralisedto curvesin 3D.
This will beextendedto surfacesin section2.3,which developstheelasticmodel
of a particlesystemfor clothes. After the derivation of all elasticforces,section
2.4 givesan accountof the viscousforcesto modelenergy dissipation.Detailed
implementationsaregiven in section2.5. Completingthe survey andderivation
of all forcesinvolved, section2.6 specifiesthe external forcesactingon the sur-
faces.This is followedby adiscussionaboutgrid generationin section2.7,which
proposeshow theparticlesystemderivedfor rectangularmeshescanbeappliedto
generalshapes.In section2.8 we presentexperimentsin which the implemented
particlesystemis comparedto analyticalcontinuummechanicssolutionsandthe
predictedapproximationpropertiesareverified. This sectionis followed by the
final conclusions.
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2.1 A Classificationof Deformable Models

In literaturemany modelsfor theanimationof deformableobjectshave beenpro-
posed. In this sectionwe will classify thesemodels. They are eitherbasedon
continuummechanicsor onsomediscretemechanism.Themodelscompriseelas-
tic forces,which preserve thedeformationenergy, viscousforces,which dissipate
thedeformationenergy, plasticforces,which changethematerialpropertiesirre-
versibly whena certainstrainis exceeded,andfracture. Most deformableobject
animationsfocusonelasticity, whereasplasticityandfracturearewidely neglected
or treatedby specialisedalgorithms[OH99].

2.1.1 Continuum Models

Continuummechanicsis the standardtheory to describeand model deformable
objects,and the following elaborationsare basedon several text books[Bra97,
Cia92, LL89, SK95].

Thebasicquantitiesof continuummechanicsarestrain, which is adimension-
lessdeformationnotedby * , andstress, which is a forceperlengthfor surfacesor
perareafor volumesandis denotedby + . Thesequantitiesarecoupledby Hooke’s
law: +-,.	/*
In thecaseof a one-dimensionalspring,all theseentitiesarescalarsand 	 is the
springconstant. The strainof this spring is its elongationper length,while the
stressis thespringforce. In thecaseof surfacesor volumes,theseentitiesareten-
sors,and 	 comprisesall materialproperties.

Surfacesaremorecomplicatedthanaone-dimensionalspring,andthedescrip-
tion of strainis moreinvolved.Textilescanbedescribedasregularsurfaces(in the
senseof differentialgeometry, e.g.[DoC76]). Thedeformationof aregularsurface
embeddedin 0 132 is describedby Green’s straintensorwith respectto acertainun-
deformedstate.In this equilibriumstate,denotedby � , theobjectis notdeformed,
andtheelasticenergy is zero.Let � beparametrisedover adomain

�4�5�
. Under

forcesthe reststatedeformsto a state �768� � �:9 . The displacementis a mapping �
definedby �;68� � �<9=,>�?68� � �<9A@ � 68� � �<9 asdepictedin figure2.1.

Thedifferenceof thefirst fundamentalforms B�C and BED of thecurrentstateand
the equilibrium state BED of the objectdescribesthe in-planestrainanddefinesa
nonlinearstraintensor[Kli89]FG , HI 6JB�CK@LBED�9M, HI N4O8PRQ?S�PTQ#UVOWPTQ7S�PTX�UOWPTQYSZPTX�U[O8PTX\S�PTX�U^] @ HI N4O`_RQ7Sa_TQ\UVO`_RQ7Sa_TX�UOb_RQ7S_RX�UcOb_TX\Sa_RX�Ud]fe
For planarsurfaces,the deformationis defineduniquelyby the differenceof the
metricsof thesestates.For arbitrarysurfacesin 3D curvaturehasto betaken into
accountaswell.
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Commonly, the reststateis assumedto be the identity mapping. This yields
Green’s straintensorG , HI N � � � � � � � @ H � � � � � � �� � � � � � � � � � � � � � @ H ] e
Green’s tensor, unfortunately, is nonlinearand yields fourth order termsin the

UxV

r s

d

Figure2.1: Thereferenceconfiguration:thereststateis parametrisedby amapping� on a space
�g�L�

. By deformation� it transformsinto thedeformed(strained)
configuration,which is parametrisedby themapping� .
energy formulation,andthesearecomputationallyvery costlyandleadto various
numericalproblems.The implementationsof suchapproacheshave turnedout to
betooslow for interactive animation.

Linear elasticity theorysuitsa fast simulationmuch better. It makes useof
the linear approximationof Green’s tensor, called Cauchy’s strain tensor. It is
obtainedby neglectingtermsof orderhigherthanonein thedisplacement� in the
componentsof Green’s tensor, herefor two dimensions:� � � � � � � @ H , � �#h�ij� � � �#hAij� � � @ H , I � � � � �\h � i�kd6J�Ylm9� � � � � � � @ H , � � l ij� � � � l in� � � @ H , I � � � � � l � iokd6J� l 9� � � � � � � , � �#h�ij� � � � l ij� � �, � � � � � l � i � � � � �#h � iokd6J� l 9 �

(2.1)

where 6p�\h � � l 9 is theCartesianbasisof 0 1 l . Thus,Cauchy’s tensorcanbewritten
as *=, N � h� hl 6J� h� ij� l� 9hl 6J� h� ij� l� 9 � l� ] �
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wherethesuperscriptsdenotethevectorcomponents.Linearelasticityis basedon
this linearisedstraintensorandyields muchsimpler formulations. In particular,
it resultsin linearpartialdifferentialequations.Theselinearequationsarewidely
usedin engineeringandlendthemselvesto finite elementformulationsveryeasily.

Thestraintensorof linearelasticity, aswe have seen,is derivedfrom Green’s
straintensorby linearisationin the deformations,i.e. the displacement� (figure
2.1) is assumedto besmall,andall termsof ordertwo or higherin � areneglected
in thestraintensor. For this reasonthis linear theoryis not appropriatefor highly
flexible objects.It only appliesto smalldisplacements.It is thereforenot invariant
underrotationsand leadsto unphysicalbehaviour if the objector a part of it is
rotated.As animatedsurfacescanbendstrongly, thedisplacementsbecomevery
large,althoughthedeformationsareonly small.

In the following sectionwe will seethat a linearisationsimilar to the above
that led to Cauchy’s straintensorcanbeusedto derive a particlesystemfor rapid
simulations.

So far, we only have dealtwith the descriptionof strain. In linear elasticity,
alsothe relationbetweenthe stresstensor + andstrain * is assumedto be linear,
andthedependenceis givenby theelastictensor	 . This is formulatedby Hooke’s
law: +(qsr3,.	 qsrRtEu * tTu (2.2)	 is asymmetricrank-4tensorcontainingthematerialproperties.Here,symmetry
means	 qvrRtEu ,w	 tEusqsr aswell as 	 qvrRtEu ,w	 r%q�tTu . If we useGreen’s tensorinsteadof
Cauchy’s tensoranda linearstrain-stressrelationis assumedaswell, thismodelis
calledaVernant-Kirchhoff material.It is applicableto smallstrainandis invariant
underrotations.Unfortunately, Green’s tensoris toocostlyfor clothanimationap-
plicationswith implicit time integration.

Finally, theequationof motionof acontinuouselasticmaterialisx�y l �y{z l @ div +-,>� � (2.3)

where x is the massdensityand the divergenceof the stress+ yields the force
densitydueto theinterior energy of theelasticobject. � denotesanexternalforce
density (e.g. the gravity force density x}| ). Equ. (2.3) is a partial differential
equation(PDE) that has to be solved over the parameterdomainand time. A
standardprocedureis to semidiscretizethesystemin spacewith finite differences
or finite elements.ThisreducesthePDEto anordinarydifferentialequation(ODE)
thatcanbesolvedby any suitableintegrationmethod.

ProposedModels

In spiteof thedescribedshortcomingsof linearelasticity, for someapplicationsin
computeranimationlinear elasticityis used. Cotin et al. [CDA99], for instance,
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adoptthefinite elementmethodfor linearelasticityto derive a tensor-massmodel
for virtual surgery. In this model the global stiffnessmatrix is madelocal, such
that topologicalchangesdueto cutting canbe handled.Physically, this model is
equivalentto linearelasticity.

As earlyasin 1988TerzopoulosandFleischer[TF88] usea nonlinearcontin-
uum formulationin orderto animatesurfaces. In their primal model they define
theelasticenergy by ~ l�qW� rT��h#� hqsr 6JB�Cm68� � �<9M@fBED\68� � �<9�9 lqsr �}�;�Y� e
Thatis, theenergy is computedby integratingover thesumof all squaredcompo-
nentsof thestraintensor. Theweights� hqsr areusedto vary thematerialproperties
andcorrespondto elasticconstants.This nonlinearmodelis thensemi-discretized
by finite differencesandafterwardssolved in time. As thefirst fundamentalform
is not sufficient for determiningtheshapeof a surface,TerzopoulosandFleischer
give thesecondfundamentalformsasimilar treatmentandadd~ l�q8� rR��h#� lqsr 6JBYB�C�68� � �:9A@fB?BED\68� � �<9�9 lqsr �}�;�Y�
to theelasticenergy.

In thisearlywork alreadyadvancedeffectslikeplasticityandfracturearemod-
elled. For instance,it incorporatesslip units,theidealplasticunit, which changes
its elasticconstantswhenacertainthresholdof strainis exceeded.Fractureis mod-
elledby settingweightsto zero,whena certainstressis exceeded.

Eischenet al. [EDC96] model clothesaccuratelyby nonlinearshell theory.
In orderto solve theresultingnonlinearPDE’s, thesystemis discretizedby finite
elements,andNewton’s methodis usedto computean equilibrium solution. In
this processseveralnumericalproblemslike forking pointsoccur. Obviously, this
methodhasnot beendevelopedfor animation,but it serves well as a reference
solutionthatanimationsystemscanbecomparedwith.

2.1.2 DiscreteModels

Sincethecontinuousmodelsfrom classicalphysicsareeithernot suitableor com-
putationallyexpensive, variousotherapproacheshave beenproposedto modelde-
formableobjectsin computeranimation.

All theseapproachesstartoutwith agrid or meshof particles.Then,forceson
eachparticlearecomputeddependingon its positionandthepositionsof a setof
particleswithin its topologicalneighbourhood.Whenthe function � computing
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the forceshasbeendetermined,Newton’s equationof motion governsthemove-
mentof theparticles.Thetrajectoryof eachparticlewith mass��q atposition �;q is
computedby ��68��9M,���q � � l �;q� z l e (2.4)

Here � denotesthevectorcontainingall particlepositions.Notethat,sinceparticle
systemsalreadyrepresenta discretizationin space,only a systemof ordinarydif-
ferentialequationshasto besolved. Thesystemspresentedin literaturediffer by
their methodsof computingtheforces.

Comparingthe continuousequ. (2.3) to Newton’s law (2.4) shows that all
continuousquantitiesaresimply replacedwith their correspondingdiscretecoun-
terpartsandtheterm � in Newton’s law comprisestheinternalandexternalforces.

Uncoupledparticle systems

First introducedinto computergraphicsby Reeves [Ree83] to model fuzzy ob-
jects,a particlesystemis a numberof particleswith someforcesactingon them.
DesbrunandCani-Gascuel[DG96] employ this ideato modelvery inelasticob-
jects. They adoptthe notion of SmoothedParticle Hydrodynamics(SPH),which
hasbeendevelopedfor computationalfluid mechanics,to computeranimation.In
SPHasmoothingkernelgiveseachparticleaspatialmassdistribution.

Becausethereis no topology defining the structureof the object, the mate-
rial can undergo arbitrarily large deformations. Theseuncoupledsystemshave
thedisadvantagethat they arecomputationallymoreexpensive thancoupledsys-
tems,becauseeachparticlecaninteractwith any otherparticle.In practice,search
structuresareusedto locatenearbyparticles(DesbrunandCani-Gascuelusevoxel
grids). Nevertheless,thebenefitof sparsematrices,which aredueto thefact that
a particleonly interactswith a smallsetof neighbours,is lost (cf. chapter3). For
surfaces,thetwo-dimensionalstructurecannotbepreservedby thisapproach.

Mass-SpringSystems

In mass-springsystems,particle interactionis solely modelledby linear springs.
Previously they wereusedto modeldeformablesolids[BMG99, BC00,KCM00],
for facial animation[KHS01], and textiles [Pro95, HPH96]. A first theoretical
analysisof triangularmass-springsystemscanbefoundin anarticleby vanGelder
[VG98], who shows that it is not possibleto modelan isotropicmaterialby a tri-
angularspringmesh.

Provot [Pro95] proposesa mass-springsystemfor textiles andusesa rectan-
gular meshin which the particlesareconnectedby structuralspringsto counter-
act tension,diagonalspringsfor shearing,andinterleaving springsfor bendingas
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Figure2.2: Provot’smass-springsystemwith (0) tensionsprings,(1) shearsprings,
and(2) bendingsprings,Picture by SaraswatiVenkatram

shown in figure2.2. Obviously, thereis a stronginterdependencebetweenthedif-
ferent kinds of springsleadingto nonlinear, uncontrolledeffects. The diagonal
shearsprings,for instance,alsoleadto additionaltensionandtransversalcontrac-
tion.

Provot’s mass-springsystemis frequentlyusedwhena very simplemodel is
sufficientandtheconservationof materialpropertiesis not required.

CoupledParticle Systems

Breenet al. [BHW94] were the first to employ particlesystemsfor cloth mod-
elling. Thesesystemsextendthe conceptof mass-springsystemswhich only in-
corporateextensionallinearspringforcesby arbitraryforcesthatact on a certain
setof adjacentparticles. A particlesystemdiscretizesthe objectby a setof par-
ticles,andtherearepermanentlinks that connecteachparticleto its neighbours.
Thus,theparticlesystemhasa constanttopologythatdefinesthestructureof the
deformableobject. Hence,particlesystemsarerepresentedby a meshwith this
topologyandtheparticlesasits vertices.Thereareinterior elasticenergiesdueto
tension,bending,andshearingin theobject.They arecomputedfrom thedistances
betweenlinkedparticles(lengthsof theedgesof themesh)andtheanglesbetween
theedgesadjacentto aparticle.

Breenet al. [BHW94] usepotential functionsfor tension,bend,and shear
energy to computeanequilibriumstatefor thesurface.Eberhardtet al. [EWS96]
employ similarenergy functionsandextendthework onparticlesystemsfor cloth
animation.Their tensionenergy is evaluatedfor eachparticleanddependson the
four neighboursof that particle in a rectangularmesh. The tensionenergy of a
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particleatposition ��� is� , �� qb��h�� hl 	=�J��� qZ6R������@L�;q%�K@f�`q�@��:�J��� q�9 2 '�� ������@L�{qR�3�o�bqhl 	 �`�R� q 6R��� � @L� q �K@f� q @�� �`�R� q 9�� '�� ��� � @L� q �3�o� q �
(2.5)

where�bq aretherestlengthsbetweenparticlesand 	=�J� q and �:�J� q arematerialparam-
eters.Theenergy is computedfrom astrain 6R���;�3@L�{qR�=@f�`qp9 , andthestrain-stress
relationis modelledpiecewisecubicor quintic(cf. section2.1.3).If weintroducea
linearstrain-stressrelationshipby replacingtheexponentswith 2 andset �:�J� qA �,¢¡ ,
we getlinearspringenergies.Theshearenergy is modelledas� C=, �� qb��h hl 	�Cm6�£{q�@¢¤l @��;C�� q�9 l (2.6)

andthebendenergy as �3¥ , l� qb��h hl 	 ¥ 68¦Aq�@f§�@�� ¥ � q 9�l e (2.7)

Here 	 C � 	 ¥ and � C�� q � � ¥ � q are the materialconstants.Theseenergies implement
hingesfunctioninglike springsthat linearly dependon the shearangle £ andthe
bendangle ¦ , respectively. Thesearetheanglesformedby the incidentedgesas
depictedin figure2.3.

Furthermore,kinetic energy is includedto computedynamicanimationsof
clothesby meansof theLagrangeformalism.For thecomputationof theLagrange
functionandoptimisationthecomputeralgebrasystemMaple is used[EW97].

EischenandBigliani [EB00] takeadifferentapproachin constructingtheirpar-
ticle system.Insteadof modellingmechanismsin a textile, they try to matchtheir
particlesystemwith a continuousmodel. All forcesareconstructedby compari-
sonwith a linearcontinuousmodel.In particular, they usethematerialparameters
from elasticitytheoryto allow comparisonswith acontinuousreferencemodel.Af-
termanuallyadjustingtuningparametersin theexperiments,goodresultsfor small
deformationsareobtainedwhentheparticlesystemis comparedwith thenonlin-
earshell theorymodel.Nevertheless,without a suitablediscretizationmethodthe
particlesystemcannotbeexpectedto matchthecontinuousmodelwithoutmanual
tuning.Laterin thischapterwe will show how aspatialsemi-discretizationallows
usto matchaparticlesystemwith acontinuummodeldirectly.

Baraff andWitkin [BW98] presenta fastmodelfor theanimationof clothes.
They give a physicalformulationin termsof constraintsratherthanforcesor en-
ergies. A constraintis a vectorialcondition 	�68�¨9 that is zero in a statewithout
energy. Fromaconstraint	 anenergy� , HI 	 l 68�¨9
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Figure2.3: Shearandbendenergy in a particlesystem.Picture by Eberhardt and
Weber

anda force �ª©a«s¬Z`®M,w@ grad
� ,¯@ y 	y � � 	

canbe derived. The stress-strainrelation is modelledto be linear. The material
constantsarenot obtainedfrom experimentaldata. Furthermore,explicit viscous
forcesaremodelled: �ª°E±v8², y 	y � � �<	� z
Baraff andWitkin usetrianglemeshesto allow a simpleandflexible modellingof
clothes.Theconstraintson thesemeshesareformulatedin termsof partialderiva-
tivesalongtheedges.Let �?68� � �<9 bethedeformablesurface.Theparametrisation
is given by the planar, undeformedstateof the triangle, in which eachvertex is
describedby theplanarcoordinates68�{q � �\qp9 . Thetwo edgesof this trianglesharing
a vertex areconsideredaspartialderivatives � � and � � . Thepartialderivativesfor
adeformedtrianglewith verticesat �;� � �³h � � l arecomputedfrom6´� h @f� � � l @L� � 9²,¯6µ�m� �m�¶9 N �ªh²@f�;�[� l @L�;��7h²@f�\� � l @L�#� ] e
Althoughtheauthorsdo not stateit, thesearefinite differenceapproximationsof
thedirectionalderivativesalongtheedges.They areusedto defineconstraintsfor
stretch,bend,andshearforces.Thestretchconstraintsaregivenfor eachtriangle
by 	�68�¨9²,¢· N �R���¨�K@ H�R� � �K@ H ] e
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Thetrianglearea· scalesthestretchforces.Theseconstraintsleadto linearspring
forcesaswe will seelater in this chapter. The shearconstraintsaregiven by the
scalarproductof apairof edges	d68��9M, � � � � � � � e
This is usedasasmallangleapproximationof theshearangle ¸ 6p� � � � � 9 . Thebend
constraintsimplymeasurestheangleof thenormalsof eachpairof adjacentfaces.
As this anglecanberelatedto thesurfacecurvature,thebendforcesarecurvature
dependent.

Whentransferredto quadrilateralmeshes,the forcesderived from thesecon-
straintsshow strongsimilarity to thoseof thepreviousparticlesystems.Although
finitedifferencesarecomputed,physicalquantitiescannotbeassignedto themodel,
asthey dependon themeshtopology. Thenumberof constraintsactingon a par-
ticle dependson the numberof incidentedges.Furthermore,thedirectionof the
derivativesis arbitraryasit dependson thedirectionof the incidentedges.Since
no methodis suggestedto compensatefor thearbitrarytriangletopology, stretch,
shear, andtransversecontractionaremixedin anuncontrolledway, aswill become
clearin the remainderof this chapter. Nevertheless,theproposedparticlesystem
producesconvincing cloth animationsandserveswell for thispurpose.

ExtendedParticle Systems

The conceptof particlesystemscanbe generalisedfurther. In a triangularmesh
thedeformationof eachfaceis uniquelydeterminedby theelongationof its edges.
Forcesactingon eachof its particlescanbe formulateddependingonly on these
(vectorial) elongations.This resultsin a particlesystemin which the forceson
oneparticledo not only dependon adjacentedgesbut alsoon theoppositeedges.
Thecoefficientsof thesedependenciesarethematerialconstants.Volino [VMT97]
describessucha modelfor textiles to reducethetransversalcontractionin simple
mass-springsystems.

Diaset al. [DGR00] usethesameideain thecontext of linearelasticity. The
strainof adeformedtrianglefaceis measuredalongits edges.Fromtheedgeelon-
gations,thestrainsin theprincipalstraindirectionsarecomputed.Then,Hooke’s
law (2.2) is appliedto computethe principal stresses.The stresseson eachedge
areappliedasforcesto thetriangleverticessuchthataparticlesystemis obtained.
However, thiswork fails to describea propermethodfor spatialdiscretization.

Consideringthat a triangularelementcanapply arbitraryforcesonto eachof
its nodes,it is not different from a finite element.Gross[GB01] exploits this to
computethe materialcoefficients in this generalisedparticle system. He fits a
triangleof themeshwith a triangleof a finite elementdiscretizationthathasbeen
obtainedfrom a linearcontinuummechanicsequation.This way, arbitrarylinear
elasticmaterialscanbemodelled.
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Problemsin Particle SystemModelling

Until now therehavebeensomeopenproblemsin particlesystemmodelling.First,
sinceall of themaim to describerealworld materials,naturallythequestionarises
what thefundamentaldifferencesareandhow elasticenergiesin themhave to be
modelledto describereasonablyan elasticsurface. Second,how do thesesys-
temsscalewhenthediscretizationis changed?Thediscretesystemswidely fail to
indicatehow the forcesarescaledwhenswitchingto a different resolution. The
propertiesof themodelledobjectshouldremaininvariantundergrid refinement.

Whenlooking at the grids of the discretesystemsandthe edgesbetweenthe
particles,it resemblesa spacediscretizationof a PDE. The edgescanbe repre-
sentedby differencevectorswhich appearto be finite differenceoperators,and
thediscretesystemssuggestacomparisonwith finite differencediscretizationof a
PDE.

Theseproblemsmotivatethe following elaborations.Theobjective will be to
establishalink betweenparticlesystemsandcontinuummechanics.Wewill derive
a particle systemfrom a continuousformulation by discretizationby meansof
finite differencesto achieve a soundtransitionfrom onelevel of thediscretization
to anotherandto approximatecontinuummechanicsmodels.

2.1.3 Textile Material Properties

Unfortunately, textile materialsbehave highly nonlinearly, andapproximationsto
thesenonlinearpropertieshave beenan issuein computeranimation. Another
characteristicpropertyof textiles is orthotropy. Orthotropicmaterialspossesstwo
orthogonalsymmetryaxesin continuummechanics.This reducesthe numberof
freeelasticmaterialconstants(entriesin theelastictensor)to four for in-planede-
formations.Theaxesor directionsarecalledweft andwarpdirectionsfor woven
textiles. The textiles show very differentphysicalbehaviour in thesedirections,
andthis characterisesthematerials.Therefore,materialmeasurementsarecarried
out for thetwo directionsindependently.

Breenet. al [BHW94] makeafirst attemptto basetheirmodelson experimen-
tal datain orderto mapspecificmaterialpropertiesof textiles onto their particle
system. Thereis a standardisedsystemof experimentscalledKawabatasystem
[Kaw80] for themeasurementof textile materialproperties.Themodellingof ten-
sion, shear, andbendenergy is basedon this Kawabatasystem,aseachof these
energiesis measuredby onespecificexperimentin theKawabatastandard.These
experimentsarecarriedout for theweft andwarpdirection.

Themeasuredstress-strainrelationis highly nonlinearin textiles andpolyno-
mials areusedto approximatetheKawabatameasurements.However, hysteresis
effectsdueto energy dissipation,which arestronglyvisible in textiles, cannotbe
modelled. Hence,no energy is dissipatedin that model,i.e. the modelis purely
elastic.
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Eberhardt,Weber, andStraßer[EWS96,EW97,EW99]extendtheclothmodel.
In particular, they focuson the integrationof theobserved nonlinearstress-strain
relation in textiles and the plasticbehaviour which is observed in the Kawabata
experiments.

They approximatethemeasuredstress-straincurvesby piecewiseaffine func-
tions. For eachcurve they storea list of two-parameterpairs 	3¹v� q � �¨¹v� q asthey al-
readyappearin theenergy (2.5). Oneparameterpair describesanaffine function
by its slope 	 ¹v� q andoffset � ¹v� q . In thesimulationonepair, i.e. oneaffine function,
is chosenaccordingto the currentstrain. Hysteresiseffectsthencanbe incorpo-
ratedby not only storingonecurve for eachmeasurementbut severalcurveseach
describingonebranchof themeasuredhysteresis.Dependingonthemaximumand
minimumstrainat thatnodeor edge,thesystemchoosesoneof thecurvesandcan
switchfrom onebranchof thehysteresisto another. Hence,this approachmodels
plasticeffects,becauseby the dependenceon the maximumandminimum strain
in thematerialhistorythechangeof theparametersis not reversible.

AlthoughtheKawabatasystem(a readabledescriptioncanbefound in anar-
ticle by Greuelet al. [GWZ91]) is theonly standardto measuretextile properties,
this standardhassomeshortcomingswhenemployed for simulation. Sincethese
measurementsweredevelopedfor quality controlandensurancein the textile in-
dustryratherthanfor simulations,sufficient informationcannotbeextractedfrom
thestandardexperiments.In orderto simulatea material,this mustbe described
by a completeanduniquesetof parameters,which is not provided by theKawa-
batasystem.For instance,thesystemdoesnotcompriseanexperimentto measure
thetransversecontraction,althoughsuchdeformationis apparentwhena textile is
stretched.Furthermore,the viscoelasticpropertiescannotbe fully reconstructed.
For in all experimentstheprobeis deformedat only oneconstantvelocity. In gen-
eral,thedeformationdependsonthedeformationvelocity, andthegeneralrelation
cannotbe reconstructed.A repetitionof theexperimentsat differentdeformation
velocitieswould allow to approximatethe frequency dependentstress-strainrela-
tion.

2.2 Elastic curves

Althoughour focusis on theanimationof surfaces,curvesareof interestbecause
they allow to studyhow achainof massesandsprings,thesimplestdiscretemodel,
behaves.

In this sectionwe will show thata one-dimensionalparticlesystem,which is
a chainof massesconnectedby linearsprings,representsa discretizationof linear
elasticityextendedto curves. Herewe aregoingto dealwith thepropagationof a
wave alongthecurve only andassumethat thewave is constrainedto that curve.
Forcesthatcounteractbendingandtorsionarenotconsideredherebut canbeadded
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by discretizingcurvatureandtorsion.
In linear elasticity the wave propagationalonga straightline is given by the

waveequation º  �», xAy l �y(z l � (2.8)

where

º
is thelongitudinalstiffnessandx themassdensity. Notethatthiscoincides

with theLamé equationfor theone-dimensionalcase.If we discretizethis differ-
entialequationby meansof finite differences,weobtainamass-springsystem(see
Kass[Kas95]).

In thecaseof a curved stringembeddedin a three-dimensionalspace,thesit-
uationis morecomplicated.To obtaina continuumequationfor themass-spring
system,we considera chainof springswith equallength � andlet the lengthsap-
proachzero.

The curve will be denotedas �A68�¨9 with sampledpoints �{q�,c�A68�{qa9 , and¼ q � is the backward differenceoperatorappliedto the curve definedby
¼ q �¢,�{q}@½�{q8¾�h . For thefollowing derivationsweneedsomecurvatureproperties,which

arecomputedfrom thearc-lengthparametrisationof � . Thearc-lengthis denoted
as �-,¿�768�¨9 , z q denotesthe unit tangentvector(tangentvectorof the arc-length
parametrisedcurve) at �{q , ��q thenormalvectorand À:q thecurvature.Thesequan-
titiesarelinkedby Fresnet’s equations�}�A6p��9�7� , z 6p�\9 �� z 6p��9�7� , Àª6p�\9 � �K6p�\9 e
Thespringforce ��q actingbetweenparticlesatposition �;qW¾�h and �{q is� q , º � 6R��� q @L� q8¾�h �K@f��9 � �;q�@L�{q8¾�h���;q�@L�{q8¾�h\�, º � 68�{q�@L�{q8¾�hR9A@ º �;q�@f�{q8¾�h��� q @f� q8¾�h � (2.9), º5Á ¼ q8�� @ ¼ q8�� ¼ qJ�M�#Â e
Welet � convergeto ¡ to obtaindifferentialoperators:�ªqÃ, º Á �}�A68� q 9�Y� @ z q Â
This shows that thestress+ , givenasa scalarfield alongthecurve, only depends
on theparameterisationof thecurve:+M68�¨9M,ÅÄÆ�%��68�¨9m��, º � 6R� �}�A68�¨9�Y� �=@ H 9 � (2.10)
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becauseÇ�È\É �ËÊÇ � and z 68�¨9 arecollinear. Fromthis the forcedensityalongthecurve
canbe derived: Therearetwo springsattachedto particle Ì exerting a combined
force � qbÍ�h @Î� q onthisparticle.Thisforcescaledby h u canbeinterpretedasdiscrete
approximationof theforcedensity Ç�ÏÇ � at ��68�{qa9 :�?��Y� , Ð 'bÑuÓÒ´� �ªqbÍ�hK@f��q�, º Ð 'bÑuÓÒ´�/Ô ¼ q�Í�hm6EÇ�È\É �ËÊÇ � 9� @ ¼ qbÍ�hm6 z 9� Õ, º N � l ��}� l @ �?��}� À�68�¨9 � �K68�¨9 ]
With theseforce densitieswe can write the generalisedone-dimensionalwave
equation,which is modelledby achainof springs,asº Á � l ��Y� l @ �?��}� Àª68��9 � �K68�¨9 Â , x y l �y(z l e (2.11)

If thecurve is astraightline, thecurvaturevanishes,theforcesareproportional
to the secondderivative (or Laplacian),andequ. (2.11) reducesto the standard
wave equation(2.8). For an arbitrarycurve we measurethe differencebetween
theparametrisedcurve andits correspondingarc-lengthparametrisedcurve. As a
resultwe haveobtainedacontinuousformulationthatdescribesthebehaviour of a
chainof massesandsprings.It generalisesthewave equation(2.8) to anarbitrary
curve,andtheparameterisationof this curve measuresthestrain.

2.3 Elastic Surfaces

In this sectionwe will extendthe continuousmodelto surfaces.By linearisation
a modifiedstrainandstresstensorwill bederived. Thesetensorsarepluggedinto
theequationof motionof continuousobjectsandyield forcesfor a resolutionin-
dependentparticlesystem.

2.3.1 Approximation of the Strain Tensor

Mostdiscretesystemshave thepropertythatdifferentkindsof forcesaremodelled
independently, i.e. shearingis modelledwithout taking tensioninto account. In
orderto separatetensionfrom sheardeformation,we definea local reststate� at
eachpoint �768� � �:9 suchthatits local frame 6 � � � � � 9 is normalisedandalignedwith
thedistortedframe 6p�m� � ���Ë9 :�?68� � �<9M, � 6JÖ¨68�¨9 �%× 68�<9�9 , Ö � ,Ø�R� � � , × � ,Ø�R� � � (2.12)Ö and

×
arethe arc lengthsof the isoparametriccurves(notethat they only need

to bedefinedup to anintegrationconstant).This shearedrestframeis anapprox-
imation to the orthonormalrest frameusedto derive the Cauchy’s strain tensor.
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However, thereis no obviouschoicefor a local orthonormalframe,which is con-
tinuousonthesurface,andthereforetheshearedoneis used.Now, thestraintensor
canbewrittenasfollows:G , HI N Ö l� @ H Ö � × � � � � � � � �Ö?� × � � � � � � � � × l� @ H ] (2.13)

We aregoing to approximateGreen’s straintensor(2.13)suchthat this formula-
tion of thestrainyieldsa particlesystem.Theapproximatedstraintensorwill be
denotedby * .
Tension We startby approximatingthe diagonalcomponents

G qÙq of the strain
tensorfirst. They areapproximatedsuchthat they only representa straindueto
tension. At any point of the objectwe have to definea reststatewith respectto
which the straintensorcanbe linearised.The naturalbasisof the tangentplane
(tangentspacefor volumes)is given by 6p� � � � � 9 . Normalisingthis basisyields6 � � � � � 9 , which is definedto beour local reststate.This reststate� is constructed
suchthat the deformedstatedoesnot containany shearstrainwith respectto � .
For the linearisationwe exploit �?68� � �<9d, � 68� � �<9Ki.�;68� � �<9 (cf. figure 2.1) and
neglecthigherordertermsof deformationderivatives � � and � � analogouslyto the
linearisations(2.1). For thediagonaltermswe obtainG h�hÚ, HI 6 � � � ij� � � � � ij� � � @ H 9, � � � � � � � i HI � � � � � � �, � � � � � � � i�kd6J� l� 9 e
Hence,thelinearisedstrainin thedirectionof � � is givenby*Eh�hÛ, � � � @ � � � � � � ,Ø�R� � �=@ H � (2.14)

because� � and ��� arecollinear. Analogously, in thedirectionof � � they aregiven
by * l�l ,Ø�R� � �=@ H e (2.15)

Notethat *�h�h and * l�l areexactly theconstraintsthatBaraff andWitkin [BW98] use
to modelstretchforces.

Shearing The off-diagonalcomponentsaccountfor shearingeffects. They are
givenby G h l , G l h�, HI � � � � � � � , HI Ö � × � � � � � � � � e (2.16)

Thereis no naturallocal reststatesuchthat *Eh l couldbelinearisedwith respectto
this reststate. The basis 6 � � � � � 9 cannotbe usedbecausethis basisdescribesthe
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shearedstate.Therefore,we set *Eh l , G h l . In thenext chapterwe will show that
thisnonlineartermdoesnot impedeanefficientnumericalsolution.*�h l is closelyrelatedto thetermsdescribingshearingin otherparticlesystems
[BHW94, EWS96,BW98], in whichanaverageof theanglesformedby theedges
adjacentto oneparticleis usedto measuretheshearstrain. This is a finite differ-
enceapproximationof $\"RÜ�ÜEÝ}Þ � � � � � � � .

Summarising,thestraintensorof thisparticlesystemsis*=, N �R� � �K@ H hl � � � � � � �hl � � � � � � � �R� � �=@ H ]fe (2.17)

2.3.2 StressTensorand Material Constants

The straincomputedby the straintensorgivesrise to elasticforcesandleadsto
stressontheboundary. For surfaces,stressis theforceperunit lengthontheobject
boundary. In the modelconsidered,stressandstrainareassumedto be linearly
relatedandthey arelinkedby theelastictensor	 andHooke’s law (2.2). In particle
systemsthematerialconstantsaregivenby thetension(spring)constantsin � and� direction,

º h and

º l , and the shearmodulus ß . Theseconstantsbecomethe
componentsof theelastictensor:	=qÓqÙqÙqª, º q , 	=qsr%qvrà,.	Ar�qÙqsr3, HI ß , Ì3á,ãâ
andall othercomponentsarezeroat thispoint. Hencethestressis givenby+³h�hä, º h � *Eh�h �+ l�l , º l � * l�l �+³h l , HI ß � *�h l e (2.18)

2.3.3 Derivation of a Particle System

Theequationof motion(2.3)for continuousmaterialshasalreadybeenintroduced
in section2.1.1.Wewill discetizethisPDEin orderto obtainaparticlesystem.

The term x�å � Cå � � is discretizedusinga discretemassdensity x 68�;qvr�9 that is only

definedon a grid of masspoints(particles). In equ. (2.3) the term x�å � Cå � � thenis

replacedby x å � È � æå � � , the vector of accelerationsof the particles. This methodis
calledmass-lumping[Bat82] andis a standardprocedurein animationto simplify
equationsthat would be too complex for animationapplicationsotherwise(e.g.
[DCA00, TF88]). Also theexternalforcedensities� arediscretizedto obtainan
externalforce ��qsr for eachgrid point.
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In orderto derive the interior forcesper area(per volumein 3D) that appear
in equ. (2.3), the divergenceof the stresstensorhasto be computed.The diver-
genceof thetensor+{qvr is definedas ç r å �bè qvrÈ æ ��q � where��q is thei-th Cartesianbasis

vector. As the deformedsurfacehasthe local basis 6 � � � � � 9 , this basisreplaces
theCartesianbasisin the computationof the divergence.Thenthe divergenceis
replacedby anapproximationof thedivergence,becausethecoordinatesystemis
not orthogonal.Therefore,theapproximateddivergencewill bedenotedwith the
subscripté indicatingthedependenceon theshearangleéê, $\"%Ü�ÜEÝ}Þ � � � � � � � :

div ëY+ì, y +�h�hy � � � i y +�h ly � � � i y + l hy � � � i y + l�ly � � � (2.19)

This induceserrortermswhichare(in thelowestorder)linearin theshearangleif� is orthogonalin theequilibriumstate.However thiserroronly shows,whenthere
is a superimposedlongitudinaldeformationin thecorrespondingdirection. Since
bothshearandstretchareproportionalto theappliedforces,theresultingerror is
quadraticin theforcesandthusdoesnot take effect in thelow deformationlimit.

For thediagonalcomponents,thefinite differencediscretizationyieldsexactly
thefour springforces(tension)actingonasingleparticleatposition �768� q � � r 9 . This
will beshown herefor the � -directionby replacingthedifferentialoperatorswith
differenceoperatorsstepby step.For simplicity, it is assumedthatall restdistances
betweenthe grid points(particles) �{qsr areequalanddenotedby � . The forcesat
a given point �?68�;q � ��rË9 areobtainedby derivation of the stresscomponentswith
respectto thetransformedcoordinatesystem:å è �p�å � � � � , º h � å�í �p�å �fî É � � � � æ Ê � � � 68�;q � ��r�9, º h � h u´ïEð³ñ È �Óò �pó æ ¾ È � ó æ ñu @ H�ô @ ð�ñ È � ó æ ¾ È ��õ �pó æ ñu @ H�ô{ö � � i�kd6J��9, º h � ñ È ��ò �pó æ ¾ È � ó æ ñ ¾{uu � � È ��ò �pó æ ¾ È � ó æñ È ��ò �pó æ ¾ È � ó æ ñ@ º h � ñ È � ó æ ¾ È �bõ �pó æ ñ ¾{uu � � È � ó æ ¾ È ��õ �pó æñ È � ó æ ¾ È ��õ �pó æ ñ i÷kd6J��9 (2.20)

In eachline onecontinuoustermis replacedwith afinite differenceapproximation
employing equations(2.14)and(2.15).Thus,we have derivedlinearspringforces
asin theone-dimensionalcase(cf. equ.(2.9)).

Wecanconcludethatthetransformedbasisleadsto tensionforcesthatdepend
ontheshearangleé by theapproximateddivergencediv ë . In contrastto theclassi-
calmodel,we donothave orthogonalcoordinatesin general.An exampleis given
in figure2.4, where � � is alignedwith thex-axisandthe tensionforce in thatdi-
rectionis �Khªi ÜEÝ}Þ 6Wé�9 � � l , i.e. theforcedensityin direction � � alsocontributesto
theforcedensityin the � � -direction.

Theshearterm +�h l is approximatedby ß � � � � � � � . Thefinite differenceapprox-
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Figure2.4: Tensionforcesarecomputedwith respectto areststate� thatis sheared
asthecurrentdeformedstate

imationyields+�h l , ßû � l � 68�;q�Í�h�� r3@L�{q8¾�h�� rm9 � 68�;q8� rRÍ�hK@L�;q8� r�¾�h%9 � iok�6J� l 9 e (2.21)

Analogouslyto the diagonalcomponentsof the stresstensor, the corresponding
force terms å è � �å � � � and å è � �å � � � in equ. (2.19)arecomputed.The implementation
of theresultingforcesis presentedin section2.5.

Figure2.5: A stretchedobjectwith (left) andwithout (right) transversecontraction

In cloth simulation systemsthat are basedon experimentaldata [BHW94,
EWS96]transversecontractionhasnotbeenmodelledbecauseit is not includedin
thestandardmaterialspecification[Kaw80]. Nevertheless,transversecontraction
is apparentin textiles, andby our continuummechanicsapproachit caneasilybe
includedin themodel.Sofar ourelastictensordoesnothave any nonzerocompo-
nents 	=qÙqsrr � Ì�á,wâ . Hence,only materialswith Poissonratio üf,ý¡ aremodelled
(cf. figure2.5). Thisshortcomingcanbecorrectedin two ways:

1. Diagonalspringscanbe inserted. They are relatedto the strain in the di-
rection � � i � � . Unfortunately, thesetermsintroducea couplingbetween
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tensionandtransverseforces. Thus,the identificationof springstiffnesses
with elasticmoduli is not trivial.

2. Transversecontractionis modelledby deriving forcesfrom anelastictensor
with off-diagonalentries.If theentry 	3h�h l�l ,¯	 l�l h�h in theelastictensoris
not zero,wehave +³h�hä, 	3h�h�h�hR*Eh�h�i�	3h�h l�l * l�l �+ l�l , 	 l�l�l�l * l�l i�	3h�h l�l *Eh�h e (2.22)

Thismeansweintroduceadditionalforces	3h�h l�l å�í �p�å � � � and 	3h�h l�l å�í �p�å � � � ac-
cordingto equ.(2.19)to implementtransversecontractiondirectly.

In a triangularparticlesystem,for instancetheoneby Baraff andWitkin [BW98],
thephysicalpropertiesdonotonly dependonthematerialconstantsbut alsoonthe
meshtopology. Fromequ.(2.19)it canbeseenthatstronglynonorthogonalangles
leadto edgesthatcombinetensionandtransversecontraction.As a consequence,
triangularsystemsusuallyshow too largetransversecontraction.

2.3.4 Comparison

Wehaveseenthatwecanderiveforcesandconstraintsthatwereusedin thevarious
discretesystems.Hence,thesediscretesystemsrepresenta semi-discretizationof
thecontinuumequation(2.3), i.e. theequationis discretizedonly in spacebut not
in time. The time discretizationhasyet to becarriedout by a solver for ordinary
differentialequationsandwill betreatedin chapter3.

One might wonderwhy thereis a scalingfactor hu � in equ. (2.20) and equ.
(2.21),but no suchfactorappearsin thediscretesystems.In discretesystemsthat
directly employ Newton’s law (2.4) ratherthan the continuumversion(2.3), the
massesarescaledwhenwechangethediscretization,whereasin thediscretization
of thecontinuumequation(2.3)thestrainis scaledby thefactor hu � . However, both
scalingsareequivalent. To seethis, considera quadraticpatchwith þ l particles,
massÿ , andconstantmassdensity. Thenthemassof asingleparticleis ��q³,��� � .
If wenow usetheresolution� � þ in eachdirection,wehave 6p� � þ¶9 l particleswith
masses��qÎ, �É C � Ê � . On the otherhandwe have hÉ �� Ê � ,�� l hu � in the continuous

case(2.3). Thuswe seethatboth formulationsleadto thesamescalingfactor � l
whenwe switchto a differentresolution.Notethata refinementof thediscretiza-
tion makes the numericaltreatmentharderbecausethe stiffnessof the systemis
increased(cf. chapter3).

The major differencebetweenthe particlesystemsandlinear continuumme-
chanicsis theunderlyingreferenceframe. Thebasis 6 � � � � � 9 is not orthogonalin
general;whenwetakederivativeswith respectto thisbasis,forcesareobtainedthat
arenotperpendicular, whereasthecontinuummechanicsequationis notexplicitly
dependenton theshearangle.
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2.3.5 BendingForces

As two-dimensionalobjectsembeddedin three-dimensionalspacearemodelled,
we have to introducebendingforcesinto our model. All particlesystemsso far
modelbendingenergy dependingonsomecurvaturepropertiesof thesurface.

Breenet al. [BHW94] andEberhardtet al. [EWS96]derive energiesfrom the
angleof two consecutive edgesin eachisoparametricdirection(correspondingto
weft andwarpin textiles). This angleis a measureof thecurvatureof anisopara-
metric curve in the respective direction (Baraff and Witkin [BW98] employ the
anglebetweennormalsof adjacentpatchesbecausethey usetrianglemeshes).But
the actualcorrespondencebetweenangleandcurvaturehasto be reconstructed.
TerzopoulosandFleischer[TF88] incorporatethe secondfundamentalform into
their energy term.

A surfaceis uniquelydefinedby its first andsecondfundamentalform. While
tensionandshearingforcescouldbederivedfrom thefirst fundamentalform,bend-
ing forceshave to bederived from thesecondfundamentalform, which contains
thecurvaturepropertiesof thesurface.It is givenby thefollowing matrix:B?B7CÛ, N � �m��� � þ �c� ����� � þ �R�� � �m� � þ � � � ��� � þ �R� ] , N � �� | ] � (2.23)

where þ is theunit surfacenormal. B?B7C is usedasthecurvaturestraintensor(if
the reststateis not planarwe have to use B?B7Cà@�B?B}D�9 . Any force counteracting
curvaturemustactin thedirectionof thesurfacenormal.Interpretingthediagonal
componentsdirectly asstresson thesurface,i.e. forceperareain the thesurface
normaldirection,we derive forcedensities�w, � h � � þ i � l | � þ e (2.24)� h and

� l are the elasticmaterialconstants,calledbendingmoduli, for the re-
spectivedirections.Thesearetheforcesdueto themembraneenergy of thesurface
projectedontothenormaldirection.Theforceis givenby thevariationalderivative
of theenergy:� , HI � þ � y ~ � hR�Ël� i � l �ml� �Y�;�Y� � , � þ � � hR� ��� i � l � ��� � e (2.25)

With thefinite differenceapproximationof thedifferentialoperatorsfor constant�� ��� , �{qbÍ�h�� r�@ I �{q8� r=in�;q8¾�h�� r� l iokd6J��9� ��� , � q8� rTÍ�h @ I � q8� r in� q8� r�¾�h� l iokd6J��9
andthe usualvertex normalsit is straightforward to computethe force densities
in equ. (2.24). Theseforce densitiesapply directly to the surfaceareaalongthe
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surfacenormalfield. Hence,no divergencehasto becomputed.Summarising,we
avoid thetroublesomeuseof anglesandimplementthecurvatureasbendingstrain
in astraightforwardway.

Note thatno forcesdueto theoff-diagonalentry � aremodelledbecause� is
dependenton the diagonalentries � and | andthe first fundamentalform (Gaus-
siantheorem,see[DoC76]). Thediagonalentries� and | approximatethenormal
curvature in thedirections� � , � � , whereasthebendanglesasdefinedby equ.(2.7)
approximatethe curvatureof the isoparametriccurves. However, employing the
curvature,which is the orthogonalsumof normalandgeodesiccurvature,leads
to in-planeforcesthatcounteractbothshearingandbending,becausethegeodesic
curvaturecanmeasureshear.

Themembraneenergy actuallyonly describesstressdueto theelongationof a
membrane,but doesnot correspondto a physicalmodelof curvature.But instead
of themembraneenergy in equ.(2.25),alsothethin plateenergy canbeemployed.
Thisdescribesthebendenergy of thin platesandleadsto fourthorderderivatives� , HI � þ � y ~ � h%� l�m� i � l � l��� �Y�;�Y� � (2.26), � þ � � hR� �m����� i¢6 � h�i � l 9Z� �m����� i � l � ������� � e
The discretefourth order operatorsare computedby applying the secondorder
operatorstwice.

2.4 Energy Dissipation

In the previous sectionan elasticmodel,which conserves the elasticenergy, has
beendeveloped. However, in every materialenergy is dissipateddueto internal
friction, i.e. viscousforcescounterthe progressof deformation. Viscousforces
producehysteresiseffectsthat appearasa closedloop if the deformationis peri-
odic (this is an approximationbecausethedeformationhasto be assumedto last
infinitely long). Figure2.6shows anexampleof sucha stress-strainplot, which is
obtainedwhenthematerialis deformedandafterwardsrelaxedataconstantveloc-
ity. Externalviscousforceslike air resistancewill bedescribedin section2.6.

In thefollowing wewill show how explicit viscousforcescanbederivedfrom
thestrainratetensoranalogouslyto thederivationof elasticforcesfrom thestrain
tensor, andwewill getanothersetof materialparametersthatdescribetheviscous
propertiesof thedeformableobject.In thesecondsubsectionwewill presentmem-
ory parametersasanalternative way of implementingviscosity. This approachal-
lows a straightforward modellingof morecomplex viscousmodels.For instance,
J.Großet al. [GEHB01] employ thesememoryparametersto implementa model
thatfits measuredmaterialdatato theviscoelasticmodel.
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Figure2.6: Hysteresis

2.4.1 ViscousForces

Internalfriction dependson therelative motionof partsof thedeformableobject,
that is on thestrainrate.Thestrainratetensor(cf. [BW00]) is definedasthetime
derivative of strain, ü�qsrÎ, �?*�qvr� z e (2.27)

Explicitly, thefollowing strainratesarederivedfrom thestraincomponentsgiven
by equations(2.14),(2.15),and(2.16):ü?h�h , ����m� � ��� ��R� � �ü l�l , ���� � � � � ��R� � � (2.28)ü?h l , ���� � � � � � i � � � ���� � �
After discretization,the diagonalcomponentsof the strainratetensorcanbe in-
terpretedeasily as the relative velocity of the particlesprojectedonto the edge
betweenthem: ü?h�hä, � � q8� r @L� q8¾�h�� r � � qW� r @L� q8¾�h�� r ����;qW� r�@L�{q8¾�h�� r7�ü l�l , � �\q8� r�@L�\q8� r�¾�h � �;qW� r�@L�{q8� r�¾�h ����;qW� r�@L�{q8� r�¾�hË�
A viscousstresscanbecomputedanalogouslyto equ.(2.2):+ �qsr ,
	 qsrRtTu ü tEu � (2.29)

wherethe“viscosity tensor” 	 hasthesamepropertiesastheelastictensor	 . The
viscousstressis addedto thepurelyelasticstresssuchthat+{qvrÎ,.	 qsr%tEu * tEu i�	 qsrRtTu ü tEu e
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(a) (b)

Figure2.7: Kelvin-Voigt elements

Theelasticbendstrainis computedby theprojectionof thesecondor fourth
derivativesonto thesurfacenormal. In orderto derive simpledampingterms,we
take thetime derivativesof thesespatialderivativesandprojectthemontothesur-
facenormal: ü � ©�E°h , � þ ����m��� �R� ü � ©�T°l , � þ ����m��� �
or alternativelyü � ©�E°h , � þ ���� �����m� i �� �m����� �R� ü � ©�T°l , � þ ���� ������� i �� ������� � (2.30)

for themembraneandthin plateenergy, respectively. Thesestrainsleadto forcesü � ©�E°h�� l þ in thesurfacenormaldirection.

In mostimplementationstheviscositytensor	 is chosenconstantandpropor-
tional to theelastictensor	 . ThisproducesamaterialcalledaKelvin-Voigt solid,
thesimplestviscoelasticsolid. In onedimensionit canbemodelledasa damping
dash-potparallelto aspringasshown in figure2.7(a).

2.4.2 Memory Parameters

Hysteresiseffectsasin figure2.6aredueto energy dissipation.Whenthematerial
deformsunderexternalforces,thestress-strainrelationis describedby theupper
branchof thehysteresis.Whenit is releasedandcontractsagain,thisrelationshipis
describedby thelower branchandtheareabetweenbothbranchesis proportional
to thedissipatedenergy. Themechanicalquality � of a materialis definedby the
ratioof themeanenergy storedin thematerialduringonecycleandtheenergy lost.� is anothermaterialproperty, which is zeroin purelyviscousfluids.

Althoughthebranchesof thehysteresisseemto indicatea nonlinearrelation-
ship,this is notnecessarilytrue. In linearviscoelasticity, Hooke’s law holdsin the
frequency domain: +M6��=9M,Å	d6��=9 � *Ë6��=9
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Whentransferredinto thetimedomainby theinverseFourierTransform,weobtain+M6 z 9M, Í��~¾�� 	d6 z @��{9Z*Ë6��{9���� � (2.31)

where 	�6 z 9 is a time dependentmodulus.This modulusis the time derivative of
therelaxationfunction �d6 z 9 of thematerial,which is thestressresponseto astrain
describedby unit step.

Hooke’s law canbeexploited to implementviscositywithout explicit viscous
forces. Instead,in eachtime stepanadditionaltermcomputedfrom Memorypa-
rameters is addedto theforceterms.

In equ. (2.31)theupperintegrationbordercanbesetto z , asthebehaviour of
thematerialcannotdependonthefuture.Moreover, thestrain *Ë6 z 9 canbeassumed
to vanishfor z�� @�� suchthatpartialintegrationof equ.(2.31)yields+M6 z 9M, Í��~¾�� �d6 z @��{9 �*m6��{9���� � (2.32)

The relaxationfunction of a Kelvin-Voigt elementcanbe computedanalytically.
Theintegral is split into amemorypartandacurrentpart:+M6 z qbÍ�hT9², � ��ò �~� � �d6 z qbÍ�hK@��{9 �*Ë6��{9���� i � �~¾�� �d6 z qbÍ�hM@��{9 �*m6��{9���� (2.33)

The memoryterm is constantandhasbeencomputedin the previous time step.
Grosset al. [GEHB01] transformthefirst termby interpolationof

�*m6��{9 andsuc-
cessive integrationinto a lineartermin * . In thesimplestcase,linearinterpolation,
thisgives+M6 z qbÍ�hT9M, Hz qbÍ�h²@ z q � � �

~
¾�� �d6 z q�Í�hK@!�{9�����"#¶6p*Ë6 z qbÍ�hT9A@f*Ë6 z qa9�9³ij+M6 z q�9 e

Thus,weregainamodelthatin eachtimestepsolelydependslinearlyonthestrain
extendedby thememoryterm,which is constantin eachtime step.This termcan
beintegratedeasilyinto thenumericalframework thatwill bepresentedin thefol-
lowing chapter.

After the introductionof Kelvin-Voigt elementsit remainsto discusshow to
model real world materialswith theseelements.The animationapplicationsare
mostly limited to a constantelasticandviscoustensor. In applicationswherecer-
tainmaterialsareto bemodelledandtheirpropertiesareto bepreserved,however,
this doesnot suffice, and a more sophisticatedviscoelasticmodel is necessary.
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Grosset al. [GEHB01] proposea viscoelasticmodel that easilycanbe incorpo-
ratedinto theparticlesystemby meansof memoryparameters.

A constant � model allows us to approximatea specifiedviscoelasticbe-
haviour. Sincetextiles show a hysteresiswidely independentof the frequency,
we assumea frequency independenceof � (CQ-material).A CQ-materialcanbe
approximatedby aseriesof Kelvin-Voigt elementsasin figure2.7(b).Thecompli-
ance $�6��=9 (inverseof theelasticmodulus)of sucha Kelvin-Voigt-seriesis given
by $�6��=9M, Hº � i � r Hº r HH inÌ&%% æ � (2.34)

where �¨rd, º r('���r and

º r and ��r aretheelasticandviscousconstantsof the j-th
Kelvin-Voigt element,and

º � the constantof the singlespring. The elasticand
viscousconstantsthenarechosensuchthat $�6��=9 approximatesthemeasuredcom-
plianceof thematerialin a leastsquaressense.Therelaxationfunctionof sucha
seriesof Kelvin-Voigt elementsis computedby superpositionof singleelements.
With this relaxationfunctionthememoryparameterscanbecomputedasabove.

2.5 Implementation of the Inter nal Forces

In sections2.3 and2.4 the elasticandviscousinternal forceshave beenderived.
In theimplementationof theclothmodellingsystemtheelastictension,shear, and
bendforceshave beenincludedtogetherwith their viscouscounterparts.In this
sectionit will beelaboratedhow theseforcesareimplemented.

Note that,again,we assumea uniform spacingwith distance� for thesake of
simplicity. A generalisationto non-uniformspacingcanbeeasilyachieved. �ªq is
theforceappliedto particle Ì . � is a temporaryvectorto computeforces.

As hasbeenshown, thestretchforcesareidenticalto linearsprings,whichcan
beimplementedasfollows:
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Algorithm 1: Stretch forces
(1) for each edge 68Ì � â?9*) mesh do

Tensionforcesaccording to equ.(2.20)

(2) Compute �ê, t �pó �u � 6R��� q @L� r �K@f��9E68� q @L� r 9 �
Addviscosityaccording to equ.(2.27)

(3) Add + �p�p�p�pó �p�p�p�u � � � q @L� r � 68� q @L� r 9 � � to �
(4) Add � to ��q
(5) Add @3� to � r

end

In thenext chapterwewill explainthatthecomputationof tensionforceshasto
besplit into two partsto solve theODE efficiently. Therefore,theimplementation
within thenumericalintegrationdiffersfrom theabove algorithm.

For theshearforcesthedivergenceof theshearstressasgivenby equ. (2.21)
mustbecomputed.Thepartialderivatives å è � �å � and å è � �å � arecomputedby thedif-
ferencesof +�h l in two adjacentgrid points.

Algorithm 2: Shear stress elements
(1) for each particle Ì,) mesh do
(2) Get left, upper, right, lower neighbours of particle i

with indices â � º � � � � , respectively
One-sideddifferenceson theboundary

(3) if neighbour ��).-Râ � º � � � �./ does not exist
then replace with central particle �¶ �,>Ì

Stresscomputationaccording to equ.(2.21)
(4) Compute +ì, 01 u � � �<r�@L� u � � t @L�32 �

Addviscosityaccording to equ.(2.27)
(5) Add + � � � �1 u � 6 � ��r�@L� u � � t @f�32 �i � �7r�@f� u � � t @L�42 � 9 to +

Computedivergenceof shearstresswith equ.(2.19)
(6) � � , èl u 68� u @L�<rË9 �(7) ���Î, èl u 68� 2 @f� t 9 �(8) Add � � to � u
(9) Add @3� � to ��r
(10) Add � � to �52
(11) Add @3� � to � t

end

Thefactor hl in lines(6) and(7) is neededbecauseeachedgeis evaluatedtwice
in thealgorithm.Notethatfor nonuniformspacingthealgorithmhasto useamore
generalexpressionto computetheshearstressin line (4):+ h l , ß 6 � �7r3@L�{q��h i �{q�@L� u� 2 � � t @L�;q� l i �;q�@f�32� � � i�kd6J� l 9 �
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whichyieldsadditionalforceson thecentralparticle.

The algorithmfor the computationof bendingforcescomputesthe projected
membraneenergy usingsecondorderderivatives. The secondorderfinite differ-
enceoperatorsarecomputedby a differenceof first orderfinite differences.Thus,
thecomputationcanbecarriedoutanalogouslyto thecomputationof stretchforces
in thepreviousalgorithmfollowedby aprojectionontothesurfacenormals.

Algorithm 3: Membrane bend forces

ComputeLaplacian
(1) for each edge 68Ì � â?97) mesh do
(2) Compute �ê,98 �pó �u � 68�;q�@L�7rm9 .

Addviscousterm

(3) Add :<;>=@?BA�pó �u � 68�\q�@L��rË9 to � .
(4) Add @à� to � r
(5) Add � to �àq

end
ProjectLaplacianontosurfacenormal

(6) for each particle Ì do
(7) Add

� � q � þ q � þ q to � q
endþµq denotesthevertex normalat particle Ì . Theelasticparametersare

� h � � l and
theviscousparametersare ü � ©�E°h�� l . In lines (1) to (5) thedifferencesaresummed
up in the temporaryvectors�Îq . Afterwards,eachvector �Îq is projectedonto the
surfacenormal.

Thealternative forcesderivedfrom thin plateenergy areimplementedlikewise.
TheBilaplacianoperatorrequirestwo passesto computethedifferences.

Algorithm 4: Thin plate bend forces

Computefirst Laplacian
(1) for each edge 68Ì � â?9C) mesh do
(2) Compute �ê, hu � 68�;q¨@f�7rm9 .
(3) Add � to � q
(4) Add @à� to ��r

Viscousterm
(5) Compute �ê, hu � 68�\q�@L��rË9 .
(6) Add � to D�q
(7) Add @à� to D r

end
ComputesecondLaplacian
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(8) for each edge 68Ì � â?9*) mesh do
(9) Compute �ê,E8 �pó �u � 6��Îq¨@���rË9 .
(10) Add � to $ q
(11) Add @3� to $(r
(12) Compute �ê, : ;F=G?BA�pó �u � 6@D¨q�@.D:r�9 .

Addviscousterm
(13) Add � to $¨q
(14) Add @3� to $(r

end
ProjectLaplacianontosurfacenormal

(15) for each particle Ì do
(16) Add

� $�q � þ q � þ q to ��q
end

In lines(1) to (7), thefirst Laplacianis computedin thetemporaryvectors� q
and D�q . Theseserve asinput for thecomputationof thesecondLaplacianin lines
(8) to (14). Finally, in lines(15) to (16) theBilaplacianoperatoris projectedonto
thesurfacenormals.

Most particlesystemsdo not incorporatetransversecontractionforces.If such
forcesarerequired,they canbeimplementedby equ. (2.22). Thefollowing algo-
rithm computestheseforcesfor eachparticle:

Algorithm 5: Transverse contraction forces

(1) for each particle Ì,) mesh do
(2) Get left and upper neighbours of particle i

with indices â � º , respectively
(3) if left neighbour does not exist

then use right neighbour
(4) if upper neighbour does not exist

then use lower neighbour
Stresscomputationaccording to equ.(2.22)

(5) Compute ��hK,IH �p� �p�u � 6R���7rà@L�{qR�=@f��9
(6) Compute � l , H �p� �p�u � 6R��� t @L� q �=@��p9

Addviscosityaccording to equ.(2.27)
(7) Add + �p� �p�u � � � r @L� q � 68� r @L� q 9 � � to � h
(8) Add + �p� �p�u � � � t @f��q � 68� t @L�;qp9 � � to � l

Computedivergenceof stress
(9) � � ,
� l 68�7r3@L�{q�9 �
(10) ���Î,J� h 68� t @L� q 9 �
(11) Add � � to �¨r
(12) Add @3� � to ��q
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(13) Add � � to � t
(14) Add @à� � to ��q

end

2.6 External Forces

After we have describedthe internalelasticandviscousforcesof thedeformable
object,externalforcesmustbeintroduced.By externalforcesthedeformableob-
ject caninteractwith its environment.Theseforcesappearin theequationof mo-
tion (2.3) asthe term � . Herewe statethemostimportantexternalforces,which
arenecessaryfor textile animation.

Gravity The most importantpotentialforce (density)is the gravity that causes
thedrapingof clothes.It is givenby x}| .
Collision Forces Thesealsoplay a fundamentalrole in animationandarede-
tailedin chapter4.

Otherforcesaccountfor energy dissipation:

Friction Whena faceof the deformableobjectscollides, friction forcescoun-
teractthe movementin the tangentialdirection. Columb’s friction (cf. [Vog97])
describesthefriction of a bodythatslidesover anotherbodyperpendicularto the
surfacenormal þ : �(KML8±ONK,w@�éK�R�4P�� � � �®8¬B �
wherethetangentvelocitycanbecomputedas� ®J¬B ,�� @ � � � þ � þ e
Themagnitudeof thefriction forceonly dependsonthenormalstress�4P thatcoun-
teractsthecollision force in thedirectionof þ . This normalstresscanbe easily
computedby projectingtheforceson thecolliding particlesonto þ . The friction
forcesareappliedto eachcolliding particle. If stictionis to beimplemented,con-
straintshave to beusedto holdcolliding particlesin place,until acertainthreshold
is reachedandit is switchedbackto sliding friction.

Wind and Air Resistance Wind is a complex phenomenon,andwe restrictthe
wind simulationto a simplemodelwhich is designedto createwind-like effects
but is by no meansphysicallyexact. A moresophisticatedwind modelfor cloth
simulationcanbefoundin anarticleby Ling [Lin00]. For our purposesit suffices
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to implementsomewind-like effectsthatallow to sway thetextiles. Wechoosean
oscillatingor constantwind from aconstantdirection:�(Q{±OE°´, 6JÖ iã�mÌ��K6�� z 9�9 � � (2.35)

where� is awind vector, � theangularvelocity, and Ö aconstanttermthatallows
for a constantwind. Thewind actson thesurfaceof the textile. Hence,theforce
is split into a dragforce into thesurfacenormaldirectionanda lift force into the
tangentialdirections:� LW©��RTSUE8© ,
VT°<L8¬BW � �(Q;±OT° � þ � þ i�VT«v± K�®T6p�(Q{±OE°Î@ � �(Q{±OE° � þ � þ¶9 (2.36)

Notethattheexpressionis independentof thesurfacearea,since � L8©�@RXSUT8© actually
is a forcedensity.

Additionally, thereis air resistance,whichcanbemodelledasStoke’s friction.
It dependson the body’s velocity andactsin a directionoppositeto the body’s
velocity. Theair resistancethereforeis givenby�4Y�qÙD�,w@CV[Zª+ � � � þ � ����ª� � (2.37)

whereþ thevertex normal, + theair density, and V[Z a resistancecoefficient. Note
thatno shadowing effectsareimplemented.For instance,a sheetis movedby the
wind if occludedby anobstacle.Accountingfor suchshadowing effect would be
too timeconsuming.

2.7 Mesh Generation

It is importantto notethat thepresentedfinite differencederivationonly holdsfor
regular quadrilateralmeshesand is only accuratefor rectangularmeshes.Rect-
angularmeshesalso have the advantagethat they correspondto the orthotropic
textiles, andthe rectanglescanbe alignedwith the weft andwarp directions. If
trianglemeshesareused,we loosecontrol over the materialpropertiesandeven
simplematerialscannotbemodelledcorrectly.

For surfacestopologically equivalent to a disc the restrictionof rectangular
meshescanbeovercomeby trimmedsurfaces.A trianglemeshapproximatingthe
curvedobjectboundariescanbeinscribedinto therectangularmeshasfollows: In
theplanarstate,whichis equivalentto theparametrisation,eachvertex of thetrian-
glemeshis situatedin onerectangle(neglectingthespecialcasesthatavertex may
lie on a rectangleboundary).If therectangleis split into a left andright triangle,
the vertex position is uniquelydescribedby the rectangularfaceindex, an entry
for theleft or right triangle,andits barycentriccoordinatestherein.This definesa
local coordinateframe,andwhenthe rectangularmeshdeforms,the trianglever-
tex positionscanbeupdatedfrom thelocalcoordinatessuchthatthetrianglemesh
moveswith therectanglemesh.
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An exampleis shown in figure 2.8, wherethe trianglemeshverticesarede-
pictedasbold dots.Eachof themlies in oneof theunderlyingrectanglesandcan
eitherbeassignedto theleft lowerhalf or right upperhalf of therectangle.

Figure2.8: A trianglemeshinscribedin a rectangularmesh

Unfortunately, clothesarenot topologicallyequivalentto a disc,i.e. they con-
tain holes,and the trimmed surfacesolution is not applicable. However, most
clothescanbe assembledfrom quadrilateralpatternswhich allow a regular sam-
pling. The facesgeneratedby this samplingarecloseto rectanglessuchthat we
still getafairly goodapproximationof thephysicalproperties.An exampleof such
apatternis depictedin figure2.9,whichshows thefront partof adress.In chapter
6 it will bedemonstratedhow anavataris clothedwith thisdress.

Figure2.9: Thefront of adresspatternwith curvilinearcoordinates
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2.8 Results

Herewe presentsomeresultson theaccuracy of theimplementedcloth modelling
system. Sincecollisionswould distort the accuracy, we only show examplesin
which the textile is fixed at the edgesand doesnot collide with itself or other
objects.Our samplemodelis a squaremeshdiscretizedby an increasingnumber
of particles.

Thesimulationsarerununtil thetextile stopsmoving andanequilibriumstate
is reached.Notethatfor theequilibriumstatethedampingconstantsareirrelevant
asall velocitiesarezero. This computedequilibriumsolutionis comparedto the
analyticalsolution of nonlinearcontinuousmodelscomputedby JoachimGroß
[Gro01]. In all experimentsthemassdensityis setto

H t[\2 � .
Experiment 1: hanging textile In this experimentthesampleis fixedalongits
right edgeandis stretchedby theexternalforce. Here,we only verify thetension
forces.TheYoung’s modulusis setto

H ¡ � �2 , andtheexternalforcedensityis set
to ] 6 H �2 � . In figure2.11(a) theerroris plottedfor differentresolutions.

Experiment 2: sheared textile Thesampleis fixedalongoneedge,andunder
the influenceof a bodyforceof

H ¡ �2 � the textile is shearedalongthedirectionof
theconstrainededgeasshown in figure2.10(a). We settheYoung’s modulustoH ¡_^ �2 andtheshearmoduleto

H ¡#¡ �2 . Theerrorplot is depictedin figure2.11(b).

Experiment 3: hanging textile with bendforces In thisexperimenttheleft and
theright edgesof thetextile areconstrained,theleft onein all directions,theright
oneonly vertically suchthat it is still freetoo move horizontally. Undertheinflu-
enceof an externalforce (

H e ¡ �2 � ) this free edgewill approachthe oppositeedge
until it is stoppedby bendforcesasshown in figure2.10(b).In thisexperimentthe
bendingforcesaccordingto equ. (2.26)areused,and

�
is setto ` �2 � , while the

Young’s modulusis setto
H ¡_^ �2 � . Theresultsaredepictedin figure2.11(c).

In all experimentsthe error is computedfrom the differencebetweenthe an-
alytic solutionandthesimulatedsolutionat thenodes(particles)of thegrid nor-
malisedby thenumberof nodes.This error is plottedover theresolution,i.e. the
numberof particlesin onedirection. From the resultswe seethat the simulated
solutionsconvergeto theexactsolutions.

2.9 Conclusions

Deformablemodelsdevelopedin computeranimationsuchasmass-spring,cou-
pledparticle,andconstraintsystemsfall into thesamecategoryof discretemodels
for deformableobjects.We have shown how themodelsfit into thenotionof con-
tinuummechanics.A particlesystemhasbeenderivedfrom continuummechanics



2.9Conclusions 39

(a) (b)

Figure2.10:A hangingandashearedtextile

by linearisation,thechoiceof a local referenceframe,andsuccessive finite differ-
encediscretization.Thisgivesthesesystemstheadvantageof rotationalinvariance
over classicallinear elasticity. Therefore,they canbe appliedto highly flexible
deformableobjectslike textiles. Thetheoreticaldrawbackof employing reference
framesthat arenot orthogonalis a behaviour which dependson the local shear
angles.For moderatelylarge deformations,however, we find this theoreticaldif-
ferencenegligible andthe approximationto be sufficiently accuratefor practical
applicationsin computergraphics.After we have establisheda link betweencon-
tinuousanddiscretesystems,we canmodelmaterialsusingthematerialconstants
asin continuummechanicsto modelcontinuousmaterials.

In previousdiscretesystemspresentedin computeranimation,transversecon-
tractionwasnot includedor controlled. In this chapterwe showedhow to imple-
menttheseforces.

Thederivedparticlesystemprovidesasimplemodelthatis well suitedfor fast
animationsbecauseit lendsitself tonumericaltreatmenteasily. Surfacesembedded
in three-dimensionalspacerequirebendingenergy thatismodelledby meansof the
surfacenormalcurvature. Viscositycanbe derived from the strainratetensoras
elasticforcesarederivedfrom thestraintensor.
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Figure2.11:Theerrorplotsfor the(a) tension,(b) shear, and(c) bendexperiment.
Theerrorconvergesto zero,whentheresolutionis increased.



Chapter 3

An Efficient Framework for
Numerical Solutions

In thepreviouschaptera physicalmodelanda spatialdiscretizationhasbeende-
rived.Thismodelis givenasanODE,andit remainsto solve thisODEin time. In
animationwewouldlike to makequick,largetimestepsto runsimulationsrapidly.
SincetheODEto besolvedis stiff, explicit integrationmethodsrequiresmalltime
steps,whereasin implicit integration time stepsare usually very expensive and
slow.

In this chaptera framework is developedthatspeedsup time stepsin implicit
methodsandallows very rapidsimulations.Weusemethodsfrom numericalanal-
ysisandadoptthemto ourneeds.By specialisingnumericalmethods,theirperfor-
mancecanbe improved significantlycomparedto generalpurposemethods.The
solutionwill be controlledby an error tolerancethat canbesetto obtaineithera
rapidanimationor anaccuratesimulation.

Thestructureof this chapteris asfollows: First, somebasicnumericalback-
groundis presented,thenanimplicit-explicit Eulerintegrationschemefor particle
systemsis developed,whichsubsequentlyis extendedandimprovedby higheror-
dermethodsandfully implicit schemes.

3.1 Numerical Foundations

Beforetheframework will bedeveloped,somestandardmethodsfrom numerical
analysisaredescribed.More detailscanbe found in many available text books
[SB00,DH91, HW96,SW92].

3.1.1 Numerical Solutionsof Initial ValueProblems

Sincethenumericalsolutionof ordinarydifferentialequations(ODE)playsacen-
tral role in theanimationof deformableobjects,we presentherethegeneralcon-
ceptsof anumericalODE solver.
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A k-stepmethodis givenby a function a anda schemeto computethenumerical
approximationb_c Í¨t to theexactsolution b¨6 z c Í¨t 9 :t�rT�¨��d rTb c Í:r3,.��a´6 z c � � c � e�e�e � z c Í¨t � �ec Í¨t 9 � (3.1)� c Í:r  �,.�²6 z c Í:r � b c Í:rm9 �
where � is the (time) stepsizeand b#q is the numericalsolutionat time z q . The
coefficient d t is requiredto benonzero.A k-stepmethodis convergent if andonly
if Ð 'bÑf Ò´� Ñd$eg�[h{uih � É f Ê �>b u @�b¨6 z u 9m��,¢¡ � (3.2)

where þn6p��9 is the numberof computedpointsfor stepsize � andy(t) the exact
solution.

A methodis calledimplicit, if andonly if a dependson �ec Í¨t . For animplicit
methodin eachstepa systemof equationshasto besolved,becausetheunknown
next point b_c Í¨t of thenumericalsolutionis neededto evaluate�ec Í¨t .

A k-stepmethodis calledlinear, if a is linearandequ.(3.1)canbewrittenast�rT�¨��d rTb c Í:r3,.� t�rT�¨��j rm� c Í:r e (3.3)

Single-stepmethodsarek-stepmethodswith

º , H
. Mostschemesarederivedby a

collocationapproach.Forgivennodesz q andvaluesb#q theinterpolatingpolynomial
is constructedandintegrated.Thecoefficientsof theresultingpolynomialsbecome
theweightsin theintegrationscheme.

The linear single-stepmethodsare the explicit and implicit Euler methods,
whichareoftenusedfor thesake of simplicity:b c Í�h²@�b c , �;� c � (3.4)b c Í�h²@�b c , �;� c Í�h e (3.5)

Themainissueof thischapteris thestiffnessin theODEsthatarisefrom textile
animation.Thereforewearegoingto introducetheconceptof numericalstiffness,
althoughthereis no formaldefinition.

Numericalstiffnessis very muchrelatedto physicalstiffness.A stiff Hookean
springcontractsvery rapidly, whenreleasedafterelongation.A stiff linearelastic
continuousbody behaves likewise after the elongationin onedirection. Textiles
typically show this physicalstiffness. They arevery hardto stretchandcontract
rapidlyafteranelongation.Physically, stiffnessmeansthatthedeformationwaves
have very high frequenciesandpropagatevery rapidly throughthematerial.

We canlinearisethesolutionfunctionthatdescribessuchdeformationin time
anddevelopit into its eigenbasisto obtaina linearcombinationof exponentials:k 6 z 9K, � q ·àqel gnm 6Z@ I §³��qJÌ z 9�iokd6 z lm9
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with very high eigenfrequencies��q , correspondingto very large negative eigen-
values ��q3, I §³��q . Physicallystiff materialsaswell asfine spatialdiscretization
usuallyleadto theoccurrenceof largefrequencies,i.e. eigenvalueswith very large
realmodulus.

Dahlquist’s testequationevaluatesthebehaviour of integrationmethodswith
theone-dimensionallinearODEwith avariableeigenvalue o :b�p(,qorb � b¨6 z �m9²,Jb}� � os) t e (3.6)

Thecorrectsolutionis givenby theexponentialbd,Jl gnm 6�o z 9ub}� . If theODEis sta-
ble (thestability of anODE mustnotbeconfusedwith thestability of anumerical
solution),i.e. only haseigenvalueswith a non-positive real part ( 17lvo��g¡ ), the
solutionis bounded.If explicit integrationschemesareappliedto equ. (3.6), the
productof theeigenvalue o andthestepsize � hasto besmall for thenumerical
solutionto be bounded,whereasthereis no suchrestrictionfor suitableimplicit
methods.
Thosemethodsthat yield boundedsolutionsfor all step sizesand eigenvalues
with non-positive real part, whenappliedto Dahlquist’s testequation,arecalled
A-stable, andwe will only considerA-stablemethodsassuitablesolvers.

Also from thephysicalpointof view it canbeexplainedwhy in generalexplicit
solvers fail in the caseof stiff ODEs. The velocity V of the deformationwaves
travelling in a solid objectdependson theelasticmodulus

º
andthemassdensityx : V3, ºx

Hence,in stiff materials,whicharecharacterisedby alargeYoung’smodulus

º
, the

wavespropagatevery fastthroughtheobject. In oneintegrationstep,however, an
explicit solvercanonly transmitforcesfrom oneparticleto its directneighboursin
thediscretization.In orderto samplethedeformationwavescorrectly, thestepsize
hasto bereducedtosynchronisethesamplingrateof thesolverandthepropagation
of waves.Thepropagationspeedisusedfrequentlyin animation[DDCB01,DG96]
to control thestepsizeof anexplicit solver (Courant’s Condition). In contrary, an
implicit solvercanpropagatedeformationsandforcesthroughall thesystemduring
onetimestepby solvingasystemof equations.

3.1.2 AcceleratedRoot Finding

If weemploy implicit solvers,wehave to solveasystemof equationsin eachstep.
Wewill aim to keepthissystemlinearsuchthatwe do nothave to solve nonlinear
equations.

Thefastestmethodsto solve linearsystemsaremultigrid methodsandthecon-
jugategradient(cg) method. The latter requiresthe matrix to be symmetricand
positive definite. In this applicationwe will meettheseconditions,and,because
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it is moreflexible andconstraintenforcementcanbebuilt in neatly, we will usea
preconditionedcg methodto solve thelinearsystems.Thenumberof iterationsto
computea solutiondependson theconditionnumberwyx�z|{ . In orderto reducethe
errorby a factor } in theenergy norminducedby z sothat~>�������3~F��� } ~>��������~F����

cg iterationsmustbetaken,where
�

is thesmallestintegernumber
�

thatfulfils���I���� w5x�z�{��T���&x � } {�� (3.7)

This conditionnumbercanbeimprovedby preconditioningof matrix.
Iterative methodsusuallyexploit thesparsityof thesystemmatrix. Sinceeach

particleonly interactswith asmallnumberof neighbours,only very few entriesin
thesystemmatrixarenotzero.A sparsematrixdatastructureexploits this factand
only iteratesover thenonzeroelementsin every matrix operation.Therefore,the
complexity of a matrix vectormultiplication is ��x���{ , where � is thenumberof
particles.An iterative linearsolver benefitsfrom thesparsity, andthecostsof each
iterationdependonly linearlyon thesystemdimension.

In general,however, the equationsare nonlinearand harderto solve. Stiff
problemsrequirethe nonlinearsystemto be solved by Newton’s method. New-
ton’s methodconvergesquadraticallyin a neighbourhoodof the solution. When
an ODE is solved, the solution from the previous solver stepcanbe assumedto
becloseto thenext solutionandprovidesthestartingvaluefor the iteration. Un-
fortunately, Newton’s methodinvolves the computationof the Jacobianand the
solutionof a linear systemin eachiterationwith a systemof a large dimension
(in our applicationusuallybetween1000and20000). At first glance,this seems
infeasiblefor interactive animations.However, modifiedtechniquescansimplify
andspeed-uptheroot finding. Thefirst importanttechniqueis the inexactNewton
method, which solveseachlinearsystemonly up to a certaintolerancewith anit-
erative linearsolver, for instancethecg method.Furthermore,we alreadyhave a
goodstartingvaluefrom theprevious iteration.Therefore,if theconvergencerate
is fast,usuallyonly few iterationsof thelinearsolverhaveto bemadein eachNew-
ton iteration. Thesecondmodificationis calledsimplifiedNewtonmethod, which
constructsanapproximatedJacobianonly onceandappliesit in all iterations.This
savesaconsiderableamountof computationtime for theJacobian.

3.2 Comparisonwith Alter nativeApproaches

In orderto overcomethestiffnessproblemin textile simulation,variousapproaches
have beentakenandpublished.

Early work in textile modellingemploys standardexplicit solverslike Runge-
Kuttamethodsandhasto useextremelysmalltime steps.Thus,thesimulationsof
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Breenet al. [BHW94] takesdaysor weeks.Eberhardtet al. [EWS96] reducethe
simulationtimesby optimisingtheevaluationof the force functionby applyinga
computeralgebrasystem.

Hauth[Hau99] recognisesthenecessityto employ implicit solversfor anima-
tion. He usesvariousODE solver typesto speedup thesimulationsin thesystem
developedby Eberhardtetal. [EWS96].A numberof advancedimplicit solversare
adoptedto theanimationandthe time stepscanbe increasedsignificantly. How-
ever, no interactive ratescanbe achieved. This is mainly dueto the fact that the
computationof the matrices,analytically or numerically, is still expensive, and
alsothematricesarenot symmetric.Hence,ratherexpensive iterative solverslike
GMRESmustbeemployedto solve thelinearsystemwithin theNewton’smethod.
In eachtime step,many evaluationsof theMAPLE generatedforce functionsare
necessary, andasinglesolver stepis still computationallyexpensive.

Until Baraff andWitkin presentedtheir clothanimation[BW98], implicit inte-
grationhadoftenbeenconsideredtoo time consumingandexpensive for thepur-
posesof animations.But Baraff andWitkin simplify thenecessarycomputations
dramatically. They usethe implicit Euler methodandconsequentlysimplify all
stepsto computethesolution. They formulatenonlinearconstraintsbut only use
their linearapproximationto obtaina linearsystemof equations.Then,Baraff and
Witkin areableto solve thesystemefficiently with a cgmethod.

Theirsystemlinearisestheequationsin eachtimestepandonly carriesoutone
Newton iterationin orderto solve thenonlinearsystemin theimplicit solver. This
helpsto build a fastsystem.However, becausethenonlinearpartis not integrated,
anerrorboundanda certainaccuracy cannotbeguaranteed,andthemovementof
the deformableobjectmight be too slow. Another factor that helpsto speedup
thesimulationsis the introductionof explicit dampingforces.Theseexpeditethe
solutionof thelinearsystemsandarewidely ignoredby othermodels.

Volino andMagnenat-Thalmann[VMT00b] usesimilar methodsto solve the
ODE.But insteadof a matrix representationof thederivatives,they applynumer-
ical differentiation,andthematricesarereplacedwith operatorsthatdescribethe
system.

Desbrunet al. [DSB99] also usethe implicit Euler method. They employ
Provot’smass-springsystem[Pro95] in orderto exploit thepropertiesof thespring
force terms. Insteadof linearising the whole system,they split it into a linear
anda nonlinearpart, set the nonlinearpart constant,andsolve the arisinglinear
system.Desbrunet al. do not aim at solving theequationcompletelyasthey do
not integratethe nonlinearterm correctly. To compensatefor that, a correction
force is introducedto preserve the combinedangularmomentumof the system.
Sincein this work the matrix remainsconstantfor constantmaterialparameters
andstepsize,theinversematrix is precomputedandthelinearsystemis solvedby
amatrixmultiplicationwith theinversematrix. Unfortunately, theinversematrix is
denseandthematrix-vectormultiplicationcanbeexpectedto bemorecostlythan
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thesolutionof thelinearsystemwith thesparseoriginal matrix. Furthermore,the
usageof a precomputedinverseprohibitsa changeof thestepsize � andchanges
of thematerialparameters.

BasedonDesbrun’swork Kangetal.[KCC� 00] makesomefurthersimplifica-
tion to avoid solvingthelinearsystem.In orderto updatethesolutionvectorin one
stepthey divide eachrow by its diagonalentryof thematrix of the linearsystem.
But thereis no indicationthatthismethodgetssomewherecloseto thesolutionof
thelinearsystem.

In several mass-springsystems[Pro95, DSB99, KCC� 00], anotherpopular
idea is exploited. Insteadof using a very large spring stiffnessthat would be
appropriateto modelclothes,smallervaluesareusedto reducethe stiffnessand
thussimplify the solutionof the ODE. Then,after eachtime stepthe systemis
post-processedif the springsareelongatedtoo much. In this process,iteratively
all particlepositionsaremodifiedsuchthat a certainmaximumelongationis not
exceeded.This is motivatedby the nonlinearpropertiesof textile materialsthat
becomestiffer with increasingtension.Suchapost-processingis justifiedfor sim-
ple mass-springsystemsthatdo not modelspecificmaterialpropertiesanyway. In
moreaccuratesystems,however, physicalsoundnesscannotbeguaranteedby this
modificationof thenumericalsolution.Moreover, theresultdependson theorder
in which thespringelongationsarecorrected.

Summarising,all approachessuffer from one problemor another. Explicit
schemeshave stability problems,all implicit solutionschemesthathave beenpro-
posedareonly of orderoneandhenceprovide very low accuracy. This resultsin
slow movementsandlossof detail, for instancewrinkles. Otherschemesevendo
not solve thesystembut give somemoreor lessreasonableapproximation.In the
implicit schemestheobjective shouldbeto minimisethenumberof entriesin the
systemmatrix. Theapproachthatwill betakenin thischapterdoesso.Furtherob-
jectivesareto guaranteeanerrortoleranceandto bescalableaccordingto accuracy
andspeedrequirements.

3.3 An IMEX Schemefor Particle Systems

In order to reducethe computationalwork, we try to lower the costsof the time
stepin theimplicit integration.Thebasicideais to applyanimplicit timesteponly
to thestiff termsin theODE,while othertermscanbeintegratedby a fastexplicit
solver. Suchschemesthat combinean implicit andan explicit solver arecalled
IMEX schemes.

3.3.1 Implicit-Explicit Schemes

ConsideranODEof theform��� x� U{�¡£¢,¤�  � � x� >{B¥§¦�¨�¤�  � � x� U{B¥ � (3.8)
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wherë incorporatesthestiff partof thesystemand¢ thenonstiff remainder. Then
an implicit integrator is appliedto ¨ , and an explicit integrator is appliedto ¢ .
If ¨ containsall stiff components,the stability propertiesof the implicit method
can be preserved, while the integration of ¢ is simplified. A thoroughanalysis
for combiningvariousmethodscanbe found in the work doneby Ascheret al.
[ARW95,ARS97].

For a constantstepsize � we obtain the IMEX formula that combinestwo
linearmulti-stepmethods(compareto equ.(3.3)):�_© � � ¦ �(ª�«¬[® � d  � © �  ¡¯� �Xª�«¬[® ��°  ¢ © �  ¦ �¬[® ��±  ¨ © �  � (3.9)

wherethe °  and ±  arethe coefficientsof the explicit andthe implicit method,
respectively. Weset ±s² ¡ ± © � � and ³ �3´¶µi· ² ¡ ��´Mµ � « · � �3´¶µi· to simplify thenotation.
Equ.(3.9) is restatedasroot finding problem:¸ x �_© � � {�¡ �_© � �7� � ± ¨ © � � ¦£¹ © � (3.10)¹ © ¡ �(ª�«¬[® � x d © �  � © �  � � ° © �  ¢ © �  � ± © �  ¨ © �  {��
In general,this is solved by a Newton’s method. In the i-th Newton iterationthe
linearsystem x�º � � ± z|{<x»³ � ´¶µ�· {�¡ ¸ x � ´¶µ�· { � (3.11)

hasto besolved. Here z¼¡ ½½¿¾ ¨�¤»  © � ��� � x�  © � � {B¥ is theJacobianof ¨ andcontains
thestiff eigenvaluesof thesystem.Thismethodcansaveaconsiderableamountof
computationalwork becauseonly apartof theJacobianhasto becomputed.

However, the IMEX methodsare mostly employed for ODEs in which ¨ is
linearwith respectto

�
, i.e. ¨Àx�  � � {�¡¯zÁx� >{ � �

In this casethesystemreducesto thelinearsystemx�º � � ± zÂx� U{U{ �_© � � ¡ ¸ � (3.12)

Therefore,theobjective is to split theODE of theparticlesysteminto astiff linear
termandasecondnonstiff term.

3.3.2 Reductionof the Dimensionin Newton’s Law

After thesemi-discretizationof thePDE in chapter2, thecontinuousequationof
motion (2.3) hasbeenreducedto Newton’s law (2.4). This is an ODE of second
order, i.e. hasthestructure � � � ¡¯Ã�x�  �U�5�U� � {��
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For � particlesthis systemhasthedimensionÄ4� . We employ thestandardpro-
cedureto transformthesecondorderODE to a first orderODE of dimensionÅ4�
andintroducethe velocity vector Æ asan the auxiliary variable,which yields the
system Ç � ÆnÈ � ¡ Ç ÆÃ�x�  �U�5� Æn{uÈ � (3.13)

TheJacobianof theright-handsideisÉÉ5Ê �5� ÆÌËiÍ Ç ÆÃ�x�  �U�y� ÆÀ{ È ¡ ÇÏÎ ºz « zÑÐ È
with z « ¡ ½½¿Ò Ã ¤   �U�y� Æ ¥ and zÑÐ7¡ ½½¿Ó Ã ¤   �U�y� Æ ¥ .Usingthisblockmatrix, theNewtoniterationstep(3.11)is appliedto theODE
(3.13):

Ç º � � ± º� � ± z « º � � ± z�Ð È�Ô ³ �
´¶µi·© � �³ÕÆ ´Mµ�·© � �4Ö ¡

Ç ¸ « x � ´Mµ�· � Æ ´Mµ {¸ ÐÌx � ´¶µi· � Æ ´¶µi· { È (3.14)

The upperrow ³ � ´Mµ�·© � � ¡ ¸ « x � ´Mµ�· � Æ ´Mµ�· {×¦q� ± ³ÂÆ ´Mµ�·© � � canbe substitutedinto the
lower row to yield¤ º � x»� ± { Ð z « � � ± z Ð ¥ ³ÕÆ ´Mµ�·© � � ¡ ¸ Ð x � ´¶µi· � Æ ´¶µ�· { � � ± z « ¸ « x � ´¶µ�· � Æ ´¶µ�· {�� (3.15)

This way the dimensionof the systemis reducedto the original dimension Ä4�
of thesecondorderODE. In eachiterationwe only solve for thevelocities Æ and
updatethepositionsfrom thecomputedvelocitieswith theupperrow of equ.(3.14)
afterwards.Therefore,̧

«
is zeroin every iterationandvanishesin equ.(3.15):¤�º � x»� ± { Ð z « � � ± zÑÐT¥X³ÕÆ ´Mµ�·© � � ¡ ¸ ÐÌx � ´¶µi· � Æ ´¶µ�· {�� (3.16)

This is thefinal systemthathasto be solved in eachNewton iteration. If the the
function Ã canbesplit into a linearstiff andanonstiff term,only thelinearsystem
(3.12)hasto beappliedto theODE (3.13)andwe obtain¤ º � x»� ± { Ð z « � � ± z�Ð ¥ Æ © � � ¡ ¸ Ð4� (3.17)

3.3.3 Construction of a Split ODE

In thissectionwereducethecomplexity of onetimestepby reducingthenonlinear
systemto a linearsystemusinganIMEX method.To keepthederivationsimple,
hereonly theexplicit andimplicit Eulermethodsareused.Lateron, higherorder
methodswill beintroducedalso.

We notethat thestiffnessin particlesystemsthat modeltextiles is dueto the
linear springsthathave beenderived from thediagonalstraintensorcomponents
in equ. (2.20). Thereforeit is sufficient to solve only for thesespringsimplicitly
andusetheexplicit schemefor theremainingforces.
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In this sectionwe will denotethe particle indicesof the positionsandveloc-
ities by superscriptsto distinguishthemfrom the time indicesthat arewritten as
subscripts.Forcesfor linearspringsbetweentwo particlesat

� µ
and

� 
aregiven

by Ø µ  x � {�¡ � µ Ù Ðµ  x ~>�  ��� µ ~§� Ù µ  { �  ��� µ~>�  ��� µ ~ �
where

� µ  is theelasticmodulusof this springand
Ù µ  its restlength.Desbrunetal.

[DSB99]split theseforcesinto a linearpartØ µ « x � {�¡ � µ Ù Ðµ  x �  �.� µ {
andanon-linearpart Ø µ Ð x � {�¡ � � µ Ù µ  �  ��� µ~>�  ��� µ ~ �

Herewe include Ã « in ¨ , while Ã Ð is treatedby theexplicit methodaspartof ¢ .
This is possiblebecauseÃ4Ð hasaconstantabsolutevalueandits Jacobiandoesnot
contribute significantly. The solutionof the IMEX-schemeremainsstableunder
all circumstancesandfor all feasibleparameters,althoughÃ4Ð is treatedexplicitly.

Additionally, we needdampingforcesto accountfor energy dissipation.We
simplify theexpressionfor thestrainratein equ.(2.28)by omitting theprojection
onto the edgein orderalleviate the implicit integration. Thesearemodelledfor
eachpairof adjacentparticlesbyØ µ Ú x � {�¡9Û µ Ù Ðµ  x�Æ  � Æ µ { �

where Û µ  is thedampingcoefficient. Thesedissipative forcesarestiff aswell
aslinear, hencethey areincorporatedin ¨ . Thus,we getlinearforcesØ µ@Ü ÝOÞOß ¡ � µ Ù Ðµ  x �  ��� µ {y¦ Û µ Ù Ðµ  x�Æ  � Æ µ { (3.18)

for eachspringactingonparticle à . Definingmatricesx�á�{ µ  ¡ âãOä �såJæ Ü æXç® µ �FèêéëÓ�èMé if àv¡íì ��Fè îë��è î if à7ï¡íì �
and,analogously, x�ðñ{ µ  ¡ âãOä �òåJæ Ü æXç® µ Ú èMéë �èêé if àv¡óì �Ú è îë �è î if à7ï¡óì �
thelinearforcescanbewrittenÃ ÝOÞOß x �5� Æn{×¡¯á � ¦�ð�Æ3� (3.19)
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ThesematricesrepresentthediscretizedLaplacianoperator, which appearsas
thestiff partof theforcesdueto diagonalstresselementsin equ.(2.20).

The explicit forcescontainedin ¢ can be arbitrary nonstiff forces. Besides
Ø Ð , we integratetheotherelasticandviscousforcesdueto bendingandshearing,
which aretypically several magnitudessmallercomparedto tensionforces,with
theexplicit method.Externalforcesdueto air resistance,wind, andgravity arenot
stiff andtreatedexplicitly aswell. Hencewe includeall nonlinearpartsin Ãeô»õ�ö Ý :Ã4÷ Ò>ø ë ¡úù ¬ µ Ø µ ÐÂû  Ü [® « ÜOüOüOü Ü ý ¦íÃeþ@ÿ<ô�����¦óÃ��Tô ß�� ¦óÃeô»õ	��ô
� ß � Ý �
wherethesumcontainsall forces

Ø µ Ð dueto thespringsadjacentto a particle ì .
Weconcludethissectionby statingthesplit ODE:� Û Ð �Û   Ð ¡¯Ã ÝOÞOß ¦óÃeô�õ�ö Ý � (3.20)

3.3.4 An IMEX Euler Solver for Particle Systems

Here we describehow an IMEX first order methodis applied to the described
particlesystem.It usestheimplicit andexplicit form of Euler’s method:� ë � « ¡ � ë ¦ó�4¢Ïx � ë {&¦ó�3¨nx � ë � « { (3.21)

First, we follow section3.3.2andreducethesystemfrom Å4� coordinatesto Ä4�
coordinatesby applyingtheintegrationschemeto equ. (3.17). Theimplicit Euler
methodfor

Ú ÒÚ� ¡
Æ yields � ë � « ¡ � ë ¦ó�rÆ ë � « � (3.22)

Equ. (3.21) is appliedto the split ODE (3.20),and
� ë � « is substitutedwith equ.

(3.22):º�Æ ë � «�� � �� x�á � ë � « ¦�ð�Æ ë � « { ¡ Æ ë ¦í� �� Ãeô»õ�ö Ý x � ë � Æ ë {� z�Æ ë � « ¡ Æ ë ¦í� �� Ãeô»õ�ö Ý x � ë � Æ ë {y¦ó� �� á � ë � (3.23)

with asymmetric,positive definitesystemmatrixz
¡¯º � � Ð �� á � � �� ð � (3.24)

This linearsystemcanbesolvedefficiently by thecgmethod.With sparsematrices
in generalthis is even lessexpensive thanmultiplying with an inverse,which can
have x»Ä4�.{ Ð nonzeroelements,becausetheinverseof a sparsematrix is not sparse
in general.
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A majoradvantageof thesystemmatrix is thatit only changeswheneitherthe
stepsizechangesor thematerialparameterschange.Thus,we oftensave time on
therecomputationof thematrix. A recomputationof thematrix is necessaryin two
cases.First, if adaptive stepsizing is used,a changeof thetime step � requiresa
recomputation.Second,if a nonlinearstress-strainrelationis approximatedby a
piecewise linear function,thematerialparameters

� µ  and Û µ  maychangein each
timestep.

For thecg methoda startingvaluehasto becomputedsuchthatit predictsthe
new solution. The predictorextrapolatesthe new solutionvector from the most
recentvaluesof the solution. Consideringthat a single-stepintegration method
is employed,we alsoonly usethe lastvalueandcomputethepredictorassuming
constantvelocity: Æ © � «�� Æ © and

� © � «�� � © ¦í�Õ�TÆ © � « (3.25)

3.4 Extensionsof the IMEX scheme

Although the developedfirst order IMEX schemealreadycomputesanimations
quiterapidly, it canbeimprovedfurther.

Higherordermethodswill beevaluatedwith respectto their suitability for the
application. They producemore accurateresultsand can also reducethe com-
putationalwork. Therefore,an implicit-explicit integration schemebasedon a
backward-differentiation-formula (BDF) is constructed.Afterwards,we derive an
updatingschemefor theIMEX methodsthat leadsto fully implicit methods.The
integrationschemesarecompared,andexamplesaregivento demonstratetheeffi-
ciency of theintegrationmethods.

3.4.1 SecondOrder Solvers

Sofar we have restrictedour considerationsto thefirst orderEulermethods.The
implicit Euler methodis A-stable,and arbitrarily large time stepscan be taken
while stability is guaranteed.However, comparingthemto a secondordermethod
usingstepsize � , the Euler methodhasto be usedwith stepsizeof order � Ð to
achieve thesameaccuracy. Implicit methodsin generaladdartificial dampingto
the numericalsolutioncomparedto the exact solution,whereasexplicit methods
amplify the oscillations. Hence,the lower the accuracy of an implicit methodis
themoreit seemsdampedandsmooth.Visually, thesimulatedmodelmovestoo
slowly or loosesdetail like wrinkles if too large time stepsaretaken. In orderto
alleviate theseeffectswithout a reductionof thetime step,we examinehigheror-
dermethodsthatareA-stableandallow a fastcomputationof onetime step.

Single-stepmethodsdo not usehistory points and computethe solution for
the next point only from the previous one. Thereforethey are bettersuited to
handlediscontinuities,which arecommonin animationbecauseof theoccurring
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collisions. However, higher order single-stepmethodsconsistof several nested
stages.In theexplicit casethis doesnot posea problem.If themethodis implicit,
however, eachstagerequiresa systemof equationsto besolvedandthereforeone
stepwould betoo expensive for animation.An exceptionis theimplicit midpoint
rule, which is the optimal A-stablesingle-stepmethodof order2 or higher that
only involvesoneinternalstage:� © � « ¡ � © ¦ó��Ã � � © � « ¦ � ©� � � (3.26)

The midpoint rule constructsa linear function interpolating Ã at the midpoint«Ð x � © � « ¦ � © { andis the only methodof order2 that is constructedfrom an or-
der1 collocationpolynomial.

As a stable,fast to computesingle-stepscheme,the implicit midpoint rule
appearsto bea goodchoiceof anintegrationscheme.Unfortunately, it hasa flaw
which impedesthe performanceof the midpoint rule. The midpoint rule is not�

-stable.A-stability only requiresthenumericalsolutionto bebounded.Yet this
solution could still oscillatearoundthe correctsolution. This doesnot happen,
if themethodis

�
-stable,which guaranteesthathigh frequenciesaredampedout

quickly. 1 Thishastwo consequencesfor theanimationwith theimplicit midpoint
rule. First, the midpoint rule might produceunphysicalartifacts. Second,high
frequenciesthatarenotdampedoutof thesystemreducetheperformance,i.e. the
iterative solutionof theimplicit equationsconvergesmoreslowly.

Theimplicit midpointrulecanbecombinedwith theexplicit midpointrule� © � « ¡ � © ¦ó�3Ã�x � © ¦ �� �3Ã�x � © {U{ �
whichisasecondorderRunge-Kuttamethod,toyieldasecondorderIMEX method
[ARS97].

The other importantclassof methodsare linear multi-stepmethods. Com-
paringthemto single-stepmethods,advantagesanddisadvantagesareexchanged.
They arecomputationallyinexpensive, becausethey only have onestage,i.e. one
systemof equationsthathasto besolvedperstep.On theotherhandthey involve
historypoints.

The BDF–methods(backward differentiation formulas)arethe mostsuitable
multi-stepmethodsfor stiff problems.They aredefinedby ascheme�¬[® � d  � © �  ¡q� ° � Ã © � � � (3.27)

Theseintegrationschemesarebasedon theconstructionof a polynomialinterpo-
lating the points

� © � �¿�¿� � �_© � � . BDF-methodswere the first to be developedto
1Thedefinitionof L-stability is givenin termsof thestability function,whichhasnotbeenintro-

ducedhere,cf. [HE01].
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dealwith stiff equations,andthevariantof ordertwo, BDF(2), is A-stable. Fur-
thermore,they areL-stable. For thesereasons,they areamongthe mostpopular
methodsfor stiff problemsandalsoseemlike a goodchoicefor the ODE of the
particlesystem.For

� ¦ � pointsthesemethodspossessorder
� ¦ � , andonly one

nonlinearsystemhasto besolved,whereas� nestedsystemshave to besolvedfor
an � -stagesingle-stepRunge-Kuttamethod.

Unfortunately, collisionsarediscontinuitiesof the tangentfield of the trajec-
tories. This conflictswith thedifferentiablecollocationpolynomialsthatarecon-
structedfor theBDF–methodsover severalsteps.Whena collision occurswithin
the supportof sucha polynomial, the interpolationcannotbe expectedto yield
valid results. We chooseto useBDF(2) from this classas a good compromise
betweenhigherorder(2 in thiscase)andgoodperformancewith collisions.

FromtheBDF methods,anIMEX schemecanbeeasilyconstructedby extend-
ing it with anexplicit methodextrapolatingthenonlinearterms.Theseschemesare
referredto assemi-implicitBDF (SBDF).TheEuler-IMEX schemederivedin sec-
tion 3.3is theorderonevariant.Ascheret. al [ARW95] derive thefollowing SBDF
schemeof ordertwo:�Ð � « � � � � ¦ «Ð � ª�« ¡q� Ê ¨Àx � « {�¦ � ¢vx � � { � ¢Ïx � ª�« {�Ë (3.28)

Now wehave threecandidateIMEX schemesfor surfaceanimation.TheEuler
method,midpoint rule andSBDF(2). All of themcomprisean A-stableimplicit
integrator, they arefastto compute,andtheirperformancein theanimationsystem
will bemeasuredby experiments.

3.4.2 Assemblyof an SBDF(2)Scheme

Sincethe BDF formulasappearto be promising,we will constructa complete
SBDF(2)integrationschemein this section.Basically, we have to provide theim-
plicit equationfor onetimestepandaniterativesolver for thearisinglinearsystem
includinga predictionfor its initial value. Thehandlingof collisionsis excluded
hereandwill becoveredby thenext chapter.

The Implicit Equations

TheSBDF(2)schemeis givenby�Ð � « � � � � ¦ «Ð � ª�« ¡¯�r¨Àx � « {&¦ó�5x � ¢vx � � { � ¢vx � ª�« {U{ �
wherewe usetheindices � � Î , and

� � for thecurrenttime step.For adaptive time
steppingthis formula mustbe modified to incorporatethe stepsize � ö��@ô
� of the
previoustime stepaswell:� « � ¹ « � � ¦�¹<Ð � ª�« ¡
�r¹ � ¨Àx � « {�¦ó�r¹ � x � ¢vx � � { � ¢vx � ª�« {U{
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with thecoefficients¹ « ¡ ´ « ��� · �« � Ð � , ¹ Ð ¡ � �« � Ð � � and ¹ � ¡ « ���« � Ð � �
where��¡ ff������! . Following section3.3.2,we applyequ.(3.14)to SBDF(2):� « � ¹ « � � ¦ó¹[Ð � ª�« ¡ �r¹ � Æ «Æ « � ¹ « Æ � ¦�¹<Ð[Æ ª�« ¡ �r¹ � ¨Àx � « {�¦ó�r¹ � x � ¢vx � � { � ¢vx � ª�« {U{
We substitute

� «
in the secondequationandset "¢ ² ¡ �r¹ � x � ¢vx � � { � ¢vx � ª�« {U{ to

obtaintheSBDF(2)versionof equ.(3.17):Æ « � ¹ « Æ � ¦�¹<Ð<Æ ª�« ¡q�r¹ � ¨�¤��r¹ � Æ « ¦�¹ « � � � ¹<Ð � ª�« � Æ « ¥,¦#"¢ (3.29)

Again, theforcefunction Ã is split into a linearpartandanonlinearpartasin equ.
(3.20),andwe set¢ ² ¡ «$ Ãeô»õ[ö Ý and ¨ ² ¡ «$ Ã ÝOÞOß .Ã�x �y� ÆÀ{�¡ «$ Ã ÝOÞOß x �y� ÆÀ{y¦ «$ Ãeô�õ�ö Ý x �y� Æn{§¡ «$ x�á � ¦óð Æ|¦óÃeô»õ�ö Ý x �y� ÆÀ{U{
Thenwe have "¢.¡ f $ ¹ � Ê � Ãeô�õ�ö Ý x � � � Æ � { � Ãeô»õ[ö Ý x � ª�« � Æ ª�« {�Ë andsubstitutë in equ.
(3.29), Æ « � fm�$ ¹ Ð� áòÆ « � f $ ¹ � ð Æ « � f $ ¹ � ¹ « á ��� ¦ f $ ¹ Ð ¹ � á � ª�«� ¹ « Æ � ¦ó¹[Ð<Æ ª�« � "¢ ¡x�º � fm�$ ¹ Ð� á � f $ ¹ � ðñ{uÆ « � f $ ¹ « ¹ � á ��� ¦ f $ ¹ Ð ¹ � á � ª�«� ¹ « Æ � ¦ó¹[Ð<Æ ª�« � "¢ ¡ Î �
Thus,eventuallythelinearsystemof equationsz7Æ « ¡ f $ ¹ « ¹ � á � � � f $ ¹<Ð¿¹ � á � ª�« ¦�¹ « Æ � � ¹[Ð<Æ ª�« ¦%"¢ (3.30)

with theunknown Æ « andmatrixz
¡¯º � f �$ ¹ Ð� á � f $ ¹ � ð (3.31)

is obtained.

Iterati ve Solution of the Linear System

In eachIMEX stepthelinearsystemis solvedinexactly, i.e. only asmany iterations
aretaken asnecessaryfor the requiredaccuracy of theODE solution. The linear
system z7ÆÕ¡'&
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is statedin equ.(3.30)andsolvesfor thenew velocity Æ .
Thematrix is very similar to thematrix derived for theEulerschemeandhas

thesameproperties,namelyit is diagonallydominantandsymmetric.This allows
usto employ thecgmethod.Fromequ.(3.31)wecanseethattheconditionnumber
of matrix z dependson thefactors� Ð �Fè î$ ë �è î and � Ú è î$ ë �è î . If thesefactorsaresmall,the

matrix is closeto the unit matrix (conditionnumberone). If thesevaluesgrow,
thediagonaldominancevanishesin thelimit. Therefore,if thestiffnessincreases,
morecg iterationshave to be taken becausethe thenumberof iterationsdepends
on theconditionnumberof thematrixaccordingto equ.(3.7).

Hence,it is evenmoreimportantto useanappropriatepreconditionerin order
to improve theconvergencerate. Basically, theobjective is to replacethesystem
matrix with someapproximationof theunit matrix to improve its conditionnum-
ber.

In the implementationan incompletecholesky preconditioneris applied. An
incompletecholesky decompositionof z is acholesky compositionof z in which
all entriesarethrown awaythatarezeroin z , i.e. thedecompositionmatricesonly
have entrieswherethesparsematrix z hasentriesaswell:z � "� � "�
With thismatrix thelinearsystemis transformedto"� ª�« z "� ª � "� � ÆÂ¡ "� ª�« &X�
Then,we solve solve anew system (z)"Æ�¡ ( &
with

(z ¡ "� ª � z "� ª � , "Æ ¡ "� � Æ , and

( &�¡ "� ª�« & . With theexactcholesky decompo-
sition zq¡ �*� �

, thenew matrix canbewrittenas(z¯¡ "� ª�« �*� � "� ª � �
andapproximatestheunit matrixaccordingto theobjective.

The startvaluefor the cg iterationis computedby predictingthe new values
underthe assumptionof a constantvelocity analogouslyto the predictionin the
Eulermethodin equ.(3.25):Æ © � «*� Æ © and

� © � «*� �3¹ � Æ © � « ¦�¹ « � © � ¹<Ð � © ª�« (3.32)

3.4.3 Derivation of a Fully Implicit Scheme

In this sectionwe analysethestructureof thelinearsystemin theIMEX methods
andreconsidertheimplicit-explicit Eulerscheme.Thematrixof thelinearsystem
(3.23)doesnothave any entriesthatcouplethedifferentcoordinatedirections,i.e.
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wecouldalsosolvethreeindependentsystems.Changesin onedirectioncannotbe
compensatedin anotherdirectionin thesameintegrationstep,becauseall coupling
termsarecontainedin Ãeô»õ�ö Ý . They appearonly in thesinglecomputationof Ãeô»õ�ö Ý
on theright-handsideof thelinearsystem(3.23).

Thus,theaccuracy maybeimprovedby updatingthesecouplingtermswithin
onetimestep.Hence,onetimestepof theIMEX schemeis carriedout to compute
a solutionvector

�3´¶µ�·
, thentheexplicit part of the IMEX schemeis updatedwith

thecomputedvalues

�3´¶µ�·
andthe IMEX schemestepis repeated.This is iterated

until convergenceis reached.Thesolutionof this iterationbecomesthenew value
� ë � « .

Applying this schemeto the IMEX Eulermethod,we carryout the following
steps:

1. Set Æ ´ � · ² ¡JÆ ë and
� ´ � · ² ¡ � ë ¦ó�ÀÆ ´ � · .

2. Do oneIMEX stepby solvingthelinearsystem(3.23).

3. Updatepositions:
� ´Mµ�· ¡ � ë ¦ó�rÆ ´Mµ�· .

4. UpdateÃeô»õ�ö Ý x �y� ÆÀ{ with new values
� ´Mµ�· � Æ ´Mµ�· .

5. Goto2. andrepeattheIMEX stepuntil convergence.

6. Set
� ë � « ² ¡ � ´Mµ�·

and Æ ë � « ² ¡JÆ ´¶µ�· .
Thus,thelinearsystemis wrappedby afixedpointiterationfor thenonlinearterms.
In orderto explain theconvergenceof this iterationmethod,weconsidertheequa-
tion thatis obtainedby changingthetheargumentsof Ãeô»õ[ö Ý from

� ë � Æ ë to � ë � «¿� Æ ë � «
in equ.(3.23): z�Æ ë � « ¡JÆ ë ¦ � � Ãeô»õ�ö Ý x � ë � «T� Æ ë � « {&¦ó� �� á � ë (3.33)

Thus,theexplicit Eulerschemeis replacedwith theimplicit Eulerscheme,i.e. the
IMEX methodis turnedinto a full implicit Eulermethod.This nonlinearequation
canbe solved by a simplified Newton’s methodwith an approximatedJacobian.
Thesystemmatrix z is theJacobianof thelinear term Ã ÝOÞOß andcontainsall major
stiff componentsof thesystem.Thus,this matrix canbeusedto approximatethe
completeJacobian.Now thenonlinearequation(3.33), whichwewrite as¸ x � ë � «T� Æ ë � « {�¡ Î �
is to besolved. ThesimplifiedNewton’s methodis appliedto this nonlinearequa-
tion using z astheapproximatedJacobian:
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¸ x � ´Mµ�· � Æ ´Mµ�· {&¦�zÂx�Æ ´Mµ � « · � Æ ´¶µ�· { ¡ Î
�z7Æ ´Mµ�· � � � Ãeô»õ[ö Ý x � ´Mµ�· � Æ ´Mµ�· { � Æ ë � � � á � ë ¦�zÂx�Æ ´Mµ � « · � Æ ´¶µ�· { ¡ Î
�� � Ãeô�õ�ö Ý x � ´Mµ�· � Æ ´Mµ�· {&¦£Æ ë ¦ � � á � ë ¡ z7Æ ´Mµ � « ·

(3.34)

This is equivalentto anIMEX stepwith x � ë � Æ ë {*¡Ix � ´Mµ�· � Æ ´Mµ�· { and x � ë � «¿� Æ ë � « {C¡x � ´Mµ � « · � Æ ´Mµ � « · { . That meansone IMEX stepwithin the fixed point iteration is
equivalentto a Newton iteration,andthenonlinearequationsof the fully implicit
Eulermethodaresolved.

Thederivedschemehastwo majoradvantagesover thefull Newton’s method.
First, z is inexpensive to computeandonly changeswheneitherthematerialcon-
stantsor the stepsize change. Second,we reducethe numberof entriesin the
Jacobianto approximatelya third of the entriesin the sparsitypatternof the full
Jacobian.Hence,aniterationof thelinearsolver only requiresa third of theorigi-
nal time. Obviously this is amajorspeed-upfor theintegration.

As alreadymentioned,thematricesá and ð representthediscretizedLapla-
cianoperator³ . It is not surprisingthatthey show up here,becausetheLaplacian
appearsin thewaveequation(2.8)andcorrespondsalsoto thefirst termin thegen-
eralisedwave equation(2.11)in theone-dimensionalcase.Thismeansthatwithin
eachfixedpoint iterationthe linearelasticityproblemdescribedby theLaplacian
operatoris solved, while the referenceframeandthe nonstiff forcesremaincon-
stant.The linearsystemonly propagatesthelinearwavesalongthe isoparametric
lines during oneiteration. In the next fixed point iteration the nonlinearterm in
equ.(2.11)is updated,andthelinearproblemis solvedagainandsoon.

Theouterfixedpoint iterationcanalsobeusedto control thestepsizeof the
ODE solver. If theconvergenceof thefixedpoint methodis poor, the time step �
is reducedsuchthatthesolutionof theprevioustimestepis abetterstartvaluefor
currenttimestepandneedsfewer iterations.

In ourimplementationalowerandupperboundonthenumberof iterationscan
bespecified.If thenumberof iterationsis too large,thetimestepis increasedby a
specifiedfactor;if it is toosmall,thetimestepis increased.This way thestepsize
is alwayschosensuchthattheiterationworkseffectively. Theoverall architecture
of thisupdatingschemefor theIMEX methodis depictedin figure3.1.

A fixedpoint iterationnotonly canextendtheIMEX Eulermethodto thefully
implicit scheme.Thesamemechanismcanalsoleadfrom SBDF(2)to theBDF(2)
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Fixed−point iteration:
update explicit terms

cg − method:
solve linear system

Integration: 
For start time to end time with step h

until error tolerance met

step size control: update h

Figure3.1: Architectureof animplicit integrationschemefor animation.

scheme.TheBDF(2) schemeonly differsfrom theimplicit-explicit schemeby the
nonlinearterm.

To extendSBDF(2)to BDF(2), we only have to integratetheexplicitly evalu-
atedterm Ãeô»õ[ö Ý into theimplicitly treatedterm ¨ by simplysetting"¢ ² ¡ f $ ¹ � Ãeô»õ[ö Ý x � « � Æ « {
in equ. (3.30)with matrix A asdefinedin equ. (3.31). Again, the indices

� � , Î ,
and � areusedfor simplicity. Then,in eachtimesteptheequationz7Æ « ¡ f $ áóx�¹ � ¹ « � � � ¹ � ¹<Ð � ª�« {&¦£¹ « Æ � � ¹<Ð<Æ ª�« ¦ f $ ¹ � Ãeô»õ[ö Ý x � « � Æ « {
hasto besolved. Theunknown Æ « is replacedwith theiteratesÆ ´Mµ�· , andin the à -th
fixedpoint iterationthelinearsystemz�Æ ´¶µ � « · ¡ f $ áóx�¹ � ¹ « � � � ¹ � ¹<Ð � ª�« {�¦�¹ « Æ � � ¹[Ð<Æ ª�« ¦ f $ ¹ � Ãeô�õ�ö Ý x � ´Mµ�· � Æ ´¶µi· { (3.35)

is solved for Æ ´¶µ � « · with the BDF(2) matrix from equ. (3.31). After solving this
system,alsothepositionvectoris updatedin orderto reevaluateÃeô»õ�ö Ý :� ´¶µ � « · ¡¯�3¹ � Æ ´Mµ � « · ¦�¹ « � � � ¹<Ð � ª�« � (3.36)

This procedure,again,can be shown to be equivalent to a simplified Newton’s
methodwith approximatedJacobianz . Notethat,if only onefixedpoint iteration
is carriedout,weobtainaslightly modifiedSBDFschemewhichcombinesBDF(2)
with the explicit Euler integration. Suchschemeonly hasthe convergenceorder
one.
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TheBDF(2) integrationis implementedby thefollowing algorithm:

Algorithm 6: BDF2-Solver

timesteppingloop
(1) while  ,+ó B÷ © Ú do
(2)  �¡J �¦í�
(3) if á , ð or � modified

then recompute z¯¡¯º � ¹ Ð� «$ � Ð á � ¹ � «$ �3ð
Computetheconstantterms

(4)

( &C¡ f $ áóx�¹ � ¹ « � � � ¹ � ¹<Ð � ª�« {&¦�¹ « Æ � � ¹<Ð<Æ ª�«
(5) Initialise the values

�.-0/
1u� Æ -0/
1 by extrapolation
fixedpoint loop

(6) do
(7) &C¡ ( &�¦%"¢5x � ´Mµ�· � Æ ´Mµ�· {
(8) Solve z�Æ ´¶µ � « · ¡'& such that

~ & � z�Æ ´¶µ � « · ~��325~ & ~ �
(9) Compute

� ´¶µ � « · using (3.36)
(11) à�¡Jà�¦ �

while (no. of cg iterations 4 Î
)

end do

Here
2

is theresidualtolerancefor the 5�6 method.Theouteriterationmethod
stops,whenthe cg methodexits with zero iterations. That meansthat the same
convergencetestis usedfor thelinearandthefixedpoint iteration. In orderto get
morecontrol, it is possibleto decoupleboth convergencetestsand introducean
extra toleranceparameterfor theouterfixedpoint iteration.

It is alsopossibleto derive a fixed point iteration to implementthe implicit
midpointruleanalogouslyto theBDF(2) rule.

3.4.4 Propertiesof the Systemand Results

Beforepresentingexperimentalresultstheinfluenceof someparametersandmeth-
odsis discussed.

Althoughstiffnessis not a problemfor animplicit solver in theory, in practice
it makesthesolutionof theinvolvedequationsharder, becausethenumberof iter-
ationsin eachstepgrows dependingon thefactors� Ð ��è î$ ë87è î (nondimensional).This

factorwill bedenotedasnumericalstiffness.Theperformanceis reduced,if9 thestepsizeis increased,9 thediscretizationis refinedand
Ù µ  reduced,9 themassdensityis reduced,
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9 thephysicalstiffness
� µ  is increased.

Also, increasingthedamping(viscosity)smoothesthesolutionfunctionandalle-
viatesthesolutionof theequations.In thiscase,thetrajectoriesdonotchangevery
muchfrom onestepto thenext, andfewer iterationsareneededin theiterative root
finding. � Û #updates #cg� Î;: ý< 160

ý*=< 803 1160� Î;: ý< 1600

ý*=< 198 538� Î Ð ý< 160

ý*=< 377 566� Î ý< 160

ý*=< 52 52

Table3.1: Performancedependenceon materialparameters

In order to demonstratethe dependenceof numericalwork on the material
properties,an experimentis carriedout with varying Young’s modulus

�
, which

dominatesthestiffnessof thematerial,anddampingcoefficient Û . Thedrapingof
atableclothoveratableis simulatedwith BDF(2). In theexperimentthenumberof
cg iterationsandfixedpoint updatesis counted.In table3.1 it canbeseenthatin-
creasingtheYoung’smodulusleadsto alargernumberof iterationsbecausehigher
frequencieshave to be sampled.On theotherhand,a larger dampingcoefficient
smoothesthetrajectoriesandfewer iterationsarenecessary.

Figure 3.2: A textile blowing in the wind: Smoothingeffects of Euler (lower)
comparedto BDF(2) (upper)

We have predictedthathigherordermethodsproducemoredetailsin theani-
mation. An experimentto demonstratethe increasedquality of simulationscom-
putedby BDF(2) is setup as follows: A textile sheetwith the upperedgefixed
blows in thewind. In figure3.2 theresultsfrom thecomputationswith Eulerand
BDF(2)methodsatthesamepointin timearedepicted.Bothmethodsusethesame
timestepsize.In theEulersamplethecurvesarefilteredoutandthetextile swings
lessthanit should- aspredictedby thepresentedtheory. Furthermore,BDF(2) is
evenfaster(11.6s)thanEuler(14.74s).
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Figure 3.3: A textile fixed along the upperedgedrapingundergravity. Dark
textile: resultof BDF(2). Bright textile: resultof SBDF(2)

Significantcomputationalwork canbesavedby theIMEX schemescompared
to the correspondingfull implicit schemes.Yet, in somecasesit is possiblethat
thesolutioncomputedby theIMEX schemeis far from thecorrectsolution.Such
a caseis depictedin figure 3.3. Two solutionsarecomputedfor a pieceof tex-
tile, which is fixed alongits upperedgeanddrapesdueto gravity. The first one
is computedwith the BDF(2) schemeandthe secondonewith the semi-implicit
SBDF(2),which only solvesonelinear systemper time step. For a time stepof
0.01s,thenumericalstiffnessis >|� � Î � , which is quite realisticfor interestingap-
plications. Obviously, the simplified solution is somewhat far from the accurate
one.However, in many simulationstheIMEX andthepurelyimplicit solutionsare
hardto distinguish,andtheinexpensive IMEX methodsarepreferable.

In orderto comparetheperformanceof thedifferentintegrationmethods,we
carryouttwo experiments.In thefirst oneatableclothconsistingof 400particlesis
drapedona tableataconstanttimestepof

Î � Î � s. Young’smodulusis setto � Î;:@?A ,
thedampingconstantto > ÎB? þA , themassdensityto ��CEDGF�H Ð , andthe tableclothis
discretizedsuchthat the particlesare

Î � Î;IKJ apart. Thus,the numericalstiffness
is approximately>��êÅ|� � Î;: . Theresultsfor 1sof simulationtime areprintedin the
upperrows of table3.2. Threefully implicit methods,Euler, implicit midpoint,
andBDF(2), andtwo IMEX schemes,Euler IMEX andSBDF(2),arecompared.
TheIMEX schemescountoneupdatepertimestep.Notethatweonly measurethe
solver time but no time measurementsaregivenfor collisiondetection.

In the secondexperiment,a dresswith 1310 particlesis simulated. Figure
3.4 shows this dress,which drapesover the body of the avatar from the original
position in which it hasbeensetup. Then,five secondsaresimulated.Young’s
modulusis Ä Î_ÎL?A , thedampingfactor Å ? þA , andthemassdensity �NM	OA 7 . Theresults
show thatSBDF(2)andBDF(2) do not only improve theaccuracy but alsoreduce
thecomputationalwork. Furthermore,althoughtheIMEX methodsonly solveone
linear systemper time step,the combinednumberof cg iterationsis not always
significantlyhigherthanin theimplicit schemes.



Solver #updates #cg solver time
tablecloth1s
EulerIMEX 100 745 1.69s
implicit Euler 206 1038 3.06s
SBDF(2) 100 304 1,57s
BDF(2) 122 857 2,57s
implicit Midpoint 494 813 4.39s
Dress5s
EulerIMEX 500 17198 152.7s
impl. Euler 1654 21424 204.9s
SBDF(2) 500 15360 169.5s
BDF(2) 1431 19307 194,4s
impl. Midpoint 2078 15877 211.3s

Table3.2: Performanceof integrationmethodson anIntel P3/660MHz

3.5 Conclusions

We have built a numericalframework basedon andeliberatechoiceof integration
methodsaswell asaconsequentreductionof computationalwork.

Among the integrationmethods,particularly the BDF(2) solver producesre-
sultsfastwith a high quality. IMEX schemeshave beenemployed to reducethe
nonlinearsystemsto linear onesin eachtime step. Moreover, the computational
work hasbeenreducedby a reductionof the numberof matrix computationsas
well asaminimisationof thematrixoccupancy.

Thetechniquesderivedfor theIMEX schemesareextendedto purely implicit
methodsby a fixedpoint iteration. With thesetechniquesthe largenonlinearsys-
temsarisingfrom implicit integratorsaresolvedrapidly.

Thenumericalsolutioncanbeadoptedto thetime andaccuracy requirements
by settingthe cg tolerance.Also, an upperlimit on the numberof iterationsper
time stepcanbeimposed.Thestepsizeis chosenadaptively to optimisetheratio
of stepsizeandcostspertime step.
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Figure3.4: Womanwearinga simpledress
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Chapter 4

Collision Response

The incorporationof collisions distinguishesanimationfrom classicalproblems
in numericalanalysis.The effectscannotbe modelleda priori in the differential
equation,sincethecollision reactiondependson thecollisionsthataredetectedin
eachtimestepatrun-time.Therefore,theODEsolverhasto incorporateacollision
responsethat is ableto respondto detectedcollisionsimmediately. This requires
theODE to bemodifiedin eachtimestep.

In this chapterwe will first review commontechniquesfor collision response.
Then, the applicationof thesetechniquesin computeranimationliteratureis re-
viewed. Afterwards,ReactionConstraints anda purely constraintbasedmethod
will bepresented.Botharesimilar in thatthey filter infeasibledirectionsin all state
vectors.

4.1 Physical and GeometricResponse

In literature,frequentlyit is distinguishedbetweengeometricandphysicalcolli-
sionresponse.Thedeformableobjectis describedby a positionandvelocity field
whicharegovernedby theforcesexertedon theobject.On theonehand,collision
forcescanbeappliedin eachstepof theODE solver, andthis methodis referred
to asphysicalresponse.On the otherhand,if we constrainor modify positions,
velocities,andaccelerations,the numberof degreesof freedomin the systemis
reduced,andthis is calledgeometriccorrection.

Themainproblemof constructingcollision forcesis thatcollisionsarediscon-
tinuitiesof theforcefield. As theODEsolversareconstructedto work with smooth
functions,thesediscontinuitieshave to bemodelledwith care.

A microscopicphysicalmodelwouldnotdescribethecollisionsassingularities
but astheresponseto asteep,deflectivepotentialfield aroundthecollisionobjects.
However, for a realisticmodel the gradientof the force field mustbe very large
leadingto large stiffness.In physics,thesepotentialsaretypically modelledby a
term P

©
, where P is the distancebetweenthe colliding objects,andthe exponent
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Q is 10 or even larger. Although our stableintegrationmethodsareableto cope
with arbitrarystiffness,thesolutionof thesystemsrequiresmoreiterationswhen
thestiffnessis increased.Hence,physicallycorrectpotentialfieldsaretoocostly.

Furthermore,thecollisionsof textilesaremostlyinelastic.Therefore,thecolli-
sionmodelhasto includeadampingcomponentto preventthetextile from bounc-
ing off theobstacle,andacollision forceshouldconsistof anelasticandaviscous
component.

Insteadof usingvery steeppotentialfields, the rangeof the field canbe en-
largedsuchthatobjectsareretardedalreadyat a largerdistancefrom theobstacle.
This way, thecollisionsaresmoothedanddampedandallow easierhandling.But
it hasto beensuredthatthetheresultbestill realistic.

In computeranimation,mostly thecollisionsaremodelledassingularitiesby
a modificationof thepositionsandvelocities.However, thestraightforward repo-
sitioning leadsto a severelossof numericalperformance,becausethemodelling
of singularitiesinducesextremelyhigh frequenciesandthestiffnessis increased.
Moreover, a repositioningapproachis hardlyableto modelrestingcontacts.

Usingconstraintsis muchmoresuitable.Constrainingpositionsandparticles
is equivalentto addingalgebraicequationsto thesystem.Therefore,a differential
algebraicsystemhasto be solved with varying constraints(algebraicequations)
in eachstep. Here, the collision forcesaregiven implicitly, i.e. the predefined
positionsandvelocitiesresult in constraintforces,which canbe computedafter
eachstep.

The constraintsimposedby the collisionsarenot holonomous,i. e. they are
statedby inequalitiesratherthanequalities.Hence,they haveto beswitchedonand
off, whenthecollisionoccursandwhenthecontactis detached,respectively. This
switchingcausesdiscontinuitiesthe solver hasto overcome. Singularcollisions
canbetackledby finding thepoint of switchingandrestartingthesolutionof the
ODE with new initial valuescomputedfrom thecollision response(this is a main
issuein rigid bodydynamics[ESF98]). However, in theanimationof deformable
objectswecanhaveacontinuousswitchingin acontactregionasthetextile moves
along the surfaceof the virtual character. This would lead to a permanentback
stepping,becausein eachtime stepthat is taken a collision occurs. This would
bring the simulationto a standstill. Therefore,an approximationis unavoidable,
andfor eachparticletheconstraintsareswitchedonandoff only beforeatimestep
andhave to persistduringthattime interval.

4.2 Previous Work

All approachesto modeldeformableobjectshave to includesomeway to model
collisions.TerzopoulosandFleischer[TF88] maintainapurelycontinuousformu-
lation by usinga continuous,deflective forcefield aroundcollision objects.They
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suggestarepulsive forcearoundanobjectthatis definedimplicitly by R�xTS �  >{×¡ Î
:Ã�xTS �  >{�¡ � ¹,� grad R�xTS�{VU gGW x � «XVY R�xTS�{ � �£xTS �  U{[ZU{ �

where��xTS �  >{ is theobjectnormal,and¹ and} determinetheshapeof thepotential.

Most otherresearcherschooseto modify thepositionsandvelocitiesdirectly.
Eberhardtetal. [EWS96],for instance,implementareflectionmodelby relocating
thepositionsandvelocitiesaftereachtimestep.

Also Provot [Pro97] modelsa restingcontactby estimatingtheimpactforce "Ø
andsettingthevelocity "Æ of a colliding particleby exploiting therelation"Ø ¡ "Æ � Æ� �
whereÆ is thevelocitybeforetheimpact.Thisway, thevelocity is setto counteract
theestimatedcollision forceduringthefollowing timestep.

Baraff and Witkin [BW98] employ a mechanismof constraintenforcement
andrepositioningto respondto collisions,andwe will exploit their ideasin the
following. Theconstraintmechanismis embeddedin theimplicit solver anddoes
preserve a goodperformanceundercollisions.Theconstraintsareusedto control
thevelocities.Additionally, thepositionsarechangedby modifying thevelocity-
positionrelation.This meansthat theequation

Ú ÒÚ� ¡ Æ is changedto
Ú ÒÚ[� ¡ Æ ¦í¹ ,

where ¹ is therelocationoffset. This modificationis incorporatedinto theimplicit
equationthat is solved in thetime stepin which thecollision occurs.For that,the
offset ¹ is includedin the substitutionleadingto equ. (3.15). The integratorcan
handlethesemodificationsmoresmoothlythanwith asimplerelocation.

Volino andMagnenat-Thalmann[VMT00a] pick up this ideaandextendit to
modify positionsaswell asvelocitiesandaccelerations.In athree-phasescollision
responsethey changetheaccelerationsof facesfar from thecollisionobject,closer
facesaredeflectedby a modificationof velocity, andthe very closeor colliding
oneschangetheir positions.

4.3 ReactionConstraints

Thecollision responsedescribedhereusestheReactionConstraints introducedby
PlattandBarr [PB88]. Reactionconstraintsareamechanismto enforceconstraints
in adynamicsystem.

Whena collision occurs,a particleis at aninfeasibleposition. In thecollision
responsewecancorrectthisby moving theparticleto atargetposition

�
andtarget

velocity Æ . For instance,a linearcorrectionforceØ ¡ � x ����� {&¦ Û x Æ � ÆÀ{
movesthe theparticlegraduallyto thetargetposition,if no otherforcesapply. If
the collisionshave a designatedcollision direction ð , for instancegiven by the
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objectnormalor line of shortestdistance,thecollision forceshouldonly actin that
direction:

Ø ¡ � Y �����y� ð\Z ð ¦ Û Y Æ � Æ � ð\Z ð
To ensurethatnootherforcesareexerted,theforcetermfor thatparticleis filtered
before. That meansthe velocitiesandpositionsareprojectedonto the spaceof
feasibledirections:Ø � ¡ Ø ª � Y Ø ª � ð]Z ð ¦ � Y � ���y� ð\Z ð ¦ Û Y Æ � Æ � ð]Z ð � (4.1)

where

Ø ª
is theforceactingon theparticlebeforecollision responseand

Ø � the
force after collision response.The force in the constraineddirectionis modified
suchthatonly thecollision forcecanactin thisdirection.

If theforcesareupdatedwith ³ Ø , only this updatehasto beprojected:Ø � ¡ Ø ª ¦ó³ Ø � Y ³ Ø � ð\Z ð (4.2)

Thereactionconstraintsareswitchedoff ifY Ø ª � ð]Z^4 Î �
i.e. if theforcebeforetheresponsedragstheparticleaway from thecollision. As
thecollision occursandresolves,thereactionconstraintsareswitchedon andoff.
Theswitchinginducesdiscontinuitiesinto thesystem.However, if weusedamped
correctionforces, the numericalintegration runs smoothlyover theseswitching
points.

Thereactionconstraintscanbeeasilyintegratedinto anexplicit integrationor
an implicit integration that makesuseof numericaldifferentiation,becausesuch
integrationonly requirestheevaluationof theforceterms.

However, it is not obvioushow thereactionconstraintscanbe integratedinto
theframework of chapter3. Therefore,we turn our attentionto a differentway of
implementingconstraints.

4.4 Constraint BasedCollision Response

Sincethenumericalframework thatwehavepresentedin thepreviouschapteruses
ananalyticallycomputedmatrix to solve thelinearsystem,thereactionconstraints
cannotbe directly embeddedinto this framework. We will exploit the constraint
enforcementby Baraff andWitkin [BW98] andwill seethatthismechanismis very
similar to reactionconstraints.

Given the ODE, positions,andvelocitiesaredirectly linked by the equationÚ ÒÚ[� ¡
Æ . For instance,in theimplicit Eulerstepthis is discretizedby Æ « ¡ «f x � « ���� { . Hence,thepositionandvelocityof aparticlecannotbeconstrainedatthesame
time,unlesstheODEis modified.Baraff andWitkin introducesuchamodification
tosetpositionsandvelocities.Unfortunately, suchmodificationsarenotadmissible
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for multi-stepmethods.However, if thecollisionsarerespondedto early, thereis
noneedfor positioncorrection,andit sufficesto constrainvelocities.

Theconstraintsareimplementedlike thereactionconstraints.Thestatevector
is projectedonto the feasiblesubspaceafter eachmatrix operation. This canbe
written by anothermatrix multiplication with the singularprojectormatrix _ ² ¡º �óå µ ¹ µ ¹ Í µ , where ¹ is thestatevectorof thenormalisedconstraineddirections,
which containszerosfor unconstraineddirections.Now we canstatetheproblem
as _ z�ÆÂ¡'_`&(� (4.3)

Herethemultiplicationon theright projectstheforcesin & ontothefeasibledirec-
tions, themultiplicationon the left guaranteesthat thesolutionvectorremainsin
thereducedspace.

Althoughthissystemis no longerpositivedefinite,thecgmethodstill findsthe
uniquesolution.Thealgorithmto solve asgivenby Baraff andWitkin implements
thedescribedmethod:

Algorithm 7: Constrained cg method

(1) &C¡'&4x � ë · � Æ ´ ë · {
(2) P ¡a_ xb& � z�Æn{
(3) while

~ P ~ � } ~ & ~
(4) àÏ¡
à�¦ �
(5) solve c ª�«	d ¡aP
(6)

d ¡'_ d
(7) if à�¡ Î

� ¡ Y P � d Z
else° ¡ $$fe

(8) ¢�¡ d ¦ ° ¢
(9) ¨ ¡
z×¢
(10) ¨ ¡a_ ¨
(11) d ¡ $g ø Ü h�i
(12) Æ�¡JÆ�¦ d ¢(13) P ¡jP � d ¨(14) � « ¡ �

end

In this algorithmthe projectionon the right-handand left-handsideof equ.
(4.3) canbe found in lines (2) and(10), respectively. An additionalprojectionis
requiredby thepreconditionerc in line (6).

If we comparethis cg methodto the reactionconstraints,we notice that the
projectionin line (10) of thecg methodappliesthesamefilter thatappearsin the
updateformula (4.2) for the reactionconstraints.But in the filtered cg method
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thereis no explicit collision responseforce as in equ. (4.1). Instead,presetting
thevelocitiesbeforeto correctthecollisionssufficesto move theparticlesto their
targetpositions.

After deriving themechanismto enforceconstraints,we have to employ these
constraintsto model inelasticcollisions. Basically, for eachcollided particle a
targetpositionmustbespecified.Thecollision responseis describedfor thecase
of collisionswith a staticrigid object. Nevertheless,theresponsemechanismcan
beextendedto dealwith collisionswith moving objectsandself-collisions.

First, we definea collision areaaroundan object. This areais the setof all
pointsaroundan objectthat have a distancesmallerthan Û from the object. The
distanceÛ canbespecifiedaccordingto theneedsof thecollision responsefor the
particularanimation.All objectswithin thecollisionareaaremarkedasinfeasible
andcollision responseis appliedto them.

Considera particlewithin thecollision area.Wewanttheparticleto move out
of thecollisionareabut not to bounceoff. For thatpurposewe definethecollision
direction ð eitheras the normalof the collision objector as the line of shortest
distance.Thedirection ð will beconstrained.If thevelocity is setsuchthatin the
next steptheparticlemovesoutof thecollisionarea,theconstraintwill bereleased,
andtheparticleis likely to collideagain.This resultsin abouncingon thesurface.
In orderto avoid this effect, the velocity is setsuchthat the particleonly moves
graduallyto theboundaryof thecollision area.We definethetargetposition

�
to

be the intersectionpoint of the direction ð andthe borderof the collision area.
Thenweset k x�Æ ë � « {�¡j��� «f k x ����� ë � « { � (4.4)

where
k

is the projectiononto the orienteddirection ð , and � � Î +%� � � , is a
relaxationconstantthatdetermineshow fasttheparticlemovesto position

�
. For� � � , theparticlemovesout of thecollisionareaandis releasedin thefollowing

time step,if a single-stepmethodis employed. In multi-stepmethods,the new
positionis alsoaffectedby thepreviousvelocity.

Figure4.1 shows a particle that entersthe collision area,wherethe collision
is detected.The target point is on the boundaryof the collision areaandwill be
reachedby moving alongthecollisiondirection ð .

Sinceweconstrainonly onedirectionof theparticlevelocity, theparticleis still
freeto move accordingto theforcesactingon it in theotherdirections,including
friction forces.Evenif theparticlepenetratesanobject,thevelocity is constrained
in thecollisiondirectionsuchthattheparticleis drivenbackto thesurfaceandcan
move freely on thesurface.
Collisionconstraintsmustbereleasedwhenforcesdragtheparticleaway from the
collision object.This canbedetectedby evaluatingtheresiduumin theconstraint
directions[BW98]. In thefilteredcg method,theresiduumis not requiredto van-
ish in theconstraineddirections,but it is proportionalto theexertedconstraining
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Figure4.1: Responseby constraints

Figure4.2: A textile patchattachedat theuppercornersswingingagainstabox

forces. Hence,it is checked whethertheseconstrainingforcesdrag the particle
away from thecolliding object.If so,theconstraintsarereleased.

4.5 Resultsand Conclusions

In orderto verify that the collision enforcementmechanismdoesnot impedethe
performanceof the numericalsolver, the following experimentis carriedout: A
tableclothasdepictedin figure 4.2 with 400 particlesis fixed at two cornersand
swingsagainstanuprightstandingboxandcollides.Therequirednumericaleffort
in termsof the numberof cg iterationsis plotted in figure 4.3 togetherwith the
numberof colliding facepairs.

Whenthe textile hits the box the first time, an increaseof the numberof it-
erationsis unavoidablebecausethe systemhasto adoptto the impact. Sincethe
impactis strong,thereis alsoa strongresponsesuchthat thetextile movesout of
the collision area,collidesagain,andeventuallycomesto reston the box. Here
hardly any additionalwork is necessary. While the numberof collisions is very
large, thesolver hasadaptedto thecontactandrunssmoothlywith a low number
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Figure4.3: Correlationof numericaleffort andcollisions

of iterations.

This shows that the constrainedbasedcollision responsemechanismhasthe
requiredpropertiesfor modellinginelasticcollisionsandrestingcontact.In partic-
ular, thedirect integrationin thenumericalarchitecturemakesit superiorto other
mechanisms.As collisionsaremodelledwithoutmodificationof particlepositions,
it is morerobustandbettersuitedfor multi-stepmethodsthanmethodsthatchange
bothpositionsandvelocitiessimultaneously.



Chapter 5

Collision Adaptive Particle
Systems

Adaptivity is a commonconceptto avoid a uniformly very fine discretizationin
numericalanalysisandgeometricmodelling. Adaptive conceptsallow to achieve
error toleranceswith lesscomputationalwork. Until here,only adaptivity in time
hasbeenexploited by an adaptive selectionof the time stepsize. Meanwhile,
thespatialdiscretizationandtopologyhasremainedconstant,becausea constant
topologygivesustheadvantagethatdatastructures,for instancefor sparsematri-
ces,do not have to bemodifiedbecausethesystemsizeis constant.But it might
bebeneficialto modify thespatialdiscretizationduringthesimulationaswell.

Thischapterdevelopsaconceptfor adaptivity in regionsthattakepartin colli-
sionswithoutchangingthetopologyof thesystem.Thekey will betheintroduction
of virtual particles.

We observe that in regions without collisions of the particle systemoften a
coarsediscretizationis sufficient for an accurateanimation. Wherever collisions
occur, however, the deformableobjectshave to fit the objectsurfacethey collide
with, and the resolutionis requiredto be fine. Theseobservationshave led us
to develop collision adaptive particle systemsthat generatenew particleswhere
collisionsoccur.

In this chapterwe will first introducetheconceptof collision adaptive particle
systems.Thenthecomputationof thepositionsof virtual particlesin anadaptive
particlesystemis laid out. Finally, wewill outlinethemodificationof forcesby the
useof virtual particles. This chapteris concludedby someresultsachieved with
the presentedmethod. The collision adaptive methodappliesto collisionsof the
deformablesurfacewith rigid objectsin its environment. Theadaptively inserted
particleswill be notedasvirtual particles,while the original particlesarecalled
baseparticles.
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5.1 Adaptivity and Collisions

Adaptivity is commonlyusedin the numericalsolution of PDE’s. The grid of
the finite elementor finite differencemethodis refinedin thoseareaswherethe
complexity is high. Usually an error measureis usedto determinewherefurther
refinementis necessaryto guaranteeacertainerrortolerance.

In theanimationliterature,therearetwo recentapproachesthatintroducespa-
tial adaptivity into thesimulation.Hutchinsonet al. [HPH96] developa multires-
olutionparticlesystemthatis adaptive to highcurvature,i.e. ahigherresolutionis
usedwheretheanglesin thesystemdeviate stronglyfrom their restangles.This
approachsuffers from its incapabilityto scalecoherentlyto a differentresolution.
Also theusageof explicit solversmight resultin differentresultsfor differentreso-
lutions.Hence,thematerialis likely to show differentbehaviour afterarefinement.

Debunneet al. [DDCB01] develop a multiresolutionmodelfor three-dimen-
sionaldeformablemodelsdescribedby a continuousformulation. The object is
modelledby severalnon-nestedmeshes,eachmeshdescribingtheobjectat a dif-
ferentresolution.Thelocal error is measuredby thenormof theLaplacianof the
displacementfield. If this errorexceedsa certaintolerance,locally thesimulation
switchesto a finer level.

Herewe will take a differentapproachto spatialadaptivity andmake the re-
finementsolelydependenton thecollisions.

The collision detectioncanbe eithersolely basedon particlesor on an accu-
ratecomputationof face/facedistances.In this chapterwe will useray-tracingto
detectthecollision of particleswith otherobjectsonly. This methodis detailedin
the work by Eberhardtet al. [EHH00]. Collisionsaredetectedby intersectinga
ray from the old particlepositionto the new particlepositionwith all objectsin
theenvironment. Whenan intersectionis reported,the intersectionpoint andthe
collision normalarereturned(figure5.1). Consequently, thecollision responseis
restrictedto colliding particles.

n

p µ � «
p µ

Figure5.1: Collision detectionby ray-tracing.Theintersectionpoint andthecol-
lision normal Q arecomputed.

If adeformableobjectcollideswith anotherobjectin its environmentandboth
objectsaregivenasmeshes,theoccurringcollisionscanbeclassifiedasfollows:
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1. face/particlecollision (figure5.2,upper)

2. edge/edgecollision (figure5.2,lower)

edge/edge intersection

face/particle intersection

Figure5.2: Typesof collisions

Of course,the ray-tracingcollision detectioncan only detectthe first case.
Therefore,only suchcollisionsthatoccurwhenaparticleof thedeformableobject
penetratesthe environment(face/particlecollision with an animatedpenetrating
particle)will betreatedwithout theadaptive refinementthatwill beintroduced.

Often a minimal offset distancebetweenthe particlesof the textile and the
environment is employed that preventscollisions that are not handledcorrectly
by the system. When lessparticlesare to be used,the minimal distancehasto
be increased,andtheshapeof theenvironmentobjectcoveredby a coarsetextile
meshis notcorrectlyrepresented.Sinceourmethodworksontopof aconventional
collision detectionandresponsemethod,it cannotbecomparedwith oneof these
methodsbut refinesthe detectionandresponse.This methodextendsthe coarse
collision responseof the underlyingconventionalmethodsuchthat all typesof
collisionsaretreatedcorrectly, andit allows correctsimulationsrequiringonly a
smallnumberof particles.

The adaptively insertedparticlesgive rise to a new classof particleswhich
areonly governedby the collision and not directly by the differential equation.
Therefore,theseparticleswill be called virtual particles. Using this adaptivity,
we areableto simulatetextiles with a very coarsediscretizationandsuchreduce
thedimensionof theODE significantly. Themethodis independentof theactual
implementationof theparticlesystem.
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5.2 Adding Virtual Particles

P

Q

q o
q m

Figure5.3: A collisionof anedgein 2D-space
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Figure5.4: Adding avirtual particleto correctpenetration

Westartby consideringthecollision in 2D depictedin figure5.3.Theparticles
of thetextile areguaranteednot to penetratetheobjectby themethodsof collision
responseasdescribedin thepreviouschapter. An edgecollision, however, causes
a penetration.We canobserve that this failure is dueto an insufficient resolution
of thedeformablemodel.This canbefixedby addinganew particleto thesystem
(figure5.4). In general,theedgecanintersecttheenvironmentarbitrarilyoftenand
severalparticleshave to be insertedin theedgeasit will bedescribedin thenext
section.

We couldnow addnew particlesto thepermanentmeshthatdescribesthede-
formableobject. But this would leadto an increaseof thenumberof particlesin
eachtime step,andtheparticlesthatwereincludedat time   © maynot beneeded
at time   © � « , or they areneededat adifferentpositionaccordingto thecollisionat
this time.

Hence,we do not computetrajectoriesfrom thedifferentialequationfor these
particles,but we computethepositionsof thesevirtual particlesfrom thecollision
at eachtime step.They areonly valid for this singletime step.Thusthepositions
of thesevirtual particlesaregovernedby thecurrentpositionof thetextile andthe
environment.

Having insertedthevirtual particlesat a certaintime, they canbeusedto dis-
play the currentframe,suchthat the usercannotobserve any penetrationof the
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animatedobject.
Furthermore,we observe that the length of the modified edgein figure 5.4

hasincreaseddueto the insertedpoint andthemodeldoesnot matchtheoriginal
physicaldescription,i.e. thereis a stretchof the textile without an increaseof
tensionenergy. When we usea coarsemesheven caseslike in figure 5.5 may
occur, wherethetextile drapeson thebox in theenvironmentpenetratingthebox
without any interaction.Thetextile would eventuallyfall throughthebox because
thereareno forcesto preventthis.

FFp*« p Ð
sÏ« s Ð

v vvv

Figure5.5: No interactionresultsfrom collision,unlessvirtual particlesareused

Hence,physicalaccuracy is improved by integratingthevirtual particlesinto
themodel.Virtual particlesapplyforcesthatacton their neighbours.In thesitua-
tion of figure5.4 theforcesactingon _ arenow computedusingthe topologyof
thetextile meshin which theneighbourof _ is point t insteadof u . In figure5.5
thetextile now is heldby thevirtual particlesat thecornersof thebox.

In eachtime stepanew topologyof themeshis generatedandforces(or ener-
gies)arecomputedfor thistopology. Notethatnoforcesthatactonvirtual particles
mustbecomputed,becausetheseparticlesdo not move on a trajectoryof a differ-
entialequation.But thevirtual particlesexert forcesthatdragtheadjacentparticles
backtogetherto counteractthestretchdueto thecollisions.

5.3 Computing Virtual Particles

This sectiondescribeshow, startingfrom a triangulartextile mesh,all virtual par-
ticles canbe computed. Sincewe requirea quadrilateralmeshfor the physical
simulation,this is convertedto a trianglemeshby splitting eachquadrilateralinto
two triangles.Themethodassumesthatall baseparticlesareoutsidetheenviron-
mentmesh,i.e. ourmethodcooperateswith aconventionalcollisiondetectionand
responsemethodthatpreventsthebaseparticlesfrom penetratingtheenvironment.
Only after this conventionalcollision response,virtual particlesarecomputedfor
eachface.

Theobjectsin theenvironmentarerequiredto begivenasa mesh(this is not
a seriouslimitation asin practiceall geometricobjectsaregivenasmeshesor can
beconvertedto one).
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We aim to guaranteethat all edgesof the adaptively refinedtextile meshbe
outsidetheenvironmentmesh.This is achieved by a projectionmethodin which
all edgesor segmentsof edgesof the environmentareprojectedonto the textile.
Thoseparticlesandsegmentsof edgesof theenvironmentthathave penetratedthe
textile areinsertedin thetopologyof theoriginal textile mesh.

C

C

C

C

S

S
S S S

deformable mesh

Figure5.6: PlanesS partition the volume above the facesanddefinecentresof
projection v,w è

In thefollowing theprojectionmethodwill bedescribed.Theprojection_ that
mapstheedgesof theenvironmentmeshontothetextile meshis givenprocedurally
by definingthe restrictionof _ to onetextile meshface Ã notedas _Nw . All face
normalsQ w areassumedto benormalised.

As a first stepwe definea centreof projectionfor eachface Ã : We definea
boundingvolumeby threeplanes x µ , where x µ is a planeseparatingÃ from the
adjacenttextile face Ã µ . x µ is givenby thenormalQ �
� è ¡ Q wzy Q w è~ Q w{y Q w è[~ �
which is definedto beperpendicularto bothfacenormals,andthevertex _ µ :

x µ ² Y Q �
� è � xT| � _ µ {[Z�¡ Î
Let v,w betheintersectionpointsof thesethreeseparatingplanes.Therestric-

tion of _ to face Ã is acentralprojectiongivenby its centreof projection v,w . The
projectionsaredefinedsuchthat the spaceabove the facesis partitionedby the
boundingvolumes. Figure5.6 illustratesthis projectionfor the two-dimensional
space.
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If thenormalsQ ��� è arelinearlydependent,then v,w is apointat infinity andthe
centralprojectiondegeneratesto aparallelprojection.In eithercasetheprojection_Lw is definedby a point in projective spacerepresentedby its homogeneouscoor-
dinates.

We have defineda projectionthatmapsan edge } onto theplanespannedbyÃ . Sincewe wantto restrictthecentralprojectionto a singlemeshface Ã andalso
only partsof thetextile meshthatactuallypenetratetheenvironmentareto becon-
sidered,someclipping stepshave to betaken.

Eachedge }£¡ |�~ of the environmentedgeis projectedonto Ã with vertices_ « � _vÐ � _ � asfollows:

1. Computethe heightsof | and ~ above Ã : ��� ¡ Y Q w � | � _ « Z � ��� ¡Y Q w � ~ � _ « Z . Only pointsof an edgethat have positive heightare to be
considered.Pointswith negative heightdo not penetrate.If a segmentof an
edgehasnegative height,it is clippedoff anda new endpoint is computed
by linearinterpolation.If ����+ Î

and ���'+ Î
, theedgedoesnot penetrate

atall andis skipped.

2. Given v,w , project } ontotheplanespannedby Ã .

3. Intersecttheprojectededgewith theedgesof face Ã . Clip off segmentsthat
areoutsidethe face Ã . The endpointsof the segmentcontainedin Ã are
notedas t � � (all projectedpointswill bedenotedusinganoverline).

Four casescanoccur(figure5.7): If no segmentof theedgeis containedinÃ , theedgeis skipped(5.7(a)).In 5.7(b)theedgeis clippedtwice. In 5.7(c)
only onenew endpoint is computed,whereasin 5.7(d) } lies completelyinÃ . Themappingof two edges} « and }TÐ is illustratedin figure5.8.

4. If, say, t is not anendpoint of theprojectededgee , t ¡%_ ª�« x tÁ{ is yet
to becomputed.Let d � ° bethebarycentriccoordinatesof t with respectto| � ~ . Theratio,which is definedas�	�;���� xT| � t � ~�{�¡ d° �
is invariantunderaffinemapsand t canbecomputedby linearinterpolation.
In thiscaseof acentralprojection,however, t cannotbecomputedby linear
interpolationbecauseratiosarenot invariantunderprojectivemaps,whereas
thecrossratio is invariant:�	�;���� xT| � ~ � tÕ{�	�;���� xT| � ~ � z�{ ¡ �	�;���� x | � ~ � tÂ{�	�;���� x | � ~ � z {
This canbeexploited to computeV if we have anauxiliary point z andits
image_ . Hence,we projecttheauxiliary point zq¡ «Ð xT|9¦�~Õ{ ontoface Ã
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Figure5.7: Fourpossiblepositionsof theedge} with respectto themeshface Ã
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Figure5.8: Projection_ in a two-dimensionalcrosssection

to get z andsolve theabove equationfor t .

5. Theraysfrom theendpointsof anedgeto their imagesunderprojection _
mustnot intersectotherobjects.For instance,this caseoccursif the textile
hasnot penetrated,but is on the oppositeside of the environmentobject.
Thenaray from theoppositesideof theenvironmentobjectwouldpenetrate
anenvironmentfacefacingthedeformableobject.

In thesituationof figure5.9,edge} wouldbehandledasanedgepenetrating
face Ã , althoughthetextile faceis on theothersideof thesolidenvironment
object. This situationis detectedby the raysintersectingthe lower faceof
thesolid.
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Figure5.9: Detectionof nonpenetratingedges

Thepoints t µ areeitheron theboundariesof Ã correspondingto anedge/edge
collisionor inside Ã correspondingtoaparticle/facecollision(environmentparticle
penetratingthetextile).

Eachface Ã of thetextile becomesa sub-meshthatcontainstheoriginal three
vertices(baseparticles)as well as all newly computedvirtual particlesand the
edgesconnectingthem. At this stagethe geometryof this sub-meshis already
known, becausewe know the positionsof _ « , _vÐ , _ � andall virtual particles t µ .
The topologyis yet to becomputedby a constrainedDelaunaytriangulation,and
for thiswe will use t µ .

First thenew boundarytopologyis obtainedby insertingthenew verticesthat
lie on the boundaryof Ã in the faceboundaryin the correctorder. One com-
ponentof their barycentricswith respectto _ « , _ Ð , _ � is zeroandthereforethe
barycentricscanbeusedto sorttheverticesthatlie on theboundary.

Theline segmentsin thefaceaswell asthefaceboundaryareconstraintsto the
topologyof the sub-mesh.We performa constrained2D Delaunaytriangulation
of _ « , _5Ð , _ � andall t µ that lie in Ã in theplaneof Ã (in our implementationwe
useaverystabletriangulatorby Shewchuk[She96]). Thenthetopologycomputed
in 2D is combinedwith the3D geometryto yield thesub-mesh,i.e. we replacet µ
with t µ .

Finally all sub-meshes(faces)aremergedto onesinglemeshthatcontainsall
baseandvirtual particlesandall edgesconnectingthem.

An exampleof the projectionis given in figure 5.10. Thoseedgesabove the
triangle penetratethe textile. Edge } � only partly penetratesthe face,and only
the penetratingsegmentof } � is considered.Vertex t « is projectedonto t « and
becomesaninterior point. Theedge/edgecollisionsgive new verticesu « and u Ð ,
while u � is thepointof } « where } � is clippedoff.

A simpleexampleof a collision is depictedin figure 5.11. The four particle
systemhasedge/edgecollisionswith theupperright edgeof thebox. Threevirtual
particleshavebeeninsertedinto themeshof thetextile dueto theseedge/edgecol-
lisions.

Usingaccelerationstructuresis necessary, becausetheprojectionmethodhasa
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Figure5.10:Edgesprojectedontoa face

complexity of ��x #edgesenv � #facestextile { asall edgesareprojectedontoall faces.

In orderto reducethenumberof edge/facepairsfor whichaprojectionhastobe
carriedout, thesamealgorithmsasusedfor collisiondetectionfor deformableob-
jectscanbeemployed. Thesealgorithmshave beenwidely discussedin literature
(e.g.Volino etal. [VMT94], Eberhardtetal. [EHH00]). In our implementationwe
areusinga grid basedacceleration.Thefacesof thedeformableobjectaresorted
into a grid. Thenfor eachedgethosegrid cells that the edgeis containedin are
selected.Thus,theprojectiononly hasto beperformedfor thosefacesof thetextile
thatarein thesegrid cells.

Figure5.11:A four particlemeshfalling ontoabox

Thecomplexity of thetriangulationstepis � x #facestextile { , becausethetrian-
gulationis local andits costis limited by themaximumnumberof particlesto be
insertedinto oneface.
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5.4 Physically Interacting Virtual Particles

As mentionedabove virtual particlesarenot only usedfor visualisationbut also
exert forcesactingon their neighbours.Otherwisethe textile would appearun-
naturallystretchedwhenvirtual textiles areinserted.In this sectionwe therefore
describehow the virtual particlescan interactwith their neighboursin a regular
quadrilateralmesh.

If thetrianglemeshcomputedin theprevioussectionwereusedfor thephysi-
cal simulation,thenumberof neighboursof a particlewould changein eachtime
stepandthedatastructurewouldhave to adoptto anew dimensioneachtime. This
is avoidedby the following technique:We find it sufficient to employ thevirtual
particleson the faceboundariesonly for thephysicalsimulationandignoresuch
virtual particlesthatlie insideameshface.Thesevirtual particleson theedgesex-
ert forcesontheirneighbourslikebaseparticlesdo. However, noforcesareexerted
on thevirtual particlesthemselves. This might seemto contradicttheprincipleof
actioequalsreactio; however, theforcesexertedby thevirtual particleareconsid-
eredascollision forcesexertedby the rigid collision object,themassof which is
too largeto reactto collisionswith thetextile. By thisprinciple,we do nothave to
dealwith a changingtopology, andlocally we only have to changepositionsand
velocities.

The restdistancesandrestangleswherethesystemis at anequilibriumstate
mustbeadoptedaswell to fit thenew topologyandgeometry.

We will explain this looking at the following example: Assumethat particle_ � hasfour neighbours_ « , _vÐ , _ � , _ : , and two virtual particles t « and t3Ð are
computedonedge_ �4� _ « asshown in figure5.12.Theforcesactingon _ � arethen
computedby using t « insteadof _ « asadirectneighbourof _ � .®

¯°
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Figure5.12:Local topologyat _ �
Hence,in theimplementationweonly have to replacethepositionandvelocity

of _ « with t « . Thevelocity of thevirtual particlesis neededto computedamping
forcesandis setequalto thevelocityof thepoint in theenvironmentit corresponds
to, becauseit is assumedthatthispoint in thetextile will stayattachedto thatpoint
of theenvironment.For a staticenvironmentall thevelocitiesof virtual pointsare
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setto zero.Likewisevirtual particlescanreplacethebaseparticles_5Ð , _ � , and _ : ,
too.

Note that t « and trÐ arenot actuallyT-verticesthatareusuallyharmful in the
discretizationof dynamicsystems.Theproblemoccursif only forcesact on one
sideof the particleandthe otheroneis free. In this method,however, no forces
whatsoever acton theseparticles.

New rest lengthsof thespringscontrolling the tensionmustbe computed.If
anedgeis split into severalsegments,thesumof therestlengthsof thesesegments
mustbe equalto the rest lengthof the original edgeto ensureareapreservation.
Hence,therestlength P  of thej-th segmentis computedbyÙ å Ù µ ¡ P P �
where P is the restlengthassignedto thatedgeand

Ù µ
is thecurrentlengthof the

i-th segment.Thiswayevery time theevaluationfunctionis calledeachparticleis
checked for virtual neighbours.If virtual neighboursarefoundfor a baseparticle
they replacethe original neighbours,and forcesguide the particle into the cor-
rectdirectionandrestorethecorrectedgelengths.Hence,the insertionof virtual
particlesis a trivial replacementof vertex coordinates.

Onemight alsowant to usevirtual particlesto computeother forces,for in-
stancebendandshearforces. Unfortunately, this would decouplethesystembe-
causetheseforcescannotbetransmittedfrom onebaseparticleto thenext if there
arevirtual particlesin between.

Notethattheinsertionof virtual particlesdoesnotchangethematerialproper-
tiesbut only refinesthediscretization.We canimaginethatwe first split a spring
betweentwo particlesinto two. Using new rest lengthsasdescribedabove, this
doesnot changethematerialproperties.Thenthevirtual particleis moved to ac-
commodatethecollisionsuchthatthemodellingbecomesmoreaccurate,while the
simulationmaintainsthecorrectmaterialparameters.

Whendiscussingtheeffectsof insertedparticleson thenumericalstability, we
have to keepin mind that theforcesexertedby thevirtual particlesareequivalent
to springsattachedto therigid collisionobject.Thesespringsfunctionsimilarly to
conventionalcollisiondetectionandhave similareffectsasdescribedin chapter4.

5.5 Results

Thecollision adaptive techniquesareembeddedin theparticlesystemsystemde-
scribedby Eberhardtet al. [EWS96]. The ODE is solved by the implicit Euler
method.

Figure5.13shows a cloth modelledby only two trianglepatchesfalling over
a box. Thepenetrationin picture5.13(a)is causedby threeedge/edgecollisions.
Threevirtual particleson the boundaryareinsertedasin figure 5.11so that this
new meshdoesnot intersectthebox (figure5.13(b)).
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Example #particles projection topology combined

roundtable 100 38.5ms 38ms 76.5ms
squaretable 400 24ms 147.5ms 171.5ms

ball 100 150.5ms 83.5ms 234ms

Table5.1: Executiontimesfor thecomputationof virtual particlesaveragedover
1sof simulationtime

In figure5.14(a) themeshof a tablecloththat falls over a roundtablecanbe
seen.Althoughit only contains100particles,thecircularshapeof thetablecanbe
modelledaccurately. Thefinal resultis shown by picture5.14(b).

Thethird exampleshowsaclothfalling overaball. Thisexampledemonstrates
whatcanbeachievedby adaptive simulations.Themeshof theball is quitecom-
plex andconsistsof 1227edges.Whenno adaptively insertedparticlesareused,a
coarsemeshover a ball looksasshown in figure5.14(f). Theparticleson top of
theball arestill visible,but thefaceshave sunkinto theball. Figures5.14(c) and
(d) show two refinementsat differenttime stepsof thesimulation.Thefine mesh
of the ball is mergedinto the coarsemeshof the textile. Finally, figure 5.14 (e)
shows therefinedmeshof thetextile coveringthetopof thespherecompletely.

Figure5.15shows a comparisonbetweena textile with 2500particlesfalling
over a tablewithout adaptivity anda meshwith 400baseparticlesandadaptively
insertedvirtual particles.The400particlemesh,which is obviouslymuchfasterto
compute,representsa goodapproximationof thehigh resolutionmesh.

Theadditionalcomputationalcostsof theadaptivity aredueto thecomputation
of virtual particlesasdescribedin section5.3. In thesimulationprocesswe only
have to fill in thenew coordinatesandnew restlengths.In table5.1 theexecution
timesfor thethreeexamplesin thefigures5.15and5.14aregiven.Thevaluesare
averagedover onesecondof simulationtime on an R10000/180MHzprocessor.
Thethird columngivesthetimesfor theexecutionof theprojectionstep,thefourth
columngivesthe timesfor the computationof the topology, andthe last column
shows thecombinedvalues.

Note that for thephysicalsimulationasdescribedin section5.4 we neednot
computethenew topology, sinceonly virtual particleson theboundaryareused.
The overall performancedependson the underlyingphysicalsystemandthe nu-
mericalsolversused.

5.6 Conclusion

In this chapterwe have presentedamethodthathandlesall typesof collisionsthat
occur in animationwith particlesystems.It appliesto any conventionalparticle
systemthat is basedon regular quadrilateralmeshes.With a very low numberof
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(a) (b)

Figure5.13: 4-particlemeshdrapingon a box, (a) without virtual particles,(b)
with virtual particles

baseparticlesresultsshowing a high quality areobtained.Thatmeansthenumer-
ical solver only hasto solve low-dimensionalsystemsandthecollision detection
only hasto dealwith smallmeshes.

Unfortunately, thereis thedrawbackof theadditionalcomputationalcostsdue
to the meshprojection. The computationof virtual particlesis ratherexpensive.
The costsof the proposedprojectionalgorithmmight compensateall advantages
gainedby thesmallernumberof particles.More specialisedaccelerationmethods
andalgorithmicimprovementscouldfurtherreducethecostsof theprojection.

Thewrinklesof thesimulatedtextilespartly look coarse,becausetheadaptivity
only appliesto thecollision regions. In orderto alleviate this problem,thecolli-
sion adaptive methodcanbe combinedwith othermethodsthat producerealistic
wrinkles.For instance,Hadapetal. [HBVT99] maptexturesontothemeshto give
theimpressionof wrinkles.
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(a) (b)

(c) (d)

(e) (f)

Figure5.14: Exampleswith 100 particles: refinedparticlesystemsdrapingover
a round table anda ball. Figure (f) shows the samemeshas figure (e) without
refinement.
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Figure5.15: Right: 2500particleswithout adaptivity, left: fast simulationwith
only 400particlesandadaptivity



Chapter 6

A Software Ar chitecture for
Particle Systems

Thetechniquesdescribedpreviouslyin thisthesishavebeenimplementedin acloth
simulationsoftwarewritten in C++. In thedesign,flexibility andefficiency were
themajorobjectives.Thedesignshouldbeeasilyadaptableto futurerequirements
andextensions,for instanceadditionalforces.Althoughin this thesisonly quadri-
lateral meshesare studied,the architectureshouldbe flexible enoughto handle
triangularmeshesaswell. Clearly, an objectorienteddesignhelpsto meetthese
requirements.

Efficiency is as importantasflexibility, andwe want to ensurethat the high
numberof computationsof forcescanbecarriedout fast. This requiresthemin-
imisationof overheadandthedatato computetheseforcesto bereadilyavailable.

This chapterfirst describesthe supportingsoftwarelibraries,thenthe classes
that storethe forces,andfinally the classstructureof the simulatorkernel. The
developedsystemhasbeenappliedto severalscenariosof clothanimation,andthe
resultswill beshown in thefinal section.

6.1 Supporting Data Structures

The systemdesignincludestwo external libraries. A numericalclassprovides
datastructuresandalgorithmsfor the linear algebraoperationsin the numerical
integration. A meshclasshandlesall geometryobjectsin theanimatedsceneand
providesaninterfacefor input andoutput.

6.1.1 Matrix Library

Thematrix andvectoroperationsin the numericalframework mustbe supported
by efficient datastructuresand algorithms. In particular, it is crucial to exploit
the sparsityof the matrices. In the implementationwe usethe Matrix Template
Library (MTL) [SL99, Not] developedat theUniversityof Notredame.It applies
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genericprogrammingto achieve asmuchflexibility aspossiblewithoutsacrificing
theefficiency.

Most importantly, we usetheMTL datastructuresfor sparsesymmetricmatri-
ces. Thesematricesstorethematrix componentscompressedby theomissionof
zeroentries.They savememoryspacebut alsoallow to carryout thematrix-vector
multiplicationandtheroutineto solve a systemwith a triangularmatrix in linear
time, becausein theseoperationsonly thenonzeroelementsareaccessed.These
routinesarethemostcostlyoperationsin thecg method.

6.1.2 MeshData Structure

All objectsof the sceneare readas polygonalmeshes.For the computationof
forces,thetopologyinformationhasto beextractedfrom themeshdatastructure.
However, thiswill bedoneonly oncein apreprocessingstepandis nottimecritical.
Thedesignof themeshdatastructurethereforeis governedby therequirementsof
the collision detectionalgorithm,which is not treatedin this thesis. During run-
time thesimulationonly employs themeshdatastructureto computethesurface
normals.

Wechoosea facebasedmeshdatastructurefor thesake of simplicity andeffi-
ciency. As weassumethatthetopologydoesnotchangeandnotalot of navigation
in themeshis necessary, it is competitive with any half-edgedatastructure.The
accessroutinesaresimple enoughto allow an optimisationof the performance.
Eachvertex storesits adjacentfaces.Hence,thevertex normalscanbecomputed
from theadjacentfacesin constanttime.

6.2 A Cloth Simulation Framework

In this sectionwe outline the classstructureof the system.First, we presentthe
classesthat containall information to computethe internal forcesin an object.
Afterwards,theclassesof thesimulatorkernelaredescribed.

6.2.1 StressComponents

In order to computethe forcesrapidly, fastaccessto the datais crucial. There-
fore,all geometrical,topological,andphysicaldatais retrievedfrom themeshdata
structurein the initialisation andstoredin objectsof the classStressComponent.
For eachkind of stress,i.e. tension,bend,andshear, astressclassis provided.The
initialisationallocatesanobjectfor eachnodeor edge,respectively. Theclasshi-
erarchyis depictedin figure6.1in UML notation.Thesymbols+, -, and# indicate
theattributespublic, private, andprotected, respectively.

ClassStressComponent Thebaseclasscontainsdatathatis sharedby all kinds
of stress.Thesearein particularanelasticityandaviscosityparameter.
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StressComponent
#elastic_const: double
#viscous_const: double

Class ShearComponent
#indices: int*
#rest_length: double*
#zero_angle: double
#is_border: boolean

Class  TensionComponent
#index1: double
#index2: double
#rest_length: double

Class BendComponent
#is_border: boolean

Figure6.1: Stresscomponentclasses

ClassTensionComponent Thereis oneinstancefor eachedge. Eachinstance
storestheindicesof its two adjacentnodesandtherestlengthbetweenthem.

Class ShearComponent For the computationof shearforcesone instanceis
storedfor eachnode.To computetheshearstrainatanodeà , its four directneigh-
bourshave to be known in the specifiedorder. Therefore,an instancestoresfive
indicestogetherwith four restlengths.If thecentralparticleis on theborder, the
missingneighboursarereplacedwith theindex of thecentralparticle.If themesh
is not orthogonal,a valuefor the scalarproductin the equilibrium stateascom-
putedin equ.(2.16)canbestoredaswell.

ClassBendComponent Thebendstressis verysimilar to thetensionstressasit
usesthesecondpartialderivatives.Therefore,it makesuseof thesamedataasclass
TensionComponentexceptfor theborderinformation,which is neededbecauseon
theborderno bendforcesin thenormaldirectionof thatborderarecomputed.

Thesimulationstoresa vectorof stresscomponents,andin eachiterationthe
forcescanbe computedefficiently by runningover all stresscomponentsin that
vectorandevaluatingtheforces.

6.2.2 The Kernel Classes

The core of the simulator is situatedin two kernel classes:ParticleSystemand
Cloth. Otherclassesprovide informationaboutthematerialsandthegeometryof
theobjectsin thescene.Theclassstructureis shown in figure6.2.
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ClassParticleSystem This classrepresentsan abstractsimulation. It contains
datastructuresto controlthenumericalsolverandto storepositionsandvelocities.
Also, it containsdatastructuresfor constrainthandling. The methodsolveODE
providesa loop that simulatesa specifictime interval andcalls the solvemethod
of the applicationto carry out one time step. fixParticle setsone or more per-
manentconstraintsfor eachparticle. Also, a velocity canbe prescribedfor each
constraineddirection. This allows to attacha partof thesurfacesomewhereor to
prescribea specificpath. Other applicationclassesthanCloth could be derived
from ParticleSystemaswell anduseits functionality.

Class Cloth This classactually implementsthe specificsurfaceanimation. It
containsseveralODEsolvers:IMEX Euler, implicit Euler, SBDF(2),BDF(2),and
theimplicit midpointrule. All of thesesolversmakeuseof thecgmethod,whichis
wrappedby thefixedpoint iteration,andthestresscomponents.Eachsolver com-
putesthe entriesof the sparsesystemmatrix matrix pattern. The tensionforces
arefully integratedinto thesolversasthematrix of thelinearsystemis setup us-
ing datafrom StressComponent. All otherforcesareexplicitly computedfrom the
classesExternalForcesandthe otherkinds of StressComponent. After eachtime
step,this stepsizecanbe modified if the numberof fixed point iterationsis out
of thespecifiedrange.Themethodsolveprovidestheinterfaceto theoutsideand
carriesoutonetimestep.

ClassCollisionDetection TheclassCollisionDetectionstandsfor a containerof
anarbitrarycollision detectionalgorithm. The implementationof thecloth simu-
lation makesuseof anobjecthierarchyfor thedetectionof proximities[Mez01].
Thedeformableobjectsaredecomposedinto regions,andfrom theseregionsa hi-
erarchyis built. This hierarchyis kept in a searchtree,andfor eachnodeof the
treea boundingvolumeis storedfor rapidcollision detectionbetweennodes.Ad-
ditionally, heuristicsareusedto reducethenumberof collision tests.

All otherclassesprovide therequireddatafor thesimulation:

ClassClothMaterial An objectof this classspecifiesonespecificmaterialwith
all its physicalparameters.In theconstructionof anobjecta materialfile is read
to initialise thedata.Cloth usestheClothMaterialobjectsto initialise theStress-
Componentobjectswith thephysicalparameters.

ClassEnvironment TheclassEnvironmentprovidesall scenedata.Themeshes
of thedeformableandrigid objectsarecontainedin objectsof thisclass.All bodies
in the sceneare representedby meshesand readby the classCollision for the
detection.Queriescanbesentto this classto retrieve thevelocitiesandpositions
of any objectatany timein thescene.If thesceneis dynamic,i.e. oneor morerigid
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objectsmove, for eachof theseobjectsa sequenceof key-framesis stored.When
suchadynamicobjectis queriedatacertaintime, thekey-framesareinterpolated.

This classalsoprovidesthefunctionality to write theframesof theanimation
to anoutputdevice.

Class ExternalForces This classimplementsvariousexternal forcesthat may
actonadeformableobject.It computesall externalforcesdescribedin section2.6,
namelygravity, friction, air resistance,andwind.

6.3 Resultsand Applications

Finally, weshow someresultsthathavebeencomputedwith thisanimationsystem.

Dresson a Walking Avatar This is anexampleof clothesin a dynamicscene.
The dresshasa loosefit andcanmove ratherfreely on the body. In the pictures
6.3 thedressis discretizedby 1310particles.Thetime stepsizein theseanimated
scenesis constrainedby the collisionsratherthanby the integrationmethodbe-
cause,if thetimestepis large,aparticlecanmovea largedistanceduringthisstep
andcanpenetrateanotherobjectwithoutbeingdetectedascolliding in time.

Sweaterand Trousers A walking manwearsa sweaterandtrousersin figures
6.4and6.5. Thesweaterconsistsof 5759particlesandthetrousersof 4998parti-
cles.Jointslikeshoulders,knees,andelbowsrequireaparticularlyhighresolution,
becausea coarsemeshis hardlyflexible enoughto bewrappedarounda bending
joint. Notethatthetrousersarenotheldin placeby constraints.Only thestiffness
of thematerialpreventsthetrousersfrom slippingover thepelvis.

Sewingby Constraints Theimplementedconstraintsnotonly canbeemployed
for collision response,they alsocanbeusedfor the assemblyof clothes.An ex-
ampleis shown in in figure6.6.Thedressis assembledfrom afront andbackpart,
which hasalreadybeenpresentedasanexampleof curvilinearmeshingin figure
2.9.Thesepartsareplacedin thefront andin thebackof theavatarin figure6.6(a).
Theleft andright boundariesof thesepartsareconstrainedto moveonapathsuch
that theboundariescoincideaftera certaintime while thegravity is switchedoff.
Thenthe meshesof the front andbackpart aremerged. At this point, thereis a
very high tensionin thedress,which canbeseenin figure6.6(b). Afterwardsthe
constraintsareswitchedoff andthedressrelaxesgraduallyin pictures6.6(c)and
(d).
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Class Particlesystem
#env: Environment
#coll: Collision
#numerical tolerances: ParameterSet
+solve(start_time:double,end_time:double,frame_time:double): void
+fixParticle(index:int,direction:Vector): void

Class Environment

+getEnvironmentMesh(index:int): Mesh
+writeFrame(): void

Class Collision
#env: Environmet
+detectCollisions(): void

Class Cloth
#stresscomps: Array of StessComps
+externalforces: ExternalForces
+materials: Array of ClothMaterial
#matrix pattern: SparseMatrix
+solve(time:double,step_size:double): void

Class StressComponent

Class ExternalForces
+pos: VectorPointer
+velo: VectorPointer
+gravity : double
+friction coefficient: double
+windvector: Vector3D
+addWindForce(force:Vector): void
+addGravity(force:Vector): void
+addFriction(force:Vector): void
-readParameters(parameter file:File): void

Class ClothMaterial
+mass density: double
+tension weft: double
+tension warp: double
+tension weft damp: double
+tension warp damp: double
+bend weft: double
+bend warp: double
+bend weft damp: double
+bend warp damp: double
+shear: double
+shear damp: double
-readParameters(material file:File)

Figure6.2: Classarchitectureoverview
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(a) (b)

(c) (d)

Figure6.3: Walkingwomanwith a dress
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Figure6.4: Manwith sweaterandtrousers
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(a) (b)

(c) (d)

Figure6.5: Walkingmanwith sweaterandtrousers
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(a) (b)

(c) (d)

Figure6.6: Relaxationafterdressingby constraints
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