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Zusammenfassung

Die Anforderungenan den Realismusvirtueller Szenenin der Computegraphik
habensich stetigerhbht. Daherreichengeometrischélodellein einigenAnwen-
dungsgebietenicht mehraus. Textilsimulationist eine dieserAnwendungenijn

denerdie Modelledurchihr physikalische¥erhalterbeschriebemwerdenmiissen.

In derComputeranimatiowerdernvielfachPartikelsystemeingesetztumFla-
chenzuanimieren.n dieseDissertatiorwerdenPartikelsystemaveiterentwiclelt,
sodal3sie kontinuierlicheMaterialienmodellierenund Modelle der Kontinuums
mechanikapproximieren Mit solchenPartikelsystemerkdnnendannMaterialien
wie z.B. Textilien simuliert werden,ohnedal3die Materialeigenschaftevon der
Diskretisierungabrangigsind.

DasPartikelsystenbeschreibtiasdynamische&ystemdurchgevohnlicheDif-
ferentialgleichungerunddie eigentlicheSimulationbestehausdemL dsendieser
Gleichungen. Animationenerfordern,daRdieseL dsungschnellberechnetvird.
Geeignetamplizite Verfahrengarantiererzwar Stabilitat, aber machendie Be-
rechnungeinesZeitschrittssehraufwendig. DaherwerdenVerfahrenvorgestellt,
die die KosteneinessolchenZeitschrittswesentlichreduzieren.

Ein weiteresProblemin der Animation ist die Behandlungvon Kollisionen,
und eswird gezeigt,dalKollisionensich tibereinenMechanismusgder Zwangs-
bedingungerbenutzt,realisierenlassen. Die Kollisionsantvert erfolgt so stabil
undschnell,undauchRuhelontaktelassersichmodellieren.

Weiterhinwird ein Verfahrenvorgestellt,dasin Regionen,in denerKollisionen
auftreten die Diskretisierungadaptv verfeinert. Dies ermiglicht es, realistische
Resultatesogamit sehrgrobenAuflésungereu erzielen.

Die in dieserArbeit entwickeltenKonzeptenvurdenin einemSystenzur Klei-
dersimulatiorrealisiert. Am SchluRdieserArbeit wird dessersoftwarearchitektur
beschriebemind Resultatevorgestellt.






Abstract

Therealismrequirementsf virtual scenesn computelgraphicshave beenincreas-
ing permanently Therefore geometriomodelsdo no longersufice in someappli-
cationareas.Textile simulationis one of theseapplicationsn which the models
mustbedescribedy their physicalbehaiour.

In computeranimation,particle systemsare frequentlyemplo/ed in orderto
animatesurfaces. In this thesisparticle systemsare advancedso that they model
continuougmaterialsandapproximatanodelsof continuummechanicsWith such
particlesystemsnaterialdik e textiles canbe simulatedwithout the materialprop-
ertiesdependingnthediscretization.

The particle systemmodeldescribeghe dynamicssystemby ordinarydiffer-
ential equationsandthe actualsimulationconsistsof solving theseequationsn
time. Animationsrequirethat the solution be computedfast. Suitableimplicit
methodsguarantesestability but make the computationof onetime stepvery ex-
pensve. Hence methodgshatreducethe costsof suchtime stepssignificantlyare
presented.

The treatmentof collisionsis anotherproblemin animation,andit will be
shavn thatcollisionscanbeimplementedy aconstrainmechanismThecollision
responséakesplacestablyandfast. Also restingcontactscanbe modelled.

Furthermorea methodthat refinesthe discretizationadaptvely in regionsin
which collisionsoccuris developed. This allows to achiare realisticresultseven
with very coarseresolutions.

The conceptddevelopedin this work have beenimplementedn a systemfor
cloth modelling. At the end of this work the software architectureof this imple-
mentationis describedandresultsarepresented.
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Chapter 1

Intr oduction

1.1 Deformable Objectsand Cloth Modelling

Physicallybasedanimationhasbeenestablishe@dsoneof the majorfields of com-
putergraphics. Animation hasdevelopedefficient techniquedor fluid dynamics,
rigid-body animation,and modelling of deformableobjects. Among deformable
objects,highly flexible surfacesareparticularlyinterestingbecauséhey have im-

portantapplications.Modelling of virtual textiles and clothesis one of the most
prominentapplicationsandthe specificpropertiesof textiles will guidethe devel-

opmentof solutionsin thisthesis.

Commerciallyvirtual clothesarepatrticularlyinterestingwithin two scenarios.
In thefirst one,avirtual movie or ervironmentis generatedandthe virtual actors
thereinhave to be dressedvith virtual clothes.Simpleanimationsmitate clothes
by two-dimensionatexturesmappedntothevirtual charactersHowever, thereis
demandor realthree-dimensionadbjectsthatgive theimpressiorof realclothes.
Particularlyin virtual reality ervironments real-timecapability of the animations
is crucial,whereaghereareonly moderategequirement®naccurag becaus@nly
arealisticimpressiorof theseclothesis relevant. Applicationscanbefoundin the
generatiorof computeranimatedmoviesor commercials.

In the secondscenario clothesare boughton the Internet,and the customer
is provided with a preview in which he seesa three-dimensiondamageof himself
andtheclothesto beableto decideonfit andappearancef the clothes.In this ap-
plication moreaccuratephysicalmodelsarenecessarpecause specificmaterial
hasto be modelled,andthe customemustbe ableto distinguishamongmaterials
by their physicalpropertiesandbehaiour.

Without a physicallybasedmodel,deformableobjectsin computergenerated
scenedave to bemodelledmanuallyin atediousprocessin animatedsequences
thisproblembecomegvenmoresevereandageometriapproachnfeasible.Physi-
cally-basednodelsintroducethe laws of mechanicsnto artificial scenesuchthat
virtual curtains tableclothsanddresseganbe computedautomatically



2 Introduction

Clearly the areaof researctin deformablemodelsspansout from computer
scienceao physicsandmathematicasin ananimationsystemproblemsfrom each
of thesefieldshave to be solved. Figure 1.1 givesanoverviev over all thesetasks.

Thefirst taskis to chooseor develop a physicalmodelto representhe prop-
ertiesof a materialasaccuratelyas possible. Physically-base@dnimationmeans
thatthe objectsmove accordingto forcesexertedon them. It canbedistinguished
betweenexternalandinternal, elasticandviscousforces. Externalforces,for in-
stance aregravity, wind, collision impact,andfriction, internalforcesareelastic
forcesthat restorethe objects shapeand viscousforcesthat reducethe internal
maovementof the objectand dissipateits enegy. The modelis parametrisedy
materialconstantshatspecifythetype of material.

Naturally a deformingobjectis describedby a partial differential equation
(PDE), the solutionof which mustbe computedwith methodsof numericalanal-
ysis. The numericalsolutioninvolvesthe discretisatiorof the continuoussurface
by adiscrete polygonalmesh whichis alsoacommonobjectdescriptionin com-
putergraphics.Thenthe simulationis run by solvinganinitial valueproblemfor
anordinarydifferentialequation(ODE).

Interactionplaysamajorrole in computeranimation,andcollisionswith other
objectsarethe mostimportantkind of interaction. Hence,in animationthereare
no predefinedooundaryconditions,but the boundaryconditionsare imposedby
collisionswith obstaclesn the sceneandmustbe handledon thefly. In eachtime
stepcollisionshave to be detectedandtreatedappropriatelyafterwards. Thus,col-
lisionsleadto two majorproblems:First, collisionshave to be detectedCollision
detectionis a classicalproblemin computergraphics. However, mostalgorithms
aredesignedo dealwith rigid objects.Deformableobjectsrequirespecialisedl-
gorithmsthatcanhandlea large numberof colliding trianglesor tetrahedronsas
the continuousobjectsarediscretizedoy such.

The secondproblemof collisionsis the responseo themandthereis no obvi-
ousway to do this physicallyandmathematicallycorrectlyandfast. In computer
animationsolutionsaredevelopedthat approximatehe collisionssothatthe sim-
ulationis not sloved down.

Finally, the meshecomputedn eachtime stephave to berenderedn a way
thatthe materialpropertiesarenot only obviousin the dynamicsbut alsoin their
light reflectanceproperties.

1.2 Overview and Contrib utions
This thesismakes several contritutions to the researchin physically-basedni-
mation of surfaces. New resultsare presentedor the physical, numerical,and

collision model.

For modellingdeformableobjects,continuummechanicprovidesa solid base
andthe modelsarewell known. However, therehave beensereral reasonsiot to
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Figurel.1: Textile modellingovervien

usecontinuummechanics. First, in computeranimationresearchersften were
interestedn very simpleandintuitive modelsthatwere easyandfastto animate,
whereaghey werenotinterestedn preservingmaterialpropertiesaccurately Sec-
ond, linear elasticity is not always applicablein animation. Highly flexible ob-
jectsneedto be computedby nonlinearmodels,which are computationallytoo
expensve in animation.Finally, materialdik e textiles werenot consideredontin-
uousmaterialsbut assemblie®r structuresof several threads. Otherresearchers
[BHW94, EWS96] have usedparticle systemsasan intuitive modelfor thesein-
terconnectedhreads. They analysedhe interactionbetweendifferentthreadsin
woven or knitted yarn. Thesestructuresvere modelledby particle systemswith
the objective to mapmeasurednaterialpropertiesonto the model. Unfortunately
the modelcannothave so muchdetailto modeleachthreadof thetextile. There-
fore,we preferto view textiles ascontinuousmaterials.

In this work the notionsof particlesystemsandcontinuummechanicsill be



4 Introduction

meiged to combinetheir respeciie adwvantages. Particle systemsare emplo/ed
becausehey allow fastsimulations,andwe will shav thatthey are capableof
modelling continuousdeformableobjects. Chapter2 comprisesan entirely new
derivation of a particle systemsfrom continuummechanicsand illuminateshow
particle systemswork. For rectilinearmesheswe will even be ableto prove and
verify that sucha particle systemis a discretizationof a partly linear continuum
model.

Thebenefitof this new particlesystemareobvious. Sincepropertieof previ-
ousparticlesystemgemainedpartly uncleay the main problemin particlesystem
modellingwasto find asounddescriptiorthatallowedto modelmaterialproperties
with somematerialconstantsndependenbf theresolutionof the particlesystem.
Theseproblemsaresolved by the continuummechanichbasedarticlesystems.

The physicalmodelderived in chapter2 is statedas an ordinary differential
equationin time. The actualsimulationis run by solving the ODE numerically
It turnsout that a fastnumericalsolution requiressophisticatechumericalmeth-
ods. Very stiff forces, which are necessaryto model textiles, presenta major
hurdle on the way to interactve applications. For stiff forcesleadto stiff dif-
ferential equationsthat requireimplicit numericalsolvers. Although employing
implicit solvershasbecomestandardn cloth animationsincethe work by Baraf
andWitkin [BW98], theefficiengy problemshave remainechardbecauséhis class
of solversrequiresa nonlinearsystemof equationgo be solved at eachtime step.
Hence somespecialisednethodsarenecessaryo allow for bothfastandaccurate
solutionsfor the ODE of the particlesystem.

A thoroughanalysisof the systemof ODEsleadsusto methodgshatare cus-
tomisedto the specificpropertiesof the derived particle system.By choosingthe
appropriatemumericalmethodsa superiorperformancen the executionof atime
stepof the solver is reachedwhile the time stepcanbe arbitrarily large. The full
frameawork for solvingthe ODEswill bedevelopedin chapter3 andallowsto con-
trol accurag andspeedf thesimulation.

Discontinuitiesmposedby collisionsarea majorproblemin physicallybased
animationbecausdesssophisticatedollision responsdechniquedead eitherto
instabilitiesof the simulationor requirea reductionof the stepsizeandmake the
computationsvery time consuming. Therefore,the collision responsehasto be
integratedinto the numericalintegration. The collision responseschemehat we
will introducein chapte# imposeghecollisionconditionsby filtering andreaction
constraints.This ensureshe stability during the collisions,andthetime stepdoes
not have to be reducedto guaranteevalid results. Moreover, restingcontactsare
modellednaturallywithout increasedcomputationaivork.

In colliding surfaceregionsthe resolutionof the surfaceshouldbe increased
to modelthesecollisionsrealistically Thereforea collisionadaptve approactas
beendeveloped,which will be presentedn chapters. It is basedon a collision
responsdor colliding particles.After thisresponsen thecolliding areaghemesh
is refinedby projectingoneobjectontothe other Theresultingmeshmodelsthe
collision areaaccurately This permitsthatvery coarsemeshesollide with rigid



objectsandgive valid results,evenif thegeometryof therigid objectsis comple.

Finally, theefficieng of thetheoreticatoncept®f theanimationof deformable
objectsdepend®on anappropriatesoftwareframevork asa basefor a flexible and
efficientimplementatiorof the animation.In chapter6 we describethe systemar-
chitecturethatthe software developedfor this thesisis basedon. A specialfocus
hasbeenonthecapabilityof extendingto futuredevelopmentsothatthe software
is not restrictedto the modelsdescribedn this thesis. Also, applicationsof the
softwaresystemdemonstratingts capabilitiesareshavn.

1.3 Notation

In thisthesiswe will usethefollowing notationfor mathematicaéxpressions:

(-,-) thescalamproductof two vectors
sy firstderivative of s with respecto u
sw  Secondmixedderivative of s with respecto » andv
As Laplacianof s
grad gradientof avector
div  divergenceof avectoror tensor
Y normalisedvectory
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Chapter 2

Two-dimensionalDeformable
Models

In their book on cloth modellingDonaldHouseandDavid Breenstatethat“Cloth
is a medianism,not a continuousmaterial” [BHOO, p. 55]. This s certainlytrue.
However, in computeranimationwe cannotafford to model eachdetail of this
mechanismi.e. eachsinglethreadandstructure.The only way to avoid thisis to
represent patchof textile asa continuousmaterial,which allows usto uselow
resolutionmodelswithout losingbasicmaterialproperties.

Neverthelesssomediscretesystemghathave beendevelopedin computerani-
mationfor theanimationof clothesandothersurfaceshave theadvantagehatthey
allow very fastsimulations.In particular particlesystemshave beensuccessfully
usedfor rapidanimations.

This chapterwill provide a new derivation of particle systemshat allows to
model continuousobjects. Also, aswill be shavn in the following chapter this
particlesystempermitsvery fastsimulations.

We will startthis chapterby giving an overview over the existing continuous
and discretemodelsthat have beensuggestedn literaturefor textiles and other
surfaces.In section2.2we will shav how achainof massesandspringscanbeob-
tainedby a discretizatiorof the linearwave equationgeneralisedo curvesin 3D.
This will be extendedto surfacesin section2.3, which developsthe elasticmodel
of a particle systemfor clothes. After the derivation of all elasticforces,section
2.4 givesan accountof the viscousforcesto modelenegy dissipation. Detailed
implementationsare givenin section2.5. Completingthe suney andderivation
of all forcesinvolved, section2.6 specifiesthe externalforcesacting on the sur
faces.Thisis followed by a discussioraboutgrid generatiorin section2.7,which
propose$ow the particlesystemderivedfor rectangulameshegsanbeappliedto
generalshapes.In section2.8 we presentxperimentsn which the implemented
particle systemis comparedo analyticalcontinuummechanicssolutionsandthe
predictedapproximationpropertiesare verified. This sectionis followed by the
final conclusions.
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2.1 A Classificationof Deformable Models

In literaturemary modelsfor the animationof deformableobjectshave beenpro-
posed. In this sectionwe will classifythesemodels. They are either basedon
continuummechanic®r on somediscretemechanismThe modelscompriseelas-
tic forces,which presere the deformationenepy, viscousforces,which dissipate
the deformationenegy, plasticforces,which changethe materialpropertiesrre-
versibly whena certainstrainis exceededandfracture. Most deformableobject
animationgocuson elasticity whereaglasticityandfracturearewidely neglected
or treatedby specialisedilgorithms[OH99].

2.1.1 Continuum Models

Continuummechanicds the standardtheory to describeand model deformable
objects,and the following elaborationsare basedon several text books[Bra97,
Cia92 LL89, SK95].

Thebasicquantitiesof continuummechanicarestrain, whichis adimension-
lessdeformationnotedby e, andstress which is a force perlengthfor surfacesor
perareafor volumesandis denotedy o. Theseguantitiesarecoupledby Hooke's
law:

o =Ce

In the caseof a one-dimensionaspring,all theseentitiesarescalarsandC' is the
spring constant. The strain of this springis its elongationper length, while the
stresss the springforce. In the caseof surfacesor volumes theseentitiesareten-
sors,andC comprisesll materialproperties.

Surfacesaremorecomplicatedhanaone-dimensionadpring,andthedescrip-
tion of strainis moreinvolved. Textiles canbedescribedasregularsurfacesin the
sensef differentialgeometrye.g.[DoC7€]). Thedeformatiorof aregularsurface
embeddedn IR? is describedy Greens straintensomwith respecto a certainun-
deformedstate.In this equilibrium state denotedby r, the objectis not deformed,
andtheelasticenegy is zero.Let r be parametrisedveradomainU x V. Under
forcesthe reststatedeformsto a states(u, v). The displacements a mappingd
definedby d(u,v) = s(u,v) — r(u,v) asdepictedn figure2.1.

Thedifferenceof thefirst fundamentaforms I, andI, of thecurrentstateand
the equilibrium state’,. of the objectdescribeghe in-plane strain and definesa
nonlinearstraintensorKli89]

~ 1 o _ l <3u53u) <3u73v> _ l <7'u77'u) <’rua7'v>
G = 2(-[5 Ir) - 2 ( <3u;3v> <3v;31)> > 2 ( <Tu7r'u> <Tv7Tv) >

For planarsurfaces,the deformationis defineduniquely by the differenceof the
metricsof thesestates.For arbitrarysurfacesin 3D cunaturehasto betakeninto
accountaswell.
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Commonly the reststateis assumedo be the identity mapping. This yields
Greens straintensor

G:l( (surysu) =1 (su;50) 1 )

<3u53'u) <3vasv> -

Greens tensoy unfortunately is nonlinearand yields fourth ordertermsin the

—_—8.

/7
ey

Figure2.1: Thereferenceonfigurationthereststateis parametrisetdy amapping
r onaspacel x V. By deformationd it transformsnto the deformed(strained)
configurationwhichis parametrisethy the mappings.

enegy formulation,andtheseare computationallyery costly andleadto various
numericalproblems.The implementation®f suchapproachesave turnedout to
betoo slow for interactie animation.

Linear elasticity theory suits a fast simulationmuch better It makes use of
the linear approximationof Greens tensor called Cauchys straintensor It is
obtainedby neglectingtermsof orderhigherthanonein thedisplacement in the
component®f Greens tensoy herefor two dimensions:

(SurSu) —1 = (e1 +dy,e1+dy) —
(80,8,) =1 = (eg +dy,ea+d,) —1=2(d,,er) + O(d?)
(SusSv) = (e1 +dy,es+dy)
(du,e2) + (dy, €1) + O(d?),
2.1)

where(ey, eo) is the Cartesiarbasisof IR?. Thus,Cauchys tensorcanbe written

as
. dy, 5(dy + d2)
T\ gld+dy) 4 ’
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wherethe superscriptslenotethe vectorcomponentsLinearelasticityis basedn
this linearisedstraintensorandyields much simplerformulations. In particular
it resultsin linear partial differentialequations.Theselinear equationsarewidely
usedin engineeringandlendthemselesto finite elemenformulationsvery easily

The straintensorof linear elasticity aswe have seenjs derived from Greens
straintensorby linearisationin the deformationsj.e. the displacement! (figure
2.1)is assumedo be small,andall termsof ordertwo or higherin d areneglected
in the straintensor For this reasorthis lineartheoryis not appropriatdor highly
flexible objects.It only appliesto smalldisplacementdt is thereforenotinvariant
underrotationsand leadsto unphysicalbehaiour if the objector a part of it is
rotated. As animatedsurfacescanbendstrongly the displacementb®ecomevery
large, althoughthe deformationsareonly small.

In the following sectionwe will seethat a linearisationsimilar to the above
thatled to Cauchys straintensorcanbe usedto derve a particlesystemfor rapid
simulations.

Sofar, we only have dealtwith the descriptionof strain. In linear elasticity
alsothe relationbetweenthe stresstensoro andstraine is assumedo be linear,
andthedependencis givenby theelastictensorC'. Thisis formulatedby Hooke’s
law:

oij = Cijkl €kt (2.2)

C is asymmetricrank-4tensorcontainingthematerialpropertiesHere,symmetry
meansCj;x; = Cyii; aswell asCjj = Cjip. If we useGreens tensorinsteadof

Cauchystensorandalinearstrain-stresselationis assumedswell, this modelis

calleda Vernant-Kirchhdf material.lt is applicableto smallstrainandis invariant
underrotations.Unfortunately Greens tensoris too costlyfor cloth animationap-

plicationswith implicit time integration.

Finally, the equationof motionof a continuouselasticmaterialis

0?s
P o2
wherep is the massdensity and the divergenceof the stresso yields the force
densitydueto theinterior enegy of the elasticobject. f denotesanexternalforce
density (e.g. the gravity force densitypg). Equ. (2.3) is a partial differential
equation(PDE) that hasto be solved over the parametedomainandtime. A
standardorocedurds to semidiscretizéhe systemin spacewith finite differences
orfinite elementsThisreducegshePDEto anordinarydifferentialequationODE)
thatcanbe solvedby ary suitableintegrationmethod.

—dive = f, (2.3)

ProposedModels

In spiteof the describedshortcoming®f linear elasticity for someapplicationsn
computeranimationlinear elasticityis used. Cotin et al. [CDA99], for instance,
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adoptthefinite elementmethodfor linear elasticityto derive atensormassmodel
for virtual suigery In this modelthe global stiffnessmatrix is madelocal, such
thattopologicalchangesiueto cutting canbe handled. Physically this modelis
equialentto linearelasticity

As earlyasin 1988TerzopoulosandFleische{ TF88] usea nonlinearcontin-
uum formulationin orderto animatesurfaces. In their primal modelthey define
theelasticenegy by

2

Z wilj(IS(uvv) - I’I‘(”;“))?jdud’u.
ij=1

Thatis, theenegy is computedby integratingover thesumof all squareccompo-
nentsof the straintensor TheweightSwilj areusedto vary thematerialproperties
andcorrespondo elasticconstantsThis nonlinearmodelis thensemi-discretized
by finite differencesandafterwardssolvedin time. As thefirst fundamentaform
is not sufficient for determiningthe shapeof a surface, TerzopoulosandFleischer
give thesecondundamentaformsa similar treatmentandadd

2
3w} (I, (u,v) — 1T, (u,v))2;dudy
2,j=1

to the elasticenengy.

In this earlywork alreadyadvancecdeffectslik e plasticityandfracturearemod-
elled. For instancejt incorporateslip units, theideal plasticunit, which changes
its elasticconstantsvhena certainthresholdof strainis exceededFracturds mod-
elledby settingweightsto zero,whena certainstresss exceeded.

Eischenet al. [EDC96] model clothesaccuratelyby nonlinearshell theory
In orderto solve theresultingnonlinearPDE's, the systemis discretizedby finite
elementsand Newton’s methodis usedto computean equilibrium solution. In
this processseveral numericalproblemdlik e forking pointsoccur Obviously; this
methodhasnot beendevelopedfor animation,but it seneswell asa reference
solutionthatanimationsystemsanbe comparedvith.

2.1.2 DiscreteModels

Sincethe continuousmodelsfrom classicaphysicsareeithernot suitableor com-
putationallyexpensve, variousotherapproachefave beenproposedo modelde-
formableobjectsin computeranimation.

All theseapproachestartoutwith agrid or meshof particles.Then,forceson
eachparticlearecomputeddependingon its positionandthe positionsof a setof
particleswithin its topologicalneighbourhood Whenthe function F computing
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the forceshasbeendeterminedNewton’s equationof motion governsthe move-
mentof the particles. Thetrajectoryof eachparticlewith massm; at positionz; is
computedby

d’z;
Cde?
Herez denoteghevectorcontainingall particlepositions.Notethat,sinceparticle
systemalreadyrepresent discretizationn spacepnly a systemof ordinarydif-
ferentialequationshasto be solved. The systemsresentedn literaturediffer by
their methodsf computingtheforces.

Comparingthe continuousequ. (2.3) to Newton’s law (2.4) shavs that all

continuousguantitiesaresimply replacedwith their correspondingliscretecoun-
terpartsandtheterm F' in Newton’s law comprisegheinternalandexternalforces.

F(z)=m; (2.4)

Uncoupledpatrticle systems

First introducedinto computergraphicsby Reeres [Ree83 to model fuzzy ob-
jects,a particlesystemis a numberof particleswith someforcesactingon them.
Desbrunand Cani-Gascue|DG96] emplg this ideato modelvery inelasticob-
jects. They adoptthe notion of SmoothedParticle Hydrodynamicg SPH),which
hasbeendevelopedfor computationafluid mechanicsto computeranimation.in
SPHasmoothingkernelgiveseachparticlea spatialmassdistribution.
Becausehereis no topology defining the structureof the object, the mate-
rial canundego arbitrarily large deformations. Theseuncoupledsystemshave
the disadwantagethat they are computationallynore expensve thancoupledsys-
tems,becauseachparticlecaninteractwith ary otherparticle.In practice,search
structuresareusedto locatenearbyparticles(DesbrurandCani-Gascuelisevoxel
grids). Neverthelessthe benefitof sparsematriceswhich aredueto the factthat
a particleonly interactswith a smallsetof neighboursis lost (cf. chapter3). For
surfacesthetwo-dimensionaktructurecannotbe presered by this approach.

Mass-Spring Systems

In mass-springystems particle interactionis solely modelledby linear springs.
Previously they wereusedto modeldeformablesolids[BMG99, BC00, KCMO00],
for facial animation[KHSO01], and textiles [Pro95 HPH96]. A first theoretical
analysisof triangularmass-springystemsanbefoundin anarticleby vanGelder
[V G98], who shaws thatit is not possibleto modelanisotropicmaterialby a tri-
angularspringmesh.

Provot [Pro9§ proposesa mass-springystemfor textiles and usesa rectan-
gular meshin which the particlesare connectedy structuralspringsto counter
acttension,diagonalspringsfor shearingandinterleariing springsfor bendingas
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Figure2.2: Provot’'s mass-springystemwith (0) tensionsprings(1) shearsprings,
and(2) bendingsprings,Picture by SalaswatiVenkatam

shavn in figure 2.2. Obviously, thereis a stronginterdependenceetweernthe dif-
ferentkinds of springsleadingto nonlineay uncontrolledeffects. The diagonal
shearsprings,for instancealsoleadto additionaltensionandtrans\ersalcontrac-
tion.

Provot's mass-springystemis frequentlyusedwhena very simple modelis
sufiicientandthe conseration of materialpropertiess notrequired.

Coupled Particle Systems

Breenet al. [BHW94] werethe first to emplg particle systemsfor cloth mod-
elling. Thesesystemsextendthe conceptof mass-springystemswhich only in-
corporateextensionallinear springforceshy arbitraryforcesthatacton a certain
setof adjacentarticles. A particle systemdiscretizeghe objectby a setof par
ticles, andthereare permanentinks that connecteachparticleto its neighbours.
Thus,the particle systemhasa constantopologythat definesthe structureof the
deformableobject. Hence,particle systemsare representedby a meshwith this
topologyandthe particlesasits vertices.Thereareinterior elasticenegiesdueto
tension bendingandshearingn theobject. They arecomputedrom thedistances
betweerlinked particles(lengthsof the edgesf the mesh)andthe anglesbetween
theedgesadjacento apatrticle.

Breenet al. [BHW94] use potentialfunctionsfor tension,bend, and shear
enegy to computean equilibrium statefor the surface. Eberhardetal. [EWS96]
emplogy similar enegy functionsandextendthework on particlesystemdor cloth
animation.Their tensionenegy is evaluatedfor eachparticleanddependon the
four neighboursof that particlein a rectangularmmesh. The tensionenegy of a
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particleat positionzy is

E= Z{ %Ctm'(HﬂUo — il = li — ht1,z’)3 if [lzo — ail| >

1 (2.5)
im1 U 3Cn,i(llzo — mll —li — hepq)® i |lzo — zll <1

wherel; aretherestlengthsbetweerparticlesandC ; andh; ; arematerialparam-
eters.Theenegy is computedrom astrain(||zo — z;|| — {;), andthe strain-stress
relationis modelledpiecavise cubicor quintic (cf. section2.1.3).If weintroducea
linearstrain-stresselationshipby replacingtheexponentswith 2 andseth; ; := 0,
we getlinearspringenegies. The shearenegy is modelledas

1 7r
E,=)" ~Cali = - hs.i)? (2.6)
i=1
andthebendenepgy as
2 1
By=Y SO —m— hpi)?. (2.7)

i=1
Here C,, Cy and h,;, hy; arethe materialconstants. Theseenegies implement
hingesfunctioninglike springsthatlinearly dependon the shearangle¢ andthe
bendangle, respectrely. Thesearethe anglesformedby theincidentedgesas
depictedn figure2.3.
Furthermore kinetic enegy is includedto computedynamic animationsof

clothesby meanf the Lagrangdormalism.For thecomputatiorof the Lagrange
functionandoptimisationthe computeralgebrasystemMapleis used EW97].

EischerandBigliani [EBO(] take adifferentapproachn constructingheirpar
ticle system.Insteadof modellingmechanism#n atextile, they try to matchtheir
particle systemwith a continuousmodel. All forcesare constructedy compari-
sonwith alinearcontinuouanodel.In particular they usethe materialparameters
from elasticitytheoryto allow comparisonsvith acontinuougeferencenodel. Af-
termanuallyadjustingtuningparameters theexperimentsgoodresultsfor small
deformationsare obtainedwhenthe particle systemis comparedwith the nonlin-
earshelltheorymodel. Neverthelesswithout a suitablediscretizatiormethodthe
particlesystemcannotbe expectedo matchthe continuousmodelwithout manual
tuning. Laterin this chaptemwve will shav how a spatialsemi-discretizatiomllows
usto matcha particlesystemwith a continuummodeldirectly.

Baraf andWitkin [BW98] presenta fastmodelfor the animationof clothes.
They give a physicalformulationin termsof constraintgatherthanforcesor en-
emgies. A constraintis a vectorial condition C'(z) thatis zeroin a statewithout
enegy. FromaconstraintC' anenegy

1
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Figure2.3: Shearandbendenegy in a particlesystem.Picture by Eberhadt and
Weber
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canbederived. The stress-straimelationis modelledto be linear The material
constantsare not obtainedfrom experimentaldata. Furthermoregxplicit viscous

forcesaremodelled:
oC dC

FdlSS - 3_.72 : E

Baraf andWitkin usetrianglemeshego allow a simpleandflexible modellingof
clothes.The constrainton thesemeshesareformulatedin termsof partial deriva-
tivesalongtheedges.Let s(u,v) bethe deformablesurface. The parametrisation
is given by the planar undeformedstateof the triangle, in which eachvertex is
describedy theplanarcoordinatesu;, v;). Thetwo edgef thistrianglesharing
avertex areconsideredaspartialderivatives s,, ands,. The partialderivativesfor
adeformedrianglewith verticesat g, z1, zo arecomputedrom

Uy —Up U2 — Up
V1 — Vg V2 — Y )

(o120 s2—s0) = (s 50) (
Althoughthe authorsdo not stateit, thesearefinite differenceapproximationsof

thedirectionalderivativesalongthe edges.They areusedto defineconstraintfor
stretch,bend,andshearforces. The stretchconstraintsaregiven for eachtriangle

by
cw-a(f471)
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ThetriangleareaA scaleghestretchforces.Theseconstraintdeadto linearspring
forcesaswe will seelaterin this chapter The shearconstraintsare given by the
scalamproductof a pair of edges

C(z) = (5u; Sv)-

Thisis usedasa smallangleapproximatiorof theshearangle/(s,, s, ). Thebend
constrainsimply measurethe angleof the normalsof eachpair of adjacenfaces.
As this anglecanberelatedto the surfacecurvature the bendforcesarecurvature
dependent.

Whentransferredo quadrilateraimeshesthe forcesderived from thesecon-
straintsshaw strongsimilarity to thoseof the previous particlesystems Although
finite differencesrecomputedphysicalquantitiescannotbeassignedo themaodel,
asthey dependon the meshtopology The numberof constraintsactingon a par
ticle dependsn the numberof incidentedges.Furthermorethe directionof the
deriativesis arbitraryasit depend®n the directionof the incidentedges.Since
no methodis suggestedo compensatéor the arbitrarytriangletopology stretch,
shearandtransersecontractioraremixedin anuncontrolledway, aswill become
clearin the remainderof this chapter Neverthelessthe proposedoarticle system
producesorvincing cloth animationsandseneswell for this purpose.

ExtendedParticle Systems

The conceptof particle systemscanbe generalisedurther In a triangularmesh
thedeformatiornof eachfaceis uniquelydeterminedy the elongatiorof its edges.
Forcesactingon eachof its particlescan be formulateddependingonly on these
(vectorial) elongations. This resultsin a particle systemin which the forceson
oneparticledo not only dependon adjacenedgeshut alsoon the oppositeedges.
Thecoeficientsof thesedependenciearethe materialconstantsVolino [VMT97]
describesucha modelfor textiles to reducethe trans\ersalcontractionin simple
mass-springystems.

Diasetal. [DGR00] usethe sameideain the contet of linearelasticity The
strainof adeformedrianglefaceis measure@longits edges Fromtheedgeelon-
gations the strainsin the principal straindirectionsarecomputed.Then,Hooke’s
law (2.2) is appliedto computethe principal stressesThe stresse®n eachedge
areappliedasforcesto thetriangleverticessuchthata particlesystemis obtained.
However, this work fails to describea propermethodfor spatialdiscretization.

Consideringthat a triangularelementcanapply arbitrary forcesonto eachof
its nodes,it is not differentfrom a finite element. Gross[GBO01] exploits this to
computethe material coeficients in this generalisedparticle system. He fits a
triangleof the meshwith atriangleof afinite elementiscretizatiorthathasbeen
obtainedfrom a linear continuummechanicequation. This way, arbitrarylinear
elasticmaterialscanbe modelled.
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Problemsin Particle SystemModelling

Until now therehave beensomeopenproblemsn particlesystenmodelling. First,
sinceall of themaimto describerealworld materials naturallythe questiorarises
whatthe fundamentabifferencesareandhow elasticenegiesin themhave to be
modelledto describereasonablyan elasticsurface. Second,howv do thesesys-
temsscalewhenthediscretizations changedhediscretesystemswidely fail to
indicatehow the forcesare scaledwhen switchingto a differentresolution. The
propertiesof the modelledobjectshouldremaininvariantundergrid refinement.

Whenlooking at the grids of the discretesystemsandthe edgesbetweenthe
particles,it resemblesa spacediscretizationof a PDE. The edgescan be repre-
sentedby differencevectorswhich appearto be finite differenceoperatorsand
thediscretesystemsuggest comparisorwith finite differencediscretizatiorof a
PDE.

Theseproblemsmotivatethe following elaborations.The objective will beto
establishalink betweerparticlesystemsandcontinuummechanicsWewill derive
a particle systemfrom a continuousformulation by discretizationby meansof
finite differencedo achieve a soundtransitionfrom onelevel of the discretization
to anotherandto approximatecontinuummechanicsnodels.

2.1.3 Textile Material Properties

Unfortunately textile materialsbehae highly nonlinearly andapproximationgo
thesenonlinearpropertieshave beenan issuein computeranimation. Another
characteristipropertyof textiles is orthotropy. Orthotropicmaterialsposses$wo
orthogonalsymmetryaxesin continuummechanics.This reduceghe numberof
freeelasticmaterialconstantgentriesin the elastictensor)to four for in-planede-
formations. The axesor directionsare calledweft andwarp directionsfor woven
textiles. The textiles shawv very different physicalbehaiour in thesedirections,
andthis characterisethe materials.Therefore materialmeasurementarecarried
outfor thetwo directionsindependently

Breenet. al[BHW94] malke afirst attemptto basetheir modelson experimen-
tal datain orderto map specificmaterialpropertiesof textiles onto their particle
system. Thereis a standardise@dystemof experimentscalled Kawabatasystem
[Kaw80] for the measuremertf textile materialproperties.The modellingof ten-
sion, shear andbendenepy is basedon this Kawabatasystem,aseachof these
enepgiesis measuredy onespecificexperimentin the Kawabatastandard.These
experimentsarecarriedout for theweft andwarpdirection.

The measuredtress-straimelationis highly nonlinearin textiles and polyno-
mials are usedto approximatehe Kawabatameasurementdidowever, hysteresis
effectsdueto enegy dissipationwhich arestronglyvisible in textiles, cannotbe
modelled. Hence,no enegy is dissipatedn thatmodel,i.e. the modelis purely
elastic.
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EberhardtWeberandStraRefEWS96,EW97,EW99]extendtheclothmodel.
In particular they focuson the integrationof the obsered nonlinearstress-strain
relationin textiles andthe plastic behaiour which is obsered in the Kawabata
experiments.

They approximatehe measuredtress-straicurvesby piecevise affine func-
tions. For eachcurve they storea list of two-parametepairsC. ;, h. ; asthey al-
readyappeaiin the enegy (2.5). Oneparametepair describesan affine function
by its slopeC. ; andoffseth. ;. In the simulationonepair, i.e. oneaffine function,
is chosenaccordingto the currentstrain. Hysteresiseffectsthencanbe incorpo-
ratedby not only storingonecurve for eachmeasuremerut several curveseach
describingonebranchof themeasurethysteresisDependingonthemaximumand
minimumstrainatthatnodeor edge the systenchoose®neof the curvesandcan
switchfrom onebranchof the hysteresido another Hence this approachmodels
plasticeffects, becausdy the dependencen the maximumandminimum strain
in thematerialhistorythe changeof the parameterss not reversible.

Althoughthe Kawabatasystem(a readabledescriptioncanbe foundin anar
ticle by Greueletal. [GWZ91]) is the only standardo measurdextile properties,
this standarchassomeshortcomingsvhenemplgyed for simulation. Sincethese
measurementaere developedfor quality controlandensurancén the textile in-
dustryratherthanfor simulations sufiicientinformationcannotbe extractedfrom
the standardexperiments.In orderto simulatea material,this mustbe described
by a completeanduniquesetof parameterswhich is not provided by the Kawa-
batasystem.For instancethe systemdoesnot compriseanexperimentto measure
thetrans\ersecontractionalthoughsuchdeformationis apparentvhenatextile is
stretched.Furthermorethe viscoelasticpropertiescannotbe fully reconstructed.
For in all experimentghe probeis deformedat only oneconstantelocity. In gen-
eral,thedeformationrdepend®nthedeformationvelocity, andthegenerakelation
cannotbe reconstructedA repetitionof the experimentsat differentdeformation
velocitieswould allow to approximatehe frequeng dependenstress-straimela-
tion.

2.2 Elastic curves

Althoughour focusis on the animationof surfacescurvesareof interestbecause
they allow to studyhow achainof massesndsprings thesimplestdiscretemodel,
behaes.

In this sectionwe will shav thata one-dimensiongparticle system which is
achainof massesonnectedy linearsprings representa discretizatiorof linear
elasticityextendedto curves. Herewe aregoingto dealwith the propagatiorof a
wave alongthe curve only andassumehatthe wave is constrainedo that curve.
Forceghatcounteracbendingandtorsionarenotconsideredherebut canbeadded
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by discretizingcurvatureandtorsion.
In linear elasticity the wave propagatioralonga straightline is given by the
wave equation

(2.8)

wherek is thelongitudinalstiffnessandp themassdensity Notethatthis coincides
with the Lamé equationfor the one-dimensionatase.If we discretizethis differ-
entialequatiorby meanof finite differenceswe obtainamass-springystem(see
Kass[Kas99).

In the caseof a curved stringembeddedn athree-dimensionadpacethe sit-
uationis more complicated.To obtaina continuumequationfor the mass-spring
systemwe considera chainof springswith equallength/ andlet the lengthsap-
proachzero.

The curve will be denotedas z(u) with sampledpoints z; = z(u;), and
Az is the backward differenceoperatorappliedto the curve definedby A;z =
x; — x;_1. Forthefollowing derivationswe needsomecurvaturepropertieswhich
arecomputedrom the arc-lengthparametrisatioof z. Thearc-lengthis denoted
ass = s(u), t; denoteghe unit tangentvector (tangentvectorof the arc-length
parametrised¢urwe) atu;, n; thenormalvectorandx; the cunature. Thesequan-
tities arelinked by Fresnes equations

dz(s)
ds
dit(s
ds

~—

Thespringforce F; actingbetweerparticlesat positionz; 1 andz; is

k Ti — Ti1
F = Z T |y AT Tt
{ I (H‘T’L Ty 1“ ) ||~'If'z — xi—l”
k Tj — Ti—1
= Z(mi—miq) — k—— L 2.9
S R P 29
LAl ]

Welet! corvergeto 0 to obtaindifferentialoperators:

- [d:vd(:ji) B ti]

This shaws thatthe stresss, given asa scalarfield alongthe curve, only depends
ontheparameterisationf the curwe:
dz(u)

o(u) = £[Fll =k (1=~ - 1), (2.10)
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because‘% andt(u) arecollinear Fromthis the force densityalongthe curve
canbederived: Therearetwo springsattachedo particlei exerting a combined
force F; 1 —F; onthis particle.Thisforcescaleoby% canbeinterpretechsdiscrete
approximatiorof theforcedensity‘é—i atz(u;):

gy B =B
du 1—0 l
d
= |2 Ain(®)
1—0 l

- <% - %K(u) -n(u))

With theseforce densitieswe can write the generalisecbne-dimensionalvave
equationwhichis modelledby a chainof springs,as

A’z ds 0%z
k [W - %ka(u) n(u)] =Pga (2.12)

If thecurweis astraightline, thecunvaturevanishestheforcesareproportional
to the secondderiative (or Laplacian),andequ. (2.11) reducego the standard
wave equation(2.8). For an arbitrary curve we measurethe differencebetween
the parametrisedurve andits correspondin@rc-lengthparametrised¢urve. As a
resultwe have obtaineda continuoudormulationthatdescribeshe behaiour of a
chainof massesndsprings.It generaliseshe wave equation(2.8)to anarbitrary
cunwe, andthe parameterisationf this curve measuresghestrain.

2.3 Elastic Surfaces

In this sectionwe will extendthe continuousmodelto surfaces.By linearisation
amodifiedstrainandstressensorwill be derived. Thesetensorsarepluggedinto
the equationof motion of continuousobjectsandyield forcesfor a resolutionin-
dependenparticlesystem.

2.3.1 Approximation of the Strain Tensor

Mostdiscretesystemsave the propertythatdifferentkindsof forcesaremodelled
independentlyi.e. shearingis modelledwithout taking tensioninto account. In

orderto separatéensionfrom sheardeformationwe definea local reststater at
eachpoint s(u, v) suchthatits local frame(r,, r,,) is normalisedandalignedwith

thedistortedframe sy, s,):

s(u,v) = r(a(u),b(v)), au = [[sull, by = ||sy|] (2.12)

a andb arethe arc lengthsof the isoparametricurves (notethat they only need
to bedefinedup to anintegrationconstant).This shearedestframeis anapprox-
imation to the orthonormalrestframe usedto derive the Cauchys straintensor
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However, thereis no obvious choicefor alocal orthonormalframe,which is con-
tinuousonthesurface,andthereforeheshearedneis used.Now, thestraintensor
canbewritten asfollows:

1 az —1 Ay by (T )
= ’ 2.1
¢ 2 ( Ay by (T, To) b2 —1 (2.13)

We aregoing to approximateGreens straintensor(2.13) suchthat this formula-
tion of the strainyields a particle system.The approximatedstraintensorwill be
denotedoy e.

Tension We startby approximatingthe diagonalcomponentss;; of the strain
tensorfirst. They areapproximatedsuchthatthey only representa straindueto
tension. At ary point of the objectwe have to definea reststatewith respectto
which the straintensorcanbe linearised. The naturalbasisof the tangentplane
(tangentspacefor volumes)is given by (s, s,). Normalisingthis basisyields
(ru, ), Whichis definedto be our local reststate. This reststater is constructed
suchthat the deformedstatedoesnot containary shearstrainwith respecto r.
For the linearisationwe exploit s(u,v) = r(u,v) + d(u,v) (cf. figure2.1)and
neglecthigherordertermsof deformationdervativesd,, andd,, analogouslyo the
linearisationg2.1). For thediagonaltermswe obtain

G = (<Tu+duaTu+du> - 1)

) +

1
2
= (ru,du
(ru, du) + O(dy).
Hence thelinearisedstrainin thedirectionof r,, is givenby
€11 = (Su — TusTu) = ||Su]] — 1, (2.14)

because, ands, arecollinear Analogouslyin thedirectionof r, they aregiven

by
€29 — ||Sv|| —1. (2.15)

Notethate;; andegs areexactlytheconstraintghatBaraf andWitkin [BW98] use
to modelstretchforces.

Shearing The off-diagonalcomponentsaccountfor shearingeffects. They are
givenby
1 1

Gig = Go1 = §<3m311) = iaubv@"u,""z))- (216)

Thereis no naturallocal reststatesuchthate; o couldbelinearisedwith respecto
this reststate. The basis(r,, r,) cannotbe usedbecausehis basisdescribeghe
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shearedstate. Therefore we sete1o = G12. In the next chaptemwe will shav that
this nonlineartermdoesnotimpedean efficient numericalsolution.

€12 IS closelyrelatedto thetermsdescribingshearingn otherparticlesystems
[BHW94, EWS96,BW98], in which anaverageof theanglesformedby theedges
adjacento oneparticleis usedto measurghe shearstrain. Thisis a finite differ-
enceapproximatiorof arccos(ry, ).

Summarisingthe straintensorof this particlesystemss

[sull =1 l<3m3v>
e—( ) 23 H_l). (2.17)

<31u Sy ||

2.3.2 StressTensorand Material Constants

The strain computedby the straintensorgivesrise to elasticforcesand leadsto
stresontheboundary For surfaces stresgs theforceperunit lengthonthe object
boundary In the model consideredstressand strainare assumedo be linearly
relatedandthey arelinkedby theelastictensorC' andHooke’slaw (2.2). In particle
systemghe materialconstantaregivenby thetension(spring)constantsn » and
v direction, k; and k9, andthe shearmodulusu. Theseconstantsdbecomethe
component®f the elastictensor:

1
Ciiii = ki, Cijij = Cjizj = 2

andall othercomponentsrezeroat this point. Hencethe stresss givenby

Bt FJ

o = ki-eu,
022 = ko€,
1
o1z = G- (2.18)

2.3.3 Derivation of a Particle System

Theequationof motion(2.3) for continuougmaterialshasalreadybeenintroduced
in section2.1. 1 WewiII discetizethis PDEin orderto obtaina particlesystem.
Theterm ,08752 is discretizedusinga discretemassdensity p(z;;) thatis only

definedon a grid of masspoints (particles). In equ. (2.3) theterm pﬁ thenis

replacedby pﬂl the vector of acceleration®f the particles. This methodis
calledmass- IumpmdBatBZ andis a standardproceduran animationto simplify
equationsthat would be too comple for animationapplicationsotherwise(e.g.
[DCAOQO, TF88]). Also the externalforce densitiesf arediscretizedio obtainan
externalforce f;; for eachgrid point.
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In orderto derive the interior forcesper area(per volumein 3D) thatappear
in equ. (2.3), the divergenceof the stresstensorhasto be computed. The diver-
genceof thetensoro;; is definedaszj &%ﬁei, whereeg; is thei-th Cartesiarbasis
vector As the deformedsurface hasthe local basis(r,, ), this basisreplaces
the Cartesiarbasisin the computationof the divergence. Thenthe divergenceis
replacedby anapproximatiorof the divemgence becausé¢he coordinatesystemis
not orthogonal. Therefore the approximatedlivergencewill be denotedwith the
subscripty indicatingthe dependencen the shearangley = arccos(ry, r,):

8011 (90'12 80'21 (90'22

ou " ou T Ov v ov v
Thisinduceserrortermswhich are(in the lowestorder)linearin the shearangleif
s is orthogonaln theequilibriumstate.Howeverthis erroronly shavs, whenthere
is a superimposedbngitudinaldeformationin the correspondinglirection. Since
both shearandstretchareproportionalto the appliedforces,the resultingerroris
quadratidn the forcesandthusdoesnot take effectin thelow deformationlimit.

For thediagonalcomponentsthefinite differencediscretizatioryields exactly

thefour springforces(tension)actingonasingleparticleat positions(u;, v;). This
will be shavn herefor the u-directionby replacingthe differentialoperatorswith
differenceoperatorstepby step.For simplicity, it isassumedhatall restdistances
betweerthe grid points (particles)z;; areequalanddenotedby /. The forcesat
a given point s(u;,v;) areobtainedby deriation of the stresscomponentswvith
respecto thetransformedcoordinatesystem:

(2.19)

div,o =

do11 —k 3611| ( ) )
ou Ty =R1 u (ugi,v5) Tu\Uq, Uy

1 T 1,,7w,,, w',‘*w'fl,'
g L [(II i+15—igll 1) B (II BTl 1>] ru +O(0)
l l l

lzit1,i—Zijll=l  Zit1,j—i;
l2

—ky -

lzit1,5—i5]]

k- lzij—zi-1,il=1  @ij—Ti-1,; + o) (2.20)

12 llzi,j —@i—1,5]]

In eachline onecontinuoudermis replacedvith afinite differenceapproximation
emplo/ing equationg2.14)and(2.15). Thus,we have derivedlinearspringforces
asin theone-dimensionatase(cf. equ.(2.9)).

We canconcludethatthetransformedasisleadsto tensionforcesthatdepend
ontheshearangley by theapproximatedlivergencediv,,. In contrasto theclassi-
calmodel,we do not have orthogonakoordinatesn general An exampleis given
in figure 2.4, wherer,, is alignedwith the x-axis andthe tensionforcein thatdi-
rectionis Fi + cos(y) - Fy, i.e. theforcedensityin directionr, alsocontritutesto
theforce densityin ther,-direction.

Thesheattermoys is approximatedy p(s,, s,). Thefinite differenceapprox-



24 Two-dimensionaDeformableModels

Figure2.4: Tensionforcesarecomputedvith respecto areststater thatis sheared
asthe currentdeformedstate

imationyields
19 = 4%2((.”1:,4_1,]' — «Ti—l,j)a (.’L‘i,j+1 - .Ti,j_l)) + 0(12). (2.21)

Analogouslyto the diagonalcomponentof the stresstensoy the corresponding
forceterms%ru and ag%n, in equ. (2.19)arecomputed.Theimplementation
of theresultingforcesis presentedhn section2.5.

Figure2.5: A stretchedbjectwith (left) andwithout (right) transersecontraction

In cloth simulation systemsthat are basedon experimentaldata [BHW94,
EWS96]transersecontractiorhasnotbeenmodelledbecausét is notincludedin
the standardmaterialspecificatiofKaw80]. Neverthelessiransersecontraction
is apparentn textiles, andby our continuummechanicsapproacht caneasilybe
includedin themodel. Sofar our elastictensordoesnot have ary honzeracompo-
nentsCj;;5,% # j. Hence,only materialswith Poissorratio v = 0 aremodelled
(cf. figure 2.5). This shortcomingcanbe correctedn two ways:

1. Diagonalspringscanbe inserted. They arerelatedto the strainin the di-
rectionr, + r,. Unfortunately thesetermsintroducea coupling between



2.3ElasticSurfaces 25

tensionandtranswerseforces. Thus,the identificationof springstiffnesses
with elasticmoduliis nottrivial.

2. Transwersecontractionis modelledby derving forcesfrom anelastictensor
with off-diagonalentries.If theentry C1129 = Ca911 in the elastictensoris
notzero,we have

011 = Chr€nn + Crigere,
o092 = Cago0€22 + Cli22€11- (2.22)

This meanswe introduceadditionalforcesC 22 262, andCy20 %ir, ac-
cordingto equ.(2.19)to implementtransersecontractiondirectly.

In atriangularparticlesystemfor instancethe oneby Baraf andWitkin [BW98],
thephysicalpropertieslo notonly dependnthe materialconstantdut alsoonthe
meshtopology Fromequ.(2.19)it canbeseerthatstronglynonorthogonabngles
leadto edgeshatcombinetensionandtrans\ersecontraction.As a consequence,
triangularsystemsaisuallyshav too large trans\ersecontraction.

2.3.4 Comparison

We have seerthatwe canderive forcesandconstraintshatwereusedn thevarious
discretesystems Hence thesediscretesystemgepresena semi-discretizatiormof
the continuumequation(2.3),i.e. the equationis discretizedonly in spacebut not
in time. Thetime discretizatiorhasyet to be carriedout by a solver for ordinary
differentialequationandwill betreatedn chapter3.

One might wonderwhy thereis a scalingfactor l%, in equ. (2.20) and equ.
(2.21),but no suchfactorappearsn the discretesystemsln discretesystemshat
directly employ Newton’s law (2.4) ratherthanthe continuumversion(2.3), the
massesarescaledwvhenwe changehediscretizationwhereasn thediscretization
of thecontinuumequation(2.3)the strainis scalecbythefactorliz. However, both
scalingsareequialent. To seethis, considera quadraticpatchwith N2 particles,
massM, andconstantnassdensity Thenthemassof asingleparticleis m; = %
If we now usetheresolutions - N in eachdirection,we have (s - N)? particleswith
massesn; = r;xy7. Onthe otherhandwe have (L1)2 = s?3 in the continuous
case(2.3). Thuswe seethatboth formulationsleacf to the samescalingfactor s?
whenwe switchto a differentresolution.Notethata refinemenbf the discretiza-
tion makesthe numericaltreatmentharderbecausehe stiffnessof the systemis
increasedcf. chapter3).

The major differencebetweenthe particle systemsandlinear continuumme-
chanicsis the underlyingreferencerame. The basis(r,,, r,) is not orthogonalin
generalwhenwetake derivativeswith respecto thisbasis forcesareobtainedhat
arenot perpendicularwhereaghe continuummechanicequationis not explicitly
dependenbntheshearangle.
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2.3.5 BendingForces

As two-dimensionabbjectsembeddedn three-dimensionaspaceare modelled,
we have to introducebendingforcesinto our model. All particle systemsso far
modelbendingenegy dependingpn somecunaturepropertiesof the surface.

Breenetal. [BHW94] andEberhardet al. [EWS96]derive enegiesfrom the
angleof two consecutie edgesn eachisoparametrialirection(correspondingo
weft andwarpin textiles). This angleis a measuref the cunatureof anisopara-
metric curve in the respectre direction (Baraf and Witkin [BW98] emplo/ the
anglebetweemormalsof adjacenpatchedecausehey usetrianglemeshes)But
the actualcorrespondencbetweenangleand curvature hasto be reconstructed.
Terzopoulosand Fleischer[ TF88] incorporatethe secondfundamentaform into
theirenegy term.

A surfaceis uniquelydefinedby its first andsecondundamentaform. While
tensionandshearingorcescouldbederivedfrom thefirst fundamentaform, bend-
ing forceshave to be derived from the secondfundamentaform, which contains
the curvaturepropertieof thesurface.lt is givenby thefollowing matrix:

m=( ey e )=(5 1) e

whereN is the unit surfacenormal. 11, is usedasthe curvaturestraintensor(if
the rest stateis not planarwe have to useII; — II,). Any force counteracting
cunaturemustactin thedirectionof the surfacenormal. Interpretingthe diagonal
componentslirectly asstresson the surface,i.e. force perareain the the surface
normaldirection,we derive force densities

F =Bje- N+ Bsg- N. (2.24)

B, and By arethe elasticmaterialconstantscalled bendingmoduli, for the re-
spectve directions.Thesearetheforcesdueto themembranenegy of thesurface
projectedontothenormaldirection. Theforceis givenby thevariationaldervative
of theenegy:

1
F = §<N,3/3183 + st%dudv) = (N, B1Syy + BaSyy)- (2.25)

With thefinite differenceapproximatiorof the differentialoperatordor constant

Tit1,j — 2Ti5 + Ti—15
Suu = L lzz’J 1 +O(l)
s = THZS T o)

andthe usualvertex normalsit is straightforvard to computethe force densities
in equ. (2.24). Theseforce densitiesapply directly to the surfaceareaalongthe
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surfacenormalfield. Hence ho divergencehasto be computed. Summarisingwe
avoid thetroublesomaiseof anglesandimplementthe cunvatureasbendingstrain
in astraightforvard way.

Notethatno forcesdueto the off-diagonalentry f aremodelledbecausef is
dependenbn the diagonalentriese andg andthe first fundamentaform (Gaus-
siantheoremsee[DoC76]). Thediagonalentriese andg approximatehe normal
curvatue in thedirectionsr,,, r,, whereaghebendanglesasdefinedby equ.(2.7)
approximatethe cunatureof the isoparametriccurves. However, emplg/ing the
curvature,which is the orthogonalsum of normaland geodesiccurvature, leads
to in-planeforcesthatcounteracbothshearingandbending becausehe geodesic
cunaturecanmeasureshear

Themembranenegy actuallyonly describestresdueto the elongatiornof a
membranebut doesnot correspondo a physicalmodelof curvature. But instead
of themembranenegy in equ.(2.25),alsothethin plateenegy canbeemplo/ed.
This describeshe bendenegy of thin platesandleadsto fourth orderderiatives

1
F o= 5(N,0 / By 52, + Bas2,dudv) (2.26)
= <N7 B1 syyuu + (Bl + B?)suuvv + BQS'umm>-

The discretefourth order operatorsare computedby applying the secondorder
operatorgwice.

2.4 Energy Dissipation

In the previous sectionan elasticmodel, which conseresthe elasticenegy, has
beendeveloped. However, in every materialenegy is dissipateddueto internal
friction, i.e. viscousforcescounterthe progressof deformation. Viscousforces
producehysteresisffectsthat appearasa closedloop if the deformationis peri-
odic (this is an approximatiorbecausehe deformationhasto be assumedo last
infinitely long). Figure2.6 shavs anexampleof sucha stress-straiplot, whichis
obtainedvhenthematerialis deformedandafterwardsrelaxedat a constanveloc-
ity. Externalviscousforceslik e air resistancavill bedescribedn section2.6.

In thefollowing we will shawv how explicit viscousforcescanbederivedfrom
the strainratetensoranalogouslyto the derivation of elasticforcesfrom the strain
tensoyandwe will getanothersetof materialparametershatdescribethe viscous
propertief thedeformableobject.In thesecondsubsectiomwe will presentmem-
ory parametergsanalternatve way of implementingviscosity This approactal-
lows a straightforvard modellingof morecomple viscousmodels. For instance,
J.GroRRetal. [GEHBO0]] emplgy thesememoryparameterso implementa model
thatfits measurednaterialdatato the viscoelastianodel.
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Figure2.6: Hysteresis

2.4.1 ViscousForces

Internalfriction dependsn the relative motion of partsof the deformableobject,
thatis onthe strainrate. The strainratetensor(cf. [BWO0O]) is definedasthetime
derivative of strain,

vi; = 9 (2.27)

Explicitly, thefollowing strainratesarederived from the straincomponentgiven
by equationg2.14),(2.15),and(2.16):

V11 <SU’S’U.>
llsull

vy = w8l (2.28)
s

Vi = <éua5v>+<3u7*§v>

After discretization the diagonalcomponent®f the strainratetensorcanbe in-
terpretedeasily as the relative velocity of the particlesprojectedonto the edge
betweerthem:

(Vij — Vi1, Tij — Ti—1,5)
lzs; — 51,4l

(viyj — vij—1,Tij — Tij—1)
73,5 — @5l

Vi =

Va2

A viscousstresscanbe computedanalogousiyto equ.(2.2):
0; = Dijki Vki, (2.29)

wherethe“viscosity tensor”D hasthesamepropertiesastheelastictensorC. The
viscousstresss addedo the purely elasticstresssuchthat

0ij = Cijki €kt + Dijri Via-
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(@) (b)

Figure2.7: Kelvin-\Voigt elements

The elasticbendstrainis computedby the projectionof the secondor fourth
deriativesontothe surfacenormal. In orderto derive simpledampingterms,we
take thetime derivativesof thesespatialderivativesandprojectthemontothe sur
facenormal:

bend . bend .
=N, Suu), 107" = (N, $u)
or alternatvely

V})end = < Vgend = <N7 Sy + 5vvuu> (230)

N7 Suuuu + éuuvv)a
for the membranendthin plateenegy, respectiely. Thesestrainsleadto forces
vP9'IN in thesuriacenormaldirection.

In mostimplementationsheviscositytensorD is choserconstanandpropor
tional to theelastictensorC'. This produces materialcalleda Kelvin-Voigt solid,
the simplestviscoelasticsolid. In onedimensionit canbe modelledasa damping
dash-poparallelto aspringasshawvn in figure 2.7(a).

2.4.2 Memory Parameters

Hysteresigffectsasin figure 2.6 aredueto enegy dissipation. Whenthe material
deformsunderexternalforces,the stress-straimelationis describedoy the upper
branchof thehysteresisWhenit is release@ndcontractsagain thisrelationshigs
describedy the lower branchandthe areabetweerboth branchess proportional
to thedissipatedcenegy. The mechanicatjuality @ of a materialis definedby the
ratio of themeanenengy storedin thematerialduringonecycle andtheenengy lost.
Q is anothematerialproperty whichis zeroin purelyviscousfluids.

Althoughthe brancheof the hysteresiseemto indicatea nonlinearrelation-
ship, thisis not necessarilyrue. In linearviscoelasticityHooke’s law holdsin the
frequeng domain:
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Whentransferrednto thetime domainby theinverseFourierTransformwe obtain
—+00

o(t) = / C(t — 7)e(r)dr, (2.31)
—0o0

whereC(t) is atime dependentnodulus. This modulusis the time derivative of
therelaxationfunction R(t) of thematerial,whichis the stresgesponséo astrain
describedy unit step.

Hooke’s law canbe exploited to implementviscositywithout explicit viscous
forces. Instead,in eachtime stepan additionalterm computedrom Memorypa-
rametes is addedo theforceterms.

In equ. (2.31)the upperintegrationbordercanbe setto ¢, asthe behaiour of
thematerialcannotdependn thefuture. Moreover, thestraine(t) canbeassumed
to vanishfor t — —oco suchthatpartialintegrationof equ.(2.31)yields

+t
o(t) = / R(t — 7)é(r)dr, (2.32)

-0

The relaxationfunction of a Kelvin-Voigt elementcanbe computedanalytically
Theintegralis splitinto amemorypartanda currentpart:

tit1 t;
o(tisr) = / Rltis — 1)é(r)dr + / Rty — 1é(r)dr  (2.33)
t; —00
The memoryterm is constantand hasbeencomputedin the previous time step.
Grosset al. [GEHBO01] transformthe first term by interpolationof é(7) andsuc-
cessie integrationinto alineartermin e. In thesimplestcasejinearinterpolation,
this gives
t;
[ Bitiss = rhdr | (et - e(t) + o (8.

—0Q

1
o(t; =
(ti1) liv1 — 1
Thus,weregainamodelthatin eachtime stepsolelydependdinearly onthestrain
extendedby the memoryterm,which is constanin eachtime step. This termcan
beintegratedeasilyinto thenumericalframenork thatwill be presentedn thefol-
lowing chapter

After the introductionof Kelvin-Voigt elementdt remainsto discusshow to
modelreal world materialswith theseelements. The animationapplicationsare
mostly limited to a constanelasticandviscoustensor In applicationsvherecer
tain materialsareto bemodelledandtheir propertiesareto be presered, however,
this doesnot suffice, and a more sophisticatedsiscoelasticmodel is necessary
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Grosset al. [GEHBO1] proposea viscoelasticnodelthat easily canbe incorpo-
ratedinto the particlesystemby meansof memoryparameters.

A constant) model allows us to approximatea specifiedviscoelasticbe-
haviour. Sincetextiles shav a hysteresiswidely independenbf the frequeng,
we assume frequeng independencef @ (CQ-material).A CQ-materialcanbe
approximatedy a seriesof Kelvin-\Voigt elementsasin figure2.7(b). Thecompli-
anceS(w) (inverseof the elasticmodulus)of sucha Kelvin-\Voigt-seriess given

by
1 1 1
I 2.34
SW =112 kit (2:34)
J J

wherew; = k;/d; andk; andd; arethe elasticandviscousconstantf thej-th
Kelvin-\oigt element,and k( the constantof the single spring. The elasticand
viscousconstantshenarechosersuchthatS(w) approximateshemeasured¢om-
plianceof the materialin a leastsquaresense.The relaxationfunction of sucha
seriesof Kelvin-\Voigt elementss computedby superpositiorof singleelements.
With this relaxationfunctionthe memoryparametersanbe computedasabore.

2.5 Implementation of the Inter nal Forces

In sections2.3 and 2.4 the elasticand viscousinternalforceshave beenderived.
In theimplementatiorof the cloth modellingsystenthe elastictension shearand
bendforceshave beenincludedtogetherwith their viscouscounterparts.in this
sectionit will beelaboratedhow theseforcesareimplemented.
Notethat,again,we assumea uniform spacingwith distance for the sale of
simplicity. A generalisationo non-uniformspacingcanbe easilyachieved. F; is
theforceappliedto particlei. f is atemporarywectorto computeforces.

As hasbeenshavn, the stretchforcesareidenticalto linearsprings which can
beimplementedhsfollows:
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Algorithm 1: Stretch forces

(1) for each edge (i,j) € mesh do
Tensionforcesaccouing to equ.(2.20)

(2)  Compute f = 52 (|lz; — zyl| — ) (w; — z;)°

Addviscosityaccoding to equ.(2.27)

(3)  Add ZuE i g (2 — 25)%) to f
4) AddftoF
5) Add—ftoF,

end

In thenext chaptemwe will explainthatthecomputatiorof tensionforceshasto
be split into two partsto solve the ODE efficiently. Thereforetheimplementation
within the numericalintegrationdiffersfrom the above algorithm.

For the shearforcesthe divergenceof the shearstressasgivenby equ. (2.21)
mustbe computed.The partial derivatives % and % arecomputedoy the dif-
ferencesf 015 in two adjacengrid points.

Algorithm 2: Shear stress elements

(1) for each particle i € mesh do

2) Get left, upper, right, lower neighbours of particle i
with indices 7, k, [, m, respectively
One-sidedlifferenceson theboundary

3 if neighbour n € {j, k,1,m} does not exist

then replace with central particle n := ¢

Stresscomputatioraccoding to equ.(2.21)

(4)  Compute 0 = gz — 1, T — Tm)
Addyviscosityaccoding to equ.(2.27)

(5) Add D§12212 (<Uj — U, Tk — Tn)

+(z; — z1,v5 —vm)) 00O

Computalivemenceof shearstresswith equ. (2.19)

©)  fu= gz —x))°

(7) Jo = %(xm - xlc)o

(8) Addf,toF

(9) Add —f, to F}

(10) Add f, to Fp,

(11) Add —f,to F}

end

Thefactor% in lines(6) and(7) is neededecauseachedgeis evaluatedwice
in thealgorithm.Notethatfor nonuniformspacinghealgorithmhasto useamore
generakxpressiornto computethe shearstressn line (4):

o12 = H<wj I Rl R —a:m> +0(1?),
8 I l3 la lg
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whichyieldsadditionalforceson the centralparticle.

The algorithmfor the computationof bendingforcescomputegshe projected
membranesnegy using secondorderdervatives. The secondorderfinite differ-
enceoperatorarecomputedoy a differenceof first orderfinite differences.Thus,
thecomputatiorcanbecarriedoutanalogouslyo the computatiorof stretchforces
in the previousalgorithmfollowed by a projectionontothe surfacenormals.

Algorithm 3: Membrane bend forces

Computd_aplacian
(1) for each edge (7,j) € mesh do
(2) Compute f = Bllz’z (@i — zj).

Addviscougerm
bend

(3)  Add “Li-(v; —v;) to f.
(4) Add —fto R,
(5) Add fto R;

end

ProjectLaplacianontosurfacenormal
(6) for each particle 7 do
(7) Add <RZ, NZ>NZ to F;

end

N; denoteghe vertex normalat particle:. The elasticparametersire B1, B, and
the viscousparameterarev?$*d . In lines (1) to (5) the differencesare summed
upin thetemporaryvectorsﬂ”i. Afterwards,eachvector R; is projectedontothe
surfacenormal.

Thealternatve forcesderivedfrom thin plateenegy areimplementedik ewise.
TheBilaplacianoperatorequirestwo passes$o computethe differences.

Algorithm 4: Thin plate bend forces

Computdirst Laplacian
(1) for each edge (i,j) € mesh do
(2)  Compute f = 7 (z; — ;).
(3) Add ftoR;
(4) Add —fto R,
Viscousterm
(5)  Compute f = ;5 (v; — v;).
(6) AddftoT;
(7) Add —ftoT;
end
Computesecond.aplacian
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(8) for each edge (i,j) € mesh do
(99 Compute f = Bllf (Ri — Rj).
(10) Add fto S;

(11) Add —fto S;

(12) Compute f = ——
Addviscougerm
(13) Add ftoS;
(14) Add —-ftoS;
end
ProjectLaplacianontosurfacenormal
(15) for each particle 7 do
(16) Add <SZ, Nz>Nz to F;
end

(T; = Tj).

In lines (1) to (7), thefirst Laplacianis computedn thetemporaryectorsR;
andT;. Thesesere asinput for the computatiorof the secondLaplacianin lines
(8) to (14). Finally, in lines (15) to (16) the Bilaplacianoperatotis projectedonto
thesuriacenormals.

Most particlesystemsio notincorporaterans\ersecontractionforces.|If such
forcesarerequired,they canbeimplementediy equ. (2.22). Thefollowing algo-
rithm computegheseforcesfor eachparticle:

Algorithm 5: Transverse contraction forces

(1) for each particle i € mesh do
(2)  Get left and upper neighbours of particle i
with indices j, k, respectively
3) if left neighbour does not exist
then use right neighbour
4) if upper neighbour does not exist
then use lower neighbour
Stresscomputatioraccoding to equ.(2.22)
(5)  Compute 1 = E822(||z; — z;]| — 1)
(6)  Compute 7, = G422 (||, — ]| — 1)
Addviscosityaccoding to equ.(2.27)
(7)  Add 2342 (v; — v, (z; — 2;)%) to 7y
(8) Add %(’l}k — Vs, (.’Ek — :L‘Z)()) to ™
Computadivergenceof stress
Q) fu=m1(zj —z)°
(10)  fo = Ti(zp — m)°
(11) Add f, to F;
(12) Add —f, to F;
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(13) Add f, to Fj
(14) Add —f,to F;
end

2.6 External Forces

After we have describedhe internal elasticandviscousforcesof the deformable
object,externalforcesmustbe introduced.By externalforcesthe deformableob-
ject caninteractwith its environment. Theseforcesappeaiin the equationof mo-
tion (2.3) astheterm f. Herewe statethe mostimportantexternalforces,which
arenecessaryor textile animation.

Gravity The mostimportantpotentialforce (density)is the gravity that causes
thedrapingof clothes.It is givenby pg.

Collision Forces Thesealsoplay a fundamentarole in animationandare de-
tailedin chapted.

Otherforcesaccounfor enegy dissipation:

Friction Whena faceof the deformableobjectscollides, friction forcescoun-
teractthe movementin the tangentialdirection. Columbs friction (cf. [Vog97)
describeghefriction of a bodythat slidesover anotherbody perpendiculato the
surfacenormal N

fric = _7||fN|| "U?ana

wherethetangentvelocity canbe computedas
Vtan = U — (v, N)N.

Themagnitudeof thefriction forceonly depend®nthenormalstressfy thatcoun-
teractsthe collision force in the directionof N. This normalstresscanbe easily
computedby projectingthe forceson the colliding particlesonto N. Thefriction

forcesareappliedto eachcolliding particle. If stictionis to beimplementedcon-
straintshave to be usedto hold colliding particlesin place,until a certainthreshold
is reachedandit is switchedbackto sliding friction.

Wind and Air Resistance Wind is a complex phenomenonandwe restrictthe
wind simulationto a simple modelwhich is designedo createwind-like effects
but is by no meansphysicallyexact. A moresophisticatedvind modelfor cloth
simulationcanbefoundin anarticle by Ling [Lin0Q]. For our purposest suffices
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to implementsomewind-like effectsthatallow to sway thetextiles. We choosean
oscillatingor constantwind from a constandirection:

fwind = (a + sin(wt))w, (2.35)

wherew is awind vector w theangularvelocity, anda a constantermthatallows
for a constanwind. The wind actson the surfaceof the textile. Hence theforce
is split into a dragforce into the surfacenormaldirectionandallift forceinto the
tangentialdirections:

fresponse = Cdrag(fwind; N>N + aiift (fwind - <fwind7 N>N) (2.36)

Notethatthe expressioris independentf the surfacearea since fresponse actually
is aforcedensity

Additionally, thereis air resistancewhich canbe modelledasStoke’s friction.
It depend=n the body’s velocity and actsin a direction oppositeto the body’s
velocity. Theair resistanceherefores givenby

v
Jair = —cwa<v,N)m, (2.37)
whereN thevertex normal,o theair density andc,, aresistanceoeficient. Note
thatno shadwing effectsareimplemented.For instance a sheetis moved by the
wind if occludedby anobstacle.Accountingfor suchshadaing effect would be
too time consuming.

2.7 MeshGeneration

It is importantto notethatthe presentedinite differencederivation only holdsfor
regular quadrilateraimeshesandis only accuratefor rectangulameshes.Rect-
angularmeshesalso have the adwantagethat they correspondo the orthotropic
textiles, andthe rectanglescan be alignedwith the weft and warp directions. If
triangle meshesare used,we loosecontrol over the materialpropertiesand even
simplematerialscannotbe modelledcorrectly

For surfacestopologically equivalent to a disc the restrictionof rectangular
mesheganbe overcomeby trimmedsurfaces.A trianglemeshapproximatinghe
curvedobjectboundariexanbeinscribedinto therectangulameshasfollows: In
theplanarstate whichis equivalentto the parametrisatiorgachvertex of thetrian-
gle meshis situatedn onerectanglgneaglectingthe specialcaseghatavertex may
lie on arectangleboundary).If the rectanglés split into a left andright triangle,
the vertex positionis uniquely describedby the rectangulafaceindex, an entry
for theleft or right triangle,andits barycentriccoordinatesherein. This definesa
local coordinateframe,andwhenthe rectangulameshdeforms,the triangle ver
tex positionscanbeupdatedrom thelocal coordinatesuchthatthetrianglemesh
moveswith therectanglemesh.
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An exampleis shavn in figure 2.8, wherethe triangle meshverticesare de-
pictedasbold dots. Eachof themlies in oneof the underlyingrectanglesandcan

eitherbeassignedo theleft lower half or right upperhalf of therectangle.

D
e

N

/

Figure2.8: A trianglemeshinscribedin arectangulamesh

Unfortunately clothesarenottopologicallyequivalentto a disc,i.e. they con-
tain holes, and the trimmed surface solution is not applicable. However, most
clothescanbe assembledrom quadrilateralpatternswhich allow a regular sam-
pling. The facesgeneratedy this samplingare closeto rectanglesuchthatwe
still getafairly goodapproximatiorof thephysicalproperties An exampleof such

apatternis depictedn figure 2.9, which shavs thefront partof adress.In chapter
6 it will bedemonstratetiow anavataris clothedwith this dress.

Figure2.9: Thefront of adresspatternwith curvilinearcoordinates
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2.8 Results

Herewe presensomeresultson theaccurag of theimplementedloth modelling
system. Sincecollisions would distort the accurag, we only shav examplesin
which the textile is fixed at the edgesand doesnot collide with itself or other
objects.Our samplemodelis a squaremeshdiscretizedby anincreasinghumber
of particles.

Thesimulationsarerun until thetextile stopsmoving andanequilibriumstate
is reachedNotethatfor the equilibriumstatethe dampingconstantareirrelevant
asall velocitiesare zero. This computedequilibrium solutionis comparedo the
analytical solution of nonlinearcontinuousmodelscomputedby JoachimGrof3
[Gro0]]. In all experimentghe massdensityis setto 1%.

Experiment 1: hanging textile In this experimentthe sampleis fixed alongits
right edgeandis stretchedy the externalforce. Here,we only verify thetension
forces. The Youngs modulusis setto 104%, andthe externalforce densityis set
to 981%. In figure2.11(a) theerroris plottedfor differentresolutions.

Experiment 2: sheared textile The sampleis fixed alongoneedge,andunder
theinfluenceof a body force of 10% thetextile is shearechlongthe directionof
the constrainededgeasshavn in figure 2.10(a). We setthe Youngs modulusto
1092 andthe sheamoduleto 100X, Theerrorplot is depictedn figure2.11(b).

Experiment 3: hangingtextile with bendforces In thisexperimenttheleft and
theright edgesof thetextile areconstrainedtheleft onein all directions theright
oneonly vertically suchthatit is still freetoo move horizontally Undertheinflu-
enceof an externalforce (1.0%) this free edgewill approachthe oppositeedge
until it is stoppedby bendforcesasshavn in figure2.10(b).In this experimentthe
bendingforcesaccordingto equ. (2.26) areused,and B is setto 5%, while the
Youngs modulusis setto 106%. Theresultsaredepictedn figure2.11(c).

In all experimentsthe erroris computedirom the differencebetweenthe an-
alytic solutionandthe simulatedsolutionat the nodes(particles)of the grid nor
malisedby the numberof nodes.This erroris plottedover the resolution,i.e. the
numberof particlesin onedirection. From the resultswe seethat the simulated
solutionscorverge to the exactsolutions.

2.9 Conclusions

Deformablemodelsdevelopedin computeranimationsuchas mass-springcou-
pledparticle,andconstraintsystemdall into the samecateyory of discretemodels
for deformableobjects.We have shavn how the modelsfit into the notionof con-
tinuummechanicsA particlesystemhasbeenderivedfrom continuummechanics



2.9Conclusions 39

(@) (b)

Figure2.10: A hanginganda shearedextile

by linearisationthe choiceof alocal referencdrame,andsuccessie finite differ-
encediscretizationThis givesthesesystemgsheadwantageof rotationalinvariance
over classicallinear elasticity Therefore,they canbe appliedto highly flexible
deformableobjectslik e textiles. Thetheoreticadravbackof emplgying reference
framesthat are not orthogonalis a behaiour which dependson the local shear
angles.For moderatelylarge deformationshowever, we find this theoreticaldif-
ferencengligible andthe approximationto be suficiently accuratefor practical
applicationsn computergraphics.After we have established link betweercon-
tinuousanddiscretesystemswe canmodelmaterialsusingthe materialconstants
asin continuummechanicgo modelcontinuousmaterials.

In previous discretesystemgpresentedn computeranimation transersecon-
tractionwasnotincludedor controlled. In this chapterwe shaved how to imple-
menttheseforces.

Thederived particlesystemprovidesa simplemodelthatis well suitedfor fast
animationdecausd lendsitselfto numericakreatmengasily Surfacessmbedded
in three-dimensionapaceaequirebendingenegy thatis modelledoy meanof the
surfacenormal curvature. Viscosity canbe derived from the strainratetensoras
elasticforcesarederived from the straintensor
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Figure2.11: Theerrorplotsfor the (a) tension(b) shearand(c) bendexperiment.
Theerrorconvergesto zero,whentheresolutionis increased.



Chapter 3

An Efficient Framework for
Numerical Solutions

In the previous chaptera physicalmodelanda spatialdiscretizatiorhasbeende-
rived. This modelis givenasan ODE, andit remaingto solve thisODE in time. In
animationwe would like to make quick, largetime stepgo run simulationsrapidly.
Sincethe ODEto be solvedis stiff, explicit integrationmethodgequiresmalltime
steps,whereasn implicit integration time stepsare usually very expensve and
slow.

In this chaptera framework is developedthat speedsup time stepsin implicit
methodsandallows very rapid simulations.We usemethodsrom numericalanal-
ysisandadoptthemto our needs By specialisingrumericalmethodstheir perfor
mancecanbe improved significantly comparedo generalpurposemethods.The
solutionwill be controlledby an errortolerancethat canbe setto obtaineithera
rapidanimationor anaccuratesimulation.

The structureof this chapteris asfollows: First, somebasicnumericalback-
groundis presentedthenanimplicit-explicit Eulerintegrationscheméor particle
systemss developed,which subsequentlys extendedandimproved by higheror-
dermethodsandfully implicit schemes.

3.1 Numerical Foundations

Beforethe framavork will be developed,somestandardnethodsfrom numerical
analysisare described. More detailscanbe found in mary availabletext books
[SB00,DH91, HW96, SW92].

3.1.1 Numerical Solutionsof Initial Value Problems

Sincethe numericalsolutionof ordinarydifferentialequation§ODE) playsacen-
tral role in the animationof deformableobjects,we presenterethe generalcon-
ceptsof anumericalODE soler.
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A k-stepmethodis givenby afunction® anda schemeo computethe numerical
approximationy,, . to theexactsolutiony (¢, ):

k

Zajyn+j :hé(tnafna"'atn+k7fn+k)a (31)
3=0

fn—|—j = f(tn+jayn+j)a

whereh is the (time) stepsizeandy; is the numericalsolutionat time ¢;. The
coeficient oy is requiredto benonzero A k-stepmethodis corvergentif andonly
if

; o — 3.2
g oy o = (@)l =0, &2

where N (h) is the numberof computedpointsfor stepsize h andy(t) the exact
solution.

A methodis calledimplicit, if andonly if ® depend®n f,, .. For animplicit
methodin eachstepa systemof equationshasto be solved, becauséhe unknavn
next pointy,_ of thenumericalsolutionis neededo evaluatef,, . .

A k-stepmethodis calledlinear, if ® is linearandequ.(3.1) canbewrittenas

k k
> ynt; =Y Bifnsi- (3.3)
=0 =0

Single-stepnethodsarek-stepmethodswith £ = 1. Mostschemesarederivedby a
collocationapproachFor givennodeg; andvaluesy; theinterpolatingpolynomial
is constructedndintegrated.Thecoeficientsof theresultingpolynomialsbecome
theweightsin theintegrationscheme.

The linear single-stepmethodsare the explicit and implicit Euler methods,
which areoftenusedfor the sale of simplicity:

Yn+1 — Yn = hfn, (34)
Yn+1 — Yn = hfn+1- (35)

Themainissueof thischaptetis thestiffnessin the ODEsthatarisefrom textile
animation.Thereforewe aregoingto introducethe conceptof numericalstiffness,
althoughthereis no formal definition.

Numericalstiffnessis very muchrelatedto physicalstiffness.A stiff Hookean
springcontractsvery rapidly, whenreleasedfterelongation.A stiff linearelastic
continuousbody behaes likewise after the elongationin onedirection. Textiles
typically shav this physicalstiffness. They arevery hardto stretchand contract
rapidly afteranelongation. Physically stiffnessmeanghatthe deformationwaves
have very high frequenciesindpropagatevery rapidly throughthe material.

We canlinearisethe solutionfunctionthatdescribesuchdeformationin time
anddevelopit into its eigenbasiso obtainalinearcombinationof exponentials:

Y (t) = Asexp(—2rf;it) + O(t?)
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with very high eigenfrequencieg;, correspondingo very large negative eigen-
valuesw; = 2 f;. Physicallystiff materialsaswell asfine spatialdiscretization
usuallyleadto theoccurrencef largefrequenciesi.e. eigewvalueswith verylarge
realmodulus.

Dahlquists testequationevaluateshe behaiour of integrationmethodswith
theone-dimensiondinear ODE with a variableeigewalue A:

Y =Xy, ylto)=w, AeC. (3.6)

Thecorrectsolutionis givenby theexponentialy = exp(At)yy. If the ODE s sta-
ble (the stability of an ODE mustnot be confusedwith the stability of a numerical
solution),i.e. only haseigewalueswith a non-positve real part(Re A < 0), the
solutionis bounded.If explicit integrationschemesreappliedto equ. (3.6), the
productof the eigervalue A andthe stepsize h hasto be smallfor the numerical
solutionto be boundedwhereaghereis no suchrestrictionfor suitableimplicit
methods.

Thosemethodsthat yield boundedsolutionsfor all step sizesand eigevalues
with non-positve real part, whenappliedto Dahlquists testequation,are called
A-stable andwe will only considerA-stablemethodsassuitablesolvers.

Also from thephysicalpoint of view it canbeexplainedwhy in generakxplicit
solersfail in the caseof stiff ODEs. The velocity ¢ of the deformationwaves
travelling in a solid objectdependn the elasticmodulusk andthe massdensity
p:

k

c= /=

P
Hence|n stiff materialswhicharecharacterisetly alarge Youngs modulusk, the
wavespropagatevery fastthroughthe object. In oneintegrationstep,however, an
explicit solver canonly transmitforcesfrom oneparticleto its directneighboursn
thediscretizationIn orderto samplethe deformationwavescorrectly thestepsize
hasto bereducedo synchroniseéhesamplingrateof thesolverandthepropagation
of waves. Thepropagatiorspeeds usedrequentlyin animatiofDDCB01,DG96]
to controlthe stepsize of anexplicit solver (Courants Condition). In contrary an
implicit solver canpropagateleformationgandforcesthroughall thesystenduring
onetime stepby solvinga systemof equations.

3.1.2 AcceleratedRoot Finding

If we emplgy implicit solvers,we have to solve a systemof equationsn eachstep.
We will aimto keepthis systemlinearsuchthatwe do not have to solve nonlinear
equations.

Thefastestmethoddo solve linearsystemsaremultigrid methodsandthe con-
jugategradient(cg) method. The latter requiresthe matrix to be symmetricand
positive definite. In this applicationwe will meettheseconditions,and,because
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it is moreflexible andconstraintenforcementanbe built in neatly we will usea
preconditioned:g methodto solve thellinear systems.The numberof iterationsto
computea solutiondepend®n the conditionnumberx(A). In orderto reducethe
errorby afactore in theenegy norminducedby A sothat

[ — k|4 < ellz = zol[ 4,

k cgiterationsmustbetaken,wherek is the smallestintegernumberk thatfulfils

k> %\/K(A) -1n(§). (3.7)

This conditionnumbercanbeimprovedby preconditioningof matrix.

Iterative methodsusuallyexploit the sparsityof the systemmatrix. Sinceeach
particleonly interactswith a smallnumberof neighbourspnly very few entriesin
thesystemmatrixarenotzero. A sparsematrix datastructureexploits this factand
only iteratesover the nonzeroelementdn every matrix operation. Therefore the
compleity of a matrix vectormultiplicationis O(N), whereN is the numberof
particles.An iterative linear solver benefitsfrom the sparsity andthe costsof each
iterationdependonly linearly on the systemdimension.

In general,however, the equationsare nonlinearand harderto solve. Stiff
problemsrequirethe nonlinearsystemto be solved by Newton’s method. New-
ton’s methodcornvergesquadraticallyin a neighbourhooaf the solution. When
an ODE is solwed, the solutionfrom the previous solver stepcan be assumedo
be closeto the next solutionand providesthe startingvaluefor theiteration. Un-
fortunately Newton’s methodinvolves the computationof the Jacobianand the
solutionof a linear systemin eachiterationwith a systemof a large dimension
(in our applicationusually between1000and 20000). At first glance,this seems
infeasiblefor interactve animations.However, modifiedtechniquesan simplify
andspeed-ugherootfinding. Thefirstimportanttechniques the inexactNewton
method which solveseachlinear systemonly up to a certaintolerancewith anit-
eratie linear solwer, for instancethe cg method. Furthermorewe alreadyhave a
goodstartingvaluefrom the previousiteration. Therefore|f the corvergencerate
is fast,usuallyonly few iterationsof thelinearsolver have to bemadein eachNew-
ton iteration. The secondmodificationis calledsimplifiedNewvton method which
constructsanapproximatedacobiaronly onceandappliesit in all iterations.This
savesaconsiderablemountof computatiortime for the Jacobian.

3.2 Comparisonwith Alter native Approaches

In orderto overcomehestiffnessproblemin textile simulationvariousapproaches
have beentakenandpublished.

Early work in textile modellingemplgys standardexplicit solverslike Runge-
Kuttamethodsandhasto useextremelysmalltime steps.Thus,the simulationsof
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Breenet al. [BHW94] takesdaysor weeks.Eberhardet al. [EWS94 reducethe
simulationtimesby optimisingthe evaluationof the force function by applyinga
computeralgebrasystem.

Hauth[Hau99 recogniseshe necessityto emplgy implicit solversfor anima-
tion. He usesvariousODE solver typesto speedup the simulationsin the system
developedby Eberhardetal. [EWS96]. A numberof advancedmplicit solversare
adoptedo the animationandthe time stepscanbe increasedignificantly How-
ever, no interactive ratescanbe achieved. Thisis mainly dueto the factthatthe
computationof the matrices,analytically or numerically is still expensve, and
alsothe matricesarenot symmetric.Hence ratherexpensve iterative solverslike
GMRESmustbeemployedto solve thelinearsystemwithin the Newton’s method.
In eachtime step,mary evaluationsof the MAPLE generatedorce functionsare
necessaryanda singlesolver stepis still computationallyexpensve.

Until Baraf andWitkin presentedheir cloth animation[BW98], implicit inte-
grationhadoften beenconsideredoo time consumingandexpensve for the pur
posesof animations.But Baraf andWitkin simplify the necessargomputations
dramatically They usethe implicit Euler methodand consequentlysimplify all
stepsto computethe solution. They formulatenonlinearconstraintsout only use
theirlinearapproximatiorto obtainalinearsystemof equationsThen,Baraf and
Witkin areableto solve the systemefficiently with a cg method.

Theirsystenlineariseghe equationsn eachtime stepandonly carriesoutone
Newtoniterationin orderto solve the nonlinearsystemin theimplicit solver. This
helpsto build afastsystem.However, becauséhe nonlinearpartis notintegrated,
anerrorboundanda certainaccurag cannotbe guaranteedandthe movementof
the deformableobject might be too slow. Anotherfactorthat helpsto speedup
the simulationsis the introductionof explicit dampingforces. Theseexpeditethe
solutionof thelinearsystemsandarewidely ignoredby othermodels.

Volino and Magnenat-ThalmanfVyMTO00b] usesimilar methodsto solve the
ODE. But insteadof a matrix representationf the derivatives,they apply numer
ical differentiation,andthe matricesarereplacedwith operatorghatdescribethe
system.

Desbrunet al. [DSB99] also usethe implicit Euler method. They employ
Provot’'s mass-springystem{Pro95 in orderto exploit the propertieof thespring
force terms. Insteadof linearisingthe whole system,they split it into a linear
anda nonlinearpart, setthe nonlinearpart constantand solve the arisinglinear
system.Desbrunet al. do not aim at solving the equationcompletelyasthey do
not integrate the nonlinearterm correctly To compensatdor that, a correction
force is introducedto presere the combinedangularmomentumof the system.
Sincein this work the matrix remainsconstantfor constantmaterialparameters
andstepsize,theinversematrix is precomputedndthelinearsystemis solved by
amatrixmultiplicationwith theinversematrix. Unfortunatelytheinversematrixis
denseandthe matrix-vectormultiplication canbe expectedio be morecostlythan
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the solutionof thelinear systenwith the sparseoriginal matrix. Furthermorethe
usageof a precomputednverseprohibitsa changeof the stepsizeh andchanges
of thematerialparameters.

Basedon Desbruns work Kangetal.[KCCT00] make somefurthersimplifica-
tion to avoid solvingthelinearsystem.In orderto updatethe solutionvectorin one
stepthey divide eachrow by its diagonalentry of the matrix of the linear system.
But thereis no indicationthatthis methodgetssomevherecloseto the solutionof
thelinearsystem.

In several mass-springsystems[Pro95 DSB99, KCCT00], anotherpopular
ideais exploited. Insteadof using a very large spring stiffnessthat would be
appropriateo modelclothes,smallervaluesare usedto reducethe stiffnessand
thus simplify the solution of the ODE. Then, after eachtime stepthe systemis
post-processeil the springsare elongatedoo much. In this processjteratively
all particle positionsare modified suchthat a certainmaximumelongationis not
exceeded. This is motivatedby the nonlinearpropertiesof textile materialsthat
becomestiffer with increasingension.Sucha post-processing justifiedfor sim-
ple mass-springystemshatdo not modelspecificmaterialpropertiesaryway. In
moreaccuratesystemshowever, physicalsoundnessannotbe guaranteedby this
modificationof the numericalsolution. Moreover, the resultdepend®n the order
in which thespringelongationsarecorrected.

Summarising,all approachesuffer from one problemor another Explicit
schemedave stability problems all implicit solutionschemeshathave beenpro-
posedareonly of orderoneandhenceprovide very low accurag. This resultsin
slow movementsandlossof detail, for instancewrinkles. Otherschemesvendo
not solve the systembut give somemoreor lessreasonabl@pproximation.In the
implicit schemeshe objective shouldbe to minimisethe numberof entriesin the
systenmatrix. Theapproachhatwill betakenin this chapterdoesso. Furtherob-
jectivesareto guarante@anerrortoleranceandto bescalableaccordingo accurag
andspeedequirements.

3.3 An IMEX Schemefor Particle Systems

In orderto reducethe computationalwork, we try to lower the costsof thetime
stepin theimplicit integration. Thebasicideais to applyanimplicit time steponly
to the stiff termsin the ODE, while othertermscanbeintegratedby a fastexplicit
soler. Suchschemeghat combinean implicit and an explicit solver are called
IMEX schemes.

3.3.1 Implicit-Explicit Schemes

Consideran ODE of theform

y'(t) = p(t,y(t) + q(t, y(t)), (3.8)
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whereq incorporateshestiff partof thesystemandp the nonstif remainderThen
an implicit integrator is appliedto ¢, and an explicit integrator is appliedto p.
If ¢ containsall stiff componentsthe stability propertiesof the implicit method
canbe presered, while the integration of p is simplified. A thoroughanalysis
for combiningvariousmethodscan be found in the work doneby Ascheret al.
[ARW95, ARS97].

For a constantstepsize h we obtainthe IMEX formula that combinestwo
linearmulti-stepmethodgcompareo equ. (3.3)):

k-1 k-1 k
Unsk + Y Unis =h Y BiPnti + D YVidntss (3.9)
i=0 =0 i=0

wherethe 3; and~; arethe coeficients of the explicit andthe implicit method,
respectiely. Wesety := v, 4, andAy(®) := y(i+1) () to simplify thenotation.
Equ. (3.9)is restatechsroot finding problem:

G(Yn+k) = Yn+k — MYk + Cny (3.10)
k-1
cn =Y (Qnyj¥ntj = PBrtiPntj — Tntjdnts)-
=0

In generalthisis solved by a Newton’s method. In thei-th Newton iterationthe
linearsystem

(I — hyA)(AyD) = G(yD), (3.11)

hasto be solved. Here A = %Q(tn+k7 y(tn+k)) is the Jacobiarof ¢ andcontains
thestiff eigevaluesof the system.This methodcansave aconsiderablemountof
computationaivork becaus@nly a partof the Jacobiarhasto be computed.

However, the IMEX methodsare mostly emplo/ed for ODEsin which ¢ is
linearwith respecto y, i.e.

q(t,y) = A(t)y.

In this casethe systenreducedo thelinearsystem

(I = hyA(t))yn+k = G (3.12)
Thereforetheobjectie is to split the ODE of the particlesysteminto a stiff linear
termanda seconchonstif term.

3.3.2 Reduction of the Dimensionin Newton’s Law

After the semi-discretizatiorof the PDE in chapter2, the continuousequationof
motion (2.3) hasbeenreducedto Newton'’s law (2.4). This is an ODE of second
order i.e. hasthestructure

2" = f(t,z,2').
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For N particlesthis systemhasthe dimension3N. We emplgy the standardoro-
cedureto transformthe secondorder ODE to afirst orderODE of dimension6 N
andintroducethe velocity vectorv asan the auxiliary variable,which yields the
system

!
x (%
H - [ f(t’m)] . (3.13)
The Jacobiarof theright-handsideis

0

oz, v]" [f(tf;,'v)] B [jl iJ

with A; = 2 f(t,z,v) and4; = 2 f(¢t,z,v).
Usingthis block matrix, the Newtoniterationstep(3.11)is appliedto the ODE

(3.13): |
I —h~yI Az%k B Gl(z(i), ,U(i)
[—h’YA1 I- hfyAg] Avgik = | Go(z®, v D) (3.14)

(2  canbe substitutednto the

n

The upperrow Axfflk = G1(z®,vD) + hyAy
lower row to yield

(I = (h7)2A1 — hydz) A, = Ga(a®,0®) — hyAG1 (2D, 0D).  (3.15)

This way the dimensionof the systemis reducedto the original dimension3 N
of the secondorderODE. In eachiterationwe only solve for the velocitiesv and
updatethepositionsfrom thecomputedrelocitieswith theupperrow of equ.(3.14)
afterwards.Therefore (G, is zeroin every iterationandvanishesn equ.(3.15):

(I — (hy)? 41 — hyAs) v, = Go(2®, D). (3.16)

This is the final systemthat hasto be solvedin eachNewton iteration. If thethe
function f canbesplitinto alinearstiff anda nonstif term,only thelinearsystem
(3.12)hasto beappliedto the ODE (3.13)andwe obtain

(I — (h)*A1 — hyAs)vpip = Go. (3.17)

3.3.3 Construction of a Split ODE

In this sectionwe reducethecompleity of onetime stepby reducingthenonlinear
systemto a linear systemusingan IMEX method. To keepthe derivation simple,
hereonly the explicit andimplicit Eulermethodsareused.Lateron, higherorder
methodswill beintroducedalso.

We notethatthe stiffnessin particle systemghat modeltextiles is dueto the
linear springsthat have beenderived from the diagonalstraintensorcomponents
in equ. (2.20). Thereforeit is suficient to solve only for thesespringsimplicitly
andusetheexplicit schemdor theremainingforces.
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In this sectionwe will denotethe particleindicesof the positionsand veloc-
ities by superscriptdo distinguishthemfrom the time indicesthat are written as
subscripts.Forcesfor linear springsbetweentwo particlesat z* andz? aregiven
by ' '

) — o
27 — 27|’

@
wherek;; is the elasticmodulusof this springandl;; its restlength. Desbruretal.
[DSB99] split theseforcesinto alinearpart

i o kij j i
FY(z) = 5 (¢! —a)

(@) = 22 (Ia’ — o) ~ )

andanon-linearpart
. kii xd — ot
FZJ ) = —ii
A e
Herewe include f; in ¢, while f is treatedby the explicit methodaspartof p.
Thisis possiblebecause; hasa constanabsolutevalueandits Jacobiardoesnot
contrikbute significantly The solution of the IMEX-schemeremainsstableunder

all circumstanceandfor all feasibleparametersalthoughfs is treatedexplicitly.

Additionally, we needdampingforcesto accountfor enegy dissipation. We
simplify the expressiorfor the strainratein equ. (2.28) by omitting the projection
onto the edgein orderalleviate the implicit integration. Theseare modelledfor
eachpair of adjacenparticlesby

_ &
whered;; is the dampingcoeficient. Thesedissipatve forcesarestiff aswell
aslinear hencethey areincorporatedn ¢g. Thus,we getlinearforces

Fi (x) (v =),

Fid = R i gy 4 B iy (3.18)
" lij lij

for eachspringactingon particle:. Definingmatrices

_er¢i% IfZZ]?
(K)ZJ = kij o

ij
and,analogously
di'r‘ . .
(D= g
T it § #

J

thelinearforcescanbewritten

fiin(z,v) = Kz + Dw. (3.19)
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Thesematricesrepresenthe discretized_aplacianoperatorwhich appearsas
thestiff partof theforcesdueto diagonalstresslementsn equ.(2.20).

The explicit forcescontainedin p can be arbitrary nonstif forces. Besides
F;, we integratethe otherelasticandviscousforcesdueto bendingandshearing,
which aretypically several magnitudessmallercomparedo tensionforces,with
theexplicit method.Externalforcesdueto air resistancewind, andgravity arenot
stiff andtreatedexplicitly aswell. Hencewe includeall nonlinearpartsin fep1:

fezpl = (Z F2w> + fshear + fbend + fexternala
A

§.=1peesN

wherethe sumcontainsall forcesFQij dueto the springsadjacento a particle j.
We concludethis sectionby statingthe split ODE:

d?z
Pz = fiin + fexpl- (3.20)

3.3.4 An IMEX Euler Solver for Particle Systems

Here we describehow an IMEX first order methodis appliedto the described
particlesystem.It usestheimplicit andexplicit form of Euler’s method:

Y1 =y + hp(y) + hq(yi41) (3.21)

First, we follow section3.3.2andreducethe systemfrom 6 N coordinatedo 3N
coordinatesy applyingthe integrationschemedo equ. (3.17). Theimplicit Euler
methodfor £ = v yields

T4 = 2 + hvgg. (3.22)

Equ. (3.21)is appliedto the split ODE (3.20),andz;; is substitutedwith equ.
(3.22):

1 1
Tvp4 — h;(leH + Duy1) = v+ h;fexpl(xlavl)

1 1
& Avig v+ h;fexpl(xla vy) + h;KiEl, (3.23)

with a symmetric positive definitesystemmatrix
51 1
A=T1-h"-K — h-D. (3.24)
p p
Thislinearsystemcanbesolvedefficiently by thecg method.With sparsamatrices
in generathis is evenlessexpensve thanmultiplying with aninverse,which can

have (3N)? nonzercelementshecausgheinverseof a sparsematrixis not sparse
in general.
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A majoradwantageof the systemmatrixis thatit only changesvheneitherthe
stepsizechange®r the materialparameterghange.Thus,we oftensave time on
therecomputatiorof thematrix. A recomputatiorof thematrix is necessarin two
cases.First, if adaptve stepsizingis used,a changeof thetime steph requiresa
recomputation.Second|f a nonlinearstress-straimelationis approximatecy a
piecavise linearfunction,the materialparameters;; andd;; maychangen each
time step.

For the cg methoda startingvaluehasto be computedsuchthatit predictsthe
new solution. The predictorextrapolateshe nen solution vector from the most
recentvaluesof the solution. Consideringthat a single-stepintegration method
is emplo/ed, we alsoonly usethe last valueand computethe predictorassuming
constantelocity:

Upt+1 R Up ANATp11 = Ty + b - Vpg (3.25)

3.4 Extensionsof the IMEX scheme

Although the developedfirst order IMEX schemealreadycomputesanimations
quiterapidly, it canbeimprovedfurther

Higherordermethodswill be evaluatedwith respecto their suitability for the
application. They producemore accurateresultsand can also reducethe com-
putationalwork. Therefore,an implicit-explicit integration schemebasedon a
backward-diferentiatio-formua (BDF) is constructed Afterwards,we derive an
updatingschemdor the IMEX methodshatleadsto fully implicit methods.The
integrationschemearecomparedandexamplesaregivento demonstrat¢he effi-
cieng of theintegrationmethods.

3.4.1 SecondOrder Solvers

Sofar we have restrictedour considerationso the first orderEuler methods.The
implicit Euler methodis A-stable, and arbitrarily large time stepscan be taken
while stability is guaranteedHowever, comparingthemto a secondordermethod
usingstepsize h, the Euler methodhasto be usedwith stepsize of orderh? to

achieve the sameaccurag. Implicit methodsin generaladdartificial dampingto

the numericalsolution comparedo the exact solution, whereasexplicit methods
amplify the oscillations. Hence,the lower the accurag of animplicit methodis

the moreit seemsdampedandsmooth. Visually, the simulatedmodelmaovestoo

slowly or loosesdetail like wrinklesif too large time stepsaretaken. In orderto

alleviate theseeffectswithout a reductionof the time step,we examinehigheror-

dermethodghatareA-stableandallow afastcomputatiorof onetime step.

Single-stepmethodsdo not use history points and computethe solution for
the next point only from the previous one. Thereforethey are bettersuitedto
handlediscontinuitieswhich arecommonin animationbecausef the occurring
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collisions. However, higher order single-stepmethodsconsistof several nested
stagesln theexplicit casethis doesnot posea problem.If themethodis implicit,
however, eachstagerequiresa systemof equationgo be solved andthereforeone
stepwould betoo expensve for animation.An exceptionis theimplicit midpoint
rule, which is the optimal A-stable single-stepmethodof order2 or higherthat
only involvesoneinternalstage:

+
Ynit = yo + hf (LR, (3.26)

The midpoint rule constructsa linear function interpolating f at the midpoint
%(ynﬂ + yn) andis the only methodof order 2 thatis constructedrom an or-
der1 collocationpolynomial.

As a stable,fastto computesingle-stepscheme the implicit midpoint rule
appeardo be agoodchoiceof anintegrationscheme Unfortunatelyit hasa flaw
which impedesthe performanceof the midpoint rule. The midpointrule is not
L-stable. A-stability only requiresthe numericalsolutionto be bounded.Yet this
solution could still oscillatearoundthe correctsolution. This doesnot happen,
if the methodis L-stable,which guaranteethat high frequenciesaredampedout
quickly. 1 This hastwo consequencdsr the animationwith theimplicit midpoint
rule. First, the midpoint rule might produceunphysicalartifacts. Second,high
frequencieghatarenot dampedout of the systenreducethe performancei.e. the
iterative solutionof theimplicit equationsorvergesmoreslowly.

Theimplicit midpointrule canbe combinedwith the explicit midpointrule

Yn+1 = Yn + hf(yn + %hf(yn))a

whichis asecondrderRunge-Kittamethodjo yield asecondrderlMEX method
[ARS97].

The otherimportantclassof methodsare linear multi-step methods. Com-
paringthemto single-stepmethodsadwantagesanddisadantagesareexchanged.
They arecomputationallyinexpensve, becausehey only have onestagej.e. one
systemof equationghathasto be solved per step.On the otherhandthey involve
history points.

The BDF—-methodgbackward differentiationformulas)are the mostsuitable
multi-stepmethoddor stiff problems.They aredefinedby ascheme

k
> tngs = hBifnik: (3.27)
j=0

Theseintegrationschemesre basedon the constructionof a polynomialinterpo-
lating the pointsyy,, . .., y,+x. BDF-methodswere the first to be developedto

Thedefinition of L-stability is givenin termsof the stability function,which hasnot beenintro-
ducedhere,cf. [HEO1].
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dealwith stiff equationsandthe variantof ordertwo, BDF(2), is A-stable. Fur-
thermore they arelL-stable. For thesereasonsthey areamongthe mostpopular
methodsfor stiff problemsandalso seemlike a good choicefor the ODE of the
particlesystemFor k£ + 1 pointsthesemethodgpossessrderk + 1, andonly one
nonlinearsystemhasto be solved, whereass nestedsystemdhave to be solvedfor
an s-stagesingle-stegrunge-Kittamethod.

Unfortunately collisionsare discontinuitiesof the tangentfield of the trajec-
tories. This conflictswith the differentiablecollocationpolynomialsthatarecon-
structedfor the BDF—methodsver several steps.Whena collision occurswithin
the supportof sucha polynomial, the interpolationcannotbe expectedto yield
valid results. We chooseto use BDF(2) from this classas a good compromise
betweerhigherorder(2 in this case)andgoodperformancawith collisions.

FromtheBDF methodsanIMEX schemeanbeeasilyconstructedy extend-
ing it with anexplicit methodextrapolatingthenonlineaterms.Theseschemesire
referredto assemi-implicitBDF (SBDF).TheEulerIMEX schemalerivedin sec-
tion 3.3is theorderonevariant. Ascheret. al  ARW95] derive thefollowing SBDF
schemeof ordertwo:

Zyl —2y0 + %y—l = hlg(y1) + 2p(yo) — p(y-1)] (3.28)

Now we have threecandidatdMEX schemesor surfaceanimation.The Euler
method,midpointrule and SBDF(2). All of them comprisean A-stableimplicit
integrator they arefastto compute andtheir performanceén theanimationsystem
will bemeasuredby experiments.

3.4.2 Assemblyof an SBDF(2) Scheme

Sincethe BDF formulasappearto be promising, we will constructa complete
SBDF(2)integrationschemen this section.Basically we have to provide theim-
plicit equatiorfor onetime stepandaniterative solverfor thearisinglinearsystem
including a predictionfor its initial value. The handlingof collisionsis excluded
hereandwill becoveredby thenext chapter

The Implicit Equations
The SBDF(2)schemas givenby
3 1
SVt~ 290+ cy-1 = halyy) + h(2p(yo) — ply-1)),

wherewe usetheindicesl, 0, and—1 for the currenttime step.For adaptve time
steppingthis formula mustbe modified to incorporatethe stepsize k., 0f the
previoustime stepaswell:

Y1 — 1Yo + coy—1 = hesq(yr) + hes(2p(yo) — p(y-1))
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with thecoeficients

(1+w)? w? 14w
c = , C2 = ,andez = —,
1+2w 142w 142w

wherew = hva Following section3.3.2,we applyequ.(3.14)to SBDF(2):
T1 —Cc1Tg +cxr_1 = hegvr
vi —cwo + vt = hesq(yr) + hes(2p(yo) — p(y-1))

We substitutez; in the secondequationandsetp := hes(2p(yo) — p(y-1)) to
obtainthe SBDF(2)versionof equ.(3.17):

V1 — €1V + CoU_1 = h03q(h03'01 + c1zg — cox_1, vl) +p (3.29)

Again,theforcefunction f is splitinto alinearpartanda nonlinearpartasin equ.
(3.20),andwe setp := 7 fexpi andg :=  fiin.

1 1 1
f(!L',’U) = ;flin(xav) + ;fexpl($av) = ;(K:B + Dv + fexpl(l'av))
Thenwe have p = %03 [2 fexp1 (%0, v0) — fexpl(z—1,v—1)] andsubstitutey in equ.
(3.29),

h?2 h h h
v — —ch'ul — —c3Dvi — —cse1 Kxg + —cocs Kz
I p p P

—cvgt U1 —p =
h? h h h
(I - —ch — —c3D)v1 — —c1e3Kzo + —cocs Kz _q
P p p

p
—civg+cv_1—p = 0.

Thus,eventuallythe linear systemof equations
h h -
Avy = —c1e3Kxg — —cocs Kz _1 + civg — cov_1 + P (3.30)
p p
with theunknavn v; andmatrix

h? 4 h
A=1—- —c3K — —c3D (3.31)
p p

is obtained.

Iterati ve Solution of the Linear System

In eachIMEX stepthelinearsysternis solvedinexactly, i.e. only asmary iterations
aretaken asnecessaryor the requiredaccurag of the ODE solution. Thelinear
system

Av=1>
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is statedin equ.(3.30)andsolvesfor the new velocity v.

Thematrix is very similar to the matrix derived for the Eulerschemeandhas
thesamepropertiesnamelyit is diagonallydominantandsymmetric.This allows
usto employ thecgmethod.Fromequ.(3.31)we canseethattheconditionnumber
of matrix A dependS)nthefactorshQ% andh;il"g' . If thesefactorsaresmall,the
matrix is closeto the unit matrix (conajition nurﬁjberone). If thesevaluesgrow,
thediagonaldominancevanishesn thelimit. Thereforejf the stiffnessincreases,
morecg iterationshave to be taken becausdhe the numberof iterationsdepends
onthe conditionnumberof the matrix accordingto equ.(3.7).

Hence,it is even moreimportantto useanappropriatepreconditionein order
to improve the corvergencerate. Basically the objective is to replacethe system
matrix with someapproximatiornof the unit matrix to improve its conditionnum-
ber

In the implementatioran incompletecholesly preconditioneiis applied. An
incompletecholeslk decompositiorof A is acholeslk compositionof A in which
all entriesarethrovn away thatarezeroin A, i.e. thedecompositionrmatricesonly
have entrieswherethe sparsamatrix A hasentriesaswell:

A~ ILL
With this matrix thelinearsystemis transformedo
L7YAL7'Liv = L™'b.

Then,we solve solve anewn system

Av=b

with A = L=*AL~, 5 = L'v, andb = L~1b. With the exactcholesly decompo-
sition A = LL!, thenaev matrix canbewritten as

A=L"'LI'L7Y,
andapproximateshe unit matrix accordingto the objectie.

The startvalue for the cg iterationis computedby predictingthe new values
underthe assumptiorof a constantvelocity analogouslyto the predictionin the
Eulermethodin equ.(3.25):

Upt+1 & Up aNAdZp41 = hegvp1 + 12y — C2Tp—1 (3.32)

3.4.3 Derivation of a Fully Implicit Scheme

In this sectionwe analysethe structureof the linear systemin the IMEX methods
andreconsidetheimplicit-explicit Euler scheme The matrix of thelinearsystem
(3.23)doesnothave ary entriesthatcouplethedifferentcoordinatedirections;.e.
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we couldalsosolve threeindependensystemsChangesn onedirectioncannote
compensateth anotherdirectionin thesamentegrationstep,becausell coupling
termsarecontainedn fe.,1. They appearonly in the singlecomputationof fexp
ontheright-handsideof thelinearsystem(3.23).

Thus,theaccurag maybeimproved by updatingthesecouplingtermswithin
onetime step.Hence pnetime stepof theIMEX schemas carriedoutto compute
a solutionvectory®, thenthe explicit partof the IMEX schemds updatedwith
the computedvaluesy(® andthe IMEX schemestepis repeated This is iterated
until corvergenceis reached The solutionof this iterationbecomeshe new value
Yi+1-

Applying this schemeo the IMEX Euler method,we carry out the following
steps:

1. Setv® := v, andz(® = z; + Ao 0.

2. DoonelMEX stepby solvingthelinearsystem(3.23).

3. Updatepositions:z(® = z; + ho(@.

4. Updatefexpi(z, v) with new valuesz®, v,

5. Goto2. andrepeathe IMEX stepuntil corvergence.

6. Setz;y 1 := z andvyy := v,
Thus,thelinearsystems wrappeddy afixedpointiterationfor thenonlinearterms.
In orderto explain the corvergenceof thisiterationmethod we considerttheequa-

tion thatis obtainedoy changinghetheargumentof f., fromz;, v; oz 1, vj41
in equ.(3.23):

h 1
Avpp = v + ;fexpl(xl-l—lalul-f-l) + h;le (3.33)

Thus,theexplicit Eulerschemas replacedwith theimplicit Eulerschemei.e. the
IMEX methodis turnedinto a full implicit Eulermethod.This nonlinearequation
canbe solved by a simplified Newton’s methodwith an approximatedlacobian.
The systemmatrix A is the Jacobiarof thelinearterm f;, andcontainsall major
stiff component®f the system.Thus, this matrix canbe usedto approximatethe
completeJacobianNow the nonlinearequation(3.33), which we write as

G(z141,v41) = 0,

is to be solved. The simplified Newton’s methodis appliedto this nonlinearequa-
tion using A asthe approximatedacobian:
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Gz®,v®) + A@HY — @) = ¢

=4
AU(Z) B ﬁfeXPl(‘T(i)a'U(i)) i EK.TI + A(’U(i+1) — ,U(l)) = 0
P p
=4
%feXpl(x(i)av(i)) + v + %sz = Ayt

(3.34)

Thisis equivalentto anIMEX stepwith (z;,v;) = (2, v®) and (z;41,v141) =
(1) »(*1)), That meansone IMEX stepwithin the fixed point iteration is
equivalentto a Newton iteration,andthe nonlinearequationof the fully implicit
Eulermethodaresolwed.

Thederived schemehastwo majoradwantagesver thefull Newton’s method.
First, A is inexpensve to computeandonly changesvheneitherthe materialcon-
stantsor the stepsize change. Second,we reducethe numberof entriesin the
Jacobiarto approximatelya third of the entriesin the sparsitypatternof the full
JacobianHence aniterationof thelinear solver only requiresa third of the origi-
naltime. Obviously thisis amajorspeed-ugor theintegration.

As alreadymentionedthe matricesK and D representhediscretized_apla-
cianoperatorA. It is not surprisingthatthey shaw up here becausehe Laplacian
appearsn thewave equation(2.8) andcorrespondsalsoto thefirst termin thegen-
eralisedwvave equation(2.11)in the one-dimensionatase.This meanghatwithin
eachfixed point iterationthe linear elasticity problemdescribedoy the Laplacian
operatoris solved, while the referenceframe andthe nonstif forcesremaincon-
stant. Thelinear systemonly propagateshe linearwavesalongtheisoparametric
lines during oneiteration. In the next fixed point iterationthe nonlineartermin
equ.(2.11)is updatedandthelinearproblemis solved againandsoon.

The outerfixed point iterationcanalsobe usedto control the stepsize of the
ODE solwer. If the corvergenceof the fixed point methodis poor, the time steph
is reducedsuchthatthe solutionof the previoustime stepis a betterstartvaluefor
currenttime stepandneeddewer iterations.

In ourimplementatioralowerandupperboundonthenumberof iterationscan
bespecifiedIf thenumberof iterationsis too large, thetime stepis increasedy a
specifiedfactor;if it is too small,thetime stepis increasedThis way the stepsize
is alwayschosersuchthattheiterationworks effectively. The overall architecture
of this updatingschemdor the IMEX methodis depictedn figure3.1.

A fixedpointiterationnotonly canextendthe IMEX Eulermethodto thefully
implicit schemeThesamemechanisntanalsoleadfrom SBDF(2)to theBDF(2)
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Integration:
For start time to end time with step h

Fixed—point iteration:
update explicit terms

cg — method:
solve linear system

until error tolerance met

step size control: update h

Figure3.1: Architectureof animplicit integrationschemeor animation.

schemeThe BDF(2) schemenly differsfrom theimplicit-explicit schemeby the
nonlinearterm.

To extend SBDF(2)to BDF(2), we only have to integratethe explicitly evalu-
atedterm f..1 into theimplicitly treatedtermgq by simply setting

. h

p= ;C3fexp1($1,’01)
in equ. (3.30)with matrix A asdefinedin equ. (3.31). Again, theindices—1, 0,
and1 areusedfor simplicity. Then,in eachtime stepthe equation

h h
Avy = ;K(C?,Cll‘o - 030211—1) +c1vg —cov_1 + ;C3fexp1($1,’01)

hasto be solved. Theunknawvn v, is replacedwith theiteratesy(®), andin thei-th
fixedpointiterationthelinearsystem

At = EK(C?)CI-TO —c3cT_1) + c1vp — cQU_1 + ﬁC3fexpl(95(i),’U(i)) (3.35)
p p

is solved for v(i+1) with the BDF(2) matrix from equ. (3.31). After solving this

systemalsothe positionvectoris updatedn orderto reevaluate feyp: :

20D = hegv(tD) 4 ezg — coz_y. (3.36)

This procedureagain,can be shavn to be equivalentto a simplified Newton’s
methodwith approximatedlacobianA. Notethat,if only onefixed pointiteration
is carriedout, we obtainaslightly modifiedSBDFschemeavhichcombineBDF(2)
with the explicit Eulerintegration. Suchschemeonly hasthe convergenceorder
one.
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The BDF(2) integrationis implementedy the following algorithm:

Algorithm 6: BDF2-Solver

time steppingoop
(1) while t < tg,q do
2) t=t+h
3) if K,D or h modified
then recompute A = I — ¢3;h*K — c3 ;hD
Computethe constanterms
(4) b= %K(C(;Clx() — 030221771) + Cc1v9 — CoV_1
(5) Initialise the values z@, v by extrapolation
fixedpointloop

©®) do
7 b=b+p(?,00)

(8) Solve Av(+1) = b such that ||b — AvC+D|| < n]jb.
(9) Compute z(#+1) using (3.36)

(A1)  i=i+1
while (no. of cgiterations > 0)
end do

Heren is theresidualtolerancefor the cg method.The outeriterationmethod
stops,whenthe cg methodexits with zeroiterations. That meansthat the same
corvemgencetestis usedfor thelinearandthefixed pointiteration. In orderto get
more control, it is possibleto decoupleboth corvergencetestsand introducean
extratolerancegparametefor the outerfixed pointiteration.

It is alsopossibleto derive a fixed point iteration to implementthe implicit
midpointrule analogouslyto the BDF(2) rule.

3.4.4 Propertiesof the Systemand Results

Beforepresentingxperimentakesultstheinfluenceof someparameterandmeth-
odsis discussed.

Althoughstiffnessis not a problemfor animplicit solver in theory in practice
it makesthe solutionof theinvolved equationsharder becausehe numberof iter-

ationsin eachstepgrows dependingon thefactorsh”—ig (nondimensional)This

pls;
factorwill bedenotedasnumericalstiffness.The perfor]mancés reducedjf

e thestepsizeisincreased,
e thediscretizations refinedandl;; reduced,

¢ themassdensityis reduced,
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o thephysicalstiffnessk;; is increased.

Also, increasingthe damping(viscosity) smootheghe solutionfunction andalle-
viatesthesolutionof theequationsin this casethetrajectoriesio notchangevery
muchfrom onestepto thenext, andfewer iterationsareneededn theiterative root
finding.

k d #updates #cg
10°% 160 803 1160
N N
10*X 16002 198 538
N N
10> 16042 377 566
108 1600 52 52

Table3.1: Performancelependencen materialparameters

In orderto demonstrateéhe dependencef numericalwork on the material
properties,an experimentis carriedout with varying Youngs modulusk, which
dominateghe stiffnessof the material,anddampingcoeficient d. Thedrapingof
atableclothoveratableis simulatedvith BDF(2). In theexperimenthenumberof
cg iterationsandfixed point updatess counted.In table3.1it canbeseenthatin-
creasinghe Youngs modulusleadsto alargernumberof iterationsbecauséigher
frequencieshave to be sampled.On the otherhand,a larger dampingcoeficient
smootheghetrajectoriesandfewer iterationsarenecessaty

Figure 3.2: A textile blowing in the wind: Smoothingeffects of Euler (lower)
comparedo BDF(2) (upper)

We have predictedthat higherordermethodsproducemoredetailsin the ani-
mation. An experimentto demonstratéhe increasedjuality of simulationscom-
putedby BDF(2) is setup asfollows: A textile sheetwith the upperedgefixed
blows in thewind. In figure 3.2 theresultsfrom the computationswith Eulerand
BDF(2) methodsatthesamepointin time aredepicted Both methodsusethesame
time stepsize.In the Eulersamplethe curvesarefiltered outandthetextile swings
lessthanit should- aspredictedby the presentedheory FurthermoreBDF(2) is
evenfaster(11.6s)thanEuler(14.74s).
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Figure 3.3: A textile fixed alongthe upperedgedrapingundergravity. Dark
textile: resultof BDF(2). Bright textile: resultof SBDF(2)

Significantcomputationalvork canbe saved by the IMEX schemegompared
to the correspondindull implicit schemes.Yet, in somecasest is possiblethat
the solutioncomputedby the IMEX schemads far from the correctsolution. Such
a caseis depictedin figure 3.3. Two solutionsare computedfor a pieceof tex-
tile, which is fixed alongits upperedgeanddrapesdueto gravity. Thefirst one
is computedwith the BDF(2) schemeandthe secondonewith the semi-implicit
SBDF(2),which only solvesonelinear systemper time step. For a time stepof
0.01s,the numericalstiffnessis 5 - 102, which is quite realisticfor interestingap-
plications. Obviously, the simplified solutionis someavhat far from the accurate
one.However, in mary simulationghe IMEX andthepurelyimplicit solutionsare
hardto distinguish,andtheinexpensve IMEX methodsarepreferable.

In orderto comparethe performanceof the differentintegrationmethodswe
carryouttwo experimentsin thefirst oneatableclothconsistingof 400 particlesis
drapedon atableata constantime stepof 0.01s. Youngs modulusis setto 10% %
the dampingconstanto 50%, the massdensityto 1kg/m?, andthe tableclothis
discretizedsuchthatthe particlesare 0.04m apart. Thus,the numericalstiffness
is approximately5.6 - 10%. Theresultsfor 1sof simulationtime areprintedin the
upperrows of table 3.2. Threefully implicit methods,Euler, implicit midpoint,
andBDF(2), andtwo IMEX schemesEulerIMEX and SBDF(2),arecompared.
ThelMEX schemesountoneupdatepertime step.Notethatwe only measurdhe
solver time but notime measurementaregivenfor collision detection.

In the secondexperiment,a dresswith 1310 particlesis simulated. Figure
3.4 shaws this dress,which drapesover the body of the avatarfrom the original
positionin which it hasbeensetup. Then,five secondsare simulated. Youngs
modulusis 300%, thedampingfactorﬁ%, andthe massdensityl%. Theresults
shawv that SBDF(2)andBDF(2) do not only improve theaccurag but alsoreduce
thecomputationalvork. Furthermorealthoughthe IMEX methodsonly solve one
linear systemper time step,the combinednumberof cg iterationsis not always
significantlyhigherthanin theimplicit schemes.



Solwer #updates  #cg solwertime
tableclothls

EulerIMEX 100 745 1.69s
implicit Euler 206 1038 3.06s
SBDF(2) 100 304 1,57s
BDF(2) 122 857 2,57s
implicit Midpoint 494 813 4.39s
Dress5s

EulerIMEX 500 17198 152.7s
impl. Euler 1654 21424 204.9s
SBDF(2) 500 15360 169.5s
BDF(2) 1431 19307 194.,4s
impl. Midpoint 2078 15877 211.3s

Table3.2: Performancef integrationmethodson anintel P3/660MHz

3.5 Conclusions

We have built a numericalframavork basedon andeliberatechoiceof integration
methodsaswell asa consequenteductionof computationavork.

Among the integration methods particularly the BDF(2) solver producese-
sultsfastwith a high quality. IMEX schemeshave beenemployed to reducethe
nonlinearsystemsgo linear onesin eachtime step. Moreover, the computational
work hasbeenreducedby a reductionof the numberof matrix computationsas
well asa minimisationof the matrix occupany.

Thetechniqueglerivedfor the IMEX schemesreextendedto purelyimplicit
methodsby afixed point iteration. With thesetechniqueghe large nonlinearsys-
temsarisingfrom implicit integratorsaresolved rapidly.

The numericalsolutioncanbe adoptedo thetime andaccurag requirements
by settingthe cg tolerance.Also, an upperlimit on the numberof iterationsper
time stepcanbeimposed.The stepsizeis choseradaptiely to optimisetheratio
of stepsizeandcostspertime step.
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Figure3.4: Womanwearinga simpledress
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Chapter 4

Collision Response

The incorporationof collisions distinguishesanimationfrom classicalproblems
in numericalanalysis. The effects cannotbe modelleda priori in the differential
equationsincethecollision reactiondepend®n the collisionsthataredetectedn
eachtime stepatrun-time. Thereforethe ODE solver hasto incorporateacollision
responsehatis ableto respondo detecteccollisionsimmediately This requires
the ODE to be modifiedin eachtime step.

In this chaptemwe will first review commontechniquedor collision response.
Then, the applicationof thesetechniquesn computeranimationliteratureis re-
viewed. Afterwards,ReactionConstaints anda purely constraintbasedmethod
will bepresentedBotharesimilarin thatthey filter infeasibledirectionsin all state
vectors.

4.1 Physicaland Geometric Response

In literature,frequentlyit is distinguishedoetweengeometricand physicalcolli-

sionresponseThe deformableobjectis describedy a positionandvelocity field

which aregovernedby theforcesexertedon the object. Onthe onehand,collision
forcescanbe appliedin eachstepof the ODE solver, andthis methodis referred
to asphysicalresponse.On the otherhand,if we constrainor modify positions,
velocities,and accelerationsthe numberof degreesof freedomin the systemis
reducedandthisis calledgeometriccorrection.

Themainproblemof constructingcollision forcesis thatcollisionsarediscon-
tinuitiesof theforcefield. As theODE solversareconstructedo work with smooth
functions,thesediscontinuitieshave to be modelledwith care.

A microscopighysicalmodelwouldnotdescribeéhecollisionsassingularities
but astheresponsdo a steepdeflectie potentialfield aroundthecollision objects.
However, for a realistic modelthe gradientof the force field mustbe very large
leadingto large stiffness. In physics,thesepotentialsaretypically modelledby a
termr™, wherer is the distancebetweenthe colliding objects,andthe exponent
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n is 10 or evenlarger Although our stableintegration methodsare ableto cope
with arbitrarystiffness,the solutionof the systemgequiresmoreiterationswhen
thestiffnessis increasedHence physicallycorrectpotentialfieldsaretoo costly

Furthermorethecollisionsof textiles aremostlyinelastic. Thereforethe colli-
sionmodelhasto includeadampingcomponento preventthetextile from bounc-
ing off the obstacleanda collision force shouldconsistof anelasticandaviscous
component.

Insteadof using very steeppotentialfields, the rangeof the field canbe en-
largedsuchthatobjectsareretardedalreadyat a larger distancefrom the obstacle.
This way, the collisionsaresmoothedanddampedandallow easiethandling. But
it hasto beensuredhatthetheresultbestill realistic.

In computeranimation,mostly the collisionsare modelledas singularitiesby
amodificationof the positionsandvelocities. However, the straightforvard repo-
sitioning leadsto a severelossof numericalperformancepecausdhe modelling
of singularitiesinducesextremely high frequenciesandthe stiffnessis increased.
Moreover, arepositioningapproachs hardlyableto modelrestingcontacts.

Using constraintds muchmoresuitable. Constrainingpositionsand particles
is equivalentto addingalgebraicequationgo the system.Therefore a differential
algebraicsystemhasto be solved with varying constraintg(algebraicequations)
in eachstep. Here, the collision forcesare given implicitly, i.e. the predefined
positionsand velocitiesresultin constraintforces,which canbe computedafter
eachstep.

The constraintdmposedby the collisionsare not holonomousj. e. they are
statedoy inequalitiegatherthanequalities.Hence they have to beswitchedonand
off, whenthe collision occursandwhenthe contactis detachedrespectiely. This
switching causediscontinuitiesthe solver hasto overcome. Singularcollisions
canbetackledby finding the point of switchingandrestartingthe solutionof the
ODE with new initial valuescomputedrom the collision responsdthis is amain
issuein rigid body dynamics[ESF98]). However, in the animationof deformable
objectswe canhave a continuousswitchingin a contactregion asthetextile moves
alongthe surfaceof the virtual character This would leadto a permanenback
stepping,becausdn eachtime stepthatis taken a collision occurs. This would
bring the simulationto a standstill. Therefore,an approximationis unavoidable,
andfor eachparticletheconstraintareswitchedon andoff only beforeatime step
andhave to persistduringthattime intenal.

4.2 Previous Work

All approacheso modeldeformableobjectshave to include someway to model
collisions. TerzopoulosandFleische{ TF88] maintaina purelycontinuousformu-
lation by usinga continuousdeflectie force field aroundcollision objects. They
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suggesarepulsve forcearoundanobjectthatis definedimplicitly by g(u,t) = 0:

fu,) = —c- gradg(u) exp(~~(g(u), N(u, ).

whereN (u, t) istheobjectnormal,andc ande determingheshapeof thepotential.

Most otherresearchershooseto modify the positionsandvelocitiesdirectly.
Eberhardetal. [EWS96],for instancejmplementareflectionmodelby relocating
the positionsandvelocitiesafter eachtime step.

Also Provot [Pro97 modelsarestingcontactby estimatingheimpactforce F'
andsettingthevelocity ¢ of a colliding particleby exploiting therelation

v—v

h ?
wherew is thevelocity beforetheimpact. Thisway, thevelocityis setto counteract
the estimatectollision force duringthe following time step.

Baraf and Witkin [BW98] emplgy a mechanisnof constraintenforcement
and repositioningto respondto collisions,andwe will exploit their ideasin the
following. The constraintmechanisms embeddedn the implicit solver anddoes
presere a goodperformancaundercollisions. The constraintsareusedto control
the velocities. Additionally, the positionsarechangedy modifying the velocity-
positionrelation. This meansthattheequation‘fi—?g = v is changedo ‘fi—f =v+ec,
wherec is therelocationoffset. This modificationis incorporatednto theimplicit
equationthatis solvedin thetime stepin which the collision occurs.For that, the
offsetc is includedin the substitutionleadingto equ. (3.15). The integratorcan
handlethesemodificationsmoresmoothlythanwith a simplerelocation.

Volino andMagnenat-ThalmanfV¥MT00a] pick up this ideaandextendit to
modify positionsaswell asvelocitiesandaccelerationsln athree-phasesollision
response¢hey changaheaccelerationsf facedfar from the collision object,closer
facesare deflectedby a modificationof velocity, andthe very closeor colliding
oneschangeheir positions.

F=

4.3 ReactionConstraints

Thecollisionresponsalescribechereuseshe ReactionConstaintsintroducedoy
PlattandBarr[PB88. Reactionconstraint@areamechanisnto enforceconstraints
in adynamicsystem.

Whena collision occurs,a particleis at aninfeasibleposition. In the collision
responseve cancorrectthis by moving theparticleto atargetpositionz andtarmget
velocityw. For instancealinearcorrectionforce

F=k(Z—-z)+dv—0)

movesthe the particlegraduallyto the target position,if no otherforcesapply If
the collisions have a designatectollision direction D, for instancegiven by the
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objectnormalor line of shortestlistancethecollision forceshouldonly actin that
direction:
F=k(z—2z,D)D+d{v—v,D)D

To ensurghatno otherforcesareexerted,theforcetermfor thatparticleis filtered
before. That meansthe velocitiesand positionsare projectedonto the spaceof
feasibledirections:

Ft=F —(F,D)D +k{(Z — z,D)D + d{v — v, D) D, (4.1)

whereF~ is theforce actingon the particlebeforecollision response@nd F+ the
force after collision response.The force in the constrainedirectionis modified
suchthatonly thecollision force canactin this direction.

If theforcesareupdatedwvith AF', only this updatehasto be projected:

Ft* =F~ + AF — (AF,D)D (4.2)
Thereactionconstraintareswitchedoff if
(F~,D) >0,

i.e. if theforce beforethe responsealragsthe particleaway from the collision. As
the collision occursandresolhes,thereactionconstraintsareswitchedon andoff.
Theswitchinginduceddiscontinuitiesnto the system However, if we usedamped
correctionforces, the numericalintegration runs smoothly over theseswitching
points.

Thereactionconstraintcanbe easilyintegratedinto anexplicit integrationor
animplicit integrationthat makes useof numericaldifferentiation,becausesuch
integrationonly requiresthe evaluationof theforceterms.

However, it is not obvious how the reactionconstraintscanbe integratedinto
the framework of chapter3. Thereforewe turn our attentionto a differentway of
implementingconstraints.

4.4 Constraint BasedCollision Response

Sincethenumericaframeavork thatwe have presentedh thepreviouschapteuses
ananalyticallycomputednatrix to solve thelinearsystemthereactionconstraints
cannotbe directly embeddednto this framevork. We will exploit the constraint
enforcemenby Baraf andWitkin [BW98] andwill seethatthismechanisnis very
similar to reactionconstraints.

Given the ODE, positions,and velocitiesare directly linked by the equation
‘é—f = v. Forinstancejn theimplicit Eulerstepthisis discretizedoy v; = %(wl —
zo). Hencethepositionandvelocity of aparticlecannoteconstrainectthesame
time, unlesshe ODE is modified.Baraf andWitkin introducesucha modification

to setpositionsandvelocities.Unfortunately suchmodificationsarenotadmissible
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for multi-stepmethods.However, if the collisionsarerespondedo early, thereis
no needfor positioncorrection,andit suficesto constrainvelocities.

Theconstraintareimplementedik e thereactionconstraintsThe statevector
is projectedonto the feasiblesubspaceafter eachmatrix operation. This canbe
written by anothermatrix multiplication with the singularprojectormatrix P :=
I-5%, cicZT, wherec is the statevectorof the normalisedconstrainedlirections,
which containszerosfor unconstrainedlirections.Now we canstatethe problem
as

PAv = Pb. (4.3)

Herethe multiplicationon theright projectstheforcesin b ontothefeasibledirec-
tions, the multiplication on the left guaranteeshatthe solutionvectorremainsin
thereducedspace.

Althoughthis systemis nolongerpositive definite,thecg methodstill findsthe
uniquesolution. Thealgorithmto solve asgivenby Baraf andWitkin implements
thedescribednethod:

Algorithm 7: Constrained cg method
(1) b=0(z",v")

(2) r=P(b— Av)
(3) while [|r| > e[[3]]

4 i=i+1
(5 solve M~ lz=r
(6) z= Pz
7 ifi=0
p=(r,z)
else
P-4
8) p=z+pp
9 gqg=4p
(10) g¢=Pq
11) a= ﬁ

12) v=v+ap

13) r=r-—agq

(14) pi=p
end

In this algorithm the projectionon the right-handand left-handside of equ.
(4.3) canbefoundin lines (2) and(10), respectiely. An additionalprojectionis
requiredby the preconditioneM! in line (6).

If we comparethis cg methodto the reactionconstraintswe notice that the
projectionin line (10) of the cg methodappliesthe samefilter thatappearsn the
updateformula (4.2) for the reactionconstraints. But in the filtered cg method
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thereis no explicit collision responsdorce asin equ. (4.1). Instead,presetting
the velocitiesbeforeto correctthe collisionssuficesto move the particlesto their
talgetpositions.

After derving the mechanisnto enforceconstraintsye have to employ these
constraintsto model inelasticcollisions. Basically for eachcollided particle a
tamget positionmustbe specified.The collision responsés describedor the case
of collisionswith a staticrigid object. Neverthelessthe responsenechanisntan
be extendedo dealwith collisionswith moving objectsandself-collisions.

First, we definea collision areaaroundan object. This areais the setof all
pointsaroundan objectthat have a distancesmallerthand from the object. The
distanced canbe specifiedaccordingto the need=f the collision responsdor the
particularanimation.All objectswithin the collision areaaremarked asinfeasible
andcollision responsés appliedto them.

Considera particlewithin the collision area.We wantthe particleto move out
of the collision areabut notto bounceoff. For thatpurposewe definethecollision
direction D eitherasthe normalof the collision objector asthe line of shortest
distance ThedirectionD will beconstrainedIf the velocity is setsuchthatin the
next steptheparticlemovesoutof thecollisionareatheconstrainwill bereleased,
andtheparticleis likely to collide again.Thisresultsin abouncingonthesurface.
In orderto avoid this effect, the velocity is setsuchthat the particle only moves
graduallyto the boundaryof the collision area. We definethetarget positionz to
be the intersectionpoint of the direction D andthe borderof the collision area.

Thenwe set .

m(v41) =w- ;W(T — Tit1), (4.4)

wherer is the projectiononto the orienteddirection D, andw,0 < w < 1, isa
relaxationconstanthatdeterminesiow fastthe particlemovesto positionz. For
w > 1, the particlemovesout of the collision areaandis releasedn the following
time step, if a single-stepmethodis emplg/ed. In multi-stepmethodsthe new
positionis alsoaffectedby the previousvelocity.

Figure 4.1 shavs a particle that entersthe collision area,wherethe collision
is detected.The tamget point is on the boundaryof the collision areaandwill be
reachedy moving alongthe collisiondirectionD.

Sincewe constraironly onedirectionof theparticlevelocity, theparticleis still
freeto move accordingto the forcesactingon it in the otherdirections,including
friction forces.Evenif theparticlepenetratesnobject,thevelocity is constrained
in thecollisiondirectionsuchthatthe particleis drivenbackto the surfaceandcan
move freely on thesurface.

Collision constraintsnustbereleasedvhenforcesdragthe particleaway from the
collision object. This canbe detectedy evaluatingthe residuumin the constraint
directions[BW98]. In thefiltered cg method theresiduumis not requiredto van-
ishin the constrainedlirections,but it is proportionalto the exertedconstraining
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collisionarea

Figure4.1: Responséy constraints

Figure4.2: A textile patchattachedat the uppercornersswingingagainsta box

forces. Hence, it is checled whethertheseconstrainingforcesdrag the particle
away from the colliding object.If so,the constraintsarereleased.

4.5 Resultsand Conclusions

In orderto verify thatthe collision enforcemenmechanisndoesnot impedethe
performanceof the numericalsolwer, the following experimentis carriedout: A
tableclothasdepictedin figure 4.2 with 400 particlesis fixed at two cornersand
swingsagainstanuprightstandingoox andcollides. Therequirednumericaleffort
in termsof the numberof cg iterationsis plottedin figure 4.3 togetherwith the
numberof colliding facepairs.

Whenthe textile hits the box the first time, an increaseof the numberof it-
erationsis unavoidable becausehe systemhasto adoptto the impact. Sincethe
impactis strong,thereis alsoa strongresponseuchthatthe textile movesout of
the collision area,collides again,and eventually comesto reston the box. Here
hardly ary additionalwork is necessary While the numberof collisionsis very
large, the solver hasadaptedo the contactandrunssmoothlywith alow number
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Figure4.3: Correlationof numericaleffort andcollisions

of iterations.

This shavs that the constrainedasedcollision responsanechanisnmhasthe
requiredpropertiedor modellinginelasticcollisionsandrestingcontact.In partic-
ular, thedirectintegrationin the numericalarchitecturenmakesit superiorto other
mechanismsAs collisionsaremodelledwithout modificationof particlepositions,
it is morerobustandbettersuitedfor multi-stepmethodghanmethodghatchange
both positionsandvelocitiessimultaneously



Chapter 5

Collision Adaptive Particle
Systems

Adaptiity is a commonconceptto avoid a uniformly very fine discretizationin
numericalanalysisandgeometricmodelling. Adaptive conceptsallow to achiere
errortoleranceswith lesscomputationailvork. Until here,only adaptvity in time
hasbeenexploited by an adaptve selectionof the time stepsize. Meanwhile,
the spatialdiscretizatiorandtopology hasremainedconstant because constant
topologygivesusthe advantagehat datastructuresfor instancefor sparsematri-
ces,do not have to be modifiedbecausehe systemsizeis constant.But it might
bebeneficialto modify the spatialdiscretizatiorduringthe simulationaswell.

This chapterdevelopsa concepffor adaptvity in regionsthattake partin colli-
sionswithoutchanginghetopologyof thesystem.Thekey will betheintroduction
of virtual particles.

We obsere that in regions without collisions of the particle systemoften a
coarsediscretizationis suficient for an accurateanimation. Wherever collisions
occut however, the deformableobjectshave to fit the objectsurfacethey collide
with, and the resolutionis requiredto be fine. Theseobserationshave led us
to develop collision adaptve particle systemshat generatenew particleswhere
collisionsoccur

In this chaptemwve will first introducethe concepif collision adaptve particle
systems.Thenthe computationof the positionsof virtual particlesin anadaptve
particlesystems laid out. Finally, we will outlinethe modificationof forcesby the
useof virtual particles. This chapteris concludedoy someresultsachieved with
the presentednethod. The collision adaptve methodappliesto collisionsof the
deformablesurfacewith rigid objectsin its ervironment. The adaptvely inserted
particleswill be notedasvirtual particles,while the original particlesare called
baseparticles.
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5.1 Adaptivity and Collisions

Adaptiity is commonlyusedin the numericalsolution of PDE’s. The grid of
the finite elementor finite differencemethodis refinedin thoseareaswherethe
compl«ity is high. Usually an error measurds usedto determinewherefurther
refinemenis necessaryo guarantee certainerrortolerance.

In theanimationliterature therearetwo recentapproachethatintroducespa-
tial adaptvity into the simulation. Hutchinsonetal. [HPH96] develop a multires-
olution particlesystenthatis adaptve to high curvature,i.e. ahigherresolutionis
usedwherethe anglesin the systemdeviate stronglyfrom their restangles. This
approactsuffersfrom its incapabilityto scalecoherentlyto a differentresolution.
Also theusageof explicit solversmightresultin differentresultsfor differentreso-
lutions. Hence thematerialis lik ely to shaw differentbehaiour afterarefinement.

Dehlunneet al. [DDCBO01] develop a multiresolutionmodelfor three-dimen-
sional deformablemodelsdescribedby a continuousformulation. The objectis
modelledby several non-nesteanesheseachmeshdescribingthe objectat a dif-
ferentresolution.Thelocal erroris measuredy the norm of the Laplacianof the
displacementield. If this errorexceedsa certaintolerancejocally the simulation
switchego afinerlevel.

Herewe will take a differentapproacho spatialadaptvity and male the re-
finementsolelydependentn the collisions.

The collision detectioncan be eithersolely basedon particlesor on an accu-
rate computatiorof face/ficedistancesin this chapterwe will useray-tracingto
detectthe collision of particleswith otherobjectsonly. This methodis detailedin
the work by Eberhardtet al. [EHHO0O0]. Collisionsare detectedby intersectinga
ray from the old patrticle positionto the new particle positionwith all objectsin
the ervironment. Whenan intersectionis reported the intersectionpoint andthe
collision normalarereturned(figure 5.1). Consequentlythe collision responsés
restrictedto colliding particles.

B

P

Figure5.1: Collision detectionby ray-tracing. The intersectiorpoint andthe col-
lision normaln arecomputed.

If adeformableobjectcollideswith anothembjectin its environmentandboth
objectsaregivenasmeshestheoccurringcollisionscanbe classifiedasfollows:
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1. face/particlecollision (figure 5.2, upper)

2. edge/edgeollision (figure5.2,lower)

face/particle intersection

edge/edge intersection

Figure5.2: Typesof collisions

Of course,the ray-tracingcollision detectioncan only detectthe first case.
Therefore pnly suchcollisionsthatoccurwhena particleof the deformableobject
penetrateshe ervironment (face/particlecollision with an animatedpenetrating
particle)will betreatedwithouttheadaptve refinementhatwill beintroduced.

Often a minimal offset distancebetweenthe particlesof the textile and the
environmentis employed that prevents collisions that are not handledcorrectly
by the system. When lessparticlesareto be used,the minimal distancehasto
beincreasedandthe shapeof the ervironmentobjectcoveredby a coarsetextile
meshis notcorrectlyrepresentedsinceour methodworksontop of aconventional
collision detectionandresponsenethod,it cannotbe comparedvith oneof these
methodsbut refinesthe detectionand response.This methodextendsthe coarse
collision responseof the underlying conventionalmethodsuchthat all types of
collisionsaretreatedcorrectly andit allows correctsimulationsrequiringonly a
smallnumberof particles.

The adaptvely insertedparticlesgive rise to a new classof particleswhich
are only governedby the collision and not directly by the differential equation.
Therefore,theseparticleswill be called virtual particles. Using this adaptvity,
we areableto simulatetextiles with a very coarsediscretizationandsuchreduce
the dimensionof the ODE significantly The methodis independenof the actual
implementatiorof the particlesystem.
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5.2 Adding Virtual Particles

Figure5.3: A collision of anedgein 2D-space

p
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Q

Figure5.4: Adding avirtual particleto correctpenetration

We startby consideringhecollisionin 2D depictedn figure5.3. Theparticles
of thetextile areguaranteedotto penetrataéhe objectby the methodsof collision
responsesdescribedn the previous chapter An edgecollision, however, causes
a penetration.We canobsenre thatthis failure is dueto aninsuficient resolution
of thedeformablemodel. This canbe fixed by addinga new particleto the system
(figure5.4). In generaltheedgecanintersectheervironmentarbitrarily oftenand
several particleshave to beinsertedin the edgeasit will be describedn the next
section.

We couldnow addnew particlesto the permanentneshthatdescribeshe de-
formableobject. But this would leadto anincreaseof the numberof particlesin
eachtime step,andthe particlesthatwereincludedat time ¢,, maynot be needed
attimet,1, or they areneededat a differentpositionaccordingo thecollision at
thistime.

Hence we do not computetrajectoriedrom the differentialequationfor these
particles but we computethe positionsof thesevirtual particlesfrom the collision
ateachtime step. They areonly valid for this singletime step. Thusthe positions
of thesevirtual particlesaregovernedby the currentpositionof thetextile andthe
ervironment.

Having insertedthe virtual particlesat a certaintime, they canbe usedto dis-
play the currentframe, suchthat the usercannotobsenre ary penetratiorof the
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animatedbiject.

Furthermore we obsere that the length of the modified edgein figure 5.4
hasincreasedueto the insertedpoint andthe modeldoesnot matchthe original
physicaldescription,i.e. thereis a stretchof the textile without an increaseof
tensionenegy. Whenwe usea coarsemesheven casedike in figure 5.5 may
occur wherethetextile drapeson the box in the environmentpenetratinghe box
without ary interaction.Thetextile would eventuallyfall throughthebox because
thereareno forcesto preventthis.

Figure5.5: No interactionresultsfrom collision, unlessvirtual particlesareused

Hence,physicalaccurayg is improved by integratingthe virtual particlesinto
themodel. Virtual particlesapply forcesthatacton their neighboursin the situa-
tion of figure 5.4 the forcesactingon P arenow computedusingthe topology of
thetextile meshin which theneighbourof P is point V' insteadof @. In figure5.5
thetextile now is held by the virtual particlesat the cornersof the box.

In eachtime stepa new topologyof the meshis generatedndforces(or ener
gies)arecomputedor thistopology Notethatnoforcesthatactonvirtual particles
mustbe computedpecauseheseparticlesdo not move on atrajectoryof a differ-
entialequation But thevirtual particlesexertforcesthatdragtheadjacenparticles
backtogetherto counteracthe stretchdueto the collisions.

5.3 Computing Virtual Particles

This sectiondescribediow, startingfrom a triangulartextile mesh,all virtual par
ticles can be computed. Sincewe requirea quadrilateralmeshfor the physical
simulation,this is corvertedto a trianglemeshby splitting eachquadrilaterainto
two triangles. The methodassumeshatall baseparticlesare outsidethe erviron-
mentmesh,.e. our methodcooperatesvith a conventionalcollision detectionand
responsenethodthatpreventsthebaseparticlesfrom penetratingheervironment.
Only afterthis corventionalcollision responseyirtual particlesare computedor
eachface.

The objectsin the ervironmentarerequiredto be given asa mesh(this is not
aserioudimitation asin practiceall geometricobjectsaregivenasmeshe®r can
be corvertedto one).
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We aim to guarantedhat all edgesof the adaptvely refinedtextile meshbe
outsidethe ervironmentmesh. This is achiezed by a projectionmethodin which
all edgesor sggmentsof edgesof the environmentare projectedonto the textile.
Thoseparticlesandsegmentsof edgesof the ervironmentthathave penetratedhe
textile areinsertedn thetopologyof the original textile mesh.

deformable mesh

g
C

Figure5.6: PlanesS partition the volume above the facesand define centresof
projectionCy,

In thefollowing theprojectionmethodwill bedescribedTheprojectionP that
mapstheedgeof theenvironmentmeshontothetextile meshis givenprocedurally
by definingtherestrictionof P to onetextile meshface f notedas P;. All face
normalsn; areassumedo benormalised.

As afirst stepwe definea centreof projectionfor eachface f: We definea
boundingvolume by threeplanesS;, where S; is a planeseparatingf from the
adjacentextile facef;. S; is givenby thenormal

n . nf X nf;
av; ?
lng X ng

whichis definedto be perpendiculato bothfacenormals,andthevertex P;:

Sit (nav;, (X — F;)) =0

Let C'y betheintersectiorpointsof thesethreeseparatinglanes.Therestric-
tion of P to facef is acentralprojectiongivenby its centreof projectionC. The
projectionsare definedsuchthat the spaceabove the facesis partitionedby the
boundingvolumes. Figure 5.6 illustratesthis projectionfor the two-dimensional
space.
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If thenormalsn,y,; arelinearly dependentthenC/ is apointatinfinity andthe
centralprojectiondegenerateso a parallelprojection.In eithercasethe projection
P; is definedby a pointin projective spacerepresentety its homogeneousoor
dinates.

We have defineda projectionthat mapsan edgee onto the planespannedy
f. Sincewe wantto restrictthe centralprojectionto a singlemeshface f andalso
only partsof thetextile meshthatactuallypenetratéhe ervironmentareto be con-
sidered someclipping stepshave to betaken.

Eachedgee = XY of the ervironmentedgeis projectedonto f with vertices
Py, P,, P; asfollows:

1. Computethe heightsof X andY above f: hx = (nf, X — P1),hy =
(ng,Y — Pp). Only pointsof an edgethat have positve heightareto be
consideredPointswith negative heightdo not penetratelf a segmentof an
edgehasnegative height,it is clippedoff anda nev endpointis computed
by linearinterpolation.If hx < 0 andhy < 0, theedgedoesnot penetrate
atall andis skipped.

2. GivenCy, projecte ontotheplanespannedy f.

3. Intersecthe projectededgewith theedgesf facef. Clip off sgmentsthat
areoutsidethe face f. The endpoints of the sgmentcontainedin f are
notedasV, W (all projectedpointswill bedenotedusinganoverline).

Four casescanoccur(figure5.7): If no segmentof the edgeis containedn
f, theedgeis skipped(5.7(a)).In 5.7(b)the edgeis clippedtwice. In 5.7(c)
only onenew endpointis computedwhereasn 5.7(d) e lies completelyin
f- Themappingof two edgese; ande; is illustratedin figure5.8.

4. If, say V is notanendpoint of the projectededgee, V = P~1(V) is yet
to becomputedLet «, 8 bethebarycentriccoordinate®f V' with respecto
X, Y. Theratio,whichis definedas

. o
IB ?
is invariantunderaffine mapsandV canbecomputedy linearinterpolation.
In this caseof acentralprojection howvever, V cannotbecomputecby linear
interpolationbecauseatiosarenotinvariantunderprojective mapswhereas
thecrossratiois invariant:
ratio(X,Y,V)  ratio(X,Y,V)

ratio(X,Y, A)  ratio(X,Y, A)

ratio(X, V)Y)

This canbe exploitedto computeV if we have anauxiliary point A andits
imageP. Hence we projecttheauxiliary point A = %(X +Y) ontofacef
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Figure5.8: ProjectionP in atwo-dimensionatrosssection

to get A andsolve the above equatiorfor V.

5. Theraysfrom the endpointsof anedgeto theirimagesunderprojection P
mustnot intersectotherobjects. For instance this caseoccursif the textile
hasnot penetratedbut is on the oppositeside of the environmentobject.
Thenarayfrom the oppositesideof theervironmentobjectwould penetrate
anervironmentfacefacingthe deformableobject.

In thesituationof figure5.9,edgee would behandledasanedgepenetrating
facef, althoughthetextile faceis onthe othersideof the solid environment
object. This situationis detectedoy the raysintersectingthe lower faceof
thesolid.
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Figure5.9: Detectionof nonpenetratingedges

ThepointsV; areeitherontheboundarie®f f correspondingo anedge/edge
collisionorinsidef correspondindo aparticle/acecollision (environmentparticle
penetratinghetextile).

Eachfacef of thetextile becomes sub-meshhatcontainsthe original three
vertices(baseparticles)aswell asall nevly computedvirtual particlesand the
edgesconnectingthem. At this stagethe geometryof this sub-meshs already
known, becausave know the positionsof P;, P, P; andall virtual particlesV;.
Thetopologyis yetto be computedby a constrainedelaunaytriangulation,and
for thiswe will useV;.

Firstthe new boundarytopologyis obtainedby insertingthe new verticesthat
lie on the boundaryof f in the faceboundaryin the correctorder One com-
ponentof their barycentricswith respectto P;, P,, P; is zeroandthereforethe
barycentriccanbeusedto sorttheverticesthatlie ontheboundary

Theline segmentsan thefaceaswell asthefaceboundaryareconstraintgo the
topology of the sub-mesh.We performa constrained2D Delaunaytriangulation
of P, P», P; andall V; thatlie in f in the planeof f (in ourimplementatiorwe
useavery stabletriangulatorby Shavchuk[She98). Thenthetopologycomputed
in 2D is combinedwith the 3D geometryto yield the sub-meshi.e. we replaceV;
with V;.

Finally all sub-mesheffaces)aremegedto onesinglemeshthatcontainsall
baseandvirtual particlesandall edgesconnectinghem.

An exampleof the projectionis givenin figure 5.10. Thoseedgesabove the
triangle penetratehe textile. Edgees only partly penetrateghe face,and only
the penetratingsegmentof e; is considered.Vertex V; is projectedonto V; and
becomesninterior point. The edge/edgeollisionsgive new verticesQ; andQ@,,
while Q; is the pointof e; wheree; is clippedoff.

A simple exampleof a collision is depictedin figure 5.11. The four particle
systemhasedge/edgeollisionswith the upperright edgeof thebox. Threevirtual
particleshave beeninsertednto the meshof thetextile dueto theseedge/edgeol-
lisions.

Usingacceleratiorstructuress necessarpecausehe projectionmethodhasa
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Figure5.10: Edgesprojectedontoaface

compleity of O(#edgegy, -#facegqyijje) asall edgesareprojectedontoall faces.

In orderto reduceghenumberof edge/acepairsfor whichaprojectionhasto be
carriedout, the samealgorithmsasusedfor collision detectionfor deformableob-
jectscanbe employed. Thesealgorithmshave beenwidely discussedn literature
(e.g.Volino etal. [VMT94], Eberhardetal. [EHHOO]). In ourimplementatiorwe
areusinga grid basedaccelerationThe facesof the deformableobjectare sorted
into a grid. Thenfor eachedgethosegrid cells thatthe edgeis containedin are
selectedThus,theprojectiononly hasto be performedor thosefacesof thetextile
thatarein thesegrid cells.

Figure5.11: A four particlemeshfalling ontoabox

Thecompleity of thetriangulationstepis O (#faceggyiije), DeCausehetrian-
gulationis local andits costis limited by the maximumnumberof particlesto be
insertednto oneface.
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5.4 Physically Interacting Virtual Particles

As mentionedabove virtual particlesare not only usedfor visualisationbut also
exert forcesacting on their neighbours. Otherwisethe textile would appearun-
naturally stretchedvhenvirtual textiles areinserted. In this sectionwe therefore
describehow the virtual particlescaninteractwith their neighboursn a regular
quadrilateramesh.

If thetrianglemeshcomputedn the previous sectionwereusedfor the physi-
cal simulation,the numberof neighboursf a particlewould changein eachtime
stepandthedatastructurenvould have to adoptto a newv dimensioneachtime. This
is avoided by the following technique:We find it sufficient to employ the virtual
particleson the faceboundariesnly for the physicalsimulationandignore such
virtual particlesthatlie insideameshface.Thesevirtual particlesontheedgesex-
ertforcesontheirneighbourdik e baseparticlesdo. However, noforcesareexerted
onthevirtual particlesthemseles. This might seemto contradictthe principle of
actio equalsreactig however, theforcesexertedby thevirtual particleareconsid-
eredascollision forcesexertedby the rigid collision object,the massof which is
toolargeto reactto collisionswith thetextile. By this principle,we do nothave to
dealwith a changingtopology andlocally we only have to changepositionsand
velocities.

Therestdistancesandrestangleswherethe systemis at an equilibrium state
mustbe adoptedaswell to fit the new topologyandgeometry

We will explain this looking at the following example: Assumethat particle
P, hasfour neighboursP,, P,, P, P,, andtwo virtual particlesV; and V, are
computedbnedgeP,, P, asshawvn in figure5.12. Theforcesactingon P, arethen
computeddy usingV; insteadof P; asadirectneighbourof F.

Py
[ )

Ps Po Vi Vo P

Py
()

Figure5.12:Localtopologyat P,

Hence jn theimplementatiorwe only have to replacethe positionandvelocity
of P; with V4. Thevelocity of thevirtual particlesis neededo computedamping
forcesandis setequalto thevelocity of the pointin theervironmentit corresponds
to, becausdt is assumedhatthis pointin thetextile will stayattachedo thatpoint
of theervironment. For a staticervironmentall the velocitiesof virtual pointsare
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setto zero.Lik ewisevirtual particlescanreplacethe baseparticlesP,, Ps, and Py,
too.

NotethatV; andV; arenot actually T-verticesthatareusuallyharmfulin the
discretizationof dynamicsystems.The problemoccursif only forcesacton one
side of the particleandthe otheroneis free. In this method,however, no forces
whatsoger acton theseparticles.

New restlengthsof the springscontrolling the tensionmustbe computed.If
anedgeis split into severalsggmentsthe sumof therestlengthsof theseseggments
mustbe equalto the restlength of the original edgeto ensureareapreseration.
Hence therestlengthr; of thej-th sggmentis computedby

L T

Sioor]

wherer is therestlengthassignedo thatedgeandi; is the currentlengthof the
i-th sggment.This way every time the evaluationfunctionis calledeachparticleis
checled for virtual neighboursIf virtual neighboursarefoundfor a baseparticle
they replacethe original neighbours,and forces guide the particle into the cor
rectdirectionandrestorethe correctedgelengths. Hence the insertionof virtual
particlesis atrivial replacemenbf vertex coordinates.

One might alsowant to usevirtual particlesto computeotherforces,for in-
stancebendandshearforces. Unfortunately this would decouplethe systembe-
causeheseforcescannotbetransmittedrom onebaseparticleto thenext if there
arevirtual particlesin between.

Notethattheinsertionof virtual particlesdoesnot changehe materialproper
ties but only refinesthe discretization.We canimaginethat we first split a spring
betweentwo particlesinto two. Using new restlengthsasdescribedabove, this
doesnot changethe materialproperties.Thenthe virtual particleis movedto ac-
commodatehecollision suchthatthemodellingbecomesnoreaccuratewhile the
simulationmaintainghe correctmaterialparameters.

Whendiscussinghe effectsof insertedoarticleson the numericalstability, we
have to keepin mind thatthe forcesexertedby the virtual particlesareequivalent
to springsattachedo therigid collision object. Thesespringsfunctionsimilarly to
corventionalcollision detectiorandhave similar effectsasdescribedn chapter.

5.5 Results

The collision adaptve techniquesareembeddedn the particle systemsystemde-
scribedby Eberhardtet al. [EWS96]. The ODE is solved by the implicit Euler
method.

Figure5.13shawvs a cloth modelledby only two triangle patchedalling over
abox. The penetratiorin picture5.13(a)is causedy threeedge/edgeollisions.
Threevirtual particleson the boundaryare insertedasin figure 5.11 so that this
new meshdoesnotintersecthebox (figure5.13(b)).
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| Example | #particles| projection| topology | combined|
roundtable 100 38.5ms 38ms 76.5ms
squardable 400 24ms 147.5ms| 171.5ms

ball 100 150.5ms | 83.5ms | 234ms

Table5.1: Executiontimesfor the computationof virtual particlesaveragedover
1sof simulationtime

In figure 5.14 (a) the meshof a tablecloththat falls over a roundtablecanbe
seenAlthoughit only containsl00particles thecircularshapeof thetablecanbe
modelledaccurately Thefinal resultis shavn by picture5.14(b).

Thethird exampleshavs a clothfalling overaball. This exampledemonstrates
whatcanbe achiered by adaptve simulations.The meshof the ball is quite com-
plex andconsistof 1227edges Whenno adaptvely insertedparticlesareused,a
coarsemeshover a ball looksasshavn in figure 5.14(f). The particleson top of
theball arestill visible, but the faceshave sunkinto theball. Figures5.14(c) and
(d) shav two refinementsat differenttime stepsof the simulation. The fine mesh
of the ball is megedinto the coarsemeshof the textile. Finally, figure 5.14 (e)
shawvs therefinedmeshof thetextile coveringthetop of the spherecompletely

Figure5.15shavs a comparisorbetweena textile with 2500 particlesfalling
over atablewithout adaptvity anda meshwith 400 baseparticlesandadaptvely
insertedvirtual particles. The400particlemeshwhichis obviously muchfasterto
computerepresentsa goodapproximatiorof the high resolutionmesh.

Theadditionalcomputationatostsof theadaptvity aredueto thecomputation
of virtual particlesasdescribedn section5.3. In the simulationprocesswe only
have to fill in thenew coordinatesandnew restlengths.In table5.1the execution
timesfor thethreeexamplesin thefigures5.15and5.14aregiven. Thevaluesare
averagedover one secondof simulationtime on an R10000/180MHzprocessor
Thethird columngivesthetimesfor theexecutionof the projectionstep,thefourth
columngivesthe timesfor the computationof the topology andthe last column
shavs thecombinedvalues.

Note thatfor the physicalsimulationasdescribedn section5.4 we neednot
computethe new topology sinceonly virtual particleson the boundaryare used.
The overall performancalependn the underlyingphysicalsystemandthe nu-
mericalsolversused.

5.6 Conclusion

In this chaptemwe have presented methodthathandlesll typesof collisionsthat
occurin animationwith particle systems.It appliesto ary corventionalparticle
systemthatis basedon regular quadrilaterameshes With a very low numberof
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(a) (b)

Figure 5.13: 4-particlemeshdrapingon a box, (a) without virtual particles,(b)
with virtual particles

baseparticlesresultsshaving a high quality areobtained.Thatmeanghe numetr
ical solver only hasto solve low-dimensionakystemsandthe collision detection
only hasto dealwith smallmeshes.

Unfortunately thereis the dravbackof the additionalcomputationatostsdue
to the meshprojection. The computationof virtual particlesis ratherexpensve.
The costsof the proposedorojectionalgorithmmight compensatall advantages
gainedby the smallernumberof particles.More specialisedacceleratioomethods
andalgorithmicimprovementscouldfurtherreducethe costsof the projection.

Thewrinklesof thesimulatedextiles partly look coarsepecaus¢headaptvity
only appliesto the collision regions. In orderto alleviate this problem,the colli-
sion adaptve methodcanbe combinedwith othermethodsthat producerealistic
wrinkles. ForinstanceHadapetal. [HBVT99] maptexturesontothe meshto give
theimpressiorof wrinkles.
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(e) (f)

Figure5.14: Exampleswith 100 particles: refinedparticle systemsdrapingover
aroundtableanda ball. Figure(f) shavs the samemeshasfigure (e) without
refinement.
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Figure 5.15: Right: 2500 particleswithout adaptvity, left: fastsimulationwith
only 400 particlesandadaptvity




Chapter 6

A Software Ar chitecturefor
Particle Systems

Thetechniqueslescribegreviouslyin thisthesishave beenmplementedn acloth
simulationsoftwarewritten in C++. In the design,flexibility andefficiency were
themajorobjectives. Thedesignshouldbe easilyadaptableo futurerequirements
andextensionsfor instanceadditionalforces.Althoughin this thesisonly quadri-
lateral meshesare studied, the architectureshouldbe flexible enoughto handle
triangularmeshesaswell. Clearly an objectorienteddesignhelpsto meetthese
requirements.

Efficiengy is asimportantas flexibility, andwe wantto ensurethat the high
numberof computationf forcescanbe carriedout fast. This requiresthe min-
imisationof overheadandthe datato computetheseforcesto bereadilyavailable.

This chapterfirst describeghe supportingsoftware libraries, thenthe classes
that storethe forces,andfinally the classstructureof the simulatorkernel. The
developedsystemhasbeenappliedto seseralscenario®f clothanimationandthe
resultswill beshavn in thefinal section.

6.1 Supporting Data Structures

The systemdesignincludestwo external libraries. A numericalclassprovides
datastructuresand algorithmsfor the linear algebraoperationsin the numerical
integration. A meshclasshandlesall geometryobjectsin the animatedsceneand
providesaninterfacefor inputandoutput.

6.1.1 Matrix Library

The matrix andvectoroperationsn the numericalframavork mustbe supported
by efficient datastructuresand algorithms. In particular it is crucial to exploit

the sparsityof the matrices. In the implementationwve usethe Matrix Template
Library (MTL) [SL99, Not] developedat the University of Notredame.It applies
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genericprogrammingo achiere asmuchflexibility aspossiblewithout sacrificing
theefficiengy.

Mostimportantly we usethe MTL datastructuredor sparsesymmetricmatri-
ces. Thesematricesstorethe matrix componentcompressedby the omissionof
zeroentries.They save memoryspacebut alsoallow to carryoutthe matrix-vector
multiplication andthe routineto solve a systemwith a triangularmatrix in linear
time, becauseén theseoperationsonly the nonzeroelementsareaccessedThese
routinesarethe mostcostly operationsn thecg method.

6.1.2 Mesh Data Structure

All objectsof the sceneare readas polygonalmeshes. For the computationof
forces,thetopologyinformationhasto be extractedfrom the meshdatastructure.
However, thiswill bedoneonly oncein a preprocessingtepandis nottime critical.
Thedesignof themeshdatastructurethereforeis governedby therequirementsf
the collision detectionalgorithm, which is not treatedin this thesis. During run-
time the simulationonly emplo/s the meshdatastructureto computethe surface
normals.

We choosea facebasedneshdatastructurefor the sale of simplicity andeffi-
cieng. As weassumehatthetopologydoesnotchangeandnotalot of navigation
in the meshis necessaryit is competitve with ary half-edgedatastructure. The
accesgoutinesare simple enoughto allow an optimisationof the performance.
Eachvertex storesits adjacenfaces.Hence the vertex normalscanbe computed
from theadjacenfacesin constantime.

6.2 A Cloth Simulation Framework

In this sectionwe outline the classstructureof the system. First, we presenthe
classeghat containall informationto computethe internal forcesin an object.
Afterwards,the classe®f the simulatorkernelaredescribed.

6.2.1 StressComponents

In orderto computethe forcesrapidly, fastaccesdo the datais crucial. There-
fore, all geometricaltopological,andphysicaldatais retrievedfrom themeshdata
structurein the initialisation and storedin objectsof the classStressComponent
For eachkind of stressij.e. tensionbend,andsheara stresslassis provided. The
initialisation allocatesan objectfor eachnodeor edge respectiely. The classhi-
erarchyis depictedn figure6.1in UML notation.Thesymbols+, -, and# indicate
theattributespublic, private andprotected respectiely.

ClassStressComponent Thebaseclasscontainsdatathatis sharedoy all kinds
of stressThesearein particularanelasticityanda viscosityparameter
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StressComponent

#el asti c_const: doubl e
#vi scous_const: double

A

Class TensionComponent Class ShearComponent
#i ndex1: doubl e #indices: int*
#i ndex2: doubl e #rest_| engt h: doubl e*
#rest | ength: doubl e #zero_angl e: double

#i s_border: bool ean

T

Class BendComponent
#i s_border: bool ean

Figure6.1: Stresssomponentlasses

ClassTensionComponent Thereis oneinstancefor eachedge. Eachinstance
storegheindicesof its two adjacennodesandtherestlengthbetweerthem.

Class ShearComponent For the computationof shearforcesone instanceis
storedfor eachnode.To computetheshearstrainatanodes, its four directneigh-
bourshave to be known in the specifiedorder Therefore,aninstancestoresfive
indicestogethemwith four restlengths.If the centralparticleis onthe border the
missingneighboursarereplacedwith theindex of the centralparticle. If themesh
is not orthogonal,a value for the scalarproductin the equilibrium stateas com-
putedin equ.(2.16)canbe storedaswell.

ClassBendComponent Thebendstresds very similar to thetensionstressasit

useghesecondartialderivatives. Thereforejt makesuseof thesamedataasclass
TensionComponemceptfor the borderinformation,which is neededecaus®n
theborderno bendforcesin the normaldirectionof thatborderarecomputed.

The simulationstoresa vectorof stresscomponentsandin eachiterationthe
forcescanbe computedefficiently by running over all stresscomponentsn that
vectorandevaluatingtheforces.

6.2.2 The Kernel Classes

The core of the simulatoris situatedin two kernel classes:ParticleSystenand
Cloth. Otherclassegrovide informationaboutthe materialsandthe geometryof
theobjectsin the scene The classstructureis shavn in figure6.2.
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ClassParticleSystem This classrepresentan abstractsimulation. It contains
datastructurego controlthenumericalsolver andto storepositionsandvelocities.
Also, it containsdatastructuresfor constrainthandling. The methodsolveODE
providesa loop that simulatesa specifictime interval and calls the solvemethod
of the applicationto carry out onetime step. fixParticle setsone or more per
manentconstraintsor eachparticle. Also, a velocity canbe prescribedor each
constrainedlirection. This allows to attacha partof the surlacesomavhereor to
prescribea specificpath. Otherapplicationclasseghan Cloth could be derived
from ParticleSystenaswell anduseits functionality

Class Cloth  This classactually implementsthe specific surface animation. It

containsseveral ODE solvers: IMEX Euler, implicit Euler, SBDF(2),BDF(2),and
theimplicit midpointrule. All of thesesolversmalke useof thecgmethodwhichis

wrappedby thefixed pointiteration,andthe stresscomponentsEachsolver com-
putesthe entriesof the sparsesystemmatrix matrix_pattern The tensionforces
arefully integratedinto the solversasthe matrix of the linear systemis setup us-
ing datafrom StressComponenill otherforcesareexplicitly computedrom the
classeExternalforcesandthe otherkinds of StessComponentAfter eachtime
step, this stepsize canbe modifiedif the numberof fixed point iterationsis out
of the specifiedrange. The methodsolveprovidesthe interfaceto the outsideand
carriesoutonetime step.

ClassCollisionDetection TheclassCollisionDetectiorstanddor a containerof
an arbitrarycollision detectionalgorithm. The implementatiorof the cloth simu-
lation makesuseof an objecthierarchyfor the detectionof proximities[Mez01].
The deformableobjectsaredecomposethto regions,andfrom theseregionsa hi-
erarchyis built. This hierarchyis keptin a searchiree,andfor eachnodeof the
treea boundingvolumeis storedfor rapid collision detectionbetweemodes.Ad-
ditionally, heuristicsareusedto reducethe numberof collision tests.

All otherclasseprovide therequireddatafor the simulation:

ClassClothMaterial ~ An objectof this classspecifiesonespecificmaterialwith

all its physicalparametersin the constructionof an objecta materialfile is read
to initialise the data. Cloth usesthe ClothMaterial objectsto initialise the Stress-
Componenbbjectswith the physicalparameters.

ClassEnvironment TheclassErvironmentprovidesall scenedata. Themeshes
of thedeformableandrigid objectsarecontainedn objectsof thisclass.All bodies
in the sceneare representedy meshesand readby the classCollision for the
detection.Queriescanbe sentto this classto retrieve the velocitiesandpositions
of ary objectatary timein thescenelf thescenas dynamic,.e. oneor morerigid
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objectsmove, for eachof theseobjectsa sequencef key-framesis stored.When
suchadynamicobijectis queriedat a certaintime, thekey-framesareinterpolated.

This classalsoprovidesthe functionality to write the framesof the animation
to anoutputdevice.

Class ExternalForces This classimplementsvariousexternal forcesthat may
actonadeformableobject. It computesll externalforcesdescribedn section2.6,
namelygravity, friction, air resistanceandwind.

6.3 Resultsand Applications

Finally, we shav someresultsthathave beencomputedvith thisanimationsystem.

Dresson a Walking Avatar Thisis anexampleof clothesin a dynamicscene.
The dresshasa loosefit andcanmove ratherfreely on the body In the pictures
6.3thedressis discretizedoy 1310particles.Thetime stepsizein theseanimated
sceness constraineddy the collisionsratherthan by the integration methodbe-
causeif thetime stepis large, a particlecanmove a large distanceduring this step
andcanpenetratenotherobjectwithout beingdetectedascolliding in time.

Sweaterand Trousers A walking manwearsa sweaterandtrousersin figures
6.4and6.5. The sweaterconsistof 5759particlesandthe trousersof 4998parti-
cles.Jointslike shoulderskneesandelbavs requireaparticularlyhigh resolution,
because coarsemeshis hardly flexible enoughto be wrappedarounda bending
joint. Notethatthetrousersarenotheldin placeby constraintsOnly the stiffness
of thematerialpreventsthetrouserdrom slippingover the pelvis.

Sewingby Constraints Theimplementectonstraintsiot only canbe employed
for collision responsethey alsocanbe usedfor the assemblyof clothes. An ex-

ampleis shavn in in figure6.6. Thedresss assembledrom afront andbackpart,
which hasalreadybeenpresentecisan exampleof curvilinearmeshingin figure
2.9. Thesepartsareplacedin thefront andin thebackof theavatarin figure6.6(a).
Theleft andright boundarie®f thesepartsareconstrainedo move on a pathsuch
thatthe boundariesoincideafter a certaintime while the gravity is switchedoff.

Thenthe mesheof the front andback part are meged. At this point, thereis a
very high tensionin the dresswhich canbe seenin figure 6.6(b). Afterwardsthe
constraintsare switchedoff andthe dressrelaxesgraduallyin pictures6.6(c)and

().
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Class Particlesystem

#env: Environnent
#col | Collision
#nunerical tol erances: Paraneter Set

+sol ve(start_tine: doubl e, end_tinme: doubl e, frane_time: double): void

+fi xParticle(index:int,direction:Vector): void

JAN

Class Collision
#env: Environnet
+det ect Col | i sions():

voi d

Class Environment

+get Envi ronment Mesh(i ndex:int): Mesh

+writeFrame(): void

Class Cloth

#stressconps: Array of StessConps
+external forces: External Forces
+materials: Array of C othMaterial
#matri x pattern: SparseMatrix

+sol ve(tinme: doubl e, st ep_si ze: doubl e) :

voi d

Class StressComponent

Class ClothMaterial

+mass density: double
+tensi on weft: double

+t ensi on warp: doubl e
+tensi on weft danp: doubl e
+t ensi on warp danp: doubl e
+bend weft: double

Class ExternalForces
+pos: Vect or Poi nt er
+vel o: Vect or Poi nt er
+gravity : double

+bend warp: doubl e
+bend weft danp: double

+friction coefficient: double

+w ndvect or: Vector 3D

+bend warp danp: doubl e +addW ndFor ce(force: Vector): void
+shear: doubl e +addGravi ty(force: Vector): void
+shear danp: doubl e +addFri ction(force: Vector): void

-readParaneters(naterial file:File)

-readPar anmet ers(paraneter file:File):

voi d

Figure6.2: Classarchitectureovervien




6.3 ResultsandApplications

95

Figure6.3: Walking womanwith adress

(d)
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Figure6.4: Manwith sweatemndtrousers



6.3 ResultsandApplications

97

(b)

() (d)

Figure6.5: Walking manwith sweaterandtrousers
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Figure6.6: Relaxationafterdressingoy constraints
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