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Zusammenfassung in deutscher

Sprache

In dieser Arbeit untersuchen wir Cauchyprobleme fiir Differentialgleichungen mit
nichtlokalen Anfangsbedingungen und Cauchyprobleme fiir abstrakten Differential-
gleichungen mit unendlicher Verzogerung (siehe, z.B., [13-15,19, 35,36, 46,51, 52,
86, 87| fiir Motivation und konkrete Anwendungen).

In Kapitel 1 erhalten wir solche Ergebnisse fiir semilineare Integrodifferentialglei-
chungen, die bekannte Resultate aus [14, 17,61, 70] wesentlich verallgemeinern. Dies
wird an Beispielen aus der Warmeleitungsgleichung in Materialien mit Gedéachtnis
gezeigt.

In Kapitel 2 wird diese Untersuchung fiir semilineare Evolutionsglei-chungen weit-
ergefithrt. Mit Hilfe (C,w, M,))-zuléssiger Paare erhalten wir neue Existenzresultate
fiir milde und klassische Losungen.

Im dritten Kapitel untersuchen wir Cauchyprobleme fiir Funktionaldifferentialgle-
ichungen in Banachraumen mit unendlicher Verzogerung. In Abschnitt 2 diskutieren

wir die Gleichung zu einem Cauchyprobleme auf einem Banachraum X der Form

t
u(t) = g(t) + / f(t,s,u(s),us)ds (o <t <T),
Uy = ¢7
wobei 0 <o < T, g(t) € C(lo,T],X), f € C(lo,T] x [0,T] x X x P, X) und ¢ € P
(einem Zuléssig-Phasenraum). In Abschnitten 3 - 5 untersuchen wir die folgenden

Typen von Cauchyproblemen fiir Funktionaldifferentialgleichungen mit unendlicher

Verzogerung:

u(t) = Au(t) + f(t,u(t),uy), 0<t<T,

U0:¢,



(nichtautonome Cauchyprobleme), und

u'(t)=A [u(t) +/O F(t— s)u(s)ds] + fltu(t),u), 0<t<T
ug = ¢

(Integrodifferential-Cauchyprobleme), wobei T' > 0, A und {A(t) }+>0 lineare Opera-
toren auf einem Banachraum X sind, {F(¢) }o<i<r C L(X), f € C([0,T]x X xP, X),
und ¢ € P. Eine Reihe von neuen Resultaten erhalten wir mit Hilfe Nichtkompak-
theitmafien und Kamke-Funktionen oder Lipschitz-Bedingungen.

In Kapitel 4 beweisen wir Regularitatseigenschaften der Losungen, falls der Ba-
nachraum die Radon-Nikodym Eigenschaft besitzt.

Kapitel 5 enthalt eine Untersuchung der Wohlgestelltheit abstrakter Funk-
tionaldifferentialgleichungen und nichtautonomer semilinearer — Funktional-
Evolutionsgleichungen mit unendlicher Verzogerung in beliebigen Banachraumen.
Unter der Annahme, dass der nichtlineare Term Fréchetdifferenzierbar ist, erhalten
wir Verallgemeinerungen von Ergebnissen von [3,8,13, 22,23, 35, 36,45,46,48, 51,
58,59, 71,77,78,84,86,87]). Die Wohlgestelltheitresultate fiir nichtautonomen

Cauchyprobleme ist ganz neu.
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Introduction

Nonlocal Cauchy problems

Nonlocal Cauchy problem, namely the Cauchy problem for a differential equation
with a nonlocal initial condition u(ty) + g(t1,...,tp,u) = up (here 0 < ty < t; <
-+ < t, < ty+ T and g is a given function), is one of the important topics in
the study of the analysis theory. Interest in such a problem stems mainly from the
better effect of the nonlocal initial condition than the usual one in treating phys-
ical problems. Actually, the nonlocal initial condition u(ty) + g(t1,...,t,, u) = ug
models many interesting nature phenomena, with which the normal initial condition
u(0) = up may not fit in. For instance, the function g(¢1,...,t,, v) may be given by
g(t1, .. tp,u) =>F  cu(t;) (¢; (i =1,...,p) are constants). In this case, we are
permitted to have the measurements at t = 0, ¢, ..., t,, rather than just at ¢t = 0.
Thus more information is available. More specially, letting g(t1, ..., t,, u) = —u(t,)
and up = 0 yields a periodic problem and letting g(t1,...,t,,u) = —u(ty) + u(tp)
gives a backward problem. From Byszewski [14, 15], L. Byszewski and V. Laksh-
mikantham [19] and the references given there, one can find other information about
the importance of nonlocal initial conditions in applications. There have been many
papers concerning this topic (cf., e.g., [5,9,14,15,17-19,52,61,68] and references
therein). However, much of the previous research was done under the condition
“M(K +TL) < 1" (where M, K, T and L are some internal constants in the re-
lated nonlocal Cauchy problem) or its analogues (cf., e.g., [14,17,61] or Chapter 1
of this thesis). This condition turns out to be quite restrictive. In particular, limited
by it, the results obtained for nonlocal problems can not cover those classical results
regarding Cauchy problems with normal initial data. Thus, there naturally arises a

question:

Can the above condition be relaxed such that the results for nonlocal
Cauchy problems cover the corresponding ones for normal Cauchy prob-

lems?

In Chapter 1, we are concerned with the Cauchy problem for semilinear integro-
differential equations with nonlocal initial conditions. Under general and natural

hypotheses, we establish some new theorems about the existence and uniqueness of



solutions for the nonlocal Cauchy problem. As a consequence, we give an affirmative
answer to the question above for such a nonlocal Cauchy problem, and we also unify
and extend the corresponding theorems given previously for the Cauchy problem for
differential equations or integrodifferential equations with nonlocal initial conditions.
Moreover, we present two examples, one of which comes from heat conduction in
materials with memory, to indicate that, in contrast with ours, the previous results
are not applicable to them.

In Chapter 2, we continue our study of the nonlocal Cauchy problems. Our tar-
get now is to give some new results about the existence and uniqueness of mild
and classical solutions of nonlocal Cauchy problems for semilinear evolution equa-
tions. We introduce a new notion, called (C,w, M,)-admissible pair, and carry out
our investigation in Banach spaces W'« (T') motivated by Jackson [52]. We prove
certain nonlinear convolution integral equations in Banach spaces, to which the ex-
isting related results did not apply, to possess continuous solutions. As applications,
new existence and uniqueness theorems for mild and classical solutions of nonlocal
Cauchy problems for semilinear evolution equations are obtained. Moreover, a re-
sult on the existence and uniqueness of a classical solution of a semilnear parabolic
equation with a boundary condition and a nonlocal initial condition is given as an
example. The present results generalize some previous related theorems. Further-
more, even for classical semilinear abstract Cauchy problems, the results here are

new.

Delay equations

Equations with delay (i.e., with some of the past states of the systems) are of-
ten more realistic mathematical models for practical problems compared with those
without delay, and they have been studied for many years (see, e.g., [3,7,8,10-13,
22,23, 32,35, 36,4448, 51,53-60, 63, 71, 74-79, 83, 84, 86, 87| and references therein).
General references for delay equations are the monographs by Burton [13], Diek-
mann, van Gils, Verduyn Lunel and Walther [35], Hale and Verduyn Lunel [46],
Hino, Murakami and Naito [51], Webb [86], and Wu [87]. From the monograph by
Engel and Nagel [36], one can find a very nice treatment of abstract delay equations
by the operator semigroup theory.

In this dissertation, we study delay equations in a quite general framework of

admissible phase space, which satisfies hypotheses weaker than those required in



the previous literature and includes the space LP((—o0, 0], X'). Therefore, our results
are extensions of many known results on delay equations for infinite delay as well as
for finite delay given in, e.g., [3, 8,13, 22,23, 35, 36,4548, 51,53, 54, 5860, 63, 71, 74—
79,84, 86, 87]).

We would like to mention that the investigation of functional differential equations
with infinite delay in an abstract admissible phase space was initiated by Hale and
Kato [45] and Schumacher [77] (for X = R"), and that Banks, Burns, Delfour,
Herdman and Mitter were among the first who studied equations with finite delay
in the state space X x LP([—r, 0], X) (cf. [7,10,32]). The method of using admissible
phase spaces has proved to be significant in dealing with infinite delay problems,
because in this way one can treat a large class of functional differential equations
with infinite delay at the same time and obtain general results. On the other hand,
as shown, e.g., in [7,10-12, 32,83, the product space X x LP(|—r, 0], X) is well suited
for the investigation of certain problems involving control systems governed by delay
equations.

In Chapter 3, we consider mainly the solvability of the Cauchy problem for four
classes of abstract functional equations with infinite delay. We address first, in
Section 2, the Cauchy problem for a functional integral equation with infinite delay

in a Banach space X,

ut) =g(t)+ [ fltsuls)u)ds (0 <t<T),
Uy = qb,

where 0 < o < T, g(t) € C([o,T],X), w(0) = u(t+6) (0 € R7), f € C([o,T] x
[0, T] x X x P, X) is a given function and ¢ € P (an admissible phase space). The
solvability of the functional integral equation above is investigated under hypotheses
based on noncompactness measures and Kamke functions or the Lipschitz condition.
The uniqueness and continuous dependence (on initial data) of the solutions are also
discussed. Second, in Sections 3 — 5, we consider the Cauchy problem for a semilinear

functional differential equation with infinite delay
u(t) = Au(t) + f(t,u(t),u), 0<t<T,
Uy = ¢7

the Cauchy problem for a nonautonomous semilinear functional equation with infi-
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nite delay
u(t) = At)u(t) + f(t,u(t),u), 0<t<T,

Uy = ¢7
and the Cauchy problem for a functional integrodifferential equation with infinite

delay

u'(t)=A [u(t) +/0 F(t— s)u(s)ds} + f(t,u(t),uy), 0<t<T,
ug = ¢,

where T' > 0, A and {A(t) };>0 are given linear operators in X, {F'(t) }o<i<r C L(X),
feC(0,T]x X xP,X), and ¢ € P. By applying the given results in Section 2, we
obtain some new and basic solvability and wellposedness results for these problems.

In Chapter 4, we investigate the regularity for a functional differential equation
with infinite delay in a Banach space X satisfying the Radon-Nikodym property.
Some regularity results are established. Theorems 4.2.6 and 4.2.7 in this chapter
are entirely new, and others are generalizations of the corresponding results in our
papers [57,59].

In Chapter 5, we are interested in the deep investigation of the wellposedness
of the Cauchy problem for abstract functional equations with infinite delay in
the general case, i.e., the space X being a general Banach space. Our objective
is to establish wellposedness theorems, on the Cauchy problems for a semilinear
functional differential equation and a nonautonomous semilinear functional equa-
tion with infinite delay, when the nonlinear term f is Fréchet differentiable. In
Section 1, we introduce a new concept for a continuously differentiable function
¢ € P, called one-point-property. In terms of it, we set up a wellposedness result on
the former one (autonomous case), which generalizes the corresponding results in
3,8,13,22,23,35,36,45,46,48,51,58,59, 71, 77,78, 84, 86,87]). Section 2 is devoted
to the nonautonomous case. The wellposedness result given there is new even for

the finite delay case.
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Chapter 1

Semilinear integrodifferential
equations with nonlocal initial
conditions

1.1 Introduction and Preliminaries

We consider the Cauchy problem for a semilinear integrodifferential equation with

a nonlocal initial condition

{ W) = A [u(t) +/t0 F(t - S)U(S)dS} FiEu0), te ot T

u(to) + g(tq, ..., tp,u) = U,
in a Banach space X, where
e A is the generator of a Cjy semigroup on X;

o {F(t)}tejo,r) € L(X) (the space of continuous linear operators from X to itself)

is a strongly continuously differentiable family such that
F(1)(D(A)) C D(A), te[0.T)
AF()u() € LN(0,T),X), u() € C(0,T),[D(A), (1.1.2)
F(ue CY([0,T],X), uc€X,

where D(A) is the domain of A, and [D(A)] is the space D(A) with the graph

norm;



o f(-,-) € C(to,to +T] x X, X) and
1f(tz) = fE Il < Lz —yll, t€lto,to+T], 2,y €X, (1.1.3)
for a constant L > 0;
o 0ty <ty <---<tp, <ty +T;

e the X-valued function g(ty,--- ,t,,-) on C([to, to + 1], X) satisfies

lg(te, - sty @) —g(tr, .. 4, 0)|| < K max [[o(t) — ()],
t€lto,to+T] (1.1.4)

¢7¢ € C([t(bt(] +T]7X>7
for a constant K > 0.

A typical example of the Cauchy problem for the integrodifferential equation in
(1.1.1) with normal initial data is the following mathematical model coming from
the study of heat conduction (or viscoelasticity) for materials with memory (see,
e.g., [21,43])

(

q(t, ) = —cu,(t,x) — /0 b(t — s)u.(s,x)ds,

w(t,z) = —q,(t, z) + f(t, 2), (1.1.5)

| u(0, ) = up(x),

where ¢ is the heat flux, ¢ a constant, b : [0,00) — (—00,00), u the temperature of
the material, and f the externally supplied heat. The second equation is the balance

equation. Assuming ¢ = 1, then (1.1.5) can be rewritten as

u(t, z) = 88—; {u(t,x) +/0 b(t — s)u(s,x)ds| + f(t, ),

u(0, ) = up(x).

This is a form of the normal Cauchy problem for the integrodifferential equation
in (1.1.1) with A = 88—;2 by noting that A = 66—;2 with domain H?(0,1) N H(0,1)
generates a Cj semigroup on L?*(0,1). The integrodifferential equation in (1.1.1)
and its analogues have been investigated in many articles. We refer the reader to
[5,33,34,40-42,61, 62] and references cited there.
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Interest in the Cauchy problem for differential equations with nonlocal initial
conditions stems mainly from the better effect of the nonlocal initial condition than

the usual one in treating physical problems. Actually, the nonlocal initial condition
u(t0)+g(t17"'7tpau) = U (116)

in (1.1.1) models many interesting nature phenomena, with which the normal initial
condition u(0) = uy may not fit in. For instance, the function g(t1,...,t,, u) may

be given by
p

g(tr, ... tp,u) = Z ciu(t;),

i=1
where ¢; (i =1,...,p) are constants. In this case, (1.1.6) allows the measurements
att =0, ¢y, ..., tp, rather than just at ¢ = 0. Hence more information is available.
More specially, letting g(t1, ..., t,, u) = —u(t,) and up = 0 in (1.1.6) yields a periodic
problem and letting g(t1, ..., t,,u) = —u(to)+u(t,) gives a backward problem. From
Byszewski [14,15], L. Byszewski and V. Lakshmikantham [19] and the references
given there, one can find other information about the importance of nonlocal initial
conditions in applications. There have been many papers concerning this topic
(cf., e.g., [5,9,14,15,17-19,52,61,68] and references therein). However, much of
the previous research was done under the condition “M(K + TL) < 17 (M :=
maxcjo.r] ||7(t)| and {T'(t) }+>0 is the Cy semigroup generated by A) or its analogues
(cf., e.g., [14,17,61]). This condition turns out to be quite restrictive. In particular,
limited by it, the results obtained for nonlocal problems can not cover those classical
results regarding the case when F' = 0 and g = 0, i.e., the following differential

equations with usual initial conditions
u(t) = Au(t) + f(t,u(t)) (to <t <to+T), ulto) =ug (1.1.7)
(cf. [70, Chapter 6]). Thus, there naturally arises a question:

Can the above condition be relaxed such that the results for nonlocal

problems cover the corresponding ones for (1.1.7)7

In this chapter, among others we will give an affirmative answer to this question
(see Corollary 1.2.2 (1), Theorem 1.2.7, Remark 1.2.3 (c¢) and Remark 1.2.9 (a)).
In Section 2, we first study the existence and uniqueness of solutions for a general

integral equation ((1.2.3) below), and then investigate the corresponding problems
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for (1.1.1). The theorems formulated are unifications and extensions of those given
previously for the Cauchy problem for differential equations or integrodifferential
equations with nonlocal initial conditions. As the reader will see, the hypotheses
in our theorems are in reasonable weak forms and the proofs provided are concise.
Moreover, following every main result, we append a remark with a detailed analysis
of how the result extends and improves the known ones. Finally, in Section 3,
we apply our theorems to two concrete problems, one of which comes from heat
conduction in materials with memory. It is indicated that, in contrast with ours,
the previous results are not applicable to them.

To begin with, we recall that there is a strongly continuous family {R(t)}sc0m) C
L(X) such that

(i) R(0) =1, R(-)y € C'([0,T],X) N C([0, 7], [D(A)]) (y € D(A)).

(ii) for every t € [0,T], y € D(A),

d

—R(t)y = A|R(t)y+ tF(t—s)R(s)yds
dt { /0 (1.1.8)

= R(t)Ay + /t R(t — s)AF(s)yds.

(cf., e.g., [34,40, 42, 62]).

Definition 1.1.1. A mild solution of (1.1.1) is a function u € C([to,to + T, X)
satisfying

u(t) = R(t—to)luo—g(ts,....tp,u)] + /t R(t — s)f(s,u(s))ds, (1.19)

t € [to, to + T1.
A classical solution of (1.1.1) is a function
u € C*([to, to + 11, X) N C([to, to + T, [D(A)])

satisfying (1.1.9).



1.2 A general integral equation and an integrod-
ifferential equation with nonlocal initial con-
dition

Assume that

(H1) {S(t)}tepor) € L(X) is a strongly continuous family, and [|S(t)| < Me
(t €[0,7T]), where M and w > 0 are constants.

(H2) h : C([to,to + T],X) — X and there exists a nonnegative function ¢ on
C([to,to + T, [0,00)) satisfying

®(kp) < k®(p), Vk>0, pe Cto, to+ 17, [0,00)),

M1, Mo € C([to,to +T], [O, OO)) (1.2.1)
O(p1) < Pp2), Vv
with () < pa(t) (t € [to, to +T1),

such that
1h(¢) = h()[| < @([|¢ —[), ¢.¢ € C([to, to + T, X). (1.2.2)

We first look at a general integral equation
t
v(t) = S(t — to)[up — h(v)] + / S(t—s)f(s,v(s))ds, te€to,to+T]. (1.2.3)
to
Theorem 1.2.1. Let (1.1.3), (H1) and (H2) hold and M® (eME=«)(*=t)) < 1. Then
for all ug € X, (1.2.3) has a unique solution v € C([to,to + T, X).

Proof. Let u; € C([to,to + T],X) be fixed and u1¢ := ug — h(uy). Define an
operator F on C([to,to + T, X) by

(Fu)(t) = S(t —to)uio + /tt S(t—s)f(s,u(s))ds, te [to,to+ T]. (1.2.4)

Clearly, F (C([to,to + T], X)) C C([to,to + T}, X). By a standard argument, we see
that F has a unique fixed point us € C([to,to + T, X). Using induction we infer
that there exists a sequence {u,}>°, C C([to,to + T], X) such that

up(t) = S(t —to)un—10+ /tS(t —5)f(s,un(s))ds, te€to,to+T], n>2, (1.2.5)

to
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where
Up—1,0 = Up — h(un_l). (126)

A combination of (1.1.3), (1.2.1) (1.2.2), (1.2.5), and (1.2.6) shows

e ua(t) —uz(t)| < e MO([Jua(t) — ui(t)]])

t
+ML/ ¢ us(s) — ua(s)|[ds, ¢ € [to, to + T].

to

By Bellman-Gronwall’s inequality,
lus(t) = w(®)] < MeMENOD(uy(t) — g (D)), ¢ € [to o + T].
Therefore, by induction again, for each ¢ € [to, o + 717,
[t (t) = Un-1(2)]
< MeMI=)t=t0) ()[ (e(Mwa)(tfto)))”’?’ O(|Jus(t) — wi (D)), n > 3.
According to the assumption, we obtain for any m > n > 3

max ||, (t) — un(t)||

t€[to,to+T]
m—1
< 2 e len(®) — ()l
m—1
< max {M, MMV @(|luy(t) — uy (1)) Y (MP (e(ML—w)(t_tO)))ifZ

— 0, as n — oo;

that is, {u,}>2, is a Cauchy sequence in C([to,to + T, X). Therefore, there is a
u € C([tg,to + T, X) such that

lim u,(t) = u(t) uniformly for t € [to,to + 7.

n—oo

This together with (1.2.4) — (1.2.6) implies that u(¢) is a continuous solution of
(1.2.3). The uniqueness of the solution of (1.2.3) is obvious.

11



Corollary 1.2.2. Let (1.1.3), (H1) and one of the following assumptions hold.

(1) There is a constant K > 0 such that

1n(¢) = Rl < K _max  {[é(s) = (s)ll (#:9 € Cffo,to + T1, X)),

and K MeT max{ML-w,0} -1

(2) There are constants K >0, to < g <r <to+T such that

1h(¢) = h(P)]| < K/T [o(s) —(s)llds (¢, ¢ € C([to, to + 11, X)),

and
KM(r—q) <1 if ML=uw,
KM ML—w)(r— ML—-w)(qg— :
(3) There are ¢y, ..., ¢, € C such that

1h(¢) = h(P)]| < Z lcilllo(t:) — o)l (&, ¢ € C(lto, to + T1, X)),

p
and MZ |¢;|eME—w)lti=to) < 1.

i=1
Then for all ug € X, equation (1.2.3) has a unique solution v € C([ty,to + T, X).

Proof. Applying Theorem 1.2.1 to the functions

Bp) = K _max p(s)l 000 =K [ uls)ds 00 = D lalut)

5€[t0,t0+T]
respectively, we obtain the desired conclusions.
O

Remark 1.2.3. (a) The proof of Theorem 1.2.1 shows a way to compute the
continuous solution of (1.2.3).

(b) Corollary 1.2.2 (1) gives a generalization of [61, Theorem 3.2], because

12



(1) the operator family {S(-)} and the mapping h(u) in Corollary 1.2.2
(1) are more general than the operator family {R(-)} and the mapping
g(t1, ... tp,ulty), ..., u(t,)) respectively;

(2) if we let

to=0, w=0, S()=R(), h(u) =gt ...tpultr),... ult,)),

then Corollary 1.2.2 says that (1.10) — (1.11) in [61] has a unique mild
solution for any ug € X provided MK < e Tl But, Theorem 3.2 in
[61] is not applicable for any K > 0 when MTL > 1, since then

MK+ MTL > 1.

(3) for M, K, T, L > 0, the inequality M KeMTL < 1 does not imply M (K +
TL) < 1 even if MTL < 1 (for example, let MK = % and MTL = i,
then MTL < 1 and MKeMTl < 1, but M(K +TL) = 1). However, the
converse holds. In fact, for M, K, T, L > 0 the inequality M (K+TL) < 1
implies

MEeMTt « MK ME <1,

by noting that the function £ — £e'~¢ is increasing on [0, 1].

(c) Corollary 1.2.2 (1) covers naturally and directly the “existence and uniqueness”
part of [70, p.184, Theorem 6.1.2], because if h = 0 then K = 0 which means
that the assumption K MeT max{ML-w0} < 1 always holds.

Using the idea in the proof of Theorem 1.2.1 we can also obtain the following

theorem.

Theorem 1.2.4. Let A generate a strongly continuous semigroup {T'(t)}i>o. Write
Q. ={w; ue X and ||u|| <r} (r>0). Assume the following.

(i) There exists a constant Lo > 0 such that
||f(t,x) - f(t7y)|| < L()Hl’ - y”? te [tOvtO +T]7 z,y € 8.

(ii) There exists a constant Ky > 0 such that

Hg(tlﬂ"'vtpv(b)_g<t17"‘7tpv¢)|| < KO max ||¢(t>_¢(t>”7

tE[to,to+T}

¢, ¢ € C([to, to + T1,€2).
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(iii) The inequality My (||ug|| + G + T(rLo + F)) < r holds with

My := max HT(S)H, F:= max Hf(SaO)H’

s€[to,to+T] s€[to,to+1T]
and G = SUD se (it to+10,00) 19(E15 - tp, D).
(IV) MoKoeMoTLO < 1.

Then
u(t) = Au(t) + f(t,u(t)), to<t<to+T,
(1.2.7)
u(to) + g(t1, ..., tp,u) = up

has a unique mild solution u € C([to,to + T, 52).

Remark 1.2.5. (a) Theorem 1.2.4 is an extension of [14, Theorem 3.1] for the same
reasons as in (1) and (3) of Remark 1.2.3.
(b) The conclusion of Theorem 1.2.4 is also true if replacing the assumption (iii)

by the following weaker one.

(iii") The inequality My (|juo|| + G + T'Fy) < r holds with

My:= max ||T(s)]|, Fo:= sup £ (s, ()l
s€lto,to+T) s€lto,to+T],6€C([to,to+T1],2r)

|g(t1, s 7tp7¢)||'

and G = SUD g0 ([to,to+T),0)

For the case of h(-) taking the form h(¢) = > 5, ¢;d(t;) for every ¢ € C([to, to +
T),X), here ¢y, ..., ¢, € C, we present the following Theorem 1.2.6 which is sharper
than Corollary 1.2.2 (3). Furthermore, this result unifies and extends both of [61,
Theorem 4.3] and [17, Theorem 3.1] (see Remark 1.2.9 below).

Theorem 1.2.6. Let (1.1.3) and (H1) hold and for some ¢y, ..., ¢, € C. Take

h(¢) :== ZW?(E‘) (¢ € C([to, to + T, X)).

1
p
Assume that B := ([ + ZciS(ti — t0)> € L(X) and
i=1
p
IBIIM Y feifemtito) (eMHtto) — 1) < 1.
i=1

Then for all uy € X, equation (1.2.3) has a unique solution v € C([to, to + T, X).

14



Proof. By the standard arguments, we see that for every x € X, there is a unique
v.(+) € C([to, to + T, X) satisfying

v (t) = S(t —to)x + /t S(t—s)f(s,v.(s))ds, t e [to,to+T). (1.2.8)
Hence
ve(t;) = S(t; — to)r + /t Z S(t; —s)f(s,v.(s))ds, 1=1,...,p, (1.2.9)

and (1.1.3) implies that for every zy, 25 € X,
t
e vay (1) — vy (D] < e M|z — 2o + ML/ ¢ ||vz, (s) — vay (5)||ds.

to

Thus Gronwall-Bellman’s inequality indicates that
Vg, (£) = Vg, (£)|| < MeME=E0) |10 —ao|l, 24, 25 € X. (1.2.10)
Fix ug € X and define an operator G : X — X by
p t:
Gr = Bug — BZ ci/ St — s)f(s,v.(8))ds, x€ X. (1.2.11)
i=1 to

Then, by virtue of (1.1.3) and (1.2.10) we obtain for every =y, =5 € X,

4 t;
|Gx1 — Gao|| < ||BHZ|Ci‘/ Me= G =)L vy, (s) — vg, (s)]| ds
i=1 to

p
= IBIM Y fesfe ) (M) 1) flay — ).
i=1

This means that G is a contractive operator on X. Therefore G has a unique fixed
point z, € X. Thus, from (1.2.11) and (1.2.9) it follows that

p

Ty = Up— ZciS(ti — 1) Ty — Zci /ti S(t; — s)f (s,v..(s))ds
i=1 to

=1

p
= Uy — Z Ciz, (L)
i1

This together with (1.2.8) shows that v, (¢) is the solution of (1.2.3) as desired.

We now return to the nonlocal Cauchy problem (1.1.1).

15



Theorem 1.2.7. Let (1.1.2) - (1.1.4) hold. Suppose that M and w are constants
such that ||R(t)|| < Me=* (t € [0,T]) and \ := MKl ma{ML=w0} < 1 Then for
every up € X, (1.1.1) has a unique mild solution w.

Moreover, (1.1.1) has a unique classical solution provided
ug — g(t1, ..., tp,u) € D(A), feCl(fto,to +T] x X, X). (1.2.12)

Proof. From Corollary 1.2.2 (1) and the fact that a classical solution of (1.1.1)
is also a mild solution of (1.1.1), we judge that (1.1.1) has at most one classical
solution.

On the other hand, Corollary 1.2.2 (1) says that for every ug € X, (1.1.1) has
a mild solution wu(t). Next, we show that u(t) is continuously differentiable on

[to, to + T]. The proof of this fact is almost standard (cf. [70]). We give it here for
completeness.

For s € [tg,to + T] and z € X, denote

0 0
y1(57x) - %f(s?x)a y2(375€> - %f(svx) (1'2'13)
By (1.1.3), we have
se[tI?,?o}iT] lly2(s,u(s))]| < oo, (1.2.14)

and

f(s,u(s +0)) = f(s,u(s)) = y2(s, u(s)) (u(s + o) — u(s)) +wi(s, o),
(1.2.15)

f(s+ou(s+0))— f(s,u(s+0)) =yi(s,u(s + 0))o + wa(s, o),

where lim,_, = 0 uniformly on [tg,to + T for i =1,2.
Let (1.2.12) hold. Then

SR~ t0)(up — gltr,.. 1)) € C([0.T), X).

Thus, by the standard arguments we deduce that the integral equation

[wi(s,0)l
g

te [to,to —|—T]
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has a unique solution z(t) € C([to,to + T], X).
Making use of (1.1.9), (1.2.13) - (1.2.15), we obtain

u(t+ o) —u(t)

—x(t)

= l[R(t +o0 — t[)) - R(t - tO)][UO - g(th ce 7tp’u)]

Q

S

+ / R(t — s)[wi(s,0) +wa(s,0)]ds
0 (1.2.16)
" / R(t — )[ys (5, u(s + 7)) — (5. u(s)))ds

to

+ / TR+ o — ) f (5, uls))ds — Rt — to) f(to, ulto))

—l—/ R(t — s)ya(s,u(s)) us+o)—uls) x(s)| ds.

to o

By virtue of the fact that the norm of each of the four terms on the right-hand side of
(1.2.16) tends to 0 as 0 — 0, in conjunction with the Gronwall-Bellman inequality,
we see that u(t) is continuously differentiable on [y, tp+ 7' and its derivative is z(¢).
This implies that f(¢,u(t)) € C*([to,to + T], X). Thus, by (1.1.8) and (1.1.9) we

conclude that u(-) satisfies

u'(t)=A {u(t) —I—/ F(t— s)u(s)ds] + f(t,u(t)), te€lto,to+T],

to

i.e., u(-) is the unique classical solution of (1.1.1).

O

Likewise, by Corollary 1.2.2 (2)-(3) and Theorem 1.2.6, we have the following

result.

Theorem 1.2.8. Let M and w be constants such that |R(t)|| < Me™** (t € [0,T1),

and let one of the following assumptions hold.
(1) There are constants K >0, q and r with to < q <r <ty+ T such that
lofts.e ) = gltrse )| < K [ l06s) = 0o
q
(¢7 w S O([t07 tO + T]a X))a
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and

KM(r—q) <1 if ML=uw,
KM ML—-w)(r— ML—-w)(q— ;
o (M) M) <1 ML,
(2) For somecy, ..., ¢, € C,

g(ty, ... ty,0) = ZCi¢(ti) (¢ € C([to, 1o +T1, X)).

-1
p
Suppose that B := <] + ZciR(ti - t0)> € L(X) and
i=1
P
IBIIM Y fegfemttito) (eMHtto) — 1) < 1, (1.2.17)
i=1

Then the conclusions of Theorem 1.2.7 hold.

Remark 1.2.9. (a) Theorem 1.2.7 covers naturally and directly [70, p. 187, Theo-

rem 6.1.5].
(b) Theorem 1.2.8 unifies and generalizes [17, Theorems 3.1 and 4.3] and [61,

Theorems 4.3 and 4.4]. Let us illustrate this point in detail.
(i) Specialized to the case FF = 0 and w = 0, Theorem 1.2.8 (2) extends [17,
Theorems 3.1 and 4.3]. Actually, in this case, the inequality (1.2.17) becomes

p
IBIM Y leif (€M —1) < 1. (1.2.18)
i=1
Suppose that the hypotheses in [17, Theorems 3.1 and 4.3] hold. Then
p
MLT (1 +[BI[MY yq) <1 (1.2.19)
i=1
So

p
MLT <1, ||BI|M) el <(MLT)™" =1, if MLT #0,

=1

18



and hence
HBHMZ\Q Mt 1) < ||BHMZ|@ MEE 1)

< ((MLT)™ =1) (eM7T—-1) < 1.

Thus (1.2.19) implies (1.2.18).
Clearly the converse is not true.
Moreover, we mention that the assumption on initial data in [17, Theorem 4.3]

was

Bugy € D(A), B/ti R(t; — s)f(s,u(s))ds € D(A), i=1,2,...,p. (1.2.20)

to

p
Write wy := ug — Z c;u(t;). Then by

u(t) = R(t — to)wy + /t R(t —s)f(s,u(s))ds (t € [to,to+T1)

and (1.2.20), we have
P ti
wy = Bugy — ZCiB/ R(t; — s)f(s,u(s))ds € D(A).
i=1 to
(i) Taking top = 0 in Theorem 1.2.8 (2), we have
]BHMZ]CA@ whi (Mt 1) < 1. (1.2.21)
We say that (1.2.21) is implied in the hypotheses
P
w=ML>0, MY |gleMh <1 (1.2.22)

given in [61, Theorems 4.3 and 4.4], and (1.2.21) is indeed much weaker than (1.2.22).
In fact, if

p
Q= MZ ;[ eME= < 1,

i=1
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P

P
then 3 := MZ lcile™% < 1. This implies < 1, so that B € L(X)

i=1 i=1
1
and ||B]| < T3 Therefore,
- 1 1
IBIATY lefe" (5 ~1) £ (0= f) < {=la—aB) —a <L
i=1

This shows that (1.2.22) implies (1.2.21). On the other hand, for

p
v o= ZCiR(ti) <p<l, 1<a<l+pg-—r,
i=1
we have
p
1
IBIM Y fee (M5 —1) < ———(a—5) <1,
- -7
=1

i.e., (1.2.21) holds but not (1.2.22).

In addition, similar to Theorem 1.2.4, we have the following extension of [14,
Theorem 5.1].

Theorem 1.2.10. Let A generates a strongly continuous semigroup {T'(t)}i>o0. As-

sume the following.

(i) The function f : [to,to +T] x X — X is continuously differentiable and there

exists a constant Lo > 0 such that
Hf(taw) - f(tay)H S Lo“.’ﬂ - y“? le [to,to +T]7 T,y € Qm
where €, is as in Theorem 1.2.4.

(ii) The function g : [to,to + TP x C([to,to + T],X) — D(A) and there exists a
constant Ky > 0 such that

Hg(tlﬂ"'vtpa(b)_g<t1="‘7tpv¢)” < KO max ||¢(5)—¢(5)||;

tE[to,t0+T}

o, € C([to, to + 17, 82,).
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(iii) The vector ug € D(A) and the inequality My(||uo|| + G + TFy) < r is true for

My := max |[|T(s)||, Fo:= sup 1£(s,0(s),
s€to,to+T] s€[to,to+T],6€C([to,to+T7,2r)

and G := SUD se (it to+10,00) 19(E15 - tp, D).
(IV) MgKoeMoTLO < 1.

Then (1.2.7) has a unique classical solution.

1.3 The case concerning compact operator family

Let {S(t)}+>0 be a family of continuous linear operators from X to X which is

strongly continuous on [0, 7] and compact on (0,7]. Clearly

M = max ||S(t)|| < oo.
te(0,7

Denote
B, ={reX; |z]| <r}, r>0,

Y, :={¢ € C(to, to + T), X); &(t) € B, for t € [to,to +T|}, 7> 0.

Theorem 1.3.1. Assume that

(i) f:[to,to+T] x X — X is continuous in t on [ty,to + T| and for each r > 0

there exists a constant L(r) > 0 such that

I f(t,u) — f(t,0)| < L) ||u—v|, tE€ltoto+T], u,v€ B,.

(ii) g(t1,...,tp,") : C([to,to +T),X) — X and there is a 6 € (0,T) such that for
any ¢, ¥ € Y, with ¢(s) = (s) (s € [to+ d,t0 + T1),

g<t1a <. >tp7¢) = g(tb- .- 7tp777b)'
(i)

PEY, s€[to,to+T], P€Yr

li_)r% (M sup |lg(t1, ..., tp, @)|| + MT sup ||f(37¢(5))”> % <L
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Then the integral equation

w(t) = S(t — to)(uo — gk, ..., / S(t—8)f(s,u(s)ds  (13.1)

has at least one solution u € C([ty,to + T}, By)

Proof. Write
Y (6) := C([to + 0,0 + T, X),
Y, (8) :={p e Y(0); ¢(t) € B, for t € [to+ 0, +T]}, r > 0.

Fixing v € Y,(9), we define a mapping F, on Y, by

(Fud)(t) = S(t —to) (wo— gt ... /'St—s B(s))ds, 1€ [to,to+ T,

where
U(t) lf tE [t0+57t0+T],
o(t) =
U(t0+5) if te [to,t0+(5].
Clearly, by the condition (iii) we know that there is a sufficiently large » > 0 such
that

[(Fop) )] < M (HuoH - sup lg(ts, -t )| +T  sup ||f(8,¢(8))||>

s€lto,to+T], dEYs

<7, tE[to—i-(S,to—i-T],quY;.

Therefore, the mapping F, maps Y, into itself. Moreover, by the definition of F,
we obtain inductively that for m € N,

(ML) = 8™ o o(s) = ()]l

m! s€[to,t]

t€lto,to+ 7], ¢,0 €Y.

I(F o)) — (B @) <

Hence, we infer that for m large enough, the mapping F," is a contractive mapping.
Thus, by a well known extension of the Banach contraction principle, F, has a

unique fixed point ¢, € Y,, i.e.,

6ul0) = (¢~ t0) (w0 — gt D)+ [ (=), 60, 1€ ltoto + )
’ (1.3.2)
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Based on this fact, we define a mapping G from Y,.(d) into itself by
(Gu)(t) = ¢u(t), t € [to+0,t0+ T
From (1.3.2), we deduce that for t € [ty, o + T, v1, v2 € Y;.(0),

160, (1) = Do (DI < [[S(E = 20)(g(tr, -+ Lpy 01) = g(tas -+ 1y, 02)) ]

t
ML [ 60(5) = ()] ds.
to
This gives, by Gronwall-Bellman’s inequality, that for ¢, v; and vy as above

v, (£) = oy ()| < eMFTNS(E — o) (g(tr, - - - tp, 01) — glt1, - - ., tp, B2)).
Therefore

1(Gu)(t) = (Gua) (W) < TS (t —to)(g(tr, .y, 1) = g(tr, .-ty T2))I,
t€lto+d,to+ T, v1, v2 € Y,(0).

(1.3.3)
Next we show that G maps Y, (d) into a precompact subset of Y,.(d). To this end,
we recall that {S(¢)};>0 is a compact semigroup, which means that for each t €
[to+0,t0+T],, S(t—ty) is a compact operator on X and ¢ — S(t —t() is continuous
on [to+ 0,1ty + T in the uniform operator topology. Accordingly, we deduce that for
each t € [t + d,to + T, the set

{S(t —to)(up — g(ts,...,tp,0)); v €Y, ()} is precompact in X,
and that the family of functions
{S(e —to)(up — g(t1,....t,,0)); v e Y,.(6)} is equicontinuous, (1.3.4)

because the set {g(t1,...,%,,0); v € Y,(0)} is bounded by assumption (iii). Thus
for every t € [ty + d,to + T and every sequence {v,}nen C Y. (9), there exists
{nktren C {n}nen such that {S(e — to)(uo — g(t1,...,tp, Un,))ken converges, and
therefore {(Guv,, )(t)ren converges by (1.3.3). This implies that for each t € [to +
d,to + T, the set {(Gv)(t); v € Y,(§)} is precompact in Y. On the other hand, for
each € > 0, there exists o > 0 such that

1(S(t — to) — S(s — to))g(ts, ... by, D)|| < ee M7
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valid for all v € Y,.(0), t, s € [to + I, to + T] with |t — s| < o, by assertion (1.3.4). It
follows from (1.3.3) that for these v, t, s,
1(G)o(t) = (Gu)(s)ll <,

that is, the family of functions {(Gv)(-); v € Y;(d)} is equicontinuous. Now an
application of Arzela-Ascoli’s theorem justifies the precompactness of G(Y,.(9)). It
is clear that Y,.(d) is a bounded closed convex subset of Y (d). Therefore we can
make use of Schauder’s fixed point theorem to conclude that G has a fixed point
vy € Y, (6). Put u = ¢,,. Then

u(t) =St —to)(ug — g(t1, ..., tp,0s)) + /t S(t—s)f(s,u(s))ds, te€ [to,to+ T].
’ (1.3.5)
But

g(tr, .oty 00)) = g(ta, ..ty 1),
since
v:(t) = (Gu)(t) = ¢, (t) = u(t), t € [to+ 0,10+ T,
by the definition of G. This concludes, together with (1.3.5), that u(t) is a solution

of (1.3.1). The proof ends then.
O

A direct corollary of Theorem 1.3.1 is the following.
Corollary 1.3.2. Assume that
(i) f:[to,to+T] x X — X s continuous in t on [ty,to + 1| and
1f(t,u) — fFt,0)| < r*u—o|, tE€I[to,to+T], u,v€ B,
for 0 < a; <1.
(ii) g(t1,...,tp,-) : C([to,to +T],X) — X and there is a 6 € (0,T) such that for
any 6, € Yy with o(s) = (s) (5 € [to+ 6, to + T,
g<t1a s 7tp7¢) = g(th cee ,tp,ﬂ)).
(i)
lg(tr, -t )l < C(L+[lelly)™, ¢ €Y,
for 0 < ap < 1.

Then (1.3.1) has at least one solution u € C([tg, to + T, B,.).
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1.4 Applications

Example 1.4.1. Let us consider an operator A on a Banach space X generating

an analytic semigroup {R(t)};>o on X such that
t 1 t
IR <es, [[AR®)] < e75 (t20).

Clearly, the operator A = A — £I in the Banach space X = L*(R") with D(A) =
H?(R™) is an example. From [24,36,37,39,70,73,85,88], one can find many other
examples.

Suppose that f : [0,3] x C(]0,3],X) — C([0, 3], X) is continuous with

1
||f(t7x)_f(tay)||Sng_yH? t6[073]a xayEXa

and

9(1,2,6) = 36(1) — 20(2) (6 € C(0,3), X))

1 1 1
Sett():O?T:?),L:w:57le,p:2,0125,02:—§,t1:1,andt2:2.
Then

p
1
— M ’ (ML-w)t; _ — (,L—w 2(L—w) -1
a ;|c|e 2(6 +e ) :
& 1
:M i 70.)252':_(7% 7%)<1’
B ;\c\e A G
and
u 1 2 2675 1 1
= R(t)|| = =||R(2) — R(1)|| = = AR(s)ds|| < = ds < —e"31n2
= (et = gIRe)~ RN = 5 | [ anes| < 5 [ s < i
Hence

G > %eé [(1+e*%) —ln2] >0,

and 1 = a < 14  — . By Remark 1.2.9, (1.2.17) holds. So, the nonlocal Cauchy
problem
u'(t) = Au(t) + f(t,u(t)) (0<t<3),

u(0) + g(1,2,u) = ug
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has a unique mild solution u € C([0,3], X) by Theorem 1.2.6. But [61, Theorem

4.3] is not applicable since o = 1; neither is [17, Theorem 3.1] since

p
MTL <I+M!|BH > |cl-|> =1+ |B| > 1.

i=1

Example 1.4.2. Let Q be a bounded open connected subset of R® with C>-
boundary, and let o and 3 be in C?([0,00), R) with «(0) and $(0) positive. We
consider an equation arising in the study of heat conduction in materials with mem-
ory (cf., e.g., [41,43]):

o) 0 I 10
i) \a@a —sor ) \ o
t 0 I 0(s) 0
+ / ds +
0 o(t—s)A —=p'(t—s)I n(s) a(t,0(t))
(1.4.1)
Set X = HA Q) x L*(Q),
0 I
A= . D= (H?(Q)ﬂﬂg(g)) x HY(Q).

a(0)A —B(0)I

From [20], we know that A generates a Cj semigroup {7'(t) }4>0 on X with [|T(¢)]] <
Me™" (t > 0) for constants M,~ > 0. For any given [ > 0 and each ¢ € [0, 4[] set
F(t) = (Fy(t) , herc

Fll(t) = Flg(t) = 0, Fgg(t) = o

Assume that
[P I Fa (0l < e ™, ¢ € 0,41,

2

v
1E O 1F (0l < yme ™ ¢ €[04,

Then it follows from [40, p. 344] that the resolvent operator R(t) for (1.4.1) satisfies

IR@#)| < Me™%, te[o,4l].
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Suppose that a(t,0) : [0,00) x H}(2) — L?(2) satisfies
g

la(t. 2) = alt p)llzxy < 5lle = gy oy € HAQ), te (0,4, (142)

and define b(0) : C([0, 4], H}(Q2)) — L*(Q2) by

4l

bwp4Mw*([%(gmemmw+/

2—e)l (4—e)l

(grad 0)(s)ds> : (1.4.3)

where ¢ < % Then, by virtue of Theorem 1.2.7, we infer that for each 6y € H} (),
no € L*(Q), equation (1.4.1) (for t € [0,4l]) together with the nonlocal initial data

0(0) !
+ 21 4
n(0) (M)t (/ (grad 0)(s)ds +/ (grad 9)(5)ds)
(2—e)l (4—e)l
0o
Mo
(1.4.4)
0(-)
has a unique mild solution € C([0,41], H}(Q) x L*(2)). In fact, if we
()
write
0 0
f(t,u) = for t € [0,4l], u= € X,
a(t, 0) n
0 0
9(2l,4l,¢) = for ¢ = € ([0, 41], X),
b(6) U
then by (1.4.2) and (1.4.3),
Hﬂu@—f@@“gi%mwwm wv € X, tel0,4l, (1.4.5)

lg(20, 41, ¢) — g(21, 41, ¥)|| < 2eM ™" max [|o(t) — (1), ¢,¥ € C((0,41], X).

te[0,l]
Clearly, A (in Theorem 1.2.7) = 2¢ < 1. Therefore, by using Theorem 1.2.7 we
obtain immediately the desired conclusion for any v and [ > 0. Nevertheless, [61,
Theorem 3.2] is not applicable to the nonlocal Cauchy problem (1.4.1) and (1.4.4)
if y1 > 1(1 —¢) > 1. From (1.4.5) it is easy to see that the larger v is, the larger

the set of admissible f’s becomes.
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Chapter 2

Nonlocal Cauchy problems for
semilinear evolution equations

2.1 Basic definitions

In this chapter, we will continue our study of the nonlocal Cauchy problems. Our
target now is to give some new results about the existence and uniqueness of mild and
classical solutions of nonlocal Cauchy problems for semilinear evolution equations.
We will introduce a new notion, called (C,w, M,)-admissible pair (see Definition
2.1.3), and carry out our investigation in Banach spaces W,"« (T) (see (2.2.1) be-
low) motivated by Jackson [52]. We first, in Section 2, establish an existence and
uniqueness theorem for the continuous solution of a general convolution integral
equation in a Banach space (equation (2.2.2)), and then in Section 3 apply our main
result (Theorem 2.2.1) to yield existence and uniqueness theorems for mild and clas-
sical solutions of nonlocal Cauchy problems for semilinear evolution equations. As
an example, we give a result on the existence and uniqueness of a classical solution
of a semilnear parabolic equation with a boundary condition and a nonlocal initial
condition. The results obtained in this chapter are generalizations of related results
by Jackson [52] (see Remarks 2.2.2 and 2.3.5). Moreover, even for the corresponding

classical abstract Cauchy problems the results here are new.

Let X be a Banach space, and C' a bounded and injective linear operator on X.

Definition 2.1.1. (cf., e.g., [25,30]) A strongly continuous family {V'(¢)}+>0 of

bounded linear operators on X is called a C'-regularized semigroup on X, if
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(1) V(0) =C, and

(2)
V(t)V(s)=CV(t+s) foralls,t>0. (2.1.1)

The generator G of {V(t)}i>0 is defined by

1
Gr=C"'|lim —(V(t)z — Cx)
t—0t
with
D(G) = {x; the limit exists in the range of C'}.

Definition 2.1.2. (Compare, e.g., [36, p. 137]) A closed linear operator B in X
is said to have fractional powers if there exists a family of closed linear operators
{BT}TZO such that

(1) B° =T (the identity), B! = B, and

(2)
B"B° c B"™?  for all n,6 > 0. (2.1.2)

Definition 2.1.3. A pair {B, {V(¢)}+>0}, comprised of a closed linear operator
B and a strongly continuous family {V () };+>¢ of bounded linear operators on X, is
called a (C,w, M,))-admissible pair (admissible pair, in short) on X if B has fractional
powers, {V(t)}+>o is a C-regularized semigroup on X, and there exist constants
w € R and M, such that

B"W(t)u=V(t)B™, n>0,tel0,T], ueD(B"), (2.1.3)

efwt
tn

| BV (t)u|| < M, lul], 0<n<1,te(0,T], ueX, (2.1.4)
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Example 2.1.4. Let {S(t)}:>0 be an analytic semigroup on X generated by —A
satisfying
IS(t)|| < const e™, >0, (2.1.5)

for some w € R. Then {A — wI, {S(t)}+>0} is a ({,w, M,)-admissible pair on X
for certain constants M,. In fact, it is clear that A — wI has fractional powers (the
usual ones, cf., e.g., Balakrishnan [4], Engel and Nagel [36], Henry [49], Pazy [70], van
Casteren [85] or Xiao and Liang [88]). Moreover, it is known that (2.1.3) and (2.1.4)
hold with S(+), A—wI in place of V'(-), B, respectively (cf., e.g., [4, 36,49, 70, 85, 88]).

Example 2.1.5. Let A be an operator of n-type 6 (0 < 6 < 7, n € N U{0}) (see
deLaubenfels, Yao and Wang [31, Definition 1.3]) and the family {W(¢)}:>o be the
analytic A~"-regularized semigroup on X generated by —A (see deLaubenfels [30,
Definition 21.3]). Then A has fractional powers {A"},>( defined as in [31] or in
Straub [80]. The formulas (2.1.3) and (2.1.4) can be verified for some constants w
and M,, by a combination of the results and the techniques of [30], [70, Sections 2.5
and 2.6, and [80]. Therefore, {A, {W(t)}i>0} is a (A™", w, M,)-admissible pair on
X.

2.2 An integral equation with (C,w,M,)-
admissible pair

Let {B, {V(t)}>0} be a (C,w, M,)-admissible pair on X, where B has fractional
powers {B"},>o. For any two fixed real numbers 7, and 7 for which 0 < 7, < 15,
o — 11 < 1, and B™ has a bounded inverse, we define the space Wﬁz;"n (T) (see, e.g.,
Jackson [52]) by

m1,m2

whe(T) = {ueC (0.1, D(B)NC(0,T),D(B");

(2.2.1)
sup t™M || BRu(t)] < oo}
0<t<T

equipped with the norm

lullyyze oy = sup {e [|BMu(t)]| + et~ || B™u(t)] }
0<t<T

M2
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It is clear that W7« (T) is a Banach space.

Consider the nonlinear convolution integral equation

u(t) = V(t)[uo — h(u)] —{—/0 V(t—s)f(u)(s)ds, tel0,T], (2.2.2)
where

(i) uo € C(D(B™)),

(ii) the X-valued function h on W7 (T') satisfies

h:W5h« (T) — C (D (B™)). (2.2.3)

1,72

(i) the operator f from W;»« (T) to the space of X-valued functions on [0, ]

satisfies
C7 f WB«(T) — L>(0,T;D (B")) (2.2.4)

71,72

for a constant p > 0 with

m—1<pu<n. (2.2.5)

It is easy to see by V(0) = C' and (2.1.3) that
C (D (B™)) Cc D(B™)). (2.2.6)
In the sequel, §(-,-) denotes the g-function.

In the following we prove existence and uniqueness of continuous solutions to
equation (2.2.2). In inequalities (2.2.8) and (2.2.9) of (b) we impose global Lipschitz
conditions on h and f, whereas in (2.2.12) of (¢) we employ an adapted Lipschitz
condition on f and a global one on h.

Theorem 2.2.1. (a) Fizug € C (D (B™)). For everyu € W2 (T), the function

71,7m2

t— V(t)[ug — h(u)] + /0 V(t—s)f(u)(s)ds € WE= (T). (2.2.7)
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(b) Let the function h satisfy

|7 h(w) — BUh()| < Kllu—vlyne g wo€WEST)  (22.8)

1,72

for some K > 0, and let the operator f satisfy

le=" " BP O f(w) = f()l e oriny < Lallu=vllype o),
’ (2.2.9)

for some constants Ly > 0, v > 0 with ny — pu+~v < 1. In addition, assume
that the constants in (2.1.4), (2.2.4), (2.2.8) and (2.2.9) satisfy

S (Mm*“ﬁ(l =l =7) + My, 51 =2+ p, 1 = v))
X Ly ||C| T =m0 4 (Mo + Myy—y, ) K (2.2.10)

< 1,

Then for any up € C (D (B™)), equation (2.2.2) has a unique solution u €
Whw (T).

71,72

(¢) FixT >0, L1 >0. Fix n > 0 and v > 0 such that
m—pt+y<l (2.2.11)

Then there exists a constant K > 0 such that for all functions h for which
(2.2.8) is valid, and all operators f for which

le< e B CH[f (u)(t) — f(0) ()]l

< Ly sup [ B (uls) — o)) + =% | BR(u(s) — ofs)]].
0<s<t
u,v e Whe (T), t €[0,T],
(2.2.12)
is true, equation (2.2.2) has a unique solution u € W5 (T) for any uy €

C (D (BM). h

Remark 2.2.2. (1) Theorem 2.2.1 generalizes Lemma 3.1 and Theorem 3.2 in [52]

for the case where Ry = 0o, because of the following.
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(i) The (C,w, M,)-admissible pair {B, {V(¢)}:>0} on X is more general than the
corresponding ones considered in [12]. One of the reasons is that the regular-
ized operator semigroup is a generalization of the classical strongly continuous
operator semigroup (see, e.g., Davies and Pang [25] and deLaubenfels [30]).
Therefore, equation (2.2.2) is more general than equation (2.3.1) in [52]. In
order to facilitate the comparison with [52], we mention that the number 3 in
52, (2.2) — (2.4), (2.7) — (2.9), (3.3)] can be replaced by 1 without having any
influence on the sharpness of the related conditions and the conclusions. It
looks as if Mj, /5 in [52, (3.3)] should be M.

(ii) Assertion (c) of Theorem 2.2.1 reveals that many nonlinear convolution inte-

gral equations in Banach spaces of the form (2.2.2), for which

(My,—uB(L =+ p, 1 =) + My B(1 =12 + 1, 1 — 7))
XL1HCHT1—171+;L—W

>1

iy 9

hence to which the present-day results could not be applied, possess continuous

solutions.

(2) Even in the special case where h = 0, the result is new.

(3) Similar comments apply to Theorems 2.2.4,2.3.1 and 2.3.2 below.

Proof of Theorem 2.2.1. We fix uy € C (D (B™)).
(a). From (2.1.1) — (2.1.4), (2.2.4), (2.2.5) and the strong continuity of {V(t)}:>0
on [0, T}, it follows that for all 0 <t <r < T, u € WB« (T),

[B=H [V (r —s) = V(t = 5)]B"f(u)(s)]]

= BV (= 5)[V(r 1) = CIB"C™ fu)(s)]|

e—w(t—s)

My e [V = £) = CIB*C f(u)(s)|

mn—p (t _ 8)772_#

IN

— 0, asr —tfor every s € [0,1),
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and

[BP7HV (r —s) = V(t = s)|B"f(u)(s)]

ol (2.2.13)
S 2MOM _ —H _lBﬂf( )||LO°(O,T;X)7 for a.e. s € [O,t]

Since 0 < mg — p < 1 the right-hand side of (2.2.13) is integrable on [0,¢]. This
observation, together with Lebesgue’s dominated convergence theorem implies that

forevery 0 <t <r <T,uc€ Wff:;z(T)

g Vi st - 7 [ V-

< |z [ Wi -vie-srwis #m [ v -
< o [We-9-vi- i

" HBW [ Vi - 9B st
< /OtHBW—“[vw—s)—v<t—s>1B“f )| ds

T e Lo T

— 0 asr —t.

Hence the function t — B™ fot V(t — s)f(u)(s)ds is continuous from the right in
[0,7). A similar reasoning shows that it is also continuous from the left in (0, 7.

Therefore the function
t — B™ /t V(t—s)f(u)(s)ds € C(]0,T],X). (2.2.14)
0
Likewise, we obtain the function
F B /OtV(t— ) f(u)(s)ds € C ([0,T], X). (2.2.15)
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As a consequence of (2.2.14) and (2.2.15), the function

t— /Ot V(t—s)f(u)(s)ds € WSE (T). (2.2.16)

n1,M2

In view of (2.2.6) and the strong continuity of {V(¢) };>0 on [0, 7] we see that for all

u € W (T), the function

t— V(t)[uo — h(u)] € C([0,T],D(B™)), (2.2.17)
and by (2.1.4),

sup {7 || BV ()[uo — h(w)]||} < Myy—p, €™ [ B™ [uo — h(u)]||.

0<t<T
Moreover, by (2.1.1) — (2.1.4), (2.2.3) and the strong continuity of {V'(¢)}+>0 on

[0, T] we deduce that for each u € WP« (T), and 0 <t <r < T,

HB%V(T)[uo = h(u)] = BV ()[uo — h(u)] H

= [[BE VOV —1) = C)B™C fuo — h(w)]|

olelT

< |V (r =) = C1B™ ™ uo — A(w)]|

27 4o —m

— 0 asr—t.

Thus the function ¢ — BV (t)[ug — h(u)] is right continuous in (0,7"). A similar

reasoning shows that it is left continuous in (0, 7. So the function
t = V(t)[uo = h(u)] € C((0,T],D(B™)).
This together with (2.2.17) gives that the function

t e V(t)[uo — h(u)] € WE« (T). (2.2.18)

m1,M2

According to (2.2.16) and (2.2.18), we infer (2.2.7).
(b). We define an operator F on W2 (T) by

71,M2

(Fu)(t) = V(t)[ug — h(u)] +/0 V(t—s)f(u)(s)ds, te[0,T], uec Wh (T).

1,12

(2.2.19)
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Assertion (a) of Theorem 2.2.2 shows

F (WhEe (T)) c WE« (T).

1,72 m,n2
By (2.1.2) — (2.1.4), (2.2.6), (2.2.8) and (2.2.9), we deduce that for any ¢t € [0, 77,
u,v € Whe (T),

et | B™ [(Fu)(t) — (Fo) ]| + et | B [(Fu)(t) — (Fo)(0)]]

IN

e LIV () B™ [h(w) = h(v)]l| + == | BV () B™ [h(u) — h(v)]][}

e / BU RV (t — $)BE [f(u)(s) — F(0)(s)] ds

0

_|_ewtt772 -

/O BV (1 — 5)B* [f(u)(s) — f(0)(s)) ds
My [ B [h(u) — h(o)][| + My, 1B () — h(2)]]

IN

e—w(t

t —5)
My | 1B () = F)s) s

t e—w(t—s)
st [ 1B () = F0) () ds

(t — 5)772_#
(Mo + My ) Kl = vl

12 (T)

! 1 ! 1
M, ————ds +t"*""" M, —d
n “/0 (t — s)m—hgy S+ 2 “/0 (t — s)m2—rs7 °

X Hu - UHw}flvf;’Q(T)

IA

+L,||C|

< "JHu - UHV[/%;Q(T)a

(2.2.20)
and hence
[ Fu— fUHWfl’;;Q(T) < Kflu - UHW%;Q(T)'
Here k is the constant as defined in (2.2.10). Therefore, F is a contractive mapping.
. . B’ . .
Thus, F has a unique fixed point u € W, (T') by the Banach contraction mapping
theorem. Clearly, this u(¢) is the desired continuous solution of (2.2.2).
(c). Fix operator f for which (2.2.12) is valid. For each z € W7 (T') and each

function b on W7 (T) satisfying (2.2.3), we define an operator F., on W, (T)
by

(Fopu)(t) = V() [uo — h(z)] —|—/0 V(t—s)f(u)(s)ds, tel0,T]. (2.2.21)
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Assertion (a) of Theorem 2.2.2 indicates

For (WH2(T)) c WP (T), =€ WDEe(T),

71,72 71,72 71,72

for every function h defined on W« (T') satisfying (2.2.3). In the same way as

we got (2.2.20), by (2.1.2) — (2.1.4), (2.2.6) and (2.2.12) we now obtain, for any

t€0,T], u,v € W (T),

e | B™ [(Fepu)(t) — (Fopv) (O] + et =™ | B™ [(Fopu) () — (Fepv) (0]

t 1 t 1
mn2—n -
< Li||C| [Mmu/o —(t — S)nrusvds +t Mmu/o = 8)n2u57d3]

X sup e[| B™ (u(s) — v(s))|| + €™ | B™ (u(s) — v(s))]]
0<s<t
(2.2.22)
By (2.2.11) we can choose a constant ¢ such that
m—p+y<e<l

This means

1 1 1

g(m —p) <1, el <1, g(m —pu)<l, e—m+pu—7vy>0. (2.2.23)

By virtue of (2.2.22), (2.2.23) and the Holder inequality, we deduce that for any
t € 10,17,

eHIBM (Fepu)(t) = (Fepv) ()| + et [| B ((Fopu) () — (Fapv)(1)]]

Mo </ot (W)ﬁ d) (fot d5>:5
ot ([ (=na) ) ([#)

x sup [60 B (u(s) — vls)) | + <257 || B (u(s) = v(s) |

0<s<t

IN

L |C]
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IN

IN

1 1
Ly||C|t'—= [ TR BE <1 - 2(771 — ), 1—= 57)

1 1
+tn2—mMm_#te—(nz—#Jrv)ﬁe <1 — —(ny — p), 1 — =y ]
€ €

x sup e | B (u(s) — v(s))]| + e [ B (u(s) —v(s)]

(2.2.24)
1 1
LyllCje=eTe-mte [Mm_uﬁs (1= Zon -1~ 29)

1
+Mn27uﬁ6 (1 - é(ﬂQ - u), - 57) ]

x sup [60 1B (u(s) = vls)) | 4+ =55 [[B7 (u(s) = v(s))| ]

0<s<t

Therefore, for any ¢ € [0, 7], we obtain

IA

IN

IA

e | B ((F2u)(t) — (F20)(1)]] + et || B ((F2u)(t) — (F2,0) (1) ||

1 1
m2—m SR
LlHCH/ { MR — s)ym—hgY +t M- “(t—s)nzusv}

< sup [e [ BM((Fautr) = (Fua)0)]

0<r<s

e || B ((F pulr) — (Fop) ()] ] ds

t Sl—a t Sl—a
- - 2= e
My, - “/0 (t — S)m—usvds +i My, - “/ (t — S)nz—usvds

1 1
XT5—771+M—’Y [Mm_uﬁa (1 - g(Th . M)71 . g,y)

(Laficl)?

1 1
+ My, 5 (1 - 5(772 ), 1 — E’Y) ]

X sup [GWTHB”I(U( ) = w(r)[| + e [ BT (u(r) —U(T))H

0<r<t

vt ([ (o) ) ([ 0% 0)”
+t"TMM,,, </Ot (m) ds> (/Ot (8176)17; ds)l—al



X sup [6‘” 1B™ (u(r) — v(r)[| + e r™ = [[B™ (u(r) — v(?"))H}

0<r<t

< (@ulel® (5

2

l1—¢
) s [ 1Bt~ o)
0<r<t
ey [ B (u(r) — o)) .
where
e—n1+p—y e 1 1
Q =T My, -3 1—2(771—,“):1—57
+M,,_,0°(1 1( ), 1 L
n2—p c 2 K, 87 :
Using induction we infer that for any ¢t € [0,7], n € N,

B (F2pu)(t) — (Fryo) () || + t=7m || Br((Fryu)(t) — (FL) @)

t?’L

n!

)15 Ocoer [ 1B (u(s) = v(s)

+e“ss7M || B2 (u(s) — v(s))| ]

< L))" (

(2.2.25)
Let n be a positive integer so large that

Tn 1—¢
Quiclr () <t

Then (2.2.25) shows that F7', is a contractive mappings from W, (T') to W2 (T').

71,72 1,7m2
By the well known extension of the Banach contraction principle F ; has a unique

fixed point u,, € WP« (T).

1,72
Accordingly, we see that for every z € W% (T') and function h on W« (T)
satisfying (2.2.3), there exists a unique u, € Wﬁ% (T') such that
t
Uy p(t) = V() [uo — h(2)] + / V(t—s)f (usp)(s)ds, te]0,T]. (2.2.26)
0
For each function h on Wﬁ;;’Q(T) satisfying (2.2.3), define an operator G, on
Wi (T) by

Gnz =y, forevery ze€ Wﬁ:‘% (7).
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Clearly, Gy, is well defined and
Gn (W3 (T)) c WE« (T).

1,12 1,712

A combination of the definition of G, (2.2.26), (2.1.1) — (2.1.4), (2.2.3), (2.2.6),
(2.2.11) and (2.2.12) shows that for all y, 2 € W2« (T) and ¢ € [0, T,

1,72

e | B [(Gry) (t) — (Gnz) (D] + e t==m) || B [(Guy) (t) — (Gnz) (1]

IN

e || BV (t) [h(y) — h(2)]]]

N / BV (t — 8)B [£(Guy)(s) — F(Gn2)(s)] ds

/0 BY RV (t = 8)BY [(Guy)(s) — £(Gnz)(s)] ds

Mo |B™ [h(y) = ()]l + Miy, o, [|B™ [h(y) = h(2)]]]

S ||gm gy (1) B {h(;,) . h(z)]

gm2—m

}

! 1 _ 1
"‘LlHCH/O [Mnlum_'_t% UleHm]

X sup {e“”” [ |B™ [(Gry)(r) — (Gnz)(r)]]]

0<r<s

IN

Frm) | B (G () — (Gaz) )| }ds

< (Mo + My, ]|B™ [h(y) = h(2)]]

t
1
+ Ly |C| [Myy - + My, ] Tm—m/ S
0 (t—s

y12mRgY

X sup {ew [ I1B™ [(Gry)(r) — (Gnz)(r)]l]

0<r<s

) | B2 [(Gy) () — (Gu) ()] ] }ds-

Thus, thanks to [49, p. 189, Lemma 7.1.2], we obtain by (2.2.11) that there exists

a positive constant M independent of ug such that
1(Gas) — (G2l zy < M B [h(y) = K]l v.2 € WP, (T).
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We conclude that if & satisfies (2.2.8) for K = 5=, then

1 w
1G) = G2l iy < 50— wms s 92 € WES(T). (2:2.2)

1M

This means that the operator G, is contractive operator on W,7% (T'). Therefore by

the Banach contraction principle, G, has a unique fixed point z;, € W,f:‘% (T), and

this 25, (t) is precisely the desired continuous solution of (2.2.2).
The proof is then complete.
O

The following result, which is an extension of [52, Theorem 3.2], is about the case

where the function h and the operator f only satisfy local conditions in u. Write

URo) = {ue W (@) llullyge < Bof . Bo>0.

71,72

Theorem 2.2.3. Let the function h satisfy
h:U(Ry) — C(D(B™)), (2.2.28)
h(0) = 0, and suppose

| B h(u) = B™h(v)]| < Kllu—ovlly» u,v € U(Ry), (2.2.29)

02 (T)?
for some constant K > 0. Let the operator [ satisfy

C'f:U(Ry) — L™ (0,T;D(B")) (2.2.30)
for some constant > 0 with ny — 1 < pu < ny.

(a) Assume that

e " B*FCT [ f (u) — f(v)]HLOO(O’T;X) < Ly|lu— UHW%%Q(T), u,v € U(Ry),
(2.2.31)
for constants Ly > 0, v > 0 with n — p+ v < 1. Let the constants in (2.1.4),
(2.2.29), (2.2.30) and (2.2.31) satisfy (2.2.10). Then for any ug € C (D (B™))
for which

11-M2

¢
|V (t)uo +/ V(t = s)f(0)ds|ype oy < (1= k)R, (2.2.32)
0
where k is as in (2.2.10), equation (2.2.2) has a unique solution u € U(Ry).
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(b) Assume that
et BA O [£(u)(t) = F() (@)
< Ly sup [ |B (u(s) = v(s))]| + s | B (uls) = v(s)) |

0<s<t

u,v € U(Ry), t€0,T],

(2.2.33)
and
IV Cuollywpe iy + (Mo + My, 5, )Cn
(2.2.34)
+ Mm—u + M"72_.“ T1—7]1+u0f S R07
l—m+p 1—mn+p
where

Cy:= sup “Buf(u)HLOO(O,T;Xﬁ Cp = sup [ B™h(u)|.

u€U(Rop) u€U(Ro)

Then if the constant K in (2.2.29) is small enough, equation (2.2.2) admits a

unique solution u € U(Ry).

Proof. (a) Fix vy € C (D (B™)) such that (2.2.32) holds. For any z € U(Ry),
define (as in (2.2.19)) an operator F on U(Ry) by

(Fu)(t) =V (t)[ug — h(u)] +/0 V(t—s)f(u)(s)ds, tel0,T].

Then by the same arguments as in the proof of Theorem 2.2.2 (b), we see that F is
a contractive mapping. Also, by (2.2.32) we have for any u € U(Ry),

Hf(u)”WnBlf:]Q(T) < H]:(u) _-’T(O)Hwﬁv%(n + H]:(O)HW%’“,;Q(T)
S R07

that is,
F(U(Ro)) € U(Ry).

The Banach contraction principle yields the desired conclusion.
(b) For every z € U(Ry), define an operator F, on z € U(Ry) by

(Fou)(t) =V (t)[ug — h(2)] —I—/O V(t—s)f(u)(s)ds, tel0,T].
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Then by (2.1.2) — (2.1.4), (2.2.6), (2.2.28) — (2.2.29), and (2.2.34), we obtain for any
u e U(R()),

et | BM (Fou) @) 4 et || B (Fou) (1)

< WVuollyps oy + e IV B™h(2)]| 4 et | B~V (6) B h(2)]|
“’t/ ||B771 PV (t — s)B" f(u H ds
+ewtgn=m / | BV (t — s)B* f(u)(s)|| ds
< IV Guollype (T)+(M0+Mn2 m) [ B™h(2)]
/ S 1B ) ds
! 1
Myt [ e 1B () (5)
< ’|V<')UOHW£’,7]2(T) + (Mo + My, )Ch
(e Mo Yo,
L=m+p 1—m+tnp
S RO?
that is,

F.(U(Ro)) CU(Ro), =ze€U(Ro).

The same reasons as in the proof of Theorem 2.2.2 (¢) give the desired conclusion.

This completes the proof.

2.3 Nonlocal Cauchy problems for evolution

equations

In this section we apply Theorem 2.2.1 to give some existence and uniqueness the-
orems for mild and classical solutions of nonlocal Cauchy problems for semilinear

evolution equations.
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Let {B, {V(t)}i>0} be a (C,w, M,)-admissible pair on X, let B have fractional
powers {B"},>o and W7 (T') be the space defined in Section 2. Suppose that G is

the generator of {V(t)}i>0, and 0 <ty <ty <---<t, <T (p € N).

By virtue of Theorem 2.2.1, we have the following results. The first two is about

the mild solutions and the third one is about classical solutions.

Corollary 2.3.1. Assume that the function g satisfies

g: [0, 7] x WE,(T) — C (D (B™)) (2:3.1)
and
HBmg(tlv T 7tp7u) - Bmg<t17 T ’tp’ U>||
(2.3.2)
< Klu=vllyps @), wve Wb (T)

for some constant K > 0, and the operator f satisfies (2.2.4), (2.2.5) and (2.2.9).
Let the constants in (2.1.4), (2.2.4), (2.2.9) and (2.3.2) satisfy (2.2.10). Then for any

ug € C (D (B™)), the nonlocal Cauchy problem for semilinear evolution equation

W (t) =Gu(t)+ Cf(u)(t), 0<t<T,
(2.3.3)
u(0) + Cy(ty, ..., tp,u) = Cug,

has a unique mild solution u € Wﬁ:% (T'), i.e., there ezists a unique function u €
WB« (T) which satisfies

71,72

u(t) =V () |uo — g(ts,. .., tp,u)] +/O V(t—s)f(u)(s)ds, te€][0,T]. (2.3.4)

Corollary 2.3.2. Fiz T >0, Ly > 0. Fiz > 0 and v > 0 such that (2.2.5) and
(2.2.11) hold. Then there exists a constant K > 0 such that for all functions g satis-
fying (2.3.1) and (2.3.2), and for all operators f satisfying (2.2.4) and (2.2.12), the

problem (2.3.3) has a unique mild solution w € W% (T) for any ug € C (D (B™)).
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Theorem 2.3.3. Assume that {V (t) }1>0 is an analytic semigroup on X. Letwy < w
and B = —(G +wyl). FizT >0, Ly > 0. Fiz u > 0 and v > 0 such that
Ny —1 < p<mn and ny — p—~ < 1. Suppose that the operator f from WB« (T) to

1,712
L>(0,T;D(B")) satisfies (2.2.12) with C = I, and suppose in addition tf:atnf( ()
is locally Holder continuous on (0, T] whenever u € WP« (T') and B™u(-) is locally
Hélder continuous on (0,T]. Then there ezists a constant K > 0 such that for
any ug € D (B™) and any function g from [0, TP x Wl (T) to D (B™) satisfying
(2.3.2), the nonlocal Cauchy problem for semilinear evolution equation

' (t) = Gu(t) + f(u)(t), 0<t<T,

u(0) + g(t1,. .., tp,u) = uo,

(2.3.5)

has a unique classical solution u € anf b (T), i.e., there exists a unique function

ue WP (T) which is continuously differentiable on (0,T] and satisfies (2.3.5).
Proof. As in Example 2.1.4, {B,{V () }+>0} is a ({,w, M, )-admissible pair on X
for certain constants M,, associated with the usual fractional powers {B"},>¢. By
Theorem 2.3.2 with C' = I, there exist a constant K such that for any uy, € D (B™)

and any function ¢ satisfying (2.3.2), equation (2.3.5) has a unique mild solution
u € WBw (T).

n,m2
Fix up € D(B™) and ¢ with (2.3.2). We will show that the mild solution u of

(2.3.5) is a classical solution. To this end, we observe

u(t) =V () [uo — g(ta, ..., ty,u)] —i—/o V(t—s)f(u)(s)ds, te€[0,T]. (2.3.6)

In view of Pazy [70, p. 113, Corollary 4.3.3], it suffices to prove f(u)(-) is locally
Hélder continuous on (0, 7.
From (2.3.6) we have for 0 <t <t+o <T,

[1B™ (u(t + o) = u(t))]

< [[Brm(V(t+ o) =V B [uo = g(ts, -, tp, u)]]

(2.3.7)
+ [ 1B s ) = V= )] 1B )] s

o
—i—/t HB”2 PV (t—s+o) || | B f(u)(s)|| ds.

45



Note that for 0 < s<t<t+o<T,

Vit—s+o)—V(t—s) = /UGV(t—s+T)dT

_ —/OJWOV(t—S—i—T)dT— (/UBéV(T)dT> B2V (t — s),

0

and so

BT (V(t+0) =V < wol /OU |B=mV (t+7)|| dr

+ (/0(, | v dT> | v - )

)

|B2H(V(t—s+0)=V(t—s))| < ]wol/ogHBW#V(t—s—i-T)HdT

U

Hence, we see by (2.3.7) and (2.1.4) that B™u(-) is locally Holder continuous on
(0,T]. Sois f(u)(-) by the assumption on f. This ends the proof.

ng—p+1

We now discuss an example.

Example 2.3.4. Suppose that €2 is a bounded open subset of R™ with a smooth
boundary I', and A is a strongly elliptic operator in X = L?(Q), defined by

"L Ou Ju = Ju

3,j=1

D(A) = H*(Q) N Hy (%),

where a;;(z), b;(x), c(x) are sufficiently smooth real-valued functions of z in ,
H?(Q) and H} () are Sobolev spaces (see, e.g. Lions and Magenes [64], Adams [2],
or Pazy [70] for more information on the Sobolev spaces HJ*(Q2) (m € N)). It is
known that —A is the generator of an analytic semigroup {S()};>o on L?(2). Take
w € R such that

|S(t)]| < const e, ¢ >0.
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Let A be as above. Let wy < w and B = A — wgl. Assume that the continuous
function F : Q x [0,T] x R x R™ — R satisfies

t7|F(zat7€ay) - F(:r,t,f’,y')| S l(|£ - €/| + |y - y,|) ) (238)

for some constants [ > 0 and 0 < v < % Then there exists a constant K > 0 such
that for all functions g : [0, 7] x W% (T) — X satisfying

22

lg(ts, -t u) = gltr, -t )| < Kl = il wv € WiH(T),

2

the semilinear nonlocal Cauchy problem
u + Au = F(x,t,u, Vu), on Qx (0,7
u‘r =0,

w(x,0) + g(ty, ..., tp,u) = up(z),

has a unique classical solution u € W7 (T) for any ug € H ().
272

Proof. First we note that
D (B%> — HY(9).
Define the operator f from Wf;(T) to L>(0,7; X) by
f)(t) = F(x,t,0,Vv), wve€ Wﬁ?(T), te0,7].
From (2.3.8) we deduce that

. te[0,T), u,o e WP(T) (2.3.9)

2'2

I [£)(®) = SO < lo | B u—v)|

for some constant [y > 0. Thus applying Theorem 2.3.3 with

gives rise to the conclusion. The proof is complete then.
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Remark 2.3.5. Example 2.3.4 shows that a number of nonlocal problems, for which
previous results are not applicable, do have unique classical solutions. For instance,
when the constants T" or [, for a nonlocal Cauchy problem as in Example 2.3.4, is

large enough such that
1
M%ﬁ(? 1— N7 >1

where [y is the constant in (2.3.9), then the condition (2.3.3) in [52] fails to be
satisfied (in the case of Example 2.3.4, the associated constants in [52] read s, =

so=1,0=1,k=K, L1 =ly) no matter how small is the constant K.
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Chapter 3

Solvability of the Cauchy problem
for abstract functional equations

with infinite delay

3.1 Introduction

Equations with delay (i.e., with some of the past states of the systems) are often
more realistic to describe natural phenomena compared with those without delay,
and they have been studied for many years (see, e.g., [3,7,8,10-13, 22, 23, 32, 35, 36,
44-48,51,53-60,63, 71, 74-79, 83, 84, 86, 87] and references therein). In the present
chapter, we will consider mainly the solvability of the Cauchy problem for four
classes of abstract functional equations with infinite delay.

We will address first, in Section 2, the Cauchy problem for a functional integral

equation with infinite delay in a Banach space X,

ut) =g(t)+ [ fltsuls)u)ds (0 <t<T),

Uy = O,

(3.1.1)

where 0 < o < T, g(t) € C([0,T],X), w(0) = u(t+0) (6 € R™), [ €
C(lo,T) x [0,T] x X x P, X) is a given function and ¢ € P (cf. the definitions of
notations below). The solvability of (3.1.1) is investigated under hypotheses based

on noncompactness measures and Kamke functions or the Lipschitz condition. The
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uniqueness and continuous dependence (on initial data) of the solutions are also
discussed.

Second, in Sections 3 — 5 , we consider the following Cauchy problems for the
semilinear functional differential equations, nonautonomus functional equations and

functional integrodifferential equations with infinite delay in Banach spaces

u(t) = Au(t) + f(t,u(t),uy), 0<t<T,

(3.1.2)
up = ¢,
u(t) = At)u(t) + f(t,u(t),u), 0<t<T,
(3.1.3)
up = ¢,
and
W(t) = A {u(t) + /0 Pt — s)u(s)ds} G, 0SEST

u0:¢7

where T' > 0, A and {A(t) };+>¢ are given linear operators in X, { F'(t) }o<t<r C L(X),
feC(0,T] x X x P, X), and ¢ € P. By applying the given results on (3.1.1), we
obtain some new and basic solvability and wellposedness results for (3.1.2) — (3.1.4)

We undertake our study in a quite general framework of admissible phase space,
which satisfies hypotheses weaker than those required in the previous literature and
includes the space LP((—o00,0], X ). Therefore, our results are extensions of many
known results on delay equations for infinite delay as well as for finite delay given
in, e.g., [3,8,13,22,23,35,36,45-48, 51, 53, 54, 58-60, 63, 71, 74-79, 84, 86, 87]).

We would like to mention that the investigation of functional differential equations
with infinite delay in an abstract admissible phase space was initiated by Hale and
Kato [45] and Schumacher [77] (for X = R"), and that Banks, Burns, Delfour,
Herdman and Mitter were among the first who studied equations with finite delay
in the state space X x LP([—r, 0], X) (cf. [7,10,32]). The method of using admissible
phase spaces has proved to be significant in dealing with infinite delay problems,
because in this way one can treat a large class of functional differential equations
with infinite delay at the same time and obtain general results. On the other hand,
as shown, e.g., in [7,10-12, 32,83, the product space X x LP([—r, 0], X) is well suited
for the investigation of certain problems involving control systems governed by delay

equations.
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Definition 3.1.1. A Banach space (P, || - ||p), consisting of functions from R~ into

X, is called an admissible phase space if P has the following properties.

(H1) For any ty € R and a > 0, if 2 : (—o0, ty + a] — X is continuous on [ty, ty + a]

and xy, € P, then x; € P and z; is continuous in ¢ € [to, to + al.

(H2) There exist a continuous K () > 0 and a locally bounded function M(t) > 0
of t > 0 such that

|z:||p < K(t —to) Jnax lz(s)|| + M (t — to)||s ]

for t € [to,to + a] and x as in (HI).

The following are three typical examples of admissible phase spaces.

Example 3.1.2. Let 1 < p < oco. Then P = LP(R~, X), consisting of X-valued

p-Bochner integrable functions on R~, is an admissible phase space.

Example 3.1.3. Let r > 0,1 < p < o0 and ¢ : (—o0, —r] — R* be a nondecreasing

function. Let

P = {gb(@), ¢ : R~ — X strongly measurable,
continuous on [—r, 0], and f__; q(0)]|o(8)]|Pdo < oo},

with norm

lolle={ [ a@loiepas}” + max 1oL

~ —r<6<0

Then P is an admissible phase space satisfying ||¢(0)|| < K||¢||p (for all ¢ € P) for
a constant K.

Example 3.1.4. Let ¢ : R~ — R" be a nondecreasing continuous function such
that

t+0
q(0) =1, gq(—00) =00, SUPge(—co, 1 % is locally bounded for ¢ > 0.
’ q
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Let

P = {¢(9); ¢ : R~ — X continuous and QEI_HOO “Z(Z))H = O} :

L el
Jolle = _sup 1O
(

with norm

Then P is an admissible phase space satisfying ||¢(0)|| < K||¢|lp (for all ¢ € P) for

a constant K.
For the convenience of the reader we recall the following definitions and lemma.
Definition 3.1.5. (cf., e.g., [6,26-28,50]) Let B be a bounded subset of a Banach

space X. The Kuratowski measure of noncompactness of B is defined as

a(B) :=inf{y > 0; B admits a finite cover by sets of diameter < v}.

Lemma 3.1.6. (cf., e.g., [6,26-28,50]) Let X be a Banach space with dim X = oo,
B and G bounded sets of X. Then

(1) a(B) =0 if and only if B is relatively compact.
(2) a(AB) = [Aa(B) for every \ € R.

(3) a(B+G) < a(B) +a(Q).

(4) a(BUG) < max{a(B),a(G)}.

(5) B C G implies o(B) < a(G).

(6) « is continuous with respect to the Hausdorff distance oy defined by

o (B,G) = max {sup d(z,G), supd(z, B)} )
B G

Definition 3.1.7. (compare, e.g., [6, p. 70]) Let a, b € R, ¢ and ¢ € Rt. A real

nonnegative function KC(¢, i, v) on (a,b) x [0, ¢) x [0,¢) is called a Kamke function if
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(i) it is Lebesgue measurable in t for every (u,v) € [0,¢) x [0,¢) and continuous
in (p,v) for a.e. t € (a,b), and K(-,0,0) = 0;
(ii) foral 0 < p < <¢,0<v <V <¢and ae. t € (a,b),

K(t 1, v) < K(6T7,7) < kg (b), (3.1.5)

where k() (t) is a locally integrable function on (a, ) for each i, 7

3.2 Functional integral equations with infinite de-

lay

In this section we are concerned with the solvability of the Cauchy problem for the
functional integral equations with infinite delay (3.1.1). We first give a general local
solvability result for (3.1.1).

Theorem 3.2.1. Let 0 < o < T and P be an admissible phase space. Let f €
C(lo,T) x [0,T] x X x P, X) and f(-,s,x,¢) be uniformly continuous in (s,z,p) €
[0, T] x X x P. Suppose that there is a Kamke function K(-,-,-) on [0,T] x [0, a] X
[0, max¢eo,r—o) K (t)a] for some a > 0 such that

(i) for every bounded set B C X and Q C P,

a(f([o,T] x {s} x BxQ)) <K(s,a(B),a()), ae. selo,T]; (3.2.1)

(ii) w(t) = 0 is the unique nonnegative absolutely continuous solution to the dif-

ferential equation

satisfying

tto t — 0o

where K(+) is the function as in (H2).
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Then for every ¢ € P and g(t) € C([o,T], X) with g(o) = ¢(0), there exists a real
number T(o, ¢, g, ) such that (3.1.1) has a solution u(t) on (—oo,7(c, ¢, g, f)]. In
this case, we also say that (3.1.1) has a solution u(t) on [o,7(0, ¢, g, f)].

Proof. For each 7 > o, b > 0, ¢ € P, we introduce the following notation, which
will be used throughout this chapter,

'])[U,T] — {u: (—OO,T] — X; U € C([U,T],X) and u, € 7)},

[0,7]
and
P;UjT](b) = qu e P max |lu(t) —g@)| < b, ue = ¢ ¢ .
g te(o,T]

Then the space P is a Banach space under the norm

[ullper == max fJu@)]| + [Jucllp
t€lo,7]

and the set Pd[:’;](b) is nonempty, closed and convex.
Since f € C([o,T] x [0,T] x X x P, X), we see that for every ¢ € P there exists
a real number §(¢, f) > 0 such that

1f s, 2, )| < | f(ts,0(0),0)[ + 1, forall ¢ s € [oT], (3.2.2)

if
[z = o(0)[ <d(e, 1), ¥ = ollp < 6(e, /). (3.2.3)

Moreover, it follows from g(t) € C([o, T], X) that there exists a real number 7(0, g) €
[0, T such that

max K(t) + 1}

tefo,T—o]

lg(t) = g(o)ll < [ if t¢&lo,7(0,9)]. (3.2.4)
2

For every ¢ € P with ¢(0) = g(o), we let
u'(t) = (3.2.5)

Then by (3.2.4),
lu®(t) = @)l < 8(¢, f), if t € [o,7(0,9)], (3.2.6)
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and by (H1), there exists a real number 7(o, ¢, g) < 7(0, g) such that

I~ 0llp = [ —wlllp < 56(6.1), i t€lorlo 0] (32

For any b > 0, set

7(0,9.9, f.0)
. { b
= min + o,
2| ma (150,5,000). )] + )
2. /) +o, 7(0,0, )}
2| o (17(6.5.000).0)] + D] | max 100+ 1]
(3.2.8)
and for each n € N, define
/ ft,s,u" 1 (s),u" Vds, t€lo,7(0,0,g,f D), (32.9)
ot —o), te(—o0,0].
Then
uy =¢, néeN. (3.2.10)
Moreover, by (3.2.9), (3.2.6), (3.2.7), (3.2.2) (with (3.2.3)) and (3.2.8),
[ut(t) = g(®)| <b, t€o,7(0,9,9,fD);
and by (3.2.9), (3.2.6), (3.2.7), (3.2.2) (with (3.2.3)) and (3.2.4),
[u'(t) = d(0)] = [[u'(t) — g(o)]
< lg(t) —g(o)ll +/ 1f(t,s,u’(s), uy)lds
o (3.2.11)

1 1
= 8(¢,f), for t€[o,7(0,0,9,f,b);

and by (3.2.10), (H2), (3.2.9), (3.2.5), (3.2.8), (3.2.6), (3.2.7) and (3.2.2) (with
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(3.2.3)),

lu; — 8l
= flus —ugllp
< lug =@l + [luf — ugllp
< max Kt T\0,9,4, Jb — 0 max t,S,uOS,US 3212
o te[o,T—0] ( )[ ( ¢ g f ) ]t,SG[U,T(U,Qﬁ,g,f,b)] ||f< ( ) )H ( )
+luf = uglle
1 1

= 8(¢, f), for te[o,7(0,0,9,f,b).

By induction and noting that

(3.2.13)
< max K(t)|r(o,0,q,f,b) —0o max t,s,ul s,ul
< max KO(0.0.9.0.0) =) max | (tsal(s). )]
Hluf —ugllp  for t€[o,7(0,0,9, fD)],
it will now be verified that
|u™(t) —g(t)]| <b, telo,T1(0,0,9,fb)], n€N, (3.2.14)
(1) — O] < 66, f),  for t€ [0,7(0, 6,0, b)), nEN,  (3:2.15)
lui = ¢llp < d(o, f), for t€o,7(0,0,9,f,b)], ne€N. (3.2.16)
(3.2.10) and (3.2.14) imply that
u"(-) € Pyrees Iy e N. (3.2.17)

(3.2.15), (3.2.16) and (3.2.2) (with (3.2.3)) imply that

max t,s,u"(s),uy; < max t,s,(0), +1, néeN.
I S 1/ ( (s), ug)| e 1 (t,s,6(0),9)]l
(3.2.18)
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Furthermore, by (3.2.9) and (3.2.18)

max Hu"(z) — uo(z)H

= max [[u"(2) — g(2)]]

z€[ot]

(t—a)tig[ax (If(t s,000),0)| +1), te€lo,7(0,0,9,f.b)], n€N,
(3.2.19)

IN

andforeverynEN c<w<z<t<71(0, 0,9, f0b),

fzsu ,Sds—/fwsu ), us)ds

/||f<z,s,u”<s>,us> F(w, 5, (s), u™) | ds (3.2.20)

. ngﬁx 1f(t,s,6(0), d)] +1} (2 — w).

Since f(-, s, z,¢) is uniformly continuous with respect to (s,z,¢) € [0,T] x X x P,
it follows from (3.2.20) that for each t € [0, 7(0, ¢, g, f,b)],

is equicontinuous.

the set / flys,u"(s),ul)ds

[02] neN

Therefore by virtue of [27, Proposition 7.3, p. 43] we have

/‘. f<7 S, un(s>, u?>d8
7 neN

sup a({/ f(z,s,u"(s), S)ds} ), t€lo,7(o,0,9,f,b)].
z€[o,t] neN

Thus, thanks to Heinz’s theorem ([50, Theorem 2.1]) (see also [28]) we obtain

(o))
< afool ) e (U s )

< 2/ sup « {fzsu (s),u )}neN)ds

z€[o,t]

[o1]

< 9 / sup o ({f(z,5,0" (). )} on) ds. 1 € 0.7(0, 6,9, £,)].
z€lo,7]
(3.2.21)
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Let b = § (the constant given in the hypotheses) and 7(o, ¢, g, f) := 7 (a, o, 9, f, %)
Then by (3.2.19) and (H2), we have

N < — t 0 1 K(t
max Ju? —ulf|, < (s—o) max ([f(t,5,6(0),¢)] +1) max K(t)a,

s € o,7(0,0,9,f)], n € N.
(3.2.22)

By (3.2.19) and (3.2.22), we see that for every ¢ > 0, thereisa 0 <n < 7(0,¢,9, f)—
o such that for all s € [0, 0 + 7],

17t s, wn(s),u2) = £t 5,u0(5), 0| < S, te[o,T], neN.
Consequently,

aQ ({f(t7 S, un(5>7 u?>}te[a,T], s€o,0+4], neN)
< « ({f(t7 S, UO(S), ug)}te[a,T], se[a,a+5]>

+a ({f(ta S, un(s)u u?) - f(ta S, U,O(S), ug)}te[a,T], s€lo,0+4], n€N>

IN

3
5

Thus, if we define

(1) =2 / sup o ({f(z, 5,17 (s),u)} o) ds,  t € [0,7(0, 0,9, F)],

z€[o,T]

then the nonnegative function ¢(t) is absolutely continuous on [0, 7(0, ¢, g, f)] and
¢(o) = 0. Moreover, (2.9) implies that



A combination of (3.1.5), (3.2.1), (3.2.9), (H2) and (3.2.21) gives that

§(t) < 2/ K (Sa Q ({un(s)}neN) & ({UZ}REN)) ds

\/a'tlc< 7 ({/5 ( ’V’un—l(y),ug 1)dl/}n N\{1}> Y
[05] neN

IN

(s =)o ({ure

< 2/ K (s,s(s), K(s—0)s(s))ds, te(o,T].

This, together with hypothesis (ii) and the comparison theorem, yields that ¢(¢) = 0.
Hence, by (3.2.21) we have
} ) o
[0,7(0:6,9.5)] ) pen

o (fere

} is relatively compact in C([o,7(0,9,9, f)], X).
[077(07¢7gvf)} neN
Therefore, by noting (3.2.17), there exist a sequence {n;} C N and a function

So the set {u”()

( ) c 73[07' U(bgf)](b)

such that

lim max |[u™(t) — u(t)|| = 0.
1—00 te[o,T]

Moreover, (H2) implies that

lim max |luy® — w]|p = 0.
i—oo tefo,T

Thus thanks to Lebesgue’s dominated convergence theorem, we obtain u(t) is a
solution of (3.1.1) on [0, 7(0, ¢, g, f)].

The following theorem concerns the situation when f is compact.
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Theorem 3.2.2. Let 0 < o < T and P be an admissible phase space. Let f €
C([lo,T) x [0,T] x X x P,X) being compact. Then for every ¢ € P and g(t) €
C(lo,T), X) with g(o) = ¢(0), there exists a real number 7(o,$,q, ) such that
(3.1.1) has a solution u(t) on [o,7(0, 0, g, f)].

Proof. Let ¢ € P and g(t) € C([o,T],X) with g(o) = ¢#(0). From the proof
of Theorem 3.2.1, we know that there is a sequence {u"(-)},en such that (3.2.15),
(3.2.16), (3.2.17) and (3.2.18) hold for any given b > 0. Fix b > 0 and write
T(0,0,9,f) := 7(0,0,9, f,b). The compactness of f and [o,7(0,®,g, f)] implies
that there exists a subsequence {n,} C N and a continuous function h(t, s) of (¢, s)
such that

f(t, s, u™(s),ul*) — h(t,s), as k— o0

uniformly for ¢ € [o,7(0,¢,9, f)] and s € [0,7(0, ¢, g, f)]. So for any € > 0, there is
a k € N such that for all k > E,

1S (&, s,u™(s), ug*) — h(t,s)|| <&, forall ts€[o,7(0, 0,9, f)]-

Therefore, for every k > k, 0 <w < z <t < 7(0,6,9, f),

< [ s () ) = e s

/Z f(z,s,u™(s),urx)ds — /w flw, s, u™(s),ut*)ds

[ s), ) = b, ) ds
b hGe9) = b splds + (o 1£(6.5,000). 00 +1) (= w)

< (24 [h(=5) - hw, ST + (t’gelgfﬂ 1 (t, 5, 6(0), B)]| + 1) (= - w),

where 5 € [0, 7(0, ¢, g, f)]. This implies that for each t € [0, 7(0, ¢, g, f)],

is equicontinuous.

the set / f (s, u™(s),ut*) ds

(041 ) keNk>E
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Hence

a /U.f(-,s,u"k(s),ugk)ds

[04] ) ken k>

< sup « {/ f(z,s,u"’“(s),u?’“)ds} , te€lo,T1(0,0,9, 1),
z€|[o,t] o kEN k>k

and then
«a {u"k() }
081 ) kenk>k

< 2/ sup « ({f (szaunk(s)au?k)}keN,kEE) ds, telo,(0,¢,9,f)

2€[o,T7]

This means there is a sequence ng, C N and a function u(t) € P(E,U,;]T(J’M P(b) such
that
lim max |[u™(t) — u(t)|| = 0.

1—00 te[o,T]

Consequently, u(t) is a solution of (3.1.1) on [0, 7(c, ¢, g, f)].
O

When f has a local Lipschitz continuity in third and forth component, we have

the following local existence, uniqueness and continuous dependence theorem for
(3.1.1).

Theorem 3.2.3. Let 0 < o < T and P be an admissible phase space. Let f €
C(lo,T) x [0,T] x X x P, X) and for every r > 0, there exist a constant H(r) such
that for each t,s € [o,T],

||f(t757‘r7¢) - f(ta 57y7w>” < H(T> (HLL’ - yH + H¢ - 1/}”73)7

forall z,y € X, ¢,7p € P with max{|z|, [lyll, [[¢llr, [Llr} <
(3.2.23)

Then for every ¢ € P and g(t) € C(lo,T], X ) with g(o) = ¢(0), there exists a real
number (o, ¢, g, f) such that (3.1.1) has a unique solution u(t) on [o,7(0, ¢, g, f)].
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Moreover, define

Top(o, 0,9, f) ==sup{T > 0; (3.1.1) has a unique solution u(-) on [o,T)},
(3.2.24)
and let u(t) (resp. u(t)) be the solution of (3.1.1) on [0, Twp(0, ¢, 9, f)] (resp. [o,
Toup(0 . 6,3, f)]) with respect to ¢ € P (resp. ¢ € P) and g(t) (resp. §(t)). Then
there is a constant L(u, 0, o) such that

uu—mmmmgimﬁm»(mwuw> <wwww—$w)

te|

for each

T0 < min{Tsup( (25,9 f) sup( 7(/57 /g\v f)}

Proof. Asin the proof of Theorem 3.2.1, we can define, for every b > 0, ¢ € P and

g(t) € C([o,T],X) with g(c) = ¢(0), a real number 7(o, ¢, g, f,b) by (3.2.8) and a
sequence {u" () }nen by (3.2.9) such that (3.2.15), (3.2.16), and (3.2.17) hold. Fix
b > 0 and write 7(o, ¢, g, f) == 7(0, ¢, g, f,b). By (3.2.23) and (H2) we have

[l (t) — " (1)
< (t=o)H (max{[[¢0)|| + (¢, [), ¢l + 0(¢, [)})

Qm“%w—w/<W+Ku—anmxm“%@—u“%$®7

€[0,t]
telo, (o, 0,9, f)], ne N\{1},
that is,

. n—1
mas [u"(s) — "~ (s)]

< (t = o)H (max{|[¢(0)]| + (¢, ), [|0ll» + 5(¢, [)})

(1+ max K(t)) max ||u""!(s) — u""2(s)|,

te[0,T—o] s€0,t]

t €lo,7(0,0,9,f)], ne N\ {1}.

Then by using (H2) and a standard argument based on the generalized Banach con-
tractive mapping principle (by replacing 7(c, ¢, g, f) with a smaller one if necessary),

we verify the existence of a solution of (3.1.1).
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The uniqueness of the solution of (3.1.1) is implied by (H2), (3.2.23) and Gronwall-
Bellman’s inequality. So Ty (0, ¢, 9, f) exists. Let u(t) (resp. u(t)) be the solution
of (3.1.1) on [0, Tsup(0, &, g, f)] (resp. [0, Tsup(o, 6.3, f)]) with respect to ¢ € P
(resp. = P) and g(t) (resp. g(t)), and fix

7 < min{ T (7. 6.9. 1) Tau(0. 6,7, 1)}
Then by (3.1.1), (3.2.23) and (H2) we have

) — a0
< gt - G0 + H <tg[lj7>_§]{||u(t)||7 [, s, ||at||})

Vs

t
[ (14 amax, £0) swp Jut -0l + s 206 - 3l |
0 t€[0,T—o] nel0,s] te[0,T—o]
Hence,
max [u(y) — 21|
n€lo,t]
< max g(t) — 30|
t€|o,70)
\TH ( mas {[u(®). [0 ), ||at||}) sup M(D)6— dllp
telo, o) t€[0,T—0o]
it (g (o) 1200, ol 121}
t
x |1 K(t —Uu ds.
(1 ane K0 [ mmw Juto) ~ (o)
By the Gronwall-Bellman’s inequality, there is a constant E(u, u, 7o) such that
() = @)llpon < Lu,, ) (n;] la(t) — 3(0) ] + 16— mrp) .
O

Now we turn to the global existence of solutions for (3.1.1). One will find that

further assumptions must be made since the global existence of the solutions for
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(3.1.1) fails quite often, more precisely the solutions of (3.1.1) having finite maximal

intervals of existence blow up (in some sense).

Theorem 3.2.4. Let 0 > 0 and P be an admissible phase space. Suppose the
continuous function f : [o,00) X [0,00) x X x P — X satisfies one of the following

conditions:

(1) the hypotheses of Theorem 3.2.1 holds for every T > 0, and for every T, r > 0,

there exists a constant H(T,r) such that
If(t,s,2(s),2)|| < H(T,r), forall t,s€lo,T]x(-)€ Pl

with  max {||lz(s)]|, lzsllp} < 7
s€lo,T)

(3.2.25)

(2) f is compact for every T > 0;
[0, 7% [0, T)x X xP

(3) for every T > 0 and r > 0, there exists a constant H(T,r) such that
1f(t,s,2(s), @5) — f(t,s,9(s), ys) | < H(T,r) ([lx(s) —y(s)l| + [z — wsllp)

for all t,s € [o,T],2(-),y(-) € Pl

with- max {z(s), [y(s)ll, lwslle lysllet < 7-

(3.2.26)
Then for every ¢ € P and g(t) € C([o,T], X) with g(c) = ¢(0),
7, (rp0.n lut)] == limsup [u(t)|| = oo, (3.2.27)
t1Tsup(0,,9,f)
i (ol + ) = (3.229)

provided that Ty, (0, ¢, g, f) < 00, where Ty (0, ¢, g, f) is the number as in (3.2.24).

Proof. The proof of case (1).

Given ¢ € P and g(t) € C([o,00),X) with g(c) = ¢(0). The existence of
Toup(o, 0,9, f) is ensured by Theorem 3.2.1. Let u(t) be the solution of (3.1.1)
with respect to o, ¢, g, and f on [0, Tsup(0, ¢, 9, f)), and suppose that

Tsup<0-7 ¢’g’ f) < o0 and mtTTsup(Uy(]svgvf)”u(t)H < 0.
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Then there exists a constant b; such that

sup {K(t), M(t)} )
tE[O,T‘sup(gaqﬁvg f)+1 0’}

max gl < b. (3.2.29)

t€[o, Tsup(0,,9,f)+1]

sup ||U( ) H
tE[U,Tsup(U7¢7gvf)) /

For each b > 0, t € (0, Tuuwp(0, 0,9, f)) and n € (0, 1), we define

g, [t,t-+7]

P[tt+”() - {x:(_oo,t+77]—>X; T e C([t,t+n], X),

max [lo(r) —g(7) +9(t) ~u(t)]| <b 7| = “L_oo,ﬂ}'

TE[t,t+n]

Then 73;;2"](13) is a closed convex subset of P+ From (H2) and (3.2.29) it

follows that
tt
i (o). o]} < ba, xR,

where by = max{b+ 3by,b1(b+ 3by + ||¢]|»)}-
Let b = § (the constant given in the hypotheses) and for every z € Pg:gtj;m(b),
define

(Fz)(s) = 9(s) - / f(sopx(p),zp)dp, T <s<t+n,

Then Fa € P by (H1). Moreover, by (3.2.25) we have for each x € 77(;;2"]( )

max |[[(Fz) (s) — g(s) + g(t) — u(t)|| < H(Tswp(0, 0,9, f) +1,b2)(7 — 7). (3.2.30)

s€[tt4n)]

Hence there exists a real number
T(o,¢,9, f,b) € (0,1) being independent of t € [0, Tup(0, 0,9, f)), (3.2.31)
such that

max Fz)(s) —g(s) + g(t) —u(?)| <0, ¢ € pltTesaldl
s 22X o IF) (s) = gs) + 9(t) — (@)l < g (b).
(3.2.32)
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That means that
Fr c p[t7t+?(a’¢’g’f’b)}(b). (3.2.33)

,9,u

Let
o(s) — 9(s) = g(t) +u(t), selt,t+7(0,0,9,f ),
u(s —t), se&(—oo,tl.

Clearly 2°(-) € Py 7410 (p)  Define

2"(s) .= Fa" '(s), s¢&(—oo0,t+7(0,0,9, fb)], n€N. (3.2.34)

Then 2"(-) € PLATES0IOl(p) for all n € N, and (3.2.30) says that

®,9,u

max [l (z) — 2°(2)

z€[t,s]
= s 47() — (=) + 900~ ()
< H<Tsup(07¢aga f) + 1762);<J7 (baga f7 b)a le [t>t+7§(0—7 ¢7ga fa b)]7 n € N.

(3.2.35)
Observing that for every t <w < z < s <t+7(0,0,9, f,b),

/: [z 2™ (w), 2p)du — /tw Flw, p, 2™ (), xﬁ)dﬂ”

< / 1 (e, (1), ) — F(w, (1), 27 |l

+H(Tsup<07 ¢7g7 f) + 1,b2)(2 - ’LU),

and using the similar arguments as in the proof of Theorem 3.2.1, we deduce that
(3.1.1) has a solution z(-) in ngt(a’(z”g’f’b”(b). (3.2.31) allows us to take a ¢t €
[0" Tsup(07 Cb, g, f)) SUCh that

0< Tsup(07¢’gvf) —t< ?(ans?gmfab%

that is,
t+ ?(Uvgbaga f) b) > ,I'Sup(o-a ¢7gv f)

This is in contradiction with the definition of Ty, (0, ¢, ¢, f). As a consequence we
get (3.2.27).
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Now let us show (3.2.28). If this is false then there is a sequence {t,},en C
[0, Tsup(0, ¢, g, f)) and a constant bs such that

lim ¢, = Top(0, 6, 9, ), (3.2.36)
lu(ta) || + [[ue, || < b3, n€N. (3.2.37)

From (3.2.27) and the fact that ||u(-)|| is a continuous function, it follows that there

exists a sequence {1, },en such that

lim n, =0, w(ty, + )| = b3+ 2 max |l + 1,
T, =0, [ty )| =ba+2_ max g(0)]
and
max |Ju(t)|| < [lu(t, + na)ll, (3.2.38)
te[tnatn"!‘nn]

by noting that if necessary, we can replace the sequence {t,},cnx with another one
satisfying (3.2.36) and (3.2.37).
On the other hand, it is clear that

[[u(tn +na)l

IN

tn+nn
lu(t) |l + [l9(tn + na) — g(ta)[l + /t 1f (10, 2, u(2), uz) || dz

S b3 + 2 max )l ||g<t)|| + nnH(Tsup(0-7 ¢7gv f)) b4)7

telo,Tsup(0,6,9,f

where

by = (bg +2 max ; llg(®)|] + 1) ( max K (t) + 1) + sup  M(t)bs.
t

tG[U,Tsup(U,%g:f 6[0’7T—a'] tE[O‘,T*O‘]

Letting n — oo yields a contraction with (3.2.38). This implies that (3.2.28) is true.
The proof of case (2).
In this case, there is certainly a constant H(Tu,(0, @, g, f), b2) such that

maXse( i+ || (F2) () — g(s) + g(t) — u(?)]]

< H(Tap(0, 0,9, f),b2) (T — a), x€PLH(p),

,9,u

A similar argument in the proof of (1), combined with the techniques in the proof

of Theorem 3.2.2, leads to the conclusion .
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The proof of case (3).
A combination of the condition (3.2.26) with the proof of case (1) and the proof

of Theorem 3.2.3 gives the desired conclusion.

O

The following result presents a sufficient condition for the existence of the global
solution of (3.1.1).

Theorem 3.2.5. Let 0 > 0, P and f € C([o,00) x X x P, X) be as in Theorem
3.2.3 and

1F (5,2, 9) | < ho(®)[ha(s)][zll + ha(s)l @]l + ha(s)],  ¢s €o,00), z € X, ¢ €P,
(3.2.39)
where hg > 0 is a locally bounded function on [0,00) and h; > 0 (i = 1,2,3) are

locally integrable functions on [o,00). Then

Tsup<07 ¢7ga f) =0
for any ¢ € P and g(t) € C([o,00), X) with g(o) = ¢(0).

Proof. Take 0 > 0, ¢ € P, and ¢g(t) € C([o,00), X) with g(o) = ¢(0). Let u(t)
be the corresponding solution of (3.1.1) on [0, Ty (0, ¢, 9, f)). Then by (3.2.26) and
(H2) we have for any ¢ € [0, Typ(0, ¢, g, f)),

lu@)] < Ilg(t)!\+/ ho(t)[hl(S)HU(S)H+h2(S)K(S—0’) max {|u(7)]|

TE[o,s]

ha(5)M(s — 0)|9llp + ha(s)] ds.
Therefore for each ¢ € [0, Tyup (0, ¢, g, f)),

ma u
ma )|
< max g(7)|| + sup ho(T
T7€[0,Tsup(0,9,9,f)] H ( )H T€[0,Tsup(0,$,9,1)] O( )

Tsup(a,¢,g,f) Tsup(o'vqs’gvf)

ho(s)ds + / h;;(s)ds]

(e

ow Ml /

TE [07TSUP (0,¢,g,f)—0

+ sup ho(T)/ [hi(s) + ha(s)K (s — o)] max ||u(7)]|ds.

t€[0,Tsup(0,9,9,f)] T€[o,s]
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Thus by Gronwall-Bellman’s inequality, for any t € [0, Tsup(0, 9, 9, f)),

max ||u(7)|| < const,
T€E[o,t]

where the constant is independent of ¢. This, together with Theorem 3.2.4, shows
that Ty (0, ¢, g, f) = 0.

O

The next result shows that the solution of (3.1.1) exists uniquely on the whole
interval [0, T] and depends continuously on g and ¢ in the normal sense, provided

that f has the uniform Lipschitz continuity.

Theorem 3.2.6. Let 0 <o < T, f € C(lo,T] x [0,T] x X x P, X) satisfying the
“Uniform Lipschitz Condition”, i.e., there exists a constant Ly > 0 such that for

each t,s € [0, T,

Hf<t75ax7¢) - f(ta S>yv¢>H < Lf (H.T - y” + |’¢_¢”73)7 fO’f‘ T,y € Xa ¢>¢ eP.

Then for every ¢ € P and g(t) € C([o,T], X) with g(o) = ¢(0), (3.1.1) has a unique
solution u(t) on [o,T].

Moreover, let u(t) and u(t) be the solutions of (3.1.1) on [o,T] with respect to
® € P and g(t) and to ¢ € P and G(t) respectively. Then there is a constant L such
that

= @llpon < L (m latt) —G0) + 16— a?up) -

t€[0,T

Proof. A combination of the related arguments in the proof of Theorems 3.2.3 and
3.2.4 yields the result. Another approach of proving this theorem is to employ the

generalized Banach contractive mapping principle.

O

Remark 3.2.7. Similarly, there exists a corresponding result to every related the-

orem in Sections 3 — 5.
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3.3 Applications to the functional differential

equation

From now on, we concentrate on the case of o being 0. It is not so hard to modify

our results below to the case of ¢ being not 0 .

Definition 3.3.1. ([82]) Let C' be an injective operator in L(X) and 7 > 0. An
operator family {E(t)}icp,-) C L(X) is called a local C-regularized semigroup on X
if

(i) E(0) =C and E(t+s)C = E(t)E(s) for s,t,s+te€l0,7],
(ii) {E(t)}icp,n is strongly continuous.
The operator A defined by

D(A) ={z € X : lim %(E(t)a: — Cz) exists and is in R(C)}

t—0t

and .
Az =C™ ' lim —(E(t)r — Cx), for each z € D(A),

t—0t

is called the generator of {E(t)}icjo,-- We also say that A generates {E(t)}icpo,r)-

Definition 3.3.2. Let F € L(X), A a closed operator in X and 7 > 0. An operator
family {E(t)}iep, C L(X) is called a local E-existence family for A if

(i) {E(t)}iepo,n is strongly continuous,

(ii) i E(s)zds € D(A) and

t
A (/ E(s)xds) = E(t)x — Ez, forevery x € X, t € [0,7]. (3.3.1)
0

We also say that the operator A has a local E-existence family {E(t)}icjo.q-
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Remark 3.3.3. It is easy to see that a local C-regularized semigroup generated by
A is also a local C-existence family for A. When 7 = oo, the local C-regularized
semigroup coincides with the C-regularized semigroup. It is known that the concept
of local C-regularized semigroups or C-regularized semigroups is really a generaliza-
tion of classical Cjy semigroups as well as integrated semigroups since there are many
examples of operators which generate C-regularized semigroup or local C-regularized
semigroups but Cj semigroups or integrated semigroups (cf., e.g., [29, 30, 82, 88] and
references cited there). On the other hand, the concept of local existence families is
an extension of local C-regularized semigroups. When 7 = oo, the existence family
in Definition 3.2 was called the mild existence family (cf., [29, 30]). For the sufficient
conditions for A having an E-existence family {F(t)}¢cpo,r) and other information
on existence families, please refer to [29,30]. For the local one, please refer to, e.g.,

82).

In what follows, it is supposed that

the zero function is the unique continuous solution of z(t) = A f(f x(s)ds (t > 0),
(3.3.2)

where the operator A is the coefficient operator in (3.1.2).

Remark 3.3.4. It is easy to see that (3.3.2) holds automatically for the generator

A of a local C-regularized semigroup.

Definition 3.3.5. A function u : (—00,a) — X is called a mild solution of (3.1.2)
on [0,a) if u € C([0,a), X) satisfying

E(t)z+/0 Bt — ) (s, u(s),u)ds, te0,a),

¢(t>7 te (—O0,0],

u(t) = (3.3.3)
where z € X with Ez = ¢(0), and f € C([0,T] x X x P, X) with Ef = f.

Remark 3.3.6. The integral equation (3.3.3) is independent of the choices of z and
f. This can be seen by (3.3.2), which implies that for every z,y € X with EFz = Ey,



This indicates
max [|E(t)z]| < L||¢(0)[|r(z), (3.3.4)

te[0,7

where L is a constant, and 16(0)||(r(py := inf{]|z]|; Ez= ¢(0)}.

Definition 3.3.7. A function u : (—o00,a) — X is called a classical solution of
(3.1.2) if
u€ CY([0,a), X) N C([0,a), [D(A)])

satisfying (3.1.2) on [0,a) .

Now we are in a position to give the solvability and wellposedness results for
(3.1.2) by applying the obtained results on (3.1.1) in Section 2.

Theorem 3.3.8. Assume that T > 0, A has a local E-existence family {E(t) }eeo,r)-
Let P be an admissible phase space and f € C([0,T] x X x P, X).

(1) Suppose one of the following conditions

(1i) f is compact;
(lii) E(t) is compact for 0 <t <T';
(1iil) {E(t) }ieo,r) is norm continuous fort > 0, and there is a Kamke function

K(-,-,-) on [0,T] x [0,a] x [0, max;cjo ) K(t)a] for some a > 0 such that
for every bounded set B € X and Q) € P,

a(f({s} x BxQ)) <K(s,a(B),a()), ae. sel0,T],

and w(t) = 0 is the unique nonnegative absolutely continuous solution to

the differential equation

@' (t) = 2limgyo||E(@O)|| sup BE()K(L (1), K(t)w (1)), ¢ € (0,T]

t€[0,T
(3.3.5)
satisfying "
. wl(t
lngr(r)l — = w(0) =0, (3.3.6)
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where K () is the function as in (H2), and for each t € [0,T],

B(E(t)) = inf{y € R"; a(E(t)B) < ~ya(B) for all

bounded countable sets B C X }.

Then for each ¢ € P with ¢(0) € R(E), there exists a real number

Toup(@, E(+), f) such that (3.1.2) has a mild solution u(t) on [0, Ty (¢, E(-), f)]

(2) Suppose that for everyr > 0 there is a constant H(r) such that for allt € [0,T7,

(82, 0) = f(ty, ) < Hr) (lz = yll + (|6 = ¢ll»),

for every x,y € X, ¢, € P with max{||z|, |lyll, [¢ll», [¥|r} <.
(3.3.7)

Then for each ¢ € P with ¢(0) € R(E), there exists a real num-
ber Ty (o, E(), f) such that (3.1.2) has a unique mild solution u(t) on
[0, Tup (0, E(),f)] Moreover, if u(t) and u(t) are the mild solutions of (3.1.2)
on [0, Taup (o, E(-), )] with respect to ¢ € P and on [O,Tsup(a,E(),f)] to

qg € P respectively, then there is a constant L(u,, o) such that
() = @O)llpo) < T, 70) (1600) = B0 lemy + 6 = dllp )

for each 19 < min{Ty,p (¢, E(-), f)a Tsup(gga E(), f)}

Proof. Let g(t) = E(t)z (Ez = ¢(0)) and f = E(t — s)f(s,,-). Then the
conclusions, except that under the condition (1iii), come from Theorems 3.2.2 and
3.2.3.

Now we prove that (1iii) implies also that for each ¢ € P with ¢(0) € R(FE), there
exists a real number Ty, (¢, E(-), f) such that (3.1.2) has a mild solution u(¢) on
[0, Tup (9, E(-), )]

After a repetition of the first part of the proof of Theorem 3.2.1, we get a sequence
{u"(-) }nen such that (3.2.15), (3.2.16), (3.2.17) and (3.2.18) hold for any given b > 0.
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By (3.2.18), WehaveforeverynEN 0<n<w<2<t<7(0,0,9,f0b),

fz,s,u ), ul ds—/ flw, s, u™(s),ul)ds

n
< / 17 (205, (5), ) — fw, s, u"(s), u?)|ds
0

w

T /w||E<z> E(w)|[|F(s,u™(s), ul) | ds + /Z||f<w,s7u”<s>7uz>uds

2[max £t 5, 0(0). >||+1} (42— w)

t,5€[0,T

+ [ IEG) = B@) .0 (s), )]s
n
Hence, by the norm continuity of {E(t)}cpm for t > 0, we get for each t €

[0,7(0,0, g, f,b)], the set / fys,u"(s), ul)ds
0

is equicontinuous. Thus

(0,2] neN
proceeding as in the second part of the proof of Theorem 3.2.1, we obtain the desired

result.
O

When the family {E(t)}icjor) is a local C-regularized semigroup on X, which
means it has the semigroup property (i.e., (i) of Definition 3.3.1 holds), we can obtain
the following result without the compactness or norm continuity of {E(t)}ico.1) as

required in Theorem 3.3.8.

Theorem 3.3.9. Let T > 0 and A generate a local C-reqularized semigroup
{E() hejory- Let P be an admissible phase space and C‘lfé C(0,T]x X x P, X).
Suppose that there is a Kamke function K(-, -, -) on [0,T]x 0, a] x [0, maxcpo,r K (t)a
for some a > 0 such that for every bounded set B € X and 2 € P,

a(C7f({s} x Bx Q) < K(s,(B),a()), ae. sel0,T],

and that w(t) = 0 is the unique nonnegative absolutely continuous solution to the
differential equation (3.3.5) satisfying (3.3.6). Then for each ¢ € P with ¢(0) €
R(C), there ezists a real number Ty, (¢, E(-), ) such that (3.1.2) has a mild solution

u(t) on [0, Taup(¢, E(), )]-
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Proof. Let ¢ € P with ¢(0) € R(F), and let ¢g(t) = E(t)z (Cz = ¢(0)) and
f=E(t- s)f(s, -,+). Then from the proof of Theorem 3.2.1, we have a sequence
{u" () }nen such that (3.2.15), (3.2.16), (3.2.17) and (3.2.18) hold for any given b > 0.

By Definition 1.5, we know that for every 0 < ¢ < 7(0, ¢, g, f,b) and & > 0, there
are sets Bi(t), ..., By(t) (m € N) such that

By (t) C {/0 E(t—S)C_lf(&u”(s),u’;)ds} . k=1,...,m,

{/Ot E(t — s)C™ f(s,u™(s), u’;)ds}nEN = IQBk(t)

diameter(By(t))

< «a ({/tE(t - S)C_lf(s,u”(s),ug)ds} ) +e, k=1,....m,
0 nenN

where diameter(By,(t)) means the diameter of the set By (t). Thus, letting

Ni(t) = {n eN; /OtE(t — S)C’_lf(s,u”(s),u?)ds € Bk(t)} , k=1,...,m,

gives N = U] Ni(t). Fix t and n € [t,7(0, ¢, g, f,b)], and define

, k=1,...,m.

[t ) e, (o)

Bktn /f,S,U P S)S

Then

/0 s (s), ut)ds

Choose arbitrarily two elements

/f -8, Uk ”“ )ds

= U ék(tvn)

[tv"]} neN

u]k ujk ds
[tT] / f B ) [t777]



from every Ek(t,n) (k=1,...,m). Then for every t < z < w <,

/ f(z,s,u™(s), u) ds—/ f(z, s, u*(s),ul*)ds
0

< |[ Bt us - [ Be - 9Tt 0).u)as
:f(z,s,uik i) ds—/ F (2 5,00 (s), u)ds
< 18 =0l [ B =907 [Fss s (),uiys = Fs o), )] s

+2 max (||f(l/s #(0),0)|+1)(z—t), k=1,...,m, i,j € N.

Accordingly, when 7 — ¢ is small enough, we obtain by iy € Ni(t) and jx € Ni(t),

diameter(By(t,n)) < m[%ug] |E(v)||diameter(By(t)) + 2&.
€

Therefore,
/ flys,u™(s),ul)ds
0
[t.n] nenN
< diameter(Bg(t,n))
t ~
< max |[E(v)|a ({/ E(t — S)C'_lf(s,u”(s),ug)ds} ) + 2¢.
ve(0,d] 0 neN

Thus, thanks to Heinz’s theorem (][50, Theorem 2.1]) and Nussbaum’s Lemma ([69,
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Lemma 1]), we get for each t € [0,7(0, ¢, g, f, 1)),

o /0 (s, um(s), ul)ds

[0,¢] neN
< sup lima / fys,u"(s),ul)ds
tefo,z) Mt 0 v N
) ne
— t o~
< limgpo||E(6)|| sup « ({/ E(t— S)C_lf(s,u”(s),ug)ds} )
0 neN

t€[0,]

< Tl EO) sup 5(E0) s [ ({0 Flsursuis) ).

t€[0,T t€[0,t]

Let b = § (the constant given in the hypotheses) and 7(0, ¢, 9, f) := 7 (0, 0,9, f, %)
Then the similar arguments as in the last part of the proof of Theorem 3.2.1 leads
to our conclusion.

([

Remark 3.3.10. Suppose that C~1f € C([0,T] x X x P, X) and Clf = fay+ fo
where f(q) is Lipschitz continuous and f(o) is compact. Then f satisfies the related
assumption in Theorem 3.3.9

As shown in the following theorem, a (or unique) classical solution can be obtained

with one more condition on f.

Theorem 3.3.11. Let T' > 0, A generate a local C-reqularized semigroup
{E(t) }ieo,m) and P be an admissible phase space. Let f € C([0,T]x X xP,X), and
for all u(-) € PO with u(0) € C(D(A)),

f(s,u(s),us) € D(A), for s€[0,T],

T (3.3.8)
/O | Af(s,u(s),us)||ds < oo.

(1) If C’_lf satisfies the conditions in Theorem 3.3.9, then for each ¢ € P with
#(0) € C(D(A)), there exists a real number Ty (¢, E(-), f) such that (3.1.2)
has a classical solution u(t) on [0, Tsup (0, E(-), ).
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(2) If f satisfies (3.3.7), then for each ¢ € P with ¢(0) € C(D(A)), there exists
a real number Ty, (9, E(-), f) such that (3.1.2) has a unique classical solu-
tion u(t) on [O,Tsup(gzﬁ,E(-),f)). Moreover, let u(t) and u(t) be the classi-
cal solutions of (3.1.2) on [O,Tsup(¢,E(-),f)) with respect to ¢ € P and on
[O,Tsup(a, E(-), f)) to gg € P respectively. Then there is a constant L(u,u, )

such that

Ju(t) — ()|l poro < L(u, @, 7o) (||¢(o> —o(0)] + ||lo — $||p) . (3.3.9)

~ ~

fO’/’ each To < miH{Tsup(éb? E(), f)a Tsup<¢v E()7 f)}
Proof. The proof of (1).
By Theorem 3.3.9, for each ¢ € P with ¢(0) € C(D(A)), there exists a real number

Toup(¢, E(+), f) such that (3.1.2) has a mild solution u(t) on [0, Ty (¢, E(-), f)) given

E(t)z + / E(t— ) J(s,u(s), u)ds, € [0, Tl E(), ).

u(t) = (3.3.10)
¢(t), te (=000l
where z € D(A) and Cz = ¢(0). Fix t € [0, Taup (o, E(-), ) and set
u(t), selt,T],
u'(s) =
u(s), s € (—oo,tl.
Then @!(-) € PI®T). Thus (3.3.8) implies that
F(s,u(s),us) = f(s,u'(s), @) € D(A), for se[0,], (3.3.11)
and . .
/ A (s, u(s), us)||ds S/ |Af (s, Tt (s),at)||ds < oo. (3.3.12)
0 0
On the other hand, from [40] it follows that for = € D(A), t € [0, 7],
E(t)xr € D(A), AE(t)x = E(t)Ax, (3.10)
and
t t
/ E(s)Azds = A/ E(s)zds = E(t)x — Cu. (3.3.13)
0 0
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Therefore, by (3.3.11) we have

%E(t —8)f(s,u(s),us) = E(t —s)Af(s,u(s),us), 0<s<t< Ty, E(), f).
(3.3.14)
Taking a derivative in ¢ of the first equality of (3.3.10), we get, by (3.3.11) — (3.3.14),
u(t) is a classical solution of (3.1.2).
The proof of (2).
Suppose that u(t) is a classical solution of (3.1.2) on [0, Tyup (¢, E(-),f)). Then

ug = ¢, and

d -1
aE(t —5)C™ u(s)

= —AE(t — 5)C u(s) + E(t — s)C~ Au(s) + E(t — s) f(s, u(s), us),
for 0<s<t<Tuple, B(), ),

ie.,

u(t) — E()C16(0) = /OtE(t —8)f(s,u(s),us), 0 <t < Tap(d, B(), f):

This means that the classical solution of (3.1.2) must be the mild solution of (3.1.2).
Thus conclusion (2) is a consequence of Theorem 3.3.8 (2) and the arguments in the
proof of (1) above.

a

3.4 Applications to the nonautonomous func-

tional differential equations

In this section, we consider the Cauchy problem for nonautonomous functional dif-

ferential equations (3.1.3). We first recall the following notion.

Definition 3.4.1. An operator family {U(¢, s) }o<s<t<r C L(X) is called a (strongly

continuous) evolution system if
(1) U(s,s) =1, U(t,r)U(r,s) =U(t,s) for 0 <s<r<t<T.

(2) (t,s) — U(t,s) is strongly continuous for 0 < s <t <T.
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Remark 3.4.2. “Evolution system” is also called evolution family, evolution oper-
ators, evolution process, propagator, or fundamental solution. Please refer to, e.g.,
[1,36-38,70,81,90] for more information about this system.

Now we give a general result about the “mild solution” of (3.1.3).

Theorem 3.4.3. Let T' > 0, {U(t, s) }o<s<t<r C L(X) being an evolution system,
P an admissible phase space, and f € C([0,T] x X x P, X).

(1) Suppose that there is a Kamke function K(-,-,-) on [0,T] x [0,a] X
[0, max¢eqo,r) K (t)a] for some a > 0 such that

(1i) for every t € [0,T] and for every bounded set B C X and Q C P,
a(F({t} x{s} x BxQ)) < K(s,a(B),«(R)), a.e. se]0,t],

where F(t,s,-,-) =U(t,s)f(s, ).
(lii) @w(t) = 0 is the unique nonnegative absolutely continuous solution to the

differential equation

@' (t) = 2 max T, ||U(z, n)||K(t, = (t), K)w(t), ae. t € (o,T]

n€l0,1)
satisfying (3.3.6).
Then for each ¢ € P, there exists a real number Ty, (¢, U(-,-), f) and a
u: [~00, Tap(p, U (), f)) = X
such that
U000+ [ U315 u(s) s, € [0, Ton(6. (). 1),

o(t), te(—o0,0].
(3.4.1)

(2) Suppose that for every r > 0 there is a constant H(r) such that for allt € [0,T],
(82, 0) = [ty ) < H(r) (lz = yll + [l = ¢ll»),
for every x,y € X, ¢, ¢ € P with max{[lz], [lyll, ¢l [¢llp} <r

80



Then for each ¢ € P, there exists a real number Ty (o, U(-, ), f) such that
(3.4.1) has a unique solution u(t) on [0, Tsup(o, U(-, ), f)). Moreover, let u(t)
and u(t) be the solution of (3.4.1) on [0, Tyup (¢, U(+, ), f)) with respect to ¢ € P
and on [O,Tsup(qg, U(-,-), f)) to gg € P respectively. Then (3.3.9) holds for a

constant E(u, U, o).

Proof. Applying Theorem 3.2.3 to g(t) = U(¢,0)¢(0) and F(t,s,-,-), we get the
conclusion (2).

Now we prove the conclusion (1). From the proof of Theorem 3.2.1, we know that
for each ¢ € P and b > 0, there is a sequence {u"(-) }nen such that (3.2.15), (3.2.16),
(3.2.17) and (3.2.18) hold.

Since for every 0 <t < 7(0, ¢, g, f,b) and € > 0, there are subsets C(t), ..., Ci(t)
(I e N) of {fot F(t,s,u”(s),u?)ds} o such that
ne

{[re sarat)isf - kLichk@),
diameter(Cy(t)) < a ({ /0 B s,u”(s),u?)ds}neN) be

For any n € [t,t(0, ¢, g, f,b)), if we define

- : ¢
Cr(t,n) = / F(-,s,u"(s),ul)ds| / F(t,s,u"(s),uy)ds € Cg(n) ¢ ,
0 it O
k=1 .1,
then
/ F(-,s,u"(s),ul)ds = U Cr(t,n).
0 =
tnl ) nen k=1
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Observing that for every t < z <w <,

/F(Z,s,ui’“(s),ui’“)ds—/ F(z,8,u’(s),ul*)ds
0 0

t t
< /U(Z,S)F(s,ui’“(s),ui’“)ds—/ Ul(z,s)F(s,u’™(s),u*)ds
0 0
+ / F(z,s,ui’“(s),ui’“)ds—/ F(z,s,u’(s),ul*)ds
t t
t
< Uz, 1) ‘/ U(t,s) [F(s,u™(s), u*)ds — F(s,u’*(s),ul*)] ds
0

+2 max (||F(v,s,¢(0),¢)]+1)(z—1), k=1,...,1

v,5€[0,T

are two elements of
[t,m]

Ci(t,n) (k=1,...,1). Therefore, for each £ € (0,7(0, ¢, g, f,b)],

where [ F(-, s, u’(s), ui’f)ds’[t ; and [, F(-,s,w*(s),ulr)ds

« / F(-,s,u"(s),ul)ds
0

02 neN

< sup lima /F(-,s,u"(s) ul)ds
0

» s
tefo,f) "t

t
< lim,y||U(2,t)|| sup ({/ F(t, s,u”(s),u?)ds} ) :
tG[O,ﬂ 0 neN

Let b = § (the constant given in the hypotheses) and 7(0, ¢, 9, f) := 7 (O‘, o, 9, f, %)
Then the similar arguments as in the last part of the proof of Theorem 3.2.1 leads

to our conclusion.
O

Next we present results about the “Y-valued solution” of (3.1.3) (under Hyper-
bolicity assumption) and the “classical solution” of (3.1.3) (under Parobolicity as-
sumption). We start with the following definitions of the “Y-valued solution” and
the “classical solution” of (3.1.3).
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Definition 3.4.4. (1) Let Y be a Banach space and be densely and continuously
imbedded in X. A function u : (—00,a) — X with v € C([0,a),Y] is called
a Y -valued solution of (3.1.3) on [0, a) if u € C'((0,a), X) satisfying (3.1.3) in
X.

(2) A function u : (—o00,a) — X is called a classical solution of (3.1.3) on [0, a)
if w e CY([0,a),X), u(t) € D(A(t)) for t € [0,a) and u(t) satisfies (3.1.3) on
[0,a).

Hyperbolicity Assumption (cf., e.g., [70,81]): For each ¢t € [0,T], A(t) is
the generator of a strongly continuous semigroup {S%(s)}s>0 on X, and there exist

constants W and w such that

(HAL) (w,00) C p(A(t)) for all t € [0,T], and for every nondecreasing sequence
{ta}1 € 0,77,

k

[T - At

n=1

W

<—F A .
= D—wp T

There is a Banach space Y which is densely and continuously imbedded in X and

satisfies

(HA2) Foreacht € [0,T], S*(s)Y CY (s>0), {St(s)

} is a strongly continuous
Y s>

semigroup on Y, A(t)| is the generator of {St(s)
Y

satisfies (HA1) for some constants W and &,

} on Y, and A(t)
Y ) s>0 Y

(HA3) For each t € [0,T], Y C D(A(t)), A(t) € L(Y, X) and t — A(-) is continuous
in the L(Y, X) norm.

Theorem 3.4.5. (Hyperbolic case) Assume that the “Hyperbolicity Assumption”
holds and {U(t,s)}o<s<t<r @S the evolution system associated with the family
{A() e Let U(t,s)Y Y (0 < s <t <T) and for each y € Y, U(t,s)y
be continuous in'Y for 0 < s <t < T, and let P be an admissible phase space and
fec(0,T] x X x P,Y).
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(1) If f is as in (1) of Theorem 3.4.3, then for each ¢ € P with ¢(0) € Y, there
exists a real number Ty, (¢, U(-,-), f) such that (3.1.3) has a Y -valued solution

u(t) on [07 Tsup(¢7 U(? ')a f))

(2) If f is as in (2) of Theorem 3.4.3, then for each ¢ € P with ¢(0) € Y,
there exists a real number Ty, (P, U(-,-), f) such that (3.1.3) has a unique Y -
valued solution u(t) on [0, Tewp(o,U(+,-), f)). Moreover, there is a constant
L(u,@,70) such that (3.3.9) holds for every u(t) and U(t) being the Y -valued
solution of (3.1.3) on [0, Tsup(o, U(-,-), f)) with respect to ¢ € P and on

0, Tsup(ngS, U(-,-), f)) to ¢ € P respectively.

Proof. A combination of Theorem 3.4.3 and [81, Theorem 4.5.2] yields the existence
of the number Ty, (¢, U(+,+), f) ensuring that (3.1.3) has a (resp. unique) Y-valued
solution u(t) on [0, Tsup(¢, U(+, -), f)) under the hypotheses in (1) (resp. (2)).

On the other hand, let wu(-) be a Y wvalued solution of (3.1.3) on

[07 TSUP(¢? U(? ')7 f)) Then by

0
—U(t,s)v==U(t,s)A(s)v, for veY 0<s<t<T

Os
(cf. [81]) and the hypotheses, we have
o+
O Ut s)uls) = Ut ) (s u(s).us). 0 s ¥ < Tug(6, U, £).

that is, u(-) satisfies (4.2). Hence, for each ¢ € P with ¢(0) € Y, the Y-valued
solution of (3.1.3) on [0, Taup(é, U(+, ), f)) is unique under the hypotheses in (2).
Moreover, by Theorem 3.4.3 (2), we get the conclusion (2).

Parabolicity Assumption (cf., e.g., [70,81]):
(PA1) For all t € [0,T], D(A(t)) = D being dense in X.

(PA2) For every ¢ € [0,T] and complex number A with ReA < 0, (A + A(t))™! exists

and satisfies

[A+A@) <

w
e ReA <0, t € [0,7],

1+

for a constant W.



(PA3) There are constants o € (0, 1] and W such that

||(A(t) = A(s))A(r)’IH <W |t—s|* t,s,rel0,T].

Theorem 3.4.6. (Parabolic case) Let the “Parabolicity Assumption” hold and
{U(t,5)} o<s<i<r be the evolution system associated with the family {A(t) }iejo,17. Let
P be an admissible phase space, f € C([0,T] x X x P, X), and for all u(-) € P01,
f(s,u(s),us) € D (s €[0,T]) and

/0 [ A(to) f(s,u(s), us)||ds < oo (3.4.2)
for some ty € [0,T].

(1) If f is as in (1) of Theorem 3.4.3, then for each ¢ € P, there exists a real num-
ber Taup (0, U(,-), f) such that (3.1.3) has a classical solution u(t) on [0, Tsup (o,

U(,-), 1))

(2) If f is as in (2) of Theorem 3.4.3, then for each ¢ € P, there exists a
real number Ty (o, U(-,-), f) such that (3.1.3) has a unique classical solu-
tion u(t) on [0, Teup (0, U(+,-), f)). Moreover, let u(t) and u(t) be the classical
solutions of (3.1.3) on [0, T (9, U(-,-), f)) with respect to ¢ € P and on
[O,Tsup(a, U(-,-), f)) to & € P respectively. Then (3.3.9) holds for a constant
L(u, @, 7).

Proof. From [81, Section 5.2] we know that the evolution system {U (¢, s) }o<s<i<T

satisfies
(i) Forall 0 < s <t < T, U(t,s) : X — D := D(A(t)) (for all t € [0,T]),
t — Ul(t,s) is strongly differentiable, and 2U(t,s) € L(X) being strongly
continuouson 0 < s <t <T.
(i) Forall 0 <s<t<T,
0

Ut s) = ABU(t,s), 53

AU (t,s) A~ (s)]| < M,
where M is a constant.
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(iii)" For every z € D and t € (0,7}, U(t, s)z is differentiable in son 0 < s <t < T,

and
%U(t75)z = —U(t,s)A(s)z. (3.4.4)

Thus from Theorem 3.4.3 it follows that for each ¢ € P, there exists a real number
Toup(@, U(+, ), f) such that (3.4.1) has a (resp. unique) solution wu(t) on [0, Tsup (¢,
U(-,-), f)) under the hypotheses in (1) (resp. (2)). We have by (3.4.3),

%U(t,s)f(s,u(s),us) = AU(t,s)A(s) T A(s)A(to) T Alto) f(s,u(s), uy),

0<s<t<Tap(o,U(), f),
and by “Parabolic Assumption”, there is a constant M such that
IA@)A(to) ™| < M, for each t € [0, oy (6, U (-, ), f)).
Therefore, by (3.4.2), we get

) ) ,

/0 aU(t, s)f(s,u(s),us)l|ds < /0 aU(t,s)f(s,ﬂt(s),ﬂs) ds
< 00, t e [OaTsup(¢aU('v')vf))a
where
u(t), se€|t,T],
u'(s) =
u(s), s € (—oo,t
Hence,

u'(t) = A(t)U(t,O)qb(O)+f(t,u(t),ut)+/0 AU, s)f(s,u(s),us)ds

— A@)u(t) + flt,ut),u), €0, Top(d U, f)),

i.e., u(t) is a classical solution of (3.1.3) on [0, Ty (0, U(+, ), f))-

Moreover, (i)’ and (3.4.4) imply that a classical solution of (3.1.3) is also a mild
solution of (3.4.1). This means (3.1.3) has a unique classical solution for each ¢ € P
under the hypotheses in (2). Another direct consequence of this fact and Theorem
3.4.3 (2) is the conclusion (2).

O
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3.5 Applications to the functional integrodiffer-

ential equations
In this section, we assume that
(A1) A generates a strongly continuous semigroup on X, and (1.1.2) holds.
(A2) P is an admissible phase space and f € C([0,T] x X x P, X).

As known in Chapter 1, there is a strongly continuous operator family
{R(t) }eo,r) € L(X) such that R(0) = I, R(-)y € C*([0,T],X) N C([0,T7],[D(A)])
(y € D(A)), and (1.1.8) holds. {R(t)}scpo, is called the resolvent family for (3.1.4).
See, e.g., [34,40,42,62,72] and references given there for more information about

the resolvent family or the integrodifferential equations without delay.

Definition 3.5.1. (1) A function u : (—o00,a) — X is called a mild solution of
(3.1.4) on [0, a) if it satisfies

u(t) =

R(t)6(0) + /0 R(t = 5)f(s,u(s), us)ds, te€]0,a), (3.5.1)
€ (=00, 0]

o(t), t
(2) A function u : (—o0,a) — X is called a classical solution of (3.1.4) on [0,a) if
u€ CY([0,a), X) N C([0,a), [D(A)])

satisfying (3.1.4).

Theorem 3.5.2. Assume that for every r > 0, there exists a constant H(r) such
that for each t € [o,T],

1tz 0) = [ty o) < H(r) (lz = yll + [l = ¢ll»)

forall w,y € X, é,¢p € Powith max{|[zl|, llyll, I¢lle, lolry <
(3.5.2)
Then for each ¢ € P, there exists a real number Ty, (¢, E(-), f) such that (3.1.4)

has a unique mild solution u(t) on [0, Ty (¢, E(-), f)). Moreover, there is a constant
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N(u,u, 1) such that (3.3.9) holds for every u(t) and u(t) being mild solutions of
(3.1.4) on [0, Ty (9, E(-), f)) with respect to ¢ € P and on [O,Tsup(ngﬁ, E(), f)) to
g/g € P respectively.

Proof. Apply Theorem 3.2.3 to g(t) = R(t)¢(0) and

O

Theorem 3.5.3. Let (3.5.2) hold and let f € C([0,T] x X x P,[D(A)]). Then
for each ¢ € P, there exists a real number Tyy,(¢, E(-), f) such that (3.1.4) has a
unique classical solution u(t) on [0, Ty (¢, E(-), f)). Moreover, let u(t) and u(t)
be classical solutions of (3.1.4) on [0, Teup(@, E(-), f)) with respect to ¢ € P and

on [O,Tsup(gg,E(-),f)) to & € P respectively. Then (3.3.9) holds for a constant
N(u,ﬂ, 7_0)'

Proof. By Theorem 3.5.2, we know that for each ¢ € P with ¢(0) € D(A), there ex-
ists a real number Ty, (¢, E(-), f) such that (3.1.4) has a unique mild solution u(t) on
[0, Tsup (@, E(), f)). Thus by (1.1.8) and (3.5.1), we have, for ¢ € [0, Ty (¢, E(), f)),

dq;(t” = A[R(t)¢(0)+ /O F(t = s)R(s)¢(0)ds| + f(t,u(t), u)

/ AR(t — s) f(s,u(s), us)ds

/ / F(t— s — m)R() f(s, u(s), us)dnds
= Au(t) + £t (), w)

+A [ /0 "Flt—s) (R(s)¢(o) + /0 “R(s—n) f(s,u(s),us)dn> ds}

= A [u(t) + /tF(t — s)u(s)ds] + f(t u(t), uy).
0
This means that u(t) is a classical solution of (3.1.4) on [0, Ty (¢, E(-), f)).
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Moreover, let u(t) be a classical solution of (3.1.4) on [0, Tsup (¢, E(), f)). Then
by (1.1.8), (3.5.1) and the hypotheses, we obtain for ¢ € [0, Tsup (0, E(+), f)),

t t—s
= —/ R(t —s—mn)AF(n) dnds—l—/Rt—sA/ (s — n)u(n)dnds
o Jo

= - /Ot /OtSR(t — s —n)AF(n)u(s)dnds +/ / R(t — pp—n)AF (p)u(n)dudn

¢
= / R(t — s)f(s,u(s),us)ds.
0
Therefore, a classical solution of (3.1.4) is also a mild solution of (3.1.4). By Theorem

3.5.2 we get the desired conclusion.
O
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Chapter 4

Regularity for abstract functional
equations with infinite delay in
spaces with the Radon-Nikodym

property

In this chapter we investigate the regularity for abstract functional equations with
infinite delay. Our attention now focus on (among others) the Cauchy problem for
the functional equation (3.1.2) in a Banach space X satisfying the Radon-Nikodym
property. Some regularity results are established. Theorems 4.2.6 and 4.2.7 below
are entirely new, and others are generalizations of the corresponding results in our
papers [57,59].

4.1 Lipschitz continuity of solutions

This is a preliminary section and in this section X is still a general Banach space.
Our purpose is to find some sufficient conditions for the “Lipschitz continuity” of
solutions of the problems (4.1.2) and (4.1.7). The results given in this section will

be used in the next section.
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Let 0 <o < T, and define

QT .= {qb : R~ — X; there are constants a4 > T" and L, p such that

¢(-) is Lipschitz continuous on [—ag, 0], ¢_a, € P and

Hgb_%M - gb_%”P < Lpyt for 7€ [0,T — 0] .

(4.1.1)

Remark 4.1.1. Clearly, by (H1), we have Q> ¢ P and the set
Qo =1{¢(0); ¢ : R~ — X is Lipschitz continuous with compact support}

is a subset of Q=71

For a typical case of (3.1.1)
u(t) = g(t) + /tE(t, s)f(s,u(s),us)ds (o <t<T),

Ug = ¢>
where {E(t, ) }o<ts<r C L(X) is a strongly continuous family and f : [0,7] x X X

(4.1.2)

P — X is a given function, we have

Theorem 4.1.2. Let 0 < o < T, P be an admissible phase space, and for every
r > 0 there exist a constant H(r) such that

1t 2 (t), @) = f(s,2(s),2)| < H(r) (1t = 5|+ [[2(t) = 2(s)]| + Nl — ]lp)

for any t,s € [0,T), and x(t) € P with max,cpn{|lzt)l], |z:lp} < r
(4.1.3)

Suppose that
(1) ¢ € QT g(t) : [0,T] — X being Lipschitz continuous with g(o) = ¢(0),

there is a constant L(g..) ) such that

/ VB + 1,5+ 1) — Bt )] (s,2(5), 22)l|ds < ey,

for t€o,T], n€[0,T—4), x(-) € P*T),
and (4.1.2) has a solution u(t) on [0, Tsup(0, ¢, 9, E(-,-), f));

(4.1.4)
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or that
(2) ¢ €P, g(t) : [0,T] — X being Lipschitz continuous with g(c) = ¢(0), there is
a constant Lg..) ) such that
[ B+ 0.8) = B 915206 ) < nlc
for te€lo,T], ne0,T—t], x(-) € P,
and (4.1.2) has a solution u(t) on [0, Tsup (0, 0,9, E(-,-), f)).

(4.1.5)

Then u(t) is Lipschitz continuous on [0, 1] for every 7o € [0, Tsup(0, 0,9, E(-,-), f)).

Proof. The proof of case (1).
Let L, be the Lipschitz constant for g and 7y € [0, Tsup(0, ¢, 9, E(-,-), f)). Then
by (4.1.3) and (4.1.4) we deduce that for each t € [0, 7], n € [0, 79 — 1],

lu(t +n) = u(@)]

o+n
< gt +n) 9@l + / [E(t +n,5)f (s, u(s), us)||ds

/ nE(t—l—n,s)f(s,u(s),us)ds—/ E(t,s)f(s,u(s),us)ds

+’
+n

< e+ m =gl + [ 1B+ 0.9 uls). ) ds
+/HE@+n@+ﬂﬂf@+nm@+w%%ﬂ0—f@w@%%ﬂwk
~5/nwu+ms+m—ﬁmﬁ»ﬂaM@waws

S{L+3%WXW§MNWuUWW+meJU

+H@wmwwmm0mmw@u
[o,70] telo,T)

'/PHWW@+W—MQW+NMM—uJﬂ@}.
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Noting ¢ € QT and letting L, be the Lipschitz constant for ¢ on [—ay, 0], we
obtain, by (4.1.2) and (H2), for every s € o, ],

254 — sl

< K(s+ag—o) sup |un+v)—u)
ve[—ag+o,s]
+M(s+ay — o) HQL%JFW - 925*%”?
< K(s+ag—o)| sup |o(n+v)— o)
v€[—ag,—n
+ sup |lu(v+mn) —o(v—o)|
vel-n+0,0]
+ sup. [u(n +v) —u@)[[| + M(s+ ay — )L
ve|o,s
< K(s+ag— 0){L¢n + sup  lg(v+n)—g(o)]
v€[—n+o0,0]
+ sup  ||¢(0) — d(v — o)
ve[-n+o,0]
n+v
+  sup / E(v+mn, p) f(,w(p), uu)duH
vE[—n+o,0] o

+ sup Jlu(n +v) - u(V)H} + sup M(s+ay —0)Lip)n

yE[o’,s] SE[O’,T]

S { maxse[a’T} K(S + Qg — 0') S}J_%} M(S + Qg — O')L(@p)
s€lo,

200+ Ly + max (B0l ma. 17 ult) u| }n
+maXSE[UvT} K(S +ag — 0) SUDy¢[o,s) ||’LL(7’] + V) - U(V)H

As a consequence, there are constants H and H such that

t
sup [u(v+n) —u@)| < Hn+H [ sup |lu(v+n) —u(v)llds.

vE(o,t] o VE|[o,s]

Using Gronwall-Bellman’s inequality we have

sup [[u(v +n) —u(v)|| < Hy, te€ o], nel0,m—1,

VvE|[o,t]

for a constant H. This implies that u(¢) is Lipschitz continuous on [, 7g].
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The proof of case (2).
Fix 79 € [0, Tsp(0, 0,9, E(-,-), f)) and let L, be the Lipschitz constant for g.
Then by (4.1.5) we get for each t € [o,79), n € (0,79 — 1),

e+ ) = o)
t+n
< lgtem = o+ [ 1B+ n5) (s, () ) ds
4 [ NBG 1.9 = B9 (s, u(s), ) s
= (%+¢ggﬂE@$Mg%NﬂtwmwN+Zwmwom

i.e., the solution u(t) of (4.1.2) (with respect to every ¢ € P) is Lipschitz continuous
on [0, Tp).
O

Corollary 4.1.3. Let 0 < o < T and P be an admissible phase space.

(1) Let f € C([o,T] x [0,T] x X x P, X) satisfying that for every r > 0, there
exist a constant H(r) such that for each s € [o,T],

1f (s, 2,0) = fs,y,0)[| < H(r) (= = yll + | = ¢ll»)

forall x,y € X, ¢,¢ € P with max{Ha:H, Hy“> ”¢H7” HwHP} <,
(4.1.6)
and (4.1.3). Then for every ¢ € Q0T g(t) : [0,T] — X being Lipschitz
continuous with g(o) = ¢(0) and strongly continuous family {E(t)}s<t<r C
L(X), the solution of

u(t) =gt) + [ Bt~ 5)(sulo)u)ds, €[0T (4.1.7)

Uo-ng,

on [0, Tsup(0, 0,9, E(-), f)) is Lipschitz continuous on [0, 1] for every 1 € [o,

Tsup(aa ¢7 g, E<>7 f))

(2) Let {E(t)}o<i<r be a local C-regularized semigroup and C~'f € C(lo,T] x
[0, T x X x P, X). Suppose that there is a Kamke function K(-,-,+) on [0,T] X
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[0,a] x [0, max,cp,r) K(t)a] for some a > 0 such that for every bounded set
BeX and Qe P,

a(CHf({s} x Bx Q) <K(s,a(B),a(R)), ae. secl0,T],

and that w(t) = 0 is the unique nonnegative absolutely continuous solution to

the differential equation

@'(t) = 2limgyo||E@O)]| sup BE()K(t, w(t), K(t)w (1)), t€ (0,T] (4.1.8)

t€[0,T]
satisfying
t
lim @ () =w(o) =0.
tto t — 0o

Then for every ¢ € QT with ¢(0) € R(C), and g(t) : [0,T] — X
being Lipschitz continuous with g(o) = ¢(0), the solution of (4.1.2) on
[0, Tsup(0, 0,9, E(+), f)) is Lipschitz continuous on [o,7y] for every 7, €

[07 Tsup(aa ¢7gu E<)7f))

Proof. The proof of case (1).
Let
E(t—s), t>s,
E(t,s) = (4.1.9)
E(s—1t), t<s.
Then (4.1.4) holds. This, together with Theorems 3.2.3 and 4.1.2 (1), implies (1).

The proof of case (2).

From the proof of Theorem 3.3.9, we see that (4.1.7) has a solution for every
¢ € QT with ¢(0) € R(C), and g(t) : [0,T] — X with g(o) = ¢(0). Thus by
(4.1.7) and 4.1.2 (1), we get (2).

a

4.2 Regularity

We begin with the following definition of “strong solutions” of (3.1.2).

Definition 4.2.1. A function u : (—oo,a) — X is called a strong solution of (3.1.2)
if u is absolutely continuous on [0,a) and differentiable a.e. on [0,a) such that
W' (+) € L'([0,a), X) satisfying (3.1.2) a.e. on [0, a).
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Theorem 4.2.2. LetT > 0 and P be an admissible phase space. Let A be closed and
has a local E-existence family {E(t) }ieo,m) satisfying that for each z € D(A), E(-)z
is an absolutely continuous X -valued function on [0,T]. Let (3.3.2) hold and f €
C([0,T] x X x P, X)) satisfying (4.1.3) for o = 0. If X satisfies the Radon-Nikodym
property, then for each ¢ € QT with Ez = ¢(0) (2 € D(A)), the corresponding
mild solution of (3.1.2) (if exists) is a strong solution of (3.1.2).

Proof. Let ¢ € Q7T with Ez = ¢(0) for a z € D(A), and let u(t) be the
corresponding mild solution of (3.1.2) on [0, Tsup(@)).
By the Radon-Nikodym property of X, we get for all z € D(A), E(t)z is differen-
tiable a.e. t € [0, Tsup(¢)). Arguing as in the proof [30, Proposition 2.7] we deduce
that E(t)z € D(A) for a.e. t € [0, Tyyp(¢)) and

/ CAB(s)z = E(t)s — B, ae € [0, Tan(6). (4.2.1)

Moreover, letting E(t,s) as in (4.1.9) and using Theorem 4.1.2 (1) and the Radon-
Nikodym property of X, we have

u(t) is differentiable a.e. on [0, Tyup(0)). (4.2.2)

By (3.3.1),
A/O_SE(T)f(s,u(s),us)dT = E(t—s)f(s,u(s),us)ds — f(s,u(s),us)ds,

0<s<t<Th(9)

This, together with the closedness of A, implies that for 0 < s <t < Ty,(0),

A/Ot /OTE(T—S)f(s,u(s),us)dsdT
— A/Ot /OH E()} (s, u(s), uy)drds

_ / (E(t — ) F(s, uls), us)ds — F(s,u(s), us)|ds.

Hence, by (4.2.1), we infer that
A/ u ds—i—/ f(s,u(s),us)ds +z, 0<t<Ty,(0). (4.2.3)
0
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Using (4.2.2), (4.2.3) and the closedness of A, we obtain u(t) € D(A) for ae. t €
[0, Tsup(¢)) and

Au(t) = u'(t) — f(t,u(t),u), ae. t €0, Tap(o)).

This means that u(t) is a strong solution of (3.1.2).

A direct corollary of Theorem 4.2.2 and Theorem 3.3.8 is

Corollary 4.2.3. Let the assumptions of Theorem 4.2.2 hold, and let {E(t)}icpom
and [ satisfy the condition (1) (resp. (2)) of Theorem 3.3.8. If X satisfies the
Radon-Nikodym property, then for each ¢ € QT with Bz = ¢(0) (2 € D(A)),
there exists a real number Ty,,(¢) such that (3.1.2) has a (resp. a unique) strong
solution u(t) on [0, Tsup(@)).

Remark 4.2.4. Theorem 4.2.2 and Corollary 4.2.3 is new even for the corresponding
case without delay (cf. [30]).

When {E(t)}icpo1 is a local C-regularized semigroup, Theorem 4.2.2 can be im-
proved as follows.

Theorem 4.2.5. Let T' > 0 and A be the generator of a local C-reqularized semi-
group {E(t) }icjo.r)- Let P be an admissible phase space and FeC(0,T]xX xP,X)
satisfying (4.1.3) for o = 0. If X satisfies the Radon-Nikodym property, then for
each ¢ € QT with Ez = ¢(0) (¢ € D(A)), the corresponding mild solution of
(3.1.2) (if exists) is a classical solution of (3.1.2).

Proof. Let ¢ € Q7! with Ez = ¢(0) for a z € D(A), and let u(t) be the
corresponding mild solution of (3.1.2) on [0, Tsup(¢)).

Since {E(t)}icpm is a local C-regularized semigroup, we have E(t)z is differ-
entiable in [0, Ty, (¢)) for every z € D(A). On the other hand, by virtue of the

Radon-Nikodym property of X, (4.1.3) and Theorem 4.1.2, we obtain f (s, u(s), us)ds
is differentiable a.e. t € [0, Tyup(¢)). Therefore, it can be proved that

t— /0 E(t — s)f(s,u(s), us)ds
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is differentiable in [0, Tsup(¢)). This implies Theorem 4.2.5 is true.
(]

Moreover, we can obtain the following two results if the related operator family
is supposed to have a good property.

Theorem 4.2.6. Let T' > 0, {U(t,s) }o<s<t<r C L(X) being a Lipschitz evolution
system (cf. [65,66)), i.e., satisfying
Ut s)—I|| < (t—s)He*"™), 0<s<t<T, (4.2.4)

for some constants ﬁ, w > 0. Let P be an admissible phase space and f € C([0,T] x
X x P, X) satisfying (4.1.3) (for o = 0). Then for each ¢ € P, the solution
u(t) of (3.4.1) (if exists) on [0, Tsup(@)) is Lipschitz continuous on [o, 1| for every
70 € [0, Tsup), and is differentiable a.e. t € [0, Ty (¢)) when X satisfies the Radon-
Nikodym property.

Moreover, if U(t,0)¢(0) is differentiable in t € [0, Tsup(®)), then u(t) is differen-
tiable in t € [0, Tsup(¢)) when X satisfies the Radon-Nikodym property.

Proof. Let ¢ € P. By (4.2.4) we get for every t € [0,T], n € [0,79 — T,
|U(E +n,0)¢(0) = U(t,0)0(0)[| < U +n,t) = I[[[U(E,0)6(0)]]
< He”
< T 104 0)160)

and for t € [0,T], n € [0,T — t], and z(-) € P71,

/0 NU G+ n,s) — U )] (s, 2(), 22) | ds

< / |U(t+n,8) = I (L, 9)f (5, 2(5), x) | ds

< THE
< T max [[U(t,)] ma [/ a(0).a0) o

i.e, (4.1.5) holds. Thus, by Theorem 4.1.2 (2), the solution u(t) of (3.4.1) (if exists)

on [0, Tsup(¢)) is Lipschitz continuous on [, 7] for every 7y € [0, Tyup)-
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The Radon-Nikodym property of X and (4.1.3) implies that f(s,u(s),us)ds is
differentiable a.e. t € [0, Tyup(¢)). Therefore, it can be proved that

t—>/0 U(t,s)f(s,u(s),us)ds

is differentiable in [0, Tsup(¢)). This, together with (4.2.4), means that u(t) is differ-
entiable a.e. t € [0, Tyup(#)) when X satisfies the Radon-Nikodym property.

Moreover, if U(t,0)¢(0) is differentiable in t € [0, Tsp(¢)), then u(t) is differen-
tiable in ¢ € [0, Tsup(@)) since X satisfies the Radon-Nikodym property.

O

From [70, Section 5.2], we know that under the “Parabolic Assumption”, there is
an operator family {W (t, s) }o<s<t<r C L(X) with the properties that it is strongly
continuous for 0 < s < ¢t < T, W'(t,s) € L(X) being strongly continuous on
0<s<t<T,and

IW(t,s)| <M, |W(ts)|<Mt—s)*", 0<s<t<T, (4.2.5)
for constants M > 0, M>0and ac (0, 1], such that
Ult,s) =S°(t—s)+Wi(ts), 0<s<t<T,
where for every t € [0,7], {S'(s)}s>0 is a strongly continuous semigroup on X

generated by A(t).

Theorem 4.2.7. Let {W(t,s) }o<s<i<r be the evolution system as above, and [ €
C([0,T] x X x P, X) satisfying (4.1.3) for 0 = 0. Then for each ¢ € P with
¢(0) € D, the solution u(t) of the Cauchy problem

W(t, O)¢(O) + /0 W(ta S)f(sa u(8>7u8)d37 S [O’T]’ (4.2.6)
—00, 0]

o(t), e

(if exists) on [0, Tsup(@)) is Lipschitz continuous on [0, 7] for every 1o € [0, Tsup),
and is differentiable int € [0, Tyup(¢)) when X satisfies the Radon-Nikodym property.
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Proof. Let ¢ € P and 7y < Tyup(¢). Fort € [0, T], n € [0,T —t], and x(-) € PloT],
we obtain, from (4.2.5) and (4.2.6),

/0 NGt + 7,5) — Wt ) (s, uls), us) | ds

IN

t + 11,8) f(s,u(s), us) || dpds

< max||ftu Uy ||//Mt—|—,u—so‘1d3d,u

te[0,70

< Mn,

for a constant M. This means (4.1.5) holds for {W (¢, s) }o<s<t<r and f.
On the other hand, by (3.4.3), we have for t € [0,7T], n € [0,T — t],

[W(t+n,0)6(0) — W(t,0)$(0)]|
< [ A(t0)U (to,0)A(0) " A(0)p(0) || + nax 1S°() 11| A(to) A(0) A (0)3(0)][]n
< Mpn,

where ty € [t,t + 7] and M is a constant.

Therefore, by Theorem 4.1.2 (2) we get the desired Lipschitz continuity of the
solution u(t) of (4.2.6).

Similar reasoning as in the proof of Theorem 4.2.6 gives that u(t) is differentiable
in ¢t € [0, Tyup(¢)) when X satisfies the Radon-Nikodym property.
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Chapter 5

Wellposedness of the Cauchy
problem for abstract functional
equations with infinite delay

In the previous chapter, we investigated the regularity for abstract functional equa-
tions with infinite delay in spaces with the Radon-Nikodym property. We are now
interested in the wellposedness of (3.1.2) and (3.1.3) in the general setting of Ba-
nach spaces. In Chapter 3, we gave a few wellposedness theorems (Theorems 3.3.11,
3.4.5 and 3.4.6) under an assumption (among others) on the range of nonlinear term
f. Our objective here is to establish wellposedness theorems for (3.1.2) and (3.1.3)
when f is Fréchet differentiable. In Section 1, we introduce a new concept for a
continuously differentiable function ¢ € P, called one-point-property. In terms of
it, we set up a wellposedness result for (3.1.2), which generalizes the corresponding
results in [3,8, 13,22, 23, 35,36, 45,46, 48,51,58,59, 71, 77,78, 84,86, 87]). Section 2
is devoted to the nonautonomous problem (3.1.3). The wellposedness result given

there is new even for the finite delay case.

5.1 Wellposedness of (3.1.2)

Definition 5.1.1. A continuously differentiable function ¢ € P is said to have
one-point-property if there exists a point a = a(¢) > 0 such that ¢’ , € P and the
derivative of ¢; (€ P) at point t = —a in P is ¢'_,.
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Remark 5.1.2. (1) If ¢ : (—o0,0] — X is continuously differentiable with compact
support, then ¢ has one-point-property.

(2) Suppose that ||¢||p < const||y)||p for every ¢, v € P with ||¢(0)] < ||v(8)] a-e.
0 € (—00,0]. Then ¢ has one-point-property if ¢ (€ P) is continuously differentiable
in (—o0, 0] and there exists a = a(¢) > 0 such that ¢_, and ¢’ , € P.

Theorem 5.1.3. Let A have a local E-existence family {E(t)}icor. Let P be an
admissible phase space and f be continuously differentiable from [0,T] x X x P
into X. Then (3.1.2) has a unique classical solution for any ¢ € Qy = {¢; ¢ :
(—00,0] — X with one-point-property, ¢'(0) = Ap(0) + f(0,¢(0),¢), and there is a
z € D(A) such that Ez = ¢(0)}. Moreover, if u(t) and u(t) are classical solutions
of (3.1.2) on [0,T] with respect to ¢ € P and to $ € P respectively, then there is a
constant f(u, u) such that

lu(t) — (0 por < Zlew,8) (16(0) — SOl oo + 16— Bl ) -

Proof. It is clear that fsatisﬁes

Ltz 0) = f(ty, D) < Lyle =yl + [l = ¢ll»),

fort € [0,T] z,y € X, 6,9 € P,

(5.1.1)

for a constant L7 > 0. Thus, according to Theorem (3.3.8) (2), we infer that for
any ¢ € Qy, there exists u(t) € PLO’T] such that

.

u(t) = E<t>z+/0E(t—S)f(S,U(S),us)ds, t e 0,7,

| 6(t), € (~o0,0],

0 t _ (5.1.2)
E(t)z+ /0 E@t)f(t—s,u(t—s),u_s)ds, te€]0,T],

| 6(1), 1€ (—00,0].

We claim that it is sufficient to prove both w(t) (from [0,7] into X) and w, (from
[0, 7] into P) are continuously differentiable if we want to show that u(t) is also the

classical solution of (3.1.2). In fact, if we know that u(¢) and u; are continuously
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differentiable, then by [89, Corollary 3.2] we have

Au(t) = AE(t)z+ E()[f(0,¢(0), ) — Ef(t, u(t), u:)

+/0 E(t - 3)%f(s,u(s),us)d7‘a

W (t) = AE(t)z + E(t)f(0,$(0), ¢) + /O Bt — S)Ef(s,u(s),us)dr.
This yields
u'(t) = Au(t) + £t u(t), ).

This means u(t) is a classical solution of (1.1).

Write )
f(ll)(sa xz, ¢) - &f(S,ZE, ¢)7
}?2)(8, Z, ¢) = a_xf(‘g?xa ¢)7
~ o ~
L f(/3)(8,l’,§b>:8—¢f(8,$,¢)-
Then
sup ‘ f(’z)(s, u(s),us)||, sup ‘ f(’:,))(s,u(s),us) < const. (5.1.3)
s€[0,T] s€[0,T7

We set for each 7 > 0 and ¢ € P,

Pd[)O’T]:{u:(—OO,T]—)X§ u € C([0, 7], X) and u0:¢}'

(0,7]

Then P;O’T] is a Banach space under the norm
L= t .
[l pro.n max ()] + [l

From ¢ € Qy and by (H1) it follows that ¢/ € P. For any ((t) € Pd[S’T], define

( A(t)E(t)$(0) + E(£)£(0,(0), ¢) + /0 E(t = 5)f{)(s, u(s), us)ds
+ /0 E(t — 5) fy)(s,u(s), us)¢(s)ds

t o~
+/ E(t —s)f(5)(s,u(s),us)Cds, 0<t<T,
0

[ ¢'(1), te(=00,0].
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Then F( € PO and F has a unique fixed point ((¢) in P(EB’T] by standard arguments.

Let .
Cg = 5(“8—!—5 - us) — Cs.
Now we show that

lim ¢¢ =0. (5.1.4)

6—0t
Clearly, ¢ € Qg implies that ¢_,.5 (6 > 0), ¢_o, ¢', € P. So we get by (H2), for
any s € [0,7),d € (0,7 — s),

1<l

< max K(t+ a)max{ max
t€[0,T] n€l0,s]

§0(0+0) — utn) = <o)

max
TIE[*&O]

Suln +8) — o(n) — o' (n)

: (5.1.5)

x50+ = o) - o) }

776[—“7—5}

1 <¢fa+6 - (bfa) - (bLa

+ sup M(t+ a) 5

t€[0,T]

P
Our next task is to estimate every item on the right of (5.1.5).
First, by (5.1.1), (5.1.2) and (3.3.1), we get for each n € [0, s],

u(n +96) —u(n)

— E(n+86)6(0) — E()é(0) + / B+ 6 — 1) f(r,u(r), u,)dr

n+d

[ B N (), up)dr — /0 " By — 1), u(r), up)dr

_ / A()E(r,0)6(0)dr + / B+ 8 —7)f(r.u(r), u,)dr

—|—/017 E(n—T){ [f(7+5,u(7'+5)7%+6) - f(T,u(T+5),u7+5)]

+ [T ulr +8)uria) = (7, u(r), 5]
+ [Fru(r)urs) = F (ru(r), )] }df.
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So, for any n € [0, s],

Hlun+®—u<»—amH
< |5 / o0y~ AG) E)o(0)|
v / (148 = D)l un)dr = E@)0.0(0).0)|

/0?7 E(n—rT) [f(l) (7, u(T +6), Urgs) — f(ll) (7, u(7), ur) + wi (7, 5)] dr

/onE(n - T>{ [y (7 (), rs) = fioy (myu(r) )|
X (%(M(T +9) —u(r)) — C(T))
4 [Ty (), ) = Ty () )] <)

g (ru(r). ) (%(““ +0) —u(7)) — Q(T)) + wa(T, 5)}657
/077 E(n—r1) {J?(/d) (7, u(T), ur) (%(u‘r+5 — ) — CT) (T, 5)] ir

+

Y

where lims o+ ||w;(7,0)|| = 0 (i = 1,2,3) which is implied by the continuous differ-
entiability of ]7 Thus, noting that

< const, (5.1.6)

e

and using (5.1.1), (5.1.3) and Gronwall-Bellman’s inequality, we have

sup
n€l0,s]

%( (77+5)—U(77))—C(77)H < Np(6) + const / sup ||CfHPdT, (5.1.7)
0 7€[0,s]

where lims_o+ N1 (5) = 0.
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Second, observing

sup 2t +0) - o) - 0|
ne[—4,0]
1 n+9 ,
s sLum+0) = 6(0)] = ——¢'(0)
+516(0) = 6] + 26/0) +6/(0) - ¢ )
< ax{H§kmo>—¢c—a]—¢%—5>,
o lu 0) — o0 ,
nes(lig,o} n;r { . Jr77 J)F 0 = 0 (0)} H
+ sup [11000) - o0] + 200 + wpuww»—wmm},
ne(—6,0] ne(—=6,0]
and
u(n+9) —
o |5 ] H
g7§gm5$3wm+®mm |- 40)000)|
n+6 ~ ~
# s —5 [ B+ s = nftr ) uir - F0.00).0)].
we obtain
i sup |5utn-+) = oto) = )| =0 519
—0 [—8,0]

It is easy to see that

lim sup
5—0* n€l—a,—9]

§6(0+6) — o) - )| =0 (5.19)

Finally, the one-point-property of ¢ means that

= 0. (5.1.10)
P

lim
6—0t

1
g (¢—a+§ - ¢—a) - ¢La

Combining (5.1.7) — (5.1.10) together, we get that for any s € [0,7) and § €
(0,7 —s),

sup HC }|P<N2(5)+const / sup HC des

n€l0,t] nelo,s]
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where lims g+ Na(d) = 0. According to Gronwall-Bellman’s inequality, (5.1.4) holds.
Clearly, (5.1.4) and (5.1.7) imply that

500 +8) — ut) = <) =0

lim sup
6—0t nelo,s]

Hence, u(t) is right continuously differentiable on [0, 7).
On the other hand, for any s € (0,77, 0 € (—s,0),

il < o o]

Suto ) )~ G|

s€[0,T7] —38,s]
+ sup |00+ 6) ~ uta) - <)
n€0,—9]
1
+ sup gww+®—¢w»—www}
n€[—a,0]
+ sup M(s+a) % (ats — 0—a) — ¢,
s€[0,T] P
Noting
sup 5600+ 9) = uto) - <o)
n€l0,—4]
1)
< swp |[5lelr+6) - 6(0)] - TE2(0)
n€el0,—4] d 0

IN

n;5[wn;ﬁ;¢®>_¢mﬂH+ sup_[[¢(n) — ¢/(0)|

max sup
776[0:*5) 776[0»76)

S16(0) = u()] + 260)]

+ sup
776[07_6)

H%Wm —u(—08)] - C(o)H +1¢(0) — C(—é)ll},

we conclude by ¢ € Qq, ((t) € PLO,’T], and the right continuous differentiability of
u(t) that

lim sup
6—0~ ne [07_6]

&an+®—um»—cmw:o. (5.1.11)
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Using the fact that for any s € (0,77, 0 € (—s,0), n € [0, s],

u(n +0) — u(n)

n ~

= E(n+8)6(0) — B()é(0) + / Bln— )+ .07+ 0),ursa)ir

- / " E(n - 1) F(r, ulr), w)dr

- _/77 A(T)E(T)¢(O)d7—/0_ E(n—7)f (7, u(r), u-)dr

+4

+ /’7 En—1) [J?(T + 6, u(T 4+ 6), Uris) — ]7(7, u(T), UT)} dr,
i (5.1.12)

we get by similar arguments as in getting (5.1.7) that

1

—(u(n+96) —un)) — C(n)H < N3(9) 4 const /OS sup HC;S”PdT, (5.1.13)

sup
) TE[-0,s]

776[7575]

where lims o~ N3(6) = 0. Moreover, by the one-point-property of ¢, we know that

= 0.
P

lim
6—0~

1
‘5 (¢fa+5 - (bfa) - (bl—a

Combining (5.1.11) — (5.1.12) and the obvious fact

lim sup
6—0~ WE [_G‘?O]

D)

1
(900-+) ~ 9(0) ~ o) | =0
with the Gronwall-Bellman inequality, we obtain
lim ¢° = 0. 1.14
ai%lf =0 (5 )

This implies that u; is left continuously differentiable on (0,77]. (5.1.13) shows that
u(t) is left continuously differentiable on (0, 7.

5.2 Wellposedness of (3.1.3)
Theorem 5.2.1. Let T' > 0, {A(t) }ieor) be an operator family such that
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(i) there are constants M and w such that
(w,50) € p(A(t))  fort € [0,T),

and

for A > w

H(A — A(t) ™

Sh-op
and every finite sequence {t;}¥ C [0,T] (k € N),

(ii) D(A(t)) = D is independent of t € [0,T],

(iii) for every x € D, the function A(t)x is continuously differentiable in [0,T)].

Let P be an admissible phase space and f be continuously differentiable from [0, T] x
X x P into X. Then for any ¢ € Qo = {¢; ¢ : (—00,0] — X with one-point-
property, $(0) € D and ¢'(0) = A(0)p(0) + f(0,¢(0),¢)}, (3.1.3) has a unique
classical solution.

Moreover, let u(t) and u(t) be classical solutions of (3.1.3) for ¢ € P and for
5 € P respectively. Then there is a constant M such that

) = @Ol por < M (16(0) = GO + 0 = dlle) . (5:21)
Proof. Endowing D with the graph norm of A(0):
[zllp = [lzll + |AO)z]l, =€ D,

we get a Banach space (D, ||-||p). By the hypotheses, we know that thereisa A € R
large enough such that

J(t) = A — A(t), te0,T]

is an isomorphism of (D, ||-||p) onto X for every t € [0,T], and J(t)y is continuously
differentiable in X for any y € (D,|| - ||p) and ¢t € [0,T]. So J~!(t) is strongly
continuously differentiable in ¢ € [0, 7] and

%Jl(t)x =J'®)J)J (t)x, X, telo,T],

where J'(t) denotes the strong derivative of J(t).
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By virtue of [81, Theorem 7.4], there exists a unique evolution system

{U(2, s) Yo<s<t<r satisfying
U(t,s)yDC D, for0<s<t<T,

0
5 Ut s)y=—AQUE s)y, forye (D, |p)0<ss<t<T,

and

%U@? S)y = U(t7 S)A(S)ya for Yy € (Da || ' ||D)7 0<s<t<T

The uniform boundedness principle implies that
1J/(£)J ' (t)|| < const, for ¢ € [0, 7],

1@ U(t,s)J 1 (t)|| < const, for 0<s<t<T.
Since f is continuously differentiable from [0,7] x X x P into X, we know that f
is uniformly Lipschitz continuous. This implies that for any ¢ € P, there exists
x(t) € P;O’T} such that
t
U(t,0)¢(0) +/ U(t,s)f(s,z(s),xs)ds, te€]0,T],
0

o(t), te (—o00,0].

z(t) = (5.2.2)

Now we prove that x(t) is a classical solution of (3.1.3).
Define

poT] — {u (=00, T] = X; w € CH([0,T],X) and ug € P}’

(0,77

endowed with the norm

w07 = max [Ju(t)]| + [nax |/ (@) + [Juoll 5 -

Then P71 is a Banach space.

Let ¢ € P being continuously differentiable in (—oo, 0], and set
ﬁéO’T] = {u e POTI 4y = o, uy = gzﬁ’} .
Then ﬁf’T] is a nonempty closed convex subset of plo.T],
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For every ¢ € Qp and u € 7’5¢[)07T]7 define

W(t+6), 0<t+0<T,
pue(0) ==

dt+0), t+60<0.
Clearly, u; € P. Moreover, for each s € [0,T),

Us45 — Us
s

P

< max K(t+ a)max{ max
te[0,T] n€lo0,s]

%w@+®—¢w»—wmw

I

Sun +6) — () — /(1)

max
n€[—4,0]

max
ne [70’776}

%wm+&—¢m»—¢mw}

, for0<d<T—s,
P

l (¢—a+6 - gb—a) - Qb,_a

+ sup M(t+a) 5

te[0,T

and for each s € (0,7,

Usys — Us

5 Hs

P

o +8) —utr) o )|

t€[0,T] ne[—4,s]

< sup K(t—i—a){ sup

1
+ s [5G0t +9) = uto) - o)
776[07751
1
4 sup 5@@+®—¢m»—wmw}
776[_0'70]
+ sup M(t+a) ‘%(Qb—a—k&_(ﬁ—a)_da ) for —s <4 <0.
te€[0,7 P
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Observing that

m?&]1<m+v> a>>—¢mw
< {H —¢(=)| .
|1 § L[St vo)|
+i%m%w@ ¢mu-¢<W+ngW®—wmm}
< {H § 01+ 165 - 50
|1 § 5 [ s =0 )|
+ﬁ$%]gam—¢mn+ywmwﬁégmw«»—wmw}
| forse[O,T),0<5<f—s,
and
s [ 000+8) - uta) - o)

< max{ sup 5 Ty
n

776[07_6)

n+6{¢n+®—¢m>_¢mﬂH+ sup_|s'(n) — u/(0)]

"76[07_5)

s
\%wmwwmﬂn—me+wwm—¢%4m}

for s € (0,7], —s <6 <0,

S[u(0) = u(m)] + 350

we obtain for s € [0, 7],

W—”s —0, asd—0,

P

that is, u; is continuously differentiable in [0, T]. Therefore, f(t,u(t),u;) is continu-
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ously differentiable in [0, 7). If we set

, 0
foy(tw,9) = o ftw,9), tE[0T], v€X, 6P

0
[yt z,0) = %f(t,x,gb), tel0,T], zeX, pP

9
[tz ¢) = a—¢f(t,x,¢), te0,T], ve X, p€P,

\

then for t € [0,T], z € X, ¢ € P,

%f(t, u(t),we) = foy(t u(t), ur) + fio) (8 u(t), w)u'(8) + fia) (8, w(t), ue) (w)'.

Take ¢ € Qg and for every u € ﬁéo’T], write

(Fu) () { U(t,0)¢(0)+/0 Ult,s)f(s,u(s),us)ds, te€l0,T],

o(t), te (—o0,0].

Observing that for ¢ € [0, T7,

/0 U(t,s)f(s,u(s),us)ds

= = [P st s+ 8 [ U970 . uls) s

— O F (L ult) u) + U(£,0)T7(0)£(0, 6(0). 0)

+/0 U(t,s)%J‘l(s)f(s,u(s),us))ds+)\/O Ul(t,s)J(s)f(s,u(s),us)ds

= —J7H () f(t ult),w) + U(t,0)77(0)£(0,6(0), ¢)

T / U(t, )07 ()7 (5)T ™ (5) (5. u(s), us)ds

+/O U(t,s)J_l(s)di(f(s,u(s),us))ds—I—)\/O Ul(t,s)J (s)f(s,u(s),us)ds,

S
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and that

%[(F)u(é) — ¢(0)] — ¢’<0>H
[ / U(5,5)f(s,uls), us)ds — ¢(0)] —¢'(O>H
U(8,0)¢(0) — : U(0,0)¢(0) n (13 /OEU((g $)f(s, u(s), us)ds — ¢’(0)H

— [|A(0)¢(0) + £(0,6(0),¢) = #(0)| =0, asd— 07,

we have

(

OO £ u(t) w) — TS (F (8 u(t) )
FAMU(,0)6(0) + AU (1,017 (0)7(0. 6(0). 0

_ /0 AU ()T (8)7 ()T () f (5, uls), us)ds

@ Ftult),u)

TN )T T O () ) + TS

- /0 A(t)U(t,s)J1(8)§(f(s>u(5)aus))d5

Y /0 ABU(t, )T () F(s, u(s), us)ds
AT ) f(Eu(t),w), te0,T],
L ¢/(t)> te (—O0,0],
(AU, 0)[6(0) + J7(0) £(0, (0), )] + A (1) f(t, u(t), uy)
—/0 AU (t,s) [N+ T (s)'(s)] T (s) f(s, uls), us)ds

—AA@U@@ (8) [y (5. (), 1)
1y (5, 0(8), 4 (5) + flyy (5, u(s), w) (s ds, ¢ € 0,7,

\ ¢,(t)> te (—O0,0].
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For each ¢ € P and r > 0, write
B,(¢):={¢eP; [lv—ollp <7},
B (¢(0)) :=={z € X; [l —(0)]| <7}

Obviously, there is a number r > 0 such that

te(0,T), v € Bo(6(0)), v € Br(o) }

< Q.

For every t € [0, T, let

)

z€B.(4(0)), YEB ()

ft,z,0) = f(t,z,9)

i=1,2,3.

)

z€B,(¢(0)), YEB(¢)

f_.(i)<t7 Z, 1/}) = f(/i)(tv Z, w)

and let F', F(y), Fg) and F{3) be the extensions of f, f(l), f(g) and f(g) respectively
to the whole space R x X x P such that

tER,gé%(),(wEP {F<t7$7w)7 F(1)<tax71/})7 F(2)<tax71/})7 F(3)(t79571/1)} < M.

By virtue of [26, Lemma 1.1], we get sequences { F"},cn, {F{b}neN, {F(g)}nezv, and
{F, (’é)}ne ~ of locally Lipschitz functions, satisfying

néeN,

S

neN, i=123,

Y

SRS

and

F" Fj Fy, F7 <M +1.
tER,gé%()i/)EP{ (t7xaw)a (1)(@%1/1% (2)<t7$7¢)7 (3)(t7$7¢)}_ +
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For eachn € N, ¢ € Qg and u € ﬁf’ﬂ, define

;

[U(£,0) — 1][6(0) + J=(0)£(0,6(0), &

+)\/OtJ (s)F" (s, u(s) ds—//

X [N+ JHs) T (s)] JH(s)F™(s,u(s), us)dsdr

(Gru)(t) = - /0 /0 " AU, )7 ()[FR (5, u(s), )
+F ) (s,u(s), us)u'(s) + Fiz (s, u(s), us)(us)']dsdr,
t€0,7T],

Take r,, < r such that
|F7 (¢, 2,9) = F(t,y, Ol < Ln, o) ([le = yll + 14 = €I,
€[0,7), =,y € B,,(6(0)), ¢,¢ € By, (9),
1FG (&, 2, 00) = Fioy (8, Ol < Lins ) (e =yl + 1 = <)),
€[0,7), =,y € B,,(6(0)), ¥,¢ € By, (¢), i =1,2,3,

and 7, < r, <r such that

fn< max K(t)+ sup M(t)) < 7p.
te

[0,7+a] t€[0,T+a]

Moreover, for each b > 0, r > 0, define
75(0,0] _ 15(0,0], =
P, (r) ue P, foreverytel[0,b], u(t) € B,(¢(0))

and u/(t) € B,(A(0)[#(0) + J~1(0) £(0, ¢(0), ¢)])},

then 7%0’1’](7“) is nonempty, convex and closed. Based on our analysis above, we
obtain for fixed ¢ € Qy and n € N, there is a real number b, > 0 such that for every
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u € PP (F,),
1(G"u)(t) = 0)|| < 7y € [0,by],

I(G"u)(®)) — A(0)[(0) + T (0).f(0,6(0), §)]I| < 7, ¢ € [0,04],

by noting that when b, is sufficiently small we have

s < max ||(us s +maX s
Ier[lgg]ll(U)Hp < [Ob]ll() fhs]| max | 125 ]|

< 14 max K(t) max ||u + sup MO ||
e K(t) max [l ()] + sup M(0)]|6']

This means that
G {PYr) p € P

In addition, for every u,v € 73 pLo b"](r ), t €10,b,),

(G"u)(t) = (G"v)()]]

v

IN

[ (s.u(s), ) = F(5,0(s), ) |+ 1 5. (o). ) = Fy (5, 0(s). )|

+HFiz) (s, uls), us)u/(s) = F) (s, 0(s), va)v' ()]

e = B0

s€[0,bn] s€[0,by]

bn]

< {2+ max [|v'(s)]| + max ||(vs) II} VL(n,r,) Jax {[Jus) = v(s)ll + llus = vsll]

+VM%+D[meu(%ﬂM)W%mewa <%m}

s€[0,b €[0,b

< {2%— max [|v'(s)]| + max ||(vs) H] VL(n,rn)
SE[OI) [0 n}

x(1+1mmz«@)xmm|w<) o(s)|

s€[0,T] 5€[0,bn

s€[0,7 $€[0,by]

PO (14 e K() ) o 10(5) = (0,
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Obn](

and similarly, for every u,v € P Tn)s

(G u)'(t) = (G"v)'(t)]

< V[ max u(s) = v(s)]| + max [u'(s) =/9)lI]. ¢ € [0.b],

s€[0,by] €[0,br]

where V', V are constants. Therefore, G™ is uniformly Lipschitz continuous in

~(£)0’b”]( ). Consequently, we know that there is u"(-) € P Ob”]( ) such that

(G™u")(t) = u"(t), te (—o0,byl, (5.2.3)
and satisfying
(AU (t,0)[6(0) + J(0)£(0, $(0), §)] + AT~ (#) F™ (t, u"(¢), uy)
—l—/o AQU(t,s) [N+ T () (s)] J7H(s)F™ (s, u™(s), ul)ds

o - [ 40U 6 s ).
B (s (s).um) (uY () + Fpy (5,0 (), u2) u2) s,

t € 10,7,

[ #'(t), te& (—o0,0]

(5.2.4)
Let (—o0,b,) be the maximal interval with respect to the existence of the solution
of (5.2.3) satisfying (5.2.4). Then there is a constant V which is independent of n
and § such that for every n € N and 0 < § < by,

o)
V(1 [t [ 1wy

< VT <1+ sup M(t)||¢’||p>

tel0,7

IN

+7 (14 max K00) [ mas 1000 s, € 0.5, a1

te[0,7) o TE[0,s]
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that is
l @)l 1" @)l <M, t€[0,by), n €N, (5.2.5)
where M is a constant being independent of n and 4.
Choose b € [0, T] such that for all t € [0, b],

lus = dllp < (5.2.6)

r
2
and

t€[0,T]

maX{l 2 max K(t )} {[U(t,o) — 1[¢(0) + J71(0)£(0,$(0), )]

HEA(M 4+ 1) sup ||J )| + 2 (M + 1)
te[0,7

<|A|+1+1\7

+M max K(t)+ sup M(¢)H¢H7>) sup [JARU(t,s)J " (s)]

t€[0,7] t€[0,7) 0<s<t<T

+supiepor 171 (8)J(2)]~ ()II”

<

N3

(5.2.7)
Next, we prove that b, > b for all n € N, If this is false, then there is an n € N

such that b; < b. Because u™(-) satisfies (5.2.3) and (5.2.4) for t € [0, by), we deduce
that for every ¢, t € [0, b,) with £ < ¢,

lu™(t) = u™ (@)
< U(t,0) = U(Z,0)][6(0) + J~(0)£(0,¢(0), )l

(t—ﬂ{IAI(M+1) sup lT=H @I+ T(M +1)

te[0,T

<|A|+1+J\7

+M max K(t) + sup M(t)|¢llp | sup [JABU(t,5)T7(s)|

t€[0,7] t€[0,T) 0<s<t<T

+supiepor 171 (8)J'(2)]~ ()II”

and

luf = uillp

= K + M(s ‘
< max (s)serﬁl)agxﬂﬂu () —u"(0)]] S}(l)p] [
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Therefore, there exist v € X and & € P such that

lim v () = v, limu} =¢. (5.2.8)

t—bn t—bn

In view of the local Lipschitz continuity of F"*, we know that there is a number 7# > 0
such that

[E7 (@, 0) = F'(t, y, Ol < L(F)(lz — yll + ¥ — <D,

t e [O,T], T,y € ET*(U), ¢,C € E,@(g)

Choosing € [0, b;) such that

we have for every t, t € [t,by) with < t,

[E7 (@t um(t), uy) — F (8 u™(2), u7) |
< EE (), uy) — FR(Eut(8), uf) ||+ | u(2), uf) — F7(E v, S
It 0,8) = FP (80, + |F7(E, 0,§) = F (¢, u" (1), uf )|
< L) ([lu™(t) = @I + luff — o || +2[u™ (@) — vl + 2ljuf - £])
+[E(t,0,8) — F(t, v, ). 5.2:9)
Since for any £, t € [t,bs) with £ < t,
(™)' (t) = (@) ()]
< [[AMU(t,0) — A(HU(E,0)][¢(0) + J=(0)£(0,¢(0), o)
HAIM + DI J7HE) = J7HB + A S [Pae0]
XF(E, u(t), ue) — F™ (8 u(t), ug) |
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t
/
0

AWMUt ) = ADU(E )] [(A+ T ()'(5))
X () F™ (s, (), uf) + 1 (s) (P (5, 0 (5), )

(3,0 (5), w) (™) (5) + Fly (5, u” (), ) () ) ||| s

HE=DINOL+1) sup [AGU(E 37 ()]
1

Al + sup ||J'(S)J1(S)||]
we infer, by (5.2.5), (5.2.9) and noting that F"(t,v,£), J~(t), A®)U(t,s)y (y €

s€[0,T7
(D, - |lp), s <t) are uniformly continuous on [0, 7], that

XF+MQ+mme)+pr@ww

t€[0,7] te[0,T]

lim (u™)'(¢) exists in X, and lim (u})’ exists in P. (5.2.10)

t—bp t—bn

By similar arguments as in the proof of Theorem 3.2.4 and the proof of existence
of solution of (5.2.3) satisfying (5.2.4), we see that u™(-) can be extended beyond by
contradicting the definition of b;. Hence, for all n € N, (5.2.3) has a solution u"(-)
on [0, b] satisfying (5.2.4). Moreover, by (5.2.7) and (5.2.3), we have

u"(t) € B.(6(0)), t€]0,b], n€N. (5.2.11)

From (5.2.6) and (5.2.7), it follows that

[ui = ¢llp

<l =gl + luy — dllp

< max K(t) max ||u —ut(t)| + max |lu; —

< e JC(8) ma [ (6) = (0] + mas o — ol

< mx K(0) (s () = 601+ max 1) 60)]) + ma [
€[0,7] t€[0,b] €[0,b] b

< r, t€l0,b, n€N,

that is,

uy € B(¢), te][0,b], neN. (5.2.12)



This, together with (5.2.11), implies that if we put

G"(s) = F"(s,u"(s),ul) — f(s,u"(s),ul), s€]0,b], n€N,
G?O)(S) = F(q)(’S?un(s)?uZ) - f(’l)(s,u”(s),u?)

+EG) (s, u™(s), ug) (W"(s))" = figy (s, u"(s), uf) (u"(s))

+F(%) (87 un(s)7 U?)(U?)/ o f(IS) (57 un(5>7 u?)(u?)l7 s € [07 6]7 n e N7

then
nh_)rglo |G"(s)]| =0, nh_g)lo |GTo)(s)[l = 0 uniformly for all s € [0, ],
and
U000 + [ Ults) (s, (6))
i T /0 {U(t,s)t[)\ LTSI ()TN ) — T ()T (5) T (s) Y G (s)ds
_ /0 U(t,5) — 1T ()Gl (s)ds, ¢ € [0.7],
\ ¢,<t)7 le (_0070]7
(5.2.13)
(AU (t,0)[$(0) + J1(0)£(0,5(0), &)] + AT 1(t) f (£, u™(t), ul)
/ A(t ) [N+ T7H(s) T (s)] T H(s) f(s,u(s), ul)ds
/0 AUt )T ($)[Fy (5, u"(5), )
(u"(t))" = +f(o) (5,0 (5),ug)(u"(s))" + fia) (s, u"(s), uy)(uy) ]ds,

(
AT G (8) — /0 AUt s) A+ T ()T ()] T ()G (s)ds

_/O AUt 5)T7 (5)Gloy(s)ds, ¢ € [0,T),

¢ (t), te (—o0,0].

\

(5.2.14)
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Therefore, using the Lipschitz continuity of f, we get for any n, m € N,

t€[0,b]

@)~ Ol < 7 (max 16701 + max |50

t

1% max |[u"(7) —u™(7)||dr, t€ [O,l_)],
— Jo 7€0,5]

where ﬁ, V are constants being independent of ¢ € [0,0], n and m. This means that

lim u"(t) = v(t) uniformly on [0, b],

and
lim u}! = x; € P uniformly on [0, b],
where

v(t+60), 0<t+6<b,
xi(0) =
o(t+46), t+60<0.

Hence, for any € > 0, we have if n is large enough then

mas | £ (s, o), ) = fls0() )] < e

max |’f(/l)(57un(5>7u?> - f(S,’U(S), Xs)” < & L= 17 27 3.
s€[0,0]

Thus, (5.2.14) implies the uniform convergence of (u™(-))" as n — oo, and

lim (u"(t)) = v'(t) uniformly on [0, ],

n—oo

lim (u}')’ = (x¢) € P uniformly on [0, b].

n—oo

Consequently, the function

v(t), tel0,b],
o(t), t<0

is a fixed point of F and satisfies

w'(t) = (Fw)'(t), te€ (o0,b].

So w(t) = z(t) on [0, b].
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It remains to prove the w(t) can be extended to (—oo, T such that the extension
is still a fixed point of F and continuously differentiable in [0, T].
Let (—o00,b) with b < T be the maximal interval of existence of w(t). Then
w(t) = «(t) on [0,7]. This implies that
lim w(t) exists in X, and lim w; exists in P.
teb- teb-

Hence, there is a constant M such that
| £t w(t),w)ll < M, t€[0,0),

£ (8 w(t), w)l| < M, te[0,b), i=1,23.

Thus, by
w'(t) = (Fw)'(t), te€ (co,b),

we obtain

lim w'(t) exists in X, and lim (w,)" exists in P.
teb- teb-

By similar arguments as above, we know that w(t) can be extended to an interval
[0,b+6] (6 > 0) such that the extension is still a fixed point of F and w'(t) = (Fw)'(¢)
in [0,b + 6]. The choice of b makes this no sense. So b = 7. The analysis above
implies that the maximal interval of existence of w(t) should be (—oo,T]. This
means that z(t) is a classical solution of (3.1.3).

The uniqueness and (5.2.1) is easy to see. This ends the proof.
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