Higher Order Evolution Equations
and Dynamic Boundary Value

Problems

DISSERTATION
der Fakultat fiir Mathematik und Physik
der Eberhard-Karls—Universitat Tubingen
zur Erlangung des Grades eines

Doktors der Naturwissenschaften

Vorgelegt von
T1-JUN X1AO

aus Sichuan, China

2002



Tag der miindlichen Qualifikation: 23. December 2002

Dekan: Professor Dr. H. Miither

1. Berichterstatter: Professor Dr. R. Nagel

2. Berichterstatter: Professor Dr. J. A. Goldstein



Zusammenfassung in deutscher

Sprache

In dieser Arbeit untersuchen wir Cauchyprobleme hoherer Ordnung der Form

(ACP,)

u™ (t) + nzl AuD(t) =0, t>0,

i=0

ub(0) =up, 0<k<n-1,
wobei Ag, A1, -+, A,_1 lineare Operatoren auf einem Banachraum X sind . Dazu
fithren wir in Kapitel 1 Operatoren, sogenannte Existenzfamilien, ein, die einen
weiteren Banachraum Y in X abbilden. Damit erhalten wir eine grosse Flexi-
bilitdt und kénnen Existenz und stetige Abhéngigkeit der Losungen von (ACP,)
und seiner inhomogenen Version beweisen. Analog werden Eindeutigkeitsfamilien
definiert zur Charakterisierung der Eindeutigkeit der Losungen. Die Verbindung
dieser beiden Konzepte gestattet die Verallgemeinerung aller bisher bekannten Re-
sultate zur Losung von (ACP,).

In Kapitel 2 werden dann multiplikative und additive Storungsresultate vom
Desch-Schappacher-Typ fiir (AC'P,) bewiesen und angewandst.

Im zweiten Teil der Arbeit untersuchen wir dynamische Randbedingungen fiir
Cauchyprobleme erster und zweiter Ordnung. Dynamische Randbedingungen kom-
men in verschiedenen konkreten Problemen vor, zum Beispiel in Modellen von dy-
namischen Vibrationen von linearen viscoelastischen Stdben mit Spitze-Masse (tip
masses) auf ihren bewegenden Enden. Die mathematische Untersuchung von Evo-
lutionsgleichungen mit dynamische Randbedingungen geht auf 1961 zuriick, als J.
L. Lions solche Gleichungen behandelte und schwache Losungen mit Hilfe von Vari-
ationsmethoden gab.

Kapitel 3 presentiert eine Losung fiir ein Problem, das A. Favini, G. R. Gold-
stein, J. A. Goldstein and S. Romanelli [34] gestellt haben beztiglich des gemischten
Problems fiir Wellengleichungen mit verallgemeinerten Wentzell Randbedingungen.

Im vierten Kapitel wird der zugehorige nichtautonome Fall betrachtet. Hier er-
halten wir nicht nur Existenz- und Eindeutigkeitsresultate sondern auch prézise
Aussagen zur Regularitat der Losungen.

Schliesslich enthalten Kapitel 5 und 6 eine einheitliche Behandlung gemischter



Probleme (Anfangs-Randwert Probleme) mit dynamischen Randbedingungen fiir
parabolische und hyperbolische oder allgemeine Gleichungen zweiter Ordnung. Wir
beschaftigen uns direkt mit Problemen zweiter Ordnung, ohne sie auf erste Ordnung
zu reduzieren. Es stellt sich heraus, dafl diese direkte Methoden starke Losungen
von erwiinschter Regularitat liefern und sogar allgemeine Theoreme ermoglichen.
Eine Reihe von ganz neuen Resultaten werden bewiesen. Die Ergebnisse werden

dann auf konkrete partielle Differentialgleichungen angewandt.
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Introduction

Higher order evolution equations

A very interesting and important area of modern mathematical study are evo-
lution equations. The reason for this stems from the fact that many problems in
partial differential equations arising from mechanics, physics, engineering, control
theory, etc., can be translated into the form of initial value or initial boundary value
problems for evolution equations in appropriate infinite dimensional spaces.

A considerable effort has been devoted since the well-known Hille-Yosida theorem

came out in 1948 for the investigation of the Cauchy problem for first order evolution

{ u'(t) = Au(t), >0, (ACP)

equations

u(0) = uo,

(A being a linear operator in an infinite dimensional space) and related equations.
The general theory and basic results for first order abstract Cauchy problems and
operator semigroups are available in the monographs of Arendt, Batty, Hieber and
Neubrander [5], Davies [15], deLaubenfels [19], Engel and Nagel [26], Fattorini [30,
31], Goldstein [38], Hille [41], Hille and Phillips [42], Lions and Magenes [60], Pazy
[67], Reed and Simon [71], Xiao and Liang [84] and others.

On the other hand, since the pioneer work of Lions [57] in 1957, the Cauchy

problem for higher order (n > 2) evolution equations

n—1
™) (¢ Au(t) =0, t>0

u®(0) =up, 0<k<n—1,

where Ay, Ay, ---, A,_1 are linear operators in an infinite dimensional space, has
been extensively explored (see, e.g., Engel and Nagel [26], Fattorini [31], Goldstein
[38], Krein [51], Xiao and Liang [84]). However, this theory is far from being perfect,
as compared with that of first order abstract Cauchy problems. Many interesting
problems connected closely to (ACP,) still remain open.

In Chapter 1, we introduce a new operator family of bounded linear operators
from another Banach space Y to X, called an existence family for (ACP,), to study

the existence and continuous dependence on initial data of the solutions of (ACP,)
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and its inhomogeneous version (IACP,), and obtain some basic results in a quite
general setting. A sufficient and necessary condition ensuring (AC'P,) to possess an
exponentially bounded existence family, in terms of Laplace transforms, is presented.
As a partner of the existence family, we define, for (ACF,), a uniqueness family of
bounded linear operators on X to guarantee the uniqueness of the solutions. These
two operator families are generalizations of strongly continuous semigroups and sine
operator functions, C-regularized semigroups and sine operator functions, existence
and uniqueness families for (AC'P;), and C-propagation families for (ACP,). They
have a special function in treating those illposed (ACP,) and (I AC'P,)) whose coef-
ficient operators lack commutativity.

Chapter 2 is intended to establish Desch-Schappacher type multiplicative and
additive perturbation theorems for existence families for (AC'P,) (with 4; = --- =
A,—1 = 0). As a consequence, perturbation results for regularized semigroups and
regularized cosine operator functions are obtained generalizing the previous ones.

An example is also given to illustrate possible applications.

Dynamic boundary value problems

Dynamic boundary conditions occur in diverse practical problems, for instance,
in those modelling the dynamic vibrations of linear viscoelastic rods and beams
with tip masses attached at their free ends (see, e.g., [6]). The study of evolution
equations with dynamic boundary conditions from the mathematical point of view
dates back to 1961, when J. L. Lions [59, p. 117, 118] treated such equations and gave
weak solutions by means of the variational method. Since then, this issue has been
investigated to a large extent (see, e.g., [8,9,25,27,32-35,37,43,50,53,59, 74] and
references therein). I would like to mention that A. Favini, G. R. Goldstein, J. A.
Goldstein and S. Romanelli have recently done a systematic study and established
a series of very interesting and significant theorems for parabolic problems of first
order in time with (generalized) Wentzell boundary conditions (see, e.g., [32-35] and
references therein). Most recently, K. -J. Engel, R. Nagel et al made also very nice
contributions to this field (see, e.g., [9,25,50]). While most of the previous research
concerns the case of first order in time, there have been few results regarding the
second order (in time) case, for which there seems to be a lack of general theory
of wellposedness. In this dissertation, following an investigation of wave equations

and heat equations in the space C0, 1] of continuous functions, we consider second
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order dynamic boundary value problems of both parabolic and hyperbolic type in
the setting of general Banach spaces, and deal with them in a direct way without
reduction to first order systems. One will see that the direct approach will yield
strong solutions with desirable regularity, as well as build up theorems of a general
nature.

Chapter 3 presents a solution to an open problem put forward by A. Favini, G.
R. Goldstein, J. A. Goldstein and S. Romanelli [34], concerning the mixed problem
for wave equations with generalized Wentzell boundary conditions.

The subsequent chapter concerns the nonautonomous heat equation with gener-
alized Wentzell boundary conditions. It is shown, under appropriate assumptions,
that there exists a unique evolution family for this problem and that the family sat-
isfies various regularity properties. This enables us to obtain, for the corresponding
inhomogeneous problem, classical and strict solutions having optimal regularity.

In Chapter 5, we exhibit a unified treatment of the mixed initial boundary value
problem for second order (in time) parabolic linear differential equations in Banach
spaces whose boundary conditions are of a dynamical nature. Results regarding
existence, uniqueness, continuous dependence (on initial data) and regularity of
classical and strict solutions are established. Moreover, two examples are given as
samples for possible applications.

In the final Chapter 6, we continue to deal with the mixed initial boundary value
problem for complete second order (in time) linear differential equations in Banach
spaces, in which time-derivatives occur in the boundary conditions. General well-
posedness theorems are obtained (for the first time) which are used to solve the
corresponding inhomogeneous problems. Examples of applications to initial bound-

ary value problems for partial differential equations are also presented.
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Chapter 1

Existence and uniqueness families
for higher order abstract Cauchy
problems

1.1 Summary

Of concern are the higher order abstract Cauchy problem (AC'P,) in a Banach space
X and its inhomogeneous version (IACP,). We introduce a new operator family of
bounded linear operators from another Banach space Y to X, called an existence
family for (AC'P,), to study the existence and continuous dependence on initial data
of the solutions of (ACP,) and (IACP,), and obtain some basic results in a quite
general setting. A sufficient and necessary condition ensuring (AC'P,) to possess an
exponentially bounded existence family, in terms of Laplace transforms, is presented.
As a partner of the existence family, we define, for (ACF,), a uniqueness family of
bounded linear operators on X to guarantee the uniqueness of the solutions. These
two operator families are generalizations of the strongly continuous semigroups and
sine operator functions, the C-regularized semigroups and sine operator functions,
the existence and uniqueness families for (ACP;), and the C-propagation families
for (ACP,). They have a special function in treating those illposed (ACP,) and

(IACP,) whose coefficient operators lack commutativity.



1.2 Introduction

Let Ag, ..., A,_1 be linear operators on a Banach space X. Of concern are the

abstract Cauchy problem for higher order linear differential equations

n—1
() (¢ AuPD ) =0, t>0
u ()+; u(t) =0, t=>0, (ACP,)

u™(0) =up, 0<k<n—1,

and its inhomogeneous version (/ACP,) in X (see the beginning of Section 3). As
indicated in Fattorini [31, Preface, p. v - vi], Favini and Obrecht [36], Pazy [67,
p. 253], and Xiao and Liang [82] and [84, Preface, p. vii - viii], there are many
advantages to treat (ACP,) directly instead to reduce it to first order systems in a
suitable phase space and then use the theory of operator semigroups. Although it is
usually hard to deal with (ACP,) directly (cf., e.g., [31,36,82,84]), we will obtain
quite general results. As one will see, it seems to be impractical to deduce these
results using the theory of first order systems.

Let C' € L(X) be injective. Based on Lions [58] and the paper [12], Da Prato [13]
introduced C-regularized semigroups on X in 1966. Since Davies and Pang ([16])
rediscovered it in 1987, these semigroups have been investigated extensively (cf.,
e.g., [19,21,39,44,62,78,84]) and have been applied to deal with many ill-posed
(in classical sense) abstract Cauchy problems for which strongly continuous semi-
groups are not applicable. Following these works about C regularized semigroups,
we introduced in [84, Section 3.5] a strong C-propagation family {Sy, ..., S,—1} on X
to govern (AC'P,) for both wellposed and illposed problems (see also [83] regarding
(ACP,)). Here C serves as a regularizing operator which is injective and commutes
with each of coefficient operators Ay, ..., A,_1 (when C' = I, the operator family
So, -, Sp—1 controls the wellposed problems in the classical sense (cf. [29,31] and

[83, Chapter 2]). Here we are concerned with another important problem:

How to treat those (AC'P,) for which it is impossible or difficult to find

a reqularizing operator commuting with the coefficient operators?

We will define an operator family {E(t)};>0 of bounded linear operators from a
Banach space Y (may be different from X) to X, called an existence family for
(ACP,) (Definition 1.3.1 (1)), as a new tool for handling (ACP,). The family is

associated with a regularizing operator Ey := FE(0) which may not be injective and
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may not commute with A4; (0 <i <n—1) evenif Y = X. It will be shown that
if (ACP,) has an existence family {E(t)}:>0, then it admits a solution which can
be represented explicitly by {E(t)}+>0 and depends continuously on initial data in
some sense (Theorem 1.3.4 (1) and Theorem 1.3.7 (b)). We will also exhibit how an
existence family of (ACP,) gives the solutions of (/AC'P,)) (Theorem 1.4.1). A suffi-
cient and necessary condition ensuring (AC'P,) to possess an exponentially bounded
existence family, in terms of Laplace transforms, will be presented (Theorem 1.3.7
(a)). Moreover we will define, as a companion of {E(t)}:>0, a uniqueness family
{U(t)}+>0 (Definition 1.3.1 (2)) of bounded linear operators on X which guarantees
the uniqueness of solutions to (ACP,) (see Theorem 1.3.4 (2) and Theorem 1.3.9).
An example will be given to show that the flexibility of Y, sometimes produces a
larger set of initial data for which the solutions exist (Example 1.3.5). Also two
concrete initial value problems for partial differential equations will be investigated
as samples of possible applications (Examples 1.5.1 and 1.5.2).

We mention here that the study of the existence families and uniqueness families
for (AC'P;), which are more general than the regularized semigroups as well as
the classical strongly continuous semigroups (cf., e.g., [15, 18,19, 26, 38,67, 71]), was
initiated by deLaubenfels ([18]). Moreover, deLaubenfels introduced in [17] the
semi-closed (Y, X) semigroup where Y is continuously embedded in X. It will be
seen that the existence families and uniqueness families for (AC'P,) given below are
extensions of the operator families in [17, 18] as well as the classical sine operator
functions, the C regularized sine operator functions, and the C-propagation families
for (ACP,). In addition, specializations of our theorems to the case n = 1 extend
some related results in [17-20] (see Remarks 1.3.2, 1.3.6, 1.3.8 and 1.4.3).

In this chapter, X, Y are Banach spaces, L(Y, X) is the space of all bounded
linear operators from Y into X, and £(X, X) is abbreviated to £(X).

For a linear operator A in X, D(A), R(A), and p(A) stand for its domain, range,
and resolvent set, respectively. By [D(A)] we mean the normed space D(A) with
the graph norm

I@lloeay = llzll + Azl (z € D(A)).

When C' € L(Y, X), [R(C)] denotes the Banach space R(C') with the norm
[y = inf{{ly[l; Cy =z}

By C(R", X), i € N, we denote the space of all i-times continuously differentiable

7



X-valued functions on R* := [0, 00), and by C(R™, X) the space of all continuous
X-valued functions on R™.

For a function F' : (w, co) — L(Y, X), we write F' € LT, — L(Y, X) (or LT —
L(Y, X)) to mean that there exists a strongly continuous mapping H : [0, co) —
L(Y, X) satisfying

|H| < Me** (t>0) for some constants M >0 and w € R

(with this estimate it is called an O(e*") mapping) such that
F\)y = / e MH(t)ydt (yeY), for\>w.
0

We refer the reader to [4,5] and [84, Section 1.2] for the Widder-type theorems
which characterize the space LT, — L(Y, X).

Definition 1.2.1. By a solution of (ACP,), we mean a function u(-) € C"(R", X)
such that u®(t) € D(A;) (t>0,0<i<n—1), Au?(:) € C(R",X), and (ACP,)
is satisfied.

We write, for A € C,

n—1

Py=\"+ Z/\iA,- and Ry := P;l
i=0

if the inverse exists.

1.3 Existence and uniqueness families for (ACP,)
and wellposedness of (ACP,)

Let Ey € L(Y, X), and let Uy € L(X) be injective. We first give the definitions of

the existence and uniqueness families for (AC'P,).

Definition 1.3.1. (1) A strongly continuous family of operators {E(t)}i>0 C
L(Y,X) is called an Fy-existence family for (ACP,) if E(-)y € C"Y(RT, X),

8



BNty € DA), AEFY()y € C(RT,X) (for all y € Y, t > 0,
0<i<n-—1),and
n—1 t n—i—1 n—1
(t —s) t
E(t A; —F ds = — Fyy. 1.3.1
Ot o [ s = e (018
Here and in the sequel, for s > 0, y € Y, we write
) & 4
BV (s)y = e (E(s)y), Jje€NuU{0},
‘ PRy |
ESD(s)y ::/ @_—S)E(s)yds, j€N. (1.3.2)
o (=1

We also say that (ACP,) has an Ey-existence family {E(t)}i>o.

(2) A strongly continuous family of operators {U(t)}>0 C L(X) is called a Up-
uniqueness family for (ACP,) if for all x € N2 D(A;), t > 0,

U(t)x + Z/o %U(S)Aixds = %on. (1.3.3)

We also say that (ACP,) has a Uy-uniqueness family {U(t) }1>o.

Remark 1.3.2. When n = 1 and Y = X, the Ey-existence family {E(¢)}i>o in
Definition 1.3.1 is just the mild Eyp-existence family for —Ag in [19, p. 8] denoted
by {W(t)}i>0 there (see also [18,20]). Let n = 1, Y be continuously embedded
in X, and Ey = I. Then {E(t)}:>o reduces to the semi-closed (Y, X)-semigroup
introduced by deLaubenfels [17].

It is known from [18-20] that for each uy € R(Ep), u(:) := E(-)vy (Eovg = ug) is
a mild solution of (ACP,), i.e.,

t
u(t) + AO/ u(s)ds = ug, t>0.
0

Moreover, for all ug € Ey(D(Ap)), u(-) is a (strict) solution of (ACP;) provided Ay
is closed and

E()z € C(R*,[D(Ay)]), = € D(Ay). (1.3.4)

Condition (1.3.4) is automatically satisfied when E(-) is a C-regularized semigroup
for —Ag (which implies that E(t)Ay C AgE(t) for all t > 0). We will show (Theorem

9



1.3.4 (1) for n = 1) that, without condition (1.3.4), {E(t)}:>0 also yields (strict)
solutions of (ACP;) for a set Dy of initial data (see Definition 1.3.3 below) which is
larger than Ey(D(Ap)) in many cases (cf. Example 1.3.5 and Remark 1.3.6).

When Y = X and Ey commutes with A; (0 <i <n — 1), E(-) becomes, under
some conditions, the S,,_1(-) of the strong Ey-propagation family {Sp,...,S,_1}
for (ACP,) in ([84, p. 115]) where Sy, ..., S,_2 are determined by S,_; (cf. [84,
p. 116]). Moreover, if n = 2 and A; = 0, then S,_1(= S1) is a Ey-regularized sine
operator function.

For n = 1, {U(t) }4>0 in Definition 1.3.1 coincides with the uniqueness family in
20].

Next, we define a class of sets, which will be used as spaces of initial data for
solutions of (ACP,).

Definition 1.3.3. For 0 < k <n —1,

k
D, = {x € ﬂD(Aj); Az € R(Ep) forall 0<j< k?} :

J=0

Theorem 1.3.4. (1) Assume that A; (0 <i < n—1) are closed. If there is an Ey-
existence family {E(t) }+>0 for (ACP,), then for ug € Dy, ..., up—1 € Dy_q,
(ACP,) admits a solution given by

n—

u(t) == Zl t—lu — i/t ME(S)’U ds t>0 (1.3.5)
. i=0 i j=0+0 (i =5)! v 7 o -
where v; ; € Y such that

Ajui = Eo'U,L"j, 0 S j S ’i, 0 S ) S n — 1. (136)

The solution satisfies

n—1 %
[ O 6P O lpagy < M1 (IIMII +y ”AjUiH[R(EO)]) )

i=0 j=0
t>0, 0<k<n-—1,
(1.3.7)

for some locally bounded positive function M(-) on R*.

10



(2) If there is a Uy-uniqueness family {U(t) }1>o for (ACP,), then all solutions of
(ACP,) are unique.

Proof. (1) Let ug € Dy, ..., u,—1 € D,,_1, and let v; ; be as in (1.3.6). We claim
that u(-) given by (1.3.5) is a solution of (AC'P,). In fact, noting (1.3.2) we have

U(n) (t) = — E(nii+j71)<t)vi,j,
=0 j=0
n—1 ti,l n—1 1
uV(t) = Uy — Z Z B0y 0<1<n—1.

i=l (@ 1) i=0 j=0

Furthermore, from (1.3.1) and the closedness of A; (0 <i < n — 1) we obtain for all
t>0,yeyY,

n—1 k
EC=k=1(¢)y + ZA;E(l*kfl)(t)y = k'E(]y7 0<k<n-1, (13.8)
1=0 e

Accordingly, we deduce that

u(j)(O) =u;, 0<j<n-—1,

and that
n—1
u™ () + > Au(t)
1=0
n—1 n—1 ti_l n—1 1
— - L (n—i+j—1) o
S ST oL

i=0 j=0

n—1 i ; i n—1
tl*l o o
_ { (Z — l)'Alui o E(n—l-‘r]—l) (t)vz,] + Z AZE(l—z-i-j—l) (t)v’b,j] }

1=0 ’ j=0 =0

11



by (1.3.6). Observe that v; ; in (1.3.6) is arbitrary, that for any 0 < j <4, 0 <1i <

n—1,

inf {{|vij]l; Ajui = Eovij} = [[Ajuillr (g

[Ajuill < [[Eol[[[Ajwill (o))

and that each of ||[E™=Y(t)|| and ||4; EC~D(¢)|| (0 < i < n—1) is locally bounded on
R™ by the Banach-Steinhaus theorem. So (1.3.7) follows from (1.3.5) immediately.
(2) For every x € N~y D(A;) and t > 0, we define

t
W(t)z = on—/ U(s)Apxds,
0

¢
Vit = / (Vica(s)r = U(s)Ajx)ds, 1<j<n-—1, if n > 2.
0

Thus for x and t as above,

Ult)r =V,1(t)x (1.3.9)

by (1.3.3). Let now () be a solution of (ACP,) with 2 (0) = 0,0 < j <n — 1.
Clearly, u(t) € NI'=yD(4;) for t > 0 and Au(-) € C(R*,X), 0<i <n—1. For
t > 0, put

u(t) if n=1,

/0 %ﬁ(s)ds it n>2

w(t) =

It is easy to see that w(t) is also a solution of (AC'P,) with w?)(0) = 0,0 < j < n—1,
and furthermore for all 0 < j <n —1,

n—1
w?(t) € (\D(A), t>0.
=0

12



According to this and (1.3.9), we have for t > s > 0,

d n—1 ' n—1 ' 1 |
75 (Z Vi(t — S)w(ﬂ)(3)> = Vit — s)wl D (s) + Z Ut — s)AwY(s)
S j=0 =0 =0
0 if n=1
— n—1
Vioi(t—s)wW(s) if n>2
j=1
= 0.
Therefore 1
Ugw(t) = Vo(O)w(t) = Y Vi (t)w'?(0) =0, >0,
§=0

which implies that w(¢) = 0 by the injectivity of Uy. So w(t) = 0. This ends the
proof.
O

The following is an example indicating that the choice of a Banach space Y dif-

ferent from X produces a larger set of initial data.

Example 1.3.5. Look at the (ACP;) in the space Cy(R), where Aj is the linear
operator defined by

(Aof)(x) ==xf(z) (€ R)
for all

[ €D(Ag) :={f € Co(R); zf(x) € Co(R)}.

It is easy to verify that this (AC'P;) has an Ey-existence family { F(t)}+>o of operators
in L(Cy(R),Co(R)), as well as a Up-uniqueness family {U(t)};>0 of operators in
L(Cy(R)). Here for x € R, t > 0,

(E@)f)(z) =e e f(zx), [fe€Cy(R),

Ut) =B, Uy=U(0). (1.3.10)



Therefore, by virtue of Theorem 1.3.4 we know that this (AC'P;) admits a unique

solution whenever the initial value is in
Dy = {f € Co(R); ze* f(z)is bounded on R}.

On the other hand, the Up-uniqueness family {U(t)}:>o in (1.3.10) is also a Up-
existence family, which is in £(Cy(R)), for (ACP;). This then yields that (ACP;)

admits a unique solution for every initial data in Uy(D(A)). But clearly,

Uo(D(A))

= {f € Cy(R); ze” f(x) € Co(R)}

is smaller than Dy.

Remark 1.3.6. Even in the case of X =Y (whereby EyD(Ay) makes sense) and
EoAy C AgEy, it is also possible that Dy is larger than EqD(Ap). Actually, for this

case, it is not difficult to see that
EyD(Ag) € Dy NR(Ep).

The opposite inclusion holds true if and only if {z; AgEox € R(Ey)} C D(Ap).

Moreover, if Aq is a one to one mapping of D(Ag) onto X, then
EqD(Ap) = Dy. (1.3.11)

However, the following two counterexamples indicate that the equality (1.3.11) may
fail if Ay is not injective or not surjective.
(a) Let X be an infinite-dimensional Banach space and A, a linear operator in X

which is surjective but not injective. Let Fy =0 in X. Then
E()AQ C A()Eo, E()D(Ao) = {0},

(b) Let X =[? and let Ay, Ey be the operators defined by

Ao{um} = {u,} for all {u,} € X,
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Eo{un} = {u,} for all {u,} € X,
where u; = uy, u; = 0 and
0 if mis even
Uiy Em=2i+1(3G=12-).
Clearly Ay, Ey € L(X), Ag is injective but not surjective, EyAy = AgFy, and
Dy = {{vn} € X; v =0},
EyD(Ao) = {{vm} € X; v1 =0, =0for any even m}.

Next, we present a sufficient and necessary condition ensuring (AC'P,,) to possess

an O(e*') Ey-existence families in terms of Laplace transforms.
Theorem 1.3.7. Suppose that A; (0 < i <n—1) are closed and P, is injective for
A > w. Then the following holds.

(a) (ACP,) has an Ey-existence family {E(t) >0 C L(Y, X) satisfying

B0

|, [[AB"D®)|| < Me*' (0<i<n—1,t>0) (13.12)
if and only if R(Ey) C R(Py) (for A > w) and

N RAEy, NT'AR\Ey € LT, — L(Y,X) (1 <i<n-—1). (1.3.13)
In this case, M(t) in (1.3.7) can be taken as Me*".

(b) Let (1.3.13) hold. In the case of n > 2 assume, in addition, that R(A;Ey) C
R(P) (1<i<n—1,A>w) and

/\iilR)\AiEoy = / eiAtSi(t)ydt, Yy E D(Aon), A > w, (1314)
0

for some strongly continuous family of operators {S;(t)}i>0 C L(Y, X) with
1S:i(t)|| < Me“t (t >0). Then forug € DoNR(Ey), ..., un—1 € Dp_1NR(Ey),
(ACP,) admits a solution u(t) satisfying

n—1

lu®)|| < Me"> " luill ey, ¢ > 0. (1.3.15)
=0
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Proof. (a) The “only if” part. Taking Laplace transforms in (1.3.1), we obtain
from the closedness of A; (0 <i<n—1),

(I + ”Z_l )\i_"Az) /00 e MEt)ydt = \"T"Eyy, y€EY, A>w.
=0 0
Hence R(Ey) C R(P) for A > w and
RyEyy = / h e ME)ydt, yeY, \>w.
0
This in conjunction with (1.3.12) gives that for y € Y, A > w,

N Ry\Eoy = / e MED(tydt, 0<i<n-—1, (1.3.16)
0

NTYA,R\Eyy = / e_’\tAiE(i_l)(t)ydt, 0<i<n-1
0

Hence (1.3.13) is satisfied.

The “if” part. By hypothesis we have R\Ey € LT, — L(Y, X). So there exists a
strongly continuous family of operators {E(t)}so C L(Y, X) with ||[E(t)|| < Me*!
(t > 0) such that

Ry\Eoy = / e_’\tE’(t)ydt, yey, A>w. (1.3.17)
0

In view of Theorem 1.1.9 of [84], (1.3.17) combined with the assumption A" 'R\ Ey €
LT, — L(Y, X) indicates that

E()y e C"™ Y (R*,X) and HE(”_I)(t)H < Me“t (forall y €Y, t>0).
On the other hand, we observe by (1.3.13) that
NTAR\Ey € LT, — L(Y, X)

for all 0 <¢ <n—1 since

n—1
AN AR Ey = AN 'Ey — NV RyE, — Z NYA RyE,.

i=1

This gives, by Theorem 1.1.10 of [84], that forany y € Y, t >0,0<i<n—1,

E(z’—l)(t)y c D(Ai) and HAiE(ifl)(t)H < Me*t.
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Here for t > 0, y € Y,
di—l
dtifl

t ~
/ E(s)yds if i=0.
0

<E(t)y> if 1<i<n,
EY )y =

Consequently, we obtain for every y € Y,

[e'e) tn—l
-\t
L _EByydt
/o C -

= AinEby

n—1

= Ry\Eyy + Z N A; R\ Eoy

=0

_ /0°° Y (E(t)y~l— 34 /Ot %E(s)yds> dt, > w.

Thus an application of the uniqueness theorem for Laplace transforms yields the
desired result.

(b) Let ug € Do N R(Ey), ..., Un—1 € Dy—1 N R(Ep). By Theorem 1.3.4 (1),
(ACP,) admits a solution u(t) given by (1.3.5). Using (1.3.16) and (1.3.6), we have
for A > w,

—_

/ e Mu(t)dt = (A“ui—ZAj“RAEOvZ-J>
0

3

i=0 =0
n—1 n—1 7
- A (A“RA +Y NRA; =Y )\jRAAj> u;
i=0 Jj=0 Jj=0
0 if n=1
n—1
= N Ry +
i=0

n—1
>N RAju; if n>2
j=i+1

(1.3.18)
Take w; € Y such that Fyw; = u; (0 <i < n—1). We thus obtain from (1.3.14),
(1.3.16) and (1.3.18),

/ e Mu(t)dt = / e M (E(”_l)(t)wo +wi(t) + wo(t)) dt, A >w,
0 0
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where

0 if n=1,
wl(t) = n—1
ZSj(t)UJO if TLZ2,
j=1
(0 if n=1,
W9 =
nZiE”’” w—{—f%/ t_SZI (s)wids if n > 3.
( =1 Z =1 j=i+1 Z_l Z -

It follows that
u(t) = BV (t)wo + wi () + wy(t), t>0,

according to the uniqueness theorem for Laplace transforms. Now, (1.3.15) follows

by the arbitrariness of w; for each 0 < ¢ < mn — 1. The proof is then complete.
O

Remark 1.3.8. Let n = 1 and Y = X. Then Theorem 1.3.7 (a) reduces to the
result in [20, p. 1489] where [4, Theorem 1] was used. If n = 1, Ej is injective and
there exists po € p(Ap) such that

(o — Ao)T"R(Eo) C R(Eo),

then Theorem 1.3.7 (b) is Theorem 12 in [17].

Theorem 1.3.9. Suppose that {U(t)}i>o is an exponentially bounded strongly con-
tinuous family of operators in L(X). Then {U(t)}i>o0 is a Up-uniqueness family for
(ACP,) if and only if

Upz :/ e MU(t)Padt,  for x € N'=D(A;), A > w. (1.3.19)
0

Proof. The “only if” part. Taking Laplace transforms in (1.3.2), we obtain for
x € NIy D(A), A > w,

00 n—1
/ e MU(t) <x + Z )\i_"Aix) dt = \""Uyz,
0 i=0
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and so (1.3.19) follows.
The “if” part. Reverse the process in the “only if” part and make use of the

uniqueness theorem for Laplace transforms.

1.4 Inhomogeneous Cauchy problems

In this section, we focus on investigating the inhomogeneous version of ACP,).
Let T > 0. Assume that Ay, ..., A,_; are closed linear operators in X, F, €
L(Y,X), and that f € C([0,7],X), g € C([0,7],Y) such that

Eog(t) = f(t), te [O7T]

We consider
n—1

V() + Y " A (t) = f(t), te€[0,T],

=0
v®(0) =up, 0<k<n-—1.

By a solution of (TACP,), we mean a function v(-) € C™([0,7T], X) such that

(IACP,)

vO(t) e D(4;) (te€0,T], 0<i<n—-1), Ax9() e C(0,T],X)

and (IACP,) is satisfied.

Theorem 1.4.1. Suppose that (ACP,) has an Ey-existence family {E(t)}i>o in
L(Y,X) and a Uy-uniqueness family in L(X), and Dy, ---, D,_1 from Definition
1.3.3. If either

(i) g € CY([0,T),X), or

(ii) there are h; € LY([0,T],Y) such that A;f(t) = Eohi(t) (0 < i < n—1,
t €[0,17),

then for every ug € Do, -+, uy—1 € Dy,_1, (IACP,) admits a unique solution given
by
t
o) = u)+ [ Bt - 9)g(s)ds, €01, (1.4.1)
0

where u(t) is the solution of (ACP,).
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Proof. Put
V(1) 1= /0 E(t—o0)g(o)do, te€][0,T].

By Definition 1.3.1 (1) and (1.3.8), we have v, € C"71([0,T], X) and
¢

v® (1) = / E®(t —o)g(o)do, te[0,T], k=0,...,n—1.
0

Using Fubini’s theorem gives

/Ot v(r)dr = /Ot :/OTE(T - U)g(a)da} dr

_ /Ot :/OtUE(T)g(U)dT] do, forte[0,T).

By (1.3.8),

(1.4.2)

4o / B(Mglo)dr = Foglo) ~ B~ )glo) = 3 ABC(~ 0)g(o),

0<o<t, tel0,T)

It follows that

t
/ v.(T)dT € D(Ap) for each t € [0,T],
0

AO/Otv*(T)dT _ /Ot {AO/Ot_UE(T)g(J)dT] do
-

and

Fo)do — /0 E@D(t — 0)g(0)do

So

t
- Z/ A;ECY(t — )g(o)do  for each t € [0,T).
0

Ao /Ot Vi (T)dT = /Ot f(o)do — vV (t) — iAiviil)(t), te0,T] (1.4.3)
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by (1.4.2) and the closedness of A; (1 <i<n—1).
If g € C'([0,T],X), then by (1.4.2),

£ o=V () = / tE("’l)(a)g(t—a)da e CY([0,T], X),

¢
t— Al () = / AEY(0)g(t —o)do € CY[0,T],X), 1<i<n-—1.
0

Therefore, we see from (1.4.3) that
t
t— AO/ v.(s)ds € C*([0,T], X)
0
and

due to Ag and A; (1 <i <n—1) being closed.
Let now hypothesis (ii) be satisfied. Set

+Z/Os ﬂE(T)h]‘(U)dﬂ s, o €10,T].

= Jo (n=j—1)

It is not difficult to verify by (1.3.8) that

n—1
r&Y(s) + ZAirg_l)(s) =0, s, c€[0,T],
i=0
rP0)=0, 0<k<n-1
Then, arguing similarly as in the proof of Theorem 1.3.4 (2), we obtain

ro(s)=0 foralls, o€[0,T].

Therefore
Bu-olgio) = i+ X [ By o

0<o<t tel0,T]
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From this we see that for 0 <o <t¢,t € [0,7] and 0 <i <n — 1,

EO(t — o)g(0) € D(A)

and
) t—o n—i—1 n—1 o
AED(t—0)g(0) = ﬁﬂ)hi(a) + Y AETT(t = o)hy(o).
! g
Thus,
t
Fs / AED(t — 0Vg(o)do € C(0,T], X), 0<i<n-—1,
0
and hence

AV e CH[0,T],X), 0<i<n-—1.

So (1.4.4) holds too in this case.
Consequently, in both of the cases (i) and (ii), v(¢) given in (1.4.1) is the unique
solution of (IACP,) by an application of Theorem 1.3.4. This completes the proof.

(I
Corollary 1.4.2. Suppose that {E(t) }+>0 is an Ey-existence family for (ACPy). If
g € CY[0,T],Y) and t € [0,T], then f(f E(s)g(s)ds € D(Ap) and

AO/O E(s)g(s)ds = —E(t)g(t) + Eog(0) —|—/0 E(s)d'(s)ds. (1.4.5)

Proof. Fix t € [0,T] and define
gt —s), s € [0,1t],
h(s) =
29(0) - g<3 - t)a s € (th]'

Then h € C'([0,T],Y). Making use of Theorem 1.4.1 with n = 1 and h in place of
g, we obtain for ¢ € [0, T,

/ "Bl — $)h(s)ds € D(Ay)

and

%/0 E(t — s)h(s)ds + AO/{J E(t — s)h(s)ds = Egh(t).
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Therefore

Ay /Ot E(t — s)h(s)ds = —% Ot E(s)h(t — s)ds + Eoph(t)

= — /t E(s)h'(t — s)ds — E(t)h(0) + Eph(t).

Accordingly

/0 E(s)g(s)ds = /0 E(s)h(t — s)ds = /0 E(t —s)h(s)ds € D(Ay)

and

X%Almm@@ ZI%AEW—QMQM

_ /0 E(s)¢'(s)ds — E(t)g(t) + Eog(0).

The proof is then complete.
([

Remark 1.4.3. Corollary 1.4.2 presents a formula for existence families. The for-
mula was already proved by deLaubenfels [19, Theorem 3.4 (c)| for regularized semi-
groups. His proof could not be adapted to the case of general existence families
because it is based on the semigroup property of regularized semigroups. We used

here a different approach and obtained the formula for general existence families.

1.5 Applications

Example 1.5.1. We consider the Cauchy problem for a modified Klein-Gordon
equation (cf., e.g., [64,72]) in LP(R) (1 < p < o0):

Pu(t, )  O*u(t, x)  Ou(t, ) B "
8t2 a axat -r axz + V(x)U/(t? x) - f<t7'r>7 (t7 x) e R X R7

w0, ©) = o(x), w(0, v) =¢(x), =R,

(1.5.1)
where a € R, > 0, y(-) € W*°(R), and f € C' (RT,W'P(R)).
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Set
X = LP(R),

d
Al = &% with D(Al) = Wl’p(R),

AO = A()l + A02 Wlth D(A()) == W2’p(R),

2
where Ay := —r— and Ay is the multiplication operator by ~(-).

dx?
Write
Po)\ = )\2+)\A1+A01, /\E R.

Then by Theorem 3.5.6 (2) and Theorem 3.5.4 in [84], we have

2\ @\
/\PO_)\l (I — @) y AlP(;\l (I - @) € LTw - ‘C(X) (152>

Take o € p(Ay). Using the equalities

-1 -1 -1 d2 _% d2 % -1
)\PO)\ (MO_Al) :APO)\ [—@ I—@ (,LLO_AI)

» 2\ L B\
,lLoPO)\ (.[ — @) — Alpo)\ ([ — @)

and noting the boundedness of the operator (I — f—;) (to— A1), we deduce from
(1.5.2) that

-1
PO)\

N|=

Pl e LT, — L(X), (1.5.3)
AP (N — Ay e LT, — L(X). (1.5.4)
From (6.4.3) it follows that
APy, € LT, — L(X), AwP,),' € LT, — L([D(A))]),
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because Agy € L(X) and Ag2(D(A1)) C D(A;). Accordingly, we obtain in view of
Theorem 1.1.11 of [84],
(I + APy~ =1 € LT, — L(X), (1.5.5)
(I+ ApPy)™ =1 € LT, — L(ID(A))). (1.5.6)
Combining (1.5.3) and (1.5.5) yields that for A large enough, Py := \? + AA; + Ag
is invertible and
Ry =Pl = Pl + P! [(I + APy - 1} € LT, — L(X). (1.5.7)

This means that in view of Theorem 1.3.9, there exists an /-uniqueness family for
(ACP).
On the other hand, we observe that for A large enough

Ra(po — A1)~ = Fgl (ko — A~ + (Foy (o — A1) ™)

X (0 — Av) [(1+ A Piyl) ™ = 1] (10 — A1)
Hence,
ARx(po — A1) ™Y, AyRa(po — A7t e LT, — L(X)
by (1.5.4) and (1.5.6). Moreover, (1.5.7) implies that
RaAi (o — A7t € LT, — L(X).

Thus we infer, by Theorem 1.3.7 (a), that (1.5.1) has a (uo — A;) '-existence family.
Set g = (uo — Ay)f. Then g € C'(R™, X) by hypothesis. Applying now Theorem
1.4.1 and (1.3.15) we conclude that for every ¢ € W3?(R), b € W3P(R), (1.5.1) has
a unique solution u € C? (R*, LP(R)) N C* (RT,W'P(R)) and

t
[ull Lo(r <M€Wt(||¢||W17P(R)+||¢||W1»P(R)+/ ||f(5>')||W1»P(R)d3)> teR".
0

Example 1.5.2. Let 1 < p < o0, p1 € R, p2 > 0, ¢c € C, and let a € W**(R),
fedct (R+ W3p( . Consider the following initial value problem in LP(R):

(- 0%u( Ju(t, x)
at2 X (plax3 p28x2) ot

n (caa—; + a(x)) ut, ©) = f(t,2), (t, )€ R* xR, (158

L u(0, ) = ¢(x), u (0, ) =1(x), z€R.

25



Set

X = LP(R),
A = o o ith D(A;) = WP
1—01@—@@ wit (A1) = W*P(R),

AO - A(]1 + A02 Wlth D(AQ) - W2’p(R>,

2
where Ag; = c-— and Ay is the multiplication operator by a(-). It is known from
Theorem 1.5.9 of [84] that —A; generates a once integrated semigroup.

As in Example 1.5.1, we write Pyy = A2+ AA; + Ag1 (A € R). Then by the equality

(1.3.10) on page 95 of [84], we see that for A large enough Py, is invertible and
Pyl e LT, — L(X), AP, Mpo— At e LT, — L(X),

where g € p(A;). Thus the same reasoning as in Example 1.5.1 gives that (1.5.8)
has a (po — Ay)'-existence family and for every ¢ € W5?(R), ¢ € WOP(R), (1.5.8)
has a unique solution u € C? (R*, LP(R)) N C* (R, W?3P(R)) which satisfies

t
wl|pocry < Me*! <||¢HW3’P(R) + U llwsr(r) +/ II.f (s, ')||W3»P(R)d3) , t€RT
0
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Chapter 2

Perturbations of existence families
for higher order abstract Cauchy

problems

2.1 Summary

In this chapter, we establish Desch-Schappacher type multiplicative and additive
perturbation theorems for existence families for arbitrary order abstract Cauchy

problems in a Banach space

u™(t) = Au(t) (t > 0),

u(0)=z; (0<j<n-—1).
As a consequence, we obtain perturbation results for regularized semigroups and
regularized cosine operator functions. An example is also given to illustrate possible

applications.

2.2 Introduction

We consider the abstract Cauchy problem:

W) = Ault) (¢ 2 0),
(2.2.1)
uD0)=2; (0<j<n-—1).
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where n € N, and A is a closed linear operator in a Banach space X.

Definition 2.2.1. (compare with Definition 1.3.1). The strongly continuous family
of operators {S(t)}+>0 C L£(X) is called a C-ezistence family for (2.2.1) if for all
re X, t>0,

S()z € C" YR, X), A/tS(s)de € C(R",X),

and

! ft—s)mt
S(t)x = ] 1)!090 + A/O NCESE S(s)xds. (2.2.2)

We also say that (2.2.1) has a C-existence family {S(t) }+>o.

It is known from [19, Chapter III] that the C-existence family reduces to C-
regularized semigroup when n = 1 and S(t)A C AS(t) (¢t > 0). Moreover, taking
n=2and S(t)A C AS(t) (t > 0) in Definition 2.2.1 gives the C-regularized cosine
operator function {S’(t)}+>o.

The Desch-Schappacher perturbations were first studied in [22] for strongly con-
tinuous semigroups in 1989. In recent years, this type of perturbations has drawn
many researchers’ attention, and the related theory has been developed (cf., e.g., En-
gel and Nagel [26, Section I11.3], [10,21, 23,46, 66,69, 70] and references therein).
In [23], Diekmann, Gyllenberg and Thieme showed a new view at the perturba-
tions of Desch-Schappacher type by solving Stieltjes’ renewal equations with the
basic assumption on the behaviour of semivariation of the step response function
(see also [69]). In [46], Jung investigated how certain properties, e.g., analyticity,
norm continuity, of the original semigroup are inherited by the perturbed semigroup.
In [21, Section V] by deLaubenfels and Yao, nonlinear additive perturbations of this
type for C-regularized semigroups were discussed and a local existence and unique-
ness theorem on the classical solutions of the Cauchy problem for the associated
perturbed equation was given. Moreover, in [10, 66, 70], one can see such results for
perturbations of strongly continuous cosine operator functions, solution families or
n-times integrated solution families of linear Volterra equations.

In this chapter, we will present Desch-Schappacher type multiplicative and addi-
tive perturbation theorems for the general existence family given by Definition 2.2.1,

and show the uniqueness of solutions for the corresponding perturbed problem
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(2.2.1) (Theorems 2.3.1 and 2.3.2). As a consequence, we obtain Desch-Schappacher
type perturbation theorems for regularized semigroups and regularized cosine oper-
ator functions (Corollaries 2.4.1, 2.4.2 and 2.4.4) which recover the corresponding
results in [18,19,22,69,70] (see Remarks 2.4.3 and 2.4.5]). With a new observation
on the ranges of perturbation operators, we exhibit in Theorem 2.4.6 two classes of
perturbation operators satisfying the conditions of Theorem 2.3.1 or Theorem 2.3.2.
Finally, an example (Example 2.4.7) is given to illustrate possible applications. This

example also reflects the feature of Theorem 2.4.6 (see Remark 2.4.8).

The following result on exponentially bounded existence families (shown in The-

orem 1.3.7) will be used in the sequel.

Proposition 2.2.2. Let \" — A be injective for X > w. Then (2.2.1) has a C-
ezistence family {S(t)}+>0 on X with

SV @)]| < Me!, ¢t >0,
if and only if
R(C) CR(A"—A)  for A\>w,
the function X — N1 (A" — A)~' C € LT — L(X).
In this case, for x; € D(A) with Az; € R(C) (0 < j < n—1), (2.2.1) admits a

solution u(+) satisfying

n—1

[ @I u®lipeay < Me Y (luill + [ Auil]) . ¢ >0,
=0
and
A — A O = / e MS D (zdt, e X, A\>w. (2.2.3)
0

2.3 Perturbations of existence families for (ACP,)

We first give a Desch-Schappacher type mixed (right) multiplicative and additive
perturbation theorem.
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Theorem 2.3.1. Let A and {S(t)}+>0 be as in Proposition 2.2.2, and let o, § € C.
Suppose B € L(X) and R(B) C R(C). If for every f € C(R*,X) and t >0

HA/OtS(t — $)C'Bf(s)ds

t

< [N p)s, 2
0

then

(i) the Cauchy problem

{ u™(t) = (A(I + aB) + 8B)u(t), t>0,
(2.3.2)

uD0)=z;, 0<j<n-—1

has a C-ezistence family {U(t)}=0 on X and ||[UMV(.)|| is exponentially
bounded;

(ii) all solutions of (2.3.2) are unique provided CA C AC.

Proof. Fixing f € C(R", X), by (2.3.1) and (2.2.2) we see that for 0 <ty <t <

(0. 9]

A/O Sty —s)C™ Bf(s)ds—A/O S(ta —s)C7 " Bf(s)ds

IN

A/Otl S(t — )C B [f(s) — f(s — b + )] ds

+ HA/HQ S(t — $)C B (s — ty + ts)ds
0

< Me*" max |[f(s) — f(s—t +ta)|| + HA/tl S(s)C'Bf(0)ds

0<s<ty

< Me*™ max [|f(s) = f(s —ti + )| + [|[S™V (1) — SUV (8)]CTBFO)]I,

0<s<ty
where f(—s) := f(0) for s > 0. This implies that
t
- A/ S(t— $)C"'Bf(s)ds € C(R*,X), e C(R",X).
0

We set
Wo(t) := S V), t>0,
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and define W, (t) inductively by
t
W, (t)e = (8 + aA)/ S(t —s)C'BW,_1(s)xds, w€ X, t>0, n€ N. (2.3.3)
0

Clearly, {W,(t) }+>0 is a strongly continuous family of bounded linear operators on
X for each n € N. We know by hypothesis that S(-) and Wy(-) are exponentially
bounded. So using (2.3.1) we infer by induction that

tn

n+1 _wit
IWa(B)] < Mp+te =,

t>0, ne NU{0},

for certain constants M; > M, w; > w. Define

W(t) = iWn(t), t>0.

We see by the above arguments that the series converges in the uniform operator

topology, uniformly on bounded intervals of R* with
W ()| < M@t ¢ > .
Hence {W (t)}i>0 C L(X) is a strongly continuous family. Thus, by (2.3.3), we have
W(t)z = S" V() + (B + aA) /t S(t—s)C'BW (s)xzds, x€ X, t>0.
0

Taking Laplace transforms we obtain by (2.2.3) that for A large enough and = € X

/ e MW (t)adt
0

= NN = A)7Cx+ (B+ad) (V- A)'B /000 e MW (t)adt.
Therefore for such A we have
(\* — A(I +aB) — BB) /0 h e MW (t)adt = \" 0z, w € X, (2.3.4)
by the equalities
(A" —=A)[I - (B+aA) (A" — A)"'B]
= A=A [[+aB—-a\N"(\"—A)"'B-3(\"— A)"'B| (2.3.5)
= \"—A(l+aB)— (B.
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Finally, we show that I — (8 + aA)(A\" — A)~!B is invertible for large A. In order to
do this, we observe by (2.3.1) and (2.2.3) that for each z € X, t > 0,

H (B+ aA) /Ot S(t — s)C ' Bads

t
< M / 29| 2| ds
0
My, o,
< 2 (et -1
< 22 (e 1) o,

and

(B+ ad)(\" — A)"' Bz

[e’s) t
= /\/ e M [(ﬂ—i—aA)/ S(t — s)C ' Bads| dt, X > ws,
0 0
where Ms and wy are positive constants. So for A > w, and x € X,

(8 + ad)(A" — A) "' Bz||

/ e M (et — 1) ||z||dt
0

M, |||

My

%)

IN

Thus for A > 2Ms + wy + 1,
(8 +aA)(\" — A)~'B|| < %

so that I — (8+aA)(A\" — A)~' B is invertible. This together with (2.3.5) yields that
for A > 2My +ws +w+1, \" — A(I + aB) — B is injective since A" — A is injective

for A > w. In conclusion, we obtain from (2.3.4) that for A sufficiently large,
N YA — A( + aB) — BB)Cx — / MW (H)adt, w € X,
0

Set, fort > 0 and z € X,

W (t)x if n=1,
Ult)z =

/O%W(s)xds if n>2.
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Then an application of Proposition 2.2.2 gives assertion (i).
In order to verify assertion (ii), we let v(-) be a solution of (2.3.2) with initial data
z; =0 (0 <j <n-—1). Evidently

t . n—1
v(t) = (A(I + aB) + ﬂB)/ &U(O’)dd, t>0. (2.3.6)
o (n—=1)!
The assumption CA C AC implies
St)C=CS(t) (t>0), S(t)Ax =AS(t)x (x € D(A), t>0), (2.3.7)
according to (2.2.3) and the uniqueness theorem for Laplace transforms. So (2.2.2)
yields
Stz = S(t)Az, x € D(A), t>0. (2.3.8)
Thus, by (2.3.6) — (2.3.8) we obtain that for t > s > 0,
d [x= oo (s — o)’
— (@) (4 _ F 7/
Is |2 St —s)(I+ aB)/O f v( )da]
n—1 s (8 O.)i—l
= _ @) (¢ — A
S(t — s)(I +aB)u(s) + ;s (t —s)(I + aB)/O T v(o)do
= *(s—o0)t
— Z ST (¢ — 5)(I + aB) / ~——v(o)do
— o (=1
*(s—o) !
= S(t—s)(I+aB)u(s) — S™(t —s)(I + aB)/ Wv(n)da
o (n—1)!
-1 -1 S(s—o)!
— CS(t—s) [aC ' Bu(s) + BC'B / B ()do] .
o (n—1)!
Noting
StV =1, SP0)=0(0<i<n-2) (2.3.9)

from (2.2.2), we then infer that for ¢ > 0,
t t — n—1

0

g — O.)nfl

= C’/Ot S(t—s) {aCle(s) +3C7'B /OS ﬁv(a)da ds.
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Since C' is injective, it follows from (2.3.6) that for ¢t > 0,

o(t) = BB /0 %U(J)dajtafl /0 S(t — 0)C~ Bu(o)do

+8A /OtS(t —0)C'B (/0 %U(T)m) do.

Fix T > 0. Then by (2.3.1) there exists a constant My > 0 such that for each
t e0,7],

t
masx Jo(s)]| < Mo / mas o(r)do.

0<s<t
So Gronwall-Bellman’s inequality shows that v(¢) = 0 for ¢ € [0,7T]. Because T was
arbitrary, v(t) = 0 for ¢t > 0. This ends the proof.

O

The following is a Desch-Schappacher type additive perturbation theorem which

can also be regarded as a (left) multiplicative perturbation theorem.

Theorem 2.3.2. Let A and {S(t)}+>0 be as in Proposition 2.2.2. Suppose B is a
closed linear operator in X such that D(B) D D(A) and R(B) C R(C). If for each
feC(R[D(A)]) and t > 0,

HA/tS(t—s)C_le(s)ds < M/t eI £(3) |l ppayds, (2.3.10)
0 0

then
(i) the Cauchy problem

ul”(t) = (A+Bu(t), t=0,
(2.3.11)
uD(0)=z;, 0<j<n-—1
has a C-existence family {V (t) }4>0 on [D(A)] and Hv(n—l

nentially bounded;

)(')chvmm s expo-

(ii) for any x; € C(D(A)) (0 <j <n—1), the function
n—1
Z V(nflfj)(_)cflxj
=0
is a solution of (2.3.11).
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(iii) all solutions of (2.3.11) are unique, provided CA C AC.

Proof. Define
Y(t)=> Y.(t), t>0,
n=0

where

Yo(t) = S070(), t>0,
t
Y, (t)z = / S(t —s)C'BY,,_i(s)xds, t>0, v € D(A), n€ N.
0

Arguing similarly as in the proof of Theorem 2.3.1, we deduce that {Y (¢)}:>0 is an
exponentially bounded, strongly continuous family of bounded linear operators on
[D(A)]. For X large enough,

(A" —(A+B)) /000 e MY ()wdt = \"'Cx, 2 € D(A),

and )
n -1
WA—A)BMWWD<? (2.3.12)
so that \" — (A + B) is injective and
AT = (A+B)) ' Cr = / e MY (t)xdt, x € D(A). (2.3.13)
0

Therefore, (2.3.11) has a C-existence family {V (¢) }s>0 on [D(A)] given by

Y(t)x if n=1,
V(t)ﬂf = t n—2
t _
/ ¢Y(s)xds if n>2,
o (n—2)!
in view of Proposition 2.2.2. This completes the proof of part (i).

Next we have

-1 ¢ n—1
= 1>!Cﬁc = (A—i—B)/O —<(n _)1)! V(s)xds

V(t)x —

— /Ot %(A +B)V(s)zds, x€ D(A), t>0,
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since {V'(t) }+>0 is a C-existence family on [D(A)]. This leads to part (ii) immediately.
To prove part (iii) we let w(-) be a solution of (2.3.11) with z; =0 forall 0 < 5 <
n — 1. By (2.3.7) and (2.3.8) we deduce

n—1
di [Z SOt — s)w<”“><s)] = COS(t—s)C'Buw(s), t>s>0,
S

1=0

so that .

w(t)= [ St —s)C'Bw(s)ds, t>0

by (2.3.9). Thus from (2.3.10) we have

t
Heiu)tw(wH[D(A)} < M//o ”‘fmw(t)H[D(A)] ds, t=0,

for some constant M’ > 0. It follows that w(t) = 0 for ¢ > 0 by using Gronwall-

Bellman’s inequality. The proof is then complete.

2.4 Perturbations of regularized semigroups and

regularized cosine operator functions

In what follows, we give multiplicative and additive perturbation theorems with
regard to exponentially bounded regularized semigroups and regularized cosine op-
erator functions, as consequences of Theorems 2.3.1 and 2.3.2. Let A and {S(t) }+>0
be as in Proposition 2.2.2. If n =1 (resp. n = 2) and CA C AC, then S(-) (resp.
C() := S’(+)) is an exponentially bounded C-regularized semigroup (resp. cosine
operator function) with C~'AC as its generator. In this case, A is called a sub-
generator of S(-) (resp. C(-)), or in other words, A subgenerates S(-) (resp. C(-)).
For more information on regularized semigroups and regularized cosine operator

functions, we refer to, e.g., [19,52,84] and references therein.

Theorem 2.4.1. Assume that A subgenerates an exponentially bounded C'-

reqularized semigroup {S(t)}i>0 (resp. cosine operator function {C(t)}>0) on X.
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Let a, § € C, and B € L(X) with R(B) C R(C), and let C, € L(X) be injective
such that R(Cy) C R(C) and

C1[A(I + aB) + 8B] C [A(I + aB) + BB]C}.

If (2.3.1) holds (in the case of the cosine operator function, S(t)x := fot C(s)xds),
then A(I+aB)+(B subgenerates an exponentially bounded Cy-reqularized semigroup

(resp. cosine operator function ) on X.
Proof. Apply Theorem 2.3.1. Then U(t)C~'C} (resp. U'(t)C~'C)) is the C)-
regularized semigroup (resp. cosine operator function) as claimed.

O

Theorem 2.4.2. Assume that A subgenerates an exponentially bounded C'-
regularized semigroup {S(t)}i>o (resp. cosine operator function {C(t)}i>0) on X.
Let B be a closed linear operator in X such that D(B) D D(A) and R(B) C R(C).
Let Cy € L(X) be injective such that

R(Cy) C R(C), C7'C,:D(A) — D(A), Ci(A+B)C (A+B)C,.

If (2.3.10) holds (in the case of the cosine operator function, S(t)x := fg C(s)xds),
then A + B subgenerates an exponentially bounded Ci-regularized semigroup (resp.
cosine operator function ) on X provided that p(A) contains a sequence of real num-

bers tending to +o0.

Proof. From (2.3.12) we see that there exists a ug € p(A) such that

Y

N —

| (10 — A)_IBHﬁ([D(A))] <

and therefore
po— (A+B) = (no— A) (I = (no — A)~'B)

is invertible on X. Letting Y'(-) be as in (2.3.13) with n = 1 (resp. n = 2), we put

Y (t) == [po — (A+B)] Y ()OO [uo — (A+B)]", t>0.
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Then {Y (t)}10 is a strongly continuous family of operators in £(X), and for X large
enough,

/OO e MY (t)xdt
= XN — (A+B) [N — (A+B)] ' Cy [uo — (A+B)] ™!

= NN = (A+B) ' Ciz, t>0, z€X,

with n =1 (resp. n = 2).
O

Remark 2.4.3. For the case when C = C} =1, a =1, § = 0, and A generates a
strongly continuous semigroup {S(t)}+>o (resp. strongly continuous cosine operator
function {C(t)}+>0) on X, Corollaries 2.4.1 and 2.4.2 can be found in [22,69, 70]. In
this case, {S(t)}i>0 (resp. {C(t)}1>0) is exponentially bounded and p(A) contains a
right half plane, automatically.

It is evident that (2.3.1) holds for

B e L(X) with R(B)CD(AC™), (2.4.1)

and that (2.3.10) holds for any closed linear operator B in X with D(B) D D(A)
and R(B) C D(AC™!). Specifically we have the following result.

Corollary 2.4.4. Suppose that A subgenerates an exponentially bounded C-
reqularized semigroup on X, and that By € L(X) and R(B;) C R(C). Then

(i) the Cauchy problem
u'(t) = (A+ Byu(t), t>0,
(+)
u(0) ==
has an exponentially bounded C-existence family on X.

(i) all solutions of (x) are unique provided CA C AC.

(iii) A 4+ By subgenerates an exponentially bounded Ci-regularized semigroup on
X, whenever C; € L(X) is injective, R(Cy) C R(C) and C1(A + By) C
(A+ By)Ch.
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Proof. Take @« =0 and # =1 in Theorem 2.3.1 and Theorem 2.4.1.

O

Remark 2.4.5. Conclusion (i) of Corollary 2.4.4 appeared in [18,19]. Generally
speaking, a C-existence family for a first order Cauchy problem ensures uniqueness
of the exponentially bounded solutions, but not all solutions (see [19, Proposition
2.9]). This indicates the significance of the assertion (ii). Conclusion (iii) is due to
[78].

Let Ay be a linear operator in X satisfying
(w,00) C p(Ao), iup ||/\()\ - AO)_IH < 0. (2.4.2)
>w
We set
Fo o= {2 € X; Ty o0 [ AMo(A — Ag) ]| < oo}
It is easy to verify that F)y, endowed with the norm
2]y = Nl + Tmrsoo [[AA0(A — Ao) ']

is a Banach space. When A is the generator of a strongly continuous semigroup
{T(t)}+>0, Fa, coincides with the Favard class of T'(t), cf. [26, Proposition 5.12,
p. 130].

Theorem 2.4.6. Let A and {S(t)}i>0 be as in Proposition 2.2.2, and let Cy € L(X)
with CCy = CoC and CyA C ACy. Suppose Aqg is a densely defined linear operator in
X satisfying (2.4.2), such that D(Ay) C D(ACy), CAy C AgC, and (A — Ag)™tA C
AN — Ag)! for A > w. Then

(1) (231) 18 valid fOT’ B =CCyB,y ’Lf By € [,(X) and R(B()) C FAO‘

(i) (2.3.10) is walid for B = CCyBy if By is a closed linear operator in X,
D(By) D D(A), and R(By) C Fa,.

Proof. Using the density of D(Ap) and (2.4.2), we have

/\lirf MA—Ay) e =12, X (2.4.3)
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Moreover, by hypothesis,
AoA=Ag) (" = A)TTC = (" = AT CAA - A)) T, A k> w.
In combination with (2.2.3), this shows that for A > w, t > 0,
Ag(A — Ag)71S(t) = S(t) Ag(\ — Ag) 71, (2.4.4)
by the uniqueness theorem for Laplace transforms. Likewise,
CoS(t) =S(t)Cy, t=>0. (2.4.5)

Let By and B be as in (i). For each f € C(R", X) and ¢t > 0, we take a sequence
{fntmen C C1([0,¢], X) such that

Srg[%i(] | fn(s) — f(s)]| = 0 as m — oc. (2.4.6)
From Theorem 1.4.1, we know
/Ot S(t —s)CoBofm(s)ds € D(A), m € N.
Therefore, noting D(ACy) D D(Ay) and using (2.4.3) — (2.4.5) we obtain

A/OtS(t — $)C LB f(s)ds ‘

— ac, /O S(t — ) Bofon(s)ds

< |JACo(w +1— Ag)7H|

x lim
A—400

/0 S(t—s) [Mw+1—Ag)(A— Ag) "] Bofin(s)ds

. t
gM/é“W%M@MMS
0

t
SAN%MW&ﬁ/ﬁWMW@N%am€N7
0

where M is a constant independent of m and ¢. This proves part (i) by (2.4.6) and

the closedness of A. The same type of argument gives part (ii).
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Example 2.4.7. Let X = UC,(R) the space of uniformly continuous and bounded

functions,
d2
A= Zd_§2 with D(A) = {f € C*(R); f is bounded and f” € X},
d2
It is known that the operator D := % with domain W*!(R) generates a strongly

continuous semigroup on L'(R), and Ay is the generator of its sun dual semigroup
on X. Thus Fly, coincides with the domain of the adjoint operator of D (cf. [26,
Proposition 5.19, p. 135]). Hence it is not hard to see that

Fa, = {f € C*(R); fis bounded and f’ is Lipschitz continuous}.

From [49], we see that A generates an exponentially bounded once integrated semi-

group, and so generates an exponentially bounded C-regularized semigroup (cf. [19,
Theorem 18.3]) for C':= (1 — Ag)~*. Moreover, define By by

(Bof)(€) = ig(¢&) /abf(a)dff, fex,
where g(§) € Fa,, and a, b € R. Then By € L(X) and R(By,) C F4,. Taking
a=1 f=—i, Co=1I B=CCBy,
we have
Alal + B) + 8B = A — iB,,.

Applying Theorem 2.3.1, Theorem 2.4.6 and Proposition 2.2.2, we conclude that for

each

¢ € UC,(R) N C*R) with ¢® € UC,(R)

the Cauchy problem

dult, O?ult, '
u(attﬁ) _ 2?25) +g(g)/a u(t,0)do, t>0, €€ R,

U(O,f) = (b(g)’ § €R,

has a unique solution in C*'(R™, UC,(R)).
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Remark 2.4.8. Given an exponentially bounded C-regularized semigroup

{S(t)}+>0, one can define the Favard class of {S(t)}:>¢ similarly as in the case of

strongly continuous semigroups (see, e.g., [22], [26, Section II1.3]) by
Fav(S(t)) := {xeX; sup <oo}.

t>0

%(S(t)x )

Then one proves that (2.3.1) holds for B € £(X) with
R(B) C C*(Fav(S(t)),
and that (2.3.10) holds for a closed linear operator B in X with

D(B) 5 D(A) and R(B) C C2(Fav(S(t)).

(2.4.7)

When {S(t)}+>0 is a strongly continuous semigroup, this result is essentially Theo-

rem 2.4.6.
In Example 2.4.7, the permissible space for R(B) can be large as

C(F4,) =1{f € C*(R); f is bounded and f” is Lipschitz continuous}.

However, if either (2.4.7) or (2.4.1) were used, the range of B would be restricted to

a set which is smaller than or equal to

R(C*) = {f € C*(R); f is bounded and f®¥ € UCy(R)}.

It is clear that in this case C(Fy4,) strictly contains R(C?). This reflects the feature

of Theorem 2.4.6 on which Example 2.4.7 was based.
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Chapter 3

Wave equations with generalized
Wentzell boundary conditions

3.1 Summary

In this chapter we solve an open problem put forward by A. Favini, G. R. Gold-
stein, J. A. Goldstein and S. Romanelli [34], concerning the mixed problem for wave
equations with generalized Wentzell boundary conditions. As a consequence, we
also develop the previous wellposedness result regarding the mixed problem for heat

equations with generalized Wentzell boundary conditions.

3.2 Introduction

Of concern is the following wave equation with generalized Wentzell boundary con-
ditions on [0, 1].

Pu 0%
— = — <z <
BT c@xQ’ 0<z<1,teR,
u(z,0) = f(x), %(:c, 0)=g(x), 0<z<1, (3.2.1)
*u , . ou , . . .
L ax2<]7t)+Bj£<]7t>+’>/]u<]at>207 ]:0717 t€R7

where ¢ > 0, and f3;, v; (j = 0, 1) are scalar coefficients. For the parabolic problem of
first order in time involving (generalized) Wentzell boundary conditions, A. Favini,

G. R. Goldstein, J. A. Goldstein and S. Romanelli have recently made a systematic
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study and established a series of significant theorems (see [33-35] and references
therein). However, just as pointed out by them ([34]), the case of (generalized)
Wentzell boundary conditions for the wave equation is much trickier. So far, only
for the case of 3; = 75 = 0 (j = 0,1), problem (3.2.1) has been shown to be
wellposed in C10, 1] (see [34, Theorem 2.1]). On the other hand, one knows that the
corresponding first order problem
(Ou  ,0%u

o = o 0SSzl

u(z,0) = f(z), 0<z<1, (3.2.2)

2
RGN+ B G0) pu(i) =0, J=0.1, 620,

is wellposed in C[0, 1] whenever

\

Y. =0, B >0> o (3.2.3)

(see [33, Theorem 1.1]). In [34], A. Favini, G. R. Goldstein, J. A. Goldstein and S.

Romanelli put forward an attractive problem:
Is the mixed problem (3.2.1) wellposed in C[0, 1] in the case of (3.2.3)7

It is a challenging question since so little is known about wave equations with gener-
alized Wentzell boundary conditions, and the methods in [33] and [34] appear to be
no longer applicable to the new situation. The importance of the problem in theory
and application makes it worthwhile to study it.

The present chapter aims at solving this open problem. In fact, we shall prove
the wellposedness of (3.2.1) without any restrictions on the complex numbers [,
081, Yo and 1. As a byproduct, we develop the previous wellposedness result about
(3.2.2) and show that the semigroup governing (3.2.2) is analytic in the right half
plane. Our approach depends on a delicate analysis of certain operator matrices.
Such types of operator matrices have been considered before for problems of first

order in time (see, e.g., [3,9,35]).

We write C?[0,1], 7 = 0, 1, 2, for the space of all i-times continuously differentiable
complex valued functions on [0, 1] endowed with the norm
; — (k)
o = 3 max 9@,
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and C10,1] := C"[0, 1].
We define a linear operator A in C[0, 1] by

(Af)(z)=cf"(x) 0<z<1,

(3.2.4)
D(A) ={f e C?0,1]; f"() +Bif'(J) +7:f(j) =0 at j=0,1}
Then (3.2.1) and (3.2.2) are realized in the space C|0, 1] as, respectively,
u'(t) = Au(t), teR,
(ACP,)
u(0) = f, v(0) =g,
and
u'(t) = Au(t), t>0,
(ACP)

u(0) = f.
For an arbitrary linear operator A in a Banach space X, we recall the following
definitions (cf., e.g., [26, 28,31, 38,68, 84]).

Definition 3.2.1. (ACP,) is called wellposed in X if D(A) is dense in X, (ACP)
has a unique solution for each f € D(A), and there exists a locally bounded positive

function M () satisfying

for any solution u(t) of (ACP;).

Definition 3.2.2. (ACP,) is called wellposed in X if D(A) is dense in X, (ACP)
has a unique solution for every f, g € D(A), and there exists a locally bounded
positive function M (t) satisfying

lu®Il < M@ O] + [lu'(O)]), te R,

for any solution u(t) of (AC'P).
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Definition 3.2.3. A family of operators {C(t)};er C L(X) is called a strongly

continuous cosine function on X if

(i) €(0) =1,

(i) Ct+s)+C(t—s)=2C(t)C(s) for all t, s € R,
(iii) C(-)f is continuous on R for each f € X.

The operator A defined by

.2 :
D(A) = {x € X; tl_l)IOIL t_Q(C(t) — DNz ex1sts} ,
Az = i 2 (C(t)— DNz f € D(A)
z = lim (t) =Dz forx

is called the generator of the strongly continuous cosine function {C(t)}icr.

3.3 Wellposedness of (ACP,) and (ACP,)

Throughout this section, we assume that ¢ > 0, 8;, 7, € C (j = 0,1), and the
operator A is as in (3.2.4).

Theorem 3.3.1. (ACP,) is wellposed in C[0,1].

Proof. Set
Ay = c2d—2 D(Age) = H?*(0,1) N Hy(0,1)
02 dl’27 02 ) 0 ) 3
9 d? 2
Ao =c pIek D(Ap.) = {u € C7[0,1], u(0) = u(1) = 0}.

It is known from d’Alembert’s formula that the operator family {Co2(t) }icr given
by

Corl®) @) = 5 [l +et)+ Flo—et)] . e 22(0,0)
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is the strongly continuous cosine function on L?*(0,1) generated by Ag. Here and

in the sequel we always define

. f€), €€l0,1),

f) =
~f(-8), €e[-1,0),
fle£2n) = f(6), €€[-1,1), neN.
Then {So2(t) }+er given by
1 Ttct
Su®Ne) =5 [ Feyo, fer. (33.1)

is the corresponding sine function, and so for A > 0,

(V= Ap) Hf = / eMSw(t) fdt,  f e I2(0,1). (3.3.2)
0
Clearly the restrictions
Soc(t) == 502(t)yc[07”, tE€R, (3.3.3)

leave C]0, 1] invariant and form a strongly continuous L£(C[0, 1])-valued function
satisfying
[Soc()lecoay < [t t € R (3.3.4)

Therefore we have by (3.3.2)
(3 — Aoc)fl f= / e MSo(t)fdt  for A >0 and f € C[0,1]. (3.3.5)
0

Next we define linear operators A. : C?[0,1] c C[0,1] — C0,1] and P : C[0,1] —
C? by
f(0)
A, = f"(z), Pf:= .
(Aef)(x) := " f"(x), Pf (f(l))
It is easy to see that
P(D(A.)) = P(C?[0,1]) = C*. (3.3.6)

Noting that A. € £L(C?[0,1],C]0,1]) and P’CQ[O g € L(C?0,1],C?), we deduce as in
[40, Lemma 1.2] that for any A € p(Ao.), the restriction P|ker( N
of (ker(A — A.), || lc2pp,1) onto C? because of (3.3.6). Write

) is an isomorphism
c

—1
Dy= (P‘ker()\fAc)> , A€ p(AOC)’
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which is called the Dirichlet operator. We then have
Dy € L(C?,C?[0,1])).
Moreover, it follows as in [40, Lemma 1.3] that
Dy=D,—(A=p)(A=Ae) "Dy, A, € p(Ag).

Let us now consider the operator matrix

Ay = (?}c 8) ., D(Ay) = {(f> € C?[0,1] x C?*; Pf = z}

(3.3.7)

(3.3.8)

on the product space £ := C[0,1] x C?. As in [9, Lemma 2.6 and Theorem 2.7 (i)],

one has p(Ao.) \ {0} C p(Ayp), and for A > 0,

A A=Ay 0\ [I —Dy
0 o x/\o 1 )’
AOC A~ 2D)\2
)\—2
B AOC A"2Dy — (A2 — Age) "' Dy
_ s

by (3.3.8). So by (3.3.5)
N f
So dt for A > 0, eg,
z

()|

where
Soc(t) tDg — So.(t) D
So(t)::<00() 0 t°(> 0), teR.

(A2 —Ao) =

Obviously, there is a constant by > 0 such that
1So(@)ll 2y < bolt], ¢ € R,
by (3.3.4). Define

Gf e e <6of’(0) +0(0)
Puf' (1) + 7 f(1)
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) . f€D(G) = CYo,1],

(3.3.9)

(3.3.10)

(3.3.11)

(3.3.12)



G := 00 D(G) := C0,1] x C?
=la o) (G) := C*[0,1] x C2.

We then have by (3.3.9)

2 -1 0 0
G ()\ — AO) = . . for A > 0.
G ()\2 — AOc) )\_QGDO -G ()\2 — AOC) Dy

(3.3.13)
Since G € L (C0,1],C?) we have GA,! € L£(C]0,1],C?). It follows from (3.3.5)
that for f € D(Aq.), A > 0,

G- M) f = G / e M (1)t
0

= (G4)) / e M Sy (t) Age fdt
0

- (3.3.14)
_ / (GAGY) e Spe(t) Ao flt
0
= /00 e MG So(t) fdt.
0
Using (3.3.1) and (3.3.3), we obtain
Bof(ct)
G'Soe = ~ ) Aoe ) :
0c(t) f C(ﬁlf(lJrct)) f€D(Ap.), t€R
Writing B
L Bof(ct)
H(t)f :=—c (ﬁlf(l o) ) , fecC,1], teR, (3.3.15)
we see from (3.3.14) that
G (N - Aoc)f1 f= /oo e MH(t) fdt, f € D(Ag), N> 0. (3.3.16)
0

Given f € C]0, 1], there exists a sequence {f, }nen C D(Ag.) such that
sup an”C[o,l} < 00,
neN

and
I fo = fllz200) — 0,  fo— f ae in [0,1]
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as n — 00. Hence we deduce that for A > 0,
limy, oo G (A2 — o) " fo = limyooo G (A2 — Ag) " fo
= G\ —Ap) ' f (3.3.17)
= G\ A7 f,

where we observe that G € £ (C10,1], C?) and (A2 — A" € £ (L2[0,1],C*0,1]).
The latter can be derived from the fact

(A2 = Ag) ™" L2[0,1] — H?(0,1) € C'[0,1]

with the aid of the closed graph theorem. On the other hand, we find from (3.3.15)
that
WH (@) (fn — f)llcz < const forallt>0andn e N,

and
lim H(t)(f, — f) =0 for almost all ¢ € [0, 1].

According to the dominated convergence theorem, this yields

lim [ e MH()(fo — f)dt =0, X >0.

n—oo 0

This, together with (3.3.17), shows that (3.3.16) holds for all f € C[0,1]. Thus, in
view of (3.3.13) we obtain

et ) - £ an ) O
z 0 H(t) tGDy— H(t)Dy) \ = (3.3.18)

for A > 0 and / cé€.

Clearly

Ho(t) = [ 0 (3.3.19)

by (3.3.15) is strongly continuous in ¢ € R\ {0,4+c™!, £2¢7!, ...}, and there is a
constant b; > 0 such that

|Ho(t)|leey < bu(ft] +1), te€R
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Thus we have

H[Ho(t)]*mng(g) < bTet t>0, meN,

(m— 1)V’

where *m indicates the mth convolution power. This means that

H) = S F(0]", 120,

m=1

defines a strongly continuous £(&)-valued function on (0,00) \ {c7!,2¢71, ...} sat-
isfying
tmfl

LEOIESY b;”efm = be® Dt > 0. (3.3.20)
m=1 ’

We hence infer from (3.3.18) that for (f> €&, A>0 +1,

e s " ()-() = Blew ()
- mi | e maten (f ) i

In combination with (3.3.10), this yields that A\* € p(Ag + G) for A > b; + 1 and

(A2 —Ag—G)™" (ﬁ)

= (2= A (Z) + (V= Ag) { [I G (N - AO)‘l]_l - I} (ﬁ)
_ /0 e, () (Z ) dt + /O e (S, £ H) (1) (Z ) dt

for A > b; + 1 and <f> e €.

z
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We know from (3.3.1) and (3.3.3) that
1S0c(t) = Soc(s) ||l zccpoay < |t —s], t, s >0,
which implies, by (3.3.11), the existence of a constant by such that
1S0(t) — So(s)||lzey < balt —s|, t, s >0.

Therefore,

z

[(So + H)(£) — (So  H)(s)] (f )

&

+
&

IN

/OS [So(t —7) — So(s — 7)|H(T) f) dr

z
f
z
by the use of (3.3.12) and (3.3.20). Defining S;(t) := So(t) + (S * H)(¢) (¢ > 0) and
summing up the arguments above, we obtain A\*> € p(Ag + G) for A > b; + 3 and

(N — Ao — G)_l <f> = /OO e NS (1) (f> dt  for A > by + 3 and <f> ef.
z 0 z z

(3.3.21)

In addition, S;(+) is an £(&)-valued function, strongly continuous on [0, c0), satisfy-

/t So(t — 7)H(T) (Z) dr

, <f el t>s>0,
£

£

S bl (bo + bg)(t - $)€(b1+2)t
z

ng
1S1(t) — Si(8)|ceey < bt — s)e® ™ ¢ >5>0, (3.3.22)

for a constant b > 0. We now denote by A the part of Ag 4+ G in the closure

51 = D(AO + G) = D(Ao)

It is not hard to see that

81={<f> c 0[0,1] x C% Pf:z},

and that, by (3.3.21), ((b; + 3)%,00) € p(A) and all operators
S(t) ==Si(t)|g,, >0,
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leave &; invariant. Hence, it follows from (3.3.21) and (3.3.22) that S(¢) is strongly
continuously differentiable in ¢t > 0, and C(t) := S/(t) satisfies

ICH) [l 2ieny < be® ', £ >0, (3.3.23)

AN —a)" <f> = /oo e MC(t) (f> dt, (f) €&, A>b+3. (3324)

Here for the strong differentiability of S(¢) we used first the equality

S(t) <f> =1 (f) + /t(t —5)S(s)(Ag + G) (f> ds, t>0, <f> € D(Ay),

derived from (3.3.21) by the uniqueness theorem of Laplace transforms, to ensure

the differentiability of S(t) (f for <f> € D(Ay), and then relied on a density
z z
argument according to the estimate

o ()] =] on () em
&1

deduced from (3.3.22). Finally, we look at the operator A defined in (3.2.4) and
observe that f € D(A) if and only if

< pelbrt2)t

&1

feC?0,1, and PA.f=CGf

if and only if

f S 02[07 1], and (Ao + G) (;f) €&

if and only if (Pff) € D(A). Therefore, f € D(A) and (\> — A)f = g if and only

if ( / > € D(A), and

Pf
(AZ_A)<f>_<<A2—Ac>f>_<g>.
Pf —Gf+NPf Pg
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Accordingly it follows from (3.3.24) that A\? € p(A) for A > b; + 3 and

2 -1 = T 2 -1 g
AN —A) g 1 ()\()\ A) <Pg>>
= m (/OO e MC(t) ( g ) dt) (3.3.25)
0 Pg

= / e MCO(t)gdt, for A > b +3 and g € C[0,1],
0

where 7 is the projection from C[0,1] x C? onto C0, 1] and

C(t)yg :=m (C(t) (ffg)) , t>0, geC[0,1].

Clearly C(-) is a strongly continuous £(C/0, 1])-valued function satisfying
IC() |l < 20e™F2E ¢ >0,

by (3.3.23). This and (3.3.25) enable us to conclude that {C(t) }er with C(t) :=
C(—t) for t < 0 is a strongly continuous cosine function on C|0, 1] generated by A
(cf. [84, Lemma 4.2, p. 181]). So the wellposedness of (AC'P) follows immediately
in view of [28, Theorem 5.9] (see also, e.g., [31, Chapter II] and [38, Theorem 8.2,
p. 118]). The proof is then complete.

O

Corollary 3.3.2. The operator A in (3.2.4) is the generator of a strongly continuous
cosine function on C10,1].
Proof. This has been established in the final part of the proof of Theorem 3.3.1.

O

Corollary 3.3.3. The operator A in (3.2.4) is the generator of a strongly continuous

analytic semigroup on C[0,1] of angle 5.

Proof. Using Corollary 3.3.2 and Romanov’s formula ([73]; see also, e.g., [38,
Theorem 8.7, p. 120]), we obtain the result.
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Corollary 3.3.4. (ACP,) is wellposed in C|0, 1] for the above operator A .

Proof. 1t follows from a direct application of a classical theorem due to Hille [11]
and Phillips [12] (see also, e.g., [26, Corollary 6.9, p. 151]), [31, Chapter I]) and [38,
Theorem 1.2, p. 83])) since by Corollary 3.3.3 A generates a strongly continuous
semigroup on C[0, 1].

O

Remark 3.3.5. By a perturbation argument and a similarity transformation as
in [26, Chapter VI, Section 4b], we could see that the conclusions of Corollaries
3.3.3 and 3.3.4 are also true for A being a general nondegenerate second order
differential operator with generalized Wentzell boundary conditions. This fact is also
an immediate consequence of the main result in [56] where the authors treat directly

nonautonomous heat equations with generalized Wentzell boundary conditions.
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Chapter 4

The mixed problem for time
dependent heat equations with
generalized Wentzell boundary

conditions

4.1 Summary

In this chapter, we study the nonautonomous heat equation in C[0, 1] with gener-
alized Wentzell boundary conditions. It is shown, under appropriate assumptions,
that there exists a unique evolution family for this problem and that the family sat-
isfies various regularity properties. This enables us to obtain, for the corresponding

inhomogeneous problem, classical and strict solutions having optimal regularity.

4.2 Introduction

For second order differential operators

2

d
@ +Q(x7t)_ +7’([E‘,t), YIS [07 1]7 le [O,TL

Az, t) = a(z,t) o

26



where a(x,t) > 0 (x € [0,1], t € [0,T]), we consider the following time dependent

heat equation with a generalized Wentzell boundary condition.

( Ou
azA(I,t)u, 0<zx<1,0<s<t<T,

u(z,s) = f(x), 0<z<1,

AG UG + 502G, + 4l t) =0, j=01, 0<s<t<T.

\ ox
(4.2.1)

To the equation we associate the nonautonomous abstract Cauchy problem

W) = Alt)u(t), 0<s<t<T,
(NACP)

in the Banach space C[0, 1], where the operators A(t) are defined by
(AW )(x) = Az, t) f(z), 0<z<1,

D(A®)) == {f € C*[0,1]; A, ) f(j) + B;(&)f () + () f(j) =0 at j=0,1}
(4.2.2)

Moreover, we assume for the coefficients that

a, ¢, 1 € C*([0,T;C[0,1]),  B;, v; € C*([0,T];C)
(4.2.3)
for some a € (0,1), j =0, 1,

where C*(]0,T]; X) (for a Banach space X) is the Banach space of Hoélder continuous
functions on ¢ : [0,7] — X with exponent o and norm given by

sup [lg(t)lx + sup (t—s)""(lq(t) — q(s)x-

0<t<T 0<s<t<T

With these assumptions we will show the wellposedness of (NACP) and (4.2.1).
The first result about the wellposedness of problem (4.2.1) with Robin boundary
conditions (i.e. with A in the third line of (4.2.1) replaced by zero) was established
in 1956 by T. Kato using Cy-semigroups ([47]). Later, T. Kato and H. Tanabe [48§]
sharpened this result using analytic semigroups. Recently, the wellposedness for the
autonomous version of (4.2.1) and (NACP) has been studied by A. Favini, G. R.
Goldstein, J. A. Goldstein and S. Romanelli ([33] and [35]), and most recently, the
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analyticity of the corresponding semigroup was also shown (see [25], [80], [86]). Using
the known facts about the autonomous problem, one is faced in the nonautonomous
case with difficulties caused by the variable domains D(A(t)). So we will use suitable
operator matrices on a product space to avoid this problem. Such matrices appeared
before in abstract form as operator matrices with non-diagonal domain in [63] or as
one-sided coupled operator matrices in [24]. Such operator matrices were also used
in (3], [9], [35] and [86].

We now define, for ¢ € [0, T, linear operators A.(t) : C%0,1] C C[0,1] — C|0,1]
by
(Ac() ) (@) == Al 1) f (x),
and linear operators Q(t) : C''[0,1] € C[0,1] — C? by

s <ﬁo(t)f’(0) + %<t>f<o>> |

A1) + (@) f(1)

The restriction of A.(t) to the subspace {f € C?[0,1]; f(0) = f(1) =0} is

Age(t) == Ac(t)\CO[O’ch[O’H, t €10,7].

4.3 Preliminary results

Lemma 4.3.1. Fizt € [0,T]. For each 0 € (5, ), there exist constants Mg, wg > 0
such that

Y(0,wy) :={z€C; zH#wy, |arg(z—wy)| <0} C p(Apc(t))

and

[(A = Ao < My|A™, (4.3.1)

(15))71 HE(C[O,H)

[[(A = Ao < M, (4.3.2)

1
(1)) Hz:(C[o,l},C?[O,l])
for A € (0, wy).

58



Proof. The estimate (4.3.1) comes from [26, Chapter VI, Section 4b and the
corresponding mnotes]. Pick p € p(Ao.(t)). Tt is clear that (u — Ae.(t))™! €
L(C[0,1],C?[0,1]). Hence, for A € (0, wp), we obtain

1Oy = A0e(t) ™ [l cpopepo

< [l = Aoc(t)” Hc (C[0,1],C2[0,1]) (1 = Aoc(t)) (A = Aoc(t) Hc (C[o,1])
< const [ (A = Aoe(t) " = A= Aoc(®)) " + 1| Lo
< const, by (4.3.1).

We now consider the product space £ := C[0,1] x C? and operators thereon

A(t) == (ggj 8) . DA®) = {(i) € C20,1] x C Pf = y},

0
where Pf = (fE1;> for f € C[0,1]. For these operators we have an estimate

analogous to (4.3.1).
Lemma 4.3.2. Let t € [0,T]. For each 6 € (3, ), there exist constants My, wy > 0
such that (0, wp) C p(Ao.(t)) and

[N — At < MjIN! (4.3.3)

D" ey

for A € (0, wy).

Proof. Fix t € [0,T], 0 € (§,7), and p € p(Ao(t)). In order to use perturbation
arguments we write A(t) := Ag(t) + Q(¢) with

Ag(t) == (AC(t) 8) with D (Ag(t)) := D (A(t)) .

Since P(D(A.(t))) = P(C?[0,1]) = C?, A.(t) € L(C?[0,1],C]0,1]), and P|Cz[m] €
L(C?[0,1],C?), we can define, similarly to [40, Lemmas 1.2 and 1.3] (see also [9,
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Lemma 2.2]), the Dirichlet operators with respect to A.(t) by
-1
DA(t) == (Plispngy) + A€ P(A(t)),
such that
Dy(t) € L(C?,C?%[0,1]) and Dy(t) = D,(t) — (A —p) (A — Age(t)) " Du(t) (4.3.4)

for A, u € p(Ap.(t)). Thus we have

- (b5
o 0
)

for A € p(Ao.(t)) and ¢ € [0,T]. Therefore, p(Ap.(t)) \ {0} C p(Ao(t)) and

L (= Aw®) T ATIDA()
(A=Aot)) " = ( . . ), (4.3.5)
Q) (A — Ao(t) ™ = ( ’ " ) (43.6)
T Q) (- Ae() T ATIQE)DA) -
for A € p(Aoe(t)) \ {0}
From (4.3.1), (4.3.4) and (4.3.5), we see that
1O = 80(0) ™" 1) < comst A7, A € S(Bwp). (4.3.7)

We now estimate ||Q(t) (A — Ao(t) H£ . To this purpose we use the fact (cf., e.g.,
26, (2.2), p. 170]) that for each ¢ > 0 there exists b, such that

1 oy < ell e + 0cll Fllepys  f € C2[0,1].
Since Q(t) € L(C'[0,1], C?), we then deduce by (4.3.1) and (4.3.2) that
Q) (A = Aae() " f) || o
< QM)lzero.1.02 {5 H (A = Aoe(?) fHC'Q[O y T b H (A= Aoc(t) chm }
< QM) leeronr.ce) (& + b NTY) Mol| fllogon
for all A € X(0,wy), f € C[0,1].
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Choose ¢ small enough such that £||Q(¢)||zc1pa,cy Mo < %
wy > wp such that

1 .
1Q(1)]| 2(crj0,1,02)b= Mo A < 2 for A € C with |A\| > wy.

Hence
. 1 ,
HQ({;) ()‘ - AOC(t)) 1“[)(0[071]702) < 57 AE 2(9,&)9),

and, by (4.3.1), (4.3.2) and (4.3.4),

. A EX(0,wy).

N —

AT QDA || ey <

This combined with (4.3.6) and (4.3.8) yields that

HQ<t) ()‘ - A0<t))_1HL(5) <

and then choose

(4.3.8)

So the operator A — A(t) = [I — Q(t) (A — Ao(t))_l] (A — Ag(t)) is invertible with

1

A =AD" =N =A) " [T =Q) (A =Ao1) ], A eX(b,wp).

Thus we obtain (4.3.3) by recalling (4.3.7).

We now investigate the continuity of the map ¢ — A(t). If we define

D .= {<f> € 02[0, 1] X Cz; Pf= y}
Yy

endowed with the norm
/
H < = Hf|!c2[o,1],
Yy

D

we obtain the following.

Lemma 4.3.3. Under our assumptions, the map t +— A(t) belongs to

C*([0,T]; L(D, E)).
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Proof. For f) € Dandt, s€l0,T], we estimate by (4.2.3) that

(A(t) - A(s)) (f )
Yy £
_ (AC(t) - AC(S))f
@0 - )|

= [I(Ae(t) = Ac(s)) fllow,y + 1(QE) — Q(s)) flle2

< la(t) = a(- 8)llepyllf ey + llaC 1) = q( s)llepullf e
() =, $)llepll fllep
+ ) (U85(1) = BN D+ [t = v ()G
j=0,1
< const [t — S|a||f‘|c2[o,1]
< const |t — s|*

)

Lemma 4.3.4. For each t € [0,T], the Banach spaces D and [D(A(t)] are isomor-
phic, and the constants My, wg > 0 in Lemma 4.3.2 can be chosen to be independent
of t €[0,T].

D

O

Proof. An isomorphism is easy to find. The independence of the constants is
implied by Lemma 4.3.3 (cf. [14, Appendix]).

The following result covers the corresponding ones in [25, 80, 86] with a different

approach.
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Proposition 4.3.5. If A(t) is as in (4.2.2), then it generates a strongly continuous

analytic semigroup of angle 5 satisfying
HeZA(t)H < Mwe“"f"zl, z € X(p,0), t €[0,T],

where M, w, > 0 are constants dependent on ¢ € (0,%) but independent of t €
[0, T7.

Proof. By Lemma 4.3.2, we infer (cf. [75]) that each A(t) generates an analytic
semigroup {e**®},5o on &, and the restrictions of e**®) to & := D(A(t)) leave &
invariant and become a strongly continuous analytic semigroup on &;, generated by
the part A;(f) of A(t) in &. As a consequence, D(A(t)) is dense in &. Clearly

51:{<f>60[0,1]><02; pf:y}.
Y

It is not hard to see that
f € D(A(t)) if and only if (;f) € D(A (1)) (4.3.9)
and that

<A—Aerem1QA—Aw»*<£)) for A € p(As (1)) and f € C[0,1]
(4.3.10)
where 7 is the canonical projection from C[0,1] x C? onto C[0,1]. From (4.3.9)
we know that D(A(t)) is dense in C[0, 1] since D(A(t)) is dense in &. Combining
(4.3.9) and Lemma 4.3.4 yields that for each § € (7, 7) there exist constants Mo,

wy > 0 (independent of ¢ € [0,T]) such that

M—Aﬁﬁ*<;J

< MM (Ifllogoy + I1PF e

HO‘ o A<t))_1f||0[0,1] =

&1

< SMA [l A€ D(O.0), f € 0,1

This estimate implies the assertion.
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4.4 Existence of evolution family for (VACP) and
regularity for (NACP) and (INACP)

We now return to (NACP) as well as to its inhomogeneous version

u(t) =At)u(t)+ F(t), 0<s<t<T,
(INACP)

where F'(-) is a given function from [0, 7] to C[0, 1].

Before stating the main result we briefly recall the basic concepts for nonau-
tonomous abstract Cauchy problems (compare [61, Definition 6.0.1] or [26, Chapter
VI, Definition 9.2]). We do so for arbitrary linear operators A(t) (¢t € [0,7]) in a
Banach space X.

Definition 4.4.1. A family of linear operators {U(t, s) }o<s<i<r C L(X) is called
an evolution family for (NACP) if

(I) U(s,s)=1for 0<s<T,
(IT) U(t,s)U(s,r) =U(t,r) for 0 <r <s<t<T,
(IIT) (t,s) — U(t,s) is strongly continuous for 0 < s <t < T,

(IV) t+ U(t,s) is strongly continuously differentiable in (s, 7] and

%U(t,s) =At)U(t,s), 0<s<t<T.

Definition 4.4.2. (i) Let F(-) € C((s,T]; X). A function u(-) is called a classical
solution of (INACP) if u(-) € CY((s,T]; X) N C([s,T]; X) and (INACP) is
satisfied.

(ii) Let F(-) € C([s,T]; X). A function u(-) is called a strict solution of (INACP)
if u(-) € C'([s,T); X) and (INACP) is satisfied.
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We now prove our main results.
Theorem 4.4.3. Let A(t) be as in (4.2.2). Then there exists a unique evolution
Jamily {U(t, s) }o<s<t<r C L(C[0,1]) for (NACP) with the following properties.
1) JA@)U(L, s) ||z < const (t—s)~" and
AU (L, 3)|| £(c20,1,c10,1]) < const
for0<s<t<T.

(i) U(s)f € C([s,T); C[0,1]) nCH*([s + ¢, T); C[0,1]) N C*([s + &, T]; C?[0,1])
for f € C[0,1], s €[0,T), e € (0,7 —s).

(iii) U(-,s)f € CY([s,T];C[0,1]) for f € D(A(s)), s € [0,T).

(iv) U(t,-)f € C([0,t]; C[0,1]) for f € C[0,1], t € (0,T].

(v) U(t,-)f € CL(]0,t]; C[0,1)) n C([0,t]; C?[0,1]) for f € D(A(Y)), t € (0,T].
Proof. By Lemmas 4.3.2 and 4.3.3 there exists, in view of [1,2] or [61, Sections

6.1 and 6.2], a family of linear operators {U(t, s) }o<s<i<r C L£(E) with the following

properties.

(a) For / € &, the E-valued function U(-) := U(, s) / is the unique
Pf Pf

classical solution of the problem

(4.4.1)
U(s) = (fff)

and belongs to C([s,T];E) N C™**([s + &, T);E) N C*([s + &,T]; D) for each
e € (0, T —s).

f f Lls. -
(b) For (Pf) € D(Aq(s)), U(+,s) <Pf> belongs to C'([s, T]; E).
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(c) For0<s<t<T,
U, s)[|ze) < const, (4.4.2)

AU, s)| ey < const (t—s)~", [[U(L 8)||em,e) < const.

(d) Fort e (0,7,

U(t,-) (Pff) e C([0,t]; &), (Iff> € &,

U(t,-) <Pff> e C'([0,#]; &) N C([0,t]; D), ( !

Pf) € D(AL(t)).

We now take the first coordinate of U(, s) <£f> and define

Ult,s)f :=m <U(t,s) <ij>) for 0 <s<t<Tand feC[0,1].

Observe that u(-) is a classical solution of (NACP) if and only if U(-) = ( ul:) )

is a classical solution of (4.4.1), and

f € Clo,1] if and only if d €&,
Pf

f € C?0,1] if and only if ! €D,
Pf

f € D(A(t)) if and only if <1§f> € D(A4(1)).

Accordingly, we obtain assertions (i) - (v), as well as (I) and (IV) in Definition 4.4.1,
by the corresponding properties of U(¢, s) listed above. Furthermore, we know that
for each f € C[0,1], (NACP) has a unique classical solution since the classical

solution of (4.4.1) is unique.
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Next, we show properties (II) and (I) in Definition 4.4.1. To this end, we let
fieC0,1]and 0 <r <s <t <T. By (ii),

U('7T>f17 U('75>U<57T)f1 S C([‘S?T]; 0[07 1])

This combined with (IV) in Definition 4.4.1 yields that ¢ — U(t,r)f; and t —
U(t,s)U(s,r)f1 are classical solutions of (NACP) with the same initial datum
U(s,r)fi at t = s. Therefore (II) in Definition 4.4.1 is satisfied. The assertion
(III) in Definition 4.4.1 follows from (II), (ii), (iv) and the uniform boundedness of
|U(t,9) ||l zcpo for 0 < s <t < T (derived from (4.4.2)).
Finally, the uniqueness of the classical solution of (N AC P) implies the uniqueness
of the evolution family for (NACP).
(]

The inhomogeneous problem can be solved as follows.

Theorem 4.4.4. Let 3 € (0,a] and F € CP([s,T]; C[0,1]).

1) If f € C[0,1], then (INACP) has a unique classical solution u(-) € C1*8([s +
e, T);C[0,1])) N CP([s + &, T); C*0,1]) for every e € (0,T — s) and is given by

u(t) = U(t,s)f+/tU(t,a)F(J)da, s<t<T.
2) If f € D(A(s)), the above u(-) is a strict solution of (INACP).

Proof. Observe that u(-) is a classical (resp. strict) solution of (INACP) if and

only if U(-) ( R

Pu(-)
neous nonautonomous abstract Cauchy problem

) is a classical (resp. strict) solution of the following inhomoge-

F(t) >
U'(t) = ADUH) + L s<t<T,

PF(t)
U(s) = <];ff> :

Therefore, we obtain the desired conclusions from the corresponding results for
(4.4.3) available because of Lemmas 4.3.2 and 4.3.3 (see the papers [1,2] or the

(4.4.3)
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book [61, Corollary 6.1.6 (i) and (iii) and Corollary 6.2.4] stemming from the classical

Sobolevskii-Tanabe work [76, 77] for abstract nonautonomous parabolic equations).
O

Remark 4.4.5. In the same way, we can derive other properties of the evolution
family {U(t, s) fo<s<t<r (of the solutions of (IN ACP), resp.) from the corresponding
ones of {U(t, s) }o<s<i<r (of (4.4.3), resp.).
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Chapter 5

Second order abstract parabolic
equations with dynamic boundary
conditions

5.1 Summary

In this chapter, we exhibit a unified treatment of the mixed initial boundary value
problem for second order (in time) parabolic linear differential equations in Banach
spaces whose boundary conditions are of a dynamical nature. Results regarding
existence, uniqueness, continuous dependence (on initial data) and regularity of
classical and strict solutions are established. Moreover, two examples are given as

samples for possible applications.

5.2 Introduction

Of concern is the inhomogeneneous complete second order differential equation
u"(t) + Au(t) + Bu'(t) = f(t), t>0, (5.2.1)

in a Banach spaces E, where A and B are linear operators in E, and f an E-valued
function. The Cauchy problem for (5.2.1) has been extensively studied since the
end of 1950s (see H. O. Fattorini [30,31] and T. J. Xiao and J. Liang [84, 87] for

surveys).
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In this chapter, we consider a mixed initial boundary value problem for (5.2.1),

in which besides the usual initial condition
uw(0) = up, u'(0) = uy, (5.2.2)

there is also a boundary condition given by
2" (t) + A1z (t) + Bi2'(t) = Gou(t) + Giu'(¢) + g(t), t>0. (5.2.3)

Here z(+) stands for the boundary value of the state function u(+), these two functions
being connected by a linear boundary operator P (from D(A) to another Banach
space X)

x(t) := Pu(t), t>0. (5.2.4)

Moreover, A; and B; are linear operators in X, g an X-valued function, and G;
(1 = 0,1) are linear operators (feedback operators) from D(G;) C E to X. The

boundary condition (5.2.3) is of a dynamic nature, for which we initially have
z(0) =z, 2'(0) = 1. (5.2.5)

The study of evolution equations with dynamic boundary conditions from the
mathematical point of view dates back to 1961, when J. L. Lions [59, p. 117, 118§]
treated such equations and gave weak solutions by means of the variational method.
Since then, this issue has been investigated to a large extent (see, e.g., [8,9,27, 32,
33,35,37,43,53,59, 74] and references therein). While most of the previous research
concerns the case of first order in time, there has been few regarding the second
order (in time) case. In the present chapter, we shall consider the second order
problem (5.2.1) - (5.2.5) and deal with it in a direct way, without reduction. This
approach will yield strong solutions with desirable regularity, as well as build up
theorems of a general nature.

To begin with, define operators on E := E x X by

A 0 u
A= (—Go Al) , D(A) = {(w) € (D(A)ND(Gy)) x D(A); z = Pu} ,

B 0
B := (—G1 Bl>’ D (B) := (D(B) N D(G})) x D(By).
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By setting

u(t) f(t) Ug Uy
= 7h = y Yo = ) 1= )
A (w)) g <g<t>> ’ () ’ ()

problem (5.2.1) - (5.2.5) is converted into an abstract Cauchy problem in E of the

following form.
y'(t) + Ay(t) + By'(t) = h(t), >0,

y(0) = yo, ¥'(0) = y1.
How can one deal with this problem involving two operator matrices? We shall
present some ideas about it. This chapter is confined to equations of parabolic type,
and those of general case will be considered in the next chapter.

In order to carry out our strategy, we still need to introduce another boundary
operator P; as a linear operator from D(B) to the quotient space X/Xy (X is a
closed linear subspace of X to be kept fixed in the following). The P; can be chosen
flexibly in applications (see Examples 5.5.1 and 5.5.3) such that the relation

Z(t) € Pl (t), >0, (5.2.6)

is implied by (5.2.1), (5.2.3) and (5.2.4). The simplest P; is in the case of Xy = X.
For the two operators A and B in the state space E/, we define
AO = A y BO = B

ker P ker Py (527)
Then Ag and By have zero boundary values in some sense. A condition of parabolic
type will be given on the operator pair (A, By) (also on (A;, By)), holding quite
often in concrete situations. Moreover, for equations (5.2.1) and (5.2.3), we regard
A, B, Ay, and B; as principal operators to which Gy and G are subordinated. For
a wider applicability, we shall include four more perturbing (linear) operators into

our consideration:

A:D(A)cE—E, B:D(B)CE—E,

A :DA)C X —X, B :DB)CX— X,
Thus, we shall actually study

y'(1) + (A + K) y(t) + (B + ]§> y'(t) =n(t), t>0, (5.2.8)

y(0) = vo, ¥ (0) =y
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in space E, with the main operator matrices A, B and the perturbing operators K,
B defined as follows:

A (A0 DA) = (") eDA) x DA,): z=P
=\o a4/ (A) = N € D(A) x D(Ay); x = Pu,,
g (? © pB) =! (") eD(B) xD(B: P
= 0 B , (B) := N € D(B) x D(By); =€ Puy.
~ (ﬁ 0) ~ (E 0)
A = -~ ], B:= ~ |.
—Go Al -G, B

In Section 2, we shall show under suitable conditions that the operator pair (A+:’31,
B+B) possesses certain parabolicity (Theorem 5.3.3), and then construct an opera-

tor function S(-) (a fundamental solution operator of (5.2.8)) having a holomorphic
)
orem 5.3.4). Making use of this, we will formulate and prove, in Section 3, our

extension to a sector ¥y (6 € (0,%]) and satisfying various nice properties (The-

main theorem (Theorem 5.4.3) with regard to the existence and uniqueness of clas-
sical and strict solutions for (5.2.8), to continuous dependence (on initial data) and
regularity of the solutions. Finally, in Section 4 we shall discuss two applications
of our theorems to platelike equations and damped beam equations with dynamic
boundary conditions.

Notation: Write

Yog:={Ae€eC; N#£0, |argA| <0}, 6¢€(0,7],
Ri(\) =N+ A, +AB)™Y, i=0,1, AeC, (5.2.9)

R()\) = (A2+(A+Z&)+)\<B+]§)>_l, AeC,

if the inverse operators exist, and
p(Ag, By) :={X € C; Ry(\) exists and belongs to L(E)}.
By [D(A)]p we denote the space D(A) equipped with the norm
[ullap = llull + [[Aul] + [} Pull,
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[D(B)]p, the space D(B) with the norm
[ullg.py o= lull + | Bull + [ Prullx/x,,
[D(A) N'D(B)] the space D(A) N'D(B) with the norm
[ullap = llull + [|Aull + | Bull,
and [D(A) N D(B)]p the space D(A) N D(B) with the norm

lulla.p.p = llull + [ Aull + | Bull + | Pul].

5.3 Parabolicity

We first give some basic properties of the operators A, B and P.

Lemma 5.3.1. Suppose that the following (Hy) is satisfied.

(Hy) [D(A)]p and [D(B)|p, are complete, P(D(A) N D(B)) = X, and Pu € Pyu for

any u € D(A)ND(B).
Then
(1) The space [D(A) ND(B)|p is complete.

(2) If X € p(Ap, By), A # 0, then P

onto X, and

ker(A\2+A+AB)

-1

D)\ = (P

ker()\2+A+)\B))

is bounded from X to (ker(A> + A+ AB), | - |a.5.p)-
(3) For every A\, u € p(Ag, By) with \, u# 0,
Dy:=D,+ (u—ANRy(N)(n+ X+ B)D,,.
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Proof. (1) Suppose that {u, }nen is a Cauchy sequence in [D(A) ND(B)]p. Then
it is easy to see that {u,}n,en is a Cauchy sequence in [D(A)]p. So there exists
u € D(A) such that

Uy, — u, Au, — Au, Pu, — Puas n — oo. (5.3.2)
Moreover, {u,},en is also a Cauchy sequence in [D(B)]p, because of
[ Prun|x/xy < ([ Pual|
by (Hi). Therefore there is v € D(B) such that
nll_{glo Uy =0, nh_}n;) Bu,, = Bwv. (5.3.3)
Combining (5.3.2) and (5.3.3) shows that u = v, and so
u € D(B), nhig Bu,, = Bu.

This verifies the completeness of [D(A) N D(B)|p.
(2) Assume that u,v € ker(\> + A+ AB) with Pu = Pv. Then

N+ A+AB)(u—v)=0 and P(u—v)=0
which implies P;(u — v) = 0. Therefore
u—v € D(Ag) ND(By)
by the definitions of Ay and By. Thus we have
(N + Ag + ABo)(u —v) = 0.

This yields that w — v = 0 since A € p(Ay, By). Hence P is injective.
ker(A2+A+AB)

Next take z € X. Then there is u € D(A) N D(B) such that Pu = z, by (Hy). Put
vy = Ro(N) (N + A+ AB)u, vy :=u— ;.
We see easily that v; € D(Ag) and (A2 + A+ AB)vy = 0. So
Pvy =0, Pvy=Pu— Pv, =z,
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and vy € ker(A\? + A + AB). This indicates that P is surjective. Finally,
ker(A2+A+\B)

we observe that (ker(A? + A + AB), ||ul|a.5.p) is a Banach space in view of (1), and

P is a bounded linear operator from (ker(A\?> + A+ AB), || - ||a.z.p) onto
ker(A2+A+AB)

X. So the open mapping theorem gives the boundedness of D).
(3) Write
Q= [T+ (= NRo(AN) (1t + A+ B)|D,.

Then for each z € X,
(NP +A+AB)Qz = [N+ A+AB)+pu*> =N+ (u—\)B]D,x
= (W*+A+puB)D,x =0

since D,z € ker(u? + A + uB). Thus we see that the range of @ is contained
in ker(A\* + A 4+ AB). Moreover, we have PQ = PD, = I, noting PRy(\) = 0.

Therefore, we deduce () = D, as claimed. The proof is then complete.

O

The following are the hypotheses of parabolic type on Ag,By (see (5.2.7)) and on
Al, Bl.

(Hz) The operators Ay and By are closed, and for each ¢ € (0,0) (6 € (0, 5]), there
exist M, w, > 0 such that

ARG, (A AoRo (V)| < MoA™Y, A€ wp+ Sz

(Hs) The operators A; and B are closed, and for each ¢ € (0,0) (0 € (0, §]), there
exist M, w, > 0 such that

AR, (AT AR (V)| < MM A€ wp + Sry.

Remark 5.3.2. In concrete problems, it happens quite often that A; and B; are
bounded operators on X. In this situation, (Hsz) holds automatically.

Prior to Theorem 5.3.3 below concerning (among others) parabolicity of (A + A,
B+ ]§>, we recall the following notion (cf., e.g., [26, p. 169]):
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A linear operator B in a Banach space Y is called A-bounded, for a linear operator
Ain Y, if D(A) C D(B) and there exist constants a, b > 0 such that

Byl < allAyll + blly] (5.3.4)
for all y € D(A). The A-bound of B is

inf{a > 0; there is b > 0 such that (5.3.4) holds}.

Theorem 5.3.3. Let 0 € (0, 5]. Suppose that (Hy) — (Hs) hold. Let

Ae L(D(A)p,E), BeL(DB)p, E), (5.3.5)
Go € L(D(A)]p, X), Gi e L(DB)p,X), (5.3.6)
A € L(D(A)],X), B e L(D(B)X), (5.3.7)

be such that Z, Gy are Ag-bounded with Ag-bound zero, §, G4 are By-bounded with
By-bound zero, ;L is Aq-bounded with Ai-bound zero, and El 1s Bi-bounded with
Bi-bound zero. Then

(1) A and B are closed, and
A € L([D(A),E), B e L([D(B)],E). (5.3.8)
(2) There exist M), > M, w,, > w, such that

AR, A AR

, HBf{()\)HgM;P\]’l, New, + s, (5.3.9)

U,
Proof. We take ( ) C D(B) and let
Ln neN
Up, U Un v
lim = and lim B = :
Then )
lim z, ==z lim u, = u
lim Byx, =y ’ lim Bu, =v 7
\ n—oo n—00
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and {Pu, }nen is a Cauchy sequence in X/ X, since
Ty € Piu, and || Pi(un — un)|| < ||2n — zmll, m,n € N.

This combined with the closedness of By and the completeness of [D(B)|p, implies
that
r € D(By), ueD(B), Bix=y, Bu=wv, lim Pu,= Pu.

n—oo

We observe that
dist(x,, Piu) = ||Piu, — Piul|x/x,

because of z,, € Pju,,. It follows that

dist(x, Piu) = lim dist(z,, Piu) =0,

n—o0

and therefore x € Pyu. Thus we know that B is closed. A similar and simpler
argument shows the closedness of A.

Next, we observe that

u u
( ) = [lul| + ||lz[| + [|Aul| + [|Az|| for ( ) € D(A),
7 llipay x

u u
<x> = [lull + |zl + | Bull + || Byz||  for <x> € D(B),
[D(B)

(Z) €D(A) (rosp. (Z) € D(B))

x=Pu (resp. = € Pu).

and that

implies

From this and (5.3.5) — (5.3.7), we see easily that (5.3.8) is true.

u

Now, fix p € (0,0) and let A € w, + Xz . If ( > € D(A) N D(B), then by

x
Lemma 5.3.1 (2),

(M + A+ AB)Dyz =0,
u— Dyx € (ker P)ND(A) ND(B) = D(Ay) N D(By).

7



So we obtain

, U N+ A+ )\B 0 U
(A2 + A+ \B) -
T A2+ AL+ ABy) T
B M4+ A+ )\B 0 u— Dyx
B A2 A+ AB, x

)\2—|—A0+>\BO 0 U—D)\SL’
)\2+A1+>\Bl i

o )\2 + A(] + >\BO 0 1 —D)\ u
B 0 Na+A +aB ) \o T z)
We then have

AN+ Ay + \B 0 I —-D
A4+ A+ AB= oA M
0 N+ A +2B;) \0 I

noting that

I —D)\ u
<0 ; ) <x> € (D(Ap) ND(By)) x (D(A) ND(By))

u
implies ( > € D(A)ND(B). It follows that A* + A + AB is invertible and
x

R(\) = (\2+A+\B)"

(I Dy (Re(» 0
= 1, ; 0 R (5.3.10)

 (R(N) DARI(N)
N 0 Ri(\) )

(5.3.11)

AR() = (AORO(A) AD@(A)) |

0 ARy ()
Take p € wy, + Xz, Then

AD,, BD, € L(X,E), (5.3.12)

o
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by Lemma 5.3.1 (2). Using (5.3.12) and (Hs), we obtain from (5.3.1)

sup {[| D] + [[A\"AD,

3 A€w¢+2g+4p} < Q.
This combined with (Hy) and (Hs) yields that
ARV, [[ATTARN|| < MIATY, A e w4+ Bag, (5.3.13)

for some constant M’ > M,. From (5.3.10) we have

AR() = ARy(\) AD\Ri(\) (53.14)
—GoRo(\) —GoDA\Ri(\) + A Ri(\)) o

BR(Y) = BRy(\) BDyRy()) (53.15)
—G1Ro(\) —GiD\R;(\) + BiRy(\) ) o

Since A (resp. B) has Ag-bound (resp. By-bound) zero, there exists a(d) > 0, for
each 0 > 0, such that for A € wy, + Xz,

| AR < a1 AR+ a(®)] RN
< dsup {[[AgRo(N)[l; A€ w,+ Tz .}
+a(8)sup {[NRo(MN[l; A € wyp+ Bzip} [A72
[ABR)|| < IABoRo + a(d) AR ()
< dsup {[ABoRo(N)[l; A € wp + Bz}

+a(0) sup {[[NRo(M)[l; X € wy+ Bzipo} A7
Recalling (Hs), which implies

I BoRoW)I| < (1+2M)AI ™Y, A€ wy+ Dz,

we see that the above suprema are all finite. Hence, for each ¢ > 0, there exists
B(g) > 0 such that for A € w, + Xz,

firn

, HAERO(A)H < et BN

The same is true of each of ||GoRo(N)||, [[NG1Ro(N)]|,

ARV H7

)\ElRl(A)H.
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Note that

AD,, BD, e L(X,E), (5.3.16)

o

by (5.3.5) and Lemma 5.3.1 (2). We deduce from (5.3.1), (5.3.12) and (5.3.16) that
for )\ E w@ _'_ E%+§0,

o] = |,

IR+ AR | 1Dl 122 = 22 R

|| AR | 1BDN e = N R,

H)\EDARl()\)H < HED#

INRL O+ [ AB ROV 1D, 122 = 22) Ra ()]

+|PBROO | 1BDLIN e = N R

Then, by (Hj3) there is a constant Cy > 0 such that for A € w, + ¥z,
| AP R = o (1172 + || ARo (M)

H/\EDARl(/\)H <Gy (N + HAERO(A)H) .
Similarly, we have
[GoDARi (N[ < Cy (N2 + [[GoRoWI) ;A € wy + Bz,
INGIDAR; (M) < Cy (A7 + [XGiRo(W)) A € wy + Bz,
for some constant C; > 0.

The above arguments imply the existence of a constant w;, > w,, such that

- - 1
HAR()\)H + H)\BR(A)H <50 AW, +Tg,
by the use of (5.3.14) and (5.3.15). Accordingly, we see that for A € w, + ¥z,
A2 (A + J&) +A (B + E) — [I +AR(O) + )\ﬁR()\)] (A2 + A + \B)
is invertible, and

R(\) = R(\) [I + AR + AER(A)} -
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This, together with (5.3.13), yields that for A € wi, + 3= 4,

b

A—li&f{(A)H < oM\,
[BRO|| < [|A = AR() = A TARM) | < (1+ 2000
The proof is now complete.

O

By virtue of Theorem 5.3.3, we can obtain a fundamental solution operator of
(5.2.8) as below.

Theorem 5.3.4. Assume that the conditions of Theorem 5.3.3 hold. Define

S(0)=0, ()= L/e”f{(/\)dk (t>0), (5.3.17)

omi

where I is any piecewise smooth curve in w), + Xz, (p € (0,0)) going from wi, +
ooe™ ™ to wy, + ooe® (for some § € (2,2 + ¢)), and leaving w/, to its left. Then the

following holds.
(1) The operator function S(-) can be extended analytically to Sg such that
S(z)y e DIAYND(B) foryeY, z € Sy,
and AS(+), BS(-) are analytic in .

(2) For any o € (0,0), S(+) is strongly continuous in .

(3) For eachy € D(A)ND(B),

t

lim S'(t)y =y, lim BS(t)y =0, lim A [ S(s)yds =0. (5.3.18)
t

t—0+ —0t t—0+ 0

(4) For each ¢ € (0,0), there exists M, > 0 such that

‘ ’A/OZ§(T)dT
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(5) For any k € {0,1,2,3,4}, there exist M, w > 0 such that
H’s“<k>(t)H , HB’S“<k—1>(t)H , “Ag(k‘Q)(t)” < Mt=*Det 450, (5.3.20)
where .
SEI(t) == /0 (t —s)'S(s)ds, i=1,2.
(6) For every z € ¥y,

S"(2) + (B + ﬁ) S'(2) + <A + 2&) S(z) =0, (5.3.21)

S"(2)y+8'(2) (B + E) y+S(2) (A + _K) y=0, yeDANDB). (5.3.22)

Proof. By means of Theorem 5.3.3, the arguments similar to those in the proof of
the implication (ii) = (i) of [84, Theorem 1.1, Section 4.1] justify assertions (1) -

(4) and (6). In order to show assertion (5), we choose I' = w, + I'; with
I := {peiiHTw; o> 1} U {ew; 0] < 5}.
From (5.3.17) we have

1 ~
S®(t) = 5 FAke”R(A)dA

t—16w¢t

= : / (t '+ wgp)k R+ wy)dp
tI'y

271

t—lewwt -
= / (t '+ wso)k MR 1+ w,)du,
ry

27

~ 1 ~
BS® V() = — [ N 1AMBR(M)dA

21 Jp

t*lewtpt

N / (7 e+ wp)" e BR(E o+ w,)dps,
I'1

271

~ 1 ~
ASHF2(t) = 5 M2 AR(N)dA
™ Jr

t—16w¢t

— / (t '+ ww)k_Q AR 1+ wy)dp.
ry

21
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Therefore, using Theorem 5.3.3 yields that for t > 0,

5o 50

s

1 _

< _t—(k—l)ew¢t/ ‘M 4 t2|k 2 eRe“|d,u\
2 r

< const t~*#1 (1 + t2) ewet,

The proof is then complete.

5.4 The main theorem for problem (5.2.8)
Definition 5.4.1. Assume that A, B are closed, and A, B satisfy (5.3.8). Let
h e C([0,T];E).

(i) A function y(-) is called a classical solution of (5.2.8) if y(-) € C*((0,T]; E) N
([0, T} E),

y(-) € C((0, TT; [D(A))), /O y(o)do € C([0,T]; [D(A)]),

y' (1) € C0, T [DB)]),  y(-) —y(0) € C([0,T]; [D(B))),
and (5.2.8) is satisfied.

(i) A function y(-) is called a strict solution of (5.2.8) if y(-) € C*([0,T}; E) N
([0, T];[D(A))]), v'(-) € C([0,T]; [D(B)]), and (5.2.8) is satisfied.

Remark 5.4.2. It can be seen from (5.3.8) that

(1) if y(-) is a classical solution of (5.2.8), then
By'(), Ay(-) € C((0,T};E),

B(y(-) — y(0) ,A/ o)do € C([0,T]; E);
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(2) if y(-) is a strict solution of (5.2.8), then

By'(-), Ay() € C([0,T);E).

We here introduce a subset Y of E, which is closely related to the Brézis-Fraenkel
condition in [7] (see also [36, Appendix], [65]). Put

Y= {y €D(B); lim W(t,y) = 0} , (5.4.1)
t—
where
) = inf — My —
(t,y) veD(AD(E) (thvllparomy + lly — viipm)y +t "y —oll) 5.4

te€ (0,7, y € D(B).
It is not difficult to see that
DA)ND(B) Cc Y Cc D(A)ND(B).

We are now in a position to present our main theorem.

Theorem 5.4.3. Let the hypotheses of Theorem 5.3.3 hold, h € C*([0,T];E) (a €
(0,1)), yo € D(A)UTY, and y; € D(A)ND(B). Then

(1) problem (5.2.8) has a unique classical solution y(-), given by

y(t) = C(t)yo + S(t)yr + / té’(t— s)h(s)ds, te[0,T), (5.4.3)
where fort € [0,T],

= [ S+ Ryas if e DA

C(t)yo = (5.4.4)

(SO+SO®B+B))w if weT.
(2) the function y(-) satisfies the following regularity property and estimates:
y'(), By (), Ay() € C*([e, TLE), €€ (0,T); (5.4.5)
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ly®)l < const (WAlleqorym + ooy + sl

if yeX, tel0,T7;

(5.4.6)

ly®l < const (Inlleqore + ol peay + Il

if yo € D(A), te]0,T];

(5.4.7)

ly" N + 11y Ol sy + 1y llpay

< const <||h||ca([07T};E) + ol ipay + ||y1||[D(A)ﬂD(B)]>

if yo € D(A), y1 € D(A)ND(B), t € (0,T].
(5.4.8)

(3) the function y(t) is a strict solution of (5.2.8) provided yo € D(A), y1 € T,
and
(A+ Ay + (B+B)y; —h(0) € D(A)ND(B). (5.4.9)

Proof. We will use freely the closedness of A, B and the fact (5.3.8) concerning
A and B. Put

Y« (t) == /Otg(t — s)h(s)ds, te€][0,T].

We then have (noting S(0) = 0)

y*(t):/Otg(a)h(t)da+/0t§(t—a)(h(a)—h(t))da, tel0,7],  (5.4.10)

y.(t) = S()h(t) + /Ot S'(t — o) (h(o) — h(t))do, te[0,T], (5.4.11)

t o~
yl (t) = S'(t)h(t) +/ S"(t — o)(h(c) — h(t))do, te (0,T], (5.4.12)
0
in view of the estimates
|h(o) — h(t)|| < const (t—0)*, 0<o<t<T, (5.4.13)

and (5.3.20). Thus, we infer by (5.4.13), (5.3.20), (5.3.21) and Theorem 5.3.4 (1)
and (2) that
i (), By(), Ay.(o) € C((0,T];E), (5:4.14)
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(), Bu(). A / y.(0)do € C([0,T); E),

v/(t)+ (B+B) () + (A+A)n(t) = h(t). te(0.7].
Clearly
y*(O) =0, yi(o) =0,

(5.4.15)

(5.4.16)

(5.4.17)

by (5.4.10), (5.4.11) and (5.3.17). Next, we fix ¢ € (0,7). Using (5.4.12), (5.4.13)

and (5.3.20) yields that for e < s <t < T,

w2 () — yi(s)ll

< |s|mnw -+ t“s’"<a>da 1h(s)
+/s S"(t—0)—8"(s — o H 1h(o) — h(s)||do
S" o)do | [h(s) = h(t)]
§'(t = o)|| (o) = h()|do
< const (t—s)o‘—l—/s 1da+/08 /SiJGT_QdT (s — 0)*do

* H§<t =)= g(t)H (t—s)*+ /:(t — 0)* Yo

< const {(t —8)* et —s)+ (t—s) /Os(t — o) (s — a)o‘lda}

< const (t — s)°.

In a similar way, we obtain from (5.4.10) and (5.4.11)

By.(t) = ByL(s)ll, Ay (t) — Ayu(s)]| < comst (t —s)*, e<s<t<T.

Therefore

Y. (), By.(), Ay.() € C%([e, THE), €€ (0,T).

(5.4.18)

We now take care of C(-)yo and S(-)y1. By (5.4.4) and the related properties of S(-)

(see Theorem 5.3.4), we get

C(0)yo = yo, S(0)y1 =0, C'(0)yo =0, S'(0)y1 = v,
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C"(-)yo, BC'(-)yo, AC(-)yo € C((0,T]; E), (5.4.20)

S"(y1, BS' (g1, AS()y1 € C((0,T]; E), (5.4.21)

and
C(to+ 8"ty + (B+B) (C0)wo + 50w

+ (A + fA) (6(t)yo + §(t)y1> (5.4.22)
= 0, te(0,T)

Moreover, using (5.3.20), we see easily that for e <s <t < T,

C"(t)yo — C"(s)uo

)

BC'(t)yo — Bé’(s)yOH < const (t — s), (5.4.23)

AC(t)yo — AC(s)o|| |

)

S"(t)y, —S" () |

BS'(t)y, — BS'(s)y

» < const (t — s). (5.4.24)

AS(ty — ASGs)ui | |
In the following, we will show that
~ ~ t ~
C'(t)yo, B <C(t)y0 - yo) A / C(o)yodo — 0 (5.4.25)
0

as t — 0. When yo € D(A), (5.4.25) follows immediately from (5.4.4) and Theo-
rem 5.3.4 (2) and (4). Let now yo € Y. Making use of (5.3.20), (5.3.22) and noting
S(0) =0, S'(0)v = v for v € D(A) N (D(B), we obtain

Hé,(t)yo

= oo | OO~ =50 (A +A) |

< const UeD(LI}rwa(B) <t_1||y0 — vl + H <B + ]§> (Yo — U)H +1 H (A + A) vH)

< const U(t,yo), te€(0,T] (by (5.4.2)),
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IB (o~ ) |

= inf

~ t N
v€D(A)ND(B) BC(#)(yo —v) — B/O S(o)(A + A)vdo + B(v — y)

< const U(t,yo), te(0,T],

and

t ~
HA/ C(o)yodo
0

= inf
veD(A)ND(B)

A (’é(t) + /0 t S(o) <B + E) da) (40 — v)

—A /Ot(t — 0)S(0) (A + ;‘;) vdo + tAv

< const \D(t7y0)7 te (O7T]

This leads to (5.4.25) in view of the definition of Y (see (5.4.1)). Combining (5.3.18),
(5.4.14) — (5.4.17), (5.4.19) — (5.4.22), and (5.4.25) together, we deduce that the
function y(-) defined by (5.4.3) is a classical solution of problem (5.2.8).

In order to show the uniqueness, let v(-) be another classical solution of (5.2.8).
Then

V() =y (1) + (B + 1“3’) (0(t) — y(t)) + (A + A’) /Ot(v@) —y(s))ds =0, teo,T].

So a calculation involving integration by parts shows that for ¢t € [0,T], A\ large

enough,

()\ + (B + ]§> + A7t <A + K)) /Ot ) (v(s) — y(s))ds

= —ot)+ 90+ 3" (A+R) [ 0l0) ~ (o))

Hence for t € [0, T7,

A—00

lim e_’\/o A (u(s) — y(s))ds = 0
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since limy_e A2e *R(N)w = 0 (w € E). This yields that v(t) = y(t) for all ¢ € [0, T,
in view of [67, Lemma 1.1, p. 100]. Therefore, assertion (1) is valid. The regularity
property (5.4.5) comes from (5.4.18), (5.4.23) and (5.4.24). Based on the expression
(5.4.3) of y(t), we derive the estimates (5.4.6) — (5.4.8) by (5.3.19) and (5.3.21).

Finally, assume yo € D(A) and y; € Y satisfying (5.4.9). To prove that y(-) (in
this case) is a strict solution, we observe by (5.4.3), (5.3.22) and (5.4.12) that

ym::—MQ«A+§MM(B+@%fh@)

+8" (g +S'(t) (B + B) 1 + S(O)(h(t) - h(0))

t ~
+/ S"(t —o)(h(c) — h(t))do, t€ (0,T)].
0
The same reasoning as for (5.4.25) (in the case of yy € Y) gives that

lim (S"(t)ys +S'(1) (B+B) g ) =0.

t—0t

Therefore
hmy%ﬂ:—<A+K>%—<B+§>m+h@L

t—0+

by (5.3.18) — (5.3.20) and (5.4.13). Analogously, we obtain

lim By'(t) = By, lim Ay(t) = Ayp.
t—0

t—0t

(5.4.26)

(5.4.27)

Thus, (5.4.26) and (5.4.27) together with assertion (1) justify assertion (3). This

finishes the proof.

5.5 Examples

In this section, we present two examples, which do not aim at generality but indicate

how our theorems can be applied to concrete problems.

Example 5.5.1. Let Q be a bounded domain in R" with smooth boundary 0f2,

and let p > 0. We consider the mixed boundary control problem for a structurally
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damped platelike equation (cf., e.g., [54, 55]):
[ 02u+ A2 — pAdu=0  in[0,7T]xQ,
02 (u’m) =w in [0, 7] x 09,

(5.5.1)
Aul,, =0 in [0,77] x 09,

u(0,-) = ¢o, Gu(0,-) =¢1 inQ,

\

where w is the control force.
The objective is to show that problem (5.5.1) (with a suitable w) is wellposed in
LP(Q2) (1 <p < ).

We consider the case where w is built up by a feedback control law:
w = (Au,a)b+ g

with -
ae L(Q) (— + - = 1) , be W(0Q),
qa p

g€ C* ([0, T;; W?P(9Q)) (a € (0,1)).

When a = 0, (5.5.1) becomes an open loop problem.

In order to apply our theorems, we take
E=17Q), X =W »"0Q),
B = —pA with D(B)=W??(Q),
A=A* with D(A) ={p € D(B*); Agl,, =0},

Gop = (Ap,a)b for ¢ € D(Gy) :=D(A),
Ppo=yp . for ¢ e D(P):=D(A), P=P,

A =0, Bi=0, A=0, A, =0, B=0, B;=0, G;=0.

We claim that (H;) is satisfied. In fact, a trace theorem [79, Section 5.5.2, p. 390,
391] says that

Pipr— (A% 90‘89)
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is an isomorphic mapping from W?%?(Q) onto LP(Q) x W2 P (0€2). Hence, given
x € Wz_%’p(ﬁQ), there exist ¢ € W2P(Q2) such that

Ap =0, gp‘ a0 = T
It follows immediately that
¢ €D(A) and Py=zx.

So P(D(A)ND(B)) = X. Next we show the completeness of [D(A)]p. To this end,
we take a Cauchy sequence {1, },en in [D(A)]p. Then, there exist r, ro € LP(Q)
and v € W2_%’p(09) such that

Jim [l = rllze@) =0, (5.5.2)
Tim [[A%, — o[ 1) =0, (5.5.3)
Y [dn] g = 0ll -t g, = O (5.5.4)
Aty = 0. (5.5.5)

According to (5.5.3) and (5.5.5), the isomorphism P implies the existence of 7,
ry € W2P(Q) such that

nh_{go | Ay, — 7"1||Lp(Q) =0, (5.5.6)
ATl =To, 7’1‘8Q =0. (557)

Using (5.5.2), (5.5.4) and (5.5.6) yields that

re W*(Q), Ar=r,

T‘aﬂ = .
From this, (5.5.7) and (5.5.2) — (5.5.5), we deduce that
re€D(A) and lim ||¢o, —7]|ap = 0.

Therefore [D(A)]p is complete. The completeness of [D(B)]p, can be verified in the

same way. Moreover, using the P again we find that

- llap ~ - lwze@) + 1A - llwee@), - lBp~ - v (5.5.8)

Clearly By := B|kerP1 = —pAp and Ay = A‘kerP = A% (Ap is the Dirichlet
Laplacian). By [36, Theorem 3.4], (Hy) holds. The first equivalent relation in (5.5.8)
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tells us that Gy € L([D(A)]p, X). Obviously, Gy is relatively A?-bounded with A%-
bound zero. Thus the hypotheses of Theorem 5.3.3 are fulfilled. So Theorem 5.3.3
is applicable to this situation, in which D(A) N D(B) = E,

y(t) = <U(t)) ) U(t) = U’(tv ')7 I(t) = U(t, ')‘BQ’ S [07T]

Noting (5.5.8), we then obtain the following conclusion:
For every @o, o1 € WP(Q) with Ay, Ap; € W2P(Q) and Ay

0, problem (5.5.1) has a unique solution

g Agpl

|aQ |aQ -

ue C*([0,T); LP()) N C* ([0, T]; W?P(Q)) ; (5.5.9)

Moreover,

Au € C([0,T); W?P(Q)),
Otu € C([e, T); LP(Q)), 0w, Au € C([e, T); W*P(Q)), e €(0,7),
and fort € [0,T],

|02t [ iy + 10008, Yy + 1At sy

1
< const <||9H0a([o,ﬂ;w2»p(aa)) + > lleillwere + ||A80j||w27p<9)> :
=0

Here, for obtaining the uniqueness we used the fact that if u is a solution of prob-
lem (5.5.1) satisfying (5.5.9), then (Qu(t,-)) ‘89 = 0 (u(t, ')|aQ) , by virtue of the
isomorphism P, and therefore

V(1) = Prl(t) (€ 0.TY), 2(0)= Golyg (0) = 0]

Remark 5.5.2. To our knowledge, the result in Example 5.5.1(involving the second

order dynamic on the boundary) is new even for the case of p =2 and a = 0.

Example 5.5.3. Let p > 0, a € (0,1), f € C*([0,T]; C|0, 1]),
gj, hj € Ca([O,TLC), j = 07 1.
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For each ¢, j = 0, 1, let A;;(O¢) (resp. B;;(J¢)) be a linear differential operator in
[0, 1] with complex coefficients of the order not exceeding 3 (resp. of order one). We
consider a damped Euler-Bernoulli beam equation (cf., e.g., [6, 11, 45]) with dynamic

boundary conditions:

0?u + agu — pagatu =f in (0,77 x [0, 1],
8t2U(t,j) -+ Aoj(ag)’d(t,j) + BOj (ag)at’d(t,j) = 0gj in (0, T] X {O, 1},
57523@(@]) + Alj(aé)u(taj) + Blj(aﬁ)atu(t’j) = hj in (0>T] X {07 1}7

U(O, ) = Yo, atu(oa ) = Y1 n [0, ]_],

ﬁtﬁgu(o,j) = 1/1]‘, j - 07 L.
(5.5.10)
Take

A:d—54 with D(A) = C*[0,1],
B = —p(j—; with D(B) = C?|0, 1],
-/400(85)90(0)
Ao1 () (1)
Gop = — for D(Gy) :=D(A),
777 An(@)e0) 7€ PG =PI
A11(0) (1)
Boo(0¢)¢(0)
Bo1(0¢)e(1)
Gip = — for D(G1) :=D(B),
277 Bu(@)e(0) P EPIE)= Do)
B11(0¢)e(1)
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P = ) ; 23, 2 €C for € D(PA) :=D(B),

A =0, Bp=0, A=0, A, =0, B=0, B, =0.

Then we have
d* ) 4 " "
Ao = Zgr with D(Ag) = {p € C*[0,1]; ¢(0) = ¢(1) = ¢"(0) = ¢"(1) = 0},

2

Bo==rge

with D(Bo) = {p € C?[0,1]; ¢(0) = ¢(1) = 0},

[D(A)]p ~ C*0,1], [D(B)]p, ~ C?0,1].

Obviously (H;) and (Hj3) are satisfied. So is (Hy) by [36, p. 1017, line 4]. Further-
more, we know that Gy (resp. G1) is Ag-bounded (resp. By-bounded) with Ag-bound
(resp. Bp-bound) zero (cf. [26, p. 170]). Thus the hypotheses of Theorem 5.3.3 are
all satisfied. Therefore Theorem 5.4.3 is applicable. In this case,

u(t, 0)
o) - (“g) st = ut), a(t) ;:ff(tlé) Cte.T)
dZult, 1)
D(A)ND(B) = {(j) eC0,1] xC ze Plgo} : (5.5.11)
YO {(:) € C?0,1] x C*; Py = x} : (5.5.12)
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It is not hard to verify (5.5.11). For (5.5.12), we exploit the fact (shown in the proof
of [36, Theorem 5.1]) that

Jim inf {tlolloson + lle = Yllezpy + e = ¢llopy; ¥ € D(Ag)} =0
(5.5.13)
for every

peQi={veC?0,1]; ¥(0)=1y(1)=1v"(0)=1v"(1) =0}.

Given ¢ € C?|0, 1], we put

£u(€) = 9(0) + (p(1) — $(0))E + 5600 + 56" (1) = "(O)E, €€ [0.1].

Then ¢ — p, € Q. This in combination with (5.5.13) yields that

hmq/(t,(@)) — 0
t—0t+ ng

and so (}f ) € Y. We now use Theorem 5.4.3 to conclude:
2

(i) For every ¢y € C?0,1], ¢1 € C0,1], ¥; € C (j = 0,1), problem (5.5.10) has

a unique solution

u € (Z]Ci (0,710, 1]) () <h C*([0, T]; C*~2*[0, 1]) . (5.5.14)

=0 k=0

(ii) diu € C([e, T];C*%[0,1]) (e € (0,T), i =0, 1, 2) and

1
lut, Yo,y < const [||f||c<[o,mo,m +> (lgslleqme
j=0

+hjlleqo.r;e) + |ij> + llvoll 2] + ||<Pl||0[0,1]] , te€[0,T].

(iii) If o € CH0,1], @1 € C2[0,1], ¢ = ¢{(j) (j =0,1), and

oS (5) + Aoy (0e)po(5) — p2"(7) + Boj (D)1 () = f(0,5) —g;, 5 =0,1,
then the solution

u € (2]01‘ ([0, T);C*>0,1]) .

1=0

95



Here, for obtaining the uniqueness, the following fact was taken into account:

u is a solution of problem (5.5.10) satisfying (5.5.14), then

z(t) = Pu(t), 2'(t)= Pd'(t), te(0,T],

900(0) 901(0)

x(0) = o) . 2'(0) = ei(1)
W ©0(0) W Yo
wo(1) U

if

Remark 5.5.4. In the case of zero boundary value, i.e., when A;;, B;j, g:, b, ¢i(j),

and ¢; (¢, j =0, 1) are all zero, Conclusion (i) and a weaker form of conclusion (iii)

are due to [36, Theorem 5.1].
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Chapter 6

Complete second order abstract
differential equations with
dynamic boundary conditions

6.1 Summary

In this chapter, we continue to deal with the mixed initial boundary value problem
(5.2.1) - (5.2.6) for complete second order (in time) linear differential equations in
Banach spaces, in which time-derivatives occur in the boundary conditions. General
wellposedness theorems are obtained (for the first time) which are used to solve
the corresponding inhomogeneous problems. Examples of applications to initial

boundary value problems for partial differential equations are also presented.

6.2 Preliminaries

In this section, we recall the definition of strong wellposedness for a general second
order abstract Cauchy problem, introduce the notion of strong quasi-wellposedness
and give the corresponding characterization theorems.

Let X and Y be two Banach spaces, and A and B closed linear operators in X.
We shall use the following notations.

R(A\) := (\2 + A + AB) ™! (if the inverse exists),

Y — X: Y continuously embedded in X,

p(A,B):={X € C; R(\) exists and is in £L(X)},
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po(A,B) :={X € p(A,B); R(M)A is closable},

C(R™; Ls(X,Y)) : the space of all strongly continuous £(X,Y)-valued functions
on RT,

Ceop(RT; L4(X,Y)) = {K € C(R; Ls(X,Y)); there are constants M, w > 0
such that [|[K(t)| zx,y) < Me** (t > 0)}.

Definition 6.2.1. The Cauchy problem
x"(t) + Ax(t) + Bx'(t) =0, t>0,
x(0) = xq, X' (0) = x3,

is wellposed if

(i) there exist dense subspace Xy, X; of X such that for any %o € Xy, x; € X,
(ACP,; A, B) has a solution;

(ii) there exists a locally bounded function M(-) : R* — R such that

[x@)] < M@)(lIxoll + [Ixull), =0, (6.2.1)

for any solution x(t) of (ACPy; A, B).
For t > 0, xg € Xp, x1 € X4, set

C(t)xo :=x0(t), S(t)x1 :=x4(1),

where xo(-) (resp. x1(+)) is the solution of (ACPy; A, B) with x,(0) = %o, x((0) =0
(resp. x1(0) =0, x7(0) = x;). By (6.2.1), C(¢) and S(¢) (for each t > 0) can be
extended to all of X as bounded linear operators, since Xy and X; are dense in X.
We call C(+), S(-) the propagators (or solution operators) of (ACP»; A, B).

Definition 6.2.2. (ACP,; A, B) is called to be strongly wellposed if it is wellposed,
and
S()x € CH(R";X)NC(R";[D(B)]) for every x € X. (6.2.2)

Proposition 6.2.3. ([31, Chapter VIII|) Suppose that (ACPy; A, B) is strongly
wellposed. Then
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(i) D(A)ND(B) is dense in X, and D(A) C Xy, D(A)ND(B) C Xy;
(ii) there exists constants M, w > 0 such that

ICOHI, IS, IBS@)|| < Me*, t>0; (6.2.3)
(iii) (w,00) C po(A,B) and for A > w,

/ NS (H)xdt = ROVx,  x € X (6.2.4)
0

Ct)x :=x— /Ot S(s)Axds, x e D(A). (6.2.5)

As an immediate consequence of Proposition 6.2.3 and [82, Theorem 1] (see also
[84, Theorem 2.3, p. 57]), we have

Proposition 6.2.4. (ACP; A, B) is strongly wellposed if and only if D(A)N'D(B)
is dense in X, (w,00) C po(A,B) for some w >0, and

A= AR(\), A= ATTAR(A), A= ATTR(VA € LT — L(X).

Definition 6.2.5. Let D(A) N D(B) be dense in X. (ACPy; A, B) is called to be
strongly quasi-wellposed if it has a solution for xo € D(A), x; € D(A) N D(B), and

there exist two operator functions (propagators)

satisfying (6.2.2) and (6.2.3) (with ||C(t)||z(p(a))) instead of ||C(t)]), such that

every solution can be expressed as

x(t) = C(t)xo + S(t)x;, t>0. (6.2.7)

Remark 6.2.6. Clearly, (ACP,; A, B) is strongly quasi-wellposed if it is strongly

wellposed.
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Proposition 6.2.7. (ACPy; A, B) is strongly quasi-wellposed if and only if D(A)N
D(B) is dense in X, (w,00) C p(A,B) for some w > 0, and

A= AR()\), A= ATAR(N) € LT — L(X).
In this case, (6.2.4) and (6.2.5) hold.

Proof. The “only if” part.
It is not difficult to obtain

¢
S'(t)x + BS(t)x + A/ S(s)xds =x, t>0, xeX, (6.2.8)
0

S'(t)x + S(t)Bx + /t S(s)Axds =x, t>0, x€ D(A)ND(B). (6.2.9)

Taking Laplace transforms, integrating by parts and using the closedness of A and
B yields that for A > w,

(A+B+2'A) / e MS(t)xdt = \'x, x€X,
0

/000 e MS(H) (A +B+ A 'A)xdt =\ 'x, x€D(A)ND(B).
So (6.2.4) follows. We see from (6.2.3) and (6.2.4) that
A= AR(A), A— BR()\) € LT — L(X).
Therefore
A= ATAR(M) = AP = AR()\) — BR()\) € LT — £(X).
The “if” part.
By hypothesis, there exists J;(-) € Cep(RT; L5(X)) (¢ = 1,2) such that for X large

enough,

)\R(/\)x:/ e M (t)xdt, x € X,
0

BR(\)x = / e My (t)xdt, x € X.
0
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Define, for ¢t > 0,

Ji(s)xds, xe€X,
S(s)Axds, x € D(A).
Then we see that

BS(t) = Jy(t), >0,
t
A [ S(s)xds=x—Ji(t)x — Ja2(t)x, t>0,
0

by the uniqueness theorem for Laplace transforms. Therefore (6.2.2), (6.2.3) and
(6.2.6) are true. The same reasoning as in [84, p. 63| gives that

x(-) == C(-)xs + S()x;

is a solution of (ACPy; A, B) for every xo € D(A), x; € D(A) N D(B).
Finally, let w(-) be a solution of (AC'Py; A, B). Then obviously, w(0) € D(A).
Putting

we see that

w,(t) + Bw.(t) + A/t w,(s)ds =w'(0), t>0.

This combined with (6.2.8) implies that

v() == wa(-) = S()w'(0)

satisfies
t
v/(t) + Bv(t) + A/ v(s)ds =0, t>0,
0

v(0) =v'(0) = 0.



Then arguing similarly as in the proof of [84, Lemma 3.1, p. 67], we obtain v(t) =0
on [0,00). Hence
w(t) = C(t)w(0) + S(t)w'(0), ¢ >0.

The proof is complete.
O

We close this section by stating some assumptions on the operators Agy, By, A;

and B; which will be used selectively in our theorems.

(Hy) The operators Ay and By are closed, with dense D(Ag) N D(By), such that
(w, 00) C po(Ao, By) for some w > 0, and

A= ARo(A\), A= AT AgRo(A), A= NTRo(\)Ay € LT — L(E),
where Ry(A) and R;(A) in (Hj) below are as in (5.2.9).

(H}) The operators Ay and By are closed, with dense D(Ag) N D(By), such that
(w, 00) C p(Ao, By) for some w > 0, and

A /\Ro(/\), A )\_leR()()\) e LT — ,C(E)

(Hs) The operators A; and B; are closed, with dense D(A;) N D(By), such that
(w,00) C po(A1, By) for some w > 0, and

A= ARI(A), A= ATAIRI(N), A= ATR(VMA € LT — L(X).

The two propagators of (AC Py; A;, B;) will be denoted by C;(+) and S;(+) (i = 0, 1).

6.3 Strong wellposedness and quasi-

wellposedness

In this section, A, B, y(t), o, y1, Y are as in Section 5.2, except that D(B) is replaced
by

T

D (B) := { (“) € (D(B)ND(G))) x D(By); € Plu} .

102



We look at the abstract Cauchy problem in Y:
{ y'(t) + Ay(t) +By'(t) =0, t>0,

y(0) = o, ¥'(0) = u1.

Theorem 6.3.1. Suppose that (Hy), (Hy) and (Hs) hold, Gy = Gy = 0, and p(Ay) #
0. Take p € p(Ao, Bo)/{0} fized. Then (ACPy; A B) is strongly wellposed if and
only if

{ Ki(), Ks() € Ca(RT; Lo(X, [D(Bo)])), 6.0
K2(')7 K4() S Ceb(R+;£S(X7 [D<A0)]))7
where for each x € X andt > 0,
( Ki(t)x == /t So(t — s)D,,S1(s)xds,
Ksy(t)z == /t So(t — s)D,,S1(s)xds,
0 (6.3.2)

Ks(t)x = /Ot So(t — s)D,Ch(s)xds,

Ky(t)x == /Ot So(t — s)D,C1(s)xds.

Proof. We first show the denseness of D(A) N D(B). It is clear that

u

D(A)ND(B) := {( ) € (D(A)ND(B)) x (D(A)ND(B)); == Pu}. (6.3.3)

T
u

Let ( ) € E x X. Because D(A;) N D(By) is dense in X by (Hs), there exists a
T

sequence {z,}nen C D(A;) ND(By) such that lim, ..z, = z. (H;) ensures the
existence of a sequence {u,}nen C D(A) N D(B) such that Pu, = z,, n € N.
Noting D(Ag) N D(By) is dense in E by (Hy), we infer that there exists a sequence
{vn}nen C D(Ao) ND(By) such that lim,, . (u, — v,) = u. Accordingly

Uy, — Un U
lim = .
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But for each n € N,
U, — v, € D(A)ND(B), =z, € D(A)ND(By),

and

P(u, —v,) = Pu, = x,,

Up — Un
ie., ( > € D(A) N D(B). Therefore D(A) N D(B) is dense in E.

Tn
Moreover, A is closed by the closedness of A; and the completeness of [D(A)]p;
so is B by the closedness of B; and the completeness of [D(B)]p,.
Let A € p(Ao, Bo) N p(Ay, By), and X # 0. We obtain

N+ A+ )\B 0
MN+A+IB = ( )

0 N+ A+ \B

(N4 A+ AB 0 I —D,
B 0 XA +x B ) \o 1)’

after observing by Lemma 5.3.1 (2) that (A2 + A+ AB)Dy = 0, and that
u— Dyx € D(Ay) ND(By) <= uwe€ D(A)ND(B) and Pu=uzx.

From this, we see that A € p(A,B) and

o RO (6.3.4)

I -D)\ (I D,
0 I o 1)
Now take v € p(Ap). Since [D(A)]p is complete, it follows from [40, Lemma 1.2]

that the restriction P o) : ker(y — A) — X is invertible and its inverse
ker(v—A

D .= <P
—A 0 I —-D
v—A= ! ° .

A2+ A+ AB)! = (RO()\) DARl(A)) :

noting

-1
) € L(X,E).
ker(y—A)




Thus, (6.3.4) gives that

(6.3.5)

A2+ A+ AB) = <A°R°(A) ADARl(A))

0 A1R1<>\)
A2+ A+ 2B)1(y—A)

(RN (v —A40) DARi(N)(y— A1)\ (I —-D (6.3.6)
) 0 R(N(y-4) J\o I )

Observe by (5.3.1) that
DyRi())
(6.3.7)
= DyRi(A) + (1 = N Ro(A)(BD,) Ry () + (1% = A)Ro(A) Dy R ().
But AD,, BD, € L(X,E), and
N Ro(A) D, Ri(A) = D,y(ARy (M) — ABoRo(A) D,u(AR1 (M)
—AoRo(A) D (AR1(N)),
ARo(A) Dy Ry (M) (v — Ar)
= (YRo(N)Du(AR1(N)) = Dy (AT Ra(MN)Ay)
+AByRo(A) Dy (A Ry (A A1) + AgRo(A) D, (A Ri(V)Ay) .

We deduce that

A= ADyRi(A), A= AYADR/(\) € LT — L(X, E),
{ A= ATDA\Ri(N)(y— Ay) € LT — L(E)

if and only if

(A = AByRo(A) D, (AR (N)), A— AgRo(N)D,(ARy(N)) € LT — L(X, E),

A = AByRo(\) D, (A—lRl()\)A1> e LT — L(X, E),

A= AgRo(\)D,, (A‘lRl()\)fh) € LT — L(X, E).
) (6.3.8)
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This, together with (6.3.4) - (6.3.6) , (H4), (H5) and Proposition 6.2.4, implies that
(ACPy; A, B) is strongly wellposed in E if and only if (6.3.8) is valid. On the other
hand, for z € X,

;

ARy(A) D, (AR, (\)x = / N e MK (t)xdt,

Ro(\) D, (AR, (\))x = /O h e MKy (t)xdt,

- (6.3.9)
)\RQ()\)DM)\il([ — Rl()\)Al)iL‘ = / G_AtKg(t)l‘dt,

Ro(A)D, AN (I — Ri(N Az = / e MK (t)adt,
0

because of (6.2.4) and (6.2.5). Therefore (6.3.8) is valid if and only if (6.3.1) holds.
This completes the proof.
(]

Theorem 6.3.2. Let the hypotheses (including (6.3.1)) of Theorem 6.3.1 hold. Then
the propagators of (AC Py; A, B) have the following expressions.

C(t) <u> - CO(t)“_/O T diwds) S e B 2 eDA),  (6.3.10)

S(t) (u) - (SO(t);(;)J(t):E) L t>0,uek, e X, (6.3.11)

where fort >0, x € X,

J(t)r = D,Si(t)x+ ,u/t So(t — s)(B + p)D,S1(s)zds

t t
~ [ 4t = 9 BDuS)ads — [ 830 =)Dy
0 0
Proof. For each z € X,
/ e MJ(t)xdt = D,Ry(N)x+ puRo(N)(B + p)D,Ri(N)zx
0
—ARy(N)(B + A\)D, Ry (N)z
— D)\Rl(/\),
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by (6.3.7) . So for <u

T

/OO e M (SO(t) J<t)> <u> dt = (N +A+2B)™! (“) :
0 0  Si(t)) \=z T

This gives (6.3.11) because of (6.2.4). From (6.2.5), we deduce that (6.3.10) is

) € E, and A large enough,

u
satisfied in the case of € D(A). Let now u € F and = € D(A;). The same
x

reasoning as in the first paragraph of the proof of Theorem 6.3.1 shows the existence

(u"> € D(A)

such that u,, — w. This justifies (6.3.10) and completes the proof.

of a sequence

O

Corollary 6.3.3. Suppose that (Hy) and (Hy) hold, p(Ag) # 0, and Ay, By € L(X).
Then (AC Py; A B) is strongly wellposed.

Proof. Since Ay, By € L(X), (ACPy; Ay, By) is automatically strongly well-

posed, and so (from Proposition 6.2.3 (i)) both Si(-)x and Ci(:)z are solutions
of (ACPy; Ay, By) for any z € X. This implies that

SU(), CL(-) € Cup(RY: L(X)). (6.3.12)

According to this and from (6.3.1), we get, integrating by parts, for t > 0 and z € X,

Kit)e = So(t)Dyr + /0 Solt — ) D, (s)xds,
K()e = /0 ' So(r)Dyrdr + /0 t ( /0 t_sso(f)df) D,.S!(s)xds,
Ks(®)r = So(t)Dur + /0 " So(t — ) D, (s)ds,

Ktz — /0 ' So(r)Dyrdr + /0 t < /O tsSg(T)dT) D,C! (s)xds.
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On the other hand
By So(), Ao/ So(o)do € Cop(RY; Ls(E)).
0

This indicates that (6.3.1) is satisfied. Therefore (AC Py; A, B) is strongly wellposed,

in view of Theorem 6.3.1. The proof is then complete.

O

In the sequel, F; is a Banach space such that
[D(A)]p — Ey — E, (6.3.13)
A— Ro(\) € LT — L(E, Ey). (6.3.14)

In the case of [D(A)|p — [D(B)]p, and under the hypothesis (H}), we can take
E, = [D(B)]p,, for which (6.3.13) and (6.3.14) are valid.

Theorem 6.3.4. Suppose that (Hy) and (H}) hold. Let
Go € L(Ey, X), (6.3.15)

and let
Gl S ,C(E,X), Al,Bl S ,C(X) (6316)

Then (AC Py; A B) is strongly quasi-wellposed, and its second propagator S(-) satis-

fies
S(:) € Cop(R™; Ls(E, By x X)). (6.3.17)

Proof. Using (6.2.4) and (6.3.12) , we obtain

NR(Nz —x = /OOO e M8 (adt, € X, (6.3.18)
for A sufficiently large. This yields that

A= AD\Ri(A\), A= ANTAD\R(\) € LT — L(X, E), (6.3.19)

A— Dy\Ry(\) € LT — L(X, Ey), (6.3.20)
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by Lemma 5.3.1 (2), (H}), (6.3.7), (6.3.13) and (6.3.14) . Write

:(g ) {@epwxx; x:pu},
_ (0 Bl) {(Z)em)xx; p}

Making use of (6.3.4) and (6.3.5) (with Ag, By in place of A, B there), we infer by
(H}) and (6.3.18) - (6.3.20) that

A= A2+ Ag + ABy) ! A= ATTAGAE + Ag + ABy) ! € LT — L(E), (6.3.21)
A= (W24 Ag+ ABy) ' € LT — L(E, E; x X). (6.3.22)
Noting that

0 0\ ., . 0 0
Go 0 GoRo(N) GoD\Ry(N)
for A € p(Ao, By) N p(A1, By) (cf. (6.3.4) ), we obtain
0 0\ . .
Go 0
by (6.3.14), (6.3.15), and (6.3.20). Also it is clear from (6.3.21) that

0 0
A A (G 0) (A + Ao+ AB,) ! € LT — L(E) (6.3.24)
1

ov € L(E)
G, 0 '

According to (6.3.21) - (6.3.24) , we deduce in view of [84, Theorem 1.10] that for

since

A large enough,
R(A) == (A +A+AB)"!

0 0
= (M +Ag+2By) |- (G 0> (N + Ag + ABy) !
0

-1

0 0
-\ (A2 + Ay + 2Bo) ™!
Gy 0

109



exists, and

A= AR(N), A= ATTAR(N) € LT — L(E), (6.3.25)
AR\ € LT — L(E, E; x X). (6.3.26)
Moreover, A and B are closed and densely defined operators in E by (H;), (6.3.13),
(6.3.15), (6.3.16) and the fact that D(Ay) and D(By) are dense (from the proof of
Theorem 6.3.1). This and (6.3.25) together justify the strong quasi-wellposedness

of (AC'Py; A, B), in view of Proposition 6.2.7.
Finally, a combination of (6.2.4) and (6.3.26) leads to (6.3.17) . The proof is

complete.
(I

Theorem 6.3.5. Suppose that (Hy) and (H}) hold. Let Gy € L(E;,X), G; €
L(E,X), Be L(E), and Ay, By € L(X). Then (ACPy; A, B) is strongly wellposed,
and its second propagator S(-) satisfies (6.3.17).

Proof. 1t is easy to see by hypothesis that
B e L(E). (6.3.27)

From the proof of Theorem 6.3.4, we know that (ACP; A, B) is strongly quasi-
wellposed, and that (6.3.17) and (6.3.25) are satisfied. From (6.3.25) and the
identities

R(MA =T — XN°R()\) — AR(\)B,

we see that
A= A'TR(MNA € LT — L(E),

since B is bounded. Consequently, (ACPy; A, B) is strongly wellposed by Proposi-
tion 6.2.4.
O

Remark 6.3.6. When B € L(F), (H)) holds if and only if
A= AN+ Ag) '€ LT — L(E)
if and only if
—Ag generates a strongly continuous cosine operator function on E

(cf., e.g., [81] or [84, Section 1.4 and Theorem 5.1, p. 75]).
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Corollary 6.3.7. Suppose that [D(A)|p is complete, P(D(A)) = X, and — Ay gen-
erates a strongly continuous cosine operator function on E. Let Gy € L(Ey, X)
(with (X2 + Ag)~" instead of Ro(\) in (6.3.14)), and Ay € L(X). Define E := D(A)
endowed with the norm
x
&

Denote by A the part of A in E. Then

= |lullip(ayp-

(1) (ACP2;A,0) is strongly wellposed in E, or equivalently, —A generates a

strongly continuous cosine operator function on IE;

(2) (AC’PQ;IN&, 0) is strongly wellposed in E, or equivalently, —A generates a
strongly continuous cosine operator function on IE.

Proof. Clearly, the conditions of Theorem 6.3.5 are satisfied (see Remark 6.3.6).
Thus (ACPy; A, 0) is strongly wellposed in E. This indicates that

A= AN +A)t e LT — L(E).
Therefore,
A= MM +A)" e LT — L([D(A))).
But [ - ||ipay is equivalent to || - [|z. So
A= AN +A)" e LT — L(E). (6.3.28)

Thus we infer that —A generates a strongly continuous cosine operator function on

E. This finishes the proof.
O

Corollary 6.3.8. Let the conditions of Corollary 6.3.7 be satisfied. Define an op-
erator A on [D(A)]p by

Au = Au, D(A):={ue D(A?); PAu+ Gu— A Pu=0}

Then —A generates a strongly continuous cosine operator function on [D(A)]p.

Proof. 1t can be seen from (6.3.28) that
A= MM+ A~ e LT — L([D(A)]p).
This justifies the claim.
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6.4 Solutions to inhomogeneous problems

In this section, we are concerned with the following inhomogeneous problem:
y"(t) + Ay(t) + By'(t) = h(t), te€[0,T],
(6.4.1)
y(0) =yo, ¥'(0) = w1.

Definition 6.4.1. Let h € C([0,T]; E).

(i) A function y(-) is called a solution of (ACPy; A, B) if y(-) € C?*([0,T];E) N
C([0, T]; [DA)), ¥'(-) € C([0,T]; [D(B)]), and (ACPs; A, B) is satisfied.

Theorem 6.4.2. Let the hypotheses of either Theorem 6.3.1 or Corollary 6.3.3 or
Theorem 6.3.5 hold. Let h € C*([0,T];E), yo € D(A), and y; € D(A) ND(B). Then

(1) problem (6.4.1) has a unique solution y(-), given by
t
y(t) = C(t)yo + S(t)yr + / S(t — s)h(s)ds, te€[0,T], (6.4.2)
0

where C(-) and S(-) are the two propagators of (AC Pa; A, B);

(2) the y(-) satisfies
y' () € C([0,T]; Ey x X), (6.4.3)

ly@ < M ([[hllcqoae + llvoll + lvall) .t €[0.77, (6.4.4)

ly" N + vl oy + 1y Ol + 1y (0] 2xx

< M(JIllosomis) + Ivollpwy + s liowy + llloey ), ¢ € 10,7,

(6.4.5)
for some constant M > 0.
Proof. By hypothesis, (AC Py; A, B) is strongly wellposed. Set
t
w(t) == / S(t — s)h(s)ds, te€[0,T]. (6.4.6)
0
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Then, according to Definition 6.2.2, we infer that w(0) = w’(0) = 0,

w(t) = /0 tS(cr)h(O)doJr /O t ( /0 SS(J)dU) W(t—s)ds, tel0,T],  (6.47)

w'(t) = S()h(0) + /O tS(s)h’(t—s)ds, te 0,7, (6.4.8)

and

w"(t) = S'(t)h(0) + /t S'(s)W (t — s)ds, t€[0,T]; (6.4.9)

0

therefore
w”(t) + Aw(t) + Bw'(t) = h(0) + /t B'(t — s)ds = h(t), tel0,T],

by (6.2.9). This means that (6.4.2) gives the unique solution y(-) of problem (6.4.1)
by Proposition 6.2.3 (i).

Combining (6.2.5), (6.4.8) and (6.3.17) together, we obtain (6.4.3). The estimate
(6.4.4) follows from (6.4.2) immediately. Using (6.2.5), (6.2.9), (6.3.17), and
(6.4.7) - (6.4.9) verifies estimate (6.4.5). This completes the proof.

O

Theorem 6.4.3. Let the hypotheses of Theorem 6.3.4 hold. Let h € C'([0,T];E),
Yo € D(A), and y; € D(A) N D(B). Then the conclusions of Theorem 6.4.2 hold,
except (6.4.4).

Proof. Similar to the proof of Theorem 6.4.2.

O

Corollary 6.4.4. Let the conditions of Corollary 6.3.7 be satisfied. Let h €

CY([0,T);E), and yo,y1 € D(A?). Then
(1) the conclusions of Theorem 6.4.2 hold;

(2) the solution y(-) is in C%([0,T]; E).
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Proof. Assertion (1) is obvious.

By hypothesis, yo, y1 € D(A). It follows that
C()yo +S()y1 € C*(R*E),
since (AC Py; 1&, 0) is strongly wellposed in E by Corollary 6.3.7. Moreover
S'()|. € C(RY; L.(E)).

Hence, we get assertion (2) by (6.4.2) and (6.4.9).

6.5 Examples

Example 6.5.1. Let 2 be a bounded domain in R™ with smooth boundary 0€2. Let

A (&, 0¢) be a second order strongly elliptic operator with smooth coefficients.

We consider the second order hyperbolic equation with a boundary condition of

Wentzell type:

Ofu = A (0 u, in [0,7] x €,
A (£, 0¢)u o Fu, in [0,7] x 09, (6.5.1)

U(Oa ) = ¥o, atu(oa ) = @1, in Q?

where F' € L(L*(Q), L*(09Q)). Obviously, problem (6.5.1) is equivalent to the

following one with a dynamical boundary condition:

Ofu = A(E,0¢) u, in [0,7] x Q,
0?u o Fu, in [0,7] x 09, (6.5.2)
u(0,-) = o, u(0,-) =1, inQ.

114



We let
E=E =L1*Q), X=L09),
Ap=—A(£d) ¢ for ¢eD(A):={peHH(); A )y € LD},
Pp=y| =~ for ¢&D(P):=D(A),
G=F, A =0.

Take \g > 0 such that if
(Ao —A(£,0)) =0

for a p € H*(Q) N H}(Q), then ¢ = 0. From [60, Theorem 7.4, p. 188], we know
that the mapping

Pipr— <(>\0 — A %) (p‘af)

is an algebraic and topological isomorphism of Di(Q) onto 272 (Q) x L(dQ), where
1
D2(Q) and Z72() are defined in [60] satisfying

D2(Q) — HE(Q), L3(Q)— =3(Q),

and
1

D) = {pe H} () Ap @)}
Hence, for each w € L2(952) there exists ¢ € H2(£2) such that
N — A(£,:)) 0 =0, ‘ — w.
(ho— A€ e=0 ¢ =u

This implies that
P(D(A))) = X.

Moreover [D(A)]p is complete. In fact, if {¢, }nen is a Cauchy sequence in [D(A)]p,
then there exist ¢; € L*(Q) (i = 0,1) and wy € L*(99) such that

nh_{go |on — %HL?(Q) =0,

Jim 114.6,06) 0 = 1l 2() =0

=0.
L2(69)

lim

n—oo

® — Wo
"lan
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The mapping P tells us that

%EH%(Q), (Ao — A(&,0¢)) o = Xotbo — b1, w0 Wo.

99
So 1y € D(A) and
nh_{go lon — Yolla,p = 0.

Next, put
Ap=-A

H2(QNHL(Q)

It is clear that Ao € p(Ap). Let p € D(A) with gp‘m = 0. Then
Po =P ((ho—Ap) (Mo + A)p)) = (Ao + A)p, 0).
Since P is injective, it follows that
¢ = (do— Ap) (Ao + A)p) € D(Ap).

Therefore, we obtain

Ao (:: A

) — _Ap.
ker P

It is known that Ap is the generator of a strongly continuous cosine operator function
on L?(Q). Thus the conditions of Corollary 6.3.7 are satisfied. Consequently, the

operator

A= (A (i;aé) 8) , with D(A) = {(@) € D(A) x L*(09); 90‘39 = w}

generates a strongly continuous cosine operator function on L?() x L*(9). Write
H := D(A) equipped with the norm

Il = lpllze + A 2llaey + |||, |

Y

L2(59)

and

Api=A(60)w for ¢ eD(A) = {p e D(AY); A€ d)¢|, = Fe}.

o0

Then, we claim by Corollary 6.3.8 that A generates a strongly continuous cosine

operator function on H.
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Example 6.5.2. Let €2 be a bounded domain in R"™ with smooth boundary 0€). Let
p >0,k meN withm >k,

feCH[0,T); L*(2), g; € C*([0,T); H*(0Q)) (i=1,...,m—1),

v € L*(09Q), and w € H*(09Q).

We consider

[ O2u+ (—1)™A™u + (=1)kpA*du = f, in [0,T] x Q,
Ofu = <%, U> w, in [0, 7] x 09,
v 12(69) (6.5.3)
Au=g; (1=1,...,m—1), in [0, 7] x 09,
\ U(O, ) = Yo, atu(ov ) = ¥1, in QJ

0
Where — is the outward normal derivative on 0f2.

ov
Take

3
2

E=1L%Q), E =HQ), X=(Hz2(0Q)",

A= (C)"AR, B=(—1)pAk
(where Ag is the Laplacian on 0, with D(Ag) := H?*(Q2)),

(’0‘89
i
y o0

Py = : for ¢ € D(P):=D(A),

Am—l(p

o0
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Ak_l@) 3 .
Py = o0 | w;, € H2(0), i=Fk,--- ,m—1
Wy,
\ Wim—1 )
for e D(P) :=D(B),
<(9_<p v> w
o’ L2(89)
0
Gop = _ for ¢ € D(Gy) := Fi,
0

A1:O, Ble, G1:0

First, we show that

P(D(A) N D(B)) = X. (6.5.4)

To this end, we recall (see, e.g., [79, p. 390-391]) that the mapping
M:p— (A% 90‘ )
o0

1s an algebraic and topological 1somorphism o onto X Hz2 . ere-
i Igebraic and topological i hism of H2( L*(Q) x H2(39). Th

fore, given wq, -+, Wy_1 € H%((’?Q), there exist 9y, -+, ¥Ym_1, p € H*(Q) such
that
Awl = 07 Ad}Z = 07 AQO = ¢m—17
(0 = Wm-1, (P = Wm—2, ¥ = Wp-
o9 o0 o9

118



It is readily seen that
Wo
o € D(A) and Py =
Wm—1

So we obtain (6.5.4) , noting D(A) = D(A)ND(B). Let now {¢, nen be a Cauchy
sequence in [D(B)|p,. By the definition of [D(B)]p, (cf. Section 1 of last chapter),
there exist r, ro € L(Q), vo, -+, vp_1 € H?2(9Q) such that

Jim {lon, —7[L2() =0,

lim HAkSO% - TOHLQ(Q) =0,

lim HN% —viH L =0, i=0,1,....k—1.
n—00 0 H?2(09)
Accordingly, the isomorphism M implies the existence of r1, - -+, 1 € H?(S2) such
that
nlg{olo HAk_ISOn - TlHLQ(Q) = 07 A701 =To, Tl)aQ = Vg-1,
7}1_{20 HASOn - 7“1@71HL2(Q) =0, Arp_1=rr—2, Tr 00 = V1,
r€ H*(Q), Ar=rm,_1, 7| =nu.
o0
Hence

reD(B) and lim |¢, —r|zp =0.

Thus we have proved the completeness of [D(B)]p,. The completeness of [D(A)]p
can be shown in a similar way:.
Making use of the mapping M again, we deduce that

m—1

|- |lap is equivalent to Z A" [ 520,
i=0
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and
k-1

|- |lz,p, is equivalent to Z A || g2(q)-
i=0
This implies that

Next, denote by Ap the Dirichlet Laplacian, i.e., Ap = A . It is clear

that

Q
H2(Q)NHL(Q)

So (H}) and (6.3.14) hold (cf., e.g., [84, p. 232]). Thus, the conditions of Theo-

rem 6.3.4 are satisfied, and therefore Theorem 6.4.3 is applicable to this situation.

Letting
u<t’.)‘aﬂ
y@):(“(”), u(t) = u(t, ), () = | tenm
409 '
AT () ‘89
we obtain:

For every g, ¢1 € D(AL) with (Alpy) ’ 0= g;(0,-) and (AJpy)

(j=1,---,m—1), problem (6.5.3) has a unique solution

50 = atgj(0> )

ue C*([0,T]; L*(Q)) N C*([0, T]; H*()) (6.5.5)
with
Ay € CH[0,T); H* (), i=1,...,k—1, (6.5.6)
Ay € C([0,T); H*(Q)), i=k,...,m—1;

moreover, u satisfies

k-1 m—1
|02t )| 0 + S At ) +11) " Alu(t, )
i=0 H2(Q) i=k H2(Q)
m—1
< const [Hf ooy + Y (H@? giller ory 2(00)
=1

1
+Z (lesllzz@) + 1A il a2 )] , te€l[0,T].

J=0
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Here, for getting the uniqueness, we used the fact that if u is a solution of problem
(6.5.3) satisfying (6.5.5) and (6.5.6), then 2/(¢) € Pi/(t) (t € [0,T7]),

900‘89 w1 o0
A ‘ A
2] 00 ¥1 00
2(0) = L 2(0) =
Amfl ‘ Amfl ’
o o0 1 GlY)
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