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Introduction

The observation of McKay, published in 1980, relates exceptional curves in the minimal reso-
lution of quotient singularities A% /G for finite subgroups G C SL(2,C) to the representation
theory of the group G:

Observation 0.1. (”Classical McKay correspondence”, [McK80]).

There is a bijection between the set of irreducible components of the exceptional divisor E and
the set of isomorphism classes of nontrivial irreducible representations of the group G and more-
over an isomorphism of graphs between the intersection graph of components of E..q and the
representation graph of G, both being graphs of ADE type.

Here the intersection resp. representation graph contains information about the configuration of
the exceptional curves resp. the decomposition of tensor products of irreducible representations
with the given 2-dimensional representation.

Subsequently, to explain this observation, there have been considered several approaches, further
this theme has undergone numerous variations and considerable extensions. We try to formulate
the fundamental idea, more detailed expositions of this field of research are to be found in [Re97],

[Re99].

Let G be a finite group of automorphisms of a smooth variety M over C, for instance M = A,
with a linear operation of a finite subgroup G C SL(n, C). Usually the quotient M /G is singular
and one considers resolutions of singularities Y — M /G with some minimality properties (in
dimension 2 there is a minimal resolution unique up to isomorphism, in higher dimensions one
has the notion of a crepant resolution). The McKay correspondence in general describes the
resolution Y in terms of the representation theory of the group G, the following principle was
formulated by Reid:

Principle 0.2. ([Re99, Principle 1.1)). The answer to any well posed question about the geometry
of Y is the G-equivariant geometry of M.

Realisations of this principle are an isomorphism K (Y) = K% (M) between the K-theory of Y
and the G-equivariant K-theory of M (” K-theoretic McKay correspondence”) or an equivalence
D(Y) =~ D%(M) between the derived category of Y and the G-equivariant derived category of
M (”derived McKay correspondence”).

A method to construct resolutions of quotient singularities is the G-Hilbert scheme G-Hilbg M.
It parametrises G-clusters, these are G-stable finite closed subschemes Z C M, whose coordinate
ring as a representation over C is isomorphic to the regular representation of G. A free G-orbit
is a G-cluster, but in the case of nontrivial stabiliser there might be many nonreduced G-
clusters supported by the same orbit, for example for G C SL(2,C) the exceptional divisor
E C G-Hilbg A% consists of G-clusters supported by the origin.

For G C SL(2,C) the G-Hilbert scheme G-Hilb¢ AZ is the minimal resolution of the quotient
singularity A% /G. Similar statements are true in dimension 3, in particular for finite subgroups
G C SL(3,C) the G-Hilbert scheme is irreducible, nonsingular and G-Hilbg A}, — A2 /G a
crepant resolution, but all of this may fail in higher dimensions.
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The main new results of this thesis are generalisations of the McKay correspondence as well
as extensions and improvements in the construction of G-Hilbert schemes. These results are
contained in the papers [Bl06a], [Bl06b].

For the first time we consider McKay correspondence over fields that are not necessarily alge-
braically closed and for finite group schemes instead of simply finite groups. Let G C SL(2, K)
be a finite subgroup scheme over a field K of characteristic 0. Over non algebraically closed
K there may exist both representations of G and components of the exceptional divisor E that
are irreducible over K but split over the algebraic closure. We will see that these two kinds of
splittings that arise by extending the ground field are related and we will formulate a McKay
correspondence over arbitrary fields K of characteristic 0 relating nontrivial irreducible repre-
sentations to exceptional prime divisors. In particular the scheme structure of the group scheme
G is linked to the scheme structure of the exceptional fiber E. The following will be consequence
of more detailed theorems in chapter 6:

Theorem 0.3. Let K be any field of characteristic 0 and G C SL(2, K) a finite subgroup scheme.
Then there is a bijection between the set of irreducible components of the exceptional divisor E
and the set of isomorphism classes of nontrivial irreducible representations of G and moreover
an isomorphism between the intersection graph of FE..q and the representation graph of G.

As preparation for the constructions concerning McKay correspondence and G-Hilbert schemes,
some theory of G-equivariant sheaves for group schemes G has to be developed, this is done in
chapter 3.

With the aim to generalise the McKay correspondence, we generalise the G-Hilbert scheme
construction to finite group schemes. Working with group schemes, things have to be formulated
in a strict functorial language, further, properties of G-equivariant sheaves for group schemes G
have to be used. In chapter 4 we arrive at the following theorem:

Theorem 0.4. Let G = Spec A be a finite group scheme over a field K with A cosemisimple.
Let X be a G-scheme algebraic over K and assume that a geometric quotient 7 : X — X/G, 7
affine, of X by G exists. Then the G-Hilbert functor G-Hilb ;- X is represented by an algebraic
K -scheme G-Hilbg X and the natural morphism 7 : G-Hilbg X — X /G is projective.

Apart from the generalisation to group schemes with cosemisimple Hopf algebra over arbitrary
fields we have the following extensions and simplifications in the construction of G-Hilbert
schemes: We introduce relative G-Hilbert schemes associated to a scheme with G-operation over
another scheme and vary the base scheme of G-Hilbert schemes. This allows to construct the
G-Hilbert scheme without using the Hilbert scheme of n points. This new construction works
under more natural hypotheses, further, it gives additional information about the morphism
from the G-Hilbert scheme to the quotient, which is interpreted as the structure morphism of a
relative G-Hilbert scheme.

As an application it is possible to calculate relative tangent spaces of the G-Hilbert scheme over
the quotient, these are related to a certain stratification of the G-Hilbert scheme considered in
works on the McKay correspondence.
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This thesis is organised as follows:

Part 1 consists of two expository chapters. In the first chapter we introduce the main themes
of this thesis, the McKay correspondence and G-Hilbert schemes. We state the observation of
McKay, constructions such as the stratification of the G-Hilbert scheme and the tautological
sheaves, we shortly discuss extensions such as K-theoretic and derived McKay correspondence,
but we restrict to the case of finite subgroups G C SL(2,C). The second chapter contains general
theory about quotient singularities, about the description of the G-Hilbert scheme for abelian G
as a toric variety and other topics as well as several examples for this theory.

Part II about G-sheaves and G-Hilbert schemes forms the technical core of this thesis. In
chapter 3 we develop the theory of G-equivariant sheaves for group schemes G needed for the
constructions concerning G-Hilbert schemes and McKay correspondence in this thesis. In chapter
4 we review, extend and simplify the construction of G-Hilbert schemes. We construct the G-
Hilbert scheme for finite group schemes G and introduce relative G-Hilbert schemes, we find a
construction for the G-Hilbert scheme that does not need the Hilbert scheme of n points and
works under more natural assumptions. Further, we obtain additional information about the
morphism from the G-Hilbert scheme to the quotient.

Part III contains results about McKay correspondence over non algebraically closed fields. Chap-
ter 5 treats the relations, both for representations and components of schemes, between operation
of the Galois group and irreducibility with respect to a Galois extension of the ground field, intro-
duces Galois conjugate G-sheaves and describes the Galois operation on the G-Hilbert scheme.
In the last chapter we come back to the situation of the first chapter and extend the classical
McKay correspondence for finite groups G C SL(2,C) to finite group schemes G C SL(2, K)
over fields K of characteristic 0 that are not necessarily algebraically closed.

We describe the results in this thesis in more detail. More thematically oriented information
about the contents can be found in the introductions to the individual chapters, here we con-
centrate on pointing out the new contributions, the main ones are to be found in chapters 4
and 6:

Chapter 1 (McKay correspondence for G C SL(2,C)) and chapter 2 (Quotient singularities
and G-Hilbert schemes of higher dimension) are expository and form an introduction to some
aspects of McKay correspondence and G-Hilbert schemes. Original are only the presentation,
some reformulations and some worked out examples, to mention are example 2.31 and the
example in section 2.3.

Chapter 3 (G-sheaves) is a technical chapter in which we develop some theory of G-equivariant
sheaves on schemes with an operation of a group scheme G.

Although, at least in the case that G is a finite group, mostly these things might be regarded
as common knowledge, there is no suitable reference. Further, for group schemes G instead of
simply finite groups things become technically considerably more demanding. Here they are
carried out, because they are indispensable for what follows.

The constructions of functors for G-equivariant sheaves, the adjunctions and natural homomor-
phisms of section 3.3 in this generality can not be found in the literature.

In section 3.4 we treat G-sheaves in the case of trivial G-operation on the underlying scheme
and decompositions into isotypic components by using Hopf algebras and comodules and as well
achieve a new and more general treatment of this topic.
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Chapter 4 (G-Hilbert schemes) develops the theory of G-Hilbert schemes.

We review known constructions, the G-Hilbert scheme as a closed subscheme of the Hilbert
scheme of n points and the morphism to the quotient as introduced in [ItNm96], [[tNm99], and
provide some proofs that can not be found or remain unclear in the literature, compare also to
[Té04]. In doing so we put things in a strict functorial setting which is the adequate language
to formulate these things. This allows to extend the construction from the case of finite groups
over C to finite group schemes with cosemisimple Hopf algebra over arbitrary fields. Moreover,
relative G-Hilbert schemes are introduced und used to improve the construction. Although the
main ideas can be carried over to the more general situation, it requires substantial work and
some technical preparations, in particular results of chapter 3 (G-sheaves) are needed.

We consider ways to change the base scheme of G-Hilbert schemes. We show that the G-Hilbert
functor can be regarded as a relative G-Hilbert functor over the quotient (corollary 4.21). This
allows to construct the G-Hilbert scheme as a scheme over the quotient and gives a description
of the morphism G-Hilb X — X /G as structure morphism of a relative G-Hilbert scheme with
respect to the morphism X — X/G. The result is formulated in theorem 4.28. In particular,
this new construction does not require the existence of the Hilbert scheme of n points and works
without unnecessary and unnatural assumptions on quasiprojectivity of X. These ideas are
completely new.

This new construction gives additional information about the morphism G-Hilb X — X/G, for
example one obtains a description of fibers of this morphism as G-Hilbert schemes (remark 4.23).
Further, relative tangent spaces can be calculated. One knows that the methods of differential
study of Quot schemes can be applied to G-Quot schemes by considering G-equivariant sheaves
and their deformations instead of ordinary sheaves, our treatment (main result theorem 4.38,
applied to G-Hilbert schemes in corollaries 4.41 and 4.43) is inspired and generalises [Gr61,
section 5], [HL, Ch. 2.2]. These relative tangent spaces are related to the stratification considered
in [ItNm96], [[tNm99], which is an observation not occuring in the literature.

Chapter 5 (Galois operation and irreducibility) considers Galois operation on schemes, G-sheaves
and representations and treats the relations between operation of the Galois group and irre-
ducibility with respect to a Galois extension of the ground field.

We introduce Galois conjugate G-sheaves for group schemes G generalising Galois conjugate
representations for finite groups (Galois conjugate representations occur for example in [CR,
Vol. I, §7B]). We show that for a Galois extension K — L irreducible components of schemes
resp. of isotypic components of G-sheaves over K correspond to Galois orbits (proposition 5.10
resp. corollary 5.23). At least in some cases this seems to be known: concerning components
of schemes for example there is a remark in [EH, I1.2], for representations of finite groups see
e.g. [CR, Vol II, §74], however, new apart from the generality is that we trace back both to the
simple statement of Galois descent for vector spaces (proposition 5.6).

Further, the operation of the Galois group on the G-Hilbert scheme is determined.

Chapter 6 (McKay correspondence over non algebraically closed fields) contains an extension of
the classical McKay correspondence to finite subgroup schemes G C SL(2, K) over not neces-
sarily algebraically closed fields K of characteristic 0 (main theorems in subsection 6.2.2).

McKay correspondence over non algebraically closed ground fields and the relations between
irreducibility of representations and components of the exceptional divisor with respect to field
extensions have not been considered before. Further, it is completely new to consider finite
group schemes instead of only finite groups and to relate their scheme structure to the scheme
structure of the exceptional divisor.
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ADE singularities over non algebraically closed fields and the configuration of exceptional curves
have been studied in [Li69], but using entirely different methods and not with regard to the
representation theory of the corresponding group scheme. There these singularities occur as
defined by equations and not as quotients by finite group schemes.

As another new result we obtain criteria for finite subgroups G C SL(2,C'), C algebraically closed
of characteristic 0, to be realisable as subgroups of SL(2, K) for subfields K C C (theorem 6.10).

We consider several examples for McKay correspondence over non algebraically closed fields of
characteristic 0.




Notations and references

This thesis is made of mainly two basic ingredients, representation theory and algebraic geom-
etry, taken from the following sources.

- For the representation theory of finite groups see [Se, LR, [FH], also [CR]. However, the repre-
sentation theory part here appears reformulated in terms of semisimple algebras [Bour, Algebre
Ch. 8], coalgebras and comodules [Sw], [Abe], to take into account the more general situation
of group schemes instead of finite groups. G-equivariant sheaves, introduced as in [Mu, GIT],
are used as generalisation of representations.

- As general references for algebraic geometry, sheaves and schemes we have used [EGA], [EGA1],
also [Ha, AG], [EH].

Standard results from these sources we will use, sometimes implicitely. Standard notations we
mostly have taken over, for clarification the following remarks.

Miscellaneous.

- We denote by Mod(X), Qcoh(X),Coh(X) the categories of Ox-modules on a ringed space
(X,0x).

- We write A x(.7) for the affine X-scheme Specy (Symp, %) (denoted by V(.#) in [EGA]).

- We usually use Homx (-, -) for Homp, (,-) (if no other sheaves of algebras than Ox on the
space X are considered).

- Sometimes we use implicitely canonical isomorphisms like f*¢*.% = (¢gf)*.# and write "=".

Functors of points and T-valued points.

- Sometimes we will underline a functor to distinguish it in case of representability from the
corresponding scheme, in general the functor corresponding to a scheme will be denoted by the
same symbol underlined.

- T-valued points: we sometimes identify X (7') with X7(T) = I'(X7/T). For a T-valued point
x € X(T) and a T-scheme ¢ : T" — T we write z7+ for the morphism 7" — X7 as well as for
zot: T — X.

Base extension and restriction.

- In general we write a lower index for base extensions, for example if X,T are S-schemes then
X7 denotes the T-scheme X xgT or if V is a representation over a field K then Vj denotes the
representation V' ® g L over the extension field L.

- Likewise for morphisms of schemes: If ¢ : X — Y is a morphism of S-schemes and 7" — S an
S-scheme, then write pp for the morphism ¢ x idp : X7 — Yp of T-schemes.

-Let ¢ : T — S be a morphism and .# an Og-module. Then write %7 for the Op-module ¢*.%
and put pp = V*p : Fpr — Yp, if ¢ 1 F — ¥ is a morphism of Og-modules.

- More generally let X be an S-scheme, .# an O x-module and let ¢ : T — S a morphism. Then
write Fr for the Ox,-module ¥%.# and ¢r for ¥5 ¢ : Fr — 9, if ¢ : F — ¢ is a morphism
of Ox-modules.

- Base restriction will be denoted by a left lower index, e.g. if A — B is a ring homomorphism
and M a B-module, then write 4 M for M considered as an A-module.

12
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Chapter 1

McKay correspondence for

G C SL(2,C)

This chapter is expository and introductory, we state the observation of McKay and discuss
approaches to explain the McKay correspondence in the original situation for finite subgroups
of SL(2,C). Note that in the following the topics are not always ordered by their historical
succession and as well not always grouped by the papers in which they appeared.

The singularities that arise as a quotient of A% by a finite subgroup G C SL(2,C) are the ADE
singularities which are well known, classified and have been extensively studied. In the first
section we summarise some information about these quotient singularities and their resolutions.
We then describe the observation of McKay: It relates the exceptional prime divisors in the
minimal resolution ¥ — A% /G as well as their configuration to the representation theory of the
group G. This is what will be called ”classical McKay correspondence” later.

The second section describes the method of G-Hilbert schemes and discusses approaches to ex-
plain the classical McKay correspondence.

The minimal resolution of the ADE singularities A% /G can be constructed as a G-Hilbert scheme
G-Hilbg A% that parametrises G-stable finite closed subschemes of A% with coordinate ring iso-
morphic to the regular representation.

There are several ways to relate nontrivial irreducible representations to exceptional prime di-
visors, we describe two of them, the original proofs of both rely on case by case investigations
and the classification of finite subgroups G C SL(2, C):

- It is possible to define a stratification of the minimal resolution G-Hilbg AZ by attaching a
representation to any point of the G-Hilbert scheme. The nontrivial irreducible representations
of GG then correspond to the 1-dimensional strata and the closures of these are the exceptional
prime divisors.

- For any irreducible representation there can be defined a vector bundle .%; on the minimal
resolution (here in principle it is not necessary to have constructed the minimal resolution as
a G-Hilbert scheme). These sheaves are called the tautological sheaves. Its highest exterior
powers are invertible sheaves which are dual to the exceptional prime divisors with respect to
the intersection form.

In the third section we summarise results of K-theoretic and derived McKay correspondence.
These extend the original observation, they relate the Grothendieck group resp. derived category
of sheaves on the minimal resolution to that of G-equivariant sheaves on A%.

17



18 CHAPTER 1. MCKAY CORRESPONDENCE FOR G C SL(2,C)

1.1 ADE singularities and the observation of McKay

In this section we introduce the ADE singularities and collect some basic properties of them and
their resolutions. We then describe the observation of McKay [McK80].

1.1.1 ADE singularities

Let G be a nontrivial finite subgroup of SL(2,C). The quotient X := AZ/G has an isolated
singularity at the point corresponding to the origin. The singularities obtained this way are the
ADE singularities (this term derives from the fact that the exceptional curves in the minimal
resolution form Dynkin diagrams of type ADE as explained below), also called Kleinian singu-
larities, Du Val singularities or rational double points and were studied extensively. They have
the property that they can be embedded into A% (equations are listed below), the tangent space
of the singular point is 3-dimensional.

Resolutions of singularities and the minimal resolution. A desingularisation or resolution
of singularities is a proper birational morphism ¥ — X with Y nonsingular. In dimension 2
singularities can be resolved by a sequence of monoidal transformations (i.e. blow-ups of closed
points) and there exists a minimal resolution in the sense that any other resolution factors
through it. It is also characterised by the property that it has no exceptional (—1)-curves since
such curves can be contracted.

The surfaces X = AZ/G are rational (then their resolutions as well), since the extensions of
function fields C(A2)/C(X) are finite separable [Ha, AG, Remark V.6.2.1].

Construction and explicit description of minimal resolutions of ADE singularities.
- In the abelian case the minimal resolution can be constructed by toric methods. This is also
possible for any of these quotient singularities: Any nonabelian finite subgroup G C SL(2,C)
is a central extension 0 — Z/2Z — G — G — 0, the factor group G operates on the minimal
resolution of A% /(Z/2Z) such that the stabilisors are abelian.

- In [GV83, Section 6] (see also references therein) explicit descriptions of the minimal resolutions
as glueings of copies of A% can be found (in the abelian case compare to the toric resolution,
see also subsections 2.2.1, 2.2.2 and 6.3.1).

- Later, in subsection 1.2.1, we will see, that in some cases resolutions of quotient singularities
can be constructed as G-Hilbert schemes. This in particular gives a general method to construct
the minimal resolution of ADE singularities.

Multiplicities of the exceptional curves and the fundamental cycle. Let f:Y — X =
A% /G be the minimal resolution, we call the fiber E over the singular point the exceptional
divisor. FE is reduced for cyclic groups and nonreduced otherwise, then certain components
occur with multiplicities as pictured in the diagrams below (see e.g. [GV83, p. 411 and p. 447)).
As a divisor it coincides with the fundamental cycle defined in [Ar66] by a certain property with
respect to the intersection form ([Ar66, Thm. 4]).

Properties of the singularities A2 /G and of the minimal resolution. (see also subsec-
tions 2.1.1 and 2.1.2).

- The singularities X = A% /G are rational, i.e. any desingularisation f : Y — X has the
property f.Oy = Ox and R!'f,Oy = 0. Then H!(Y,Oy) = 0 and Pic(Y) = H?(Y,Z) by the
exponential sequence ([Ha, AG, Appendix B.5]).

- The quotient A% /G is Gorenstein, the canonical sheaf wx is a line bundle.

- The minimal resolution f : Y — X is crepant, that is f*wx = wy, and, since wx is trivial,
one has wy = Oy. Then the components F; = IP%; of EL.oq have self-intersection number —2,
because for the normal sheaf one has A%, /v = wg, = Op,(-2).
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Intersection graphs. The intersection graph for the resolution of A% /G is defined to be the
graph with the irreducible components E; of E,..q as vertices and two different vertices F; and
E; connected by E;.E; undirected edges.

Alternatively consider the F; as simple roots and form the Dynkin diagram with respect to the
negative of the intersection form.

The graphs that occur this way are exactly the Dynkin diagrams of ADE type, the intersection
matrices are exactly the negatives of the Cartan matrices of the corresponding root systems
(these are listed in detail in [Bour, Groupes et algebres de Lie]).

Here we list the singularities grouped by the corresponding finite subgroup of SL(2, C), equations
for embeddings into A% and their intersection graphs together with the multiplicities of the
components E; of E.eq in E. The indices of (4,), (D)) and (E,) always indicate the number of
vertices of the intersection graph.

Group, singularity Intersection graph

Cyclic groups (n > 2)

Clz,y,2]/ (2" +y* +27)
o 1
Binary dihedral groups (n > 2) (Dyso) 1 2 2 2 2~
Clz,y, )/ (a(a" +y*) + 2) N
[ ]
Binary tetrahedral group (Eo) T 2
Cla,y, 2]/ (#* + 4"+ ) ' A A S R
Binary octahedral group (Er) T 2
Clz,y. 2/ (y(@® +y°) +2%) ’ s—s— 3 s
Binary icosahedral group (Eg) T 3
Clz,y, 2]/ (2° + 4 + 2%) ) B R B S R R

1.1.2 The observation of McKay

The subject nowadays known as McKay correspondence originates from the observation of
McKay [McK80]: For a finite subgroup G C SL(2,C) the graph describing the intersection
properties of the irreducible components of the exceptional divisor in the minimal desingularisa-
tion of the quotient singularity A% /G can also be obtained from only the representation theory
of the group G.

Representation graphs. Let V be the 2-dimensional representation given by inclusion G C
SL(2,C). Define the extended representation graph to be the graph having as vertices the
irreducible representations of G' over € and with two different vertices V;, V; connected by a;; =
Hom§ (V;, V@¢V;) edges from V; to Vj (see also definition 6.1 for more details). Here the integers
a;j satisfy V @c V; = @, a;;V; (if the ground field is not assumed to be algebraically closed, this
is not necessarily the case, see remark 6.2). Two directed edges of opposed direction form an
undirected edge. The representation graph occurs by leaving out the trivial representation and
all its edges. It is elementary to show, that for the finite subgroups of SL(2, C) these graphs are
connected and undirected.
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The representation graph can be described in terms of the Z-bilinear form
(Vi, V) := dimg Hom& (V;, V @¢ V;) — 2 dimg Hom& (V;, V)

on the representation ring R(G) (see definition 6.3 and remark 6.4, this form will naturally occur
in subsection 1.3.2). One also obtains the graphs (A4,), (Dy), (Ey,) as Dynkin diagrams with
respect to the negative of the form (-, -).

Observation of McKay. The (extended) representation graphs obtained this way are exactly
the (extended) graphs of ADE type (4,), (D»), (Es), (E7), (Es) corresponding to the cyclic,
binary dihedral and the three binary polyhedral groups and one has:

Observation 1.1 ([McK80]). For any finite subgroup G C SL(2,C) the representation graph
for the group G is isomorphic to the intersection graph of the singularity A%/G.

In particular the nontrivial irreducible representations of G are in bijection with the exceptional
prime divisors. The additional vertices corresponding to the trivial representation can be related
to additional vertices in the intersection graphs by considering general hyperplane sections (see
e.g. [GV83, p. 411], [Mat, 4-6-9]).

List of finite subgroups G C SL(2,C) and their presentations and representation
graphs. We list the finite subgroups of SL(2, C), their presentations and extended representation
graphs together with the dimensions of the irreducible representations. Write o for the trivial

representation.
Finite subgroup of SL(2, C) Graph

ol
Cyclic groups of order n (n > 2) (A1) / \
Z/TLZ:<a‘an:1> n-l o ®e— -+ —@ Y

1 1 1 1

Binary dihedral groups 1 0\2 9 9 9 /' 1
of order 4n (n > 2) (Dpio2) o o— ... —eo o
BD,, = (a,b,c|a* = b* = ¢" = abc) 1./ \.1

o1l
Binary tetrahedral group of order 24 (Be) l 2
BT = {a,b,c|a® =b* = ¢ = abc) 6 |

[ ] [ J [ d [ [ J
1 2 3 2 1
Binary octahedral group of order 48 (Er) T 2
= 2_pd =t = 7 O—e@®—0—0—0—0—o
BO <a, bycla®=0b>=c¢ abc> 1 3 3 S 2 S 1
Binary icosahedral group of order 120 T 3
BI:<CLbC|CL2:b3:C5:CLbC> (ES) O—eoe—eo—eo—e0—o0—0—0
e 1 2 3 4 5) 6 4 2

Remark 1.2. There are relations to the Lie groups and algebras of the corresponding Dynkin
diagrams as well, see [Sl], but these will not be treated in this thesis.
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1.2 G-Hilbert schemes, stratification and tautological sheaves

In this section we introduce the G-Hilbert scheme [ItNm96] and discuss methods, the stratifica-
tion of the G-Hilbert scheme [ItNm96] and the tautological sheaves [GV83], to relate irreducible
representations to prime divisors.

1.2.1 G-Hilbert schemes

The minimal resolution of a 2-dimensional quotient singularity (and in higher dimensions in
some cases crepant resolutions) can be constructed as a G-Hilbert scheme. The G-Hilbert
scheme has been introduced in [ItNm96], [[tNm99] for 2-dimensional quotient singularities, the
higher and especially the 3-dimensional case for abelian subgroups of SL(3, C) and the relation to
the theory of toric varieties have been studied in [Nm01] (see also subsection 2.2.1). Here we use
the definition of the G-Hilbert scheme as a moduli space of G-clusters (this seems to have been
introduced in [Re97], see also [CrRe02, section 4] for discussion and comparision between the
two definitions), i.e. here we specify the functor of points and obtain a possibly not irreducible
scheme. Its irreducible component birational to the quotient is the Hilbert scheme of G-orbits
in the sense as originally introduced by Nakamura.

For a scheme X over C with an operation of a finite group G the G-Hilbert scheme is defined
to parametrise G-clusters, where a G-cluster is a zero-dimensional closed subscheme Z C X
such that the representation H%(Z, Oz) is isomorphic to the regular representation of G. More
precisely, define the G-Hilbert functor G-Hilby X : (C-schemes)® — (sets) by

Quotient G-sheaves [0 = & — Ox, — Oz — 0] on Xr,
G-Hilbe X(T) := { Z finite flat over T, fort € T: H(Z;,0g,) isomorphic
to the reqular representation

(see section 4.2 for more details). If X is quasiprojective one may prove that G-Hilb¢ X is
representable by showing that it is a closed subfunctor of the Hilbert functor of n points (see
subsection 4.2.1), this functor is representable as a consequence of a more general theorem of
Grothendieck [Gr61], in this thesis cited as theorem 4.1.

For a detailed discussion on G-Hilbert schemes see chapter 4. In section 4.3 we prove repre-
sentability of G-Hilb, X for algebraic K-schemes X and finite group schemes G over a field
K under the condition that the Hopf algebra of G is cosemisimple and a geometric quotient
m: X — X/G, 7 affine, exists. In this proof the existence of the Hilbert scheme of n points will
not be needed.

Since the support of any G-cluster is exactly one G-orbit (use that the trivial representation
occurs in the regular representation only once), there is a map of closed points of G-Hilbg X
to the quotient X/G. This is part of a projective morphism 7 : G-Hilb¢ X — X/G, which is
an isomorphism over the open subscheme of X /G whose points correspond to free G-orbits (see
section 4.3).

In dimension 2 the G-Hilbert scheme is the minimal resolution:

Theorem 1.3 ([ItNm96]). Let G be a finite subgroup of SL(2,C). Then G-Hilbg A is ir-
reducible, nonsingular and 7 : G-Hilbg A% — A%/G s the minimal resolution of the quotient
singularity A%/G. O

By [BKRO1], under some conditions, the G-Hilbert scheme is a crepant resolution (for the notion
”crepant” see subsection 2.1.1), in particular this is the case for finite G C SL(n,C), n < 3 and
thus implies that G-Hilb¢ A2 for G C SL(2,C) is the minimal resolution. This is also true for
finite small subgroups of GL(2, C), see [Is02].
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1.2.2 Stratification of the G-Hilbert scheme

In [ItNm96|, [ItNm99] one defines a stratification of the G-Hilbert scheme in order to construct
the bijection between nontrivial irreducible representations and irreducible components of the
exceptional divisor.

Let G be a nontrivial finite subgroup of SL(2,C), V the given 2-dimensional representation and
let 7 : A% — A% /G the quotient morphism. 7 : G-Hilbg A% — A% /G is the minimal resolution,
define the exceptional divisor E to be the fiber over the singular point, that is £ = 771(0),
where O = 7(0), O the origin of A. Let m = (z1,22) be the maximal ideal of Clz1, 2]
corresponding to O, n the maximal ideal of C[z1, 25]¢ corresponding to O.

The closed points of G-Hilb A% correspond to ideals I C C[zy,z2] such that Clzy,zs]/I is
isomorphic to the regular representation. For any G-cluster define the representation

V(I) = I/(mI + TIC[.Z'l, .%'2])
Then there is the following theorem (proven in [ItNm99] by case by case investigations):
Theorem 1.4 ([ItNm96]).

(i) I € E if and only if V(I) # 0. In this case V(I) is either nontrivial irreducible or consists
of two nontrivial irreducible representations nonisomorphic to each other.

(ii) There is a bijection

{nontrivial irreducible representations of G} — {irreducible components of E'}
Vi — E;
such that for a closed point I € G-Hilbg AZ: I € E; < V; C V(I).

(ili) For nonisomorphic irreducible representations V;,V; it is E;.E; # 0 if and only if V; C
V ®c Vj (or equivalently V; C V ®¢ V;). In this case there is exactly one closed point
I € G-Hilbg A%, such that V(I) 2V, & V. O

An analogous theorem, there restricting to so called special representations, applies to finite
small subgroups of GL(2, C), see [Is02], [It01]. A similar stratification exists for finite subgroups
G C SO(3,R) naturally operating on A, see [GNS04] and also subsection 2.2.3.

A relation to relative tangent spaces of G-Hilbg Ag over A¢ /G is given in subsection 4.4.5.

1.2.3 Tautological sheaves

For a finite subgroup G C SL(2,C) let Vg, Vi,...,V, the isomorphism classes of irreducible
representations of G, Vy the trivial one, of dimensions dg,dy,...,d,. Let Y := G-Hilbg A% and
0— .7 = Ox2 — Oz — 0 the universal quotient. There is the commutative diagram

Z
N
Y AZ
N A
AL/G

(1.1)
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The projection p : Z — Y is a finite flat morphism, the sheaf p,Oy is a locally free G-sheaf on
Y with fibers p.Oz ®p, k(y) for y € Y isomorphic to the regular representation of G over x(y).
Decomposing p. Oz into isotypic components for the irreducible representations Vp, Vi, ...V, of
G and writing these components as tensor products of a sheaf with the corresponding represen-
tation, one has

p*OZ =~ @%mgy (OY ®C Vvlap*OZ) ®C ‘/Z
=0

(see also section 3.4). This decomposition relates irreducible representations to certain sheaves
onY.

Definition 1.5. Define the tautological sheaves Fy, ..., % on'Y corresponding to the isomor-
phism classes of irreducible representations Vo, ..., V. by
F; = Hom@, (Oy @¢ Vi, pO7) (1.2)

The sheaves .%; are locally free, because p,Oy is locally free, and .%; is of rank d; = dimg V;, since
the fibers of p,Oz are isomorphic to the regular representation. For the trivial representation
Vo one has %) = (p,0z)¢ = Oy. The sheaves .%; may defined as well as

Fi = (p+q" (042 ®c Vi))© (1.3)

or

Fi = 1" Homs 16(Vi ®c Opg o, 1Oz / (Oy -torsion) (1.4)

(the equivalence of (1.2) and (1.3) is easy to show, for (1.3) and (1.4) see [GV83, Prop. 2.8]).
The tautological sheaves were studied in [GV83], [KaVa00]. Originally, in [GV83], they were
introduced as in equations (1.3) and (1.4). They have been studied in higher dimensional cases
as well, see e.g. [Re97], [ItNj00], [Cr01], [Cr05].

The tautological sheaves .%#; corresponding to the nontrivial irreducible representations V; of
G C SL(2,C) have the following property that can be used to relate irreducible representations
to exceptional prime divisors in the McKay correspondence.

Define line bundles

L= N\" 7
as highest exterior powers of the tautological sheaves .%;.

Theorem 1.6 ([GV83, Thm. 2.2], [KaVa00, Lemma 2.1]). There exists a bijection
Vi « E; between the nontrivial irreducible representations Vi,...,V, of G and the components
Eq,...,E, of E.oq such that

.,%.Ej = 52‘j

It is

J

O%jl 1#£ ]
O

This bijection coincides with the one defined by the stratification of the G-Hilbert scheme (see
[KaVa00]).
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1.3 K-theoretic and derived McKay correspondence

In this section we review results on the McKay correspondence as an isomorphism of Grothendieck
groups and as an equivalence of derived categories with [GV83] and [KaVa00], [BKRO1] as main
references.

Let G be a finite group and Vj, ..., V, the isomorphism classes of nontrivial irreducible repre-
sentations of G of dimensions dy, ..., d, with V{ the trivial one.

1.3.1 Equivariant Grothendieck groups

In [GV83] a geometric construction is provided to explain the McKay correspondence. There the
McKay correspondence is interpreted as an isomorphism of Z-modules between the Grothendieck
group of coherent sheaves on the minimal resolution and the representation ring of the group
G. In this subsection we develop some elementary facts concerning equivariant Grothendieck
groups on affine spaces with a linear group operation in order to prepare for the formulation of
K-theoretic McKay correspondence in the next subsection.

As general references for K-theory we use [FL], [Man]. It is well known that any coherent
sheaf on a regular noetherian scheme X with an ample invertible sheaf has a finite locally free
resolution, so the Grothendieck groups K°(X) and Ky(X) of classes of locally free resp. coherent
sheaves coincide (see for example [FL, Prop. VI.3.1] or [Man, Thm. 1.9]), in this case we write
K(X). Further, on A locally free sheaves of finite rank are already free (see e.g. [GM, II1.5.15]
and references therein), thus K (Ag) = Z by rank.

Let V be a finite dimensional representation of G over C, this determines a linear operation of
G on the affine space Ag(V). Choosing coordinates we have A¢(V) = A¢ with n = dim V. Let
O € A¢ be the origin and m the corresponding maximal ideal, then O is a G-fixed point and m
a G-stable ideal.

Denote by K“(Ag) the Grothendieck group of G-equivariant coherent sheaves on A% (for a
treatment of G-equivariant sheaves see chapter 3) and by R(G) = K “(Spec C) the representation
ring or in other words the Grothendieck group of finite dimensional representations of GG. Define
K G(A%, {O}) to be the Grothendieck group of coherent sheaves supported by {O}. Using the
induction functor (left adjoint to the restriction functor, see [FH], [Se, LR] for the functors Ind
and Res for representations) one easily shows, that for X regular with an ample invertible sheaf
any coherent G-equivariant sheaf on X has a finite locally free G-equivariant resolution. In
particular K G(A%) coincides with the Grothendieck group of locally free or free G-equivariant
sheaves of finite rank.

The following proposition relates the Grothendieck groups of equivariant sheaves to the repre-
sentation ring (see [GV83, Prop.1.4]).

Proposition 1.7. The morphisms SpecC = {O} AN Ag, A 2, SpecC induce an isomor-
phism of A-rings
R(G) — K9(Ag), [V] = [Oan ®¢ V]

and an isomorphism of Z.-modules

R(G) — K9 (Ag,{0}), [V] = [+(0) ®c V]



1.3. K-THEORETIC AND DERIVED MCKAY CORRESPONDENCE 25

Proof. To prove the first assertion, one shows that the homomorphisms

R(G) = KG(SpecC) <% KG(A
Wl = [pW]
7 B0, 5(O) =[]

~—

[Oaz ®c W]
[(Z], for free

are inverse to each other. They preserve multiplication and A-operations.

For the second assertion note that for a coherent sheaf .# supported by {O} one can use in-
ductively G-equivariant exact sequences 0 — m#% — .7 — % /m% — 0 to get an equation
[F] = is[m'F /mTLZ], where the sum is finite, because m*.# = 0 for some i (these are stan-
dard arguments, see for example [FL, Ch. VI.6]). With this it is easy to see that the following
maps are mutually inverse:

R(G) = K%(SpecC) 2% KG(A%, {0}
W] = [i..W] = [k(0) ®c W]
7]« [7]

0

There is the natural homomorphism of K% (A%)-modules K¢(A%, {O}) — K%(AZ) (not injec-
tive) with image of K¢ (A%, {O}) in K%(A%) the ideal generated by [+(O)], and the isomorphism
KC(AZ) — KG(AZ, {O}) given by multiplication with [k(0O)]. Taking into account the isomor-
phisms to the representation ring R(G), there is the diagram of homomorphisms of Z-modules

R(G) «—— K°(Ag,{0})

w0 [ia 1] (1.5)

R(G) —"— K“(Ag)

with o € R(G) corresponding to [k(0)] € K% (AR).

For the purpose to calculate o we consider a G-equivariant Koszul resolution of x(O), for the
following proposition see [GV83, Prop. 1.4] and also [BKRO1, Section 9]. Note that the sheaf
of differentials 47 as G-equivariant sheaf is isomorphic to O A2 ®c V', so the isomorphism
KC(AZ) = R(G) identifies the class [Qap] with [V], the cotangent space of the origin as a
representation is isomorphic to V.

Proposition 1.8. For an n-dimensional representation V of G and Ag = Ag(V) with G-
operation given by V the isomorphism KG(A\%) = R(G) maps the class of the structure sheaf of
the origin [k(0)] € KE(AZ) to the element 0 = A_1([V]) = 3_,(=1))[A\' V] € R(G).

Proof. From the equivariant Koszul resolution of x(O)

0 — /\nQAg _— ... — /\29‘&8 e QAE — OAEL — Ii(O) — 0
dr; +— T;

derives the equation [k(O)] = A,l([QA{DL]) = ZZ(—l)’[/\Z Qap] in KCY(AZ), this element corre-
sponds to o = A_1([V]) = >_.(-1)[\" V] € R(G). O

Example 1.9. In the case n = 2, G C SL(2, K) one has the Koszul resolution
0— /\QQAE — Qag — Og2 — k(0O) — 0

and obtains [k(0)] = [Ox2] — [Qa2] + [wA%], soo=2—[V].
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Further, in the case G C SL(2, K) the ideal of K(Ag) = R(G) generated by [(0)] < 2 — [V]
is a free Z-module of rank r with basis [V1 ®0,, £(0)],...[V: ®0,, £(O)], there is the exact
sequence ¢ ¢

0—— Z(ST_y dilVi]) — R(G) =

R(G)
(see [GV83, Prop. 1.4]). In particular the regular representation satisfies [D;_,, V;@di] (2=[V]) =
0 in R(G), there is the relation [k(0)] = — (> ;_; &i[Vi ®¢ (’)A%]) - [k(0)] in KE(AR).

1.3.2 McKay correspondence as an isomorphism of Grothendieck groups

Assume that G is a finite subgroup of SL(2, C) and V' the natural 2-dimensional representation.
Y := G-Hilb¢ A% — AZ/G is the minimal resolution, denote by K(Y') the Grothendieck group
of coherent Oy-modules.

The Grothendieck group K(Y') has the filtration ([FL, Ch. III.1], [Man, §8])
K(Y)=F'K(Y)D F'K(Y)D F?K(Y)

where by definition F'K(Y) = ker(rk : K(Y) — Z). One has K(Y)/F'K(Y) = Z by rank,
G'K(Y) = F'K(Y)/F?K(Y) = Pic(Y) by determinant and K(Y)/F?K(Y) = Z®Pic(Y) ([FL,
Thm. II1.1.7 and V.3 Remark 1], [Man, Cor. of Thm. 10.8]), further F3K(Y) = 0 ([FL, Cor.
V.3.10], [Man, Thm. 9.1]). Y is regular and quasiprojective, therefore K(Y') is generated by
invertible sheaves and F'K(Y) = (F'K(Y))! (see [FL, p. 49], [Man, Prop. 8.5]).

There is also a lower filtration F; K (Y) ([FL, Ch. VL5]). It is known that FoK(Y) = 0 (see
[GV83, Proof of Prop. 1.2]), then it follows that F2K(Y) = 0 (use [FL, Prop. VL.5.3]) and thus
K(Y)2Z®Pic(Y), x < (tkz,det x).

Again we use diagram (1.1) and following [GV83, Thm. 2.2] we define a group homomorphism

v K9(Ag) — K(Y)
(6] = [(p«q*&)C]  for & locally free

The classes of irreducible representations [Vo), [V}"],...,[V,Y] € R(G) = K%(A2) are mapped to
the classes of the tautological sheaves %y = Oy, [#1], ..., [%;] of definition 1.5.

The main result of K-theoretic McKay correspondence for G C SL(2,C) is the following the-
orem [GV83, Thm. 2.2], there proven by case by case considerations. For generalisation to
G C SL(3,C) abelian see [ItNjO0O]. The derived McKay correspondence, discussed in the next
subsection, implies the isomorphism of K-theory, in particular this applies to finite G C SL(2, C)
and G C SL(3, C) without investigations of the individual cases.

Theorem 1.10 ([GV83, Thm. 2.2]). The map v : K¢(AZ) — K(Y) is an isomorphism of
Z-modules, the tautological sheaves [Fy] = [Oy], [#1],...,[ %] form a Z-basis of K(Y). O

We describe the map 1 in more detail:

¥

R(G) = KYAZ) —— K({Y) = ZoPic(Y)
Vol < [Onz] = [Oy] < (1,Oy)
VY] = [Oaz0cVY] = [#] < di,\"F)

As stated in subsection 1.2.3 with respect to the intersection form the line bundles .Z; = /\di Fi
are dual to the exceptional prime divisors F;.
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Similarly define a homomorphism ¢y : K¢(AZ%,{0}) — K(Y,E), where K%(A%,{O}) resp.
K(Y,E) are the Grothendieck groups of coherent sheaves supported by the origin {O} C A%C
resp. by the exceptional divisor £ C Y. There is the diagram

R(G) —~— K%(A%, {0}) % K(Y, E)

:1:»—>(27[V])-:rl l j{

R(G) —=— K%(A%) —2— K(Y)

For 1 one has (see [GV83, Thm. 2.2.(ii)] and [KaVa00, Thm. 2.3], [Is02, Thm. 5.1])

R@) = K9A2{0}) % K¥,E) — K()
Vo] KO)] = (05 = (05 =Y, d[0g]
V] K(O)©c VY] = —[Og(-1)] — —[0g]

—
—
where F; = ]P&j are the irreducible components of F,.q, numerated as in subsection 1.2.3.
One may introduce the Z-bilinear forms ([BKRO01, section 9])

& KG(A%C) X KG(A%,{O}) — 7 ‘ A

(Z)[9]) — X,(~1) dimeExt{s(7,9)
C

where Ext®? are the derived functors of Hom®, and

x: KY)xK(Y,E) - Z | |
((7],[9]) — 2i(=1)"dime¢ Exty (F,9)

Then [OA% X Vo], [OA% Xe Vl], Cey [OA% KR Vr] and [/i(O) XRe Vo], [H(O) X Vl], ce [K(O) X Vr]
are bases of K% (A2) resp. K¢(AZ,{O}) dual with respect to x“ and [%o] = [Oy], [Z1],..., [ %]
and [Ogl, —[0g, (-1)],...,—[Og,(—1)] are bases of K(Y') resp. K(Y,FE) dual with respect to

X (this may be shown directly with the explicit description above or using the derived McKay
correspondence [BKRO1, Section 9]).

The form % on K%(A2, {O}) = R(G), that is the composition K“(A2, {0O})x K¢ (A%,{0}) —
KCG(AZ) x K¢(A2,{0O}) — Z, is given by

x%: R(G)xR(G) — Z
(W], [W')) +~ 2dimg¢Hom (W, W’) — dim¢ Hom& (W ®@¢ V, W)

and thus describes the representation graph (see subsection 1.1.2). Similarly, the form x on
K(Y, E) corresponds to the negative of the intersection form, i.e. x([Og,], [Og,]) = —E;.E;, and
thus describes the intersection graph (see subsection 1.1.1).

1.3.3 McKay correspondence as an equivalence of derived categories

In [KaVa00] the McKay correspondence for G C SL(2,C) has been realised as an equivalence
of derived categories. As general references on derived categories we have used [GM], [Ha, RD].
Of course, an equivalence as stated in theorem 1.11 implies an isomorphism of K-theory as in
theorem 1.10.

Let G C SL(2,C) be a finite subgroup, let Y = G-Hilbg A% and Z C A%, the universal family,
consider diagram (1.1). We denote by D(Y) the derived category of quasicoherent sheaves on
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Y with bounded coherent cohomology and by DG(A%) the derived category of quasicoherent
G-equivariant sheaves on A% with bounded coherent cohomology etc.. As in [KaVa00] we define
functors (p is the morphism of ringed spaces (Z,0z) — (Y, p.Oz), see also subsection 3.1.1)

o: DY) — DY(AZ), E — Rq.p*Homp, (p«Oz, E)
¥: DYAZ) — D(Y), F — (p.Lq*F)%

Here @ is constructed as right-adjoint to ¥, that there is the adjunction (¥, ®) can be seen as
follows:

HOHID(Y)(‘I’(F)? E) HomD(Y)((P*Lq*F)Ga E)

Hom pyyo (p«Lq*F, E)

Hom p e (Lq* F,p* Homo, (p«Oz, E))
HomD(A‘%)G (F’ RQ*p*%mOY (p*OZ’ E))

HOHID(A%)G (F, ®(E))

1111 1l

The isomorphism Hom pyye (p«Lq*F, E) = Hompzc(Lg*F,p* Homo, (p«Oz, E)) is equivari-
ant Grothendieck duality for the finite flat morphism p : Z — Y (see [Ha, RD, Ch. III, §6],
subsection 3.1.1 and proposition 3.57).

Theorem 1.11 ([KaVa00]).
The functors ® and ¥V are mutually inverse equivalences of triangulated categories. U

This theorem also follows from [BKRO1], there the derived McKay correspondence has been
vastly generalised: These results imply that for finite G C SL(3,C) the G-Hilbert scheme is
irreducible, smooth and a crepant resolution of A% /G and that there is an equivalence of derived
categories as in theorem 1.11. They also give an equivalence of derived categories in other cases,
e.g. for the crepant resolution Hilbg A2 = S,-Hilbg(AZ)" — (AZ)"/S, (see [Bo06] and the
references therein).

The methods of [BKRO1] have been applied in [Is02] to finite small subgroups G C GL(2,C),
there derived categories of G-equivariant sheaves on A% are equivalent to subcategories of derived
categories of sheaves on the minimal resolution.



Chapter 2

Quotient singularities and (<-Hilbert
schemes of higher dimension

In this expository chapter we are concerned with higher dimensional quotient singularities,
resolutions of these and in particular the construction of resolutions as G-Hilbert schemes. We
consider the case of abelian quotient singularities and the toric description of the G-Hilbert
scheme. Further, we discuss the case of reflection groups and subgroups of these of index 2.

In the first section we introduce the notion of canonical singularities, discrepancy of a resolution
and the notion of a crepant resolution which guarantees some kind of minimality. Our main
interest lies in quotient singularities A¢ /G for G C SL(n,C), which can be treated this way. It
arises the question under what conditions crepant resolutions of A¢ /G, G C SL(n, C) exist.

In particular we consider the case of abelian groups. Then the quotient singularity Ag/G
is a toric variety and is determined by the combinatorial data of a cone with respect to a
lattice. Resolutions can be constructed by subdividing this cone and described by combinatorial
methods.

In the second section we consider resolutions of quotient singularities constructed as G-Hilbert
schemes. In the abelian case the component Y of the G-Hilbert scheme birational to Ag/G is a
not necessarily normal toric variety, we describe the method of Nakamura to determine the fan
of its normalisation. This is done by introducing local coordinates around torus fixed points.
We explicitely calculate some examples for this construction.

A subsection is devoted to reflection groups and subgroups of these of index 2. Reflection groups
are generated by quasireflections, equivalently these are those finite subgroups G C GL(n,C)
for which the quotient A¢/ G is isomorphic to A¢. For subgroups G = Gn SL(n,C) of index 2
in a reflection group G one has a relatively simple structure of the fiber over the origin which is
determined in several works.

In the last section we discuss a simple example of group schemes of roots of unity in arbitrary
dimension in detail, determine the tautological sheaves and consider the K-theoretic McKay
correspondence.

29
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2.1 Quotient singularities

In this section we collect some definitions and results concerning higher dimensional singular-
ities and their resolutions aiming at the definition of discrepancy and the notion of a crepant
resolution. We use [Mat], [Re80], [Re87] as main references, also look at [Cr01].

2.1.1 Canonical singularities and discrepancy

In the following let X be an irreducible and normal variety quasiprojective over the field C or
any algebraically closed field of characteristic 0.

Remark 2.1. (Some standard definitions and results).

(1) A desingularisation or resolution of singularities is a (surjective) proper birational morphism
f:Y — X with Y nonsingular.

(2) The canonical divisor Kx is the Weil divisor (more precisely one considers divisor classes)
div(sx) associated to a nonzero rational differential form sx € A%™¥ Q¢(x)/¢; where C(X)
denotes the function field of X. It need not to be Cartier.

(3) For smooth X the canonical sheaf wy = A X Oy is an invertible sheaf and coincides with
the dualising sheaf.

(4) The canonical sheaf wx on possibly singular X (see e.g. [Re87, (1.4), p. 349]): One sets
wx = jxwy, where U — X is the inclusion of the smooth locus.

(5) One may associate a sheaf Ox(Kx) to the canonical divisor Kx, see [Re80, p. 282]. It
coincides with the canonical sheaf wx as defined above, see [Re80, p. 283].

(6) X is called Cohen-Macaulay, if all its local rings are Cohen-Macaulay local rings. If X is
Cohen-Macaulay, then the canonical sheaf wx coincides with the dualising sheaf, see [Re80, p.
283], [AIK], p. 5.

(7) X is called Gorenstein, if all its local rings are Gorenstein local rings. If X is Gorenstein,
then wyx is invertible and K x is Cartier.

Definition 2.2. (Canonical and terminal singularities). ([Re87, (1.1)], [Mat, 4-1-1, 4-2-1]).
X has canonical singularities, if it satisfies the following conditions:

(i) For some integer r > 1 the Weil divisor rKx is Cartier.
(il) If p: Y — X is a resolution with {E;|i € 1} the family of exceptional prime divisors, then
rKy = ¢*(rKx) + Y, aiE; (2.1)
with a; > 0.
If a; > 0 for every E;, then X has terminal singularities.

Remark 2.3.

(1) Equation (2.1) can be read either as an equation of divisors, then after choosing a nonzero
rational differential form sy € A Qc¢(x)/c on X one sets Ky = div(sx), Ky = div(¢*sx),
or as an equation of divisor classes, then note that the numbers a; are independent of choice of
representatives (see also [Mat, 4-1-2]).

(2) In definition 2.2 it is sufficient that the conditions are satisfied for one resolution [Mat, 4-1-2,
4-2-9].

(3) If dim X = 2 then X has terminal singularities if and only if it is smooth. The canonical
singularities in dimension 2 are exactly the ADE singularities (up to isomorphism of the germs)
[Mat, 4-6-5, 4-6-7].



2.1. QUOTIENT SINGULARITIES 31

We now introduce the notion of rational singularities (see e.g. [Vw77]):

Definition 2.4. (Rational singularities).
X has rational singularities, if for any resolution ¢ :' Y — X one has Rp,Oy = Ox, that is
Oy = Ox and R, Oy =0 fori > 0.

Theorem 2.5. ([Re87, (3.8), p. 363)).
Canonical singularities are rational. U

One introduces the notion of a crepant resolution as follows (see e.g. [Re87, p. 360]):

Definition 2.6. (Crepant resolution).
A resolution ¢ 1Y — X 1is called crepant, if o*wx = wy .

Remark 2.7. (Discrepancy and crepant resolutions).
(1) Assume that X has canonical singularities. For a resolution ¢ : Y — X one has the equation
of Q-Cartier divisors

Ky = p*Kx + Zz a; F; (2.2)

The Q-Cartier divisor ), a; E; is called the discrepancy of ¢. The E; occuring with multiplicity
a; = 0 are called crepant. ¢ is crepant if and only if Ky = ¢*Kx or equivalently the discrepancy
vanishes, that is a; = 0 for all 4.

(2) In dimension 2 a crepant resolution of a canonical singularity is the minimal resolution,
because blowing up a regular point gives Ky = p*Kx + E, where E is the exceptional divisor.

2.1.2 Quotient singularities

Let X be a nonsingular quasiprojective variety over C and let G be a finite group of automor-
phisms. Then a geometric quotient X/G in the sense of [Mu, GIT] exists and is constructed
by locally taking invariants. The quotient variety X/G is always normal [BH, Prop. 6.4.1] and
Cohen-Macaulay [BH, Cor. 6.4.6].

Further, there are the following general results concerning quotient singularities by finite groups:

Theorem 2.8. ([Vw77]).

Quotient singularities are rational. [
Theorem 2.9. ([Re80, Prop. (1.7), Rem. (1.8), p. 279)).
Gorenstein quotient singularities are canonical. O

Consider the case of a finite subgroup G C GL(n,C) naturally operating on A{. An element
g € GL(n, C) of finite order is called a quasireflection, if the eigenspace for the eigenvalue 1 has
dimension n—1. A finite subgroup G C GL(n, C) is called small, if it contains no quasireflections.
Since for a finite group G C GL(n,C) generated by quasireflections (such groups are called
reflection groups) the quotient A¢/G again is isomorphic to Ag [BH, Thm. 6.4.12], the study
of quotients Ag/G reduces to the case of small subgroups. For more on reflection groups see
subsection 2.2.3.

For quotients of A, by finite subgroups G C GL(n, C) one has the following criteria for A¢/G
to be Gorenstein resp. canonical:

Theorem 2.10. ([Re80, Rem. (3.2), p. 292], [BH, Thm. 6.4.10)).

Let G C GL(n,C) be a finite small subgroup and X = A¢/G. Then X is Gorenstein if and only
if G C SL(n,C). If g € G operates by g : x; — €%x;, € a primitive r-th root of unity, this means
that %, a; =0 mod r. O
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Theorem 2.11. ([Re80, Thm. (3.1), Rem. (3.2), p. 292]).

Let G C GL(n,C) be a finite small subgroup and X = A¢/G. Then X is canonical (resp.
terminal) if and only if for any g € G, if r is the order of g and with respect to an eigenbasis
T1,...,Ty the operation is given by g : x; — e%x;, € a primitve r-th root of unity and a; €

{0,...,m =1}, then > ,a; > r (resp. > ;a; >1). U

Example 2.12. Consider X = A¢/G for G C SL(n,C). Then X is Gorenstein, wx is a line
bundle and for a resolution ¢ : Y — X the equation (2.2) is an equation of Cartier divisors.
The sheaf wayp Is trivial as a G-sheaf, a G-invariant global section saz that generates wan gives
a global section sx that generates wx and its pull-back sy to Y has the discrepancy divisor
> 6aiE;, a; > 0 as divisor of zeros. If the resolution is crepant, sy has no zeros and generates
Wy .

Assume that for a finite subgroup G' C SL(n, C) there exists a crepant resolution ¥ — Ag/G.
Then one has constructed a variety Y having the properties H* (Y, Oy) = 0 for i > 0 (because
A /G has rational singularities) and wy = Oy (since w An = OAE as a GG-sheaf and the resolution
is crepant).

It arises the question about the existence of crepant resolutions of Gorenstein quotient singular-
ities Ag/G, G C SL(n, C). In dimension 2 there always exists a minimal resolution, the minimal
resolution is crepant. In dimension 3 there exist crepant resolutions as well, see [R096] and the
references given there for a proof based on case by case investigations, a proof without using the
classification of finite subgroups G C SL(3,C) is given in [BKRO1], there it is shown that the
G-Hilbert scheme G-Hilbg A.‘Z’] is a crepant resolution. In dimension n > 4 crepant resolutions
need not to exist in general. This theme in connection with resolutions constructed as G-Hilbert
schemes will further be discussed in the next section.

2.1.3 Abelian quotient singularities and toric methods

Quotients A /G for finite abelian subgroups G C GL(n, C) are toric varieties (see construction
2.13 below). In the toric case there is a simple combinatorial description of the above theory,
which is the subject of this subsection. As general references for the theory of toric varieties we
use [Dal, [Fu], [Oda], for toric singularities see [Mat]|, [Re80]. We assume toric varieties to be
normal.

We show how to describe quotients A™/G by finite abelian G as toric varieties. The notations
introduced here are used throughout this subsection.

Construction 2.13. (Quotients A¢,/G by abelian G as toric varieties).

Let N=Ze1® ... @7e, 27" and M =Zf1 & ... D Zf, = 7" be dual lattices, the duality
pairing given by (e;, fj) = 0;;. N resp. M are naturally embedded into Ng = N ®z Q resp.
Mgq = M ®z Q. For any vector n € Nq write |n| := >, n;. The toric variety Ag corresponds to

the cone o = (e1,...,en)q., C Ng and is given as the spectrum of ClcV N M] =C[Nf1 & ... ®
INf,] = C[z1,...,x,). It contains the open dense torus Ty = Spec C[M] = Spec Clz{?, ... =]

Let G = Spec A C T)y be a finite (abelian) subgroup scheme (over an algebraically closed field
of characteristic 0 it is discrete). G operates on Ty, the quotient is a torus Ty corresponding
to a sublattice M’ C M, one has the exact sequence of group schemes

0—G—Ty — Ty —0
of the corresponding algebras

0 — C[M'] — C[M] — A~ C[M/M'] — 0
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and its character lattices 0 — M’ — M — M/M’ — 0. Since C[M/M'] = A the elements
of M /M’ naturally correspond to the simple subcoalgebras of the Hopf algebra A resp. to the
characters of G. By M — M /M’ the lattice M and the algebra C[M] are graded by the character
group of G with C[M'] = C[M]Y the part corresponding to the trivial character.

The dual N’ C Nq of M’ is an overlattice of N. There is the natural nondegenerate bilinear
pairing N'/N x M/M' — Q/Z that makes N’'/N dual to the character group of G, so after
choice of a primitive r-th root of unity e, where r = |[N'/N/|, one has an isomorphism N'/N = G
by n/ < g if M = X(g) for m € M/M' corresponding to a character x. The operation of G
is then determined by gz™ = (™™ g™ if ' ¢ N'/N corresponds to g € G.

Consider again Ag, = SpecC[oY N M]: The quotient morphism AY, — Ag/G is given by the
inclusion Clo¥ N M'] = Clo¥ N M]% — C[e¥ N M], A%/G is the simplicial affine toric variety
given as Spec C[o¥ N M'] corresponding to the cone o with respect to the finer lattice N'.

As to the converse, any simplicial affine toric variety is the quotient of an affine space Ag by
some finite abelian group [Fu, 2.2].

Remark 2.14. (Some generalities about toric varieties).

(1) A toric variety is nonsingular if and only if any of its cones is generated by elements that
are part of a basis of the lattice N [Da, §3], [Fu, 2.1].

(2) Resolutions of toric singularities are constructed by subdividing cones (see construction 2.18
below). Singularities of toric varieties are rational [Da, §8|, [Fu, p. 76].

(3) Torus-equivariant invertible sheaves resp. Cartier divisors correspond to certain piecewise
linear functions on the support of the fan [Da, §6], [Fu, p. 66], [Oda, Ch. 2.1].

(4) Torus-invariant prime divisors correspond to the orbit closures for the 1-dimensional cones
[Da, §6], [Fu, 3.3], [Oda, Ch. 2.1].

(5) Simplicial toric varieties are Q-factorial, that is any Weil divisor is Q-Cartier [Fu, p. 65].
(6) For the sheaf of differentials and the canonical sheaf for toric varieties see [Da, §4], [Fu, 4.3,
4.4]: The canonical divisor is given as Ky = — ) . D;, where the D; are the toric invariant prime
divisors [Fu, p. 85, p. 89]. It determines a coherent sheaf wx = Ox(Kx), which is a dualising
sheaf in the sense of duality theory [Fu, p. 89]. If j : U — X is the inclusion of the nonsingular
locus, then j,(AT™X Qp) = Ox(Kx) [Fu, p. 89].

(7) Toric varieties are Cohen-Macaulay [Da, p. 106], [Fu, p. 30].

(8) X is Gorenstein if and only if wx is an invertible sheaf. For an affine simplicial toric variety
X = Spec CloYNM] determined by an n-dimensional cone o C Ng = Q" this condition means: If
et,...,e, € NNo are primitive elements that generate o C Nq over Q>o, and if f1,..., f,, € Mq
is the dual basis, then ), fi € M (see also [Re80, p. 294]).

Let X = A¢ /G be the quotient of a finite small abelian subgroup G C GL(n, C), in the notation
of construction 2.13 X corresponds to the cone o with respect to the lattice N’ C Nq. Then X
is classified according to the theory of the last subsections by the following propositions:

Proposition 2.15. X is Gorenstein if and only if >, fi € M or equivalently ¥Yn' € N'No :
In'| € Z.
Proof. Follows from remark 2.14.(8). O

Proposition 2.16. ([Re80, p. 294-295], [Mat, 14-3-1]).

X is canonical (resp. terminal) if and only if Vn' € N'NnDO\{0}: |n/| > 1, (resp. |n'| >1),
where O = {(a1,...,a,) € Ng|0<a; <1} C Ng.

Proof. Since the primitive elements n’ € N’ N0\ {0} correspond to exceptional prime divisors

in some resolution (see construction 2.18 below), the claim will follow from the discrepancy
calculation in remark 2.19. O
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Remark 2.17. The relation to theorems 2.10, 2.11 is given as follows (in [Re80] theorem 2.11
is reduced to proposition 2.16): After choice of an r-th root of unity e, r = |G|, there is
the isomorphism G = N’/N (see construction 2.13), any g € G has a unique representative
%(al. ...,ay) € N'NO. Then g € G operates by g : z; — €%x;. The condition “G small” means
that the elements e; are primitive.

Construction 2.18. (Toric method to construct resolutions of abelian quotient singularities).
Resolutions of X = A{,/G = Spec C[o¥ N M] are constructed by subdividing the cone o. Write
Y for the fan determined by o. The following process leads to a desingularisation (see [Da, §8],
[Fu, 2.6]): Adding a new ray 7 = Q>on’ determined by an element n’ € (N'N0)\ {0} (exists, if
X is singular) and subdividing the cone determines a fan 5. with a morphism (a refinement) of
fans > — X and thus a proper birational morphism of the corresponding toric varieties X — X.
The exceptional divisor E is the toric variety associated to the fan Star(7). Proceeding this way,
eventually one is lead to a desingularisation, because certain multiplicities [Da, p. 124], [Fu, p.
48] decrease with every step.

Remark 2.19. (Calculation of discrepancy).

For quotients A%/G = SpecClo¥ N M]¥ = SpecClo¥ N M'], G C GL(n,C) finite small, a
canonical divisor is given as K ARG = —D1—...— D, where D; is the prime divisor corresponding
to the ray Q>oe; C Ng (any e; is primitive, that is not an integral multiple of some element of
o N N’, because G is small). For r a common multiple of the orders of elements of G the Weil
divisor rKx is Cartier (because rM C M'), the r-th tensor product of the canonical sheaf is
the line bundle w¥" = Ox (rKx) and via the correspondence between Cartier divisors resp. line
bundles and piecewise linear functions on fans ([Da, §6], [Fu, 3.4, p. 66]) w$" corresponds to
the linear functional f =rY_. f; € M’ (that is (multiplicity of D; in rKx)= —(e;, f)).

Let ¢ : Y — X be the partial resolution constructed by adding a ray corresponding to some
primitive n” € N’ N o, let E be its exceptional divisor. In the ramification formula rKy =
©*(rKx) + aFE one has rKy = —(r)_, D; + rE), and one has ¢*(rKx) = —r>_, D; — r|n/|E
since the pull-back of a line bundle is given by the same piecewise linear function on Nq as
the original one, so E occurs with multiplicity — (n’, f) = —r|n/|. Thus a = r(|n’| — 1) and the
discrepancy is (|n/| — 1)E.

Notation: We say that the cyclic group u, of order r operates as %(al, ...,ap) on A, if for an
eigenbasis x1, ..., %, and a primitive r-th root of unity € a generator g € u, maps x; — £%x;.

Example 2.20. Consider the quotient X = A¢/u,, the operation given as %(1, 1) Xis

Gorenstein if and only if n is a multiple of 7. It is M’ = {m € M ||m| € Zr} and N’ =

N+7Zi(1,...,1).

A resolution ¢ : Y — X is obtained by adding the ray Q>on’ for n’ = 1(1,...,1), giving a fan

consisting of the cones o;, 7 = 1,...,n, the monoid N'No; generated by ey, ..., ¢e; 1, % Zj €5, €it1,
.»en. The monoid ¢ N M’ is generated by f1 — fi,..., fi—1 — fi,7fi, fix1 — fis-- s fn— fi, the

corresponding algebra Clo,’ N M’] is the polynomial algebra Cl% .-, :13;11 , T}, m;tl oy 2]

This corresponds to the blow-up of the singular point, as exceptional divisor one has F & ]P%fl.
The discrepancy is (|n’| —=1)E = %L E, therefore X is canonical, if n > 7, and terminal, if n > T

Explicit calculation with differentials: s AR = (WA dm”)@r generates the line bundle w An,

further it is G-invariant, so it comes from some sx on X that generates w% X The pull-back sy
of sx is given on the affine space Spec Clo; N M'] by (const.) - (x})"~ TG AN d(m;il) A
dz] A d(m;—fl) A...Ad(%2))®". In this affine space Spec C[oy’ N M'] the prime divisor £ is the
zero set of the coordinate function z], sy has a zero (resp. pole) of order n —r in E. This leads

to the ramification formula rKy = f*(rKx)+ (n —r)E.
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2.2 G-Hilbert schemes

2.2.1 The G-Hilbert scheme for abelian groups

As discussed in the last section, quotients A¢ /G by finite abelian groups G are toric varieties.
In this case the G-Hilbert scheme G-Hilbg A has a natural torus operation, its irreducible com-
ponent Y birational to A¢,/G is a not necessarily normal toric variety and the natural birational
morphism Y — A /G is equivariant with respect to the torus operations. In this section we
review the method of Nakamura [NmO1] to determine the fan of ¥ resp. its normalisation.

Let A¢/G be the quotient by a finite diagonal (abelian) subgroup G C GL(n,C) of order r.
We use the notations of construction 2.13 of subsection 2.1.3, in particular the algebra C[M] is

graded by the characters of G. The operation of T); on Ag induces operations of T /G = Ty
on A¢/G and on G-Hilbg Ag.

We identify closed points of G-Hilbg¢ Ag with G-stable ideals I C Clo¥ N M] = Clz1,. ..,z
such that C[z1,...,x,]/I is isomorphic to the regular representation of G. Of the closed points
I € G-Hilb¢ A¢ the ones which are torus fixed points are the ideals generated by monomials.
A G-graph is defined to be a subset I' C oY N M corresponding to a set of monomials that
arises as the complement of all monomials of Clz1,...,x,] by those which are contained in some
ideal I € Y C G-Hilbg Ag corresponding to a torus fixed point ([NmO1, Def. 1.4], note that in
addition we require that I lies in the component Y'). Write I(I") for the corresponding ideal. We
sometimes also consider a G-graph, here defined as a subset of 0V N M, as a set of monomials.

Definition 2.21. ([NmO01, Def. 1.5]). For a G-graph I define a map M — T, m — mrp such
that both m and mr correspond to the same character of G. Define

S():={(m—mpr|meoc’'NM) CM' and o) :=5(T)" C Ny

monoid —

S(T) is a finitely generated monoid, S(I') generates the lattice M’ [NmO1, Le. 1.7]. For the
computation it is useful, that if the ideal I(I") is generated by a set of some monomials =™, then
S(I) is generated by the elements m — mp [NmO1, Le. 1.8]. The algebra C[o(T")" N M’] is the
normalisation of C[S(I")] [NmO1, Def. 1.9].

Definition 2.22. ([NmO01, Def. 1.9]). For a G-graph I" define
r'es(r) = <ym — MY |'m € a’n M> C CISM)[y1,---»yn]

Again it suffices to consider a set of elements m € oV N M such that the monomials ™ generate
the ideal I(I"). One shows that the ideals IV***(I") define flat families of G-clusters over the affine
varieties V(I") := Spec C[S(I')] [NmO1, Le. 2.3.(i)].

Remark 2.23. [CMTO06, Ex. 4.12, Rem. 4.13] exhibit an example of a finite abelian subgroup
G C GL(3,C) and a torus fixed point I € G-Hilb A% that does not lie in Y. This provides a
counterexample to [NmO01, Cor. 2.4].

Let I' be a G-graph with n-dimensional cone ¢(I') and let 7 be a 1-codimensional face of o(I").
The closure of the orbit corresponding to 7 in Spec C[S(T)] (see e.g. [Fu, p. 53]) is Spec C[z™ ] =
Al with m* a generator of M'No(T)Y N7+ of the form m* = m_ —m_ for some m_ € MNo",
m4 = (m_)r satisfying some properties [Nm01, Le. 2.5]. The deformation IV**S(T") can be

restricted to Spec C[z™ ], one obtains

I(T,m*) = <{ym‘ — 2™y YU {y™ |m e (6 NM)\T,m —mp & TJ‘> c Cl2™ [y1s-- - Yn]
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This deformation can be extended to ]P%;, the fiber over the additional torus fixed point is an ideal
corresponding to a G-graph I''. One says, that I" and IV are related by a G-igsaw transformation
[NmO1, Def. 2.6].

By [NmO1, Rem. 2.10] the affine varieties V(I') = Spec C[S(I")] for all G-graphs I' can be glued
to a not necessarily normal toric variety W, likewise the ideals IV¢"S(T") can be glued to an ideal
sheaf .# C Ow|[x1,...,x,] defining a flat family of G-clusters over W.

Theorem 2.24. ([Nm01, Thm. 2.11]).

Let G C GL(n, C) be a finite subgroup and Y the irreducible component of G-Hilbg Ag, birational
to AG/G. Then the flat family of G-clusters given by the ideal & C Owlx1,...,xy,] defines
isomorphisms W = Y and Wyorm — Ynorm- [l

Remark 2.25. Y need not to be normal in general [CMT06, Ex. 5.6, Cor. 5.8].

For G C SL(3,C) it is possible to obtain a rather explicit description of ¥ which allows to prove
the following theorem.

Theorem 2.26. ([NmO01, Section 4]).

Let G be a finite abelian subgroup of SL(3,C). Then the irreducible component Y of G-Hilbg A?’
birational to Ad,/G is smooth and a crepant resolution of A} /G. Its fan consists of ezactly \G|
3-dimensional cones. O

By [BKRO1] Y coincides with G-Hilb A, and G-Hilb A}, is smooth and a crepant resolution of
A}, /G for any finite subgroup G C SL(3,C). For the G-Hilbert scheme in the case of abelian
subgroups G C SL(3, C) see also [Re97], [Re99], [ItNj00], [CrRe02].

2.2.2 Examples of G-Hilbert schemes for abelian groups

This section gives some examples of fans of G-Hilbert schemes for abelian groups G.

Example 2.27. (see also [ItNm99 Thm. 12.3]). Consider G = u, C SL(2, C) operating on A%
by 1(1,—1). The quotient A% /G is given by the cone o = Q>¢(1,0) + Q>0(0, 1) with respect to
the lattice N’ = Z(1,0) + Zr(r —1,1) C Ngq, it is M' = Z(r,0) + Z(1,1). The G-graphs are

FO:{l,xg,...,xg_l}, ,Fi:{l,xl,...,mi,mg,.. T - 1} . 7» 1—{1 xrq - 1{_1}

Itis SI) = (i +1,i+1—r),(=i,r —1)), 05 ;== 0(I) = Qso(r —i— 1,0+ 1) + Q>o(r — i, 1),
the monoids S(I';) and M’ N o, coincide, its algebras are polynomial algebras in two variables
C[S(T;)] = C[M'No}] = C[s;, t;] where s; = 24T/ gf(Hl), t; = 257" /x%. The deformation over
Spec C[S(T;)] = Spec C[s;, t;] of the ideal I(T';) = (2!, mya0,25™") is

I'=(1y) = <y§+1 SilYy Gy — siti, yy ' — tz‘yzi> C Clss, ti]y1, y2]

The fan of Y is obtained by subdividing o, adding the 1-dimensional cones 7; = Q>o(r — i,1%)
fori=1,...,r — 1. These correspond to exceptional prime divisors F; = IP%;, F; is given by the
equation t;_1 = 0 resp. s; = 0 on the affine chart corresponding to o;_1 resp. o, it is covered
by the affine charts SpecC[s;_1 = x%/25 "] resp. SpecC[t; = x5 */2}] and has coordinates

(a=at:b=ah™.
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We draw the case r = 6:

75

05 T4

€y © g4

€1

Two G-graphs I';_1 and I'; are related by a G-igsaw transformation with respect to the common

face 7; of o(I';—1) and o(T';). The correspondmg deformation over E; = P}, parametrised by

(a=xi:b= CL‘g_Z) is given by <y1 TYs S YLY2, Yy +1> over Spec C[§] with fiber I(I';_1) over
r—1

the origin and <y1 JY1Y2, Yy | — 5y1> over Spec C[E] with fiber I(I';) over the origin. These are
the restrictions of IV¢"™(T";_1) resp. IV*"S(T';) to {t;—1 = 0} resp. {s; = 0}.

Example 2.28. (see also example 2.20). G = p, C SL(n, C) operating by %(1, ...,1) on Ag.
The G-Hilbert scheme is smooth, it is crepant for n = r.

The quotient A¢ /G is given by the cone o = Q>pe; + ... + Q>0e, with respect to the lattice
N =...4+Ze;1 +Z%Zjej +Zeiy1 + ... C No, it is M ={>>.m;f;| > ;m; € rZ} C M.
The G-graphs are I'; = {1, z;, ... ,x;_l} fori=1,...,n.

For a G-graph I'; one has I(I';) = (..., zi—1, 2], %iy1,...), S(Ty) = (..., fic1 — fi,r fi, fix1 — fis- ),
O’(Fl) =... onei_l + QZO Zj e; + onei_ﬂ 4+ .... The algebra S(Fz) = C[ R mfvzl,l'g, x;—tl, .. ]

is a polynomial algebra and coincides with C[M’ N o(T;)]. It is

[ves(Ty) = < .

Any pair of G-graphs {I';, '} is related by a G-igsaw transformation: The cones o(I';),o(Ty)
have the common face 7 = QEO(Z]‘ ej) + Q>oe1 + ... + Q>0ei—1 + Q>0€i41 + ... + Q>0ei—1 +
Q>o0eir41 + ... Q>0en. The G-igsaw transformation from I'; to Iy corresponds to the following
deformation over Spec C[z™] with m* = m_ —m, = fy — f;:

T T
s Yy — Lis Ykl —

I(T;,m*) = <yi’ - %’yiayl,---ayiflaylrayiJrl,---7yi’—1,y;/ayi’+1a . >

In the case n = 3 the fan, more precisely its section with the plane {> . nje;| > ;n; =1} C Ng
(the generator of N'N Q>0 ; €5 lies in this plane if and only if r =n = 3) looks as follows

.63

o(T2) |o(T1)
[}

[ o™

el ® ° e
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Example 2.29. (see also [Cr01], [ChRo01, Example 4.2]).

Let G = Z/27 x 7./]27Z. = {g € SL(3,C) | g diagonal, g*> = 1} C SL(3,C).
The G-Hilbert scheme is smooth and crepant (as always for G C SL(3,C)).
The G-graphs are

Lo ={1,z1,29, 23}, I'1 = {1, 22,23, 2023}, I'o = {1, 23,21, z321}, I'1 = {1, 21,22, 122}

Its algebras are C[S(I'g)] = Clz122/3, vax3/71, w371 /73], C[S(T1)] = Clw1 /2273, 23, 73], etc..

One has the fan
o(To)
o(T1) o(T2)

with cones o(I'g) = Qx>o(e1 + 62) +Qxo0(e2 +e3) + Qxo(es +e1), O’(Fl) = Qxoe1+Qxo(e1 +e2) +
on(el + 63), ete..

Example 2.30. ([Se05]). Let G = pu7 C SL(3,C) operate on A, by %(1,2,4).

The G-Hilbert scheme is smooth and crepant.

The G-graphs are

[y ={1,21,2%,...,2%}, To={1,29,23,...,25}, T3 = {1,23,2%,..., 25},
F12 = {]_,$1,$2,$1CE2,$%,$1(E%,$%}, F23 = {].,$2,$3,$2$3,$§,$2$§,$§},
I's; = {1,xg,xl,mgxl,m%,xgx%,xi{’},

o3 = {1, 21,22, 2122, 3, X123, Tox3 }

The fan arises by adding the rays Q>n; for ny = 3(1,2,4), no = 1(4,1,2), ny = 1(2,4,1) and
subdividing into the cones O'(Fl) = QZO@Q + oneg + onnl, ey 0<F12) = oneg + onnl +
Q>on2; -+, 0(l123) = Q>0n1 + Q>on2 + Q>ons.

Example 2.31. G = u, C Sp(4, C) operating on A, by %(17 1,-1,-1), r > 3.

This is an example of a terminal singularity, there does not exist a crepant resolution (there are
no elements n’ € N N’ such that |n/| = 1 corresponding to crepant exceptional prime divisors),
but the G-Hilbert scheme is smooth.

It is M’ = (rf1, fi — fo. fr + fa, fr + fa), N' = (e1, e, €3, L(e1 + €2 — €3 — e4)).

There are the 4r — 4 G-graphs

=11, xl,ml,.. 1} I‘4:{1,x4,mi,...,x271}
Dis = {1,2,.. z’{ - 1,m3,...,xg}, i=1,...,7r—2
Diy={l,21,...,2]" = 1,m4,...,xi}, i=1,...,7—2
D = {1, 79,.. zg - 1,m3,...,xg}, i=1,...,7—2
iy = {1,29,...,25" a2k}, i=1,.,r =2

For T'; one has (similarly for I'y, '3, T'y):

I(T'y) = (o1, x2, 23, 74) ,
)=(rfi,fo—fi,fs——-Ufi,fa—(—-1)f),
) = Q>0e2 + Q>0e3 + Q>o0e4 + Q>o(e1 + €2 + (r — 1)(63 + e4)),

S(T
0'(1
C[S(T1)] = C[M' No(1)Y] = Cla1 /a2, w3/] " za/2y ", af).
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For T'%; one has (similarly for T, T4, T%,):

I(I”i3) = <x71"_i, 173, ac?'l, To, x4> ,

STig) =((r=i)fi—ifs, fo— fr,((+ 1) fs = (r—i—1)f1, fa— f3),

o(I'3) = Qzoe2 + Qzoe4 + Qxo(i(e1 + €2) + (r —i)(e3 + €4))

+ Qxo((i + 1)(e1 + e2) + (r —i — 1)(e3 + €4)),

C[S(T'}3)] = C[M' No(I'3)"] = Clay ™" fah, wa/wy, 25" a7 wa /],
The G-graphs are related by G-igsaw transformations as follows:
Ty Thy by m* = f3 — (r = 1)fy, Dig ~ Tig? by m* = (i + 1)fs — (r — i — 1)1, T3 ~ Ty by
m* = (r —1)fs — f1 and similarly for I'y,T3,,...,T%,,... ,I‘HZ,DL and the pairs {2,3}, {2,4}.
I'y ~ I's by m* = fo — f1, similarly I's ~ I'y by m* = f, — f3.
Iy~ T, by m* = f4 — f3 and similarly s ~ T, Tig ~o Thy, Ty ~o TG,
One may draw this as follows:

i Tig—...... —Tig—... ... — T2

Fl\rl/ I / Fré \r

14 ...... — 14 ...... — 14 3

/
1 2 T4
F23 T s e e e e Fés T s e e s e e FV
FQ ) / ] / é
i, —. .. ... — Iy, — ... ... — Ty

There are r — 1 exceptional divisors F; corresponding to the additional rays
Ti:on(i(el—|—€2)—|—(T‘—i)(63+64)), izl,...,T‘—l

The generators for N’ N7; are n; := (i(e1 +ea) + (r —i)(e3 + e4)), for these |n;| = 2, so for the
discrepancy a;FE; of E; in the formula Ky = f*Kx + a;F; one has a; = 1.

Example 2.32. The G-Hilbert scheme for u, operating as %(1,p, —1,—p) with r,p relatively
prime is not in general smooth. For example consider the case é(1,2,4, 3): The G-cluster
I = <$1£C3,$2$4,.T%,$1£C2,$%,$2$3,$§,$3$4,$2,$4$1> has tangent space (see subsection 4.4.4)
T; G-Hilbg A = Homg([7 S/I), where S = C[x1,z2,x3,x4], of dimension greater than 4.

Remark 2.33. The examples %(1,]3, -1,—p), %(1,1, —1,—1) considered above are related to
the examples <(1,p, —p), +(1,1,—1) considered in [Ke04].

Higher dimensional generalisations
.. of examples 2.27, 2.29: In [ChRo01, Equation (4.10)] the finite abelian subgroup

Ar(n) = {g € SL(n,C) | g diagonal, g""* = 1} c SL(n, C)

is introduced, special cases are A,(2) C SL(2,C) in example 2.27 and A;(3) C SL(3,C) in exam-
ple 2.29, see [ChRo01, Example 4.2] for the group A,(3) with arbitrary r. In [ChRo01], [ChRo04]
the case G = A,(4) is studied in detail, it is shown that the component Y of G-Hilbg A is
smooth, but the resolution is not crepant ([ChRo01, Thm. 5.3 for r = 1, Thm. 6.1 for general
r], [ChRo04, Thm. 3.4 for r = 1, Thm. 4.1 for general r]), further it is explicitely described how
crepant resolutions are constructed from Y by blowing down certain divisors, this procedure
being not unique, and how these different crepant resolutions dominated by Y are connected by
flops. In [ChRo03] also the case A1(5) is investigated.

. of example 2.30: The group G = pgon_1 C SL(n,C) with operation ﬁ(1,2,4, co,2mh
on A has a singular point at the origin, for any n the G-Hilbert scheme provides a crepant
resolution, see [Se04] for the case n = 4 and [Se05] for the general case.
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2.2.3 Reflection groups

A family of examples generalising the examples of finite subgroups of SL(2,C) are finite sub-
groups G C SL(n, C) that are subgroups of reflection groups of index 2. For these the G-Hilbert
scheme and in particular the structure of the exceptional fiber for certain non abelian groups

G C SL(n,C) is investigated in [GNS00], [GNS04], [ChRo04], [Té04], [Té06], [BoSa05].

Definition 2.34. ([Bour, Groupes et algebres de Lie, Ch. V, §2.1], [Co76], [GNS00], [GNS04]).
A finite subgroup G C GL(n,C) is called a (complex) reflection group if it is generated by
quasireflections (also called complex reflections or pseudo-reflections, these are elements g €
GL(n,C) whose eigenspace of eigenvalue 1 is (n — 1)-dimensional, see also subsection 2.1.2).
A reflection group is called a real reflection group if there is a G-stable R-subspace V' C C" of
dimension n such that V¢, = C™.

Let G C GL(n, €) be a finite reflection group and G := G N SL(n, C). The exact sequence 0—

SL(n,C) — GL(n,C) 4 @+ — 0 induces an exact _sequence 0 — G — G 4 pr — 0

for some r > 1. If G is of index 2 in G elements g € G have determinant +1 and there is the

~ det

exact sequence 0 — G — G — {£1} — 0. This is the case for any nontrivial real reflection

group G since its elements have determinant +1.

Example 2.35. Finite subgroups G C SO(3) are subgroups of index 2 of real reflection groups G
such that G = GNSL(3,C) ([GNS04, Section 2.7] and example 2.36 below), the finite subgroups
G C SL(2, C) are subgroups of index 2 of reflection groups G such that G = GNSL(2, C) ([GV83,
Section 3], [GNS00, 1.8], [GNS04, Section 2.7]).

For example the cyclic group p, =2 <(E 91>> C SL(2,C), £ a primitive r-th root of unity, is

0¢
subgroup of index 2 of the dihedral group <(6 ° ) , <0 ! >> C GL(2,C), which is generated by

0¢
reflections.

Example 2.36. Let R be a root system in a real vector space R"™ (see [Bour, Groupes et
algebres de Lie]). The Weyl group W (R) of R defines a real reflection group W C GL(n, C), the
subgroup W, := W N SL(, C) is of index 2 in W.

For example the root system (A,,) has the symmetric group S,,+1 as Weyl group, the group W
is isomorphic to the alternating group A,y1.

Theorem 2.37. ([Bour, Groupes et algebres de Lie, Ch. V, §5], [Co76], [GNS00, Thm. 1.2},
[GNS04, Thm. 1.4]). Let V' an n-dimensional C-vector space and G C GL(V') be a finite refiec-
tion group. Then for the linear operation of G on the C-algebra S := Sym¢ V = Clxy, ...,z
one has:

(i) Let SG C S be the subalgebra of G-invariant elements. Then the SC-module S is free
of rank |G| and has a basis of homogeneous polynomials. There are n algebraically inde-

pendent homogeneous polynomials f1,..., fn that generate SC as C-algebra, these satisfy
[1; deg(f:) = |G|

(ii) Let x be the character ofC~7Y given by g — det(g)~t. Then there is a homogeneous polynomial
fo € S of degree deg(fo) = Y_i—i(deg(fi) — 1) such that the isotypic component of S
corresponding to x is SC fo. The element fq is given as the jacobian of fi,..., fn. O

By (i), for a reflection group G the quotient A™, &/ G is isomorphic to A¢ (see also subsection
2.1.2).
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For the quotient morphism 7 : A¢, — A /G the general fiber C(Ag) is isomorphic to the regular
representation over C(A¢/G). Thus any fiber of 7 contains the regular representation. We study
the fiber over the origin. Let m C S = C|xz1,...,z,] be the maximal ideal corresponding to the
origin O € A¢, and n C S the maximal ideal corresponding to 7(O). Similarly define 7 and n
for G.

The fiber of T over 7(O) is given by the algebra S/nS. Because of theorem 2.37.(1) S/nS is

VEB dim(V;)

1som0rphlc to the regular representation, that is S/ ns = @Z 0 as é—representation,

if VO, . V are the irreducible representations of G up to isomorphism.

Remark 2.38. Assume that G :ZNéﬂSL(n, C) is of index 2 in the reflection group C~¥, then there
is the exact sequence 0 — G — G — {l,a} — 0. The representation theory of these groups

are related as follows, write Res, Ind for Resg, Indg. The proofs will require some elementary
representation theory and are left to the reader, see also [GV83, Section 3.

(1) Write XV for the representation V of G tensored with the character x of theorem 2.37.(ii).
XV has the property (and can be defined by) Ind Res VeVayV.

(2) G/G = {1,a} operates on the representation ring of G: To a representation V of G one
associates a representation V¢ such that ResIndV =V @ V* = ResInd V. Alternatively V¢
is given as the conjugate representation with respect to an element RS G \G.

(3) Always x(Ind V) =2 IndV, Ind(V*) = Ind V' and Res(xV) = ResV, (Res V) 2 Res V.

(4) For an irreducible representation V' of G the G-representation Ind V' is irreducible if and only
if V22 V¢ (use the adjunction (Ind,Res)). Otherwise Ind V' decomposes as G-representation
into IndV =V @ XV for some irreducible G-representation V.

(5) For an irreducible representation V of G the representation Res V is irreducible if and only
it v 2 XV (again adjunction (Ind,Res)). Otherwise ResV = V @ V¢ for some irreducible
G-representation V such that V' 2 V<.

As a representation of G one has S/fS 2 €[G] by theorem 2.37.(i). €[G] = Ind C[G] decomposes
as G-representation into ResInd C[G] = 2C[G], so S/nS = C1 & Cfy & 2P;_, ViEB dim(Vi) 5
Vo, Vi, ..., V, are the irreducible representations of G up to isomorphism with V{y the trivial one.

Theorem 2.39. (|[GNS00, Thm. 1.3, Thm. 1.6], [GNS04, Thm. 1.4]).

Let G C GL(n,C) be a finite reflection group such that G := GnN SL(n,C) is a subgroup of index
2in G. Let fo, f1,- -+, fn be as in theorem 2.87. Then, using the notations above, for the linear
operation of G on S = C[z1,...,x,] one has:

(i) The algebra of G-invariants is the subalgebra of S generated by fo, f1,..., fn-

(ii) For the fiber S/nS of over 7r(O) one has S C nS for k > m = deg(fo) and thus

S/nS=Vo @ P;_, V@2 dim(V; , if Vo, Vi, ..., V. are the irreducible representations of G up
to isomorphism with VO the tmmal one. Further, the components of S/nS of degrees k and
m — k are isomorphic, i.e. (S/nS)g = (S/nS)pm—k for ke {l,...,m—1}. O

Quotients of A¢, by subgroups G = G N SL(n, €) of index 2 of reflection groups G ¢ GL(n, C)

are hypersurface singularities, it is fg € 5S¢, so fg = h(f1,..., fn) for some polynomial h and

S = C[fo, f1,---+ fn] = Clyo,---,ynl/ <y8 — h(yy, ... ,yn)> as quotient of a polynomial ring
Clyo, - - -, yn).- Equations for the finite subgroups of SL(2, C) are listed in subsection 1.1.1.
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Subgroups of index 2 of reflection groups are subject of the following papers:

- In [GNS00] the structure of the fiber over the origin for a trihedral group of order 12 and
simple subgroups of SL(3, C) of order 60 and 168 are studied.

- [GNS04] determines the fiber over the origin for the finite subgroups of SO(3).

- In [ChRo04] the G-Hilbert scheme for G the alternating group A4 C SL(3, C) (corresponds to
the root system (As)) is studied in detail.

- Quotients A¢ /W, and their resolution by W_- Hilbg A for subgroups W, of index 2 of Weyl
groups corresponding to the root systems Ay x Ay x Ay, A1 X Ag, A1 X Bo, A1 X Go, As, B3 are
considered in [Té04],[Té06] and the structure of the fiber over the origin is determined.

- [BoSa05] relate the McKay correspondences for finite subgroups of SL(2,C) and SO(3).
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2.3 An example

In this section we consider again the example of linear operations of cyclic groups p, on Af
of type %(1, ..., 1), but using different methods. It is formulated such that it applies to group
schemes of roots of unity in positive characteristic or over non algebraically closed fields as well.
We show that the G-Hilbert scheme arises as the blow-up of the singular point, compare to
subsection 2.2.1 and example 2.28. Here we use the relative G-Hilbert scheme construction of
section 4.3 and relate the G-Hilbert scheme directly to the Proj of a graded algebra without
introducing local coordinates.

We determine the tautological sheaves and consider the K-theoretic McKay correspondence in
this case.

2.3.1 The G-Hilbert scheme as a blow-up

We will work in the following setting: Let K be a field and G = p, = Spec K[y]/ (y" — 1) the
group scheme of r-th roots of unity. There are r isomorphism classes of irreducible representa-
tions Vg, V1, ..., Vi_1 with V; corresponding to the subcoalgebra <yl>K C Kly|/ (y" —1).

Let V be an n-dimensional representation of G over K that is isotypic with its simple compo-
nents isomorphic to V;. G can be considered as a subgroup scheme of the 1-dimensional torus
T = Spec K|y, y~ '] that operates on A (V) = Spec K[z1,...,2,] by z; — y ® ;.

Let m: Ag (V) — Ag(V)/G be the quotient. Let S := Symy V = K(x1,...,z,],let O € Ag (V)
be the origin, m C S the corresponding maximal ideal, O := 7(0) € A"l /G with corresponding
maximal ideal n C S¢. Then n is generated by the monomials of degree 7.

On S there is the Z-grading by degree S = @, S, which is the same as the grading by
the characters of T'. After restriction to G C T one has a Z/rZ-grading S = @;:& S by the
characters of G.

In general we will write (-)(k) for the isotypic part corresponding to the simple representation
Vi of G of a representation or a G-sheaf on a G-scheme with trivial operation. Further, we will
use the notations M := Ag(V), X := M/G, let 7: G-Hilbx M — X be the natural morphism,
E :=7710). Sometimes G-Hilby M is considered as an X-scheme via 7, it then coincides with
the relative G-Hilbert scheme G-Hilbx M (see section 4.3).

Proposition 2.40. There are isomorphisms of X -schemes
G-Hilbx M = Px((m.0p)V) = (BluM)/G = Bl X
Proof. We show that there are isomorphisms
G-Hilbx M = Px((m.Op)V) = Bl X

- G-Hilbx M =2 Px ((m.Opr)M).
Use the description of P x ((m,Ox;)V) as a Quot scheme (see subsection 4.1.1). The isomorphism
G-Hilbx M — Px((m,0p)) is given by the maps

G-Hilbx M(T) — Px((m.0p)D)(T)
[0 — F — 1700, — Oz = 0] — [0— 2D = (17,0p,) P — (07) D — 0]

The inverse maps take 7 C (WT*OMT)(I) to the ideal () C m1.Onr, generated by 2.

- Px((mOp)M) 2 Bl X.
Itis Py ((m,Op) M) = Pron(SymOX((ﬂ*(’)M)(l))) and Bl, X = Proj x(Bl, Ox), where the sheaf
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of graded Ox-algebras Bl, Ox is the blow-up algebra Bl,Ox = Ox ®n®n’® .... To show
the above isomorphism, we show that the part (Symg (7. Onr) W) of the symmetric algebra
Syme ., (7« On)D) of degrees that are multiples of 7 is isomorphic to ((Bly Opr)l)%, which is
isomorphic to the blow-up algebra Bl, Ox (this suffices, see e.g. [EGA, II, (3.1.8)]).
Notation: Symox((mOM)(l)) can be written as Symge(m(Y) etc..
One has S{yi,...,yn)/ {ziy; — 2y |1 <i < j <n}) = Symgm = Bl, S (see for example [FL,
Thm. IV.2.2]), the natural homomorphism of graded S%-algebras

Symge(m)) - Symgm 2Bl S=Sgmam’a... (2.3)
is injective (verification left to the reader). Taking the subalgebras of degrees that are multiples
of 7 and on the right side in addition G-invariants one has a homomorphism of graded S¢-
algebras

(Symge (mM)I = ((Bly, $)MNE = BL,(S%) = S @nan’a ...

which furthermore is surjective.
Note that (Bly M)/G = Projx (((Bly Onr)')%) 2 Projy (Bla(Ox)) = Bl, X. O

Outside O the morphism 7 : G-Hilbg M — X is an isomorphism, its fiber E = 771(0) is
isomorphic to IP?{l.

2.3.2 Tautological sheaves

Let 0 —» 27 — (W*OM)g) — Op(1) — 0 be the universal quotient of P := P x((m,On)M). It
is P = Projx (), where . is the graded Ox-algebra . = Symox((mOM)(l)). Let Z C “p
be the ideal generated by ¢, then 0 — . — (W*OM)EJU — Op(1) — 0 is the part of degree 1
of the exact sequence 0 — ¢ — .“p — @,~,O0p(i) — 0.

Let 0 - & — (m.Onp)y — Oz — 0 be the universal quotient of Y = G-Hilb x M. By propo-
sition 2.40 one has the isomorphism of X-schemes Y = P x ((m,0y)M)) given by the isotypic
part 0 — () — (W*OM)g/l) — O(Zl) — 0 of the universal quotient of Y = G-Hilbx M for the

(1)

representation V. Identifying these schemes via this isomorphism, 0 — # 1) — (mOm)y” —

O(Zl) — 0 becomes isomorphic to the universal quotient 0 — 7 — (W*OM)EDU — Op(1) — 0 of

P = Px((m.0nr) D).

The tautological sheaves are defined as in definition 1.5, here .%; is given as the isotypical part

(’)g) for the representation V; forgetting the G-sheaf structure.

Proposition 2.41. The tautological sheaves %y, F1,...,F,—1 on G-Hilbx M = P = Projx(.¥)

corresponding to the isomorphism classes Vo, V1,...,Ve_1 of irreducible representations of G are

Fi =2 Op(i).

Proof. For i = 0 clearly %y = Op, for i = 1 the isomorphism .%#; % Op(1 ) follows from
L _, )

the isomorphism between the universal quotients 0 — # (1) — (m«Onr )y — 0 and

0— H — (W*OM)EJD — Op(1) = 0.
For arbitrary i € {0,...,r — 1} one has the isomorphism of O x-modules

7 = Symp  ((1.0a)V) = (m.00)"
or equivalently Symgc (mM) 2 (m*)® coming from the injective homorphism (2.3). Since both
# and _¢ are generated in degree 1, the quotients 0 — .#(®) — (W*OM)@ — (’)g) — 0 and
0— 70 - 5”1(3@) — Op(i) — 0 coincide, therefore .%; = (’)g) =~ Op(i). O

It follows in particular, that for the restrictions of the tautological sheaves to E = ]P?(_1 one has

Filg = Og(i).
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2.3.3 K-theoretic McKay correspondence

In this subsection we explicitely describe the K-theoretic McKay correspondence for the present
example, see also [Re97, Ex. 4.3].

It is Y 2 Ap(Op(r)): BlnM is a bundle Bly M = A 5(Ofz(1)) = Specy (Do Op(k)) over the
exceptional E 2 P” ! (see also [EGA, TI, (8.7.8)]). Y = G-Hilbx M arises as (Bl M)/G (see
proposition 2.40). G operates trivially on E, so E = E. One obtains Y 2 Specy (B0 Or(k)%)
= Specp(Dy>o Or(kr)) = Ap(Og(r)). -

Because in general, for a vector bundle V' = A (&), & locally free of finite type over a noetherian
scheme T', one has the isomorphism K(7T') = K(V') by [SGA6, Exposé IX, Prop. 1.6], it follows
that

s K(Y)— K(F)

is an isomorphism, where s : E — Y is the inclusion.

Using the well known description of the K-theory of F = P’I‘(_l (see e.g. [Man, Ex. 3.11, p. 17
and Thm. 4.5, p. 19], [FL, Thm. V.2.3, p. 115], [SGA6, Exposé VI, Thm. 1.1, and p. 374))
one obtains isomorphism of rings

KY) = KE) = Zvo ]/ (v-1")
Oy(1)] < [0s(1)] < v

For the representation ring R(G) = K%(Spec K) = K“(M) one has the isomorphism of rings
R(G) = Zw,w™']/ (w" ~ 1)

where w = [V1].

K-theoretic McKay correspondence: There is the homomorphism of Z-modules

RG) =2  K¢WM) — K(Y)
V'l < [Ouek V'] — [Fi=0y(i)

It is an isomorphism if » = n, in which case the resolution ¥ — X is crepant. It is not
multiplicative.

Remark 2.42. (P} as G-Hilbert scheme).

We restrict this example to the fiber over the origin. The projective space P% can be considered
as G-Hilbert scheme G-Hilbg M for M = SpecB, B = K|xo,..., x|/ ([[; 2| > ;ai =n+1)
and G = p,41. Then as above the K-theory of P% can be described via the McKay correspon-
dence, the tautological sheaves are Opn,Opn (1),...,0ps (n) and form a Z-basis of K(P%).
Of course one also may obtain a description of the derived category of P% via the McKay
correspondence.
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Chapter 3

(G-sheaves

In this chapter we develop the theory of G-sheaves for group schemes G. A G-sheaf (or G-
equivariant sheaf, G-linearised sheaf) on a G-scheme X is a sheaf of modules .# on X with
some extra structure that defines something similar to a compatible G-operation on .%. It is a
generalisation of the notion of a representation.

The concept of a G-sheaf can adequately be formulated using the language of fibered categories,
see e.g. [Vi05, Section 3.8]. Here we use the equivalent definition of [Mu, GIT, Ch. 1, §3]. The
theory of G-sheaves developed in this chapter forms the essential basis for the constructions of
G-Hilbert schemes and McKay correspondence in this thesis. It has to be elaborated in some
detail because of lack of a suitable reference.

Many constructions will be made in a very general setting over an arbitrary base scheme .5, in
some cases we restrict to the case of a base field. For the decomposition of a G-sheaf over a G-
scheme with trivial G-operation into isotypic components we will consider affine group schemes
G = Spec A over a field K whose Hopf algebra A is cosemisimple. Although the main interest in
this thesis lies in finite group schemes, almost everything in this chapter works for affine group
schemes over a field with cosemisimple Hopf algebra.

We always tried come close to the natural conditions necessary for the arguments of the indi-
vidual constructions. This makes clear, what assumptions are needed, further, restriction to the
cases used later would not make things considerably simpler.

One main part of this chapter consists in establishing certain standard constructions, adjunctions
and natural isomorphisms for sheaves in the G-equivariant setting.

Another main part is concerned with the case of trivial G-operation on the underlying scheme X.
In this case the G-sheaf structure for an affine group scheme G = Spec &7 on % can equivalently
be expressed as an «/-comodule structure. As such it can be treated similar to a representation.
In particular, for G = Spec A over a field K, if A is cosemisimple, there is a decomposition of
% into isotypic components.

For a group scheme G over a field K a representation will be defined as a G-sheaf over K (or more
generally over an extension field of K), for G = Spec A this is the same as an A-comodule. This
includes the representation theory of finite groups, but as well applies to finite group schemes.
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We summarise the contents in more detail:

Preliminary, we review definitions to fix notations and develop some basic properties needed
later. This first section can be grouped into three parts:

In the first two subsections the categorical notion of an adjunction (see e.g. [McL]) is introduced
in general and in particular the adjunctions (f*, f.) and (f., f') are considered, their behaviour
under base extensions and the base change homomorphism related to the adjunction (f*, fi).
The next two subsections contain basic definitions concerning group schemes and operations as
well as Hopf algebras and comodules taken from [Mu, GIT], [Mu, AV], [Wa] resp. [Sw], [Abe],
[Ka]. Here we work over a base scheme S and introduce sheaf-versions.

Forming the last two subsections, we have also included a summary about cosemisimple coalge-
bras over a fixed base field. These results are essentially known (compare [Sw], [Abe]), however,
the results are proven and a self-contained treatment different from the sources used is obtained.

In the second section we begin to develop the theory of G-sheaves starting with the definition
of [Mu, GIT, Ch. 1, §3]. We show the equivalence to another definition more similar to the
one used in [BKRO1] and make standard definitions such as G-subsheaves, G-equivariant homo-
morphisms. For a group scheme G over a field K, a representation will be defined as a G-sheaf
over the spectrum of an extension field of K. G-sheaves on a G-scheme X with equivariant
homomorphisms as morphisms form an abelian category.

One section contains some standard constructions for G-sheaves that extend the corresponding
constructions for usual sheaves: The bifunctors ® 0, and J#omp, for G-sheaves on a fixed G-
scheme X are introduced as well as the functors f*, f, for equivariant morphisms of G-schemes.
Further, relations between these functors are treated: We establish adjunctions (f*, fi), (fx, )
between the functors on categories of G-sheaves constructed before and natural isomorphisms
[rHomo, (F,9) = Homo, (f*F, [*9), [(F Qo, b) = [*F oy [*Y, Homo, (F Qoy
E,9) = Homoy (F, Homo, (6,9)) and &Y @p, G = Homo, (£,9), again extending the
corresponding adjunctions and natural isomorphisms for usual sheaves.

The last section is about G-sheaves over schemes with trivial G-operation. Then, for affine
group schemes G = Spec .« a (G-sheaf structure is equivalent to an &/-comodule structure and
can be decomposed as an 2/-comodule according to a decomposition of &7 into a direct sum of
subcoalgebras. In particular, for group schemes G = Spec A over fields K with A cosemisim-
ple the decomposition of A into simple subcoalgebras induces an isotypic decomposition with
summands corresponding to the isomorphism classes of simple representations of G.
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3.1 Preliminaries

In this preliminary section we remind basic definitions and simple properties to fix notations and
to outline on which notions this capter is based. It can be subdivided into three parts consisting
of two subsections each.

Subsections 4.1.1 and 4.1.2 are about adjunctions in general and more specifically about the
adjunctions (f*, f.), (f+, f') between pull-back and push-forward functors with respect to mor-
phisms of schemes and their behaviour under base extensions. Further we consider the base
change homomorphism related to the adjunction (f*, f.).

Subsections 4.1.3 and 4.1.4 are concerned with basic definitions concerning group schemes and
operations as well as Hopf algebras and comodules, here sheaf-versions are introduced, the def-
initions are made relative to a given base scheme S.

In 4.1.5 and 4.1.6 we go through the theory of simple and cosemisimple coalgebras over a base
field, there are references [Sw], [Abe] that include most results, however, we choose our own way
giving proofs and obtaining a treatment different from the sources used. Because in this chapter
concerning G-sheaves and representations we use formulations in terms of comodules, we will
not comment on the dual notions of simple and semisimple modules and algebras, for these see
[Bour, Algébre, Ch. VIII].

3.1.1 Adjunctions

Adjunctions. ([McL, Ch. IV]). Let C,D be categories and F' : C — D, H : D — C functors.
An adjunction (F, H) consists of morphisms of functors

e: FoH — Idp, n:lde - HoF

(e is called the counit, i the unit of the adjunction), such that the diagrams

r fdr r H I H
N / R / (3.1)

FHF HFH

commute. Equivalent is an isomorphism of bifunctors
Morp(F-,-) = More(-, H-)

We are mostly concerned with additive functors between abelian categories. Then the bijections
Homp(Fe¢,d) = Home(c, Hd) are isomorphisms of abelian groups. Sometimes the Hom-sets
have some extra module structure that is respected by the functors considered, in which case
the above bijections are module isomorphisms.

The adjunction (f*, f«). ([EGAL, 0, (4.4)]). Let f : X — Y be a morphism of schemes.
Then there is the adjunction (f*, fi), consisting of morphisms of functors e : f*f. — Idc(x),
n : Ideyy — f«f* or a morphism of bifunctors Homy (f*,-) & Homy (-, fi-), where C = Mod
(or C = Qcoh, Coh if the functors f*, f, restrict to these subcategories).
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The adjunction (f., f') for finite flat morphisms. ([Bour, Algebra I, Ch. II, §5.1, Remark
(4)], [Ha, AG, Ch. III, Ex. 6.10], [Ha, RD, Ch. III, §6]).

Let f: X — Y be a finite flat morphism of schemes. We work with categories of quasicoherent
sheaves C(X) = Qcoh(X), C(Y) = Qcoh(Y). As a very special case of Grothendieck duality
there is an adjunction (f,, f'), consisting of morphisms of functors

e: fuf = Idetyy, n:Idexy — f'fe

or an isomorphism of bifunctors

HOID(QX(', f') = HOHI(QY (f*, )

where the functor f':C(Y) — C(X) is given by f'¢ = f* #omo, (f+Ox,¥) for quasicoherent
Oy-modules ¢4, here Somp, (f+Ox,¥) is considered as an f.Ox-module via the first argument
and f is the morphism of ringed spaces f : (X,0x) — (Y, f:Ox).

The morphism f is affine, so X = Specy &7 4, Y, where & = f,Ox is a locally free sheaf of Oy-
algebras of finite rank. Then quasicoherent O x-modules can be identified with quasicoherent
&7-modules on Y and the above adjunction can be written as isomorphisms functorial in .# and
4 for &/-modules .% and Oy-modules ¥

Homgy (F, #omo, (¢7,9)) = Homp, (Z#,9)

@ = (f—e(f)1))
(f = (a = (af))) — V¥
or as homomorphisms functorial in .% resp. ¢4
@) : fuf'9 = Stomo, (o, 9) — 9
@ = (1)
WF): F — somo,(d,F) = ff.F
fo= (a—af)

There is also a local version f, #omo, (F, f'9G) = Homo, (f+.F,%). The affine case is already
contained in [Bour, Algebra I, Ch. II, §5.1, Remark (4)].

3.1.2 The adjunctions (f*, f.), (f«, f') and base change

In this subsection we are concerned with properties of the adjunction (f*, fi) and the base
change morphism (3.3) g*f. — ¢'" f. for a commutative diagram (3.2) introduced below.

/\
\/

be a commutative diagram of schemes. One may define a morphism of functors Mod(Y) —

Mod(X")

(3.2)

9 f« = fig” (3.3)
as follows (see also [SGA4, (3), Exposé XII, 4.], sometimes this is called the base change mor-
phism):
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(1) Using the adjunctions (¢'*, g.) and (g*, gs) :
9 fe—= g fegi9" =979 19" — flg
(2) Using the adjunctions (f'*, f1) and (f*, f+):

AR A = A A R M

! 1%

The morphisms ¢g*f, — flg’" constructed by (1) and (2) coincide. This is can be verified
using the explicit description of the functors f*, f.,... and the adjunction homomorphisms. A
proof using the language of fibered categories developed in [SGA1, Exposé VI| can be found
in [SGA4, (3), Exposé XVII, Prop. 2.1.3]. There one obtains a useful characterisation of the
homomorphisms (3.3) g*f..% — f.g'".F as morphisms of a fibered category making a certain
diagram ([SGA4, (3), Exposé XVII, (2.1.3.2)]) commute.

In particular the morphism (3.3) will be considered in the case of base extensions of a morphism
f: For a cartesian diagram

Y’ g Y
f l Jf
X/’ 9 X

and an Oy-module .% there is the natural homomorphism of O x/,-modules g* f,.# — f.g*.Z.

Under certain conditions these homomorphisms are isomorphisms, see e.g. [EGA1, (9.3.3)].

Lemma 3.2. For morphisms of schemes ... Iy Ly L resp. ... Toxr 9 x L
. the diagrams

AN 99
g / P () ) X’(g*%)
g/*f f*ﬁ fl*f/*g ﬁ g f* *g f* /* *g
\ / "(g* f« f x\ %”‘g “n(¥)
gl*g f* /* *f* *g

commute, where n,e resp. n',€’ are the unit, counit of the adjunctions (f*, f«) resp. (f'*, fL).
Proof. Verification left to the reader. O

Proposition 3.3. For a commutative diagram (3.2) the diagrams

g/*f f*ﬁ N f/* / /"< g*g
\ / gn(9) X’(g*fﬁ)
7
g [ Y f" g

commute, where the horizontal arrows are coming from the morphism (3.3) g*f« — fig"™ of

remark 3.1 and n,e resp. n',€" are the unit, counit of the adjunctions (f*, f) resp. (f'*, f.).
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Proof. We use the construction of the horizontal homomorphisms via the adjunctions (f'*, f1)
and (f*, fx). The commutativity of the above diagrams then follows from commutativity of the
diagrams in lemma 3.2. O

Remark 3.4. Consider the commutative diagram (3.2), let &/ be an Oy-algebra. Then both
g f«o? and flg'" o/ have natural Oyx-algebra structures (see e.g. [EGAL, 0, (4.2.4), (4.3.4)])
and the natural homomorphism of O x/-modules (3.3) ¢g* fo. — fLg'" .o/ is a homomorphism of
Ox-algebras: One shows that the diagrams concerning multiplication map

4 ROy g [ = g (fudd R0 Jod ) — 9" fu( ®oy &) g [

! | |

g A ®o,, [19" A — [l A @0, ¢ H)= [l (P @0, F) a4

and unit map
- 9" [ Oy —— g [l

\ *
1" Oy —— fig"d

Oy

comiute.

For the following proposition see also [SGA4, (3), Exposé XII, Prop. 4.4], it can be verified
directly or shown using the language of fibered categories and the characterisation in [SGAA4,
(3), Exposé XVII, Prop. 2.1.3].

Proposition 3.5. For a diagram with commutative squares

X' L x__ o x

lf” lf/ 5 lf

vy Y

the diagram arising from the base change morphisms as defined in remark 3.1

/3//"‘/31*!)(;‘< /BI/"< ial* :CYI/*CVI*

21 Iz

B f f:a*

where oo = o/ o, B =3 03", commutes. O

The next proposition is about the behaviour of the adjunction (fs, f !) with respect to base
extensions, again its verification will be left to the reader.

Proposition 3.6. Let f : X = Specy & — Y be a finite flat morphism, « : Y' — 'Y a morphism
and let f': X' = Specy a*o/ — Y’ be the base extension of f. Then the diagrams

o Homoy (o ,9) ——— Homo,, (0 ,a*Y) o F
a*n(F) n' (o F)
a%‘ e'(a*9) / \
oG o Somo, (o, F) ——— Homo,, (a* o, o F)

commute, where the horizontal arrows are the natural ones and n,e resp. n',e’ are the unit,
|
counit of the adjunctions (f., f') resp. (fL, f"). O
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3.1.3 Group schemes and operations

Group schemes. ([Mu, GIT], [Mu, AV], [Wa]). Let S be a scheme. A group scheme (G, e, m,1)
over S is an S-scheme p : G — S with morphisms e, m,i over S, e : S — G the unit, m :
G xg G — G the multiplication, ¢ : G — G the inverse, such that the following diagrams
commute (products over S):

(i) (ii) (iii)

GxGxGE SxG=2GExS G
mXiy \dGXm exzdc/ dGXe /JN:GZG
GxG GxQ@G GxG 2 G x Q@G S GxG (3-4)
G

As it has been defined here, a group scheme over S is a group object in the category of S-schemes,
see e.g. [McL, Ch. IIL.6], [Vi05, Section 2.2].

Remark 3.7.
(1) For an S-scheme G the structure of a group scheme is equivalent to group structures on the
sets G(T') of T-valued points for S-schemes T that are functorial in 7, i.e. the functor of points
G =Morg(-,QG) : (S-schemes)® — (sets) factors through the category of groups.
(2) If G is affine over S, then G = Specg &7 for a sheaf of Og-Hopf-algebras (<7, n, i, t,e, A) (see
definition below), where

Algebra: n:p#:Osﬂd,u:d@)oS&%—)szf

Antipode: = p¥ o — .

Coalgebra: e =p.e? : o/ — Og, A=pm¥ : of — o ®og A .

Hopf algebras. ([Sw], [Abe|, [Ka, Ch. III], [Wa]). Let & be a sheaf of Og-algebras, where
n:0s = A, n: o oy, ¥ — < form the algebra structure, with homomorphisms ¢ : & — <7,
e = Og, A — o ®oy o of Og-algebras. Then (o7, n, u,t,e,A) is an Og-Hopf algebra,
if the following diagrams of homomorphisms of Og-algebras commute (tensor products over Og):

(i) <ﬁ> (i)

g QA QA s R = o R 0Og o
A®id oy id o @A e®id o ngzg@s (idg7,t) . (1yid o)
3.5
o R of d QA AR L A d A O QA (3:5)

NJZSEN SN |

o
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Operations. ([Mu, GIT], [Mu, AV]). Let (G,e,m,i) be a group scheme over S and X an
S-scheme. A (left-)operation of G on X over S is a morphism sy : G xg X — X such that the
following diagrams commute (products over S):

() (i) GxGxX

Gx X szV YG‘XSX
eXzV \ Gx X Gx X (3.6)
SxX— " X \ /
Sx sx
G

An S-scheme X with the structure of an operation of G over S will be called a G-scheme over S.
For T an S-scheme, a T-scheme X with operation G xp X — X over T we will call a G-scheme
over T.

Remark 3.8.

(1) A group scheme operation sy : G xs X — X over S is equivalent to operations G(T) x g(7
X(T) = (G xg X)(T) — X(T) of the groups of T-valued points G(T') on the sets X (T) for
S-schemes T' that are functorial in 7.

For a fixed g € G(T') one has for T-schemes T’ bijections X (T") — X (T") functorial in 7" and
thus an isomorphism ¢, : X7 — X7 of T-schemes. Note that ¢, is also given by the composition

gXidXT

XT:TXTXT CYYT ><TAXT

SXT

X7

The map g — ¢4 is a group homomorphism of G(T') to the automorphism group of X over T'.
Later, the symbol g will be used for ¢, : X7 — X7 as well.

(2) In particular, for T = G, g = idg € G(G) this leads to the isomorphism ¢,q, = (pry,sx) :
G xg X — G xg X of Xg over GG, where pr; is the projection to the first factor. It makes the
diagram

G xg X (prlN’SX) GxgX

_
commute and has the inverse Pigt = i = (pry,sx oix).
Equivariant morphisms. A morphism f : X — Y of G-schemes is called equivariant, if the

diagram
idg X f

GxX GxY
SXJ JSY (3.7)
X ! Y

commutes.

3.1.4 Coalgebras and comodules

In this subsection we consider the coalgebra structure, that is the part («7,e,A) of a Hopf
algebra, separatedly. We will work over a fixed base scheme S.

Coalgebras. ([Sw], [Abe], [Ka]). A sheaf of coalgebras over S is an Og-module ¢ with homo-

morphisms of Og-modules A : ¢ — € R %€, ¢ : € — Og, such that for (¢, A,¢e) the diagrams
(i) and (ii) of (3.5) commute.
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A subcoalgebra of an Og-coalgebra (€, e, A) is an Og-submodule & such that A(#) C BRp,AB.
In this case & with the restricted homomorphisms itself is an Og-coalgebra.

Comodules. ([Sw], [Abe], [Ka]). Let € be a sheaf of Og-coalgebras. A (left-)&-comodule on
an S-scheme X is an Ox-module .% with a homomorphism of O x-modules

Q:yﬁ%(@osﬁz(gx(@oxﬁ

such that the diagrams (tensor products over Og) of homomorphisms of O x-modules

(i) (if) C0C 2T

a®idf,»/ X A ¢ 0 F (3.8)
058 F 7 N A
F

commute. We will mostly work with left-comodules, the definitions for right-comodules are
made analogously.

Remark 3.9. Let G = Specg & be a group scheme affine over S and X = Specg # be an affine
S-scheme. Then an operation of G on X over S is equivalent to an 2/-comodule structure on 4:
A morphism of S-schemes sy : G xg X — X making diagrams (i) and (ii) of (3.6) commutative
corresponds to a homomorphism of Og-algebras ¢ : # — & ®py % making diagrams (i) and
(ii) of (3.8) commutative.

Some standard definitions and properties, let X be an S-scheme and % be an Og-coalgebra, we
assume % to be flat over S:

- A €-subcomodule .#' of a €-comodule .7 is an Ox-submodule with the property that |z :
F' — € ®.F factors through ¢ ® .7’ — ¢ ®.%. A subcomodule inherits a comodule structure.
- A homomorphism of ¥-comodules is a homomorphism « : & — % of Ox-modules such that
the diagram (tensor products over Og)

ide®a Cg

CRE ®F
I |
& F

commutes.
- Kernels and images of homomorphisms of comodules are subcomodules.

- The quotient .7 /%" of a comodule .# by a subcomodule .#’ has a unique comodule structure
such that # — % /%' is a homomorphism of comodules.

- The direct sum of comodules has a natural comodule structure.
- If a bialgebra structure on % is given, then one can define tensor products of %-comodules.

- €-comodules with homomorphisms of comodules as morphisms form an abelian category. It is
I'(X, Ox)-linear in the sense that the Hom-groups carry I'(X, O x )-module structures satisfying
the usual compatibilities.
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3.1.5 Simple comodules and coalgebras

In this subsection let the base scheme be the spectrum of a field K, all coalgebras, comodules
and tensor products are over K.

Definition 3.10.

A coalgebra C' is called simple, if C # 0 and C has no subcoalgebras other that {0} and C.

A C-comodule V # 0 is called simple, if it has no other subcomodules than {0} and V.

A comodule is called isotypic, if it is a direct sum of simple comodules of one isomorphism class.

Remark 3.11.
(1) For a C-comodule g : FF — C ® F the commutative diagram (ii) in (3.8)

CoF % cocaF
QT IA@idF (3.9)
F ¢ C®F

can be interpreted such that ¢ : FF — C ® F is a homomorphism of C-comodules. Here the
comodule structure of C® F' comes from the first factor, e.g. if F' is n-dimensional then C'® F' =2
C @ K% = C%" Note that g is injective because of diagram (i) in (3.8). A special case is C
considered as a C-comodule by A : C —- C® C.

(2) It follows, that any C-comodule is isomorphic to a subcomodule of a direct sum of the
comodule C. In particular, any simple comodule has a copy in C.

Remark 3.12. (see also [Mu, GIT, Ch. 1, §1, p. 25,26]).

(1) For a K-subspace S of a C-comodule F write (S) for the smallest subcomodule of F' that
contains S.

(2) One may construct (S) as the image of CV ® S in F under the composition

idov ®0 ()®

id
CVeF CVoCoF """ KoF=F

where (-,-) : CV ® C — K is the duality pairing. Equivalently, after choice of a basis (¢;);er of
C take (S) to be generated as a K-subspace by the s; that occur in o(s) = >, ¢; ® s; for s € S.
(To check that this is a subcomodule use diagram (3.8).(ii), to check S C (S) use e € C'"V and
diagram (3.8).(i).)

(3) By construction, if S is finite dimensional, then so is (S). It follows that any element of an
C-comodule F' is contained in a finite dimensional subcomodule. In particular, simple comodules
are finite dimensional. Further, any comodule contains a simple comodule.

Now we come to the study of coalgebras and their subcoalgebras. Note that the intersection of
subcoalgebras again is a subcoalgebra.

Remark 3.13.

(1) An isotypic component C; of a coalgebra C' as a (left- or right-)C-comodule is a subcoalgebra.
This follows since the homomorphism of (say left-)C-comodules C; — C ® C; & C®¢, where
d = dim C; (a priori possibly inifinite), factors through C; ® C; = C’i@d C 094,

(2) In particular, a simple coalgebra C' is isotypic as a (left- or right-)C-comodule.

(3) A simple coalgebra has only one isomorphism class of simple C-comodules (left or right).
This follows from (2) and remark 3.11.(2).

Definition 3.14. For a C-comodule F define C(F) to be the smallest K-subspace of C' such
that o(F) CC(F)® F.

Remark 3.15.
(1) Obviously C(F') only depends on the isomorphism class of F.
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(2) One may construct C'(F') as the image of the K-linear map

Q®idpv ®<7)

id
FgFY CoFoF' 22 09K =C

Equivalently, after choice of a basis (f;)ic; of F' the space C(F) can be described as the K-
subspace of C' generated by the coefficients ¢; in o(f) = >, ¢; ® f; for f € F (see also [Abe, Ch.
3.1, p. 129)).

(3) By construction, if F is finite dimensional, then so is C'(F).

(4) C(F) is a subcoalgebra of C' (use diagram (3.8).(ii)).

(5) If F C C is a subcomodule then FF C C(F) (consider ¢|p € FV) and C(F) is the smallest
subcoalgebra that contains F' (that is the intersection over all subcoalgebras that contain F).

Proposition 3.16. Let C # 0 be a coalgebra. Then
C' is simple <= C s isotypic as a C-comodule (left or right)

Proof. ”=" Remark 3.13.(2).

7<” Let 0 # D C C be a subcoalgebra of C. If £ C D is a simple subcomodule, then
C(E) € D. But C is a direct sum of simple subcomodules F; = E and for each of these
E; CC(F;) = C(E) C D, therefore D = C. O

Proposition 3.17. Let C' # 0 be a coalgebra.
(i) If E is a simple C-comodule, then C(FE) is a simple subcoalgebra.
(il) Any simple subcoalgebra D of C is of the form D = C(E) for some simple C-comodule E.

Proof. (i) Consider E as a subcomodule of C(E) by remark 3.11.(2). The isotypic component
D of E in C(FE) is a subcoalgebra by remark 3.13.(1), in particular o(F) C D ® E. But C(E)
is the smallest subcoalgebra of C' with this property (remark 3.15.(5)), so C(F) = D is isotypic
and thus simple.

(ii) Take as E a simple subcomodule of D. Then C(FE) is a subcoalgebra with £ C C(E) C D
(remark 3.15.(5)), therefore C(E) = D. O

Proposition 3.18. Any simple coalgebra is finite dimensional.

Proof. Let C' be a simple coalgebra. Then C = C(FE) for some simple C-comodule E. A
simple F is finite dimensional by remark 3.12.(3), then by remark 3.15.(3) this is also true for
C(E)=C. O

3.1.6 Cosemisimple coalgebras

Again all coalgebras, comodules, tensor products etc. are over a field K.

Dual to the notion of semisimplicity for algebras ([Bour, Algebre, Ch. VIII]) there is the notion
of cosemisimplicity for coalgebras ([Sw, Ch. XIV, p. 287,290], [Abe, Ch. 2.3, p. 80]).

Definition 3.19. (cosemisimple).
A coalgebra is called cosemisimple, if it decomposes into a direct sum of simple subcoalgebras.

Remark 3.20. Let C be a coalgebra.

(1) Any sum F' = ), ; F; of simple C-comodules has a partial sum that is direct, that is
F = @, ; F; for some subset J C I.

(2) Since the intersection of two subcoalgebras again is a subcoalgebra, the same is true for a
sum C = ) ..; C; of simple subcoalgebras of C.
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Remark 3.21.

(1) One may introduce the coradical corad C' = sum of simple subcoalgebras dual to the radical
of an algebra and express cosemisimplicity as corad C' = C ([Sw, Ch. IX, p. 181], [Abe, Ch. 2.3,
p. 80]).

(2) For the meaning of cosemisimplicity for a Hopf algebra A in the case that G = Spec A is an
algebraic group see [Abe, Ch. 4.6].

The following two propositions are proved completely the same way as in the case of modules
(see e.g. [Bour, Algébre, Ch. VIII, §3.3]).

Proposition 3.22. For a comodule F' are equivalent:
(i) F is a direct sum of simple subcomodules.
(ii) Every subcomodule of F is a direct summand. O

Definition 3.23. A C-comodule satisfying the equivalent conditions (i), (ii) of proposition 3.22
1s called completely reducible.

Proposition 3.24. If F' is completely reducible, then so is any subcomodule and any quotient
comodule of F'. [

Proposition 3.25. A coalgebra C' is cosemisimple if and only if every C-comodule is completely
reducible.

Proof. If C' is cosemisimple, then C' as a C-comodule decomposes into a direct sum of simple
subcoalgebras, these are isotypic by remark 3.13.(2), so C' decomposes into a direct sum of
simple comodules. This is true in general for any C'-comodule F', since F' can be embedded into
a direct sum of copies of C' by remark 3.11.(2).

If any C-comodule decomposes into simple components, then in particular this is true for C.
The isotypic components in this decomposition are simple subcoalgebras by remark 3.13.(1). O

Proposition 3.26. Let C' be a cosemisimple coalgebra.

(i) The simple subcoalgebras of C are exactly the isotypic components of C as a C-comodule
(left or right). In particular, the decomposition of C into simple subcoalgebras is unique.

(ii) There is a bijection

{isomorphism classes of simple C-comodules} <+ {simple subcoalgebras of C'}
E — C(E)

class of the simple subcomodules of D — D

Proof. (i) C is completely reducible as a C-comodule by proposition 3.25, the isotypic compo-
nents of C' are subcoalgebras by remark 3.13.(1), they are simple by proposition 3.16.

Any simple subcoalgebra of C' is one of these: It is isotypic by proposition 3.16, so a subcoalgebra
of an isotypic component and coincides with it, since this component is a simple subcoalgebra.
(ii) By proposition 3.17.(1) C'(E) for simple E is a simple subcoalgebra and by proposition 3.16
(or by (i)) a simple subcoalgebra is isotypic, so the maps are well defined.

They are inverse to each other: Firstly, since C'(F) has only one isomorphism class of simple
comodules, E' = F for any simple E' C C'(E), secondly for a simple subcomodule E C D one
has C(E) = D (same argument as in the proof of proposition 3.17.(ii)). O
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3.2 G-sheaves

In this section we treat the basic definitions and examples concerning G-sheaves, we work rela-
tive to a fixed base scheme S.

We begin with the definition taken from [Mu, GIT] and then introduce an equivalent formula-
tion closer to the one given in [BKRO1]. On any G-scheme the structure sheaf and the sheaf of
relative differentials have natural G-sheaf structures. For a group scheme G over a field K, a
representation over an extension field L of K will be defined as a G-sheaf over Spec L.

We define notions such as G-subsheaves, equivariant homomorphisms of G-sheaves etc.. (Coher-
ent, quasicoherent) G-sheaves on a G-scheme X with equivariant homomorphisms as morphisms
form an abelian category.

In the following let a base scheme S be given, products are formed over S if not indicated
otherwise.

3.2.1 Definition and examples

Let (G,e,m,i) be a group scheme over a scheme S with structure morphism p : G — S, let X
be a G-scheme over S with operation sy : G x X — X.

Definition 3.27. ([Mu, GIT, Ch. 1, §3]). A (quasicoherent, coherent) G-sheaf on X is a
(quasicoherent, coherent) Ox-module F with an isomorphism

N T S ph T
of Ogxx-modules satisfying
(i) The restriction of A7 to the unit in Gx is the identity, i.e. the following diagram commutes:
exsxZ L expxF

I ) I
T e 7

(i) (mxidx)* 7 = priz A\ o(idg x sx)* 7 on G x G x X, where prog : Gx G x X — Gx X
is the projection to the factors 2 and 3.

Now we will introduce another equivalent formulation similar to the one used in [BKRO1].

Construction 3.28. For an S-scheme T and g € G(T) = Gp(T) there is the diagram (see
remark 3.8, write g also for ¢g)

XT:TXTXT:XT

J{QXidXT

idx
y Gr x7 X7 B

X PXp

Xr Xr

Pulling back ()\ﬂ)T : S}TﬁT — p}Tﬁ’T from Gr x7 X7 to X7 by g X idx, leads to an
isomorphism )\fT g Fr — Fr.
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Proposition 3.29. Let.% be an Ox-module on a G-scheme X over S. Then a G-sheaf structure
on F is equivalent to the following data: For any S-scheme T and any T-valued point g €
G(T) = Gp(T) an isomorphism /\fT 1 9" Fr — Fr of Ox,-modules such that /\;;:C/ = ()\fT)T/
for T-schemes T' and the properties

(i) AJT = idz, for er:T — Gr the identity of G(T) = Gp(T)
(i) Ayl = A/Tog*N" for g,h € G(T)

are satisfied (again write g as well for ¢q, see remark 3.8). The correspondence is given by
construction 3.28 and by specialisation to T = G, g = idq, that is 7 = )\‘Zg.
Proof. Assume that % has a G-sheaf structure. Then construction 3.28 gives isomorphisms
)\f T g*Fr — Fr, we show that they satisfy properties (i) and (ii) of the proposition.
(i) )‘szT is constructed using the morphism (ex)r = er X idx, : X0 =T x7 X7 — (G x X)r =
Gr x7 Xp. Condition (i) of definition 3.27 then implies that )\’Z;T = id z,.
(ii) For g,h € Gp(T) use the morphism (h,g) X idx, : X7 =T x Xr — Gr x7 Gr X7 X7 to
pull back the base extension of (m x z'dX)*)\y = prig A o (idg x sX)*)\y on G x7 Gp X7 X1
to Xp: One obtains the equation (ii) in the proposition.
Assume that isomorphisms )\f T g*"Fr — Fr with )\f;T,’ = ()\f ) for T-schemes T’ that
satisfy properties (i) and (ii) are given. Then A7 arises for idg € G(G), that is A7 = A‘Zg :
s%F = (pry, sx)*Fag — pxF = F¢ (here (pry,sx) : G x X — G x X is the automorphism of
X¢ corresponding to idg € G(G), see remark 3.8.(2)). We show that A7 satisfies conditions (i)
and (ii) of definition 3.27.
(i) e AT = exA7¢ =\ =id

X XYdg e F
(ii) Using the morphisms p; = pry,p2 = pry € G(G x G) as g,h in (ii) of the proposition one
obtains the equation

)‘plqpéG = )‘mGXG OPZAmGXG (on Xaxa)

that can be converted to
XZGXG = pras A o (pry, pry, Sx © prog)* pris A7 (on G x G x X)

and
(m x idx)* N7 = prig A7 o (idg x sx)* N7 (on G x G x X)

Note that by the base change property AfTT,' = ()\f T)pr the )\f T are uniquely determined by
)\ig It follows that construction 3.28 and taking idg € G(G) are inverse to each other. 0

Remark 3.30. If GG is flat, étale, ... over S, then it suffices to consider flat, étale, ... S-schemes
T, for G a finite group regarded as a discrete group scheme over K it suffices to consider its
K-valued points.

Remark 3.31. The requirement for A¥ and for the )\f T : g*%r — %1 to be isomorphisms
is not necessary, it follows from conditions (i) and (ii): For )\g"? T this can easily be seen by (i)
and (ii) of proposition 3.29. For A7 it follows, since A7 = )\fT for T'= G and g = idg. Here
we have )\ifé o (pry, sx) A\ ¢ = )‘fféz = N6 = )\ij_ﬁc = X% o (pry,sx o Zx)*)\gfé and thus
M o (iopry,sx)* AT =idg, = i3\ o(pry,sx oix)* A7 on G x X.
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Example 3.32. (Structure sheaf).
Let X be a G-scheme over S. Then the structure sheaf O x has the structure of a G-sheaf: Let
T be an S-scheme. Any T-valued point g € G(T') defines an isomorphism ¢ : X7 — X7 (see
@
remark 3.8), define \g *T to be the corresponding homomorphism ¢*© x; — Ox,. These have
@ ’ o
the property )\;T,X o1 _ (Ag xT )7+ with respect to base extensions 77 — T and satisfy conditions
@] @] @ @
(1) Aep T = idoy,. and (i) )\thT =Xy T og*\, T for g,h € G(T) of proposition 3.29.
In particular one has \9X = o7 : s5Ox = ¢*Ox, — Ox, = p5xOx where ¢ = (pry,sx) :
G x X — G x X is the isomorphism of X over G corresponding to idg € G(G) (see remark
3.8).

Example 3.33. (Sheaf of differentials).
Let X be a G-scheme over S. Then the sheaf {2y, of relative differentials has the structure
of a G-sheaf: Let T be an S-scheme. Any T-valued point g € G(T') defines an isomorphism

g : Xr — Xr (see remark 3.8), define )\;QX/S)T to be the natural isomorphism g*(Qx,/g)r =
9 Qxpyr = Qxp 7 = (Qx/5)7, where the natural isomorphism (Qx/g)r — Qx,. /7 for the base
extension X7 — X is used. More generally for any 77 — T and g € G(T') there is the natural
isomorphism (Qx,. /)7 — € X7 and the commutative diagram of isomorphisms

(9" Qxp 7)1 —— QX0 /7)1

| !

Q?IQXT, F QXT, /T

thus )\;T,(X/S))T = ()\g (X/S))T)T/. Further conditions (i) and (ii) proposition 3.29 are satisfied

because of the functorial properties of 2y, /7 with respect to automorphisms of Xt over T

Definition 3.34. (Representations). Let G be a group scheme over a field K. A G-sheaf on
Spec L, L an extension field of K, is also called a representation of G over L.

Later, in section 3.4 we will see the relation to the more ordinary notion of a representation
(remark 3.65).
3.2.2 G-subsheaves
Let G be a group scheme over S and let .# be a G-sheaf on a G-scheme X.
Definition 3.35. (G-subsheaves). A subsheaf F' C F is called G-stable or a G-subsheaf if
N (55 7) € i 7
In the following let G be a group scheme flat over S.

Remark 3.36. (G-sheaf structure on a G-stable subsheaf). Let .#’ C .7 be a G-subsheaf.
Then the restriction A7 s%,7 defines a G-sheaf structure on #': The conditions (i) and (ii) of

definition 3.27 remain valid for A7 = A7

st.7 and by remark 3.31 A7" is an isomorphism.

Remark 3.37. Let .# be a G-sheaf on X and .#’ C .# be a subsheaf. Then .#’ is a G-subsheaf
if and only if )\f T : g*Fr — Fr restricts to g*F . — F for all flat S-schemes T and g € G(T).
This directly follows from the constructions in the proof of proposition 3.29, which establish the
correspondence between A7 and the /\f T and from remark 3.30.
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Remark 3.38. (Quotients of G-sheaves). Let #' C % be a G-subsheaf. Then .# /%' has a
natural G-sheaf structure given by the induced map in the exact commutative diagram

00— s%F —— s5%F —— s (F ) F)——0

AF*"L Aff’l

|
1
00— s T ———s i T —— 3 (F )T ——— 0

3.2.3 Equivariant homomorphisms and categories of G-sheaves

Let G be a group scheme over S and f: X — S a G-scheme over S.

Let &,.# be G-sheaves on X. For ¢ € Homx(&,.#) there is the diagram
s\& S AN s F

,\gl l,\ff (3.10)
Pxé —Cs pi T

Definition 3.39. Define the set of G-equivariant homomorphisms between & and % to be
Hom& (&,.%) := {¢ € Homx (&, .F) | the diagram (3.10) commutes for ¢}

Example 3.40. Elements s € I'(S, Og) considered as elements in I'(X, Ox) via X — S define
G-equivariant homomorphisms ¢, : .F — %, ps(U) : F(U) — F(U), f — s|uf.

Remark 3.41.

(1) Hom§ (&, %) is an abelian group, it is a subgroup of Hom x (&, .%).

(2) Hom% (&,.%) becomes a I'(S,Og)-module by I'(S,0s) x Hom% (&, .#) — Hom$ (&,.%),
(s,9) — ps o). It is a I'(S, Og)-submodule of Homx (&, .%).

(3) Assume G flat over S. Then for ¢ € Hom$ (&,.%) the kernel and cokernel of ¢ have canonical
G-sheaf structures.

Definition 3.42. (G-equivariant categories of sheaves).
For a G-scheme X and C = Mod, Qcoh, Coh define the category C¢(X) with G-sheaves as objects
and G-equivariant homomorphisms as morphisms.

Remark 3.43. Assume G flat over S. Then C%(X) for C = Mod, Qcoh, Coh is a (T'(S, Og)-
linear) abelian category.

In the case of trivial G-operation (that is px = sx, one may assume S = X) one can define a
sheaf #om% of equivariant homomorphisms by imposing for open U C X and homomorphisms
a : 8y — Fy commutativity of the diagrams

*
Py

Py puFu
3| |2
* Py % o
ppév —— ppFu

that is o € Hom&(&y, Fv).
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Definition 3.44. For G-sheaves &,.% on a G-scheme X with trivial G-operation define by
HomG (&, F)(U) = Hom (&, Fu)
the Ox -submodule ,%”omgx (&, F) C Homo (&,.F) of equivariant homomorphisms.

Remark 3.45. Later we will see that jfomgx(é” ,-#) coincides with the G-invariant part
Homo, (&, F)G of Homo, (&,F) (see remark 3.67) provided that a G-sheaf structure on
Homo . (&,.F) can be defined by proposition 3.47.
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3.3 Constructions, adjunctions and natural isomorphisms

Let G be a group scheme over a scheme S. In this section we define certain functors and
bifunctors on categories of G-sheaves on G-schemes over S.

On a fixed G-scheme X we construct the tensor product ®p, and the Jfome,-sheaf of G-
sheaves. For equivariant morphisms f : X — Y of G-schemes we define the functors f, and f*.
Essential in these constructions is the commutativity of the corresponding functor or bifunctor
(for usual sheaves) with base extension by G.

We then treat relations between these functors on categories of G-sheaves. We establish adjunc-
tions (f*, f+), (f+, f') and certain natural isomorphisms.

3.3.1 Sheaf of homomorphisms and tensor product of G-sheaves

In this subsection we construct the tensor product and the #om-sheaf of G-sheaves.

Proposition 3.46. (Tensor product of G-sheaves).
Let &, F be G-sheaves on a G-scheme X. Then the tensor product & ®o, F has a natural
G-sheaf structure Ne®ox T given by \¢ ROax x ped

Proof. The bifunctor (-) ®co,,  (-) applied to the isomorphisms \¢ : s%& — p5& and A7 :
% F — pkF gives an isomorphism

Aéa ®OG><X )\7 : S}g ®OG><X S}y - pj;(éa ®OG><X p}ﬁ

Define A*®0x 7 by the diagram

S(& @0y F) — AT (€ B0, F)
X Ox Px Ox
14 : 14
* T * o Ag@OGXX)\F; * T * o
SX@@ ®OG><X SX‘/ pX@@(X)OGXX pX‘/

The vertical isomorphisms: For any morphism A : Y — Z and Oz-modules &,.% the natural
homomorphism

h*& o, W' F — h* (& ®o, F)
is an isomorphism ([EGAL, 0, (4.3.3)]).
The conditions (i) and (ii) of definition 3.27 are satisfied:
(i): One has €5 A®0x7 2 % (A @ou, « A7) 2 (e50F) ®oy (507 2 ide @0, idy =
idé”@oxy’ since ® and e} commute as above.
(ii): Similar to (i), apply ®og, . x to the equations (m x idx)*\¢ = priz A o (idg x sx)*\¢
and (m x idx)*A7 = priz; A7 o (idg x sx)*\7.
®oy is a bifunctor: Let a: & — &' and 3 : F — Z#' be homomorphisms of G-sheaves. To

see that a ® 0 : & ®o, F — &' @p, F' is a homomorphism of G-sheaves, apply the bifunctor
®0Ogyx to the commutative diagrams

A€ AT
§E —2 i & T -2 ph T
& F!

s5 & — 2 ph & s TF 2 T
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to obtain the commutative diagram

A\E®F

sx (6 ®oy F) Px (& ®oy F)
Jp}(aéaﬁ)

p;((éo, ®ox ﬁ,)

83((04®6)J
sx (6" ®ox F)

)\5”@9’

0

Proposition 3.47. (sZom of G-sheaves).

Let &,.F be quasicoherent G-sheaves on a G-scheme X, & finitely presented. Assume that G is
flat over S. Then the sheaf Fomo, (&, F) has a natural G-sheaf structure Nomox (6.7) given
by Homo, (A, A7),

Proof. The bifunctor Jomo,,, (-,-) applied to the isomorphisms 2\ 5%& — px& and PEaE
% F — pF gives an isomorphism

%mocxx()‘gv)‘y) : ji”omocxx(s}(g",s}y) - ,}i”omocxx(p%(g",p}ﬁ)

Define A7?™0x(¢:7) 1y the diagram

Jfomox (&,%)

s Homo (&, F) A P Homo (&, F)
Zl* * gr %mOGxX(Ag’Ag) lz* * or
%mOGxX(SX(g)?SXJ) ‘%mOGxX(ngJ)X‘/)

The vertical isomorphisms: Using the assumption ”G flat over S”, the natural homomorphism
px Homoy (&,.F) = Homog, x (Px &, px F)

is an isomorphism by [EGAI, 0, (5.7.6)] or [EGA, 0y, (6.7.6)], the same is true for sx, because
the morphisms sx and px are isomorphic via (pr;,sx): G x X — G x X.

The conditions (i) and (ii) of definition 3.27 are satisfied: To show this, again we use commuta-
tivity of JZom with certain pull-backs.
(i) There is the commutative diagram

Ftom(E,F
A AHm(E.F)

ex sy Homo, (&,.F) expx Homo, (€, F)
2 2
* l * * e} %m()\g)\g) * l * *
ex Homog, (X €, sxF) ex Homog, x (Px &, px-F)
l Hom(ei A€ e3 A7) l

Homo, (€x s\ &, exsxF)

1

Homo (8, F)

Homoy (eﬁfpﬁfgv expx-F)

12

Homo (8, F)

1l stom(e, F)

The vertical homomorphisms in the middle are isomorphisms, since e s% Homo, (&,.F) —
Homo (e s5E, e 55 F) resp. epy Homo, (8, F) — Homo, (ekpi&,e5p.F) and the
upper ones are, use the compatibility of lemma 3.48 below.

(ii): Apply S#omo,, .y to the equations (m x idx)*\¢ = priz A\ o (idg x sx)*A* and (m x
idx)* N7 = prig\7 o (idg x sx)*\7.

Ft0om is a bifunctor: The proof is made the same way as in the case of tensor products. O
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Lemma 3.48. Let X 5 Y Ny be morphisms of schemes and &,.F quasicoherent O z-modules,
& finitely presented. Then the diagram of natural homomorphisms

o B Homp , (8, F) ———— o Homp,, (%8, *F) —— Homp . (o *E, " 5% F)

] ¢

(Boa)* Homp, (&, F) Homo, ((Boa) &, (Boa) F)

commutes.

Proof. Left to the reader. O

Definition 3.49. For a locally free G-sheaf of finite rank & on a G-scheme X define the dual
G-sheaf by
&Y = Homo, (£, 0x)

3.3.2 f. and f* for equivariant morphisms

The aim of this subsection is to define functors f*, f, on categories of G-sheaves for equivariant
morphisms f of G-schemes that are the usual ones for the underlying categories of sheaves. We
show for equivariant f : X — Y that f*¥ for G-sheaves 4 on Y and under some conditions
f«Z for G-sheaves .# on X have natural G-sheaf structures.

Let G be a group scheme over S and X, Y be G-schemes over .S with operations sx : GxgX — X,
Sy . G X8 Y =Y.

Remark 3.50. In the following we will use the cartesian diagrams (products over S)

pPx SX ex

GxX—" . x Ggxx—F x XxX—X  ,GxX
Jidcxf fJ Jidcxf fl Jf idGXfJ
Gxy— v Ggxy—¥Y vy y—%Y  ,GxY

for an equivariant morphism f : X — Y. Note that the left and middle diagram are isomorphic.

Proposition 3.51. (f. and f* for G-sheaves).
Let f: X —Y be an equivariant morphism.
(i) Assume f to be quasicompact and quasiseparated, further assume G flat over S or f affine.
Then for a quasicoherent G-sheaf F on X the sheaf f+.F has a natural G-sheaf structure.

f defines a functor
fo:CYX) —CY(Y)

for C = Qcoh and if Y is locally noetherian and f proper also for C = Coh.

(ii) For a G-sheaf 4 on'Y the sheaf f*9 has a natural G-sheaf structure.
f defines a functor

fr:CE(Y) - c%(X)
or C = Mod, Qcoh and 3 ,Y are locally noetherian also for C = Coh.
for C = Mod, Qcoh and if X,Y locall h Iso for C = Coh
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Proof. The functor f* transforms quasicoherent sheaves into quasicoherent sheaves, f*¥ is co-
herent for coherent ¢, if X,Y are locally noetherian.

For quasicoherent .% the sheaf f,.Z is quasicoherent by [EGAL, I, (6.7.1)], since f is quasicom-
pact and quasiseparated. If Y is locally noetherian and f is proper, then f,.% is coherent for
coherent .# on X by [EGA, III (1), (3.2.2)].

The assumptions ” f quasicompact and quasiseparated and further G flat over S or f affine”
imply that f, commutes with base extension by G — S, that is for quasicoherent % on X the
natural homomorphism

py [+F = (ida X f)x F

is an isomorphism. This follows from [EGAL, I, (9.3.3)] or [EGA, IV (2), (2.3.1)], [EGA, II,
(1.5.2)]. As well it applies to base extensions of f such as idg X f: G x X — G x X.

Define A*7 and M"Y by the commutative diagrams

)\f*g

S;F/f*y p;k/f*y
2| 12
id AT
(ide % f)osyF — XD (id x [)py
and o
* * )\ E
sy f'Y px f*Y
” (ingf)*Ag ”

(idg x f)*sy¥ (ida x f)'py¥Y

The vertical identifications in the case f.: By assumption f, commutes with base extension by
G — S, therefore py f. — (idg X f)«p%# is an isomorphism. Then the same is true for
sx, sy because the corresponding diagrams (see remark 3.50) are isomorphic.

The isomorphisms M7 and A\ satisfy the conditions (i) and (ii) of definition 3.27:

(i) In the case f, there is the commutative diagram

* * y G;Af*"g * * y
ey sy [« ey Dy [
2 2
x (- l * g ey (g x )« A¥ * (- l * g
ey (idg X [)esxF ey (idg X [)«pxF
*l* a Feex A7 *l* a
feexsxF fxexpx 7
I ’ I
f*ﬁ Wi F f*ﬁ

The vertical homomorphisms in the middle are isomorphisms since e3 sy f«.# — f.e%s%.F resp.
ey py f+F — fiexp%F and the upper ones are, use the compatibility of proposition 3.5.

In the case f*: e})\f*g = ey (idg x A = f*e’{/)\g = fridy = id +g.

(ii) Apply (idg x idg X f)« resp. (idg X idg X f)* to the equation (ii) of definition 3.27.
These constructions are functorial: In the case fy let a : . % — %’ be a homomorphism of
G-sheaves on X, to see that f.«a : fi.#7 — f..%' is a homomorphism of G-sheaves on Y apply
(idg X f)s« to the commutative diagram

s F s F'

A?l l)\kg/
Py

pxF —————pxF’
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to obtain the commutative diagram

sofoF — s
)\f*.gJ/

(0%
Py foF ———— 3 [T
Similarly for f*. O

Remark 3.52. For an equivariant morphism of G-schemes f : X — Y the homomorphism of
sheaves of rings f*Oy — Ox is equivariant, where f*Oy carries the G-sheaf structure as defined
in proposition 3.51.(ii). If the conditions of proposition 3.51.(i) are satisfied, in which case we
have defined a G-sheaf structure on f,Ox, then Oy — f.Ox is equivariant as well, because it
is adjoint to f*Oy — Ox (see proposition 3.55 below).

To show that f*Oy — Ox is equivariant, we use the definition of f* for G-sheaves (proposition
3.51) and the G-sheaf structure on the structure sheaf (example 3.32). Consider the commutative

diagram
fa

Xa Yo
PX 124
e / fo e
Xa Ya
Sx Sy
pPx Py
X ! %

where ox = (prj,sx) : G x X — G x X is the automorphism of X over G corresponding to
idg € G(G) (see remark 3.8.(2)) and similar ¢y.
The left inner square, the four outer quadrangles and the large outer square of the diagram

0 & 0
fG Yo 7 - Xa
k% ~ * * pjg(f# *
fapy Oy pxf Oy PxOx
reet féxolﬂ Af*osﬂ %OX 0%
~ S f*
Hf(";s;@y — SOy ——— 5% Ox
i I
fé“P*YOYG QO;( fé'OYG 90;( OXG

commute, therefore the right inner square commutes, that is f# : f*Oy — Ox is equivariant.

Example 3.53.

(1) Let X be a G-scheme over S = Spec K, K a field. The structure morphism f : X — Spec K
is equivariant, for a K-linear representation V', that is a G-sheaf on Spec K, there is the G-sheaf
f*V=VerOx on X.

(2) Let X be a G-scheme with trivial operation and .# a G-sheaf on X. Then for z € X the
inclusion i : {z} — X is equivariant and there is the representation i*.# = .% ®p, k(x) on
{x} = Speck(z).

(3) Let X be an G-scheme of finite type over a field K with structure morphism f : X — Spec K
and let .# be a G-sheaf on X. Then f..# is a G-sheaf on Spec K, equivalently H°(X,.%) is a
K-linear representation of G. The same is true for the space of sections .#(U) over a G-stable
open subset U C X.
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3.3.3 Adjunctions for G-sheaves

In this subsection we consider adjunctions between pull-back and push-forward functors on
categories of G-sheaves, we establish the adjunction (f*, f.) for an equivariant morphism of
G-schemes and the adjunction (fs, f') for a finite flat equivariant morphism of G-schemes f :
X — Y Y with trivial G-operation.

Remark 3.54. Let F : C% — D%, H : DF — C% are functors between categories of equivariant
sheaves that are adjoint as functors between the underlying categories of sheaves (for example
for equivariant f functors f*, f. on categories of G-sheaves have been constructed in proposition
3.51 by defining G-sheaf structures in addition to the usual functors f*, f. that are adjoint).
Then in order to show that this adjunction is also an adjunction in the equivariant setting,
it suffices to show that the unit and counit are equivariant, that is any e(.#) and 7(¥) is an
equivariant homomorphism of G-sheaves.

Proposition 3.55. (The adjunction (f*, fs)).

Let f : X — Y be an equivariant morphism of G-schemes. Assume that the conditions of
proposition 3.51 are satisfied, such that there are functors f. : C9(X) — CY(Y) and f* :
CE(Y) — C%(X), for C = Qcoh or C = Coh. Then for these functors between categories of
equivariant sheaves there is an adjunction (f*, fi), whose underlying adjunction for sheaves is
the usual adjunction (f*, fi). In particular one has isomorphisms

Hom$ (f*¢, %) = Hom$§(¥, f..7)
functorial in F and 4.

Proof. One has to show that any ¢(.%#) and n(¥) is an equivariant homomorphism of G-sheaves.
For ¢ there is the diagram

)\f*f*y

\;(E(jf) p}V
* A7 *

2 Sxﬁ ——)pxﬁ 2
.y %Xﬂ‘) EG(I)%JC o
* oSS T oS F
GJGx5X FafaAT GJG+Px

The lower quadrangle, where e is the counit of the adjunction (f&, fa«), commutes (e¢ is a
morphism of functors). The left and right triangles commute by proposition 3.3 applied to the
middle and left diagram of remark 3.50. The vertical maps are isomorphisms, since f, commutes
with base extension by G because of the conditions of proposition 3.51.(i) by [EGA1, I, (9.3.3)].
Therefore the upper quadrangle commutes, that is (%) is equivariant.

Similarly for n. O

Remark 3.56. These adjunctions can be used for construction of the natural homomorphism
of remark 3.1 in the equivariant setting. Let
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be an equivariant commutative diagram of G-schemes over S. Assume that the considered
pull-back and push-forward functors for quasicoherent G-sheaves exist by the construction of
proposition 3.51. Then for a quasicoherent G-sheaf % on Y the natural homomorphism of O x-
modules ¢*f..7# — f'.¢".F as defined in remark 3.1 is a homomorphism of G-sheaves. For a
quasicoherent Oy-algebra 7 there is the homomorphism g¢* f,.&/ — f'.¢"" %/ of G-equivariant
Ox-algebras (see also remark 3.4).

The next aim is to establish an equivariant version of the adjunction (f, f') (introduced in
subsection 3.1.1) for finite flat morphisms of G-schemes f : X — Y, Y with trivial G-operation,
which is a very special case of equivariant Grothendieck duality.

We work with categories of quasicoherent sheaves on X,Y. The functor f, for quasicoherent
G-sheaves is defined by proposition 3.51. Define the functor f' as in subsection 3.1.1, that is
f'¢ = Homo, (f«Ox,9), but carrying a G-sheaf structure as it is given by propositions 3.51
and 3.47 (f is affine, f,Ox is locally free of finite rank).

Proposition 3.57. (The adjunction (fs, ).

Let f: X — Y a finite flat equivariant morphism of G-schemes, Y with trivial G-operation.
Assume that G is flat over S. Then for the functors f., f' between categories of equivariant
quasicoherent sheaves there is an adjunction (f., f!), whose underlying adjunction for sheaves is
the usual adjunction (fx, f!). In particular one has isomorphisms

Hom§ (7, f'9) = Hom{(f.7.9)
functorial in F and 94 .

Proof. We have trivial operation on Y, that is sy = py. We use the same notations as in
subsection 3.1.1, here X = Specy &7, & = f,Ox a locally free G-sheaf of finite rank.

One has to show that any £(¢) and n(.%#) is an equivariant homomorphism of G-sheaves.

For € consider the diagram

Jfomoy (o,%9)

P Homo, (o, 9) A P Homo, (o | 9)
X*yf(% p"yy
2 9 — iy 2
eq(py9) eq(py9)

HAomo,  (Py o, py¥Y) » Aomo,, (Py <, pyY)

Homoy, (A7 \9)
The lower quadrangle, where e¢ is the counit of the adjunction (f, fa«), commutes (eg is a
morphism of functors). The left and right triangles commute by proposition 3.6. The vertical
maps are isomorphisms, since #0om commutes with base extension by G (& is locally free of
finite rank and G is flat over S). Therefore the upper quadrangle commutes, that is (¥) is
equivariant.

Similarly for n. O

3.3.4 Natural isomorphisms

We show that some natural isomorphisms of sheaves give rise to natural isomorphisms of G-
sheaves: We establish isomorphisms between certain bifunctors on categories of G-sheaves that
occur by composing bifunctors and functors for GG-sheaves constructed before.
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Proposition 3.58. Let f : X — Y be an equivariant morphism of G-schemes over S and
let &, F be quasicoherent G-sheaves on Y , assume & finitely presented and G flat over S and
further & locally free of finite rank or f flat. Then the natural homomorphism of quasicoherent
Ox -modules

[*Homo, (&, F) — Homo, (&, [*F)

is an isomorphism of G-sheaves.

Proof. Under the assumption ”& locally free of finite rank or f flat” the natural homomorphism
of Ox-modules

f*Homo, (&,.F) — Homo, (f*&, [*.F)
is an isomorphism by [EGAL, 0, (5.4.9)] or [EGA, 07, (6.7.6)].
Both sides have natural G-sheaf structures as constructed in proposition 3.47, since & is finitely
presented and G flat over S. The above isomorphism is G-equivariant:

Af’f jfomoy (&,F) o~ fé)\,}f’omOY (&,F) o~ fé’ %m(')g y()\é”)\y)
= c%ﬂom(’)cxx (fé)‘éa7 fé')‘y) = %mOGxX ()\f*éa, )\f*y) = )\%mox (fr&.577)
Here, for the equation fg ,%”omocxy()\g, \T) = %moGXX(fé)\g, f(’;)\y) consider the commu-

tative diagram

fé '%mOGxY ()‘gvAg)

fé’t%mocxy(s;g7 3;9) f(*} %mOGxY(p*Yg7p§/9)
ZJ* . Homog,,  (FENE FENT) *12* o
Homog, x (fGsy €, [G5yF) Homog, x (fery €, fery F)

where the vertical homomorphisms are isomorphisms, because p3y-&’, s3-& are locally free of finite
rank or they are finitely presented and fq is flat. O

Proposition 3.59. Let f : X — Y be an equivariant morphism of G-schemes and let &, F
G-sheaves on Y. Then the natural isomorphism of Ox-modules

P& o [F — [1(6 ®o, F)
is an isomorphism of G-sheaves.

Proof. There is the natural isomorphism of O x-modules f*&®o, f*F — [ (&R0, F) (see e.g.
[EGAL, 0, (4.3.3)]). It is G-equivariant: Mo [MF o )\f*‘ga@)ogxx)‘f*y = (ida % )" A ©0g x
(idg x f)*A7 = (ida x [)* (N @0,y M) = (idg x f)*(NCoyT) = N\ (E@0y 7). O
Similarly, using [Bour, Algebra I, Ch. II, §4.1 and §4.2, Prop. 1 and 2], one obtains:

Proposition 3.60. Let &,.7,9 be quasicoherent G-sheaves on a G-scheme X over S, assume
&, F finitely presented and G flat over S. Then the natural isomorphism

Jomo (7 Rox g,g) — Jomo (9,%mox (@@,g))
is an isomorphism of G-sheaves. O

Proposition 3.61. Let &,9 be quasicoherent G-sheaves on a G-scheme X over S, assume &
locally free of finite rank and G flat over S. Then the natural isomorphism

&Y @0y G — Homo, (8,9)

is an isomorphism of G-sheaves. O
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3.4 Trivial operation: G-sheaves as comodules, decomposition

In this section G-sheaves on a G-scheme with trivial operation of an affine group scheme are
considered.

We show that in this case G-sheaves are the same as comodules for the Hopf algebra of G.
Further we introduce the invariant subsheaf and show that a direct sum decomposition of the
Hopf algebra of the group scheme G into subcoalgebras induce direct sum decompositions of
G-sheaves, the components being comodules under the corresponding coalgebras.

In particular the case that G is an affine group scheme over a field K with cosemisimple Hopf
algebra is considered.

In the following let (G = Specg <7, e, m,i) be an affine group scheme over a scheme S. Then
(o, m, p,t,e,A) is a sheaf of Og-Hopf algebras. Assume that G operates trivially on an S-scheme
X, that is sy =px : G xg X — X.

3.4.1 G-sheaves as comodules

Remark 3.62. In this remark we introduce morphisms of functors « and 3 using the adjunctions
(p%.px«) and (€%, ex,) and describe their relations to the homomorphisms nx and ex of the
Hopf algebra structure of @x.

(1) The adjunction (p%,px+) and nx:
Part of the adjunction (p%,pxs) is the natural homomorphism

(F): F — pxpxF = dx Royx F

Here the tensor product @y ®p, # is formed by p}% :Ox — Ix.
For Ox one has

a(Ox) =nx = p% : Ox = px2pxOx = px=Ocxx = x
and conversely one may describe « in terms of nx as
Oé(y) :a(OX)@Mdy =nx ®idg : F = Ox ®(9Xf—)MX Koy F

(2) The adjunction (€%, exs) and ex:
Part of the adjunction (e%, ex) is the natural homomorphism & — ex.e% & = ex.Ox o, x &,

the tensor product formed by eﬁ :Oaxx — exs«Ox.
For & = p%# one has ps. 7 — ex.ekp%# and after application of px.:

5(3?) :pX*p}ﬁ pr*ex*eﬁ(p}y = Z
For Ox one has

B(OX) =E&X :px*eﬁ :px«pxOx — Ox
and conversely

B(F)=p0x)®idg =ex Qidg : Ix Qo F — Ox Qo F =.F

(3) It is
B() 0ol F) = id s

because ex onx = idp,, since px oex = idx.
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Proposition 3.63. For an Ox-module F the following data are equivalent:
(a) A G-sheaf structure on .F.
(b) An 7 -comodule structure o : ¥ — o @og F.

Proof. Remember that a G-sheaf structure on an O x-module Z# is an isomorphism of Ogy x-
modules A7 : piF = pi.F satisfying the conditions (i) and (ii) of definition 3.27 and
an «7-comodule structure on an Ox-module % is a homomorphism of Ox-modules ¢ : . % —
A Qo F = dx Qo F such that the diagrams (i) and (ii) in (3.8) commute.

Construct the relation between A7 and p by the natural isomorphism

Homx (Z, px«px-F) = Homgy x (0% F, pk F)

coming from the adjunction (p%,px«).
Then p arises from A7 as

0=pxA o F): F — o Roy T

Here
px N A Qo F S A Qo F

is an isomorphism of &/x-modules on X and
Oé(y) :77®7/d9‘ 9205@)05? — px*pi(ﬁ:ﬁ@(,)sﬂ

is a natural homomorphism of the adjunction (p%,px«) (see also remark 3.62).
The conditions (1) and (ii) of definition 3.27 are satisfied if and only if the diagrams (i) and (ii)
in (3.8) commute.

(i). One has the diagram (use notation of remark 3.62)

" *)\3?
o @og F = pxpkF = pxPxF = A Qo5 F
T O
8(7) | 1a(F) a(F) 1 | B()
*: £ GR»)\“? * kS :
F = expxF expxF =F

where the square with vertical maps §(.%#) is commutative and 5(.#) o a(.#) = id z. It follows
3N = B(F) o pxiA” o a(F). Condition (i) of definition 3.27 means e%\” = id#. So there
are the equivalences

(i) of definition 3.27 is satisfied <= idg = [3(

(ii). Condition (ii) of definition 3.27 here becomes (one has sx = px, idg X px = pr3):
(m x idx)* N7 = prig A7 opris A7
The commutativity of diagram (ii) of (3.8) means

(A®idgz)op=(idy ®p)op
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Left side of these equations: One has (tensor products without index are over Og)
pra, (m X idx )N = id gy @ px A (A @A) A (H R F) — (d @A) ARy (A @ F)

Here the tensor product over .7 is formed by A = p,m# : &/ — &/ ® o/. This leads to the
commutative diagram

id AT
(A © ) A®yy (A © F) 28 EPX (A @A) Dy (A @ F)
S (3.11)
7 d AT 2 oA T

Right side: One has

pra, priz A = idygy @ px:d” 1 (X @A) (@ (7 @ F) = (4 @A) i\@u (7 @ F)
the tensor products formed by i1 : & — &/ ® &7, a — a ® 1 and similar

pry, prig A = idygo @ pxaN” 1 (A @A) (@ (H @ F) = (4 @A) )@ (7 @ F)

This leads to the commutative diagram

(A ® ) 100 (7 0 F) S ) @ (o © F) P
2 (A @A) ()@ (F D F) =0 @) iyRy (R F)
| ] ]
dodoF—B L yoger T yedes
AlAI,?) ZI
F ¢ AT e @e Py A-Ya

(3.12)
The numbers 1,2, 3 refer to the factors in the tensor products.

The maps of the upper rows of diagram (3.11) and (3.12) are (& ®.«7) x-linear and as (& ® %) x-
linear maps uniquely determined by the maps of the respective lower rows. Therefore the maps
of the upper rows of (3.11) and (3.12) coincide (condition (ii) of definition 3.27) if and only if
the maps of the lower rows coincide (commutativity of diagram (ii) of (3.8)). O

Remark 3.64. Let &,.% be G-sheaves on X.

(1) For a subsheaf %' C .%: F' is a G-subsheaf <= F' is an o -subcomodule.

(2) For ¢ € Homx(&,.%): ¢ is G-equivariant <= ¢ is a homomorphism of <7 -comodules.

(3) Under the above correspondence the tensor product of G-sheaves and the tensor product of
o/ -comodules coincide.

(4) Similarly as for G-sheaves one may define pull-back and under some conditions push-forward
of comodules with respect to morphisms and these constructions coincide with those for G-
sheaves.

Remark 3.65. For a finite group G the dual A of the group algebra K[G] is a coalgebra.
By dualising one sees that a finite dimensional K[G]-module is essentially the same as a finite
dimensional A-comodule over K. By the proposition this coincides with our definition of the
term "representation” (definition 3.34).
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3.4.2 The invariant subsheaf, decomposition

Definition 3.66. (Subsheaf of G-invariant sections).
Let % be a G-sheaf with G-sheaf structure equivalent to the of -comodule structure o : F —
o @og F. Define the G-subsheaf FC of F of G-invariant sections by

FEU) ={fe FU)|olf) =1 f}
for open U C X.

Remark 3.67. Assume that the assumptions of proposition 3.47 are satisfied for G-sheaves
&, on X in which case #omo, (&,.#) has a natural G-sheaf structure. Then

Hom (&, F) = Homo, (&, F)°

We show that a decomposition of the coalgebra 7 into a direct sum of subcoalgebras o = P, <7
leads to a decomposition of any G-sheaf on X into a direct sum of G-subsheaves corresponding
to the 7.

Proposition 3.68. Let o7 be a Og-coalgebra which decomposes into Og-subcoalgebras of =
@D, . Then any o/ -comodule F on X has a decomposition

7= 7

i
into &/ -subcomodules F; whose comodule structure reduces to that of an <;-comodule.

Proof. Define .7; .= o~ (o, @ F).

Then .%; is a subcomodule, that is o(.%;) C & ® .%;: Considering the preimages of & ® o7; ® F
in the commutative diagram (ii) in (3.8) one obtains o~} (& ® .%;) = .Z;.

The comodule structure on .% restricts to an «7-comodule structure .%; — & @ %; on .%;.

It remains to show that .%# is the direct sum of the .%;. & is the direct sum of the &7, the
injections j; : @ — </ and projections ¢; : & — < satisfy q; 0 j; = ido;, qy 0 j; = 0 for i’ # 4
and ), jj 0 ¢; = id . Construct projections p; : .# — .%; by the diagram (tensor products over

Os)
eQid o

F e g RF Os®F =F
‘\\“*~‘\‘ ¢;®id z
pi .-l
E‘ﬂi®2‘2§“\s
A Q F Os®@F =F
These satisfy the desired properties. O

Example 3.69. o = n(Og) is a subcoalgebra of &7 with trivial coalgebra structure. Assume
that o7 is a direct summand, so & = & ® /' for some subcoalgebra .«7’. Then for a G-sheaf
Z this decomposition leads to the decomposition .# = .#y & .F' with Fy = .FC.

Remark 3.70. The decomposition of proposition 3.68 is compatible with functors f*, f, for
morphisms f of G-schemes with trivial operation, that is

if (+); denotes the part corresponding to 7.
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3.4.3 Decomposition in the cosemisimple case over a field

For simplicity we assume S = Spec K, K a field. Let G = Spec A be a group scheme over K and
X a G-scheme over K with trivial operation. Assume that A is cosemisimple and let A = @, A;
be its decomposition into simple subcoalgebras.

Corollary 3.71. (Decomposition into isotypic components).
Any G-sheaf F on X has a decomposition

7= 7
i
into G-subsheaves F; whose G-sheaf structure is equivalent to an A;-comodule structure. O

Remark 3.72. In particular the compatibility of the decomposition into isotypic components of
corollary 3.71 with functors f*, f, implies that, given a G-sheaf .# on X, for fibers .# @0, k(z)
resp. spaces of sections . (U) if .%; quasicoherent and U C X affine open, .#; ®p, k(z) resp.
Z;(U) are the isotypic components corresponding to A;.

Proposition 3.73. Let .%;,.#; be quasicoherent G-sheaves on X such that the A-comodule
structure of F; resp. F; reduces to that of an A;- resp. A;-comodule. Then Hom$ (F;, %) = 0
fori#£j.

Proof. Let ¢ € Hom§ (%, %;). Then for U C X affine open ¢(U) : %;(U) — Z;(U) is a homo-
morphism of A-comodules over K. These homomorphisms are the zero-homomorphisms since

Z;(U) and .%;(U) are isotypic with components corresponding to different simple subcoalgebras
Ai and Aj. O

Thus, for C = Qcoh, Coh one has a decomposition

CY(X) = @cf‘i (X)

of the equivariant category of sheaves into categories C4i(X) of sheaves with A;-comodule struc-
ture. In the following we will investigate the components C¢(X) and describe the structure of
A;-comodules on X.

Let W be an A;-comodule over K. Because A; is simple, it has only one isomorphism class
V of irreducible comodules over K, A; and V are finite dimensional. W decomposes into a
direct sum W = P, V) of copies of V. There is the natural homomorphism of A-comodules
(consider Hom%(V, W) as a right-End$ (V)-module, Hom%(V, W) ®pnag (v) V' as A-comodule
via its second factor)

Hom® (V. W) @ppagy V. — W

PRV = p(v)

12

This is an isomorphism: There is the identification Hom% (V, W) ®gnag vy V

.o 2 HomB(V, @ e; VYY) @ppag vy V = @y HomZ (V. VY)) @pqa 1) V = @, VY which
makes the diagram

Hom (V, W) @pq0 vy V w
/] K
Djecs Hom (V, V1)) ®gnag vy V = Djcs v

commutative.
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Proposition 3.74. (Comodules of simple coalgebras).
Let A; be a simple subcoalgebra of A, V; the corresponding simple A;-comodule over K (up to
isomorphism) and let .F be a quasicoherent A;-comodule on X. Then the natural homomorphism
of G-sheaves on X

Hom@, (Ox @ Vi, F) Oppac vy Vi = F

s an isomorphism.

Proof. The natural homomorphism of O x-modules
Homg (Ox Ok Vi, F) Oppac iy Vi = F
is given for open U C X by

Hom(Oy @k Vi, Z|0) @gpag oy Vi = F(U)
P& - p(U)(1®v)

To show that it is an isomorphism of A;-comodules use the adjunction (f*, f,) for the structure
morphism f : X — Spec K: For affine open U C X one has a natural isomorphism

Hom§(Oy ©x Vi, Z|v) = Hom&(f[5Vi, Zl) & Hom§(Vi, flunlo) = Hom(Vi, Z(U)) of
End%(V;)-modules, which makes the diagram

Hom{(Oy @k Vi, Z|v) Dpnag (v;) Vi

{ >9’*(U}

Hom(V;, 7 (U)) Dpndg (v;) Vi

i

commutative. The natural homomorphism Hom% (V;,.Z (U)) Dpna¢ (vy) Vi — F(U) is an iso-
morphism of A;-comodules by the previous discussion. [l
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Chapter 4

G-Hilbert schemes

This chapter is devoted to the study of G-Hilbert schemes. The G-Hilbert scheme construction
over a base scheme S in general, given an S-scheme X with operation over S of a finite group
scheme G, forms under some assumptions an S-scheme G-Hilbg X, that parametrises certain
G-stable zero dimensional closed subschemes of X.

This construction, introduced in [ItNm96], [ItNm99], [Nm01] for Ag and more generally for
quasiprojective schemes over the base scheme Spec C, is motivated by the problem to resolve
quotient singularities and to describe the properties of such resolutions. It has been made ex-
tensive use of it in works concerning the McKay correspondence and is central in the approaches
to the McKay correspondence discussed in this thesis.

In this chapter we go through the construction of G-Hilbert schemes, we formulate ideas in a
strict functorial setting which allows to extend to finite group schemes with cosemisimple Hopf
algebra over arbitrary fields what has been done before for finite groups and over the base field
C. The aim of extending these constructions are generalisations of the McKay correspondence
to base schemes other than C, the slightly more general case of non algebraically closed fields
K of characteristic 0 and finite subgroup schemes G C SL(2, K) is investigated in chapter 6.

As mentioned at the beginning, we will introduce a relative G-Hilbert scheme construction with
respect to a morphism X — S, X with G-operation over S. On the level of generality taken
here, the group scheme G as well as the scheme S will be defined over a field K. We will
construct a morphism of functors G-Hilbg X — X /G and consider ways of changing the base
scheme of G-Hilbert functors. In particular G-Hilbg X can be considered as a X/G-functor and
then coincides with the relative G-Hilbert functor G-Hilby /o X.

This extended theory leads to some improvements and simplifications, for example the fibration
of the G-Hilbert functor over the functor of the quotient leads to a representability proof of G-
Hilbert functors for algebraic K-schemes X that works without the theorem on representability
of the Hilbert functor of n points and which replaces the assumption ”quasiprojective” by the
more natural condition that a geometric quotient 7 : X — X /G, 7 affine, exists.

Regarding the G-Hilbert scheme as relative G-Hilbert scheme G-Hilbx /g X, one can carry out
the differential study for Quot schemes [Gr61, Section 5] in the equivariant setting to determine
relative tangent spaces of the G-Hilbert scheme over X/G. There is a relation to the stratification
introduced in [ItNm96], [ItNm99].

81
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We summarise the contents in more detail:

Preparatory, we review definitions and results concerning Quot and Hilbert schemes. These
schemes are defined by their functor of points to parametrise certain quotient sheaves resp.
closed subschemes of a scheme X (quasi)projective over a base scheme S. The reference for
this is [Gr61], also see [Ko, Ch. I], [HL, Ch. 2.2], [Ni0O5], as well [Mu, CS] might be helpful.
Language and methods will be taken over to the theory of G-Hilbert schemes.

We also include some general facts about quotients of a scheme by a group scheme, this is taken

from [Mu, GIT], [Mu, AV].

Working with categories of G-sheaves on a G-scheme X for a group scheme G over a base scheme
S one can carry out the same Quot and Hilbert scheme construction as in the ordinary case in
[Gr61]. These equivariant Quot schemes are closed subschemes of the original Quot schemes,
they can equivalently be described as fixed point subschemes with respect to the natural G-
operation.

We review and extend the representability results of the G-Hilbert functor G-Hilbg X for
quasiprojective S-schemes X using the general representability theorem of [Gr61] in the case
of Hilbert functors of points by showing that the G-Hilbert functor is an open and closed sub-
functor of the equivariant Hilbert functor which is a closed subfunctor of the ordinary Hilbert
functor of |G| points.

The next main theme and main part of this chapter is the relation of the G-Hilbert scheme to
the quotient X/G. In this part we consider G-schemes X that are not necessarily quasiprojective
over S. We construct the natural morphism G-Hilbg X — X/G. More generally, any equivariant
S-morphism X — Y, Y with trivial G-operation, induces a morphism G-Hilb g X — Y. This can
be used to relate the Hilbert functor G-Hilb ¢ X and the relative Hilbert functor G-Hilb y /¢ X,
because it allows to consider G-Hilbg X as a functor over X/G. We pursue the general idea to
vary the base scheme of G-Hilbert functors and give some applications.

For finite X — S Hilbert schemes of points and G-Hilbert schemes can be constructed directly
in a simple way as projective schemes over S by showing that a natural embedding into a
Grassmannian is closed. Applied to the relative Hilbert functor G-Hilb x/6 X for an affine
geometric quotient morphism X — X/G of an algebraic K-scheme X this shows the existence
of the projective X/G-scheme G-Hilbx,; X. The earlier investigations about base changes
then imply that G-Hilb, X is representable and that there is an isomorphism of K-schemes
G-Hilbx X = g (G-Hilbyxq X), which identifies 7 : G-Hilbx X — X/G with the structure
morphism of G-Hilby,g X. In particular, one sees that the morphism 7 is projective.

We make some remarks on the case of free operation. Here 7 : G-Hilbg X — X/G is an
isomorphism. Thus, if for an irreducible variety X the operation is free on an open dense
subscheme, then (G-Hilbg X)eq has a unique irreducible component birational to X/G.

We carry out the differential study for Quot schemes [Gr61, Section 5] (see also [Kol, [HL]) in
the equivariant setting. After summarising the relations between differentials, derivations and
infinitesimal extensions of morphisms, in subsection 4.4.2 we prove a result about flat deforma-
tions of quotient G-sheaves similar to [Gr61, Prop. 5.1], which is applied to the infinitesimal
study of equivariant Quot schemes and more specifically of the G-Hilbert scheme in subsequent
subsections. This method is known and used to determine tangent spaces of G-Hilbert schemes
over base fields but as well it applies to relative G-Hilbert schemes and allows to determine their
sheaf of relative differentials and their relative tangent spaces. We observe, that relative tan-
gent spaces of G-Hilbg AZ over A2 /G are related to the stratification introduced in [ItNm96],
[[tNm99] (in this thesis treated in subsection 1.2.2).
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4.1 Preliminaries

4.1.1 Quot and Hilbert schemes

Let S be a scheme (later mostly assumed to be noetherian) and f : X — S an S-scheme.

Quotient sheaves. Let % be a quasicoherent O x-module. By a quotient sheaf of .# we mean
an exact sequence 0 — # — % — 4 — 0 of quasicoherent O x-modules with 47, % specified
up to isomorphism, that is either a quasicoherent subsheaf 77 C .% or an equivalence class
[# — ¥] of quasicoherent quotients, Where two quotients are defined to be equivalent, if their
kernels coincide. Also write [0 — ¢ — .F — ¢ — 0] for the corresponding equivalence class.

Quot and Hilbert functors. For a quasicoherent O x-module % the Quot functor for .% on
X over S is the functor

Quot (S-schemes)® — (sets)

T o Quotient sheaves [0 — H# — Fr — 94 — 0] on Xr,
9 flat over T

KUz x/s

where for a morphism of S-schemes ¢ : T — T the map Quot

Quot 2o (T ')
that ¢% is right-exact and flatness is stable under base change).
The Hilbert functor arises as the special case .% = Ox:

J/X/S( ¥) QUOt//X/s(T) -
is defined by application of ¢%, i.e. [Fr — 9] — [Fp — ©5¥Y] (remember

Hilby /g : (S-schemes)® —  (sets)
T o Quotient sheaves [0 —» & — Ox, — Oz — 0] on Xr,
Oz flat over T

Later, we sometimes only mention the closed subscheme Z C X7 and write Z € Hilby,g(7)
instead of the whole quotient.

Decomposition via Hilbert polynomials. In the following assume that S is noetherian,
that f: X — S is projective with Ox (1) a very ample line bundle relative to f and that .# is
coherent.
Then for any locally noetherian S-scheme 7" — S the O x,-module .7 is coherent and so are its
quotients. The morphism fr : X7 — T is projective with very ample line bundle Ox,.(1), for
any point ¢t € T with residue field k(t) one has the projective x(t)-scheme f; : Xy — Spec k(t).
For a coherent Ox, -module ¢ there is for any point ¢ € T' the Hilbert polynomial pg, of the
coherent Ox,-module ¥;: The Euler-Poincaré characteristic of the twisted sheaves ¥;(n) =
%, Doy, Ox, (n)

X(%i(n) = > izo(=1)'h" (X, % (n))

is a polynomial in n ([EGA, III, (1), (2.5.3)]), that is x(%:(n)) = pg, (n) for some pgy, € Q[z].
We restrict the functors Quot . Quot ;g and Hilb y /¢ to the category of locally noetherian S-schemes

and define subfunctors Quot”, 7/X/S : (locally noetherian S-schemes)® — (sets) by

Quot?. (T) = Quotient sheaves [0 — & — Fr — 94 — 0] on X7,
—7/X/S | 9 flat over T, fibers of ¢ have Hilbert polynomial p

and similarly Hilbg( g+ These are subfunctors, since the Hilbert polynomial is invariant under
pull-backs. Note, that in general the assignment of a component to a given polynomial depends
on the choice of isomorphism class of a very ample line bundle Ox(1).
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If ¢4 is flat over T, then the Hilbert polynomial of ¢ is locally constant on T' ([EGA, III, (2),
(7.9.11)]). It follows, that these subfunctors are open and closed. Further, they cover the original
functor, thus there are decompositions

Quot ;g = II Quot?, ¢ Hilby/s = [ 1 Hilb%
p p

Representability. The question of representability of the Quot and Hilbert functors reduces to
that of the subfunctors for fixed Hilbert polynomials. For these there is the following theorem:

Theorem 4.1. ([Gr61]). Let S be a noetherian scheme, f : X — S a projective morphism,
Ox (1) a very ample line bundle relative to f and F a coherent Ox-module. Then the func-
tors Quotpﬂ/x/s : (locally noetherian S-schemes)® — (sets) are representable by projective S-
schemes. O

This means, that there exists a projective S-scheme Quot; /X/S (unique up to isomorphism)

with an isomorphism Morg( - ,Quotf; /X /S) = Quot; /X/8" The morphism idg, where Q =
Quotf; /X/80 corresponds to a universal quotient [0 — 7 — g — ¢ — 0] on Xg, which

determines the above isomorphism.

Base change. Let a : S’ — S be a noetherian S-scheme. Then .#' := Zq is coherent on
X' := Xg and the functor Mﬁ//xf/s/ is the restriction of ME/X/S to the category of
S’-schemes. In this situation one has the following (see also [EGAL, 0, (1.3.10)]): If (My‘/x/s

is represented by ) with universal quotient %o — ¥/, then Quot is represented by

ﬂ//X//S/
Q' := Qg with universal quotient [Fgp — Y/].

Grassmannian. The Grassmannian functor arises in the special case X = S. For any scheme
S, a quasicoherent Og-module .# and n € IN define

) 7
Grass%(%)(T) = { Quotient sheaves [0 —» H# — Fr — 4 — 0] on T, }

4 locally free of rank n

The proof of representability of general Quot functors uses the representability of Grassmannian
functors — it is shown that any Quot functor occurs as a closed subfunctor of a Grassmannian
functor. The representability theorem for Grassmannian functors reads as follows:

Theorem 4.2. ([EGAL, 1, (9.7.4)]). For a scheme S, a quasicoherent Og-module .7 and n € N
the Grassmannian functor Grass's(.%) is representable. O

The Pliicker embedding Grass$(.#) — Pg(A" .%) shows that for .# quasicoherent of finite type
Grass&(.#) is projective over S.

Closed subschemes. Ifi : Y — X is a closed embedding over S, then (in case of representabil-
ity) there is the closed embedding of Quot schemes

Quot;« 7 /yys = Quot; i« z/x/s = Quotz,x/g

for example Hilby/g — Hilbx/g.
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Open subschemes. For an open subscheme j : U — X over S define

Quot w(T) = Quotient sheaves [0 = A — Fr — 94 — 0] on Xr,
XNz x5 W)= @ flat over T, supp(¥4) C Ur

This defines an open subfunctor, so (in case of representability) one has the open embedding

Quot z,/x/s lv — Quot z/x/s

Quasi-projective schemes. For a quasiprojective S-scheme U and & coherent on U define
the following variant (which coincides with the original Quot functor for projective U)

Quot (T) = Quotient sheaves [0 — H# — & — 4 — 0] on Ur,
——&/U/S | 9 flat over T, supp(¥) proper over T

After choice of an open embedding over S into a projective S-scheme j : U — X and of a
coherent prolongation of &, that is a coherent Ox-module .% such that 7|y = & (see [EGAL,
I, (6.9.8)]), one has the following proposition.
Proposition 4.3. There is an isomorphism Quot S Quot//X/S lU-

Proof. We show that there are bijections

Quoty/X/S]U( ) — Quotg/U/S(T)
[Fr — 9] = &7 = jpFr — j1¥9]
[(Fr — jrebr — JTY] (& — 9]
functorial in 7.
The map QUOtJ/X/S lu(T) — QUOtg/U/S(T) is given by application of j% to a quotient sheaf.

It is j5%r = &r, since .Z is a prolongation of &. Because supp(¥) is proper over T and
supp(¥) C Ur, supp(j5¥) = supp(¥) is proper over T

The map Quot e/U/S( ) — QUOt//X/S|U( )
=~ Homx (%, j.&), corresponding to the isomorphism j*.# — & there is a homomorphism
F — j.& that restricts over U to this isomorphism. For a quotient [&7 — ¥] € M&/U/S(T)’
since supp(¥) is proper over T', supp(¥) — X is proper, so supp(¥) is closed in Xp. It follows
that supp(jr«¥) C Up. The homomorphism Zp — jp.¥ is surjective, since it is surjective on
Ur and supp(jr«¥) C Ur.

One verifies that these maps are inverse to each other. O

arises as follows: By the adjunction Hom; (j*.%#, &)

So there is an open embedding

QUOtg/U/s QUOt//X/S lu — QUOt//X/S

This extends the construction of Quot schemes to quasiprojective S-schemes, in this case the
components Quot? Quoty ;g are representable by quasiprojective S-schemes.
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Hilbert scheme of n points. Let X be quasiprojective over the noetherian scheme S. The
component Hilb'y /S of Hilby,g for constant Hilbert polynomials n € IN (it is independent of
choice of Ox(1)) is called the Hilbert scheme of n points, we also write Hilb'q X for this scheme.
Constant Hilbert polynomial means, that one parametrises O-dimensional subschemes [EGA, IV,
(2), (5.3.1)]. For these the Euler-Poincaré characteristic reduces to h". One may rewrite the
corresponding functor as
. Quotient sheaves [0 - % — Ox,. — Oz — 0] on Xp, Z flat and
Hilbs X(T') = { proper over T, Z; [O—dimensionalTwith n®(Z,, (]’)Zt) =n forteT } (4.1)

The condition ” Z flat, proper over T, Z; 0-dimensional with h°(Z;, Oz,) = n for t € T” implies
- H(Z;,0z,) =0 fori >0

- fr«Oz is locally free of rank n

- the canonical homomorphisms x(t) @0, fr+Oz — H°(Z;,0z,) for t € T are isomorphisms

by the theorem on cohomology and base change [Ha, AG, Thm. 12.11], [EGA, III (2), (7.9.9)],
[Mu, GIT, Ch. 0, §5, p. 19]. Moreover, in this situation Z is finite over T by [EGA, III (1),
(4.4.2)] or [EGA, IV (3), (8.11.1)] (of course the above cohomology and base change property

then also follows). Similar statements are true for the Quot functors Quotg Ix/s"

Hilbert scheme of 1 point. Under not restrictive assumptions the Hilbert functor HﬂblsX
as defined in equation (4.1) is represented by the original S-scheme X, we show that there are
natural bijections Hilb X (T') «» T'(X7/T) = X (T) (see also [AIKI80, Lemma (8.7), p. 108]):

Proposition 4.4. Let f : X — S be locally of finite type over the noetherian scheme S.
Then there is a morphism @ISX — X taking an element Z € @};(T) to the morphism
T=7CXr— X. If X is separated over S then this is an isomorphism and determined by
Aeidx, AC X xg X the diagonal.

Proof. For the first statement, the main point is to show that for any Z C Xp, T a locally
noetherian S-scheme, defining an element of Hilbk X (T') the restriction fr|7 : Z — T is an
isomorphism. Z is flat, proper and quasifinite over T, then by [EGA, III (1), (4.4.2)] or [EGA,
IV (3), (8.11.1)] Z is finite over T', so fr|z : Z — T corresponds to a homomorphism Or — <
of locally free Op-algebras of finite rank. This is an isomorphism, because x(t) — k(t) ®o, o
for any ¢ € T is an isomorphism. The maps Hilb} X (T) — T'(X7/T) = X(T) take an element
Z e le}gX(T) to the section T'— Z C Xp inverse to fr|z : Z — T.

If X is separated over S, then there is an inverse morphism X — I@gX given by idx — A
consisting of maps X (T) — Hilbg X(T), ¢ ~— T, for locally noetherian S-schemes 7. Here
I, = (id x )71 (A) C X xg T is the graph of ¢, it also arises as the closed subscheme
corresponding to the closed embedding (¢, idr) : T — X xgT (closed embedding, because X is
separated over S). O
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4.1.2 Group operations and quotients

Let G be a group scheme over a scheme S and G x X p:x; X a G-scheme over S.

X
Orbits. ([Mu, GIT]). For a T-valued point a : T'— X the image (as a set of points) of the
morphism ¢ = (sx o (idg X a),pr) : G x T — X x T is called the orbit of a. For a = id x one
has the morphism ¢ = (sx,px) : G x X — X x X, an arbitrary a : T — X gives rise to the

cartesian diagram

GxX—Y L xxX

ideaT Tidxxoz
GxT—2" X xT

Categorical quotient. ([Mu, GIT], [HL, Ch. 4]). A categorical quotient of X by G is an
S-scheme Y with a morphism of S-schemes 7 : X — Y, which makes the diagram

GxX
VRN
X\ /X

Y

commutative and satisfies the following universal property: If 7/ : X — Y” is another morphism
such that diagram (4.2) commutes for (Y, 7'), then there is a unique morphism ¥ — Y’ making
the whole diagram commute.

Geometric quotient. ([Mu, GIT], [HL, Ch. 4]). A geometric quotient of X by G is an
S-scheme Y with a morphism of S-schemes 7 : X — Y such that

(i) mosx =mopx (i.e. diagram (4.2) commutes).

(ii) 7 is surjective and im(¢)) = X xy X C X x X
(as above ¥ = (sx,px) : G x X — X x X; the fiber product X xy X is formed by ).
(iil) U CY is open < 7 Y({U) C X is open
(iv) The homomorphism Oy — 7,0 induces an isomorphism Oy — (1,0x)%.
In the case of an affine group scheme G we will in addition assume 7 to be affine. Note that
these conditions are local on Y.

By condition (ii) the orbit for any 7T-valued point « : 7' — X is given by the underlying set of
the fiber X xy T of m: X — Y over T'— Y, there is the cartesian diagram

GxX— X xy XX xX

ideaT idXXaT Tidxxoz
GxT—Y X xyTeos X xT

It is well known, that any geometric quotient is also a categorical quotient ([Mu, GIT, Prop.
0.1, p.4]), so, provided its existence, it is unique up to isomorphism as well.
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Geometric quotients of algebraic K-schemes by finite group schemes. ([Mu, AV],
[Mu, GIT]). Set S = SpecK, K a field. Let G = Spec A be a finite group scheme over K,
assume that A is cosemisimple. Let G operate on an algebraic K-scheme X. Then under not
very restrictive conditions a geometric quotient 7 : X — Y exists in the category of algebraic
K-schemes and the morphism 7 is finite:

The affine case: For affine X a geometric quotient can be constructed as = : X = Spec B —
Y = Spec BY given by the inclusion B — BY. The main points are:

- B is finite over BE. This also implies that B¢ is finitely generated over K.

- Different orbits can be separated by an invariant.

The general case: This construction can be applied to not necessarily affine algebraic K-schemes
X that can be covered by G-stable affine open subschemes. Conversely, if a geometric quotient
m: X — Y, w affine, exists, then there is such a G-stable affine open cover. Moreover, the
condition (iv) leads to the construction above. Then 7 is a finite morphism and Y is an algebraic
K-scheme as well.

Free operation and G-torsors. ([Mu, GIT]). Let G = Spec A be a finite group scheme over
a field K, and let G operate on an algebraic K-scheme X.

The operation of G on X is said to be free, if ¥ = (sx,px) : G x X — X x X is a closed
embedding.

If 7: X — Y is a geometric quotient of X by G and the operation is free, then by [Mu, AV, Ch.
I11.12, Thm. 1, p. 111,112}, [Mu, GIT, Ch. 0, §4, Prop. 9, p. 16] X is a principal fiber bundle
or torsor for G over Y.

For the finite group scheme G over K a G-torsor over a K-scheme Y is a finite flat Y-scheme
X — Y with a G-operation over Y such that Gy xy X — X xy X is an isomorphism [Mu, GIT,
Ch. 0, §4, Def. 10, p. 16], [Mi, Ch. III, §4].

The fibers m.0x ®p, k(y) of a G-torsor X — Y for y € Y are isomorphic to the regular
representation (because the fibers of X xy X 2 G x X over X are). A G-torsor is a geometric
quotient (see also lemma 4.14 for the more general case of a finite flat morphism with fibers
isomorphic to the regular representation).
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4.2 Equivariant Quot schemes and the G-Hilbert scheme

4.2.1 Equivariant Quot and Hilbert schemes

Let G be a group scheme flat over a scheme S.

By a quotient G-sheaf of a quasicoherent G-sheaf .# we mean an exact sequence 0 — % —
ZF — ¢ — 0 in the category of G-equivariant quasicoherent sheaves with 57, ¥ specified up to
isomorphism or equivalently a quotient of .# by a G-subsheaf, again write [0 — ¢ — .7 —
¢ — 0] or sometimes [.# — ¥] for the corresponding equivalence class.

For a G-scheme X over S and a quasicoherent G-sheaf .% on X define the equivariant Quot
functor by

a | Quotient G-sheaves [0 = H — Fr — 94 — 0] on Xr,
M9\/)(/5(T) - { 4 flat over T

In particular, the G-sheaf Ox gives rise to the equivariant Hilbert functor

G | Quotient G-sheaves [0 = & — Ox, — Oz — 0] on Xr,
@X/S(T) - { Oz flat over T

One also may consider the original Quot functors, where it is not assumed that a subsheaf
S C Fr is a G-subsheaf. Here the group operation on X and the G-sheaf structure of %
induce an operation of G on the corresponding Quot schemes as follows:

For any S-scheme T a T-valued point g € G(T') defines an automorphism g : X7 — Xp (see
remark 3.8), we define maps

G(T) xg Quoty/X/S(T) — Quoty/X/S(T)
(9,0 = H — Fp =9 —0]) — [0 g — Fr— g9 — 0]

by applying g. and using the isomorphism % — ¢,.%71 coming from the G-sheaf structure of .#.
These maps are group operations functorial in 7', so they form an operation G x g Quot 7/x/8 "
Quot 7/X/8 Ix/8 and in case of representability

an operation of the group scheme G on the scheme Quot 7, x/g over 5.

of the group functor G on the Quot functor Quot

For any group scheme G operating on a scheme Y over S there is the notion of the fixed point
subfunctor Y& C Y defined by (see also [DG, II, §1, Def. 3.4])

YT .= {x € Y(T)| for all T-schemes T' — T and g € G(T"): gxp =z}

Remark 4.5. If G is flat over S, then it suffices to consider flat T-schemes T’ (the case 7" =
Gr — T is sufficient): After base extension T'— S one has (z : T — Yr) € I'(Yy/T) and for
any T — T, g € Yp(T") there is the commutative diagram

g el grr
GT T,) XT YT(T/) YT(T,)

(
T I T

GT(GT) XT YT(GT) _— YT(GT)

idGT TGr idGTxGT

where x¢,. is written for z o pp : Gp — T — Yp, xq for the composition 7/ — T — Yp. So
gz is determined by idg,xc,. The morphism G — T is flat since G is flat over S.
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We show that under not very restrictive assumptions this is a closed subfunctor and thus repre-
sented by a closed subscheme Y& C Y.

Theorem 4.6. ([DG, II, §1, Thm. 3.6]). Let Y be a G-scheme over a scheme S. Assume that
G = Specg &7 is affine over S with < locally free on S (e.g. G finite flat over S or S = Spec K,
K a field) and that Y is separated over S. Then the fived point subfunctor Y% is a closed
subfunctor of Y.

Proof. We use the functors Morg(G,Y) : (S-schemes)® — (sets) defined by Morg(G,Y)(T) =
Mory (G, Yr) and Morg(G,Y )(T) — Morg(G, Y )(T"), a— aqr for T! — T.
The functor Y is given as the fiber product in the cartesian square

Y6 Morg(G,Y)

| |

Y ——— Morg(G,Y) x5 Morg(G,Y)

where Y — Morg(G,Y) x5 Morg(G,Y) is given by y > ((g = gy), (g — y)) (more precisely,
y € Y(T) defines an element ¢ € Morg(G,Y)(T) = Morp(Grp, Yr) by g — gy for T = T, g €
Gr(T"), write this as (g — gy)) and Morg(G,Y) — Morg(G,Y) xg Morg(G,Y) by a — (a, a).
The right vertical morphism identifies with Morg(idg, A) : Morg(G,Y) — Morg(G,Y xgY)
where A : Y — Y XgY is the diagonal morphism and a closed embedding since Y is separated
over S.

To show that Y& — Y is a closed subfunctor, it suffices to show that Morg(idg, A) is a closed
embedding. This follows from:

Let i : V. — W be a closed embedding of S-schemes and U = Specg .o/ be an affine S-scheme
with <7 locally free on S. Then Morg(U, V) — Morg(U, W) induced by i is a closed subfunctor.
Proof: To show that this subfunctor is closed, one has to show that for any S-scheme R and
any morphism Morg( -, R) — Morg(U, W) given by idg — (a : Urp — Wg) there is a closed
subscheme R’ C R such that for 3 € Morg(T, R): (8 factors through R’ if and only if ag : Up —
Wy (base extension of « via 3) factors through Vp C Wiy.

Let ¢ : @/r — A be the surjective homomorphism of Og-algebras corresponding to the closed
embedding Specp B = a~'(Vg) — Ur = Specp &/g. Then kery) = 0 if and only if o factors
through Vpg.

The question is local on R and @7y is locally free, so we may assume &/ = P jed Og) as an
Og-module for some index set J. The closed subscheme R’ C R, defined by the ideal sheaf
generated by the ker((’)g) — AB), j € J, has the desired properties. O

The equivariant Quot functor can be considered as a subfunctor of the original Quot functor
(canonical inclusion by forgetting the G-sheaf structures) and as such compared with the fixed
point subfunctor.

Proposition 4.7. The equivariant Quot functor coincides with the fixed point subfunctor.

Proof. A T-valued point of M 7/X/8 given by a subsheaf 77 C .Zp is a T-valued point of the
fixed point subfunctor if and only if for all flat T-schemes 7" and g € G(1”) the isomorphism
g*)\gyT' L Fr = g9  Fr — g% given by the G-sheaf structure of .# restricts to an isomor-
phism % — g..7. By remark 3.37 this is equivalent to the statement that 7 is a G-subsheaf
of F#r or equivalently that it defines a T-valued point of the equivariant Quot functor. O
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Corollary 4.8. Let S be a noetherian scheme, G be an affine group scheme over S such that
G = Specg o/ with </ locally free on S. Let X be a (quasi)projective G scheme over S and F
be a coherent G-sheaf on X. Then the equivariant Quot functor Quotj/x/s for a fixed Hilbert

polynomial p € Q[z] is represented by a (quasi)projective S-scheme Quotj/X/S

Proof. Theorem 4.1 resp. its extension to the quasiprojective case, theorem 4.6 and proposition

4.7. U

4.2.2 The G-Hilbert scheme

In this subsection let S be a noetherian scheme over a field K. Let f : X — S be a (quasi)
projective S-scheme and G be a group scheme over K. Assume that G = Spec A is affine with
A cosemisimple. Let G operate on X over S, i.e. G Xg X — X is an S-morphism. Let .% be a
coherent G-sheaf on X.

Remark 4.9. Here we have different base schemes for X and G. The results of the last
subsection concerning representability are applicable, we may consider the S-morphism G X g
X — X as an operation Gg Xxg X — X of the group scheme (s and an equivariant sheaf on
X either as a G-sheaf or as a Gg-sheaf. We write Quot Quot / X/8° Quo (/;//I)((f g for the corresponding
Quot functors.

In the equivariant case the Quot functors for a constant Hilbert polynomial n € IN have a finer
decomposition given by the isomorphism classes of n-dimensional representations of G over K.
For n € N and V an isomorphism class of n-dimensional representations of G over K one has a

subfunctor Quot;//l)((’/‘é C Quot Quot / X / ¢ given by (T" a locally noetherian S-scheme)
Quotient G-sheaves [0 — H — Fr — 94 — 0] on Xr,
Quoti//l)((/vs(T) =< 9 flat over T, supp¥ finite over T,

Jort €T : HY(X,%,) = V4 as representations over r(t)

where we have replaced "supp¥ proper over T, supp % 0-dimensional” by the equivalent con-
dition "supp ¥ finite over T'” (here proper, quasifinite implies finite by [EGA, IIT (1), (4.4.2)]
or [EGA, IV (3), (8.11.1)]).

Remark 4.10. As in the case of Hilbert schemes of n points in subsection 4.1.1 fr,¥ is a
locally free sheaf on T and the canonical homomorphisms k(t) ®o, fr«¥ — H°(Xy, %) of
representations over x(t) (that can be constructed using the adjunction between inverse and
direct image functors for G-sheaves, see remark 3.56) are isomorphisms. Thus one may rewrite
the above functor as

Quotient G-sheaves [0 — H — Fr — 94 — 0] on Xr,
Quoti//lj(/vs(T) =< 9 flat over T, supp¥ finite over T,
fort €T : k(t) ®oy fr«¥ = Vi) as representations over k(t)

Proposition 4.11. For V' an isomorphism class of n-dimensional representations of G over K
G/Kn

the functor Quot / GIEYV s an open and closed subfunctor of QuotJ/X/S

LUot 5 /X/S

Proof. Let T be an S-scheme and [ — ¢] a quotient of G-sheaves defining a T-valued point

of Quotg//l)((/ns The sheaf fr.¥ is a locally free G-sheaf on T, as explained after proposition

3.68 it has a decomposition into isotypic components f7.¥ = €, %; with ¥; the components
corresponding to the isomorphism classes V; of simple representations of G over K.
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The decomposition fr.¥4 = €, %¥; determines the decomposition k(t) ®o, fr«¥ = B, (k(t) ®o,
¢;) into isotypic components, in particular the multiplicity of (V). in k(t) ®o, fr«¥ is de-
termined by the rank of ¥;, which is locally free as direct summand of the locally free sheaf
fr¥. 1t follows, that these multiplicities are locally constant on T and therefore the condition

K(t) @0y fr«9 = V4 is open and closed. O
Corollary 4.12. If X is (quasi)projective over S, then the functor Quot;//l)((’); s represented
G/K,V 0

by a (quasi)projective S-scheme Quoty/x/s.

For G finite over K of degree |G| the G-Quot functor G-Quot z x5 arises by taking for V' the
regular representation of G. In particular, the G-Hilbert functor is defined by

Quotient G-sheaves [0 — & — Ox, — Oz — 0] on Xr,
G-Hilbg X(T) :={ Z finite flat over T, fort e T : H*(Z;,0g,) isomorphic (4.3)
to the reqular representation

To summarise the arguments in this special case, HilblsG\ X is representable by a (quasi)projective
S-scheme by theorem 4.1, G-Hilbg X is an open and closed subfunctor of the equivariant Hilbert

functor Hilbg/ KlGl x or, what amounts to the same by proposition 4.7, the fixed point subfunc-
tor of Hﬂb'SIG\ X, which is a closed subfunctor of Hilb‘g| X by theorem 4.6.

Corollary 4.13. If X is (quasi)projective over S, then the functor G-Hilb ¢ X is represented by
a (quasi)projective S-scheme G-Hilbg X . O



4.3. G-Hilb X AND X/G 93

4.3 G-HilbX and X/G

In the following let K be a field and G = Spec A a finite group scheme over K with A cosemisim-
ple. Let S be a K-scheme and X an S-scheme with G-operation over S. The G-Hilbert functor
for X is defined as in equation (4.3).

4.3.1 The morphism G-Hilb X — X/G

For an extension field L of K an L-valued point of G-Hilbx X, that is a finite closed subscheme
Z C X1, such that H°(Z,Oy) is isomorphic to the regular representation of G' over L, is some-
times called a G-cluster. Since the regular representation only contains one copy of the trivial
representation, the support of a G-cluster consists of only one G-orbit and thus defines a point
of the quotient. We look for a morphism which contains this map as the map of points.

Lemma 4.14. Let T be an S-scheme and Z C X7 a closed subscheme defining an element of
G-Hilbg X (T'). Then the projection Z — T is a geometric quotient of Z by G.

Proof. Z is finite flat over T', fr.Oz is a locally free Op-algebra of finite rank and as a G-sheaf
has the property that fr.Oz ®o, k(t) for t € T is isomorphic to the regular representation.

To show that Z — T is a geometric quotient one may take invariants over affine open subschemes
of T. (Of course, the conditions (i)-(iv) of a geometric quotient also can be verified directly.) O

Theorem 4.15. Let Y be a G-scheme over S with trivial G-operation and ¢ : X — Y an
equivariant morphism. Then there is a unique morphism of functors (S-schemes)® — (sets)

7:G-Hilbg X - Y
such that for S-schemes T and Z € G-Hilbg X (T') with image 7(Z) € Y(T') the diagram

Z——— X

l i, l (4.4)

T - =Y
commutes.

Proof. By Lemma 4.14 the morphism Z — T for Z € G-Hilbg X (T') is a geometric and thus
also categorical quotient of Z by G. The existence and uniqueness of a morphism 7(Z) such
that diagram (4.4) commutes follow from its universal property.

The maps G-Hilbg X(T') — Y(T'), Z — 7(Z) are functorial in T', that is 7(Zp/) = 7(Z) o «
for morphisms « : 77 — T of S-schemes (by uniqueness of 7(Z7/)). Therefore they define a
morphism of functors 7 : G-Hilbg X — Y. O

Corollary 4.16. There is a unique morphism of functors (S-schemes)® — (sets)
7:G-Hilbg X — X/G
such that for S-schemes T and Z € G-Hilbg X (T') with image 7(Z) € X/G (T') the diagram

Z———— X

| i, | (4.5)

r—"2 ., x/c

commutes. Ol
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Construction 4.17. We construct the morphism of the theorem in a more concrete way without
using lemma 4.14 by defining a morphism of S-functors G-Hilbg X — Hilb}g Y =Y.

Let f: X =55 ¢g:Y — S be S-schemes, Y — S separated. Let G operate on X over §
and ¢ : X — Y be an equivariant morphism, Y with trivial G-operation. Similar to G-Hilbert
functors for S-schemes without finiteness condition we define the functor Hilb} Y by
_— | Quotient sheaves [0 = & — Oy, — Oz — 0] on Yr,
Hilbs Y'(T) = { Z finite flat over T, fort € T : h°(Z;,0z,) =1

Let T be an S-scheme and [Ox, — Oz| € G-Hilbg X (7). The restriction ¢z := (¢r)|z :
Z — Yr is a finite morphism. Because the G-operation on Y7 is trivial, the corresponding G-
equivariant homomorphism Oy, — ¢ 7,0z factors through Oy, — (¢z.0z)% (this corresponds
to the universal property of the quotient Z — T used in the proof of the theorem).
The homomorphism Oy, — (02:02)Y is surjective because already 91+0yv; — g1+(0 2+ 0z)% is
(the composition of the canonical homomorphisms Or — gr.Oy,. — gr+(¢ 2:02)¢ = (fr.02)¢
is an isomorphism). Since Oy is flat over T, pz.,Oyz is flat over T and the direct sum-
mand (¢z.0z)% is flat as well. The representation H°(Y;, (02:02)¢) = k(t) @0, fr+07 =
HY(Xy,(Oz):) over k(t) (see also remark 4.10) is isomorphic to the regular representation,
therefore hO(Y;, (p2:02)§) = 1 for t € T. Thus the quotient [Oy,. — (0z.0z)%] defines an
element of @15 Y(T).
The maps G-Hilbg X (7) — Hilby Y (T), [Ox, — Oz] — [Oy, — (02:07)¢] are functorial in
T, i.e. for S-morphisms T’ — T the quotients [Oy,, — (¢2:02)%] and [Oy,, — (¢2,,+0z,,)°]
coincide: The natural homomorphisms of G-equivariant Oy, ,-algebras (¢z«Oz)1 — ©7,,+O0z,,
arising from the diagrams

ZT’ — 7

Jos
YT/ — YT

(see remark 3.56) are isomorphisms (¢ is finite). So these maps define a morphism G-Hilbg X —
Hilbk Y.
Taking into account the canonical morphism @15 Y — Y that arises exactly as in proposition
4.4, one obtains a morphism G-Hilbg X — Y such that the diagrams (4.4) commute: The
element [Oy,. — (p7.02)%] € Hilby Y (T) corresponds to a closed subscheme W C Y7 through
which ¢z : Z — Yp factors. 7(Z) then is constructed using the inverse of the isomorphism
W —=1T:
ZCXp—— X
@Zl l@T l%’
X -

1\\T/' )

The uniqueness of a morphism 7' — Y making diagram (4.4) commute can also be seen via this
construction.

Remark 4.18. A similar construction can be used in more general situations to form morphisms
G-Hilbg X — H-HilbgY or at least morphisms defined on open subschemes.
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4.3.2 Change of the base scheme of G-Hilbert functors

In this subsection we pursue the general idea of varying the base scheme for G-Hilbert functors.
The base scheme always has trivial G-operation, a in some sense maximal possible base scheme,
that is one with minimal fibers, for the G-Hilbert functor of a given G-scheme X is the quotient
X/G. We show that G-Hilbg X considered as a X/G-functor via the morphism 7 of corollary
4.16 is isomorphic to G-Hilby ¢ X.

We begin with some generalities on changing the base scheme of functors with respect to a
morphism ¢ : S’ — S.

- base restriction: For a functor F” : (S’-schemes)® — (sets) define gF” : (S-schemes)® — (sets)
by taking disjoint unions

sF(T) == J{F'(a) | o € Mors(T, 5)}

For an S’-scheme Y the corresponding construction is to consider Y as an S-scheme by composing
the structure morphism Y — S’ with §’ — S.

- base extension: For a functor F' : (S-schemes)® — (sets) define Fg/ : (S’-schemes)® — (sets)
by
Fs(a:T —S)=F(poa)

which is the restriction of F' to the category of S’-schemes. Fg/ also can be realised as the fibered
product F' xg S’ considered as S’-functor. For an S-scheme X this corresponds to the usual
base extension Xg = X xg5’.

- If in addition a morphism of S-functors v¢) : F — S’ is given, then one can consider F as a
functor on the category of S’-schemes via v, in other words let F(gr s : (S'-schemes)® — (sets)
be given by

F(S/7w)(0éiT—)S,) = {,66 F(@OO() W’(ﬁ) :CY} = {ﬁe FS’(O‘) ’w(/B> :CV}

For schemes this means to consider an S-scheme X as an S’-scheme via a given S-morphism
X — §'. Note that Fig 4 can be considered as subfunctor of Fs/ and that s(F(g ) = F.

Remark 4.19. (Base extension for G-Hilbert schemes).
(1) Let X be a G-scheme over S and S’ an S-scheme. Then there is the isomorphism of S’-
functors

(G-Hilbg X)g = G-Hilbg Xgr

which derives from the natural isomorphisms X xg T = Xg X g T for S’-schemes T.
(2) Sometimes, preferably in the case S’ = Spec K’ — S = Spec K with K, K’ fields, it can be
useful to involve the group scheme into the base change. Then

(G-Hilb ¢ X) g 2 G-Hilb o, X 2 G- Hilb X

Theorem 4.20. Let Y be a G-scheme over S with trivial G-operation and ¢ : X — Y an
equivariant morphism. Let 7 : G-Hilbg X — Y be the morphism constructed in theorem 4.15.
Then there is an isomorphism of functors (Y -schemes)® — (sets)

(G-Hilbg X) y.,) & G-Hilby X
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Proof. Both functors are subfunctors of (G-Hilbg X)y : (Y -schemes)® — (sets):
(G-Hilbg X)(y,ry(a: T —=Y)={Z € (GHilbg X)y(a: T = Y)|7(Z) = a}
G-Hilby X(T') = {Z € (G-Hilbg X)y(T) | Z — X xg T factors through X xy T}

We show that they coincide. Let T be a Y-scheme and Z C X x g7 a closed subscheme defining
an element of (G-Hilbg X )y (T"). Then there are the equivalences

Z € G-Hilby X(T) < Z — X xgT factors through X xy T
<= diagram (4.4) commutes for Z and the given morphism T —'Y
— Z¢€ (G—Hilbs X)(yﬂ_) (T)

where for the last one one uses uniqueness of a morphism 7' — Y making diagram (4.4) commute.
O

Corollary 4.21. Let 7 : G-Hilbg X — X/G be the morphism of corollary 4.16. Then there is

an isomorphism of functors (X/G-schemes)® — (sets)
(G-Hilbg X)(x/c:.r) = G-Hilb /s X
O

Remark 4.22. We explicitly write down some direct consequences.

(1) The fact that there is an isomorphism (G-Hilbg X)(x/q,r) = G-Hilby,; X of functors
(X/G-schemes)® — (sets) of course implies an isomorphism G-Hilbg X = g(G-Hilby/,; X)
of functors (S-schemes)® — (sets).

(2) If G-Hilby ¢ X is representable, then so is G-Hilbg X and in this case the corresponding
schemes G-Hilbx,; X and G-Hilbg X are isomorphic as X /G-schemes, i.e. there is the commu-
tative diagram

~

G-Hilbg X

—

X/G

G-Hilbx /¢ X

(3) In the situation of (2), after base restriction by X/G — S there is the isomorphism of
S-schemes (G-Hilby,q X) = G-Hilbg X.

Remark 4.23. (Fibers of 7 : G-Hilbg X — X/G).

Assume that G-Hilb y ; X is representable (then so is G-Hilbg X). For points y € X/G one may
consider the fibers of the morphism 7 : G-Hilbg X — X/G of corollary 4.16. Corollary 4.21 gives
an isomorphism G-Hilbg X = g(G-Hilb x/¢ X) which identifies 7 with the structure morphism of
G-Hilbx, X. So the fibers of 7 are the fibers (G-Hilb x /¢ X),, of the X/G-scheme G-Hilb x/¢ X,
these are isomorphic to G-Hilbert schemes G-Hilb,,) X, over (y) of the G-schemes X, which
are the fibers of X — X/G over y.

Another application (result also contained in [T¢04]):
Corollary 4.24. Let X,Y be G-schemes over S, Y with trivial G-operation. Then

Proof. The projection X xgY — Y is G-equivariant, theorem 4.15 then constructs a morphism
of S-functors 7 : G-Hilbg X xgY — Y, by theorem 4.20 there is an isomorphism of Y-functors
(G-Hilbg X x5 Y)y,;) & G-Hilby X xgY and G-Hilby X x5V = (G-Hilbg X) xg Y by the
usual base extension. Restricting the base to S yields the result. O
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4.3.3 G-Hilbert schemes and G-Grassmannians

In this subsection we show in the case that the G-scheme X is affine over S, that there is a
natural closed embedding of the G-Hilbert functor G-Hilb ¢ X into a G-Grassmannian functor,
this implies that G-Hilbg X is representable. This construction is useful for X finite over S, in
which case G-Hilbg X is projective over S.

A special case of a G-Quot functor is the G-Grassmannian functor G-Grass ¢(:#) = G-Quot 15/5

for a quasicoherent G-sheaf .% on S:

) - T
G-Grassg(F)(T) = { Quotient G-sheaves [0 — H — Fpr — G — 0] on T, 9 locally free }

of finite rank with fibers isomorphic to the reqular representation

Let X be a G-scheme over S, assume that X is affine over S, X = Specg % for a quasicoherent
G-sheaf of Og-algebras. One may rewrite the G-Hilbert functor for X — S as

Quotient G-sheaves [0 — & — B — € — 0]
G-Hilbg X(T') = ¢ of PBr-modules on T, € locally free of finite rank
with fibers isomorphic to the reqular representation

There is a morphism of S-functors G-Hilbg X — G-Grassq (%) consisting of injective maps
G-Hilbg X(T') — G-Grass¢(%)(T'), [Br — €| — [Br — €]

defined by forgetting the algebra structure of %, this way G-Hilb ¢ X becomes a subfunctor of
G-Grassg(#). The essential point we will show is the closedness of the additional condition for
S C Pr to be an ideal of %7, consequence will be the following theorem.

Theorem 4.25. Let X = Specg & — S be an affine S-scheme with G-operation over S. Then
the natural morphism of S-functors

G-Hilbg X — G-Grassg (%)
1 a closed embedding.

Proof. We show that the canonical inclusion defined above is a closed embedding.

One has to show that for any S-scheme S’ and any S’-valued point of the Grassmannian [0 —

H 5 By — 4 — (] there is a closed subscheme Z C S’ such that for every S-morphism
a:T — 5" « factors through Z if and only if the quotient [Br — a*¥] € G-Grassq(%)(T)
determined by a comes from a quotient of the Hilbert functor.

For a: T — S’ the quotient [a*# o PBr — «*9 — 0] of Op-modules comes from a quotient
of #r-modules if and only if the image of o* 57 in ZBr is a Bpr-submodule. Equivalently, the
composition xr : Br @o, «* H — Br @0, (a*@)(a*H) — Br — a9, where the arrow in the
middle is defined using the multiplication map Br ®o, Br — PBr of the algebra Ar, is zero.

To define Z, consider xs/ : Bg Qog, H — 4. Define Z to be the closed subscheme with ideal
sheaf .# that is the ideal of Og/ minimal with the property im(xg/) C #¥. Locally .# can be

described as follows: If 4|y = P; (’)((Jj) for an open U C S’, then .# is the ideal sheaf generated
by the images of the coordinate maps Xg) (Bs @og, )|y — (’)((Jj).
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This Z has the required property: One has to show that « : T' — S’ factors through Z if and
only if (a*¢)(a* ) C Br is a ABr-submodule. xr identifies with a*xg/. The question is local
on S’, assume that 4 = @ ; (’)Sj,). Then there are the equivalences:

(a*p)(a* ) is a Br-submodule <= im(xr)=01in a*¥

im(a*xg) =0 in o*9

Vi im(a*xg,)) =01n Og)

Vij: im(Xg,)) C ker(Ogr — a,Or)
5 Q ker((’)sz — OC*OT)

a:T — S factors through Z

reene

0

The Grassmannian functor Grass'é(#) is representable (theorem 4.2) and so is the G-Grass-
. L . Gn .
mannian as a component of the equivariant Grassmannian Grassg" (%) (same argument as in
proposition 4.11), which is a closed subfunctor of Grass's(#) (proposition 4.7 and theorem 4.6).
Further, if f: X — S is finite, then & = f.Ox is quasicoherent of finite type, the Grassmannian

Grass$ () and thereby the G-Grassmannian G-Grassg(Z%) projective over S.

Corollary 4.26. If X — S is finite, then the S-functor G-Hilb ¢ X s representable by a projec-
tive S-scheme. [

Remark 4.27. The same applies to the equivariant Hilbert functor and the Hilbert functor of
n points, there are the closed embeddings

Hilb§ X — Grassg(#), Hilbg’" X — Grassg’"(%)

and if X — S is finite, then the S-functors Hilb's X, Hilbg’n X are representable by projective
S-schemes.

4.3.4 Representability of G-Hilbert functors

For finite group schemes an affine quotient morphism of an algebraic K-scheme X — X/G is
finite. This allows to use the closed embedding of G-Hilb y /¢ X into a Grassmannian of theorem
4.25 to prove that the G-Hilbert functor G-Hilb y / X 1s represented by a scheme G-Hilb /¢ X
projective over X/G directly without using theorem 4.1 about representability of Quot and
Hilbert functors. The behaviour of G-Hilbert functors under variation of the base scheme then
implies that G-Hilb, X is representable and the morphism 7 : G-Hilbx X — X/G projective.

Theorem 4.28. (Representability of G-Hilb; X ).

Let G = Spec A be a finite group scheme over a field K with A cosemisimple. Let X be a
G-scheme algebraic over K and assume that a geometric quotient m : X — X/G, © affine, of
X by G exists. Then the G-Hilbert functor G-Hilb ;- X is represented by an algebraic K-scheme
G-Hilbx X and the morphism 7 : G-Hilbg X — X/G of corollary 4.16 is projective.

Proof. Since the group scheme G is finite and X is algebraic, 7 is a finite morphism and X/G
is algebraic. Thus corollary 4.26 applies to the G-Hilbert functor G-Hilb y /g X and implies that
G-Hilby, X is represented by an algebraic K-scheme G-Hilb y,¢ X projective over X /G.

Corollary 4.16 constructs a morphism 7 : G-Hilb; X — X/G, by corollary 4.21 there is the
isomorphism of X/G-functors (G-Hilbyx X)x/qr) = G-Hilb x/g X. In particular there is an
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isomorphism of K-functors G-Hilby X = g(G-Hilby  X) that identifies 7 with the structure
morphism of G-Hilby/ X.

It follows that G-Hilb, X is represented by an algebraic K-scheme G-Hilbg X and that there
is an isomorphism of K-schemes G-Hilbx X = G-Hilbx,g X that identifies the morphism 7 :
G-Hilbgx X — X/G with the structure morphism of G-Hilb x/; X which is projective. O

4.3.5 Free operation

Let the finite group scheme G over K operate on an algebraic K-scheme X.

Proposition 4.29. Let f : X — S be a finite flat morphism and let G operate on X over S
such that the fibers f.Ox ®@og k(s) for s € S are isomorphic to the reqular representation. Then
there is an isomorphism of S-functors G-Hilbg X = §.

Proof. For any S-scheme T X7 is finite flat over 1" with fibers isomorphic to the regular rep-
resentation and the only closed subscheme of X7 with this property. Thus there are canonical
bijections G-Hilbg X (T) +» S(T") functorial in 7. O

Corollary 4.30. If X — S is a G-torsor, then G-Hilbg X = S. O

For the following corollaries assume that a geometric quotient 7 : X — X /G, 7 affine, exists.
Then by theorem 4.28 G-Hilb, X is representable by an algebraic K-scheme G-Hilbx X and
there is the projective morphism 7 : G-Hilbx X — X/G.

Corollary 4.31. If the operation of G on X is free, then the morphism 7 : G-Hilbg X — X/G
s an isomorphism.

Proof. The quotient morphism 7 : X — X/G is a G-torsor since the operation is free [Mu, AV,
Ch. IIL.12, Thm. 1, p. 111,112], [Mu, GIT, Ch. 0, §4, Prop. 9, p. 16]. Then by corollary 4.30
there is an isomorphism of X/G-schemes G-Hilb x,q X = X/G and therefore 7 : G-Hilbg X —
X/G an isomorphism. O

Corollary 4.32. Assume that X is an irreducible K-variety. Let G operate on X such that
the operation is free on a dense open subscheme. Then there is a unique irreducible component
W of (G-Hilbg X)yeq such that Tlw : W — X/G is birational. In particular, if G-Hilbg X is
reduced and irreducible then T is birational.

Proof. Let U C X be a G-stable dense open subscheme on which the G-operation is free. Then
U/G is open dense in X/G, the restriction 7|,-1/¢) : 7~ (U/G) — U/G is an isomorphism by
corollary 4.31 and W := closure of 7~1(U/G) in G-Hilbg X is the unique irreducible component
of (G-Hilbg X)yeq such that 7|y : W — X/G is birational. O

Corollary 4.33. Let G operate on X such that the operation is free on a dense open subscheme.
Then, if the quotient morphism 7 : X — X /G is flat, 7 : G-Hilbg X — X/G is an isomorphism.

Proof. The operation is free on an open dense subscheme and there the representations on
the fibers of 7 are isomorphic to the regular representation. The isomorphism class of the
representations on the fibers is locally constant, since m,Ox is locally free and so are the direct
summands corresponding to the isomorphism classes of simple representations of G over K — their
rank determines the multiplicity of the corresponding simple representation in the representation
on the fibers (as in the proof of proposition 4.11). Therefore the representation m,.Ox ®oy £ (y)
is isomorphic to the regular representation over x(y) for any y € X/G. Then by proposition 4.29
G-Hilbx,q X = X/G as X/G-schemes and thus 7 : G-Hilbx X — X/G is an isomorphism. [
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4.4 Differential study of G-Hilbert schemes

In this section we carry out the differential study of Quot schemes [Gr61, Section 5| in the
equivariant setting. The results are applied to determine the sheaf of relative differentials and
relative tangent spaces of G-Hilbert schemes. In the last subsection we find relations between
relative tangent spaces of G-Hilb g A% over A%, /G and the stratification described in subsection
1.2.2.

4.4.1 Differentials, derivations and extensions of morphisms
Let S be a scheme and ) an S-scheme.

Differentials and derivations. For a quasicoherent Og-module .Z let Zers(Oq, #') be the
sheaf of S-derivations of Og in .#, that is locally for affine open V' = Spec B C @ over W =
Spec A C S the B-module Der4(B, M), where M = . (V). The sheaf Qg is characterised as
the sheaf of universal differentials:

Proposition 4.34. [EGA, IV (4), (16.5.5)].
Let A be a quasicoherent Og-module. Then there is the isomorphism

%mOQ (QQ/S, M) = 967’5(0@, M)
of Og-modules. [

Derivations and extensions of morphisms. Let T be an S-scheme, j : T — T a closed
subscheme whose defining ideal .# has the property .#2 = 0 (then .# is an Or-module and the
underlying topological spaces of T" and T coincide). Let ¢ : T'— @ be a morphism of S-schemes.
One is interested in extensions ¢ of ¢, that is morphisms ¢ : T' — Q satisfying go j = q.

For open U C T put U := (U, Oz|y) and define a sheaf of sets & by

EWU) = {5(7—>Q ‘ a°j|U:(I|U}

In the affine case SpecC' = U C TV, U = SpecC/I defined in U by the ideal I C C' with
I? =0, V = Spec B C Q such that ¢q(U) C V over W = Spec A, a morphism ¢ : U — QQ such
that ¢ o j|y = ¢|u corresponds to a homomorphism B — C over A, such that the composition
B — C — C/I corresponds to q|ﬁ 1 Oglv — qlu«Oy. Given a qp : U—Q having this property,
any other such ¢ differs from it by a derivation with values in the ideal I, more precisely by
an element of Dera(B, pI) = Homp(Qp/4, BI) = pHome/(2p/4 ®p C/I,1). This way the
Or-module Homo,.(¢*2g/s,-#) considered as a sheaf of groups operates on the sheaf of sets &,
one is led to the following proposition.

Proposition 4.35. [EGA, IV (4), (16.5.17)].
The sheaf of sets & is a principal homogeneous sheaf (or pseudo-torsor) under the sheaf of groups
Homor (" Qs 7). g

The term ”formal principal homogeneous sheaf” or ”pseudo-torsor” means, that for any open
U C T the set &(U) is either empty or a principal homogeneous set under the group
Homo, (7" Qg)s, 7 )(U) (see [Bour, Algebra, Ch. 1, §5.6, Def. 7], [EGA, IV (4), (16.5.15)]).
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4.4.2 Equivariant deformations

Let G be a group scheme over a scheme S, X a G-scheme over S and .% a quasicoherent G-sheaf
on X.

Let T be an S-scheme and T' C T be a closed subscheme defined by a quasicoherent ideal sheaf
# with the property .#2 = 0. Let [0 — 2 — Fr — 94 — 0] be a quotient G-sheaf on X7 (in
the sense of subsection 4.2.1) with ¢ flat over T'. By

E(U) = Quotient G-sheaves [0 — A — F5— g — 0] on Xz, & flat over U,
. [ﬁU = y[j ®O[7 OU — g ®O[j OU] = [ﬁU — %‘XU]

for open U C T, where U= (U,Ozl|v), one has defined a sheaf of sets & on T'. Elements of

&(U) are also called flat deformations of the quotient [0 — J# — Fp — & — 0] over U. Define
an Or-module & by

%(U) - HomgU(%‘XU7g’XU Koy j’U)
for open U C T.

Proposition 4.36. There is a natural operation of the sheaf of groups & on the sheaf of sets
& which makes & a formal principal homogeneous sheaf (or pseudo-torsor) under < .

The next lemma will be used in the proof of the proposition.

Lemma 4.37. Let A — A be a surjective homomorphism of rings, assume that its kernel I C A
is nilpotent. Then for an A-module M one has:

M isa flat A-module < A ® 1 M isa flat A-module and
the natural map I ® 3 M — M s injective

Proof. [Ma, CA, Theorem 49, p. 146] or [Ma, CRT, Theorem 22.3|, also [Bour, Commutative
Algebra, Ch. III, §5.2]. O

Proof of proposition 4.36. We subdivide the proof into two steps, the main one is the following
statement:

Assume that there exists a flat deformation [0 — H = Tz — G — 0] of [0 > H — Fp —
4 — 0]. Then there is the exact sequence of G-sheaves on X

0 —¥Y®o, IS —B—H—0 (4.6)

where B = ker(Fz — b)/(H R0, F), and its splittings are in bijection with the set of flat
deformations of [0 — A — Fr — 94 — 0.

Let [0 — H — T — 4 — 0] be a flat deformation of the given quotient [0 — % — Fp —
¢ — 0]. Tensoring 0 — H — F5z — % — (0 with the exact sequence 0 — & — O7 = Or—0
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gives the commutative exact diagram (solid arrows)

L]
T

P % i Fr

p
0 A h Fm g 7 0

!

where S := ﬁ@@f Or and ﬁ@@f I = H R0, S etc. (use that 2 =0). #' — Fris
injective, since ¥ ®o,. & = Eg@(gf I > G is injective (?2 is flat), so one may replace ' by J7.
The homomorphisms 1 ®o, I — F= 2, Zr induce the exact sequence (4.6)

O——>€4®0Tf——>%—l_)—>%ﬂ——>0

where # = ker(F 5z — 9)/(H R0, -¥) is the middle homology of the complex 7 ®¢o,. & —
Fz— 9. Here Y @0, S — A is injective, since ¥ ®o, F — 9 is.

h: A — Z5 induces a homomorphism h: At — B C F5/(H 20, F), by construction
ker(Z5/(H @0, I) — 4) = im(h) and po h = id . So h defines a splitting of (4.6) which
determines the kernel of % — ¢ and thus the deformation [0 — . — Tz — G 0] .

Reversely, given a splitting h:H — B C Fz/(H R0, F) of (4.6), define Fz — 9 as
Fz — F5/(H @0, F) composed with the cokernel of h. Then [Tz — 4] restricted to a
quotient over T is [ — ¥]. The natural homomorphism 7 ®oz I — ¢ is the homomorphism

g@(gf I 2GR0, I — 4 induced by ¢ Rop I — B C Fz/(H 20 F). That it is injective,
can be seen by the exact, commutative diagram

0 H F=/(H @0y F) g{ 0

I ]

0 H BEAD (G D0, I) —F R0y I ———0

By Lemma 4.37 ¢ is flat.

Assume that there is a splitting of (4.6). Then the set of splittings of (4.6) is a principal homo-
geneous set under the group Homg’;T (A, 9 R0, F).

Relative to a given splitting
0 —Y9®o, I — (R0, F)DH — H —0

of (4.6) any other splitting is uniquely determined by a homomorphism ¢ — ¢4 ®,. .#, so the
set of splittings is principal homogeneous under Homg’;T (A, 9 @0, I).

So far, for simplicity we have considered the case U = T, of course the same applies to the
situation over arbitrary open U C T and these constructions respect the restriction maps. [
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4.4.3 Application to G-Quot schemes

Let S be scheme over a field K and G = Spec A a finite group scheme over K with A cosemisim-
ple. Let X be a G-scheme over S and .% a coherent G-sheaf on X.

: (S-schemes)® — (sets) had been defined as

The equivariant Quot functor Quot%. Quotz v/q
| Quotient G-sheaves [0 — & — Fr — 4 — 0] on Xr,
Quot«/‘/X/S(T) N { 4 flat over T

Because the additional conditions defining the G-Quot functor are open and closed, the differ-
ential study of the G-Quot functor reduces to that of the equivariant Quot functor, so let @ be

an open and closed component of Quot® like the G-Quot functor. Sometimes we assume

=UNz/x/s
that @ is represented by an S-scheme Q. We will discuss a general situation that includes the

following cases which will later be studied in detail:

(a) X a G-scheme over S = Spec K and one considers the G-Hilbert functor G-Hilb; X

(b) Let X be a G-scheme over Spec K and assume that an affine geometric quotient 7 : X —
X/G exists. One considers the relative G-Hilbert functor G-Hilb y /g X over § =X /G.

We will apply the preceding results to state a general theorem that can be specialised to deter-
mine the sheaf of relative differentials and relative tangent spaces of @ over S.

Let T be an S-scheme and .# a quasicoherent Op-module. Considering .# as an ideal of
square zero (write this as e.#), one has a closed embedding of S-schemes 7' — T, ~where
T = (T,0r ©e), the ideal sheaf defining 7" in T being e.# . Here one has a projection T—>T
such that the composition T — T — T is idy.

Further let be given a morphism of S-schemes ¢ : T' — (@, it corresponds to a quotient of
G-sheaves [0 — ' — Fr — 9 — 0] on Xr.

We want to determine the extensions of ¢ to f, i.e. morphisms q : T — () whose restriction to
T is q. These correspond to flat deformations of the quotient [0 — # — Zp — 4 — 0] on X
to quotients [0 — H — T — G — 0] on X%. The sets of these over open U C T had been
assembled to the sheaf & in subsection 4.4.1 resp. 4.4.2.

In the present case there is always a trivial deformation: One has Oz = Or @ e# as an
Or-module, therefore .7z = Fr @ e(Fr ®o, A ). The deformations correspond to splittings
of the sequence 0 — ¥ ®@T M — B — H — 0, here we have a given isomorphism A =
H © (9 @0y M), so anatural zero-splitting. This corresponds to the zero-deformation .7 =
Fr @ e(Fr Qo, M) — G (Y Qo M) — 0 (it also arises by pulling back the quotient
[Zr — 9] on X1 to X7 via the projection T—T).

It follows, that for open U C T the sets &(U) as defined in subsection 4.4.1 resp. 4.4.2 are not
emtpy. Then by propositions 4.35 resp. 4.36 & is a torsor under H#omo,(¢*Qq/s, # ) resp. o .
Moreover, the natural zero-extension resp. zero-deformation gives identifications of & with the
Or-modules Zomo,, (q*QQ/s, M) resp. of. This provides & with the structure of an Op-module
(this Op-module structure on & can also be constructed more directly, see e.g. [EH, VI.1.3] for
the case of T' = Spec K, K a field).

We arrive at the following theorem:
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Theorem 4.38. Let QQ be as above, T be an S-scheme, # a quasicoherent Op-module and T
the S-scheme (T,Or @ e). Let q: T — Q be a morphism over S, [0 = H — Fp — G — (]
the corresponding quotient of G-sheaves on X1 and let & be the sheaf of sets on T of extensions
of q to T.

Then & has the natural structure of an Op-module and there are isomorphisms of Or-modules

%moT(q*QQ/S,%) 252

where o is given by
A (U) = HomgU(%|XU’g|XU Koy M)

for open U C T. O

This theorem allows to determine the sheaf of relative differentials and relative tangent spaces

of Q) over S.

The sheaf of differentials q/g. idg corresponds to the universal quotient [0 — S —
Fo — 9 — 0] of G-sheaves on Xg. Applying theorem 4.38 with 7" = Q, ¢ = idg and
T = (Q,0q +e), # a quasicoherent Or-module, one obtains the following corollary, that
characterises the sheaf of relative differentials Q¢ /g:

Corollary 4.39. For quasicoherent Or-modules .4 there is an isomorphism of Og-modules
%moQ (QQ/Sa %) > of

where <7 is given by
'Q{(U) = Hom)G(U(t%ﬁ’XUvg‘XU Koy '///‘U)

for open U C Q. O

Relative tangent spaces. Let L be an extension field of K and ¢ : Spec L — ). The morphism
q corresponds to a quotient [0 — S — F — 4 — 0] of G-sheaves on X. We want to describe
the relative tangent space of the S-scheme ) over S at ¢, i.e. the tangent space of the fiber Q,
over Spec L N @ — S at q. According to theorem 4.38 applied to T'= Spec L, ¢ : Spec L — @,
M =1L, T = Spec L[e| one has the following corollary for the relative tangent space:

Corollary 4.40. The relative tangent space of Q) at q : Spec L — Q, L some extension field of

K, is the L-vector space
T,Q = Hom)G(L (H,9)
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4.4.4 Tangent spaces of G-Hilbert schemes

Let X be an algebraic K-scheme, G = Spec A a finite group scheme over K. Assume that G
operates on X over K such that a geometric quotient 7 : X — X /G, 7 affine, exists. Then by
theorem 4.28 the functor G-Hilby . X is represented by a scheme G-Hilbx,g X projective over
X/G. Write G-Hilbg X for this scheme considered as a K-scheme, it represents the functor
G-Hilb, X. As an application of theorem 4.38 resp. its corollaries one obtains:

Corollary 4.41. (Tangent spaces of G-Hilbx X ).
Let h : Spec L — G-Hilbg X, L an extension field of K, be a morphism of K-schemes corre-
sponding to a quotient [0 — & — Ox, — Oz — 0] of G-sheaves on X1,. Then one has

T), G-Hilbx X = Hom§, (%, 0y)
for the tangent space of G-Hilbg X at h. O

Remark 4.42.
(1) There is the isomorphism

Hom§, (.#,0z) 2 Hom§, (&/.92, Oy)
Thus the tangent space T, G-Hilbg X coincides with the G-invariant global sections of the
normal sheaf #omo, (F)92,0z).

(2) Using the exact sequence 0 — % — Ox, — Oz — 0 one derives the isomorphism
Hom§, (7, 0z) = Ext{ | (07,07)

The theorem also applies to relative G-Hilbert schemes, either directly or by means of the
preceding corollary applied to the fibers over points of X/G.

Corollary 4.43. (Relative tangent spaces of G-Hilb x/q X over X/G).
Let h : Spec L — G-Hilby,q X, L an extension field of K, be a morphism lying over a morphism
of K-schemes hg : SpecL — X/G. Let [0 — . — Ox, — Oz — 0] be the quotient of G-
sheaves corresponding to h, where Xp, := Spec L X x/q X, the fiber product formed by ho. Then
one has

Ty, G-Hilby/g X = Homg*;ho (F,0z)
for the relative tangent space of G-Hilb y,q X in h. O

Remark 4.44. Since the morphism 7 : G-Hilbxg X — X /G defined in corollary 4.16 identifies
with the structure morphism of G-Hilbx/; X by corollary 4.21, corollary 4.43 describes as well
relative tangent spaces of G-Hilbg X over X/G with respect to 7.

Example 4.45. Let X = A%, G = SpecA C GL(n,K) a finite subgroup scheme with A
cosemisimple. Then a geometric quotient = : A% — A% /G exists, the G-Hilbert functor is
represented by a K-scheme G-Hilbg A, there is the projective morphism 7 : G-Hilbx A% —
A% /G. Let S := Klx1,...,2y,], let O € A’ be the origin, m C S the corresponding maximal
ideal, O := 7(0) € A% /G with corresponding maximal ideal n C SY, let S := S/nS. An
L-valued point of the fiber E := 771(O) corresponds to a G-cluster defined by an ideal I C Sy,
such that ny, C I or equivalently an ideal I C S, = Sr/npSr.

The tangent space of G-Hilbx A" (over K) at I is the L-vector space

Ty G-Hilbx A’ = Hom§, (I, SL./I)

The relative tangent space of G-Hilbg A% over A /G at I or equivalently the tangent space of
the fiber E = G-Hilbx 771(O) over O at I is the L-vector space

T;E = Homg (I,51/1)
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4.4.5 Relative tangent spaces and stratification

In [ItNm96], [ItNm99] (see subsection 1.2.2) has been defined a certain stratification of the G-
Hilbert scheme, that will at least partially provided with a geometric meaning in this subsection.

For simplicity let K = C, consider the situation in example 4.45, that is X = A¢, G C GL(n,C)
a finite subgroup. Using the notations introduced there, for an ideal I C S with n C I or
equivalently 7 C S defining a G-cluster and thus a C-valued point of £ = 771(0) one can
consider the representation

I/mI = I/(ml+nS)

This representation has been used in [ItNm96], [[tNm99] in the case of finite subgroups G C
SL(2,C) to give a natural construction for the bijection observed in [McK80] between isomor-
phism classes of nontrivial irreducible representations of G and irreducible components of the
exceptional divisor of the minimal resolution G-Hilbg A% — A% /G. Subsequently it has been
considered in the case of finite small subgroups G C GL(2,C) as well, see for example [Is02].

The relative tangent space of G-Hilbg Ag over A /G for points I € E is given as
Homg (I,S/I)

Since a homomorphism of S-modules I — S/T is determined by the images of the generators of
1, one has an injective homomorphism of C-vector spaces

Homg(f, S/T) — Hom@(I/mI,S/T) (4.7
In the 2-dimensional case, looking at the explicit structure of the fiber S of A% — A% /G over
O, one observes:

Observation 4.46. The homomorphism (4.7) is an isomorphism for the cyclic groups G =
pr C SL(2, C) naturally operating on AZ.

This relates the stratification discussed in [[tNm96], [ItNm99] to relative tangent spaces in the
(A;) cases. For the nonabelian finite subgroups of SL(2,C) some furthe_r considerations will be
necessary — tangent spaces do not suffice to describe the spaces Homg(l /mlI,S/I).
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Chapter 5

Galois operation and irreducibility

This chapter is concerned with the behaviour of irreducibility with respect to Galois extensions
of the ground field for components of schemes as well as for representations and written with
regard to applications to the McKay correspondence in the next chapter. In general, after base
extension K — L an irreducible component or an irreducible representation may decompose. If
L is a Galois extension of K then there is an operation of the Galois group, we show that in
both cases an object irreducible over K corresponds to a Galois orbit of irreducible objects over
the extension field L.

In algebraic geometry a point or irreducible component corresponds to a prime ideal of a commu-
tative K-algebra. In the representation theory of finite group schemes with cosemisimple Hopf
algebra an isomorphism class of irreducible representations corresponds to a simple subcoalgebra
or dually a minimal two-sided ideal in the group algebra. Thus, the main aim is to determine
the effect of Galois extensions to commutative algebras that occur in algebraic geometry as well
as for not necessarily commutative algebras and coalgebras that occur in representation theory.

First the behaviour of (co)semisimplicity with respect to extensions K — L of the base field is
considered. Then we apply Galois descend for vector spaces to simple algebras resp. coalgebras
to show that a minimal two-sided ideal resp. a simple subcoalgebra over K decomposes over L
into a Galois orbit of minimal two-sided ideals resp. simple subcoalgebras.

For points and irreducible components of algebraic K-schemes the investigation of irreducibility
with respect to Galois extensions reduces to that of semisimple commutative K-algebras and
results for these can be applied. Further, we describe the Galois operation on functors of points,
in particular on the G-Hilbert functor.

For representations and more generally for G-sheaves we introduce the notion of Galois conjugate
representations resp. G-sheaves. We apply the results concerning Galois extensions of the ground
field for cosemisimple coalgebras to isotypic decompositions of representations and G-sheaves.
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5.1 Semisimple algebras and coalgebras and Galois extensions

Let K be a field and K — L a Galois extension, I" := Autx(L).

5.1.1 Semisimplicity and Galois extensions

Let A be a K-algebra.

The radical rad A of a K-algebra A is the two-sided ideal defined to be the intersection of all
maximal left ideals of A (or equivalently all maximal right ideals), we say that A is without
radical if rad A = 0 [Bour, Algébre, Ch. VIII, §6.3]. Remember the definition of semisimplicity
[Bour, Algébre, Ch. VIII, §5.1].

Proposition 5.1. A is semisimple if and only if it is artinian without radical.

Proof. [Bour, Algébre, Ch. VIII, §6.4, Thm. 4, Cor. 2. O
The radical of a K-algebra A has the following base change property, use that K — L is
separable:

Proposition 5.2. Ifrad A =0, then rad Ay = 0.

Proof. [Bour, Algébre, Ch. VIII, §7.6, Thm. 3, Cor. 3]. O
Proposition 5.3. If A is semisimple and Ay, artinian, then Ay is semisimple.

If Ay is semisimple, then A is semisimple.

Proof. The first statement follows from propositions 5.1 and 5.2, the second from [Bour, Algébre,
Ch. VIII, §7.6, Thm. 3, Cor. 4]. O

In particular for finite dimensional K-algebras A: A is semisimple <= Ay is semisimple.

Remember the definition of cosemisimplicity (definition 3.19). Let A be a finite dimensional
K-algebra and C' = AY the dual coalgebra. The notions ”semisimple” and ”cosemisimple” are
dual, that is A is semisimple if and only if C' is cosemisimple.

Corollary 5.4. Let C be a finite dimensional coalgebra over K. Then C is cosemisimple if and
only if C, is cosemisimple. O

Corollary 5.5. For any finite group scheme G = Spec A over a field K of characteristic 0 the
coalgebra A is cosemisimple.

Proof. Group schemes over fields of characteristic 0 are reduced (see e.g. [Mu, AV, Ch. III.11,
p. 101]), therefore for a suitable algebraic extension K — L the group scheme G, is discrete.
Then (Ap)" is isomorphic to a group algebra of a finite group and thus Ay, is cosemisimple. By
corollary 5.4 A is cosemisimple. O

5.1.2 (Galois descent

Let V be a vector space over K, write Vi := V ®k L for its base extension to L. Vi has an
operation of I" given by v(v ® l) — v ® (). We call an element w € Vi, resp. an L-subspace
W C Vi K-rational, if w = v ® 1 for some v € V resp. W = Uy, for some K-subspace U C V.

Proposition 5.6. Let V be a vector space over K. Then an element w € Vi, resp. an L-subspace
W C Vy, is K-rational, if and only if y(w) = w resp. y(W) C W for all y € T.

Proof. [Bour, Algebra II, Ch. V, §10.4]. O
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5.1.3 Application to algebras and coalgebras

In this subsection we use the proposition about Galois descent to describe the behaviour of
decompositions of semisimple algebras resp. cosemisimple coalgebras into simple components
with respect to extensions of the ground field.

A K-algebra A is called simple, if A is semisimple, A # 0 and A has no other two-sided ideals
than {0} and A (see [Bour, Algébre, Ch. VIII, §5.2]).

Proposition 5.7. Let A be a simple K-algebra. Assume that Ay is semisimple, let A =
@D;_, AL, be its decomposition into simple components. Then I' permutes the simple summands
Ar.i and the operation on the set {Ap1,..., AL} is transitive.

Proof. The Ar; are the minimal two-sided ideals of Ay. Since any v € I is an automorphism
of Ay, as a K-algebra or ring, the Ay, ; are permuted by I'.

Let U = nyer vAr,1 and V the sum over the remaining Ay, ;. Then A, =U &V, U and V are
I-stable and thus U = U}, V = V] for K-subspaces U’, V' C F by proposition 5.6 since K — L
is a Galois extension. It follows that A = U’ @ V' with U’, V' two-sided ideals of A. Since A is
simple, V/ =0, U = Ay, and the operation is transitive. O

The situation for coalgebras is dual and proven completely analogously, note that simple coalge-
bras (see definition 3.10) are finite dimensional by proposition 3.18 and its base extensions are
cosemisimple by corollary 5.4.

Proposition 5.8. Let C be a simple coalgebra over K. Then C7, is cosemisimple, and if C, =
@, Cr,i is its decomposition into simple components, then I' transitively permutes the simple
summands CT,;. O

The following corollary will be applied to representations and G-sheaves. Since for these we use
the formulation in terms of comodules this corollary is stated for coalgebras.

Corollary 5.9. Let C' be a cosemisimple coalgebra over K and C = @j C; its decomposition
into simple subcoalgebras. Then Cy, is cosemisimple, and if Cp, = @, Cp; is the decomposition
of Cr, into simple subcoalgebras, then:

(i) The decomposition Cr, = @, CL,; is a refinement of the decomposition Cr, = P ;(Cj)L.

(i) T' transitively permutes the summands Cr; of (Cj)r for any j.
Therefore (Cj)r. = 3 _er YCL,is if CL; is a summand of (Cj)r.

Proof. Cy, is cosemisimple: C decomposes into simple subcoalgebras, the base extensions of
these are cosemisimple by proposition 5.8.

(i) is clear, I" operates on the base extensions (C;)r, of the simple coalgebras C}, then (ii) follows
from proposition 5.8. O
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5.2 Galois operation on schemes

5.2.1 Irreducible components of schemes and Galois extensions

Let X be a K-scheme. For an extension field L of K the group I' = Aut (L) operates on X7,
by automorphisms of K-schemes such that the diagrams

X, ——— X,

| l

Spec L SN Spec L

commute. For simplicity we denote the morphisms Spec L — Spec L, X — X coming from
v:L — L by v as well.

A point of X may decompose over L, this way a point x € X corresponds to a set of points
of Xy, the preimage of x with respect to the projection X; — X. In particular this applies to
closed points and to irreducible components. These sets are known to be exactly the I'-orbits.

Proposition 5.10. Let X be an algebraic K-scheme and K — L be a Galois extension, I' :=
Autg (L). Then points of X correspond to T'-orbits of points of X, the T'-orbits are finite.

Proof. Taking fibers, the proposition reduces to the following statement:

Let F' be the quotient field of a commutative integral K -algebra of finite type. Then F, = FQg L
has only finitely many prime ideals and they are I'-conjugate.

Proof. Fp is integral over F' because this property is stable under base extension [Bour, Com-
mutative Algebra, Ch. V, §1.1, Prop. 5]. It is clear that every prime ideal of F', lies above the
prime ideal (0) of F'. There are no inclusions between the prime ideals of F';, [Bour, Commutative
Algebra, Ch. V, §2.1, Proposition 1, Corollary 1]. Since every prime ideal of F, is a maximal
ideal and FJ, is noetherian (a localisation of an L-algebra of finite type), F', is artinian, it has
only finitely many prime ideals Q1, ..., Q.

Fp, has trivial radical [Bour, Algébre, Ch. VIII, §7.3, Thm. 1, also §7.5 and §7.6, Cor. 3|. Being
an artinian ring without radical, i.e. semisimple [Bour, Algébre, Ch. VIII, §6.4, Thm. 4, Cor.
2 and Prop. 9], F, decomposes as a L-algebra into a direct sum

Fr, =@, Fr;

of fields F,; = Fr,/Q); (this can easily be seen directly, however, it is part of the general theory
of semisimple algebras developed in [Bour, Algébre, Ch. VIII] that contains the representation
theory of finite groups schemes with cosemisimple Hopf algebra as another special case).

I' operates on Fy, it permutes the ); and the simple components Fy ; of Fp, transitively by
proposition 5.7. [l

For a closed subscheme Z C X, given by an ideal sheaf .# the conjugate subscheme 7 is given
by the ideal sheaf 7,.7, there is the diagram

0 Yy I Ox, Oyz » 0
I ! l
0 VeI vO0x, — 70z 0

where Ox, — 7,Ox, is given by the morphism v : X; — Xr. Let X = Spec A be affine, Z
corresponding to an ideal I C Ay, then vZ corresponds to the ideal y~'1 C Ay. In particular
this applies to a point and the corresponding prime ideal (sheaf).
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5.2.2 Galois operation on G-Hilbert schemes

Let Y be a K-scheme. For an extension field L of K the group I' = Aut (L) operates on the
functor of Yz, over K by automorphisms over K (not preserving morphisms over L):

v Y (T) — YL(T)
a — Yo

For an L-scheme f : T' — SpecL and v € I' define the L-scheme 7,7 to be the scheme T
with structure morphism v o f. For a morphism « : T/ — T of L-schemes let v, be the same
morphism « considered as an L-morphism v, 7" — ~,T.

With this definition, for any L-scheme T', taking into account the L-scheme structure, one has
for the subset Y7,(T") r-morph. € Y7.(T') of morphisms over L

v YL(T)L—morph. - YL('Y*T)L—morph.
o o 7o (ra)

Here v : v,Yr, — Y, is a morphism of L-schemes.

For a morphism « : Y, — Y/ of L-schemes and v € I' define the conjugate morphism o7 by
@Y := vy o (y,a) oy~!, which again is a morphism of L-schemes.

In the case that T is defined over K, that is T' = T for some K-scheme 7", one can describe
the operation of I" by an operation of I" on the set Y7,(T') -morph. of L-morphisms

v Y (T)L—morph‘ - YL(T)L-morph.

a = o’ =vo(pa)oy!
Consider the case of G-Hilbert schemes: Let G be a finite group scheme over K, X be a G-scheme
over K and assume that the G-Hilbert functor is represented by a K-scheme G-Hilb g X. There
is a canonical isomorphism of L-schemes (G-Hilbg X); = G- Hilby, X, obtained by identifying
X xgT =Xy x1, T for L-schemes T.

Proposition 5.11. Let T be an L-scheme defined over K. Then, for a morphism o« : T —
Gr-Hilby X1, of L-schemes corresponding to a quotient [0 — . — Ox, — Oz — 0] and for
v €T, the y-conjugate morphism a” corresponds to the quotient [0 — v, — Ox, — O,z — 0.

Proof. For a morphism of L-schemes o : T — Gp-Hilby, X1 = (G-Hilbg X) X i Spec L consider
the commutative diagram of L-morphisms

e

YT —————————— (G-Hilbg X) Xk (7« Spec L)
S I S
Tommmmmozmne- 5 (G-Hilb g X) % Spec L

The morphism « is given by a quotient [0 — . — Ox, — Oz — 0] on Xy = X % T.
Under the identification G- Hilby X = (G-Hilbg X )z the T-valued point « corresponds to a
morphism 7' — G-Hilbg X of K-schemes, that is a quotient [0 — % — Oxx, .17 — Oz — 0] on
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X X g T, and the structure morphism f : T'— Spec L. We have the correspondences

— [O—)‘ﬂ_)OXXKT_)OZ_)O]
« f:T — SpecL
o( Oé) — [O_)j_)OXXKWT_)OZ—)O]
7o\« vo (y«f): T — SpecL
1% —1*
Ve . 0719 = Oxr = 47107 = 0)
« v o (xa) oy — {f:fyo(fy*f)oq/l:T—)SpeCL
[O—WY*j_’OXXKT_’O“/Z_’O]
f=v0(f)oyt:T — SpecL

Under the identification (G-Hilbx X);, = Gp-Hilby X the last morphism corresponds to the
quotient [0 — v,.¥ — Ox, — Oyz = 0l on X7 = X1 x T. O

In particular, in the case X = A%( the y-conjugate of an L-valued point given by an ideal
I C L[z1,22] or a Gp-cluster Z C A2 is given by the y-conjugate ideal v~'I C L[z, 2] or the
~v-conjugate Gp-cluster vZ C A%.

Every point = of the L-scheme Gp-Hilby A% such that x(x) = L corresponds to a unique
L-valued point « : SpecL — Gp-Hilby A%. The ~-conjugate point yx corresponds to the
~v-conjugate L-valued point o : Spec L — G- Hilby, A%.

Corollary 5.12. Let x be a closed point of Gr-Hilby, A% such that r(z) = L, « : Spec L —
Gr-Hilbg, A% the corresponding L-valued point given by an ideal I C L[xq,z2]. Then for
v € T' the conjugate point ~vx corresponds to the ~y-conjugate L-valued point oY : Spec L —
G- Hilby, A%, which is given by the ideal v~'I C L[xy,x2). O
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5.3 Conjugate G-sheaves

Let K be a field, K — L a field extension and I' = Autx(L). Let G be a group scheme over K
and X a G-scheme over K.

5.3.1 Conjugate G-sheaves

The base extension X, of X can equivalently be considered as a G-scheme or a GG -scheme, these
structures given by (sx)r : G Xxx X1 = G, x, X, — Xr. Further, for an Ox,-module .# one
may equivalently consider G-sheaf or G -sheaf structures (for G = Spec A in the case of trivial
operation this will make a difference with respect to decompositions into isotypic components
corresponding to simple subcoalgebras of A resp. Ar).

Remark 5.13.

(1) For a G-sheaf # on X the sheaf f*.#, where f : X; — X is the projection, has a natural
G-sheaf structure by proposition 3.51.

(2) For G-sheaves .#,¥ the tensor product . ®o, ¢ has a natural G-sheaf structure by propo-
sition 3.46. If .%#,¥ are quasicoherent and moreover .% is finitely presented, then the sheaf
Homo . (F,%9) has a natural G-sheaf structure by proposition 3.47.

(3) For G-sheaves .#,% on X there is the isomorphism (¥ ®oy ¥)1L = FL ®oy, Y1 of G- or
Gr-sheaves on X, by proposition 3.59.

(4) Let .7 ,% be G-sheaves on X, assume that .# is finitely presented. Then there is an isomor-
phism Jtomo, (F,9) 1, = Homoy, (Z1,91) of G- or Gp-sheaves on X, by proposition 3.58. In

the case of trivial G-operation it follows jfomgx(ﬁ,g)L = jfomgL (ZL,9L).

XL

Again, for elements v € T there are the automorphisms v : X — X over K (see subsection
5.2.1). These are G-equivariant, since the group scheme operation on Xy, is defined over K. For
~v € I' we introduce the notion of y-conjugate G y-sheaves.

Proposition - Definition 5.14. Let .# be a G -sheaf on Xp,. For~y € I' the Ox, -module v,.%
has a natural G -sheaf structure given by

* g 7*)‘9’ * o
VaSx, S > NPx, 7
T e T2 (5.1)

8§k, Ve Px V=P

This Gr-sheaf v«F is called the vy-conjugate Gp-sheaf of F.

For a morphism of Gp-sheaves ¢ : F — G the morphism v,¢ : 7 F — 1Y is a morphism of
G1.-sheaves between the sheaves v F and V.4 with y-conjugate G -sheaf structures.

Proof. Equivalently work with G-sheaf structures, 7 is an equivariant automorphism of the
G-scheme X, over K, the statements then follow from proposition 3.51. O

Remark 5.15. This way functors v, are defined, similarly one may define functors v*, then
7% and (y~1)* are isomorphic. The functors 7.,7* are autoequivalences of categories like
Mod“t (X 1), Qcoh®E(XL), Coh®L(Xy). In the case of trivial operation they preserve trivial
G-sheaf structures.

The functors v, commute with functors f7, fr. for equivariant morphisms f and with bifunctors
like sZom and ®:
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Lemma 5.16. There are the following natural isomorphisms of G r-sheaves:
(i) For Gp-sheaves 7,9 on X : 7.(F oy, 9) = 1F Qoy, Y-

(ii) Let f : Y — X be an equivariant morphism of G-schemes over K and % a G p-sheaf on
Xr. Then v ff F = fiyF.

(iii) For quasicoherent G -sheaves F,9 on X, with F finitely presented: . %moXL (#,9) =
HAomoy (VF,7:9). If the G-operation on X is trivial, it follows that 7*(%mg; (7.,9))
L
~ %ﬂomg;L (Ve 1:9).

Proof. Work with (y~!)*, then (i) follows from proposition 3.59, (ii) is clear and (iii) follows
from proposition 3.58. O

Remark 5.17.
(1) If a sheaf .# on X, is rational over K, i.e. .# = %}, #' an Ox-module, then v,.% =
(idx x7)«(F' @k L) =2 F' @k (7.L) and there is the isomorphism of O x, -modules y : F — v, %,

the diagram
.

Y

F
Il
F' QK L

i
F' @K (L)

commutes. If .# has the structure of a G-sheaf, then %, is a G-sheaf on X and the isomor-
phism of Ox,-modules v : .# — 7,.% is an isomorphism of G-sheaves: One has to show that

idg-/@’y

the diagram
* AV F *
Sy, VT —————px, VT

S;(LW/T Tp}LV
T S S N
Sx, Px,

commutes, but this is the commutative diagram

i} X ®id, 1 .
(5%F) @1 (L) ——2DL L (i F1) @xc (1)
id®y id®y
T 2 ®id, T

(5% F) ®x L (Px7") @K L

(2) Taking the original structure on the target, I" operates on K-rational .# by maps (not L-
linear) v:.% — Z.

(3) Consider images of subsheaves 4 C .# under the maps v : .# — .Z for K-rational .%. Taking
the conjugate G-sheaf structure on the target, v becomes an isomorphism of G -sheaves, it
restricts to an isomorphism of G -sheaves v 194 — ~,9.

5.3.2 Conjugate comodules and representations

Let G = Spec A be an affine group scheme over K. Assume that G operates trivially on X.
Then for an Ox,-module .# a G-sheaf structure is equivalent to an Ay-comodule structure by
proposition 3.63. We describe the effect of Galois conjugation to Ar-comodules.

Remark 5.18. For v € T" there are maps v : A, — Ar. Taking the canonically defined conjugate
Hopf algebra structure on the target, these maps become isomorphisms v : Ay — v, Ay, of Hopf
algebras over L. They correspond to isomorphisms v : v.G; — G of group schemes over L
(compare to the notation 7,7 for schemes introduced in subsection 5.2.2).
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Proposition 5.19. Let % be a Gp-sheaf on Xy, X with trivial G-operation, the G -sheaf
structure equivalent to an Ar-comodule structure o” : . F — Ap @ F. Then for v € T' the
G-sheaf structure of the ~y-conjugate Gy -sheaf v..% is equivalent to the comodule structure
077 7 F — AL QL v.F determined by commutativity of the diagram

z Yx0Z
id[ 5 %@id (5.2)
g"/*

VF ———————— AL QL VT

Proof. Remember the construction in the proof of proposition 3.63 that relates G r-sheaf and
Ap-comodule structures. Application of px, . to diagram (5.1) gives

pXL * Y )\9
PX VDX, T ———— DX VDX, F

| 12
pXL*X’*‘G’r

DX DX, Ve F PXLDX, VT

which can be rewritten as

'Y*AL QL W*Q E— V*AL XL ’Y*ﬁ
'y®z‘dT %@z‘d
Ar ®p v F AL @r v F

Its restriction on the left side to v..%# (or composition with the natural maps v,.% — V. Ap ®p,
Ve F resp. vF — Ap Qr 1. F, see proof of proposition 3.63) is diagram (5.2). O

In the special case of representations the definition of conjugate G-sheaves leads to the notion
of a conjugate representation: Instead of a sheaf v,.%# one has an L-vector space v, V', the vector
space structure given by (I,v) — 7(I)v using the original structure. The choice of a K-structure
V = V/ gives an isomorphism 7 : V' — 7,V of L-vector spaces and leads to the diagram

Y50V
VWV ——— 1AL L %V

id[ Lf@id
Q’Y* 4

YV —— AL Q1 V

'y]\ L‘d@v

VY
v r Ap@LV
for definition of the y-conjugate Ar-comodule structure (¢")Y on V — this definition is made,
such that v : (V, (")) — (V, 07*") is an isomorphism of Ar-comodules. We write V7 for V
with the conjugate Ar-comodule structure.

Remark 5.20. Let V'’ be an A-comodule over K and V' = V/. Then as a special case of remark
5.17 there are maps v : V' — V resp. isomorphisms of Ap-comodules v : V — ~,V. For any
Ap-subcomodule U C V these restrict to isomorphisms of Ay-comodules v~ 1U = ~,U =2 U".
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5.3.3 Decomposition into isotypic components and (Galois extensions

Let G = Spec A be an affine group scheme over a field K, assume that A is cosemisimple. Let
K — L be a Galois extension, I' = Aut g (L). Then by corollary 5.9 Ay, is cosemisimple as well.

Remember the relations between the Galois operation on Ay, given by maps v : Ar, — Ap, resp.
isomorphisms v : A, — . Ay, of Hopf algebras or of Ar-comodules (see remark 5.18 or 5.20)
and the decompositions A = P jeJ Aj and A = @,y AL into simple subcoalgebras described
in corollary 5.9: Any (A;)r, decomposes over L into a Galois orbit (A;)r = >, . vAr,; for some
i. We relate this to conjugation of representations: The subcoalgebras Ay ; are the isotypic
components of Ay, as a left-(or right-)comodule (proposition 3.26), let V; be the isomorphism
class of simple Ar-comodules corresponding to Ay, ;. Define an operation of I' on the index set

I by Vo = V;.

1
Lemma 5.21. v 1A ; = AL~ (i)-
Proof. By remark 5.20 the isomorphism of Aj-comodules v : A, — ~,Ap restricts to an iso-

morphism of Az-comodules v 1AL; — ~v.Ap;, so y71Ar; is isotypic of isomorphism class
%Vi =V = V3. O

As constructed in proposition 3.68, corollary 3.71, the decomposition of A into simple subcoal-
gebras A = P ; A; gives decompositions of representations and more generally of G-sheaves on
G-schemes with trivial G-operation into isotypic components corresponding to the A;. After
base extension one has decompositions of Gp-sheaves, we compare it with the decomposition
coming from the decomposition of Ay, into simple subcoalgebras.

Proposition 5.22. Let X be a G-scheme with trivial operation, % a G-sheaf on X and let
yz@jﬁj, FrL =B, ZL,
be the decompositions into isotypic components as a G-sheaf resp. G -sheaf. Then:
(i) Fr=€D; Fr is a refinement of F1 = P;(F;)L-

(ii) The operation of I' on Fy, (see remark 5.17) permutes the isotypic components Fr; of
Fr. Itisy " Fri = Fpa), if Vo) = V5.

(il)) (Fj)r =2 er¥FLis if Fr,i is a summand of (F;) L.

Proof. (i) follows from corollary 5.9.(i) and the construction of corollary 3.71, proposition 3.68.
For (ii) consider the isomorphism of Gp-sheaves v : F1 — v..%L (remark 5.17), it restricts to
an isomorphism 7—1§L7i — YFrLi. 1, is an A -comodule, from proposition 5.19 derives the
commutative diagram

FL,i
o~ L
VoF i ————VALi QL VFLi
idT T'y@)id
’Y*‘gL,i

’771AL,Z' QL V+FLi

V*EL,Z‘

So the Ar-comodule structure of v,.%7, ; restricts to an 'y_lAL,i—comodule structure and 7_1ﬁL,i
is the isotypic part corresponding to the simple subcoalgebra v~1A L,i- By lemma 5.21 v 1A L
= Ap (), thus 7L is isotypic of isomorphism class v

(iii) follows from corollary 5.9.(ii). O
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We now consider the case of representations.

Corollary 5.23. I' operates by V; — V' on the set {V; |i € I} of isomorphism classes of
irreducible representations of Gr. The subsets of {V; |i € I}, which occur by decomposing
irreducible representations of G over K as representations over L, are exactly the I'-orbits. [J

Remark 5.24. For finite dimensional representations of a finite group scheme G over a field
there is the usual notion of a character and as usual in characteristic 0 the character determines
the isomorphism class [Bour, Algébre, Ch. VIII, §12.1, Prop. 3].

The relation to the representation theory of finite groups is as follows: Assume that A is finite
dimensional, write KG = AY and LG = A} for the algebras dual to the coalgebras A and Ay,
Dualising a finite dimensional Aj-comodule gives rise to an LG-module V' or a homomorphism
LG — Endp (V). Here I operates on LG and, after choice of a K-structure V' = V], on End (V).
Identify Endy (V) with a matrix algebra with respect to a K-rational basis of V = V/. If a -
invariant element of LG is mapped to a matrix M, then the conjugate representation maps it
to the matrix M7 with conjugate entries.

In particular for a finite group scheme over K with all its closed points K-rational the character
of the y-conjugate representation is obtained from the character of the original representation
by application of v to the values of the character. Because in characteristic 0 a representation
is characterised by its character, one has the following corollary:

Corollary 5.25. Let G be a finite group, assume that the field K is of characteristic 0. T
operates by x; — x;, where x](9) = v(xi(g)) for g € G, on the set {x; |i € I} of characters of
irreducible representations of G over L. The subsets of {x; |i € I}, which occur by decomposing
irreducible representations of G over K as representations over L, are exactly the I'-orbits. [J

Remark 5.26. For similar results in the representation theory of finite groups see e.g. [CR,
Vol. 1, §7B].
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Chapter 6

McKay correspondence over non
algebraically closed fields

In this chapter we establish a McKay correspondence for finite subgroup schemes G C SL(2, K)
over not necessarily algebraically closed fields of characteristic 0 relating isomorphism classes of
nontrivial irreducible representations and irreducible components of the exceptional divisor and
moreover the representation graph and the intersection graph as in the original observation of
McKay [McK80]. As already observed in [Li69], considering the rational double points over non
algebraically closed fields one is lead to the remaining Dynkin diagrams of types (B,), (Cy),

(F4), (Ga).

We use the McKay correspondence for finite groups over algebraically closed fields of charac-
teristic 0. This situation arises for the operation of finite subgroup schemes of SL(2, K) after
base extension to an algebraic closure, in addition there is an operation of the Galois group. In
the last chapter it has been shown that concerning irreducibility both, components of schemes
and representations, have the same behaviour with respect to Galois extensions, therefore any
construction like the McKay correspondence relating such objects over the extension field that
is equivariant with respect to the Galois operation determines a correspondence over K.

In the first section of this chapter we collect some data of the finite subgroup schemes of SL(2, K)
and list possible representation graphs. In addition we investigate, under what conditions a finite
subgroup of SL(2,C'), C the algebraic closure of K, is realisable as a subgroup of SL(2, K).

The second section contains the theorems of McKay correspondence over non algebraically closed
fields. We consider two constructions, the stratification of the G-Hilbert scheme and the tau-
tological sheaves, originating from [I[tNm96]| and [GV83] respectively (in this thesis subsections
1.2.2 and 1.2.3), that are known to give a McKay correspondence over € and formulate them
for non algebraically closed K.

In the last section we give some examples, we show that situations in which components irre-
ducible over K split over the algebraic closure really do occur for any graph with nontrivial
automorphism group.

Here we are primarily interested in the McKay correspondence, for which a detailed knowledge
of the finite subgroup schemes G C SL(2, K) is not necessary. Though, it would be interesting to
achieve a classification of finite subgroup schemes over fields that are not necessarily algebraically
closed or of characteristic p > 0, which, as far as the author knows, has not been considered
before, and to investigate the relationship between rational double points and quotients by finite
group schemes.

121
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6.1 The finite subgroup schemes of SL(2, K): representations
and graphs

In this section K denotes a field of characteristic 0.

6.1.1 The finite subgroups of SL(2,C)

By the well known classification any finite subgroup G C SL(2,C), C an algebraically closed
field of characteristic 0, is isomorphic to one of the following groups:

Z./nZ (cyclic group of order n), n > 1

BD,, (binary dihedral group of order 4n), n > 2

BT (binary tetrahedral group)

BO (binary octahedral group)

BI (binary icosahedral group).

Presentations and the irreducible representations/character tables of these groups are listed in
subsection 6.1.6.

6.1.2 Representation graphs

In the following definition we will introduce the (extended) representation graph as an in general
directed graph. A loop is defined to be an edge emanating from and terminating at the same
vertex. In addition we will attach a natural number called multiplicity to any vertex, and for
homomorphisms of graphs in addition we will require, that for any vertex of the target its
multiplicity is the sum of the multiplicities of its preimages.

Definition 6.1. The extended representation graph Graph(G,V') associated to a finite subgroup
scheme G of GL(n,K), V the given n-dimensional representation, is defined as the following
directed graph:

- vertices. A wvertex of multiplicity n for each irreducible representation of G over K which
decomposes over the algebraic closure of K into n irreducible representations.

- edges. Vertices V; and V; are connected by dimg Homf((‘/}, V @K V) directed edges from V; to
Vj. In particular any vertex V; has dimg Homg;((Vi, V @k Vi) directed loops.

Define the representation graph to be the graph, which arises by leaving out the trivial represen-
tation and all edges emanating from or terminating at the trivial representation.

We say that a graph is undirected, if between any two different vertices the numbers of directed
edges of both directions coincide and for any vertex the number of directed loops is even.

Then one can form a graph having only undirected edges by defining (number of undirected
edges between Vi and V;) := (number of directed edges from V; to V;) = (number of directed
edges from V; to V;) for different vertices V;,V; and (number of undirected loops of V;) =
%(number of directed loops of V;) for any vertex V;.

Remark 6.2.

(1) For G C SL(2,K) the (extended) representation graph is undirected. There is the iso-
morphism Hom$(V; ®@x V,V;) = Hom% (V;,V @k V;), which follows from the isomorphism
Hom%(V; @k V,V;) = Hom%(V;, VY @k V;) and the fact that the 2-dimensional representa-
tion V' given by inclusion G — SL(2, K) is self-dual. Further, that the number of directed
loops of any vertex is even, follows from the fact that over the algebraic closure C' one has
dim¢ Homg(Ui, Vo ®c U;) = 0 for irreducible U; over C.
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(2) There is a definition of (extended) representation graph with another description of the
edges: vertices V; and V; are connected by a;; edges from V; to V;, where V @g V; = a;;V; ©
other summands. The two definitions coincide over algebraically closed fields, always one has
a;; < dimg Hom%(Vi, V®KVj), inequality comes from the presence of nontrivial automorphisms.

Definition 6.3. For a finite subgroup scheme G C SL(2,K), V the given 2-dimensional repre-
sentation, define a Z-bilinear form (-,-) on the representation ring of G by

(Vi, V) = dimg Hom%(V;, V @k V;) — 2dimg Hom% (V;, V)

Remark 6.4. The form (-,-) determines and is determined by the extended representation
graph (the second equation follows from the fact, that dimx Hom$%(V;, V;) = multiplicity of V;):

(Vi, Vj) = (V;, Vi) = number of undirected edges between V; and V;, if V; 2 V;
% (V;i, Vi) = number of undirected loops of V; — multiplicity of V;

6.1.3 Representation graphs and field extensions

Let K — L be a Galois extension, I' = Autx (L) and let G be a finite subgroup scheme of
SL(2, K).

An irreducible representation W of G over K decomposes as a representation of Gy over L
into isotypic components W = @, U; which are I'-conjugate by proposition 5.22. Every U;
decomposes into irreducible components U; = Vi@m (the same m for all i because of I'-conjugacy).
In the following we will write m(W, L/K) for this number. It is related to the Schur index in
the representation theory of finite groups (see e.g. [CR, Vol. II, §74]).

Proposition 6.5. For finite subgroup schemes G of SL(2, K) it is m(W;,L/K) =1 for every
irreducible representation W; of G. It follows that W; decomposes over L into a direct sum
(W) = D, Vi of v-conjugate irreducible representations V; of G, nonisomorphic to each other.

Proof. We may assume L algebraically closed. Further we may assume that G is not cyclic.
The natural 2-dimensional representation W given by inclusion G C SL(2, K) does satisfy
m(W, L/K) = 1 because it is irreducible over L.

Following the discussion below without using this proposition one obtains the graphs in sub-
section 6.1.4 without multiplicities of vertices and edges but one knows which vertices over the
algebraic closure may form a vertex over K and which vertices are connected. Argue that if an
irreducible representation W; satisfies m(W;, L/K) = 1 then any irreducible W} connected to
W; in the representation graph has to satisfy this property as well. O

There is a morphism of graphs Graph(Gp,Wy) — Graph(G,W) (resp. of the nonextended
graphs, the following applies to them as well): For W} an irreducible representation of G the
base extension (W;)r, is a sum (W;)r = €, Vi of irreducible representations of G';, nonisomor-
phic to each other by proposition 6.5. The morphism Graph(G, W) — Graph(G, W) maps
components of (W;)r, to W;, thereby their multiplicities are added. Further, for irreducible
representations W, W of G there is a bijection between the set of edges between W; and W/
and the union of the sets of edges between the irreducible components of (W;), and (Wj/)rg,
again using proposition 6.5 (W;)r, and (Wj/), are sums (W;)r, = @, Vi, Wj ) = @, Vir of
irreducible representations of G, nonisomorphic to each other and one has

dimg Hom% (W; @ W, W) = dimg(Hom% (W, ®x W, W;) ®x L)
dimy, Hom§ (W;), ®1 W, (W;)r)
dimz, Hom% (@, Vi @1 Wi, @, Vir)

> i dimp, Hom§ (V; @1 Wi, Vir)
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I" operates on Graph(Gr, Wr) by graph automorphisms: Irreducible representations are mapped
to conjugate representations and equivariant homomorphisms to the conjugate homomorphisms.
The vertices of Graph(G, W) correspond to I-orbits of vertices of Graph(Gr, Wp) by corollary
9.23.

Proposition 6.6. The (extended) representation graph of G arises by identifying the elements
of T-orbits of vertices of the (extended) representation graph of G, adding multiplicities. The
edges between vertices W; and Wj are in bijection with the edges between the isomorphism
classes of irreducible components of (W;)r, and (Wj)r. O

Remark 6.7. Taking ﬁ‘/ for the isomorphism classes of irreducible representations V as
simple roots one can form the Dynkin diagram with respect to the form — (-,-) (see e.g. [Bour,
Groupes et algebres de Lie]). Between (extended) representation graphs and (extended) Dynkin

diagrams there is the correspondence

(An) (A2)’ (A2n41)" (A2nt2)” (Dn)  (Dn)' (Da)" (Ees) (Ee) (Er7) (Es)
(4n) (C1)=(A1) (Cn+1)  (Cny1) (Dn) (Bu—1) (G2) (Es) (Fu) (Br) (BEs)

A long time ago, the occurence of the remaining Dynkin diagrams of types (By), (Cy), (Fy),
(G3) as resolution graphs had been observed in [Li69, p. 258] with a slightly different assignment
of the non extended diagrams to the resolutions of these singularities, see also [S], Appendix I].

6.1.4 Representation graphs of the finite subgroup schemes of SL(2, K)

We list the extended representation graphs Graph(G, V') of the finite subgroups of SL(2, C') for C
algebraically closed, their groups of automorphisms leaving the trivial representation fixed and
the possible extended representation graphs for finite subgroup schemes over non algebraically
closed K, which after suitable base extension become the graph Graph(G, V). We use the symbol
o for the trivial representation.

- Cyclic groups

(AQn), n Z 1 (A2n)/

Z)2Z o< o $=— - =8=—=0
(A2n41), n>1 (A2nt1)

Z/2Z O< >O o §— - —§ °
(A1)

{id} o
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- Binary dihedral groups

(Dn), n25 (Dn)’
7./27. N ° °— —e ° - ™ ° °— —e ° s
[ ] / \ [ ] [ ] /
(Da4) (Da)’ (D4)"
o \ / [} o \
S. o . ] o °
AN S ’
- Binary tetrahedral group
(Es) (E6)’
/ [ ] [ ]
7/27. o ° ° o . ° $——8¢
/ \ [ ] [ ]
- Binary octahedral group
(E7)
{id}

- Binary icosahedral group
(Es)

{id}
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6.1.5 Finite subgroups of SL(2, K)

Given a field K of characteristic 0, it is a natural question, which of the finite subgroups
G C SL(2,C), C the algebraic closure of K, are realisable over the subfield K as subgroups
(not just as subgroup schemes), that is there is an injective representation of the group G in
SL(2, K).

For a finite subgroup G of SL(2,C) to occur as a subgroup of SL(2, K) it is necessary and
sufficient that the given 2-dimensional representation in SL(2,C) is realisable over K. This is
easy to show using the classification and the irreducible representations (see subsection 6.1.6))
of the individual groups. If a representation of a group G over C'is realisable over K, necessarily
its character has values in K. For the finite subgroups of SL(2, C') and the natural representation
given by inclusion this means:

Z/nZ: €+ €71 € K, € € C a primitive n-th root of unity.

BD,: £ +¢1 € K, € € O a primitive 2n-th root of unity.

BT: no condition.

BO: V2 € K.

BL V5€K.

To formulate sufficient conditions, we introduce the following notation (see [Se, CA, Part I,

Chapter II1, §1)):

Definition 6.8. For a field K the Hilbert symbol ((-,-)) i is the map K* x K* — {—1,1} defined
by (a,b) i = 1, if the equation 2% — ax?® — by? = 0 has a solution (x,y,z) € K3\ {(0,0,0)}, and
(a,b)x = —1 otherwise.

Remark 6.9. It is (—1,b) x = 1 if and only if 2% — by? = —1 has a solution (z,y) € K2.

Theorem 6.10. Let G be a finite subgroup of SL(2,C') such that the values of the character of
the natural representation given by inclusion are contained in K. Then:

(i) If G 2 Z/nZ, then G is realisable over K.

(ii) If G = BD,,: Let & € C be a primitive 2n-th root of unity and ¢ := %(5 + &Y. Then G is
isomorphic to a subgroup of SL(2,K) if and only if (—1,¢* — 1)k = 1.

(iii) If G =2 BT, BO or BI, then G is isomorphic to a subgroup of SL(2,K) if and only if
(-1,-1)g =1.

Proof. (i) For n > 3 let £ be a primitive n-th root of unity and ¢ := %(5 +¢71). By assumption
¢ € K. Then Z/nZ is realisable over K, there is the representation

Z/nZ — SL(2,K), 1w (? ;j)

(ii): Let G = BD,, = (0,7 |72 = 06" = (70)?) (then the element 72 = 0" = (70)? has order 2)
and let £ be a primitive 2n-th root of unity.
Then G is realisable as a subgroup of SL(2, K) if and only if the representation given by

&) )

is realisable over K.
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The representation (6.1) is realisable over K if and only if there is a 2 X 2-matriz M, over K
having the properties

det(M,) =1, ord(M,) =4, (M,.M,)*=—1, where My = (931), e=24(+&71). (6.2)

If the representation (6.1) is realisable over K, then with respect to a suitable basis it maps
o — M, and the image of 7 is a matrix satisfying the properties (6.2).

On the other hand, if M, is a matrix having these properties, then o — M,, 7 — M, is a
representation of G in SL(2, K), which is easily seen to be isomorphic to the representation

(6.1).
There is a 2 X 2-matriz M, over K having the properties (6.2) if and only if the equation
22 +y? —2cay+1=0 (6.3)

has a solution (z,y) € K2.
A matrix M, = (2‘ g) satisfies the conditions (6.2) if and only if (a, 3,7,d) € K% is a solution

ofad —By—1=0, a+d=0, [B+2c5—~=0.Such an element of K* exists if and only if
there exists a solution (x,y) € K2 of equation (6.3).

The equation (6.3) has a solution (z,y) € K? if and only if (—1,¢* — 1)k = 1.

We write the equation 22 + y? — 2cay +1 =0 as (z,v) (_16 _10) (y) = —1. After diagonalisation
(x,y) ((1) 1902) (y)=—1or 22+ (1 —c*)y? +1 = 0. This equation has a solution (z,y) € K2 if
and only if (—1,¢? —1))g = 1.

(iii) Let G = BT, BO or BI, that is G = {(a,b|a® = b" = (ab)?) for k € {3,4,5}. Let £ be a
primitive 2k-th root of unity and ¢ = $(¢£ +¢71). As in (ii), using the subgroup (b) instead of
(o), we obtain:

G is isomorphic to a subgroup of SL(2, K) if and only if there is a solution (x,y) € K2 of the
equation
2?2 +y? —2cxy —x+2cy+1=0 (6.4)

Next we show:

Equation (6.4) has a solution (x,y) € K2 if and only if (—1,(2¢)? — 3))x = 1.
1 —c—1/2
Equation (6.4) has a solution if and only if (x,y, z) ( —; e ) (:é) = 0 has a solution
~1/2 ¢ 1

(z,y,2) € K3 with z # 0. The existence of a solution with z # 0 is equivalent to the existence

of a solution (z,y,2) € K3\ {(0,0,0)} (if (z,y,0) is a solution, then (x,y,z — 2cy) as well).
10 0

After diagonalisation: (z,y,z) | 01 0 ) (i) = 0. The existence of a solution (x,y,z) €
00 3—(2¢)? z

K3\ {(0,0,0)} for this equation is equivalent to (—1,(2¢)? — 3))x = 1.

For the individual groups we obtain:

BT: c=3, (-1,-2)g = 1.

BO: ¢ = % (-1,-1)x =1.

BE ¢= Y1+ ), (~1,4(-3+ VE)x = L.

Each of these conditions is equivalent to (—1,—1)x = 1. For BI: (3 ++/5) = (2(1£5))%
For BT one has maps between solutions (z,y) for 22 + y? = —1 corresponding to (—1, —1))x
z'+1 ]

and (2/,y) for 2/* 4+ 2y'* = —1 corresponding to (—1,—2))x given by = = T =3

' —1

Ty
Y=y oy = %_y for x # y resp. ¥’ # 0 and by (x,z) — (0,2), (2/,0) < (2/,0). O
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6.1.6 Finite subgroups of SL(2,(): Presentations and character tables

- Cyclic groups

The irreducible representations are g; : Z/nZ — C*, i — &7* for j € {0,...,n — 1},
where £ is a primitive n-th root of unity.
- Binary dihedral groups: BD,, = (0,7 | 7% = 0" = (70)?), —id := (10)%.
BD,, n odd BD,, n even
| id —id ok T TO | id —id ok TO
1 1 1 1 1 1 1 1 1 1 1 1
1’ 1 1 1 -1 -1 1’ 1 1 1 -1 -1
1" |1 -1 (—1)* i =i 1" |1 1 (—1)* 1 -1
1" |1 -1 (—1)* - 1" |1 1 (—1)* -1 1
27 | 2 (=12 €qpeo0 0 20 | 2 (=12 €y 0
In both cases: £ a primitive 2n-th root of unity and j =1,...,n — 1.

- Binary tetrahedral group: BT = (a,b|a® = b* = (ab)?), —id := (ab)?.

id —id a —a b —b ab
1 1 1 1 1 1 1 1 1
1 |1 1 wooow Wt WP 1 | Z/3Z
1”7 |1 1 w? w? w w 1 Z/37Z
3 3 3 0 0 0 0 —1 Ay
2 2 —2 1 -1 1 -1 0 BT
2|2 -2 w —w W =W 0 BT
272 -2 W —w w —w 0 BT
1 1 4 4 4 4 6
w a primitive 3rd root of unity.
- Binary octahedral group: BO = <a, b|a® =0t
id —id ab o —a b b b
1 1 1 1 1 1 1 1 1
1’ 1 1 -1 1 1 -1 -1 1 Z./2Z
2" | 2 2 0 -1 -1 0 0 2 S3
3 3 3 1 0 0 -1 -1 -1 S4
3’ 3 3 -1 0 0 1 1 -1 Sa
2 2 -2 0 1 -1 V2 =2 0 BO
2’ 2 -2 0 1 -1 =2 V2 0 BO
4 4 —4 0 -1 1 0 0 0 BO
1 1 12 8 8 6 6 6

- Binary icosahedral group: BI = <a, b|a?

id —id a —a b —b b? —b%  ab
1 1 1 1 1 1 1 1 1 1 1
3 3 3 0 0 ut ut wo uwo o =11 As
3|3 3 0 0 pu wo wut put 1| As
4’ 4 4 1 1 —1 -1 —1 —1 0 As
5 5 5 -1 -1 0 0 0 0 0 As
212 -2 1 -1 bt —pt —pu w0 | BI
2| 2 =2 1 =1 pu —p= —ptout 0 | BI
4 4 -4 -1 1 1 -1 -1 1 0 BI
6 6 —6 0 0 -1 1 1 -1 0 BI
1 1 20 20 12 12 12 12 30
pt =214+ V5), pm = 3(1—5).



6.2. MCKAY CORRESPONDENCE FOR G C SL(2,K) 129

6.2 McKay correspondence for G C SL(2, K)

Let G be a finite subgroup scheme of SL(2, K), K a field of characteristic 0, and C' the algebraic
closure of K. There is the geometric quotient 7 : A%( — A%( /G and the natural morphism
7 : G-Hilbg A%( — A%( /G, which is the minimal resolution of this quotient singularity.

6.2.1 Resolution of A% /G by G-Hilbx A% and the intersection graph
The G-Hilbert functor G-Hilb ;- A2 : (K -schemes)® — (sets)

Quotient G-sheaves [0 — & — Op2 — Oz — 0] on A2,
G-Hilb, A%2(T)=¢ Z finite flat over T, the representation HY(A2,0y,) for
t € T isomorphic to the regular representation

is representable by an algebraic K-scheme G-Hilb g A%( (theorem 4.28) and the natural mor-
phism 7 : G-Hilbx A2 — A% /G (corollary 4.16), as a map of points taking G-clusters to the
corresponding orbits, is projective (theorem 4.28).

Proposition 6.11. The G-Hilbert scheme G-Hilbg A%( 1s 1rreducible and nonsingular. The
morphism 7 : G-Hilbx A% — A2 /G is birational and the minimal resolution of A% /G.

Proof. This is known for algebraically closed fields of characteristic 0 [ItNm96], [ItNm99],
[BKRO1]. From this the statements about irreducibility and nonsingularity for not necessarily
algebraically closed K follow, use that (G-Hilb x A% )¢ = G¢- Hilbe A% (remark 4.19). The mor-
phism 7 : G-Hilbx A% — A2 /G is known to be birational (corollary 4.32). The base extension
(G-Hilbg A% )c — (A% /G)c identifies with the natural morphism Ge-Hilbe AZ — AZ/Ge
(follows directly from the functorial definition of 7, see subsection 4.3.1). So the statement about
minimality as well follows from the same statement for algebraically closed fields. O

Define the exceptional divisor E by

E:=710)
where O = 7(0), O the origin of A%(. In general FE is not reduced, denote by F,.q the underlying
reduced subscheme.

Definition 6.12. The intersection graph of E.eq is defined as follows:

-vertices: A vertex of multiplicity n for each irreducible component (Ereq)i of Ereq which decom-
poses over the algebraic closure of K into n irreducible components.

-edges: Different (Ereq)i and (Ereq); are connected by (Ered)i-(Ered); undirected edges.
(Erea)i has % (Evea)i-(Erea)i + multiplicity of (Evea)i loops.

If K is algebraically closed, then the (Eycq); are isomorphic to IP}( and the self-intersection of
each (FEyeq)i is —2, because the resolution is crepant.

Let K — L be a Galois extension, I' = Autx (L). I" operates on the intersection graph of (Eyeq)r,
by graph automorphisms. The irreducible components (Feq); of Ereq correspond to I'-orbits of
irreducible components (Eyed)r k of (Ered)r, by proposition 5.10. For the intersection form one
has

(Ered)i-(Ered)j = ((Ered)i)L-((Ered)j)L = Zkl(Ered)L,k-(Ered)L,l
where indices k and [ run through the irreducible components of ((Eyeq)i)r and ((Ered);)r

respectively. Thus for the intersection graph there is a proposition similar to proposition 6.6 for
representation graphs.
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Proposition 6.13. The intersection graph of Fieq arises by identifying the elements of I'-
orbits of vertices of the intersection graph of (Eveq)r, adding multiplicities. The edges between
vertices (Fred)i and (Eyeq); are in bijection with the edges between the irreducible components of

((Ered)i)L and ((Ered)j)L- O

6.2.2 Irreducible components and irreducible representations

The basic statement of McKay correspondence is a bijection between the set of irreducible com-
ponents of the exceptional divisor £ and the set of isomorphism classes of nontrivial irreducible
representations of the group scheme G.

Theorem 6.14. There are bijections for intermediate fields K C L C C between the set Irr(Ep)
of irreducible components of E1, and the set Irr(Gr) of isomorphism classes of nontrivial irre-
ducible representations of G, having the property that for K C L C L' C C, if the bijection
Irr(Er) — Irr(Gyr) for L maps E; — V;, then the bijection Irr(Ey) — Irr(Gr/) for L' maps
irreducible components of (E;)r to irreducible components of (V;)r:.

Proof. As described earlier, the Galois group I' = Autz(C) of the Galois extension L — C,
operates on the sets Irr(G¢) and Irr(E¢). In both cases elements of Irr(Gr) and Irr(Ep) cor-
respond to I'-orbits of elements of Irr(G¢) and Irr(E¢) by corollary 5.23 and proposition 5.10
respectively. This way a given bijection between the sets Irr(G¢) and Irr(E¢) defines a bijection
between Irr(G) and Irr(EL) on condition that the bijection is equivariant with respect to the
operations of I'. Checking this for the bijection of McKay correspondence over the algebraically
closed field C' constructed via stratification or via tautological sheaves will give bijections over
intermediate fields L having the property of the theorem. This will be done in the process of
proving theorem 6.17 or theorem 6.20. O

Moreover, in the situation of the theorem the Galois group I' = Auty(C) operates on the
representation graph of G¢ and on the intersection graph of (Eyeq)c. Then in both cases the
graphs over L arise by identifying the elements of I'-orbits of vertices of the graphs over C by
proposition 6.6 and 6.13. Therefore an isomorphism of the graphs over C, the bijection between
the sets of vertices being I'-equivariant, defines an isomorphism of the graphs over L.

For the algebraically closed field C' this is the classical McKay correspondence for subgroups of
SL(2,C) ([McK80], [GV83], [ItNm99]). The statement, that there is a bijection of edges between
given vertices (Fyed)r,i <> Vi and (Ered)r,j < Vj, can be formulated equivalently in terms of the
intersection form as (Fred)r,i-(Ered)r,; = (Vi, Vj)-

Theorem 6.15. The bijections E; < V; of theorem 6.1/ between irreducible components of Er,
and isomorphism classes of nontrivial irreducible representations of G, can be constructed such
that (Eved)i-(Ered); = (Vi, Vj) or equivalently that these bijections define isomorphisms of graphs
between the intersection graph of (Freq)r, and the representation graph of Gp . O

We will consider two ways to construct bijections between nontrivial irreducible representations
and irreducible components with the properties of theorem 6.14 and 6.15: A stratification of
G-Hilbg A% ([ItNm96], [[tNm99], [Is02]) and the tautological sheaves on G-Hilb A% ([GV83],
[KaVa00], [Is02]).
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6.2.3 Stratification

Let S := K[z1,72], let O € A% be the origin, m C S the corresponding maximal ideal, O :=
7(0) € A% /G with corresponding maximal ideal n C SY, let S := S/nS with maximal ideal
m. An L-valued point of the fiber E = 771(O) corresponds to a G-cluster defined by an ideal
I C Sp, such that n;, C I or equivalently an ideal I C Sy, = S, /npSr. For such an ideal I define
the representation V' (I) over L by

Lemma 6.16. For v € Autg(L): V(y~ 1) 2 V().

Proof. As an Ap-comodule I = Iq @ mpl, where Ig = I/mI. Then v~ '1 =y 'Tg@mp(y )
and V(y~ 1) =y T /mp (v 1) =2 4 Ty = Ty =2 V(I)) by remark 5.20 applied to Ig € Sz. O

Theorem 6.17. There is a bijection E; < V; between the set Irr(E) of irreducible components
of E and the set Irt(G) of isomorphism classes of nontrivial irreducible representations of G
such that for any closed point y € E: If I C Sy, is an ideal defining a k(y)-valued point of the
scheme {y} C E, then

G
Hom,i(y)

V(ID), (Vj)r) #0 < y € Ej
and V (I) is either irreducible or consists of two irreducible representations not isomorphic to
each other. Applied to the situation after base extension K — L, L an algebraic extension of

K, one obtains bijections Irr(ErL) < Irr(Gr) having the properties of theorems 6.14 and 6.15.

Proof. In the case of algebraically closed K the theorem follows from [ItNm99] or [Is02].

In the general case denote by U; the isomorphism classes of nontrivial irreducible representations
of G¢ over the algebraic closure C. Over C the theorem is valid, let Ec; be the component
corresponding to the irreducible representation U; of G¢.

We show that this bijection is equivariant with respect to the operations of I' = Aut x(C): Let
x € Ec; be a closed point such that « ¢ E¢ ;s for ¢’ # i. Then for the corresponding C-valued
point a : SpecC — E¢; given by an ideal I C S¢ one has V(I) = U;. By corollary 5.12
the C-valued point corresponding to vz is o given by the ideal y~'I C Sc. By lemma 6.16
V(y~) = Us (i), where U, ;) = U]. Therefore yx € E. i) and vE; = E ;).

For an irrreducible representation V; of GG define E; to be the component of E, which decomposes
over C into the irreducible components E¢ ; satisfying U; C (V;)c. This method, applied to the
situation after base extension K — L, leads to bijections having the properties of theorems 6.14
and 6.15.

We show that this bijection is given by the condition in the theorem. Let y be a closed point
of £ and a a k(y)-valued point of the scheme {y} given by an ideal I C S, (). K — k(y) is an
algebraic extension, embed k(y) into C. After base extension x(y) — C one has the C-valued
point a¢ : SpecC — {y}¢ given by Ic C Sc. Then V(I)¢ = V(I¢) and I¢ corresponds to a
closed point z € {y}c C Ec. Therefore

yeLE; < z¢€ Eg; for some i satisfying U; C (Vj)c
— Homg(V(Ic), Ui) #0 for some i satisfying U; C (Vj)c
<= Hom{,(V(I),(Vj)u(y) # 0
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6.2.4 Tautological sheaves

Let 0 —» % — Og2 — Oz — 0 be the universal quotient of ¥ := G-Hilbg A2.. The projection
p: Z — Y is afinite flat morphism, p,Oy is a locally free G-sheaf on Y with fibers p.Oz®0, k(y)
isomorphic to the regular representation over (y).

Let Vj, ..., Vs the isomorphism classes of irreducible representations of G, Vj the trivial repre-
sentation. The G-sheaf ¥ := p,Oz on Y decomposes into isotypic components (see corollary
3.71)

Y=D;-0Y
where ¥; is the component for V;. As in subsection 1.2.3 we define the tautological sheaves:

Definition 6.18. For any isomorphism class V; of irreducible representations of G over K
define the sheaf F; on' Y = G-Hilbx A% by

= Jom@, (V; @k Oy,9;) = Hom (V; @k Oy,9)

For a field extension K — L denote by %1 ; the sheaf jfomo (U ®r Oy, , %) on Y, U; an

irreducible representation of G over L.

Remark 6.19.

1) For K = C the sheaves .%; were studied in [GV83], [KaVa00] (see also subsection 1.2.3),
(1) j

they may be defined as well as #; = 7* SomS A2 /G(V ®K Ox2 /G,TF*OAQ )/(Oy -torsion) or

(p«q™ (O A2 OK Vj\/))G using the canonical morphisms in the diagram

/\
\/

(2) #; is a locally free sheaf of rank dimg V.
(3) For each j there is the natural isomorphism of G-sheaves (see proposition 3.74)

T Qpnac vy Vi = Y

Let K — L be a Galois extension and Uy,...,U, be the isomorphism classes of irreducible
representations of G over L. Then a decomposition (V;)r = ;¢ I U; over L of an irreducible
representation V; of G over K gives a decomposition of the corresponding tautological sheaf

(F)) = Homg, (V; @k Oy, 9
%mgL (V; @k Oy )1, %1)
%mgL (DBicr, Ui @1 Oy, 91)
= @zel %mo (U ®r Oy, ,91)
= EB €l; /L,z

We have used the fact that the U; occur with multiplicity 1 as it is the case for finite subgroup
schemes of SL(2, K), see proposition 6.5.
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The tautological sheaves .%; can be used to establish a bijection between the set of irreducible
components of F,.q and the set of isomorphism classes of nontrivial irreducible representations
of G by considering intersections .Z;.(FEreq)j/, i.e. the degrees of restrictions of the line bundles

L= /\rk"@j ZFj to the curves (Ereq) ;-

Theorem 6.20. There is a bijection E; < V; between the set Irr(E) of irreducible components
of E and the set Irt(G) of isomorphism classes of nontrivial irreducible representations of G
such that

%, (Eyea)y = dimg Hom§(V;, V)

where L5 = N1 .Z;.
Applied to the situation after base extension K — L, L an algebraic extension field of K, one
obtains bijections Irt(Ey) < Irr(GL) having the properties of theorems 6.14 and 6.15.

Proof. In the case of algebraically closed K the theorem follows from [GV83].

In the general case denote by Uy, ..., U, the isomorphism classes of irreducible representations
of G¢ over the algebraic closure C, Uy the trivial one. Over C' the theorem is valid, let Ec ;
be the component corresponding to the irreducible representation U; of G¢, what means that
Loi-(Ered)cir = 8, where Lo = N*7¢1 Zas.

To show that the bijection over C'is equivariant with respect to the operations of I' = Aut 5 (C),
one has to show that v..£c; & £ ), where Uy = U]. Then Zc;.Ecy = vLoivEcy =
Lo~ 7Ec, and therefore YEo v = Eg . ny. It is 2o = Zc ), because using corollary
5.16 and remark 5.17

VFci = %mgic(w ®c Oye,9c)
= %mgic (Ui @c Oye),71:%c)
= Aomg, (U] @c Oy, )
= Joa0)

Since the bijection over C is equivariant with respect to the I'-operations on Irr(G ) and Irr(E¢),
one can define a bijection Irr(G) < Irr(E): For V; € Irr(G) let E; be the element of Irr(£) such
that (Vj)c = @z‘elj U; and (Ej)c = Uielj E¢,; for the same subset I; C {1,...,7}. This method
applied to the situation after base extension K — L leads to bijections having the properties of
theorems 6.14 and 6.15.

We show that this bijection is given by the construction of the theorem. It is (#;)c = @z‘elj Fci

and therefore

Zj(Erea)y = (Zj)o-((Brea)j)c
( ®ielj g(li) ( Zi/elj/ (Ered)cvi/)
Zi,i’ gC,i-(Ered)C,i’
= Zi,i’ dimc Homgc (Ui7 Ui’)
dim¢ Homgc((Vj)C7 (Vir)e)
dim e Hom$%(V;, Vjr)
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6.3 Examples

6.3.1 Abelian subgroup schemes and the toric resolution

Let C be a field of characteristic 0 containing a primitive n-th root of unity £. The cyclic group
G of order n operates on A% as a subgroup of the group SL(2,C') by the representation

— 1] 0
G — SL(2,C), 1— <O fl>

The minimal resolution X of X = AZ /G can be constructed as a toric variety:

A2 = SpecClz1, x| is given by the cone 0 = Q>0(1,0) + Q>¢(0,1) C Q* with respect to
the lattice N = Z(1,0) + Z(0,1) ¢ Q> The inclusion Clzi!,25'% = Claf", (x122)*!] C
Clay!, 3] corresponds to a sublattice M’ C M of M = NV, X = A% /G = Spec Oz, 2] =
Spec C[o¥ N M'] is given by the cone o with respect to the finer lattice N’ = Z(1,0) + Z1 (n —
1,1) € Q? and the minimal resolution X by the fan with respect to N’ consisting of the n
maximal cones o; = Q>o(n —i,i) + Q>o(n —i —1,i + 1), i € {0,...,n — 1}. The exceptional
divisors correspond to the additional 1-dimensional cones 7; = Q>o(n —4,1), i € {1,n — 1} and
form the graph (A,_1).

X is covered by the affine spaces

U; = SpecClo; N M'] = Spec C|s;, t;], i=0,...,n—1
where - o
si - :B_l i 9 t’l = in
xn (i+1) z}

2

The isomorphism from the toric resolution X to the G-Hilbert scheme corresponds to a quotient
0—= 7 — Ox2 — Oz — 0. It is given by the following flat families of G-clusters over the U;
X

(see [[tNm99, Thm. 12.3] for this and [NmO1] for the general case, in this thesis subsection 2.2.1
and example 2.27):

I; = <$i+1 - Sz'ynf(iﬂ)ﬂy — sty — fﬂi> C Clsi, ti][z, y]

There are n—1 1-dimensional cones 7; = Q>o(n—1,i) = 0y_1N0oy, i € {1,...,n—1} corresponding
to the exceptional divisors F1,...,E, 1. F; = IF% is given by the equation ¢;—; = 0 in the affine
chart U;_1, by s; = 0 in U; and is parametrised by (¢ =z} : b=z5"").

The restriction of .# to E; is given by the restrictions of I;_; and I; to {t;—1 = 0} and {s; = 0}
respectively and thus by

I(a,b) = <xl - %yn72:7 Ty, yni(%il)am%+1> b 7& 0

Loy = (g —y" ' wy,y" V2 a#£0
The restriction of the summand .%;®¢ V; of p,Oz corresponding to the irreducible representation
V; that occurs on the 1-dimensional subspace (1) or (x5 7). C Clz1, 2] to E; is isomorphic

to )
j<i-—1: :U]OEi%OEi ®c Vj } }
j=i: (#70p,(1) ® y" 7O, (1))/ (br? — ay™7) = Op,(1) @c V;
j>i+1: y"IO0f = O ®cVj

It follows that the bijection between nontrivial irreducible representations of G and irreducible
components of the exceptional divisor described in section 5.3 by a stratification and in section
5.4 by the tautological sheaves maps V; «— Ej.
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Now we will consider the situation over a field that does not contain a primitive n-th root of
unity. Let K = Q(£ 4+ ¢71) and C = Q(€), € a primitive n-th root of unity. K — C is a Galois
extension with Galois group I' := Auty (C) = {id, v}, where vy : & — ¢~ 1.

- Consider first the finite subgroup scheme G = Spec K[z|/ (z™ — 1) C SL(2, K) such that the
map of C-valued points determined by the inclusion G — SL(2, K) is the representation

G(C) 2 Z/nZ — SL(2, K)(C), T (g €91)
For n > 3 there exist closed points of this group scheme which are not K-rational. The closed
points of G correspond to the sets of C-valued points {0}, {1,n — 1}, ..., these are the I'-orbits
in G(C), T" operating by v : a+— 7.
The coalgebra structure of A = K[x]/ (z™ — 1) is given by 2 — 2'®z’, A decomposes into simple
subcoalgebras A = @?:_01 Kz, the irreducible representations are the characters 1,z,..., 2" 1.
We assume that the representation corresponding to x occurs on (1), C Klx1, z2].
Again one may construct the toric resolution, again the representation z! corresponds to the
divisor E; and one has the graph (A,_1).

- Secondly consider the finite subgroup scheme G C SL(2, K) with each of its closed points
K-rational, the inclusion given by the representation
~ - 0 -1
G(K) = 7Z/nZ — SL(2, K)(K), T~ (1 £+5—1>
After base extension K — C it is possible to construct the toric resolution: Choose a C-basis of
(x1,22) such that the operation is diagonal, e.g. | = x1 — {xo, ) = 1 — ¢ 1ay, and proceed
as above.

It remains for n > 3 a nontrivial representation of I' on the K-subspace (z/, %) C (1, x2):
With respect to the basis x/, 2, it is given by

0 1
(1)

This way I' operates on Cf[z),2}], it permutes the E; and the U;, one has v : Cl[s;,t;] —
Clsn—i—1,tn—i-1], Si ¥ tn—i—1, t; — Sp—i—1. This can be translated into an operation on the
cone o and the fan of the minimal resolution in Q?2, 7 interchanges the base vectors (1,0), (0,1)
of Q2.

For n > 3 the I' operates nontrivially on the set of irreducible representations of G ¢ over C by
Vi— VZ.V = V,—i (the operation on the closed points of G¢ is trivial, the conjugate representation

arises by application of 7 to the entries of the matrix, here £% +— £"~%) and on the set of irreducible
components of the exceptional divisor by v : F; — E,,_;, one obtains the diagram (A, _1)’.

6.3.2 Finite subgroups of SL(2, K)

In the case of subgroups G C SL(2, K) the representation graph can be read off from the table
of characters of the group G over an algebraically closed field, since in this case representations
are conjugate if and only if the values of their characters are. We have the following graphs for
the finite subgroups of SL(2, K') (use theorem 6.10):

- Cyclic group Z/nZ, n > 1: Tt is £ + 71 € K, € a primitive n-th root of unity.
(An—1) if € € K, otherwise (A4,,_1)".
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- Binary dihedral group BD,, n > 2: It is c = %({ +¢7h € K, € a primitive 2n-th root of unity,
and (—1,¢2 — 1)k = 1.

(Dp42) if n even or /—1 € K, otherwise (Dj,42)".

- Binary tetrahedral group BT: It is (—1,—1))x = 1.

(Eg) if K contains a primitive 3rd root of unity, otherwise (Fg)’.

- Binary octahedral group BO: It is (—1,—1)x = 1 and V2 € K.

(E7)
- Binary icosahedral group BIL It is (—1,—1)x = 1 and v/5 € K.
(Es)
Examples for the graphs (A,)’", (Dam+1)’, (Eg)":
(A" Z./(n +1)Z over Q(& +£71), € a primitive (n + 1)-th root of unity

(Dom+1)': BDagy,—1 over Q(&), € a primitve 2(2m — 1)-th root of unity
(Es)': BT over Q(v/—1)

6.3.3 The graph (Dy,,)

Let n > 2, € a primitive 4n-th root of unity and ¢ = 2. Put K = Q(¢ +¢71), C = Q(¢) and
I' = Autg(C) = {id,~}.

One has the injective representation of BD, = (0,7 |72 = ¢™ = (70)?) in SL(2,C):

) ()

We will identify BD,, with its image in SL(2,C) and regard it as a subgroup scheme of SL(2,C').

I" operates on SL(2,C), the K-automorphism y € T', v : £ = £~ ! of order 2 operates nontrivially
on the closed points of BD,,:

§ 0 —1 &too
) e (Y
_ 0 -—¢ (0 —e1
T = 1 0 — TO = - 0

The subgroup scheme BD,, C SL(2, C) is defined over K, let G C SL(2, K) such that G¢ = BD,,.
The closed points of G correspond to I'-orbits of closed points of BD,,, they have the form {id},
{_@d}7 {Uka Uﬁk}v {To'kaTo'ikJrl}'

~ operates on the characters of BD,, as follows:

n even n odd

1 — 1 1 — 1
1 - 1/ 1 - 1
1// —s 1/// 1// — 1//
1/// — 1// 1/// — 1///
21— 2 21— 2

One has the graph (D,,12)" for n even and the graph (D, ;2) for n odd.
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Anhang A

Zusammenfassung in deutscher
Sprache

Die Beobachtung von McKay, publiziert 1980, setzt exzeptionelle Kurven in der minimalen
Auflssung von Quotientensingularitéiten A% /G fiir endliche Untergruppen G C SL(2, C) in Be-
ziehung zu der Darstellungstheorie der Gruppe G:

Beobachtung A.1. ("Klassische McKay Korrespondenz”, [McK80]).

Es gibt eine Bijektion zwischen der Menge der irreduziblen Komponenten des exzeptionellen
Divisors E und der Menge der Isomorphieklassen nichitrivialer irreduzibler Darstellungen der
Gruppe G und dariber hinaus einen Isomorphismus von Graphen zwischen dem Schnittgraphen

von Komponenten von Fieq und dem Darstellungsgraphen von G, wobei beides Graphen vom
Typ ADE sind.

Dabei enthalten der Schnitt- bzw. Darstellungsgraph Informationen iiber die Konfiguration der
exzeptionellen Kurven bzw. die Zerlegung von Tensorprodukten irreduzibler Darstellungen mit
der gegebenen 2-dimensionalen Darstellung.

In der Folge wurden, um diese Beobachtung zu erkldren, verschiedene Ansétze betrachtet, zu-
dem durchlief dieses Thema zahlreiche Variationen und erfuhr betréchtliche Erweiterungen. Wir
versuchen, die grundlegende Idee zu formulieren, ausfiihrlichere Darstellungen dieses Forschungs-
gebiets findet man in [Re97], [Re99].

Sei G eine endliche Gruppe von Automorphismen einer glatten Varietét M {iber C, etwa M = A,
mit einer linearen Operation einer endlichen Untergruppe G C SL(n, C). Ublicherweise wird der
Quotient M /G singulér sein und man betrachtet Singularitéitenauflosungen ¥ — M/G mit
gewissen Minimalitétseigenschaften (in Dimension 2 gibt eine bis auf Isomorphie eindeutige mi-
nimale Auflosung, in hoheren Dimensionen hat man den Begriff einer krepanten Auflésung). Die
McKay Korrespondenz im allgemeinen beschreibt die Auflésung Y mittels der Darstellungstheo-
rie der Gruppe G, folgendes Prinzip wurde von Reid formuliert:

Prinzip A.2. ([Re99, Principle 1.1]). Die Antwort auf jede wohlgestellte Frage iber die Geome-
trie von Y ist die G-dquivariante Geometrie von M.

Realisierungen dieses Prinzips sind ein Isomorphismus K (Y) = K% (M) zwischen der K-Theory
von Y und der G-dquivarianten K-Theorie von M (” K-theoretische McKay Korrespondenz”)
oder eine Aquivalenz D(Y) ~ D%(M) zwischen der derivierten Kategorie von Y und der G-
dquivarianten derivierten Kategorie von M (”derivierte McKay Korrespondenz”).
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Eine Methode, Auflésungen von Quotientensingularitéiten zu konstruieren, ist das G-Hilbertsche-
ma G-Hilbg M. Es parametrisiert G-Cluster, dies sind G-stabile endliche abgeschlossene Unter-
schemata Z C M, deren Koordinatenring als Darstellung iiber C isomorph zu der reguldren
Darstellung von G ist. Ein freier G-Orbit ist ein G-Cluster, im Fall nichttrivialer Stabilisator-
gruppe kann es jedoch viele nichtreduzierte G-Cluster mit demselben Orbit als Tréger geben,
zum Beipiel besteht fiir G C SL(2, €) der exzeptionelle Divisor E C G-Hilb¢ A% aus G-Clustern
mit dem Ursprung als Tréger.

Fiir G C SL(2,C) ist das G-Hilbertschema G-Hilbg AZ die minimale Auflésung der Quotien-
tensingularitit A% /G. Ahnliche Aussagen gelten in Dimension 3, insbesondere ist fiir endliche
Untergruppen G C SL(3, C) das G-Hilbertschema irreduzibel, nichtsingulér und G-Hilbg A% —
A}, /G eine krepante Auflésung, all das gilt aber nicht mehr in héheren Dimensionen.

Die wesentlichen neuen Resultate dieser Doktorarbeit sind Verallgemeinerungen der McKay Kor-
respondenz sowie Erweiterungen und Verbesserungen bei der Konstruktion von G-Hilbertschema-
ta. Diese Resultate sind enthalten in den Arbeiten [Bl06a], [BI0O6b].

Zum ersten Mal betrachten wir McKay Korrespondenz iiber nicht notwendig algebraisch abge-
schlossenen Grundkorpern und fiir endliche Gruppenschemata statt lediglich fiir endliche Grup-
pen. Sei G C SL(2, K) ein endliches Untergruppenschema iiber einem Koérper K der Charak-
teristik 0. Uber nicht algebraisch abgeschlossenem K kann es sowohl Darstellungen von G als
auch Komponenten des exzeptionellen Divisors E geben, die irreduzibel iiber K sind, aber iiber
dem algebraischen Abschlufl zerfallen. Wir werden sehen, dafl diese beiden Arten, bei Erweite-
rung des Grundkorpers zu zerfallen, miteinander in Beziehung stehen, und werden eine McKay
Korrespondenz, die nichttriviale irreduzible Darstellungen mit exzeptionellen Primdivisoren in
Beziehung setzt, fiir beliebige Koérper K der Charakteristik 0 formulieren. Insbesondere ist die
Schema-Struktur des Gruppenschemas G verkniipft mit der Schema-Struktur der exzeptionellen
Faser E. Folgendes wird Konsequenz detaillierterer Theoreme in Kapitel 6 sein:

Theorem A.3. Sei K ein Kérper der Charakteristik 0 und G C SL(2, K) ein endliches Un-
tergruppenschema. Dann gibt es eine Bijektion zwischen der Menge irreduzibler Komponenten
des exzeptionellen Divisors E und der Menge der Isomorphieklassen nichttrivialer irreduzibler
Darstellungen von G und dariber hinaus einen Isomorphismus zwischen dem Schnittgraphen
von Freq und dem Darstellungsgraphen von G.

Als Vorbereitung fiir Konstruktionen zur McKay Korrespondenz und zu G-Hilbertschemata
muf} einiges an Theorie G-dquivarianter Garben fiir Gruppenschemata G entwickelt werden,
dies geschieht in Kapitel 3.

Mit dem Ziel, die McKay Korrespondenz zu verallgemeinern, verallgemeinern wir die Konstrukti-
on von G-Hilbertschemata auf endliche Gruppenschemata. Das Arbeiten mit Gruppenschemata
verlangt es, die Dinge in streng funktorieller Sprache zu formulieren, zudem werden Eigenschaf-
ten G-aquivarianter Garben fiir Gruppenschemata G gebraucht. In Kapitel 4 gelangen wir zu
folgendem Theorem:

Theorem A.4. Sei G = Spec A ein endliches Gruppenschema tiber einem Kérper K mit A
kohalbeinfach. Sei X ein G-Schema algebraisch tber K, wir nehmen an, dafl ein geometri-
scher Quotient m: X — X/G, w affin, von X nach G existiert. Dann wird der G-Hilbertfunktor
G-Hilby X reprasentiert durch ein algebraisches K -Schema G-Hilb i X und der natirliche Mor-
phismus 7 : G-Hilbg X — X /G ist projektiv.
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Neben der Verallgemeinerung auf endliche Gruppenschemata mit kohalbeinfacher Hopfalgebra
iiber beliebigen Grundkoérpern haben wir die folgenden Erweiterungen und Vereinfachungen
bei der Konstruktion des G-Hilbertschemas: Wir fiihren relative G-Hilbertschemata zu einem
Schema mit G-Operation iiber einem anderen Schema ein und variieren das Basisschema von
G-Hilbertschemata. Dies erlaubt es, das G-Hilbertschema ohne Verwendung des Hilbertsche-
mas von n Punkten zu konstruieren. Diese neue Konstruktion funktioniert unter natiirlicheren
Voraussetzungen, weiter liefert sie zusétzliche Informationen iiber den Morphismus vom G-
Hilbertschema auf den Quotienten, dieser wird interpretiert als Strukturmorphismus eines rela-
tiven G-Hilbertschemas.

Als eine Anwendung ist es moglich, relative Tangentialrdume des G-Hilbertschemas iiber dem
Quotienten zu berechnen, diese stehen in Beziehung zu einer gewissen Stratifizierung des G-
Hilbertschemas, die in Arbeiten zur McKay Korrespondenz betrachtet wird.

Diese Doktorarbeit ist wie folgt gegliedert:

Teil I besteht aus zwei erkldrenden Kapiteln. Im ersten Kapitel fithren wir die Hauptthemen
dieser Doktorarbeit, die McKay Korrespondenz und G-Hilbertschemata, ein. Wir erkléren die
Beobachtung von McKay, Konstruktionen wie die Stratifizierung des G-Hilbertschemas und die
tautologischen Garben, wir diskutieren kurz Erweiterungen wie die K-theoretische und derivierte
McKay Korrespondenz, aber wir beschrianken uns auf den Fall endlicher Untergruppen G C
SL(2, C). Das zweite Kapitel enthélt allgemeine Theorie iiber Quotientensingularitéten, iiber die
Beschreibung des G-Hilbertschemas fiir abelsche Gruppen G als torische Varietédt und andere
Themen sowie zahlreiche Beispiele fiir diese Theorie.

Teil II iiber G-Garben und G-Hilbertschemata bildet den technischen Kern dieser Doktorar-
beit. In Kapitel 3 entwickeln wir die Theorie G-dquivarianter Garben fiir Gruppenschemata G,
die in dieser Arbeit fiir die Konstruktionen zu G-Hilbertschemata und McKay Korrespondenz
gebraucht wird. In Kapitel 4 besprechen, erweitern und vereinfachen wir die Konstruktion von G-
Hilbertschemata. Wir konstruieren das G-Hilbertschema fiir endliche Gruppenschemata G und
fithren relative G-Hilbertschemata ein, wir finden eine Konstruktion fiir das G-Hilbertschema,
die das Hilbertschema von n Punkten nicht benétigt und unter natiirlicheren Voraussetzun-
gen funktioniert. Zudem erhalten wir zusétzliche Informationen iiber den Morphismus vom G-
Hilbertschema auf den Quotienten.

Teil IIT enthélt Resultate iiber McKay Korrespondenz iiber nicht algebraisch abgeschlossenen
Korpern. Kapitel 5 behandelt die Beziehungen, sowohl fiir Darstellungen als auch fiir Kompo-
nenten von Schemata, zwischen der Operation der Galoisgruppe und Irreduzibilitdt bei einer
Galoiserweiterung des Grundkorpers, fithrt Galois-konjugierte G-Garben ein und beschreibt die
Galoisoperation auf dem G-Hilbertschema. Im letzten Kapitel kommen wir zu der Situation des
ersten Kapitels zuriick und erweitern die klassische McKay Korrespondenz fiir endliche Gruppen
G C SL(2, C) auf endliche Gruppenschemata G C SL(2, K) iiber Kérpern K von Charakteristik 0,
die nicht notwendig algebraisch abgeschlossen sind.
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