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16.1 Introduction

This paper is concerned with the statistical analysis of sets of
results in radiocarbon dating, specifically where the events
dated have some a priori relationship between them, either
known or assumed. Two statistical models for the single-
date situation are contrasted and one of these is shown to be
readily extended to the analysis of more complex situations.
Firstly, however, we discuss the reasons why an examination
of this topic is timely and outline the general strategy with
which it we feel it should the approached.

The statistical treatment of sets of calibrated radiocarbon
dates has recently become an issue of importance with radio-
carbon laboratories increasingly encouraging the submis-
sion of groups of samples relating to an archaeological con-
text rather than just single samples. As such the radiocarbon
results require integrating with the archacological evidence.
There seems to be no accepted way of dealing with such
collections of radiocarbon results, other than by various ad
hoc methods, and even calibrating a single result appears to
cause confusion. That there is no consensus on exactly how
the calibration should be performed was evident from a re-
cent survey of radiocarbon calibration programs (Aitchison
et al 1989); different programs produced different results
for the same radiocarbon result; some programs could only
cope with multiple dates on the same sample, while others
combined dates for different events. Some variations among
the programs were due to different approaches to smoothing
the curve, incorporating the error in the curve itself, and
other important but secondary considerations, but it seems
that differences of opinion regarding methods stem mainly
from the use of different statistical models. These models
are not generally explicitly stated and this, we believe, is
why there is great confusion about the correct approach,
quite apart from the mathematical problems caused by the
complex form of the calibration curve.

The mathematical difficulties occur because the high pre-
cision calibration curve which is now internationally ac-
cepted (Stuiver & Pearson 1986, Pearson & Stuiver 1986) is
non-monotonic or multiple intercept, as shown in Fig. 16.1.
As noted above there are a number of computer programs
for dealing with the complexities of the curve, but somewhat
surprisingly there has been little pressure from archacolo-
gists to develop a more unified and rational approach, given
that the programs are all slightly different, especially in
their treatment of sets of dates. It may be that there is
a general feeling that the errors in the radiocarbon dates
are too large, and the number of dates too small, to justify
sophisticated approaches to their interpretation. Such a
view was expressed at a recent one-day conference at the
British Museum. Nevertheless, we will argue that it is only
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by adopting a correct statistical model which incorporates
all the available information into the analysis that valid
interpretation can be made.

If this principle is accepted then, for a particular situation
under consideration, attention must be paid to the following
points.

1. The appropriate statistical model must be formulated.
This must be carried out in collaboration with the
archaeologist concerned.

The correct assessment of all the sources of random

variation in the radiocarbon result must be made in

collaboration with radiocarbon experts.

. Suitable statistical procedures will be needed to esti-
mate the parameters of the model(s) developed in 1.
These will have to be embodied within user-friendly
computer software.,

4. The archaeological community initially will need

help and guidance with the interpretation of the re-
sults.

Error estimation is mainly the province of radiocarbon
laboratories, and while a re-examination of some of the
assumptions about the forms of the errors may be advisable,
in this paper we concentrate on the other three points. It
will be obvious from this that we differ from the view of
Aitchison et al. (1989) who adopt the floruit, or period over
which 50% of a culture’s datable artefacts were produced, as
the single quantity of interest. On the contrary we regard it
as necessary to formulate the model afresh for each situation,
under guidance from the archaeologists.

One point which should be made at this stage is that while
measurement bias in the radiocarbon result must of course
be identified if possible and eliminated, an age offset due
to the use of mature wood (also regarded as a kind of bias)
affects the true calendar date and not the radiocarbon resuit.
In principle, therefore, it should be regarded as a possible
input to the model and not as another source of ‘error’. Other
types of bias in the archaeological record and its sampling
may not be so readily identified and hence incorporated into
the analysis; the possibility of these must always be borne
in mind. Also it is worth distinguishing between multiple
dates which relate 1o the same event and those which relate to
differentevents. Itis the latter with which we are concered:
replicate dates on the same sample or dates from separate
samples from the same object, or in some cases, the same
archaeological context, can be examined and combined at
the radiocarbon level before calibration since they have the
same true radiocarbon result, and calibration to the calendar
scale is irrelevant at this stage (see €.g. Bowman 1990).
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Figure 16.1: Part of the high precision calibration curve (Pearson & Stuiver 1986,
Stoiver & Pearson 1986) showing typical wiggles. Error bands on the curve have

been omitted for clarity.

16.2 Previous treatment of multiple
dates.

A few publications deal with statistical models for dates
relating to different events, and a selection of these illustrate
the range of situations which can arise. There is clearly a
need for a general approach which is fiexible enough to be
adapted to a wide variety of situations.

One of the earliest attempts to analyse a complex set of
dates was that of Orton (1983). He developed a model for a
number of possibly overlapping phases, from each of which
a number of radiocarbon results were available, placed in
phases on the basis of ceramic associations; the aim was to
estimate the beginnings and endings of the phases on the
radiocarbon scale. This was later re-examined by Naylor
and Smith (1988) from a Bayesian viewpoint which we will
discuss in depth later. Helskog and Schweder (1989) consid-
ered a number of Late Stone Age Norwegian houses, each
having an associated radiocarbon result. They estimated,
on the basis of the dates and their errors, the probability
distribution that each house was occupied at a given time,
and hence the number of houses simultaneously occupied.
A Bayesian approach to the case where a set of dates is
available for each house was also suggested. Vincent (1989)
also suggested a Bayesian approach, in this case for dealing
with the common situation in which one date is known to
be older than a second on the basis of stratigraphy although
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the radiocarbon results are in the reverse order. Apparent
contradictions of this kind could arise quite naturally with
multiple intercept curves as shown by Bowman (1990). One
can envisage many more possibilities, for example models
including constraints introduced by termini ante quem and
termini post quem implied by stratigraphic or historical
evidence.

Clearly such studies are relevant to real archaeologi-
cal problems but their restriction to monotonic calibration
curves or radiocarbon results before calibration limits their
applicability. A study which combined the use of sev-
eral multiple intercept curves (but not the now accepted
version) with a realistic problem (the estimation of phase
lengths given ceramic associations) was described by Nay-
lor and Smith (1988). Their basic model together with the
Bayesian methodology for parameter estimation provides
a starting point for the study of other situations. Before
we describe their approach we briefly discuss the model
currently adopted, albeit implicitly, by radiocarbon labora-
tories in interpreting radiocarbon dates. There is a subtle
difference between this model, which essentially describes
the measurement process alone, and one which captures the
whole process of the generation of the calendar event and
its realisation and measurement in radiocarbon terms. It is
this difference which we believe is the source of confusion
in calibrating single dates and the reason why multiple date
situations have not always been realistically treated.
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16.3 The laboratory interpretation of ra-
diocarbon error distributions.

Radiocarbon results are generally reported as z + o where
o is the standard deviation of the error. The evaluation of
the error is partly theoretical and partly empirical; despite
its empirical component, it is treated as if it were known,
and confidence limits for the true radiocarbon date, X, are
set up, based upon the implicit model

X =z +e, wheree ~ N(0,0?).

This is the model adopted by Ward and Wilson (1978)
whose tests for homogeneity of results and recommen-
dations for combining replicate samples are widely used
amongst the radiocarbon community. From the point of
view of the laboratory issuing the results, this model and
interpretation are quite adequate since at the laboratory
stage only the results of the measurement process are being
expressed.

With this model, the measured radiocarbon result, z, is
used as the best estimate of the mean of the normal distri-
bution of possible radiocarbon measurements which might
arise on repeated measurements of the same sample, i.e.

X ~ N(z,0%).

This model is apparently adopted by most programs for
‘probability’ calibration, including Robinson (1978), Leese
(1988), and the CALIB program of Stuiver and Reimer
(1986,1989), though as noted below the use of a ‘non-
dividing’ probability method in the latter suggests the im-
plicit use of a different model. If this model is adopted
as it stands, it is necessary to divide the probability den-
sity among the various possibilities, caused by multiple
intercepts, when transferring from the radiocarbon scale to
the calendar scale. This can give rise to computational
problems, and moreover this way of looking at the situation
is not amenable to the extension to multiple dates since it
has no way of incorporating any prior knowledge about the
calendar dates sampled. A different approach is required
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for this. While the computations involved in multiple date
extensions of the model below are difficult because of the
requirement of numerical integration, the basic models are
quite simple to formulate. However they do require a dif-
ferent approach to the model building process which is now
explained.

16.4 The underlying statistical model for
radiocarbon dated events.

The commonly held view of the conversion from a radio-
carbon result to a calendar date is, given a distribution
on the radiocarbon scale, usually expressed in terms of a
radiocarbon date and its standard deviation, what is the
corresponding distribution on the calendar scale? We be-
lieve that this emphasis on converting a distribution from
one scale to another is misleading and that it is beneficial
to view the problem as one of estimating the calendar date
corresponding to an observation on the radiocarbon scale by
means of a likelihood function. One of the consequences of
changing this emphasis is that the resulting model readily
lends itself to extension to the more complex multi-sample
or multi-phase situations that were mentioned earlier.

We now formulate our model by assuming that we are
attempting to date an event which has a uniqgue but unknown
calendar date, denoted by 6. Associated with this event is
a unique radiocarbon date, u(6); we are unable to measure
#(6) with total accuracy but we can observe a noisy version
of this radiocarbon date, denoted by z. We can view this z
as a realisation of a random variable X where

X = u(f) + noise.

Assuming that the noise has a normal distribution with
mean zero and standard deviation o then X ~ N(u(8),0?).
With this formulation it is clear that when a radiocarbon
result is reported as z & o, then this should be interpreted
as a 68% confidence interval for the true radiocarbon date
£(8). Note that this is virtually the same as the laboratory
interpretation, except for the now explicit dependence on 6.

We now have to relate u(6) to 6 using the high precision calibration curve expressed in its piecewise linear form

a; + b0
ar + b0

u(f) = {

(6 < )
(Ok_l <0< ok,k’—‘ 1,2,...,1()
ag + byl (0 > 01{)

where K + 1 is the number of knots used to define the calibration curve and where a; and b; are assumed to be known

constants. Then we have

X ~ N(a + b,6, 0?)
X ~ N(ai + be8,0?)

(6 < bo)
(0 — et &< 00k =902, Bk, I)

X ~ N(ag +bK0,0'2) (0 >0k)
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We are now in a position to write down the likelihood function relating the observed radiocarbon result, z, to the unknown

calendar date, 6. It is simply

ey = 2
#;exp—gui‘-;yb—‘ﬂ— (6 < )

l(z;0,0) =

ﬁ;;exp—ix'—a;#ﬁ (Bro1 <0< 0, k=1,2,....K)

r—ar—br8)?
VJ—T;CXP—K-‘_;—U:A_OL (aK < 6)

To illustrate the nature of the likelihood we consider a
highly simplified calibration curve with one wiggle. Plots of
the likelihood for three different radiocarbon results (all with
standard deviation of 100) are given in Fig. 16.2. For the
result well away from the wiggle the likelihoodis uni-modal
and symmetric. However this is not so for results near the
wiggle where the likelihood becomes decidedly asymmetric
and bi- or even tri-modal. If we use the actual high precision
calibration curve then the situation will obviously become
more complex.

Before being able to make inferences concerning the un-
known date, 8, we have to decide which statistical method-
ology to adopt. In the classical approach we would use
the method of maximum likelihood which chooses as our
best estimate of § that value which results in the likelihood
having a maximum. However it is clear that this is highly
unsuitable for the multimodal likelihoods that arise in this
problem. Alternatively we may use the Bayesian approach
which can deal with the complexities arising from such
likelihoods and also provides a means of including prior
information in the analysis. To make inferences regarding
0 we need to make prior assumptions about 8 and this is ex-
pressed in terms of the prior probability density p(6). Then
the posterior probability density of 6 which encapsulates
both the prior information and the information carried by
the radiocarbon results, is given by

I(z;0)p(9)
Ji(z; 0)p(6)dé

Little or no prior knowledege about the calendar date may
be expressed by a ‘vague prior’, i.e., by letting p(d) = 1
over the whole range of 8. Effectively this is saying that
the event under consideration is, in the absence of any other
information, equally likely to have occurred in any year.
(This is, in fact, what the CALIB program assumes although
it is not entirely clear that users of the program appreciate
that this assumption has been made).

Of course in some situations more prior information will
be available. For example we may know that a date should
be, based on other evidence, between two calendar dates 6,
and 0,(6, < 6;) but that there is no evidence suggesting
that one date within this range is more likely than any other.
This may be captured by setting our prior density as

p(blz) =

(Hb - oa)_l,
0

"4 (6. <0< ),
0= { (otherwise)

Another common problem is that we know a priori that
one event must be later than another and we have radio-
carbon results for both. Let #; and §,(6; < 62) be the
unknown calendar dates of the two events. Let z; and
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x5 respectively be the corresponding observed radiocarbon
results. Furthermore let the reported standard deviations
be o, and o respectively. Assuming that the radiocarbon
results are independentof each other, the likelihood relating
the observations z; and z» to the unknown dates 6, and 6.
is given by

l(zy,22;01,02,01,02) = l(z1;0,,01)(22;02,02)

To make inferences regarding 6; and 6, we need to ex-
amine their joint posterior density.

Vincent (1988) has suggested a Bayesian approach to this
problem and here we reanalyse an example he gave. For
direct comparisions to be made with his results we assume
that the calibration curve in the timespan of interest contains
no wiggles and so is a straight line. The example has the
radiocarbon results apparently in a different order to the
known stratigraphic order.

1900BP+85
1800BP=70

Radiocarbon result
Radiocarbon result

Iy
T2

Let the calendar dates of events 1 and 2 be #; and
0, = 6; + 03 rcspectively where #, > 0 and 63 > 0.
This formulation ensures that the event 2 is earlier on the
calendar scale than event 1 despite the radiocarbon results
suggesting otherwise. Assuming vague prior information
over the region 4; > 0 and 03 > 0, plots of the joint
posterior density of 8; and 83, their marginal densities and
the marginal density of 8, = 6, + 03 are given in Fig. 16.3.

The marginal posterior density of 6; is symmetric with a
mode at 1810; its expected value and standard deviation are
1807 and 62 respectively. The marginal posterior density of
0, has a mode at about 1860; its expected value and standard
deviation are 1863 and 58 respectively. These results show
good agreement with those of Vincent obtained by a slightly
different method. If we follow the convention of reporting
two-sigma intervals these are 1683 to 1931, and 1747 to
1979 for 6, and 0, respectively. But these intervals overlap
which contradicts our prior knowledge that #; is smaller
than 8,. Thus it is obvious that reporting in this way will be
grossly misleading and further analysis is required.

The contour plot of the joint posterior density of , and 03
is more informative, the mode is in the region of #; = 1830
and 03 very close to zero. That is the most likely dates for
events 1 and 2 are about 1830BP and a little before this,
respectively. If we want to report an interval for 6; and 63,
and we encourage this, we need a means of summarising
the shape of the contours. This is a somewhat difficult task
and we believe that a summary in the form of a contour plot
together with some brief explanation is probably adequate.
Turning to the marginal plot of @3, this confirms that the
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Figure 16.2: Plots of the likelihood using a simplified calibration curve

(a) z = 3500,0 = 100
) z = 3125, 0 = 100,
(c) z = 3000,0 =100

second event is most likely to have occurred just before the
first, athough it could be up to 200 years earlier (depending
on the date of the first event).

The above analysis illustrates the need to consider the
joint posterior density for this type of situation. Looking
at the two-way plot shows that inferences made about the
second date (i.e., 2 = 61 + 03) depend upon 6;. At
6, = 1900BP the fall off is very steep, whereas at 1700BP
a very wide range of values for the second date are almost
equally likely; in other words the marginal plots are not
telling the whole story: we need the contour plot of the joint
density to see how the two dates are related.

As we have just demonstrated the interpretation of results
of this nature may can difficult even when the calibration
curve used has no wiggles. Just for comparison purposes,
plots of the joint posterior density of 6; and 63 using the
high precision curve is given in Fig. 16.4. We leave the
interpretation to the reader! While the interpretation of
plots such as these may be initially difficult (and as we have
suggested might require some statistical advice) they do
give a realistic idea of the range of possibilities and their
interaction. Moreover, if specific questions are posed then
this kind of model can provide specific answers, even for
quite complex situations.

105

16.5 Extension to more complex prob-
lems.

Turning to more complicated situations, we believe that
the way forward has been pioneered by Naylor and Smith
(1988). Ironically they were not interested in problems
associated with radiocarbon dates per se, but wanted a com-
plex problem, with a high dimensional, multimodal likeli-
hood with constraints on the parameter values, with which
to demonstrate the capabilities of their recently developed
computer package, BAYES4 (Naylor & Shaw 1985). Their
paper is written for statisticians and most archacologists
(and some statisticians) will not be able to appreciate its
significance. For this reason we attempt to summarise the
features that have important implications for archaeologists.
To help do so we consider the paper in five different aspects,
which will be common to all types of problem, namely:

the archaeological problem

the statistical model

the prior information

the statistical inference procedures
the interpretation of the results.

b Yem
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Figure 16.3: Plots obtained using a simplified calibration curve

(a) Marginal posterior density of 6;.
(b) Marginal posterior density of 6-.
(c) Marginal posterior density of 63.
(d) Joint posterior density of §; and 5.

1 The archaeological problem

The problem relates to a collection of sixty-five radiocarbon
results (with their associated measurement standard devi-
ations) from the excavation of the Danebury iron-age hill
fort (see Cunliffe 1984). Associated with the archacological
contexts from which the radiocarbon samples were taken are
assemblages of archaeological finds. These finds include
pottery sherds which ceramic experts have characterised
into four phases. For convenience we will label these Phases
1-4. The problem is to determine the beginning and ending
dates, on the calendar scale, of the four phases using the
radiocarbon results. The radiocarbon results associated with
each Phase and the relevant section of the high precision
calibration curve which was used are given in Fig. 16.5.
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2 The statistical model

In order to develop a statistical model appropriate to the
question posed above, several modelling suppositions will
have to made. The validity of these will obviously be
questioned by archaeologists but we leave our discussion
of this point until later.

1. For a sherd of calendar date @ the corresponding ra-
diocarbon result is assumed to be a realisation from
a normal distribution with mean u(6) and known
standard deviation o.

The events corresponding to the radiocarbon results
are statistically independent of each other. Also the
radiocarbon determinations are statistically indepen-
dent of each other.

The parameters of the high precision curve are known
exactly.
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Figure 16.4: Joint posterior density of 6, and 83 using the high precision calibration

curve

4, The four phases are regarded as abutting non-
overlapping phases. Let o be the beginning of Phase
1, a2 the ending of Phase 1 and the beginning of
Phase 2, a3 the ending of Phase 2 and the beginning
of Phase 3, a4 the ending of Phase 3 and the begin-
ning of Phase 4 and a5 the ending of Phase 5 where
a1 > ag > az > ag > as. Then inferences need to
be made about a1, a3, a3, a4, as.

5. Each sherd has been assigned to one and only one
Phase.

6. Within each Phase it is assumed that the ceramic
production is constant and that the sherd associated
with a radiocarbon date is equally likely to come from
any year within that Phase. If the year of production
of a sherd in the jth Phase is denoted by 6 then this
assumption results in a density of 6 as follows

by S . ;
p(ola,-,a,-+1)={ (o ey 1) 040y 2of, 2.0 40

Given these assumptions it is possible to write down the
likelihood function, denoted by I(z; ), relating all the
sixty-five radiocarbon results to the unknown parameters
ai, a9, a3, a4 and as, the beginning and ending dates of
the Phases.

3 The prior information

To apply the Bayesian methodology to obtain the posterior
density of a1, as, a3, as, o5, We need 1o specify our prior

0
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(otherwise).
belief about these parameters. In the light of no information
about these values except that they are ordered we take

1 (1> 02> 03> a4 >as)

plar, 2,03, 04, 05) = { 0 (otherwise)

4 The statistical inference procedures

The joint posterior density is given by

play, ag, a3, a4, aslz) o« I(z; )p(or, a3z, a3, oy, o5)
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Figure 16.5: The high precision calibration curve relevant to the Danebury exam-
ple. The o are the beginning and ending dates of the four phases on the calendar
scale. The radiocarbon results for each phase are shown on the vertical axis.

This can be thought of as a surface in five dimensions,
a surface that may be rather strange with various modes
and ridges. To interpret it various one and two dimensional
plots are extracted. This is where sophisticated software for
numerical integration and contouring is required and Naylor
and Smith (1988) carry this out using the BAYES4 program.

5 The interpretation of the results

The plots of the marginal densities of the «; given by Naylor
and Smith show that the posterior densities of these parame-
ters are skew and so that reporting results in the statistically
conventional way by a mean and standard deviation will be
inappropriate. Furthermore plots of the joint posterior den-
sities of the pairs «; and a; show that the a; are correlated
with each other. This is not unexpected as say moving the
end of Phase 1 (ar2) a little earlier will have a direct influence
on both o; and a3, and to a lesser extent a4 and as.

Despite the difficulties in interpreting such plots, which
will be obvious even from the simple examples given earlier,
the model nevertheless provides answers to certain specific
questions which are clearly of interest to the archaeologist.
Thus, although the model was set up in the first place to
estimate the beginnings and endings of phases in calendar
years, it also allows inferences about individual sherds to
be made, namely:

o the calendar date for an archacological context given
an associated sherd from one of the phases;

o the phase of a sherd, given the calendar year;

o the phase of a sherd, given the associated radiocarbon
result.

108

Such matters are impossible to assess from ‘probability’
conversions of the individual dates or indeed from any
attempt to describe the data for each phase in terms of
‘blanket’ summary statistics.

16.6 Discussion and conclusions

There are obviously many criticisms that can and have
been levelled at any attempt to model a complex situation.
There are aspects in any model that both archaeologists and
radiocarbon laboratories will raise objections to although
we must emphasise that many of these can be overcome by
some collaboration between workers in the three disciplines
involved. This is clearly acknowledged by Naylor and
Smith in their paper. For instance in the above study the
high precision curve was not used as it was not available
at that time. Another practical point is that the standard
deviations of the radiocarbon dates were used as reported by
the laboratory despite possible under-estimation. However
in a re-analysis account of both these points has been made
(Naylor 1990).

Some archaeologists will be unhappy at some of the
modelling suppositions which have been put forward. For
example in the case of Danebury, why are the phases non-
overlapping? Why should the sherds be uniformly dis-
tributed over a Phase? Can a sherd be assigned to more than
one Phase? The model can be readily adapted to encom-
pass these and other complexities but the overall Bayesian
methodology will remain the same. Of course any changes
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to the model would have to capture the archacologist’s per-
ceived idea of the underlying processes generating the data.
Furthermore he or she must be prepared to defend these
ideas.

While there is obviously considerable scope for discus-
sion about the adequacy of any particular model and the
data to estimate its parameters, the important point is that
a methodology exists which is capable of being adapted to
the range of situations which archaeologists may encounter.
Even if the quality and quantity of the data which is presently
available may not seem to warrant the complex mathematics
involved, all those concerned with radiocarbon dating must
surely wish to improve matters, as can be seen in the recent
intercomparison and quality control studies. To abandon the
attempt to improve data treatment would be irresponsible.
It should also be recognised that inferences are made from
radiocarbon dates, so that any attempt to make inferences
more objective and explicit must be to the good. Finally,
although space has precluded a discussion of this topic,
model building of the type described has the advantage that
sensitivity analyses can be performed. That is, the effect of
changes in either the data or the model can be investigated
to give an idea of the range of feasible inferences which is
consistent with the data.

The practical implementation of the ideas put forward
here is in some ways more problematical than the de-
velopment of the theory. For single radiocarbon results
about which there is no specific knowledge, the CALIB
program produces probabilities that are in line with the
simple ‘vague’ prior model outlined earlier. For more com-
plex situations involving specific prior knowledge and/or
more than one date, one requires the numerical integration
techniques embodied in a package like BAYES4. Alierna-
tively the development of novel techniques based upon the
Gibbs Sampler (Geman & Geman 1984) may prove easier to
implement. Even if programs were more readily available,
expertise will be required at least in the short term in setting
up the model and interpreting the results. Nevertheless,
there is no reason in principle why radiocarbon laboratories
with access to modemn computing facilities should not ac-
quire this expertise once the basic statistical framework has
been established.
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