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INFORMATION THEORY AND DENDROCHRONOLOGY ; THE EYFECT OF PRE-WHITENING
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L. Introduction

As a practical method of dating oak structures, dendrochronology
has been very successful., The results for the British Isles are.con-
tained in many articles and in two recently published books; Fletcher
(1978) and Baillie (1982). As described in Fritts (1976), the weather
is usually the main factor in determining the width of the annual ring
of growth round the circumference of the trunk of the tree. Notwith-
standing the details, this relationship between weather and ring-width
makes the relative dating (ie cross-dating) of a piece of oak by
comparing its sequence of successive indices of ring widths with other
such sequences practical.

There has been much recent work analysing the relationship between
the weather conditions and ring widths and this is important for dendro-
chronological theory and practice (see Fritts 1976, Hughes et al 1978
for further references), Equally important is the theory of
cross-dating and it is to this aspect of the problem that this paper is
devoted. In an earlier article, Laxton and Litton 1982, we showed how
cross-dating could be interpreted as a decoding for a Gaussian channel.
Here we take the programme a stage further by pre-whitening all sequences
of indices before analysing the cross-dating process and as a result
improve the process of cross-dating. In theory, and largely in practice
too, -pre-whitening removes the autocorrelation within the sequences so
that they are better suited for interpretation by means of Gaussian
channels.

In the following we will show that cross-dating within five (pre-
whitened) dendrosystems from the East Midlands of England is well modelled
by the decoding of 'good random' codes in appropriate Gaussian channels
(Gallacher, 1968). In future this may provide a guide to the success or
otherwise of a master dendrochronological sequence - especially if it is
to be used to cross-date specimens from oak trees growing in a varied
geographical and/or climatic region. The years of growths of the rings
in the samples in these five dendrosystems are known since actual felling
and boring dates are known.

We indicate the usefulness of this approach by applying it to five
more dendrosystems from the East Midlands whose chronologies we have dated
with a master chronology. For example, it is well known that 'short'
sequences are difficult to cross-date with a site chronology. We estimate
from characteristics of a given dendrosystem the least length for which
the probability of error in cross-dating with the chronology is at most
0.01 (a 1% error bound). We show how the 1% error bound varies with the
power to noise ratio and compare the theoretical bound with actual data.
The agreement is quite good. Finally we make a further practical
application to a collection of sequences from the tower of Hagworthingham
Church, Lincolnshire.
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Fritts in his book writes on the "...climatic and environmental
information common to the sample trees" and also quotes Dean's remark
that "cross-dating involves the recognition of identical messages". We

show here that these ideas can be given quantitative expression in
classical information theory.

© 2 Pre-whitening, chronology formation and dendrocodes

Let x = (%,,...5%y) be a sequence of ring-widths, where as usual
%, is the width of the innermost of these M rings. This sequence is
first converted into a sequence y = (y1,...,¥y.y) of indices by the
transformation (Baillie and Pilcher 1973)
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Since the growth of a tree ring may be related to the growth of the
rings in previous years, the terms of the sequence x may be autocorrelat
“Furthermore, the very form of the transformation from x to y may intro-
duce more autocorrelation. It is well-known that cross-correlating two-
autocorrelated but unrelated sequences (ie, perhaps from different time
periods) will result in spurious matching (Box and Jenkins, 1970).
Therefore in order to remove this autocorrelation, the sequence of
indices y =(yl""’yM-4> is pre-whitened as follows.

Suppose the y; form an auto-regression process of order R, then

YiFogYig Tog¥ip T tapyyptey
where the a: are the parameters of the process and the €j are. independen
and identically distributed Gaussian random variables with zero mean and
constant variance U%. The as's can be estimated by using the sample
autocorrelations and the Yule-Walker equations (ibid, 1970).

However, the order R of the process is unknown and so is determined
using Akaike's Information Criterion (Akaike, 1973). Finally, the pre-
whitened sequence w is calculated from
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i=z1,2,...,M~4-R. Thus we now have a sequence of length M-4-R of
independent normal variables with mean O and constant variance.

If we start with K specimens, then the above process will lead to ¥
sequences of ring-width indices w ,...,wy. (For simplicity only, all
these sequences are of the same length N.) We can write these in a forn
‘in which the K indices for a given year appear in one column together wi
the average:
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and 8 1ot is the gite chronology (for the period of N years in

questlon) %he whole; K sequences of indices and the site chronology
is called a dendrosystem. The power of this average and the average
of the sum of squares about the éj is

N N K
N e%, and ¢? = { ) (wz ]~»K62}/(KN l)}, respectively.
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We will assume the existence of an underlying signal of ring width
indices 8y,...,8y, called the dendrosignal, common to all trees growing
under similar conditions., The sequence wy,...,wy of N consecutive
indices of a particular specimen for the corresponding years is, then,
composed of the dendrosignal plus a 'noise' factor due to the micro-
environmental conditions of this specimen. That is, with each year i
there is associated a random variable Z;, called the dendronoise,with
expected value O and wy,...,wy is an outcome of the sequence
Wy =8y +25,...,Wy =8y +2¢ of N random variables. That is, wy,...,Wy is
a 'noisy' version of the dendrosignal 63,...,8y. If the Zji are
independent, identically distributed Gaussian random variables with
variance o2, then we have described here a time-discrete Gaussian channel
(Ash 1965, Gallacher 1968, Jones 1979) to model the dendronoise. The
pre-whitening of the 1ndlces was introduced specifically for this
purpose. The capacity of this channel is } log,(l+$/G2).

An actual dendrosystem can be simulated by first forming a random
sequence of real numbers aj,...,oy generated from the Gaussian dis~
tribution with mean O and variance P togethev with a further K sequence
Vi, 19009 ¥k N k=1,...,K, where Y +Bk and where the K sequences
By 1oees Bk are generated from thé Gau381an dlstrlbutlon with mean O
and variancé 02 The simulation can be carried out several times and
various averages calculated and these can be used to compare an actual
dendrosystem with its corresponding Gaussian channel. We will describe
this now. The idea is not just to compare a specific sequence Xj,...,xy
with the whole dendrosignal 6;,...,8y (or with the whole site chronology
8144.40y) but to obtain more understanding by comparing subsequerces
Ki s X{4] » +++sX{4pn-1 With subsequences e"""ej+n—l of the dendrosignal
of the same length and to do this for various léngths n.

A dendrocode Uy of a dendrosystem consists of all the (N-n+l) sub-
sequences 61,..,,él+n 1 of length n Lnel, ua,eN. Any of the K particular
specimen subsequences Wi foeeesW 1 is regarded as 4 'noisy' version
of ela'°°’§1+n~ after pass1ng tﬁrough the Gaussian channel with-dendro-
noise G2. The Eower of Uy is P (which is reasonable for n large enough) and
the rate is R =2 loge(N-n+l). The specimen subsequence wk {se0osWe f4n-1 is
cross-dated w1€h all (N-n+1l) subsequences in U, and is dedoded as that
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subsequence 84,...,0;, 4 in U, for which the t-value is maximum (cf.
Fritts 1976, galllle 1982) If j=1 the cross-dating is correct, other-
wise an error is made. Cross-dating can be carried out in this manner

for all K(N-n+l) such specimen subsequences of length n and the proportion
of errors E(n) in cross-dating calculated. We determine E(n) for various
values of length n, at least until E(n) =0, for each of the five (and later
five more) dendrosystems.

We remark here that decoding by means of the maximum of the t-values.
(Baillie, 1982) is essentially equivalent to the more usual nearest
neighbour technique used for decoding in information systems (Ash 1965,88).

The above procedure can be carried out with data simulating the dendro-
system, as described above. For each simulation (ie, with the same power
P and 'noise' variance 02) the proportion of errors is calculated and from,
say, 100 such simulations an average proportion of errors Ea(n) calculated
(100 simulations were used in this work; also we took K= lO in all cases).
This is done for various values of n, at least until Ea(n) 0. The average
Eaz(n) is an estimate of the average probability of error in decodlng a code-
word over an ensemble of codes of codeword length n of given rate -loge(N ~n+l]
and power at most P in a Gaussian channel with noise o Of interest are
those n for which the rate is less than the capacity. Now Eaz(n) tends to
zero as n~+« and indeed in a manner accurately given by

Ez(n) =0.5 An exp(-24An) ' (2.1)

. where % depends only on the estimated power to noise ratio A =P/o2, at
least for the range of rates considered here. This simple expression
approximates more general ones given in Gallacher 1968, §7; we demonstrate
its validity for the systems analysed here. An estimate for £ is obtained
from the linearized form

' log(E5(n)/An) = -2 An + logg 0.5. (2.2)
Indeed we further show that & is well approximated by
£=0.27-0.053 A (2.3)

over the range of A obtaining here, so that (2.1) reduces to
E,(n) = 0.5 An exp((-0.27 A +0.053 A2 )n) (2.u4)

This formula for ¢ approximates general expressions given in Gallacher.

To return to the dendrosystems considered, we compare the proportions
of errors E(n) with the corresponding proportions Es(n) and show that they
are approximately the same. Indeed we show that the E(n) too satisfies
an equation of the form

E(n) = c An exp{-kAn) ' (2.5)
for suitable constants c and k and evaluate them with the linearized form
loge(E(n)/An) = -k An + loge C. (2.6)

For more direct comparison with the simulated average Ej(n), we also fit
the data to an equatlon of the form

E(n) = 0. 5Anexp(lAn) (2.7)
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again via its linearized form

loge(E(n)/An) = § An + logg 0.5 (2.8)

3 Analysis of pre-whitened data

The five dendrosystems here analyzed are: Thoresby 9 consisting of
9 specimens from different oaks which grew in or close to the Thoresby
Estate, Nottinghamshire; Emily Wood 54 consisting of 2 cores from each
of 27 oak trees which grow in Emily Wood, Suffolk (Carter 1981); Emily Wood-
9 consisting of 9 specimens from this latter collection and representing
a more homogeneous stand of 9 trees within the wood; BECT 12 consisting
of 3 samples from different trees from each of four sites in the East of
England and finally the Thoresby Tree 12 dendrosystems consisting of 12
radii round a disc from the trunk of one ocak from the Thoresby Estate.

The details of the dendrosystems of these five collections are described
in Table 1.

LENGTH POWER TO
DENDROSYSTEM NUMBER OF OF SITE POWER NOISE NOISE
SPECIMENS CHRONOLOGY RATIO
K N P A

BECT 12 12 163 0.0087  0.0241 . 0.3582
EMILY WOOD 54 2 %27 137 0.0124  0.0281 0.4424
THORESBY 9 9 156 0.0163  0.0252 0.64u45
EMILY WOOD 9 9 - 125 0.0298  0.0257 1.1584

THORESBY TREE 12 12x1 146- 0.0314%  Q.0151 2.0820

Table 1 Details of five (pre-whitened)dendrosystems analyzedk(see
also Laxton and Litton, 1982 ).

In Figs.l to 5 are plotted the proportions of errors E(n) in eross
dating all K(N-n+l) particular specimen subsequences of length n of a
dendrosystem with the (N-n+l) subsequences of length n of the site
chronology for various values of n and at least until E(n) becomes O.
Also plotted in each case are the proportions of error E;(n) averaged
over an ensemble of codes of codeword length n with the same power P
and rate R:L%loge(N—n+l) in a time discrete Gaussian channel with noise
variance o2, : - :

n,y is the minimum codeword length n for which the rate R Z%floge(N—n+l)
< C, the channel capacity, and n; is the minimum codeword length n for
which the proportion of errors E(n) < 0.01 (see Section ).

Figs. 1 to 5 show that the proportions of errors E(n) for the
dendrosystems and the proportions Ez(n) for the corresponding averages
follow the same trend and are close to each other especially when E(n)
or Ez(n) tends to 0. (Later we consider the least value of n for which

*E(n) < 0.01, ie, a 1% error in cross-matching.) For BECT12 the
proportion E(n) is less than the corresponding Ez(n), for Thoresby Tree
12 it is the same, while for the other three it is greater than the
corresponding average.
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Fig. 3. Thoresby 9. (A=0.64, N =156)
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A more searching comparison can be made with the aid of the
results listed in Table 2.

RESULTS FOR THE RESULTS FOR THE
DENDROSYSTEMS SIMULATED AVERAGE
DENDROSYSTEM A c K a 2 d, % ds
BECT12 0.36 0.99 0.31 0.97 0.27 0.95 0.25 0.99
EMILY WOOD 54  O.44 0.1% 0.17 0.93 0.22 0.90 0.25 0.99
THORESBY 9 0.64 0.19 0.16 0.98 0.18 0.98 0.23 0.99
EMILY WOOD 9 0.16 0.72 0.19 0.99 0.19 0.94 0.20 0.99
THORESBY TREE ~ 2.08 0.45 0.16 0.99 0.16 0.99 0.16 0.99

Table 2 . Values obtained for the coefficients ¢, k, L and & in equations
(2.2), (2.6) and (2.8). dy, dy and d3 are the coefficients of
determination in each case (Chatfield 1970). Least square
filttings were obtained with a NAG Library routine (EO4FDF;
Numerised Algorithms Group, 1981 ).

The values of the coefficients of determination dj3 and d; show that the
fits to linear equations (2.2) and (2.6) are extremely good. Even

dy 2 0.90 in all cases, though the fits to equation (2.8) are not as

good as to (2.6) - as is to be expected. The value of % decreases with
increasing value of A; an approximate expression for % as a function

of A is £ =0.27 - 0.053A., The values of k and 2% also fall with increasing
value of A with the exception that those for the Emily Wood 9 dendrosystem
rise slightly. In all cases |l—kl z Ilmﬁl. These results show that the
actual dendrocodes behave very much as 'good random' codes of the
corresponding Gaussian Channel.

Finally, it is interesting to compare these results with those
obtained when the sequences of indices remained unpre-whitened. 1In
three cases, for BECT12, Emily Wood 3 and Thoresby Tree, the proportions
of errors E(n) are decreased by pre-whitening, whilst those for the other
two, Emily Wood 54 and Thoresby 9, remain about the same. The improve-
ment 1s most marked for the BECT12 dendrosystem (Laxton and Litton, 1982).

4.  An application; the 1% error bound

Here we consider a practical application of the method developed
so far. We consider ten dendrosystems: the five of known date already
considered together with five more, originally of unknown date, whose
site chronologies had to be constructed first and then were subsequently
dated by cross-dating with a master chronology (by the early summer of
1982). Now each of the former has at least 9 component subsequences
and a site chronology of 125 to 163 indices (see Table 1). The five
more chosen have roughly similar characteristics and are from the East
Midlands (see Laxton et al, 1979 and 1983). The relevant data is
included in Table 3; all ten sets are given for ease of comparison.
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DENDROSYSTEM K N A c K dy ) dy ny
BECT12 12 163 0.36 0.99 0.3L 0.97 0.27 0,95 68
EMILY WOOD 54 2 %27 137 O.u4 0.14 0,17 0.39 0.22 0.30 81
CROPWELL 2 x14 230 0.51 0.63 0.23 0.98 0.22 0.98 60
THORESBY 9 9 146 0.64 0.19 0.16 0.98 0.18 0.98 65
ARNOLD 10 157 0.68 0.25 0.15 0.97 0.17 0.95 &5
HAGWORTHINGHAM (25) 2 %21 183 0.75 0.17 0.14% 0.99 0.17 0.3% 63
LINCOLN (5%5) 2x 9 138 1.06 0,28 0.16 0.99 0.18 0.98 39
EMILY WOOD 9 L2x 9 125 1,16 0.72 0.13 0.99 0.18 0.94 35
SNEINTON 2x12 117 1.52 0.3% 0.16 0.99 0.17 0.99 31
THORESBY TREE 9 146 2,08 0.45 0.16 0.99 0.16 0,99 23

Table 3  Detatls of ten (pre-whitened)dendrosystems from the East Midlands
together with the values obtained for the coefficients ¢, k and &
in equations (2.6) and (2.8). dy and dp are the coefficients of
determination. ny is the mintmun subsequence length n fbr which
the proportion of errors E(n) < 0.01.

Again it is apparent that the fits to the two linear equations are good
and that with a few exceptions k and % are decreasing functions of the
power to noise ratio A.

A clear impression of how the proportion of errors E(n) behaves
relative to the average proportion of errors Ez(n) for random codes in
a Gaussian channel with the same power to noise ratio A can be gained
from Fig.6. We have shown in the previous section that the relationship
between Ez(n) and n is well approximated by

loge(Ea(n)/An) = -(0,27A -~ 0.053A%)n + log, 0.5 (4.1)

In Fig.6 we have plotted E(n)/An (ie, for the dendrosystem itself) on a
logarithmic scale against (0.27A -0. 534%)n for all ten dendrosystems.

It follows that if E(n) =Ez(n) for all n the points would lie along a
line with slope -1 and intercept 0.5 on the logarithmic axis. This line
has been drawn in Fig.6. It is evident from this figure that while in
general the five dendrosystems with samples of known felling and sampling
dates, BECT12, Emily Wood 54 and 9, Thoresby 9 and the Thoresby Tree,
have their data points lying along or close to this line those from the
other five systems, Hagworthingham (25), Cropwell, Arnold, Lincoln (55)
and Sneinton, tend to lie above it, especially for the larger lengths n.
That is, E{n) tends to be greater than Ea(n) in these cases. Presumably
this imperfection is because one or two of the samples in each of these
dendrosystems come from an environment somewhat different from the
remaining ones.

Generally, shorter sequences are more difficult to cross-date with
a site chronology than longer ones. As a means of interpreting this
quantitatively we have adopted the standard of a 1% error. In Table 3
are tabulated the values of nj;, the minimum subsequence length n for
which E(n) < 0.01, for all ten dendrosystems (see also Figs.l to 5).
In general terms, Emily Wood 54 being the outstanding exception, nj
declines steadily with increasing power to noise ratio. A theoretical
estimate of a 1% error curve together with the ten values of ny are
shown in Fig.7. The theoretical bound is obtained from equation (4.1)
by putting Ez(n) = Q.01 to get

1og,(0.01/Any) = -(0.27A ~ 0.053A%)n; + log, 0.5 (4.2)
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The values of n; have been estimated from cross-dating the subsequences
of components of the dendrosystems used in forming the site chronologies.
But it can be used as an estimate for the probability of error in cross-
dating other sequences of indices withasite chronology. To illustrate
this consider the Hagworthingham (25) dendrosystem. The samples of this
came from an oak frame inside the tower of Hagworthingham Church, Lincs,

The tower was demolished in 1981. A full account of the dendrochronological
analysis of this frame (and bell-stage at its top) will appear elsewhere.
Suffice it to say here that each timber was sampled and measured twice
(sequences A and B) and that 21 pairs of sequences formed a site chronology,
HAGSEQ25, for the main frame. Its length is 189 indices, the maximum

length of any (pre-whitened) constituent sequence is 149 and the minimum

is 66 indices. 10 pairs of samples from the main frame were not incorporated
in HAGSEQ25. These were then cross-dated with this site chronology. The
success or otherwise of cross-dating with HAGSEQ25 was judged as follows.

In each case sequence A from a timber was cross-dated with sequence B from
the same timber and the relative position (offset) of one to the other
obtained. Then sequences A and B were cross-dated with HAGSEQ25 and only

if the maximum t-values for both were in the correct relative offset of

A to B were the matches considered successful. Of these 10 pairs, 7 were
successfully cross-dated with HAGSEQ25 and 3 were not. The shortest length
of a pair A and B in each of these 3 cases is 68, 51 and 51, respectively.
Thus each pair whose shortest length is greater than 68 has been successfully
cross-dated with HAGSEQ25. Now n; for Hagworthingham (25) is 63 (see Table
3). In consequence, if we are satisfied with a 1% ervor in cross-dating,

we should not consider these 3 palrs as not belonging to the same group

of trees from which the other 28 samples came. It is quite possible they
failed to match because of the nature of the dendrosystem - specifically,
the value of its power to noise ratio A. The theoretical estimate for n
for A=0,75 is 44, which is rather low.

5 Conclusions

We have recorded here a second attempt to discuss certain aspects of
dendrochronology within the framework of information theory of Gaussian
channels. In the first (Laxton and Litton, 1982) we used unpre-whitened
whilst here we used pre-whitened sequences of indices of ring-widths.

From the present work we conclude that it is a good approximation to the
truth to say that pre-whitened dendrosystems tend to behave with respect

to cross-dating between components and the site chronology as 'good random”
codes of the same power and rate in a Gaussian channel with the same noise
(the power and noise as estimated above). As a consequence behaviour in
cross-dating can be predicted theoretically with reasonable accuracy and
used in practical situations.

We pointed out in section 3 that as a consequence of pre-whitening
there is an overall improvement in cross-dating. As Knonberg (1981) points
out this is to be expected and, perhaps, indicates that all sequences of
indices of ring widths should be pre-whitened in practice. Moreover pre-
whitening may be especially significant for dendrosystems which cover a
varied geographical and climatic region (ie, low power to noise ratio), for
example BECT12.

The usefulness of the power to noise ratio has been underlined. It
is the most important parameter which determines the behaviour of cross-
dating with a site chronology. In particular, we have suggested the use
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of the 1% error curve as a quantitative measure of how short a sequence we
can expect to successfully cross-date with a site chronology. (5% error
curves could be used, perhaps, as profitably.) The theoretical estimate
for n; is too low in practice for small values of A but is quite accurate
for values of A greater than 1.

A consideration of the 5 dendrosystems Thoresby Tree, Emily Wood 9,
Thoresby 9, Emily Wood 54 and BECT12 lead us to hope that the value of the
power to noise ratio tells us something about the origin of the timbers
from which the samples were taken (we mentioned this in the 1982 article
also). Thus for pre-whitened data, a value of A of about 2 indicates
that the samples come from one tree, a value of about 1 that they come
from a smallish wood, a value of about 0.5 that they come from a largish
but local estate, whilst a value below 0.4 indicates that the samples come
from a wide area. In this manner we predict that the samples from Green's
Mill, Sneinton come from but one or two trees, those from Lincoln (55) fror
several but rather similar trees whilst those from Cropwell are from trees
of a more varied nature or spread over a wider area.

Most of our samples have from 80 to 140 ring widths which after
detrending and pre-whitening give from 70 to 130 indices. As a consequenc
it may be impossible for us. to form a site chronology with a power to nois
ratio less than, say, 0.25 since, for example, the values of nj are greate
than 130. This may provide a limit to the extent of the geographical and/
or climatic region that can be successfully covered in practice by a site
chronology. Of course, other considerations besides straightforward cross
dating may be used to overcome this difficulty. Fletcher, especially, use
such methods (see, for example, Fletcher 1978),

Finally we mention that various other simulations were carried out to
test the behaviour of the pre-whitened dendrosystems. These were mentione
in the 1982 article by us and have not been described again in detail. Th
results are substantially the same as those described here.
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