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Introduction

The time evolution of physical phenomena can often be described by a system of linear
partial differential equations. Sometimes we can rewrite such a system as an abstract
Cauchy problem by introducing a linear operator (A, D (A)) on an appropriate state
space X such that the problem takes the form

{;t(t) = Ax(t), t>0,

(CP) x(0) =x9, t>0.

Following Hadamard one calls such a problem well-posed if
e it has a solution,
e this solution is unique,
e the solution depends continuously on the initial data.

With appropriate definition this type of well-posedness is equivalent to the fact that the
operator (A, D (A)) generates a Cy-semigroup on X, see [ENO0O, Thm. I1.6.7], hence to
the Hille-Yoshida conditions of A (see [ENO0O, Thm. II1.3.8]).

However, to verify these conditions for a concrete operator is often a difficult task. One

approach it to split the given operator A into a sum of simpler operators, i.e., A =
A +...+A,.

Even if we assume that the operators Ay, ..., A, generate a Cp-semigroup, it remains to
show that the “sum” A;+...+ A, is again the generator of a Cy-semigroup. This is highly
nontrivial and in fact consists of two partial problems.

Given a generator A and a perturbation P on a Banach space X
1. How should one define the “sum” A+ P?

2. Under which conditions on P is this sum a generator?

1



2 Introduction

Numerous results are known in this field (see, e.g., [EN0O, Sects. I11.1-3 & related Notes]),

but no unifying and general theory is yet available.

Our aim is to go a step towards a more systematic perturbation theory for such generators.
To this end we choose the following setting. For the generator A with domain D(A) c X
consider perturbations

P:D(P)c X - X4,

where X4 is the extrapolated space associated to A (see [ENOO, Sect. I1.5.a]). The sum
is then defined as Ap := (A_; + P)|x, i.e.,

(0.1) Apr=A_x+ Px forxze D(Ap):= {z eD(P): A z+Pze X}.

Then we ask for which P remains Ap a generator on X. The bounded perturbation
theorem ([ENOOQ, Sect. III.1]), the Desch—Schappacher ([ENOO, Sect. I11.3.a]) and the
Miyadera—Voigt theorems ([ENO0O, Sect. I11.3.c]) give some well-known answers in these

cases.

A more general result in this direction is the Weiss—Staffans theorem on the well-posedness
of perturbed linear systems, cf. [Wei94a, Thms. 6.1 and 7.2] and [Sta05| Sects. 7.1 &
7.4].

In Chapter [I] we introduce the notions of admissibility for control-, observation-, feedback-
and pairs of operators. These concept are then used to formulate and prove the Weiss—
Staffans theorem on the well-posedness of linear control systems with feedback in a purely
operator theoretic way, see Theorem[1.2.1] All this has been published in [ABE14].

We conclude this chapter with a generalization of the Weiss—Staffans perturbation theo-

rem, see Theorem [1.3.3]

In Chapter [2] we apply Theorem in order to characterize the well-posedness of linear
control systems by the generator property of an operator matrix.

In Chapter |3| we apply Theorem in order to generalize the result of Greiner [Gre87]
to unbounded perturbations of the boundary condition of a generator.

The results of this chapter have been published in [ABE14].

In Chapter [4] we consider Weiss—Staffans perturbations of analytic semigroups. We sim-

plify the conditions appearing in Theorem by using of the concept of Favard spaces
and fractional powers of a generator, see Theorem [4.2.3
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The results of this chapter shall be published in a forthcoming paper together with
M. Adler and K.-J. Engel.

In Chapter |5 we first introduce the concept of measurable evolution family and then
use Theorem to extend the Weiss—Staffans perturbation theorem to time dependent
perturbations, see Theorem [5.2.4

In Chapter [ we apply the results of Chapter [5|to time dependent boundary perturbations.

We conclude with a concrete example concerning transport on networks.






CHAPTER 1

The Weiss—Staffans perturbation theorem

When we are interested in the generator property of Ap for some perturbation P : D(P) c
X —» X4 | we can assume that the growth bound wy(A4) <0 and hence

0ep(A).

This condition on the growth bound implies that the semigroup (7'(¢))o is uniformly
exponentially stable, i.e., there exists K > 1 and w < 0 such that

(1.1) IT(t)] < Ke** for all ¢ > 0.
For our perturbation problem this assumption is not a restriction. If we start with the

generator (A, D(A)) of a Cy-semigroup (7'(%) )0, we can “rescale” the operator A with
A € C and obtain (see [ENO0O, Ex. 11.2.2])

AN = A- X, D(AY) = D(A).

The Sobolev-Towers (see [EN0O, Sec. I1.5.a]) of the operators A and A* coincide and the
following holds.

Lemma 1.0.1. The operator Ap = A_1+P with domain D(Ap) ={zx e D(P): Az + Pxre X}
is a generator on X if and only if for every X\ € C the operator A} = A* + P with domain
D(A}) ={x e D(P): A\ x+ Px e X} is a generator on X.

PRroOF. For every A e C

e the operator A} is a bounded perturbation of Ap:

(A?D,D(A?a)) =(Ap+AI,D(Ap)),

e the operator Ap is a bounded perturbation of A}:

(Ap, D(Ap)) = (Ap = AL, D(A}p)).

By the Bounded Perturbation Theorem [ENOQO, Thm. III.1.3] we obtain the assertion. [J

5



6 The Weiss—Staffans perturbation theorem

1.1. The setting

The classical Weiss—Staffans theorem starts from an abstract linear systemﬂ i.e., a quadru-
ple (T, ®, ¥, F) of operator families verifying a set of functional equations (for the precise
definition see [Wei94al Def. 5.1]). It states that to an admissible feedback operator K
(cf. [Wei94al Def. 3.5]) there corresponds a unique closed-loop system (TH, &K UK FK).
Moreover, it relates the generating operators (A, B,C, D) and (AKX, BX CK DX) of these
two systems. Since the operators A and AX are generators of Cy-semigroups, respectively,

this result implicitly contains a perturbation theorem for generators of Cy-semigroups.

However, the language of linear systems is quite specialized, and it is not so evident how to

deduce a perturbation result for generators from the above Weiss—Staffans theorem.

For this reason we start directly from a triple (A, B,C') of operators and then give con-
ditions in terms of the semigroup generated by A and the operators B and C implying
that Ap = (A_1 + P)|x for P = BC generates a Cy-semigroup.

Even though in our approach it is not necessary, it may be helpful to interpret the per-
turbed generator as the state operator of a control system with feedback in order to give
some motivation for the various definitions of “admissibility”. For this reason we use some

terminology from control theory.
More precisely, choose two Banach spaces X and U called state- and observation-/ control
spaceE], respectively. On these spaces consider the operators

e A:D(A)c X - X, called the state operator (of the unperturbed system),

e BeL(U XA), called the control operator,

o CeL(Z,U), called the observation operator,

where A is the generator of a Cy-semigroup (7(¢))w0 on X. Moreover, D(C) = Z is a
Banach space such that

XS z58 %

)

'Here we use the notation of Weiss, cf. [Wei94al.
2We assume that the observation and control spaces coincide. This, in case of closed loop systems,

is no restriction of generality and somewhat simplifies the presentation.



1.1 The setting 7

where “S” denotes a continuous linear injection and X{ is the domain D(A) equipped
with the graph norm. Then consider the linear control system

x(t) = Ax(t) + Bu(t), t>0,
%(4,B,C) y(t) = Cx(t), t>0,
z(0) = xy,
with control u and observation y.

The solution of P2(A, B, ()| is formally given by the variation of parameters formula

(1.2) (1) :T(t):c0+fOtT_l(t—s)Bu(s)ds.

Closing this system by putting u(t) = y(t), one formally obtains the perturbed abstract
Cauchy problem

(1.3) {cfe(t) = (A + BOYa(t), 20,

z(0) = xy,

which is well-posed in X if and only if Ap for P:= BC € L(Z, X)) is a generator on X,
cf. [ENOO, Sect. I1.6].

Before elaborating this idea, we introduce the properties needed.

1.1.1. Admissible control operators. Taking C' =0 in the system and
considering the initial value xg = 0 it is natural to ask that for every control function
u € L?([0,t5],U) one obtains a state z(ty) € X for some/all ¢, > 0. Hence formula
leads to the following definition, cf. [Wei89al, Def. 4.1], see also [Eng98al.

Definition 1.1.1. The control operator B € L£(U, X)) is called p-admissible for some
1 < p < +o0o if there exists ty > 0 such that

to
(1.4) f Ty (to - s)Bu(s)ds e X for all ue L?([0,4],U).
0

Note that ([1.4) becomes less restrictive for growing p € [1,+00).

Remark 1.1.2. The range condition (1.4]) in the previous definition means that the
operator By, : Lp([O,to], U) -~ XA given by

(1.5) By u = [Oto T 1(to—s)Bu(s)ds, we Lp([O,to], U)
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has range rg(By,) € X. Since obviously By, € E(LP([O, to], U), Xf‘l), the closed graph theo-
rem implies that for admissible B the controllability map By, belongs to E(LP([O, to], U), X).
On the other hand, using integration by parts, it follows that for every u € W1» ([0, to], U )

foto T \(to - 5)Bu(s) ds = AZ%(T_l(to)Bu(O) ~ Bul(to) + foto T_l(to—s)Bu/(s)ds)
e X.

Since lel’([O,to], U) is dense in LP([O,tO], U), this shows that the range condition ([1.4))
is equivalent to the existence of some M > 0 such that

t
(1.6) ‘[ ’ T 1(to—s)Bu(s)ds|| <M-|ul, forallue Wl’p([(),to], U).
0

X

Using (1.1)), i.e. wo(A) <0, one can prove the following result which is closely related to
[Wei89b)l, Prop. 2.5] and was shown in [BE14] Lem. 3.15].

Lemma 1.1.3. If the control operator B is p-admissible, then there exists Mg > 0 such
that

(1.7) Hf Ty (t-r)Bu(r)dr <MB||uH

X

for all ue Lp([0,+oo),U), t>0.

( [0,4+00), U)
PRroOOF. By assumption there exists o > 0 and M > 0 such that

'/Oto T 1(to—r)Bu(r)dr

<M||u|| ((0:000)0) for all u e LP([0, +00),U).
X

For 0 <t <ty we denote by uy,—; the translated function

0 if0<s<tyg—t,
(1.8) ugg-1(s) = . "
u(s—tog+t) if s>tg—1t.

Then wuy,— € L?([0,+00),U) and ||u||Lp([O o)) = H“to—tHLp([O reo1)’ Moreover
¢ ¢
f T\ (t - r)Bu(r)dr = f T\ (to - 1) Bugg_o(r)dr € X.
0 0
This implies

||f T1(t—r)Bu(r)d H/ T 1(to—r)Bug,_¢(r)dr

(1.9) <M|| I ({00000 for allueLp([0,+oo),U).
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For t >ty we write t =nty+ s for n € N and s € [0,t). Then we obtain
t s nto+s
f T 1(t-7r)Bu(r)dr = / T 1(ntg+s—r)Bu(r)dr+ f ’ T 1(ntg+s—r)Bu(r)dr
0 0 s
=: L1 + LQ.

We consider the two terms of the sum separately. For the first one we get L; € X and
< KM|ul

f T 1(s—=r)Bu(r)dr o((0r00)7)’

Here we used that (T'(t))s0 is bounded and (1.9)). For the second term we obtain

n-1 (k+1)t0
Ly=)" fkt T 1 (nto—r)Bu(r+s)dr
k=0 7 kto

(1.10) | L1 x < ||T(nto)]| -

= nfT((n — (k+ 1))t0) : _/Oto T 1(to—r)Bu(r + s+ ktg)dr € X.

Moreover, using (|1.1)) and that B is a p-admissible control operator this gives the estimates

(1) Ll €K S etk gl (0+ ) S

k=0 (0+°°)’U).

Summing up and (L.11]) we obtain (L.7) for Mp := MK + 2. O

By combining the previous results we obtain the following statement.

Corollary 1.1.4. If B is a p-admissible control operator, then for every t > 0 we have
rg(Bt) c X and B; € E(LP([O, +00), U),X). Moreover, the family (By)so is strongly con-
tinuous and uniformly bounded.

PROOF. If B is a p-admissible control operator, then we conclude from Remark [I.1.2]
and Lemmall.1.3/that rg(B;) ¢ X, hence by the closed graph theorem B, € L(LP([O +00),U), X)
for every ¢t > 0. To show that (B;);s0 is strongly continuous let 0 < r < ¢ and u ¢
L»([0,+00),U). Then

||Btu BUHX ||Bt(u Ut~ T)HX
<UB =t sy )

< MB ||U - ut_THLP([O +o0) U) )

where u,_, is defined as in ((1.8)). Since the shift on LP([O, +00), U ) is strongly continuous,

we have

|thI|Il |l — THLP([O7+OO)7U) =0
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and the assertion follows. O

1.1.2. Admissible observation operators. Next, consider [X(A, B,C)|with B = 0.
Then it is reasonable to ask that every initial value zq € D(A) gives rise to an observation

y(s) = CT(s)xp € LP([O,tO], U) for some/all to > 0 which also depends continuously on .
This leads to the following definition, cf. [Wei89bl Def. 6.1], see also [Eng98al.

Definition 1.1.5. The observation operator C' € £L(Z,U) is called p-admissible for some
1 < p < +oo if there exist tg > 0 and M > 0 such that

to
(1.12) fo |CT(s)e|! ds < M- |2|% for all w € D(A).

Note that (1.12)) becomes more restrictive for growing p € [1, +00).

Remark 1.1.6. The norm condition (1.12)) in the previous definition combined with
the denseness of D(A) c X implies that there exists a unique observability map Cy, €

L(X,Lr([0,t],U)) satisfying |Cs, | < M such that

(1.13) (Cioz)(s) =CT(s)x forall ze D(A), se[0,to].

Analogously to Lemma we have the following result which is closely related to
[Wei89b), Prop. 2.3] and was shown in [BE14], Lem. 3.9]. Here we need again Condition

(1.1), i.e. wo(A) <O0.

Lemma 1.1.7. If the observation operator C' is p-admissible, then there exists Ma > 0
such that

t
(1.14) f HCT(s)xHZdS < Me x| for all z € D(A), t>0.
0

Proor. If C' is p-admissible, there exists to >0 and M > 0 such that
t
f "leT(s)a|f ds < Mzl for all € D(A).
0
For t <tg it is clear that

'/OtHC'T(s)mHZdS < fotOHCT(s)mejds < M|z|% for all x € D(A).
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For t >ty we can write t = ntg+r where n e N and 0 <r <ty. Using we then obtain
t p n (k}+1)t0 p
[ ler)alyas < > | . ler@)alas
n t
-y fo leT(s)T (kto)e | ds
k=0

<01 3Tkl
k=0
1
1 — epwio

Choosing M¢ := M + MK?—— we obtain ((1.14]). This concludes the proof. O

l_epwto

< MKP

|z )% for all x € D(A).

Remark 1.1.8. Lemma combined with the denseness of D(A) ¢ X implies that
there exists a unique bounded operator Co, € L’(X, LP([O, +00), U)) satisfying |Co| < Me
such that

(1.15) (Coox)(s) =CT(s)x for all x e D(A), se[0,00].

1.1.3. Admissible pairs. Consider the system [>(A, B, C')|with p-admissible control
and observation operators B and C. The following compatibility condition is needed to

proceed, cf. [Hel76|, Sect. IT1.A]. For more information and various related conditions see

[Wei94bl Thm. 5.8] and [Sta05l, Def. 5.1.1]. Recall that Z = D(C).

Definition 1.1.9. The triple (A, B,C) (or the system [X(A, B, C))) is called compatible if

for some A € p(A) we have

(1.16) rg(R(\, A_)B) c Z.

If the inclusion ([1.16]) holds for some A € p(A), then it holds for all X\ € p(A) by the
resolvent identity. Moreover, the closed graph theorem implies the boundedness of the

operator

(1.17) CR(A\A)BeL(U) forall Aep(A).

Consider now a compatible control system [Y( A, B, C')| with initial value xy = 0. Then the

input-output map of (2(A, B, C')| mapping a control u(s) to the corresponding observation
y(+) by (1.2) is formally given by

u(s) > y(5) = C f0°T1(. _ $)Bu(s) ds.



12 The Weiss—Staffans perturbation theorem

Of course, the right hand side does, in general, not make sense for arbitrary u € Lp( [0,t0], U )

since the integral might not give values in Z = D(C). However, if
e WP ([0,t0], U) 1= {u e W2P([0,40],U) : u(0) = w'(0) = 0},

then integrating by parts twice and using ([1.16]) one obtains
(1.18)

f T (r-s)Bu(s) ds = —A:i(Bu(r) + A1 Bu/(r) - / T(r-s)A{Bu"(s) ds) €Z.

0 0

At this point it is reasonable to ask that the input-output map is continuous. This gives
rise to the following definition.

Definition 1.1.10. The pair (B,C) € L(U, X4)xL(Z,U) is called p-admissible for some
1 <p<+ooif (A, B,C) is compatible and there exist ¢y >0 and M > 0 such that

t T
(1.19) —[0 OHC"/O T4(r- S)Bu(s)dsnz dr<M-|ulb  forall ue WeP([0,40],U).

The pair (B, C) (or the system [X(A, B, ) is called jointly p-admissible if in addition to
(1.19) B is a p-admissible control operator and C' is a p-admissible observation operator.

Remark 1.1.11. IfY(A, B, C)|is jointly p-admissible, then there exists a bounded input-

output map
Fiy € L'(Lp([(),to], U)) such that
(120)  (Fa)()=C [ Toa(-=s)Bu(s)ds for all we W3([0,t],U).
0
Recall that we assume the semigroup (7'(¢))0 to be exponentially stable. This implies

the following result shown in [BE14, Lem. 3.22], which is analogous to Lemma and
1.1.7, and closely related to [Sta05, Thm.2.5.4.(ii)] [Wei89c, Prop. 2.1].

Lemma 1.1.12. If the pair (B, C) is jointly p-admissible, then there exists Mpc > 0 such
that

(1.21) fot

for all ue WyP([0,+00),U), > 0.

p

C fos T_1(s—r)Bu(r)dr

ds < Mpc|ul”
Lp

Y (0+e0).07)

PROOF. If the pair (B, () is jointly p-admissible, then we can suppose without loss
of generality that o = 1 in ([1.19). Then it is clear that (1.19)) also holds for all 0 < ¢ < 1.
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In particular, it follows that for each 0 <t < 1 there exist bounded input-output maps
Fi€ £(Lp([0, t], U)) such that

(Fu)() = C fo T, (+— 5)Bu(s)ds for all ue W2P([0, +00),U)
and |F| < M.

To prove (|1.21)) it suffices to show that it holds for every ¢ =n € N. To this end we write

(/0 C/O T 1(s-r)Bu(r)dr Uds) :(,;)fk C[O T 1(s—r)Bu(r)dr Uds) |
(1.22) S:Z:;(/Ol C/Os+kT_1(s+k—r)Bu(r)dr I;ds)p.

The terms of the last sum can be estimated as

( [ e [ atr-npu ds)” |
_ ( [ C(Z [ Tt k=) Butr)ar s /;*’“Tl(m_r)&i(r)dr) ds)”
([ |ere S roe-m-n /mm“m(mﬂl_rwu(r)dr o)

( [e [ 76-npue-par ds)'” L+l

We consider the two terms of this sum separately. To this end we define for m € N the
operators P, € £(LP([O, +00), U)) by (Ppu)(s) = 1p17(s)u(s +m) for s € [0,00). Then

Ly = \\flpku\\Lp([07+w)7U) <M|Pul (00000)’
where we used that the pair (B, (') is p-admissible.

The first term of the sum can be estimated as
k-1

ZT(k‘—m—1)A1T_1(1—T)Bu(r+m)dr

1

Ly < M,

X

k-1
< MEKS et-m DBy Pyl
m=0

1 k-1
<SMEMBK Z ow(k=m-1) HPmuHLp([O ro0) U)'
m=0 e0),
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Here we used that C' is a p-admissible observation operator, the stability condition ([1.1))

and that B is a p-admissible control operator. Thus using the notation

M ifm=0
1
MEMpKes(m=1) if 1<m<n-1

L -

we obtain that for 0<k<n-1

1 ’ .
(fo ds) € 2 eI Pnthy g,y )

Summing up we obtain by ([1.22)) for arbitrary n € N and u € Wg’p([O, +00), U) that

y

p

s+k
C f T 1(s+k—r)Bu(r)dr
0

Y

1
s p » n-1 k
Cfo T_1(s - r)Bu(r)dr Yds) Z::mzl’f‘m”PmuHLp([OwooLU)

n—1 n—1

(S 0): (zup,cun;(wj)ﬁ

IN

MMB
M+ =220 ) Wl )

Mc””

IN
—

P([0,400),0)

where in the second estimate we used Young’s inequality for the convolution of sequences.
O

Remark 1.1.13. If the pair (B, () is jointly p-admissible, then by Lemma [1.1.12] the
operator

Foo : WiP([0,+00),U) c LP([0,+00),U) - L?([0, +00),U),
(Foou)(+) :==C _/(; T 1(s—r)Bu(r)dr

has a unique bounded extension to L‘(Lp([O, +00), U))

1.1.4. Characterization of Admissible Pairs. The aim of this section is to char-
acterize admissibility in terms of the Laplace transform of F,,. For the admissibility of the
observation operator C, cf. Subsection[I.1.2] and the admissibility of the control operator
B, cf. Subsection [I.1.1]), this problem was posed by Weiss in [Wei91b], [Wei99] and in
the sequel has been studied by various authors. We refer to [JP04] for a nice survey on
this matter.
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Here we concentrate on F,, which is related to the admissibility of the pair (B,C'). Our
approach is based on the concept of Fourier multipliers, cf. [BP05, Sect. 5.2], [Haa06),
App. E.1]. We recall the basic definition, denoting the Fourier transform by .#

Definition 1.1.14. Let V,W be two Banach spaces and 1 < p < oo. A function m ¢
L=(R,L(V,W)) is called (bounded) LP-Fourier multiplier if the ma

v F N (mFv) forveS(R,V)

has a continuous extension to a bounded operator from LP(R, V') to LP(R, W).

Since by Assumption we have iR c p(A) we can, using (1.17)), define the map
m:R - £(U)7 m(f}/) = CR(ZfY?Afl)B

In order to proceed we first need the following result.

Lemma 1.1.15. Let (T(t))ws0 a Co-semigroup on X with generator (A, D(A)) and v €
Lp([O, +oo),X). Then the convolution f :=T *v is a bounded and continuous function on
R,. Hence for Re A >0 its Laplace transform exists and is given by

L(f)(A) = R(A, A)L(v)(A).
If, in addition, v € Ll([O, +oo),X), then the same formula holds for Re A > 0.

PROOF. Boundedness of f follows easily while continuity is shown in [ABHNI1,
Prop. 1.3.4]. Now take Re A > 0. Using Assumption [L.1] the integral

123 [ [T r@umfar <k [ [T e et o) |atdr < oo

is finite. Hence we can use Fubini’s theorem (see [ABHN11, Thm. 1.1.9]) to conclude
that

L(HO) = f0+°° e-M[OtT(t—r)v(r)drdt

2[0+°° /:DO e MT(t —r)v(r)dtdr
=/0+oo f0+oo e AT (H)w(r)dtdr
= R(\, A)L(v)(N).

Now assume that v € Ll([O, +oo),X). By Young’s inequality [ABHN11l, Prop.1.3.5.(a)]
we obtain f € Ll([O, +00), X ) Hence ([1.23)) still holds for Re A = 0 and the claim follows
as before. O

3By S (R, V) we denote the space of Schwartz functions with values in the Banach space V.
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This leads to the following characterization.

Proposition 1.1.16. Let B and C' be p-admissible control and observation operators,
respectively. Then the pair (B,C) is p-admissible if and only if m is a bounded Fourier
multiplier.

PROOF. As we have seen in Remark[1.1.13] the pair (B, () is p-admissible if and only
if the operator F,, has a bounded extension to Lp([O, +00), U). Let v € R and

u€ W(i’f [0,00),U) := {u e W'([0,00),U) : u(0) =u'(0) = 0 and u has compact support}.

For such u we have u, u/, u” € Ll([O, +00), U).

Let v € R, then by (1.18) one first obtains
) . t
L(Futt) (i) = f e [ T 1 (t - r) Bu(r)drdt
0 0
00 . t
= / e‘”t(—CA‘%Bu(t) ~CAZ2BY/ (t)+ CA™? f T(t- T)A‘iBu”('r’)dr)dt.
0 0

Hence even though Re(iv) = 0, applying the second part of Lemmal|l.1.15/and [ABHN11),
Cor. 1.6.6], which states that v(\) = Ao(\) —v(0) for v e WLP([O, ), X ), we obtain

L(Fo) (i) = CA™N(=Id = NAZL+ (i7)*R(i, A)AZL) BL(u) (i)
= CR(iy, A-1) BL(u) (i)
for all v € R. It thus follows that
F(Foou) = mFu.

Using this we conclude that m is a bounded Fourier-multiplier if and only if F,, has a
bounded extension to LP([O, +00), U) if and only if the pair (B, () is p-admissible. [

1.1.5. Admissible feedback. Closing the system (A, B, () by means of a Feed-
back F' e L(U)

u(t) = Fy(t) forall ¢ >0,

one formally obtains the following problem

{i(t) = (A, +BFC)xz(t), t>0
z(0) = x.
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As already mentioned, the operators B and C' may be unbounded, thus the feedback
F' combines their discontinuities. Consequently, although the feedback is a bounded

operator, we need a further condition.

Definition 1.1.17. An operator F' € L(U) is called a p-admissible feedback operator for
some 1 < p < +oo if there exists ¢y > 0 such that Id-FF;, € L‘(Lp([O, to], U)) is invertible.

In the sequel we will mainly consider F' = I € L(U). In this case, using the Neumann
series, F' = I is admissible if |F, | < 1.

For further reference we collect the previous notions in a single concept.

Definition 1.1.18. Let A be the generator of a Cy-semigroup on a Banach space X,
Be L(U,XA) and C € L(Z,U) for a Banach space Z satisfying X & Z & X. Then
P:= BC e L(Z,X4) is called a Weiss-Staffans perturbation for A if for some 1< p < oo
the following holds.

(i) (A, B,C) is a compatible triple,

(ii) B is a p-admissible control operator,
(iii) C is a p-admissible observation operator,
(iv) (B,C) is a p-admissible pair,

(v) Id e L(U) is a p-admissible feedback operator.

For i > 0 we indicate the controllability-, observability- and input-output maps associated
to the triple (A - p, B,C') with the superscript “#” | e.g.,

(Fru)(s) = C fo e (= 5)Bu(s)ds  for all we W2P([0, +00), U).

The next result gives a condition such that the invertibility of I — F, (see condition (v)
of Theorem [1.2.1)) implies the one of I — F% for p sufficiently large.

Lemma 1.1.19. Let BC' be a Weiss—Staffans perturbation. If for up >0 and tq >0
(1.24) |T(to) + By (1 = Fiy)'Coo || < €™

holds, then 1 € p(Fk).
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PROOF. Inspired by [SWO04] (2.6)] and the proof of [Wei89c, Prop.2.1] consider for

n € N the surjective isometryf]

J :12([0,nto],U) - ﬁLp([O,tO],U), uvs (ug,. .., up)?,
k=1

where uy : [0,%0] > U, ug(s) = u((k - 1)to+s) and | (ur,...,un) 7| = Spey Jur]?.

Then F,;, is isometrically isomorphic to the matrix

Fiy 0 0 .0
CtOT(to)OBtO fto 0 ’ :

Jr | GT@)B, CuB, .
: ) 0 0
: Ci, B, Fio 0

CT(t0)2By, ... ... CuT(to)Bi CiBi F |

Since by assumption 1 — F;, is invertible, 1 — F,,;, as well as J(1 - Fpy, ) tJ 1 =

g 0 0 .. .. 0
GCio(T(to) + B1GCi, ) BiG G 0 :
gCto(T(to) + Btogctg)lBtgg gCtOBtog . :
: 0 0

: : GCioB1, G g 0
GCo (T (to) + BiGCi)" "BiG .. ... GCiw(T(to) + B1yGCiy)BisG GCiBiG G

are invertible, where we put G := (1-F;,)~!. By Lemma applied to J(1—Fps, ) tJ 1
one obtains the estimate

n—-1 B
(1.25) [(1 = Fote) M < 1G]+ 1GCe, |- 1B2 Gl - lZ [(T(t0) + Bi,GC,,)|
=1

This shows that | (1 - Fyy, )"t remains bounded as n — +oo if ((1.24)) holds for = 0.

If the estimate ((1.24)) only holds for some p > 0, consider the triple (A - pu, B,C). Let
M, e L(Lp([O, to], U )) be the multiplication operator defined by

Eu
(M.,u)(s) = e -u(s), ueLP([0,t0],U).
Then M., is invertible with inverse M._, and a simple computation shows that

(1.26) Bl = e M0 B, M. Cl=M'C, and  F!'=MIF,M,,.

wo

“Denote by T the transposed vector of a vector v.
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By similarity this implies that 1 € p(F} ). Hence, repeating the above reasoning for
(A-p, B,C) one obtains from (L.25) that | (1 - F%, )| remains bounded as n — +oo if

(1.27) e orto) + Bl (1= F) ek | < 1.

Since by ((1.26)) one has
e (tg) + Bl (1= FL)7ICL = e (T (to) + By (1 = Foy ) 'Co),s

the estimates ((1.27)) and ((1.24)) are equivalent. Summing up, (1.24)) implies that
(1.28) K —sup |(1-7;

-1
B < +oo.

Using this fact we finally show that 1 € p(F%). Observe first that (1 — Fb )u = 0 for some

u e L?([0,+00),U) implies that (1 -
injective for every n € N, this gives that u =0, i.e., 1 — F% is injective.

Frio)(Wlronte1) = 0 for every n e N. Since (1-F/; ) is

To show surjectivity fix some v € LP([O, +00),U ) and define
=(1-F"

nto

)7 (0lf0,010)) € LP([0,m20],U)  for neN,
i.e., u, is the unique solution in LP([O, nto], U ) of the equation

(1.29) (1= Foy v = Vlponty)-

However, for m > n one has (Fp, tm)|[omte] = Fity(Uml[onto]): hence also tm|jone] €
L([0,nto],U) solves (L.29). This implies that

um|[0,nt0] = Up.

Thus one can define
u(s) := lim un(8), s €[0,+00).

Since, by (L.28), |u,| < K-|v| for all n € N, Fatou’s lemma implies that u € L?([0, +o0), U ).
Moreover, by construction

((1 - ]-'fo)u)|[0,nt0] =(1- nto)un = |[0,nt0] for all n € N,
which implies ((1-F%)u =v. Since v € LP([O, to], U) was arbitrary, this shows that 1 - F%
is surjective. Hence 1 — Fk is bijective and therefore 1 € p(F%) as claimed. O
Next we show that the invertibility of Id —F%, implies the invertibility of Id—-C'R(\, A_1)B
for sufficiently large .

For this purpose we denote by
(Lu)(A) :=a(N):

[ ” e Mu(r)dr
0
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the Laplace transform of a function u defined on R,. Furthermore for a Banach space X
the right shift semigroup (S,(t)),,, on LP([0, +00), X)) is given by

(S.(t)f) (s) = {f(s—t) for s -t >0,

0 else.

We will make use of the following result due to G. Weiss [Wei91a, Thm.2.3].

Proposition 1.1.20. Let Cy be the right open half-plane in C. Suppose U and Y are
Banach spaces, 1 < p < oo, and F € E(LP([0,+oo),U),LP([O, oo),Y)) commutes with the
right shift. Then there exists a (unique) bounded analytic L(U,Y)-valued function H
defined on Cqy such that, for any u € Lp([O, +00), U), denoting y = Fu,

9(s) = H(s)u(s) for all s € C,y,
holds and sup,.c, | H(s)| < |F]

We are now ready to prove the following result.

Lemma 1.1.21. Assume that 1 € p(F%) for some p>0. Then 1 ¢ p(C’R()\,A_l)B) for
all A € C satisfying Re A > u and

L((Id-F£) u)(N) = (Id-CR(A, A_l)B)_la()\) for all uw e LP([0,+00),U).
PROOF. Assume first that x4 = 0. Then it is well known that F., = F commutes with

the right shift (cf. [Wei91a]). Then also G := Id-F, € E(Lp([0,+oo),U)) commutes
with the right shift, thus by Proposition [1.1.20] and similar calculation as in the proof of

Proposition [1.1.16|{ one obtains for u € Lp([O, +00), U)
(Gu)(A) = (Id-CR(N, A1) B)-a(X), ReA>0.

Let R :=G'e E(Lp([0,+oo),U)). Then clearly the right shift also commutes with R.
Hence again by Proposition [1.1.20| there exists R(\) € L(U) such that

(Ru)(N) = RQ\) -a()), ReA>0, uel?([0,+00),U).
Summing up one obtains for all u € Lp([O, +00), U) that
ia(A) = (RGu)(A) = R(V) - (Gu)(N)
=R(A) - (Id-CR(\, A_1)B) -a(\)
- (GRu)(\) = (1d-CR(A\, A1) B) - (Ru)(A)
= (Id-CR(X\, A_1)B) - R(X) - ().
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Taking u(s) = e=*v for some v € U, this implies
L v=R(\)-(Id-CR(X\, A1)B) - 7 v
= (Id-CR(X\, A_1)B)-R(\) - 3 -v, ReA>0.
Hence R(A) = (Id—=CR(\, A 4)B)
If 1> 0, then by the same reasoning applied to Fk one obtains that
1ep(CR(N, ALy - p)B) = p(CR(A+p,A1)B)  for all ReA> 0.

Clearly this implies our claim in case > 0 and the proof is complete. U

1.2. The theorem

In this section we state and prove our main perturbation result. It is a purely operator the-
oretic version of a perturbation theorem for abstract linear systems due to Weiss [Wei94al,
Thms. 6.1 and 7.2 (1994)] in the Hilbert space case and Staffans [Sta05, Thms. 7.1.2 and
7.4.5 (2005)] for Banach spaces. In particular, our approach avoids the use of abstract
linear systems and Lebesgue extensions. For related results see also [Had05] and [Sal87,
Thms. 4.2 and 4.3].

Our result has been published in [ABE14] and we follow the presentation there.

Theorem 1.2.1. Assume that P = BC € L(Z,XA) is a Weiss-Staffans perturbation of
the generator A of a Cy-semigroup (T'(t))ts0 on a Banach space X. This means that there
exist 1 <p < +o0, tg>0 and M >0 such that

(
(i1) v/OtO T_1(to-s)Bu(s)dse X  for all ue LP([0,t],U),

~

) 1g(R(\,AL)B)cZ for some X e p(A),

to
(ii1) /0 HC’T(S):UH];] ds <M -|z|%  for all x € D(A),
to r
(iv) fo HC’/O T 1(r-s)Bu(s) dsH}; dr <M -|lulb for all u e W(Q)’p([o,to], U),
(v) 1ep(Fy,), where Fyy e L(LP([0,20],U)) is given by (L.20).
Then

(130) ABC = (A_1+BC)|X, D(ABc) = {CL’EZ:(A_l-i-BO)ZL’EX}
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generates a Cy-semigroup (S(t))so0 on X. Moreover, the perturbed semigroup verifies the
variation of parameters formula

(1.31)  St)x=T(t)x+ fotT_l(t -s5)-BC-S(s)xds forallt>0 and x € D(Apc).

For the proof we recall the extended controllability-, observability- and input-output maps

from Corollary [1.1.4] Remark and Remark [1.1.13] Keep in mind that we assume
WO(A) < 0.

Lemma 1.2.2. Let (A, B,C) be compatible and (B,C) jointly p-admissible for some
1<p<+oo. Then there exist

(i) a strongly continuous, uniformly bounded family (B;)sso © E(LP([O, +00), U),X),
(ii) a bounded operator Co, € L(X, Lp([O, +00), U)), and

(iii) a bounded operator Fo € L(LP([0,+00),U))

such that
(1.32) B = fOtT_l(to—s)Bu(s) ds for alluELp([O,+oo),U),
(1.33) (Coox)(8) =CT(8)x for all x € D(A), s€[0,+00),

(1.34) (Foou)(s) =C /0 T (- s)Bu(s)ds for all u € Wﬁ’p([o, +00),U).
We are now well prepared to prove the above theorem.

ProOOF OF THEOREM [LL.2.1]. The idea is to define an operator family (S(t))0 C
L(X) and then to verify that it is a Cy-semigroup with generator Apc.

To this end, assume that the condition (1.24) in Lemma |[1.1.19| holds for p = 0. Then
Id -F,, is invertible, and one can define

(1.35) S(t):=T(t) + Bi(Id -Fo) 'Coo € L(X), t > 0.

Since (T'(t))0 and (B;)ss0 are both strongly continuous and uniformly bounded, the same
holds for (S(t))0. We proceed to compute the Laplace transform of S(e)x : [0, +00) > X
for x € X. Since

(1.36) S( ) =T()z +T1(+)B * (1 - Fo. ) 'Cost,
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the convolution theorem for the Laplace transform (or [BE14, Lem. 3.12]) and Lemma|l.1.21
imply for every x € X and ReA >0

L(S(*)z)(A) = R\, A)z + R(A\, A1) B - L((1 - Fuo) Coot) ()
- RO\, A)z+ R(\, A4)B- (Id-CR(\, A1)B) ' -CR(\, A)z
(1.37) =Q(\)x.
We now show that Q(\) = R(\, Apc). First note that by the compatibility condition

one has
rg(Q(\)) c D(A)+ Z = Z = D(C).

Moreover,
(A=A -BC)-Q(\) =
= 1d-BCR(\, A) + B-1d-(Id—-CR()\, A1) B) ' CR(), A)
- B-CR(A\A4)B-(Id-CR(A\, A1)B) ' CR(), A)
- 1d.

This implies that Q()) is a right inverse and rg(Q())) ¢ D(Ap¢). To show that it is also
a left inverse take 2 € D(Apc) ¢ Z = D(C). Then we obtain

Q(\)- (A=A - BC)z =
=2 - R(\, A)BCx+ R(\, A1) B(Id~CR(\,A1)B) " -1d-Cu
~R(\,A1)B(Id=CR(\, A1)B) " -CR(\, A1)B-Cx
=X.

This shows Q(A\) = R(\, Apc) as claimed. Summing up we showed that (S(¢))ws0 C
L(X) is a strongly continuous family with Laplace transform R(\, Agc). By [ABHN11,
Thm. 3.1.7] this implies that (S(t)):s0 is a Co-semigroup with generator Apc.

To verify the variation of parameters formula ([1.31]) one first notes that by Lemma|l.1.21
and the explicit representation of R(\, Apc) in (1.37) one has

L((1-Fo)'Coo(+)x))(A) = L(CS(+)x)(N) for all z € D(Apc) and Re > = 0.
By the uniqueness of the Laplace transform this implies that
(1= Fuod) Cuu() = CS (),
and the assertion follows from the definition of (S())wo in (1.36]).
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Now assume that (1.24) only holds for some p > 0. Then repeating the same reasoning
for the triple (A- p, B, C) one concludes as before that (A— ) e = ((A-p)-1 +BC)|x =
Apc - is a generator. Clearly this implies that also Agc generates a strongly continuous

semigroup (S(t))ss0. Moreover, one obtains that the rescaled semigroups (G_MT(t))bO

and (e‘“tS’ (t)) 10 verify the variation of parameters formula (1.31]) which implies that this
formula holds for (7'(t)):s0 and (S(t))ss0 as well. O

We point out that our theorem can be consider as a generalization of

e the Miyadera-Voigt perturbation Theorem [Miy66] and [Voi77], see also [ENOO,
Cor. I11.3.16] and [TWOQ9, Thm. 5.4.2] as shown in [ABE14, Sec. 4.2],

e the Desch-Schappacher perturbation Theorem [DS89, Thm. 5, Prop.8], see also
[ENO00, Cor. I11.3.4] and [TWO09| Cor. 5.5.1] as shown in [ABE14| Sect. 4.1].

1.3. A generalization of the Weiss—Staffans perturbation

In [Miy66] Miyadera proved the following theorem.

Theorem 1.3.1. Let A be the generator of a Cy-semigroup (T(t))is0 on a Banach space
X. Assume that for C e L(X{, X) there exist 1 <p < +oo, to>0 and M >0 such that

to
(1.38) /(; ICT(t)x|% dt < M |z|%  for all x € D(A).
Then the perturbed operator (Ac,D(Ac)) = (A+ C,D(A)) is the generator of a Cy-

semigroup on X.

Voigt [Voi77| generalized this result considering a perturbation C': D ¢ D(A) - X where
D is a (T(t))so-invariant core of A.

Theorem 1.3.2. Let A be the generator of a Cy-semigroup (T'(t))so on X. Assume that
C: D — X is a linear operator and D c X a (T(t))sso-invariant core such that

(a) [0,+00) 5t~ CT(t)x is continuous for every x € D,

(b) there exist 0 < M <1 and ty >0 such that

¢
f ’ ICT(t)x|ydt < M |z|y for all x € D.
0

Then the closure Ac of (A+C, D) generates a Cy-semigroup on X . Furthermore C' admits
a unique extension C' € L(X1,X) and (Ac, D(A¢)) = (A+C,D(A)).
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This means that he required the estimate only on a core of the generator A.
However, he needed the further condition (a) implying the existence of an A-bounded
extension of C. In a sequent paper, jointly with Thieme [T'V09], he analyzed under which
conditions such an operator C' admits a continuous extension C' to all of X A=D(A).

Such generalizations are useful, e.g., for so called “non-autonomous” Miyadera-Voigt per-
turbations see [RRS96] and [RSRV00]. That is why, in order to extend our Weiss—
Staffans perturbation Theorem later to nonautonomous perturbation (see Chapter
and [0)), we first generalize it by requiring condition (éii) of Theorem [I.2.1]just on a core
of the considered generator.

Furthermore, in the non autonomous setting the first factor B of the Weiss-Staffans
perturbation does not act within the Sobolev tower corresponding to the given generator.
This also happens when one considers operator matrices, as we do by studying linear
control systems in Chapter [2] We now explain in details the situation we are going to

investigate.

Let (é, D (é)) be the generator of a Cy-semigroup (7'(t))so on a Banach space X and
assume it to be exponentially stable, i.e., wy (@) <0.

Let X be a second Banach space with continuous and dense embedding X < X. Further-
more, we assume that X is invariant under (7°(t))eo and that the restriction of (7'(t)):so
on X is a strongly continuous semigroup denoted by (7'(%))o. Clearly, the generator
(G,D(G)) of (T(t))sso is the part of G in X. See [EN0O, Example 11.2.3).

Let D c D(G) be a (T(t))sso invariant core. Moreover, let U and Z be Banach spaces
such that D(G) < Z < X and take operators C € £(Z,U) and B ¢ L(U, X).

This situation is explained in the diagramm below.

\
7
x

D(G)
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We are now ready to state the main result of this section.

Theorem 1.3.3. The operator Gpc := (CNT'+BC~’)‘X generates a Co-semigroup (S(t))eo

on X if the following conditions are satisfied.
(a) 1g(G'B) c Z.
(b) There exists t >0 and M¢ >0 such that

.
(1.39) f HC’T(3)$HZ ds < Mc |z|  for all x € D.
0

(c) There exists t >0 and Mg >0 such that

¢ p
(1.40) H [T nBu)ar| ds<Mylully for alluer?([0,1],0).
0 X

(d) There exists t >0 and Mpc >0 such that
Tt - T
(1.41) [ C’f T(r - s)Bu(s)ds
0 0
where WyP([0,],U) = {u e W'r([0,¢],U) : u(0) = 0}.

p
dr < Mpc |ul%  for all we WyP([0,¢],U),
U

(e) 1€ p(F,) for one (every) t >0, where Fy € L (Lr([0,¢],U)) is the unique continu-

ous extension of the map

WP ([0,¢]),U) 2 u v éfo'T( —r)Bu(r)dr.

Before proving this theorem we first discuss the assumptions appearing in it.

Remark 1.3.4. Using the integral representation of the resolvent one obtains
R\, Gz =R\ Gz VYzreX and Y e p(G).
Furthermore, applying the resolvent equation one proves that
rg (CN}'_lB) cZ+rg (R()\,é)B) cZ Vep(@).

Remark 1.3.5. Notice that in this case condition (b) only holds for x in a core of G,
while in Theorem condition (#ii) was considered on D(G). Furthermore, if condition
(b) holds for one ¢t > 0, then one can prove (as in Lemma that it holds for every
t >0 with a constant M not depending on ¢.

Thus one can define an operator Co, € £(X, Lp([(), +00), U)) as the continuous extension
of the operator
D3z CT()zel.
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Remark 1.3.6. If condition (c) holds, one can prove (as in Lemma [1.1.3)) that it holds
for every t > 0 with a constant Mpg not depending on ¢t. Thus for every ¢ > 0, the operators
given by

Bus= [ Pt - Bu(r)dr, uel.
belong to £(U, X), and the family (B,):s0 is uniformly bounded and strongly continuous.
Remark 1.3.7. The left hand side of is well-defined since for u € Wy ([0,¢],U)
(1.42) /(;T T(r - s)Bu(s)ds = -G™'Bu(r) + G~ for T(r - s)Bu'(s)ds
- G Bu(r) + G fo "T(r - s)Bu/(s)ds € 7,
where we used condition a and c in the second equality.

If condition (d) holds for one ¢ > 0, then it holds for every ¢ > 0 with a constant Mpc not

depending on t (see Lemma [1.1.12)).

Thus one can define an operator Fy, € E(LP([O, +00),U )) as the unique continuous exten-

sion of the operator
WyP(R,,U)3uw C / T(+—r)Bu(r)dr e U.
0

Furthermore, as in Lemma|[1.1.19 one has that if 1 € p(F,), then 1 € p(F%) for sufficiently
large 1 > 0.

We are now ready to prove Theorem [1.3.3] We could do this with the same strategy used
in the proof of Theorem [1.2.1] but we present a slightly modified one.

PROOF. Define the Banach space X := LP(R+,£S(X,U)) equipped with the norm
1
| F'] = supy, <1 (fa |F(t)x|,dt)? and the operator V e £(X) as

(VQ())x = Fuu(Q(+)x) VQeX, zeX.

As remarked above, condition (d) implies that 1 € p(F%) for sufficiently large p > 0. Let
us first assume that this holds for p =0, then from

(I-V)Q()z=(I-Fo)(Q(-)r) VQeX, reX,
we obtain that 1 € p(V) and we can define
Ri=(I-V) Co € LP(R,, L(X)).
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Using condition (c), we obtain operators S(t) € L(X) by
t
Stz = T()r+ f T(t - ) BR(r)zdr
0
= T(t)z+BR(:)r VreX, t>0.

Since (T'(t))so and (By)ss0 are both strongly continuous and uniformly bounded, the same
holds for (S(t))so-

Apply the Laplace transform to S(+)f and use the convolution theorem to obtain

L(S()f)N) = R\, G)z + R\, G)BL(R(+) f)(\), ReA>0.

In order to compute the Laplace transform of R(-)f, use (b) and notice that

(1.43) R()z - VR()x =CT(:)x Ve D(G).

For x € D(G) we obtain
[oo e N OT (r)adr
0

-1 * —ATGT d
CG fo e (r)xdr
= é] e T (r)zdr

0

(1.44) CR(\,G)zx.

This is well-defined and admits a (unique) bounded extension to X.

Furthermore, for u € Wé’p (R+, U ) we obtain
v/(;ooe_’\té’ ]:T(t —r)Bu(r)drdt =
= [}m e MO [—élBu(t)(-) +G! /Ot T(t- r)Bu’(r)dr] dt
C [—é‘lB fooo e Mu(t)dt + G [000 e /OtT(t - T)Bu'(r)drdt]

C’[foooe_)‘tAtT(t—T)Bu(T)drdt]
= CR(\,G)BL(u) ().

This is well-defined thanks to assumption (d) and admits a (unique) bounded extension
to L?([0, +00),U).

Thus we conclude that

(1.45) LVR()z)(N) = CR(\, G)BL(R()x)(\).
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Combining equations ((1.43), (1.44) and (1.45), one obtains
[I-CR(\,G)BIL(R()x)(\) = CR(\, Gz Va e D(G).

By the same calculation as in Lemma [1.1.21] one obtains that I - C'R(\, G)B is invertible.
Therefore

L(R()z)(\) =[I -CR()\,G)B]'\CR(\, @)z Yz eD(Q),
thus
L(S()z)(\) = RO\, G)z + R(\,G)B[I - CR(\,G)B]'\CR(\,G)x = Q(\)z
for every x € D(G). This admits a (unique) bounded extension to X.
As in the proof of Theorem one notices that
(A-G-BCYQ\N)z =2 VYzeX.

On the other hand
Q\N(\-G-BC)x =z VxeD(Gpe).

Thus by [ABHNII, Theorem 3.1.7] one concludes that (G + BC)x generates a Co-
semigroup on X.

Let us now assume that 1 € p(ﬁéﬁ,) for p > 0, then analogously as in the proof of Theorem
we repeat the same reasoning for the triple (G - p, B,C') and conclude that (G -
)ee = Gpe — 1 is a generator. Clearly this implies that G go generates a Cy-semigroup.

O

Next we show that the semigroup (S(t))ss0 generated by Gpc satisfies the Variation of
Parameters Formula.

Lemma 1.3.8. If the operator Gpc generates a Cy-semigroup (S(t))is0 on X, then
o ~
S(t)z = T(t)z + f T(t - r)BCS(r)xdr Vi e D(Gpo).
0
PrOOF. We first notice that the domain of Gge is a subset of Zn D(G) = Z. Fur-
thermore we recall that S(¢)D(Gpgc) c D(Gpge) for every ¢ > 0.

For x € D(Gpc) we consider the function

[0,t] 37~ &(r) =T (t-r)S(r)zeX c X.
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Then &,(+) is continuously differentiable in X with derivative
%fz(r) (= r)GS )+ Tt - r)(G + BE)YS(r)a
=T(t-r)BCS(r)z,
since if a function is continuously differentiable in X the same holds in X.

Thus one concludes that

X36(1)-&(0) = S -T@W = [ "¢ (r)dr - JA Tt - 1) BOS(r)xdr.



CHAPTER 2

Well-posed linear control systems

In this chapter we use our generalized Weiss—Staffans perturbation theorem to give
a semigroup proof of a result (due to [CW89, Thm. 5.1] and [SWO02| Sect. 6] for the
Hilbert space case, [Sta05], Sect. 2.7 and Thm. 4.8.3] for the Banach space case) on the
well-posedness of linear control systems of the form

S(A, B,C) {f’b(t) = Az(t) + Bu(t), >0,

y(t)=Cx(t) t>0.
The operators A, B, C' are linear and defined on Banach spaces X,Y and U, called state-,

observation- and control space, respectively, and satisfy the following hypotheses:

e A: D(A) c X - X, called the state operator, is the generator of a Cy-semigroup

(T(t)) =0

e BeL(U ,X4) is the control operator,
o C e L(Z,Y) is the observation operator,
e X7 X.

For the motivation, concrete examples, and a systematic treatment of such systems we
refer to [CZ95|, [HI05|, [HIR06], [SW12], [TW09] and the references therein. More-
over, in Section [2.2] we illustrate our results by considering a heat equation with boundary

control and point observation.

In [BE14] we generalized an idea of Grabowski and Callier [GC96], see also Engel
[Eng98b| and associated to our system an operator matrix (Apc, D(Apc)) defined on an

appropriate product space XP depending on p > 1. We then called X(A, B, C)|p-well-posed
if this operator matrix generates a Co-semigroup T = (7 (t)) 1o O AP

In other words, [X(A4, B,C')|is well-posed if the Cauchy problem

{;{(t) = Apcx(t), t>0,
x(0) = xg

31

(2.1)
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is well-posed on AP in the sense of Hadamard (see [ENOO, Sect. I1.6]).

It turns out that this definition of well-posedness leads to the concept of p-admissibility
of the control operator B and the observation operator C' as studied, e.g., by Staffans and
Weiss, see [Wei89b|, [Wei89a), [TW09], [Wei94b|, [SWO02].

We mention that the semigroup 7 generated by Apc also appears in [TWO09], [SW02],
[Sta05|] and [LP67] where it is called the “Laz-Phillips semigroup”.

2.1. The setting

In the following we introduce and decompose A in such a way that it becomes a Weiss—
Staffans perturbation of a generator. We then apply Theorem [I.3.3] and obtain that the
same conditions as in [BE14, Thm. 5.1] imply the generator property of A.

In order to do this, we first fix some 1 < p < oo and introduce the spaces
o EY:=17((-00,0],Y),
o EF:=1r([0,+00),U),
o X7 =FE7x X x EY,

and the operators

o Dy := % : D(Dy) c EY —» E} with domain
D(Dl) = W(l)m((_oo?OLY) = {y € WLp((_OO:O]vY) y(O) = 0}7

o Dy:=4:D(Dy,) c EY > E} with domain D(Dy) := WLr([0,00),U).
It is well-known that

e D; is the generator of the left shift semigroup (S1(t)),,, on EY,

e D, is the generator of the left shift semigroup (S5(t)),,, on E5.

On AP (equipped with an arbitrary product norm) we define for some fixed A\ > 0 the

operator matrix

d_Xx 0 0
(22) ABC = 0 A,l -A B(SQ R
0 0 Dy - A
(2.3) D(Agpc): = {(%) e&: A+ Bu(0) € X, y(0) = Cx},
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where 0 : WLP([O, 00), U) c EY - U denotes the point evaluation given by dou := u(0)
and

&€= W"((-00,0],Y) x Z x WH2([0,00),U).
We then make the following definition.
Definition 2.1.1. The linear control system (A, B, (') is p-well-posed if Apc generates

a Cp-semigroup on AP.

In order to write Apc as a generalized Weiss-Staffans perturbation of a generator, on the

space X7 := (EP)P! x X4 x E? we introduce the generator

Dii-XA 0 0
A= 0 Ai-X 0 |, D(A) = E"x X x D(Dy),
0 0  Dy-A

furthermore, letting (e, ®y)(s) = e*sy for every s € R_ and Z = EP x Zx D(D,), we define
the operator
0 (D17_1 —)\)(—6)\ ®C) 0
L:=|0 0 Béy|: 2 — xP.
0 0 0

Clearly A generates a Co-semigroup (S(t))sso given by

6)‘t517_1(t) 0 0
(2.4) S(t) = 0 eMT (1) 0 , 20
0 0 €>‘t82(t)

on XP with wy < 0 for sufficiently large A > 0. Furthermore X? - XP and XP is S(t)

invariant.

Then one can show the following.

Lemma 2.1.2. The operator Agc can be decomposed as an additive perturbation of a
generator, namely

Apc=A+L
with domain D(A"‘L):{(%)Eé:j_l(%)+L(%)EXp}.

PROOF. A simple computation shows that D(Apc) = D(A+ L) and that
ABC(%):(/I-}-L)(%) for all (y)ED(ABc).

x
u
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Furthermore, defining

U:=FE)x X xU,
L can be decomposed as L = Bo(C and these two factors are given by
0 -&e,® C 0
c=l0 0 0feL(Zu),
0 0 &
(Di-1-X) 0 0
B:= 0 0 Blec(u,xr).
0 0 0
Clearly
Al — Z o XP.

Thus we are in the situation introduced in Section [1.3] and in order to conclude that Agc
generates a Cj-semigroup on X we need the assumptions (a)-(e) of Theorem[1.3.3]

Condition (a). rg(A=!B) c Z < rg(A7l1B) c Z.

In order to show this take (%) eU. Then

R()\aDl,—l) 0 0 (D17_1—/\)P 0 0 Yy
AB(2) = 0 R(\AL) 0 0 0 Bl|a
0 0 R()\>D2,—1) 0 0 O u
Py
=|R(\, A.)Bu| € Z < R(\, A_)Buce Z.
0

Condition (b). C is p-admissible for A <= C'is p-admissible for A.

Take x = (%) e D(A) and t, > 0. Then
to to
[ lesagat= [T (1exe OeNT @l + [ ulf )t

to 0
- ( s ]eASCeAtT(t)sz,dsH\eAtu(t)”%)dt
= /to iC’e"\tT(t)x '
~Jo PA

to to ~
fo [CS(#)x|Edt < M| o <= [0 |CeNT(t)x|%.dt < N || x.

+ |e‘”u(t)|pU)dt.

Y

Hence
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Condition (c). B is p-admissible for A <= B is p-admissible for A.

In order to show this one can consider I/ := D(D;)x X xU, a dense subspace of U, and, by
. . .. y(*) -
a similar argument as in ([1.6)), check Condition (c) for f := (:v(°)) € Lp([O, oo),Z/l). Then
u(*)

for to > 0 we obtain

to to (e 08y g (to-1)(D1,-1-N)y(r)
|} satta=msrearl, = | [ (7R
0

SMITL (0 soyr) = ‘

xP

to to
/ e_/\(tO_T)Sl(to -r)(D1 = AN)y(r)dr + /; e"\(tO_T)T_l(to —r)Bu(r)dr

0

EP b'e

t -
./0 0 e Mo (to - r)Bu(r)dr|| < MHUHEg

X

Condition (d). The pair (B,C) is p-admissible for A <> the pair (B, () is p-admissible
for A.

y(*)
Take f := (mgog) € Wé’p([(), oo),Ll). Then for t5 >0

t t P t _e te= A=) | (t—r)Bu(r)dr P
fo Cf S.i(t-r)Bf(r)dr dt=/0||( AeC fp e )B()d) dt
0 0 u 0 0 y
to 1 t p
:/ —HC/ e AT (t =) Bu(r)dr| dt.
0 pA 0 v
Thus
to t p
[0 C fo St =B At <Mfl, i,
to ¢ p 5
— f C / AEDT (8~ ) Bu(r)dr|| dt < M ul g
0 0 2
Y

Condition (e). 1€ p(Fw).
We notice that F. is the continuous extension of

) 0 0 -ex®C [y e T («—r)Bdr
C/ Sa(--r)Bdr=|0 0 0
0
00 0

defined on Wy”(R,, W2 (R, U)).

Thus it is clear that 1 € p(Fu) since I — F,, is a bounded upper triangular matrix with
invertible entries on the diagonal.
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Similarly as in [BE14 Thm.5.1] one obtains the following result.

Theorem 2.1.3. If rg(A™1B) c Z, B is a p-admissible control operator, C' is a p-
admissible observation operator and the pair (B,C) is p-admissible, then A generates
a strongly continuous semigroup on XP.

Thus, using Proposition [1.1.16} the result above can be reformulated as follows.

Theorem 2.1.4. The linear control system (A, B,C) is p-well-posed if rg(AZI1B) c Z,
B is a p-admissible control operator, C' is a p-admissible observation operator, and m(+) :=
CR(is, A1) B is a bounded Fourier multiplier.

As a corollary we characterize the 2-well-posedness of the system [X(A, B,C)| in case
that all the spaces X, Y and U are Hilbert spaces. Using the Plancherel Theorem (see

[ABHN11), Thm.1.8.2]) one can first prove the following.

Lemma 2.1.5. Let V.W be two Hilbert spaces, then every m € L“(R,L‘(V, W)) is a
(bounded) L2-Fourier multiplier.

Combining Proposition and Lemma[2.1.5|we immediately obtain our next result.

Corollary 2.1.6. Let X, Y and U be Hilbert spaces. Then the system |X(A, B,C)| is
2-well-posed if B and C are 2-admissible and m(s) = CR(i+, A_1)B ¢ L=*(R,L(U,Y)).

Remark 2.1.7. The semigroup (’7'(15))t> , generated by A already appears in Staffans and
Weiss [SWO02| Prop. 6.2] and is called the Laz-Phillips semigroup (of index 0) referring
to the paper [LP67| by Lax and Phillips.

This semigroup describes the solutions of the well-posed system (A, B,C) as follows.
For x = (y(-),x,u(-))t € XP

e the first component of 7 («)x gives the past output,

e the second component of 7 («)x represents the present state,

e the third component of 7 (+)x can be interpreted as the future input
of the system.

Remark 2.1.8. If the semigroup (7°(¢))0 generated by the state operator A is not
exponentially stable, as needed in Assumption (i.e., if the growth bound wy(A) > 0,
cf. [ENOOQ, Def. 1.5.6]), then we choose \g > wy(A) and for the rescaled generator A — g
we obtain wy(A — \g) < 0. Moreover, on the product space X? we introduce the operator
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matrix A% associated to the control problem (A - X\, B,C, D). This operator can be
written as

A= A-NPy  for  Pyi=(10)eL(an).
If there exists A € p(A) such that rg(R()\,A,l)B) c D(C), then this holds for every
A€ p(A). Hence rg(R(p, A_i-Xo) B) = rg(R(p+Xo, A_1)B) c D(C) for every pi € p(A-Xp).

This shows that A satisfies the compatibility assumption (|1.16]) if and only if A- X\ does,
leading to the following result.

Theorem 2.1.9. Let \g € p(A). Then the following are equivalent.
(a) A is the generator of a Cy-semigroup on XP,
(b) A% is the generator of a Cy-semigroup on XP,
(¢c) B, C' and the pair (B,C) are p-admissible with respect to A— M\ (or A),

(d) B and C are p-admissible with respect to A - Ny (or A) and m* = CR()\g +

i+, A_1)B is a bounded Fourier-multiplier.

PROOF. (a) <= (b). Since A and A* differ only by a bounded operator, this equiv-
alence holds by the bounded perturbation theorem, cf. [EN0O, Thm.III.1.3].

(b) <= (c). This equivalence holds by Theorem [2.1.3]

(¢) <= (d). It is clear that B and C' are p-admissible with respect to A— \g if and only if
they are p-admissible with respect to A. By Theorem[1.1.16]the pair (B, C') is p-admissible
with respect to A — g if and only if m* = CR(i+,A_;1 —X\g)B = CR(\g +i+,A1)B is a
bounded Fourier-multiplier. O

2.2. Example: A heat equation with boundary control and point observation

To illustrate our results we consider a metal bar of length 7 modeled as a segment [0, 7].
Our aim is to control its temperature by putting controls uy(¢) and u;(t) at the edges

0 and m. Moreover, we observe the system by measuring its temperature at the center
Zel0,m].

This was discussed in [ET00, Example 2.1] and later in [BE14) Section 6]. We now treat
this example by applying the theory developed in the previous section without using the
concept of Lebesgue extension.
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As state space we choose the Hilbert space X = L2[0,7] and consider the state function

x(s,t) representing the temperature in the point s € [0, 7] at time ¢ > 0.

If we start from the temperature profile zy € X, the time evolution of our system can be
described by a heat equation with boundary control and point observation, more precisely
by the equations

TS 2:1: S
0 étvt) =92 aiQ’t)’ t>0, se[0,r],
:E(S7O) = 1'0(5), S€ [Ovﬂ-]a
(2.5) 9r(0,t) =uo(t), t>0,

05 (7. 1) = s (1), 120,
y(t)za:(%,t), t>0.

Here the boundary conditions in s = 0 and s = 7 involving ug(+) and wu1(+) describe the

forced heat exchange between the ends of the bar and the environment.

In order to write (2.5) as a linear control system of the form [X(A, B,C)| we use the

approach for boundary control problems developed in [EKFK*10, Sect. 2]. To this end
we define the following operators and spaces.
e The mazimal system operator
42

A, = P with domain D(A,,) =W?*[0,7] c X =L*[0,7];
s

e the boundary space 0X := C? and the boundary opemtmﬂ

Q:[D(A)] - 0X, Qf:=(f(0), f'(m);

e the control space U := C2 and the control operator B :=Id e L(U,0X);
e the observation space Y := C and the observation opemtorﬂ C:=0z.
With this notation (2.5)) can be rewritten as an abstract Boundary Control System
(t) = Apx(t), t>0,
Qux(t) = Bu(t), t>0,
y(t)=Cz(t), t20,
z(0) = xo.

(aBCS)

Here [D(Am)] indicates the space D(A,,) endowed with the graph norm ||| 4,,,.

2By dz we indicate the point evaluation in 7.
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We note that

(a) the operator A c A, with domain
D(A) =ker(Q) = {h e W2[0,7] : f'(0) = f'(7) = 0}
is the generator of a Cy-semigroup (7(t))0 on X, and its spectrum is given by
o(A) ={-n?:neN} (see [ENOO, Sect. I1.3.30]);
(b) the boundary operator () is surjective,

i.e., the Main Assumptions 2.3 in [EKFK*10] are satisfied.

In order to use the abstract theory for boundary control systems developed in [EKFK*10,
Sect. 2] we need the following result due to Greiner in |[Gre87, Lem. 1.2].

Lemma 2.2.1. Let the above assumptions (a) and (b) be satisfied. Then for each X € p(A)
the operator Qier(r-a,,) 5 mvertible and Q) = (Q|ker(,\,Am))71 10X > ker(A-A,,) c X is
bounded.

The operator
-1
Qx= (Q|ker(,\_,4m)) 10X = ker(A-A,,) for Ae p(A)
is called Dirichlet operator.

Sinc ker(A - A,,) = Span{cosh(\/X-)@osh(\/X(ﬂ - ))}, a simple computation shows
that

Qx = (QO(')>Q1(')),
where for s € [0, 7]
(5) COSh(\/X(ﬂ- - 3)) COSh(\/Xs)
§):i=— ’ '
! VAsinh(v/Ar) Vsinh(VAr)
Let By = Q,B = Qy. Then, by [EKFK*10, Sect. 2], the system is equivalent to
(A, B,C)|for the operators
Bi= (A= A0 € L(U,XA),
C:=0z e L([D(An)],Y).

0i(s) =

In order to prove 2-well-posedness of the system Y (A, B,C) we transform it into an
isomorphic problem on ¢2.

3With span{f, g} we denote the linear vector space generated by f and g.
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To this end we first note that A is self-adjoint and has compact resolvent. Hence its

normalized eigenvectors given by

1 ifn=0,
2 ifn>1

en(s) = /™ cos(ns) where Wy, = {

form an orthonormal basis of X. Using this basis we define the surjective isometry

J: X —>€2, Jf = ((f’ en>)neN7

which associates to a function f € X the sequence of its Fourier coefficients relatively to

(€n)nen.
Next we put z(t) := Jx(t). Then the system X(A, B,C) transforms to
S(JAT L IB,CT ) = S(JAT T J(A = AL)Qx, 62T 7).
In particular, the differential operator A transforms into the multiplication operator
JAJ V=t My = M:D(M)cl?— (2
where a = (-n?) ey and
D(M) = {(@n)ner € 2 5 (=n%an )y € (2.

This gives for A > 0 the extrapolation space

Qn,
XM= {(an)neN eCN: (m)neN € 62}.
Moreover, the Dirichlet operator (), becomes the operator
Wy [T (=1)"\Jw, [
JQ)\ - (<_ )nEN’ ( )nEN).

A+ n2 A+n2

Thus the control operator B transforms into

(2.6) Bi=J\-A1)Qxy=(\-M)JQ, = ((‘ﬁ)nm’ <(_1)n\/¥)neN)’

while the observation operator C' transforms into the operator

(2.7) €= = (en(3))
where
- 0 if n is odd,
6”(5) - n . .
(-1)z\/%= if n is even.
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Summing up, the Control System ([2.5) is isometrically isomorphic to
2(t) = Mz(t) + Bu(t), >0,

(2.8) y(t) = Cz(t), t>0,
2(0) = 2o,

where z(t) := Jx(t) € £2 and zy := Jxo.

Our aim is now to prove the 2-well-posedness of the system (M, B ,C’) in (2.8]). Since
wo(A) = wo(M) = 0 we consider M -1 instead of M, cf. Remark and Theo-
rem

First we verify the compatibility condition (|1.16)).

Lemma 2.2.2. For every v € R we have
(2.9) rg(R(1 +iy,M_1)B) c D(C).

Moreover, m(+) :== CR(1 +1i+, M_,)B ¢ L=(R,L(U,Y)) = L=(R, £(C?,C)).

PROOF. Since
rg(R(1+1v, M_l)l-:)’) =rg(R(1+iv, M_1)(A- M)JQ,)
crg(JQx) < J(D(An)) = D(C),
the range condition is satisfied.

Let w := (z;) e U =C? and v € R. Then it follows

R(1 + 1, M,l)Bu = (;(—\/@ul + (=) ug)) =t (7)) nen-

5
1+n2+ey el

Since A
|€n(§)'7“n‘ gm-(|u1|+|u2|) forallneN, yeR,

the series

o0

enl

n=0

)7

MBS

converges and

A A 42 & 1
|CR(1 +iy,M_y)Bul < V2 5
T ol+n

w2 for all y e R, u e U.

Since this implies that m(+) is bounded, the proof is complete. 0
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Next we verify the 2-admissibility of the operators C and B. To this end we denote by
(S())ss0 the semigroup generated by M — 1.

Proposition 2.2.3. The observation operator C is 2-admissible with respect to M —1.

PROOF. Let tg >0 and z = (2, )neny € D(M). Then by the Cauchy—Schwarz inequality

we obtain
to. . 2 to. . 2
/0 CS(S)Z‘ ds = fo |C’S(s)z‘ ds

2

[ee]

to Lin2
= f Y en(Z)e ez | ds
0 n=0

< z io f+°° e~ 2(141%)s | o . Jrzo:o E |2
> n

T p=070 n=0

1 +00 1 9
<= —— )%,

2 oIl

hence by definition C' is an admissible observation operator. 0

Proposition 2.2.4. The control operator B= (b1, b2) is 2-admissible with respect to M —1.

PrROOF. Clearly B is 2-admissible if and only if by, by : C > X M are both 2-admissible.
Let to > 0 and w € L2[0, +00). Then by Young’s inequality (cf. [ABHN11l, Prop. 1.3.5.(a)])

we obtain for 1 =1,2
to 2 2 +00 to ) 2
H/ Sfl(to - T)biU(T)dT‘ < — Z(f e*(1+n )(tor)‘u(,r)‘dr)
0 0

2 T
2 2
2 +o00 +00 +o00
< — Z([) 6—2(1+n2)7”d7") ([) ‘u(r)fdr)
n=0
1 +00 1 5
"o L ey e

hence each b; is an admissible control operator. O

Remark 2.2.5. For multiplication semigroups and finite dimensional observation/control
spaces there exists a characterization for the admissibility of an observation/control op-
erator via a Carleson measure criteria. For the details we refer to [TWO09, Thm. 5.3.2]
and [HR83|, Cor. 2.5], [Wei88, Thm. 1.2], respectively.

Finally, from Lemmas [1.1.16] [2.1.5] and [2.2.2] we obtain the following.

Corollary 2.2.6. The pair (B,C) is 2-admissible.



2.2 Example: A heat equation with boundary control and point observation 43

Summing up, we obtain by Theorem the main result of this section.

Corollary 2.2.7. The system E(M,B,C’), hence also the Heat Equation ({2.5)), is 2-well-
posed.






CHAPTER 3

Unbounded boundary perturbations

In this chapter we apply Theorem to boundary perturbations generalizing Greiner’s
approach from [Gre87| to unbounded boundary operators ®. The results of this section
have been published in [ABE14] Sec. 4.3].

3.1. The setting

We start from
e two Banach spacesﬂ X and 0X, the latter called “boundary space”;
o a closed, densely defined “maximal” operatof| 4,, : D(A,,) € X - X;;

e the Banach space [D(A,,)] = (D(An), ||| a,,) where | f|a,, = /] +[Amnf]| is the

graph norm;
e two “boundary” operators L, ® € L([D(An)],0X).
This yields two restricted operators A, A® c A,, with
D(A):={feD(A,):Lf=0}=kerL,
D(A®):={feD(An,):Lf=f}.

In many applications X, 0X and D(A,,) are function spaces and L is a “trace-type”
operator which restricts a function in D(A,,) to (a part of) the boundary of its domain.
Hence one can consider A® with boundary condition Lf = ®f as a perturbation of the
operator A with abstract “Dirichlet type” boundary condition Lf = 0.

In order to treat this setup within our framework we make the following assumptions.
(i) The operator A generates a strongly continuous semigroup (7°(¢))0 on X;
(ii) the boundary operator L: D(A,,) — 0X is surjective.

n this section we denote the elements of X by f instead of z.

2¢maximal” concerns the size of the domain, e.g., a differential operator without boundary conditions.

45
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The following lemma, shown by Greiner [Gre87, Lem. 1.2], is the key to write A® as a
Weiss—Staffans type perturbation of A.

Lemma 3.1.1. Let the above assumptions (i) and (ii) be satisfied. Then for each A € p(A)
the operator Llxer(x-a,,) is invertible and Dy = (Llker(r-a,,)) ' : 0X = ker(A - 4,,) € X s
bounded.

Using this so-called Dirichlet operator D, one obtains the following representation of A®
where, for simplicity, we assume A to be invertible.

Lemma 3.1.2. [f0¢€ p(A), then

(3.1) A® = (AL - A1Dy- 9)|x,

i.e., A® = Agc for U:=0X, Z:=[D(An)] and

B:=-A_Dye L(UX4), C=0eL(Z,U).

PROOF. Denote the operator on the right-hand side of by A®. Then
feD(A?) < f-Dy®f e D(A)
<= Lf=LDy®f=0f
> fe¢ D(Aq’).
Moreover, for f € D(A®) we have
ATf = A(f = Do®f) = An(f = Do®f) = A f = A f

as claimed. ]

We mention that Greiner |[Gre87, Thm. 2.1] assumes that the boundary perturbation
® e L(X,U) is bounded and gives a condition on L implying that A_; Dy is a 1-admissible
control operator. Hence in his case A?® is a generator due to the Desch—Schappacher
theorem [ENOOQ, Thm. IIL.3.1].

Our Theorem [1.2.1] now allows to deal also with unbounded ®.

Proposition 3.1.3. Assume that for some 1 < p < +oo the pair (A_1Dy, ®) is jointly
p-admissible and that 1d € L(0X) is a p-admissible feedback operator for A. Then A® is

the generator of a Cy-semigroup on X.
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PROOF. One only has to show the compatibility condition (1.16)). This, however,

follows immediately from
rg(R(\, A1) B) = 1g((Id-AR(\, A))Dy) c ker(A,,) + D(A) € D(A,,) = Z. O

Remark 3.1.4. We note that in [HMR15, Thm. 4.1] the authors study a similar problem
in the context of regular linear systems.

Example 3.1.5. As a simple but typical example for Proposition consider the
space X := L?[0,1] and the first derivative A,, := & with domain D(4,,) := W?[0,1] (c.f.
[Gre87, Expl. 1.1.(c)]). As boundary space choose 0X = C, as boundary operator the
point evaluation L = §; and as boundary perturbation some & € (WLP[O, 1])’. This gives
i
D(A): = {f e W[0,1]: £(1) = 0},
D(A®):={feW"r[0,1]: f(1) = Df}.

Then the assumptions (i) and (ii) made above are satisfied since A generates the nilpotent

rise to the differential operators A, A® ¢ < with domains

left-shift semigroup given by

f(s+t) ifs+t<1,
0 else.

(T(®)f)(s) = {

However, A® is not always a generator. For example, if ® = §;, then A® = A,, and

0(A®) =C, hence A? is not a generator. Thus one needs an additional assumption on .

Definition 3.1.6. A bounded linear functional ® : C[0, 1] - C has little mass in r =1 if
there exist ¢ < 1 and ¢ > 0 such that

f1<q- | flloo
for every f e C[0,1] satisfying supp f c [1-0,1].

Note that W1r[0,1] & C[0,1] and hence (C[0,1])" c [D(A,,)]'. Now the following holds.

Corollary 3.1.7. If ® € (C[O,l]), has little mass in r = 1, then for all 1 < p < +oo the

operator A?® is the generator of a strongly continuous semigroup on 1P[0,1].

PROOF. By Proposition it suffices to show that for the triple (A, A_1 Dy, ®) the
conditions (ii)—(v) of Theorem are satisfied. To this end, note that 0 € p(A) and
that the Dirichlet operator Dy : C - L?[0,1] is given by Dy = - 1 where 1(s) =1 for all
se[0,1].
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(ii) By Remark it suffices to verify estimate (1.6)) where we may assume that u €
W,7[0,t] for some 0 < to < 1. Using integration by parts and [Nei81, Thm. 4.2] we
conclude? that

~L“74a0—gBu@)mﬁhilquuo-@AJmegds
:DWUQ—A%T%—QDW%Qw
:u@@-ﬂ-[f%Tuo-gnyux@ds
=u@@-ﬂ—j:0 W' (s) ds

ax{O,-+t0—1}
= u(max{0,++ty— 1})
(3.2) =u(e+ty—1).

This implies | By, u|x = |Biyul, < |ul, for all u e WP[0,t] which shows (ii).

(iii) By the Riesz—Markov representation theorem there exists a regular complex Borel

measure £ on [0, 1] such that

(3.3) wzﬁﬁm@m)mmwﬂcmu

Using Fubini’s theorem and Holder’s inequality one obtains for 0 <ty <1 and f e D(A)

[0 ICT(s)f] dsz](; |©f(-+5)| ds

< [C([ Ve i) ds
< [M(utto. 2y [ 170+ ) iy ds

=Ll [ 1R )P ds dll(r)
(3.4 <Ll 171

where ||| :=|1|[0, 1] (which coincides with ||« ). This proves (iii).

3For a function ¢ defined on an interval we denote in the sequel by § its extension to R by the value 0.
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iv) From (3.2) one obtains for 0 < to < 1 and u € W ?[0,t,] by similar arguments as in
0
(111) that

f Ty (r - 5)Bu(s) ds| dr—f0t0|®ﬁ(-+r—1)‘pdr
:f“’f u(s+7’—1)d,u(s)| dr
< [P -r 0y [ futs s 1P dipl(s) dr
< ([ - to, 1) f“ /18|us+7~—1)| dr d|y|(s)

(3.5) < (|l —to,1 ) .
This shows (iv).

(v) Since, by assumption, ® has little mass in r = 1, it follows that |u|[1 —t,1] < 1 for
sufficiently small ¢, > 0. Hence from Estimate and the denseness of Wy"[0, %] in
Lr[0,to] it follows that |F, | < |p|[1-t0,1] < 1 for 0 < o < 1 sufficiently small. This implies
1 e p(F,) as claimed. O

Remarks 3.1.8. (i) Corollary can be generalized (with essentially the same proof)
to the first derivative on Lp([O, 1],@"). One can even go further and prove a similar
result on Lp([(), 1, E ) for a (possibly infinite dimensional) Banach space E provided the
boundary operator ® has a representation as a Riemann-Stieltjes integral as in . See
also [HMR15, Example 5.1].

(ii) In most cases the admissibility of the identity as a feedback operator follows from an
estimate ||, || < 1 for sufficiently small ¢y > 0. Choosing ® = ady, by one obtains that
Fi, = ald for all ¢ty > 0, hence 1 € p(F;,) if and only if o # 1. This provides an example
where our perturbation theorem is applicable even if |F;, | > 1 for all ¢, > 0. Note that for

a =1 one obtains A® = A,,, hence in this case A® cannot be a generator.

3.2. More examples
In [HMR15|, Sec. 5] the authors consider some example in the context of linear control
systems. We reinterpret these examples by means of our perturbation theorem.
Example 1: Difference equations

Starting from a Banach space U we define for p € (1,+00) and r > 0 the space X :=
Lr([-r,0],U). Clearly Z := WbtP([-r,0],U) - X with continuous embedding.
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For a function f : [-r,+o00] — U take ¢t > 0 and define its history function (for more details
see [BP05, Chapt. 3.1]) by

fi(s):=f(s+t)eU for se[-r0].

Let p: [-r,0] = L(U) be a function of bounded variation with 1(0) = 0 and consider the
following difference equation

{fu):f_‘ldu(s)f(sm), t>0,

(DE)
f(s) = fo(s) for a.e. se[-r0],

for some function fye X.

By [BPO05, Lem. 3.4], if f e WbtP([-r,+00),U), then the function x : [0, +00) x[-r,0] > U
given by x(t,s) == fi(s) = f(s +1t) satisfies

Da(t,s) = Za(t,s). (t,5) [0, +00) x [-1,0],
2(£,0) = f(£), £20,
£(0,4) = fol).

Thus system |(DE)| is equivalent to

%x(t, s) = %x(t, s), (t,s)€[0,+00)x[-r, 0],
(DDE) (t,0) = [0 du(s)a(t,s), 20,
2(0,¢) = fo(+)-
In order to use the results obtained in Section [3.1] we introduce the operators

o A, = % € L(Z,X) the maximal operator,
o L:=6ye L(Z,U) the boundary operator

e be L(Z,U) given by ®f := f_g du(s) f(s) the boundary perturbation.
Then the system can be rewritten as
(t) = Apa(t), t>0,
Lx(t) = dxz(t), t>0,
2(0) = fo,
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which is again equivalent to

{x(t) = A%x(t), t>0,
iE(O) = fo.

where A := A, |ker and A? is a boundary perturbation of A.

One notices that we are in the situation of Example [3.1.5| Thus, in order to show the
generator property of A®, we just have to apply Corollary and Remark [3.1.8

Since p is a function of bounded variation with (0) = 0, the operator ® € C ([-r, 0], U),
defined by

o= [ du()f(s)

has little mass in 0. This allows us to conclude that the system [(DE)| and [(DDE)| are
well-posed.

Example 2: One—dimensional heat equation with Neumann boundary condi-
tions

Given p : [-m,0] - R a function of bounded variation with 1(0) = 0 we consider the follow-

ing one-dimensional heat equation with perturbed Neumann boundary conditions.

o (x,t) = Lh(a,t), O<z<m, t20,
90,t) = [ [ du(8) f(z,t+6)dz, t>0,
(HN) Lf(m,t) =0, t>0,

f(x,0)=h(x,0), 0<z<m -w<h<O0,
f(z,0) = fo(x), O0<z<m.

As in Example [3.2] we introduce the history function v(x,t,0) = f(x,t +0) = f;(z,0) for
t>0, 0<z<m, —m<0<0, which again satisfies

Y (2,t,0) = B(x,1,0), O<w<m, t20,-1<H<0,

v(z,t,0) = f(x,t), 0<z<m, t>0,

v(x,0,0) = h(z,0), 0<zx<m, -m<O<L0.

Introducing the new variable

w(x,t):( <z<m, t>0,

f(z,1)
ft(xv'))’ !
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52
we can rewrite equatio into the following equivalent problem.

20
%’(g;,t): O 5 w(z,t), 0<x<m, t>0,
90
af m r0
3 (0.0 _(Jo Jodu(0)f(x,t +0)dw  O<z<m t20,
(HNH) fi(z,0) [z, 1)

f(m,t)=0, t>0,

x
w(x,0) = folw) ,0<z<T
h($,°)

Thus, introducing the spaces Xy = L2[0,7], X = Xy x L?([-7,0],X,) and on X the
operator

82

= 0

A = (82:2 P ) ,
0 %

D) ={(2) € H0.) W21, 0L 20.1) - 60) =0, 6(0) =
o) [ [ oot

equation [(HNH)|is equivalent to the abstract Cauchy problem
w(t) = Aw(t), t>0,
w(0) = wy.
This implies that in order to analize if our starting problem is well-posed, one has

to show that A generates a Cy-semigroup on X.

We first notice that A is a boundary perturbation of the operator
62
AO — (@ 0 )
: o 2

0

D(A) = {(2) € BP0, 7] x W([-,0], 1[0, 7)) : 6(m) = 0, ¢/(0) =0, (0) =0}.

Thus, following Lemma [3.1.2] we write A as a Weiss—Staffans perturbation of A°.

In order to do so and to simplify the notation one first introduces the operators



3.2 More examples 53

hd LOE‘C(CaXO)a Lo(ﬁ)zﬁ'(O—W),
e Dye £(X0,L2([—7T,0],X0)), Dof =1® f,

o Ce L(W'([-7,0],X0),C), Cyi= [ [ du(0)e(z,0)dz.
By simple calculations one notices that A can be written as
A= (A%~ A, Dy®)|x,

with

L
o= ("0 V)Xo > Xy x L2([-7, 0], X).
0 Dy

oo Y C) Xy x ([, 0], Xo) > Cx Xy = OX.
Idy, 0

By Proposition it suffices to show that A° is a generator, the couple (-.A% Dy, D)
is jointly 2-admissible with respect to A" and that Idc.x, is an admissible feedback for
(A% -A° Dy, D).
Defining

o A=-L with domain D(A) = {¢ e W22([-,0], X,) : ¢(-7) =0, ¢'(0) =0},

e @=L with domain D(Q) = {¢ e W([-7,0], Xo) : ¢(0) =0},
one notices that the operator A° = (645) is a diagonal matrix with diagonal domain. This

suggests to split the problem into two parts.

Part 1. We show that A generates a Cy-semigroup and that the couple (-A_1 Lo, Idx,) is
jointly 2-admissible with respect to A.

e The operator A = % with domain D(A) = {qb e W22([-7,0], Xo) : ¢(-7) =0, ¢'(0) = O}
is self-adjoint and negative definite with spectrum

o (4)={- ) g e N},
thus it generates an analytic semigroup (7'(t))0 on Xo.
e Of course, the operator Idx, is a 2-admissible observation operator for A.

e We now show that —A_; Ly : C - X, _; is a 2-admissible control operator with respect
to A. Analogously as in Section [2.2| we first notice that A is a self-adjoint operator with
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compact resolvent, thus its normalized eigenvectors

er(s) = \/gcos (2 )

form an orthormal basis for X,. Thus we can define a surjective isometry

J: X - 12, Jf = (<f7€k>)keN’

that maps every function f € X to the sequence of its Fourier-coefficients with respect to

er)ren. Then A is transformed into the multiplication operator
(€x)ken p p

JAJ ' =M =M, :D(M)cl*-1[?
for A\ = w, keNand D(M) := {(xk)keN el?: (ka)kd\l € 12}.

Furthermore —A_; Ly becomes

M 4
—JA,lLO = —MfleO =B= (—\/g)kEN :C—~ (12)_1 = {(xk)keN LT € C and (mlﬁc)k . € l2} .

This is a 2-admissible control operator with respect to M since, by the Cauchy-Schwarz

inequality,
to 2 2 > to +1)2 2
H[ eM-l(tO’T)Bu(T)dT < _Z(f 67%(&)7?) |u(7")|dr)
0 2 T k=0 \JO
2 oo 0o +1)2 b
< = Z( / e ’"dr)-( f Iu(r)lzdr)
iar W 0
S
-z u
T2k )2

for every u e L2[0,t].

e Since Idy, is a bounded operator, the couple (-A_; Ly, Idx,) is jointly 2-admissible with
respect to A.

Part 2. We show that @) generates a Cy-semigroup and that the couple (-Q_1D,,C') is
2-admissible with respect to Q).

e The operator @ = -L with domain D(Q) = {p € Wh2([-7,0], Xo) : ¢(0) = 0} generates
the nilpotent left-shift semigroup (S(t))ss0 on L2([-m, 0], Xo).

e By the proof of Corollary part (ii), the operator —Q)_; Dy is a 2-admissible control
operator for ().

e The operator C' given by Cp = [ f_07r du(9)e(z,9)dx € C for ¢ € WH2([-7,0], Xp) is
a 2-admissible observation operator with respect to (). Indeed, using Holder’s inequality
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and Fubini-Tonelli’s theorem (here we follow the calculation in [HMRI15L (5.9)]) we

have

[Fiesworar= [°| [T [ aus) 500 )i at

- [" /(;W[;d,u(s)gb(:c,sw)dx
< [(f7 [ iotes =l s)ar) ar

<l (@m0 [ [T 160+ R dlul (s)dads
=l (0 [ [0+ 0 dud ] ()
=l ([ 0) [ [ 100+ D, dlul ()it
=l (-, 0) [ [ oG 01, dlul ()

<7 (lutl (=7, 01)) 163 (0.0 -

2
dt

e The couple (-Q_1 Dy, C) is 2-admissible with respect to Q since by Equation (3.2)
- [ 54 - 1)@ (1 8 u(r) (Vdr = ulmas{0,- +1))

for ue Wy*([0, 0], Xo). Choosing ¢ = 7, one obtains the estimate

LN S dnoutamato.i )i

fo ' fo ' f to dp(9)u(t +9)(z)dx

foﬂ (foﬂ fto d|pl (0) |u(t +0) (z)] dx)2 dt

LS [ e o @)dsaiil ) a

L7001 [ [ dlpl() bt +0) @) dr

ull,0] [ [ b+ ), dll(9)

(33) = i) [T [T Wl drlul(9)

2 2
(|M|[‘7T,O]) : HU’HLQ([O,W],Xo) :

2
dt

2
dt

IN

(3.6)

(3.7)

IN

IN

IN
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Here in (3.7) we used Cauchy—Schwarz’s inequality while in (3.6) & (3.8) we applied

Fubini-Tonelli’s theorem.

Putting together Part 1 and 2 one concludes that A% is the generator of a Cy-semigroup
and the couple (=A% Dy, @) is jointly 2-admissible with respect to A°.

Part 3. Tt remains to show that Idcyx, is a 2-admissible feedback operator for (A%, -A% Dy, D).

For uy € W' [0,%0] and uy € W2 ([0, 0], Xo) we have
U1 _ 0 C t T_l(t—T’) 0 A_1 0 DO 0 Ul(’l“) -
(R VI VA G e [ G [ e

oo 7))

Ft() (t)’LLQ =-C fot S_l(t - T)Q_1D0U2(T)d7’7

where

t
Gto (t)u1 = - f T,l(t - T)A,lL(]Ul (T)dr for t e [O,to]
0
Since Idy, is a bounded observation operator, by the proof of [ABE14], Thms. 14 und
16],we obtain that |G, | — 0 for to N 0.

Furthermore, since | F;| < | Fi, | < (|| [-7,0])? for every t € [0, 7], it follows that | Fy, Gy, | <
1 for ¢y > 0 small enough.

Thus 1 € p(F;,Gy,) for ¢y > 0 small enough which by [Eng99, Lemma 2.1] is equivalent to
the invertibility of

0 Fi
Id-F,, = Idexx, - (Gto ‘o )
_ [ Ic -Fy Ic-FiyGyy O Ic 0
- 0 IXO 0 IXO _Gto IXO )

The results of Part 1, Part 2 and Part 3 together permit to conclude that 4 generates a
Co-semigroup on X.



CHAPTER 4

Weiss—Staffans perturbation of analytic semigroups

In this chapter we study Weiss—Staffans perturbations of generators of analytic semi-
groups. The results will appear in a forthcoming joint paper with M. Adler and K.-J.
Engel.

4.1. Analytic semigroups

We first introduce the basic concepts on analytic semigroups. For more details see [ENOO,
Chap. I1.4] and [Lun95, Chap. 2].

Definition 4.1.1. Let (A, D (A)) be a closed, densely defined operator on a Banach

space X. Then A is called sectorial of angle ¢ € (O, %] if the sector

IESPES {Ae@:|arg/\| <g+5}\{0}

is contained in the resolvent set p(A), and if for every € € (0,d) there exists M, > 1 such

that u
IR(X, A)| < |T for all 0 # X € Xx 5 .

Definition 4.1.2. A family of bounded operators (7'(2)) cx, 0, 00 X is called an analytic
semigroup of angle 0 € (0, g] if

(1) T(0) =1 and T'(z1 + 22) =T(21)T(22) for all 21,25 € .
(ii) The map z ~ T'(z) is analytic in Y.
(iii) limy,s2-07'(2)x = 2 for all 2 € X and 0 <0’ < 4.
If, in addition,
(iv) | T'(2)| is bounded in ¥ for every 0 <’ <9,

we call (1'(2)),ex,u10y @ bounded analytic semigroup.

These two concept are related as the following result states ([ENO0O, Thm. I1.4.6]).
o7
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Theorem 4.1.3. Let (A, D (A)) be an operator on a Banach space X. Then he following

are equivalent.
(a) A generates a bounded analytic semigroup (T(2)),ex,000y On X-

b) There exists 0 € (0,Z) such that the operators e*® A generate bounded strongly
2

continuous semigroups on X .
(c) A generates a bounded Cy-semigroup (T(t))wo on X such that rg (T(t)) c D(A)

for allt >0 and
sup [tAT'(t)] < oo.
t>0

(d) A generates a bounded Cy-semigroup (T'(t))wo on X and there exists C' >0 such
that

IR(r+is,A)| < %

for allr>0 and 0+ s e R.

(e) A is sectorial.

In order to formulate our perturbation result, we need the following tool (for more infor-
mations see [ENOOL Sec. I1.5.b]).

Definition 4.1.4. Let (T'(t))ss0 be a Cy-semigroup with growth bound wy < 0. For each
a € (0,1] the space

1

(T ()-2)| < oo}

t>0

Fazz{xeX:sup

with norm )
— (T(1)e-2)

|#] 7, :=sup
t>0

is called the Favard space of order « corresponding to (T'())sso-
One can characterize these spaces also by means of the generator (A, D (A)) of the Cy-

semigroup (7(t)):so as follows (see [ENOO, Prop. 11.5.12]).

Proposition 4.1.5. Assume that (T(t))s0 is a Co-semigroup with wy < 0. For a € (0,1]

the Favard space of order a is complete and coincides with
F,= {m € X :sup [N*AR(\, A)z| < oo} :
A>0
Moreover, the Favard norm || is equivalent to

llzlllz = sup [A*AR(A, A)z.
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4.2. The perturbation theorem

In order to state the main result of this chapter we first need a technical lemma which
recalls Young’s inequality.

Lemma 4.2.1. Let X, F be Banach spaces, K : (0,1] = L(F, X) strongly continuous, and
1<p,q,r such that 5 +2=1+1.

If k() = [ K ()

crx) € L1 (0,1) and ve C([0,1],F) then K *xve L"((0,1),X) and

[ = ol < k], o], -

Proor. We follow the proof of [ABHNI11, Prop. 1.3.5]. Let 0 <¢ <1 and v €
C ([0,1], F). Using the uniform boundedness principle one can show that for s € (0,t)
and (0,t) 3 s, —> s, for n € N big enough

[ Kt = sn)v(sn) - K(t = s)v(s)]x
<E(E = 50)(v(sn) = 0(s)) | x + [ (= sn)v(s) - K(t = s)v(s)]x

n—oo

< Mfv(sn) —v(s)[r+ [K(t - sn)v(s) - K(t=s)v(s)|x — 0
since v is continuous and K strongly continuous.
Thus the function
s b(s) = K(t-s)v(s)
is continuous on (0,t) and so also measurable.
By assumption k(«) € L4(0,1), thus k(t —+) € L(0,t) c L' (0,1).
Since
[6(s) 5 = [K(t = s)v(s)] x <kt =s)|v]s,

|b(+)| is integrable on [0,t]. By Bochner’s Theorem (see [ABHN11, Thm. 1.1.4]) b(-) is
Bochner integrable and so (K * v) (t) exists for every ¢ € [0,1].

We now show that ¢ — (K *v)(t) is continuous on [0, 1].

Let ¢t € [0,1] and h € R such that ¢+ h € [0,1]. By assumption we know that k(s) €
L4(0,1) c L' (0,1) and v € C'[0,1] is uniformly continuous. This allows us to perform the
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following computations

I(K *v) (E+h) = (K *v) ()]
:H/(;Hh[((s)v(t+h—s)ds—fotK(s)v(t—s)ds .
gfotk(s) |v(t+h—s)—v(t—s)||Fds+[t+hk;(s) [o(t+h—s)|,ds

t+h h—0
<[kl sup o(t+h=s)=v(t=s)|,+ ol [ k(s)ds =0,

s€[0,¢]

Thus K *veC([0,1],X) c L"((0,1),X) and by the scalar-valued Young’s inequality

el <1kl 10, -

[ K+ o], < [+ o(e)

O

We also need the following lemma describing the relation between the domain and the
Favard space of a given generator and the “rotated” operator A, := ei®A for some ¢ €
[0, 7).

Lemma 4.2.2. Let A be the generator of an analytic semigroup of angle 0 <0< 7.

Then A, generates an analytic semigroup for every ¢ € (=0,0). Furthermore, for all

a€(0,1] A, the a power of A (see [ENOO| Def. 11.5.31]), satisfies
D(A%) = D(AS) and Fav} = Favl?.

ProoFr. By Theorem part (b), A, is the generator of a bounded Cp-semigroup.
For a > 0 using Cauchy’s integral theorem (see [DS88] Sect. I11.14]) one easily obtains
(4.1) Aj = e AT
Since D(A*) =1g(A;*), Equation implies

D(A%) = D(A3).
In order to prove that the two Favard spaces coincide we use of the characterization given
by Proposition {4.1.5]
For sake of clarity we point out that
R(\, Ag) = e R(e7), A),

thus
A¢R()\, A¢) = AR(€7i¢)\, A)
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To show that FA ¢ F.* let 2 € FA. Then
sup [ A% A R(A, Ag) ] x

= s/\uloo INAR(e7 )\, A)z| x
(4.2) Ss}\ug) [INAR(X, A)x| x + s/\u([)) A (1 - e ) AR(N, A)R(e™ X\, A)z| x

Ss}\ug) INAR(A, A)x| x + s/\ug) [(1-e)eA\R(e™ X, A) | £(x) iug [INAR(\, A)x| x

SS)\U%)) INAR(A, A)z| x + Ms)\ug) INAR(A, A)x| x,

> >
for M >0, where in we used the resolvent equation. Since z € FZ,
iug) [IN*AR(A, A)z| < oo.
This implies that
sup [A* Ay R(A, Ag) x| < oo,

thus !
(4.3) FAcCFM.
In order to show that Fi? c FZ, one just notice that A = e7 A, and then apply for
A and Ay interchanged and —® instead of ®.
It remains to show that A, generates an analytic semigroup.

Since ¢ € (-6,0), there exists € > 0 such that |¢ + €| < . Thus e(?*)4 = e*ic A is generate
bounded Cy-semigroup and by Theorem [ENO0O, Thm. I1.4.6] A, generates an analytic

semigroup. 0

We are now ready to state and prove the main result of this chapter.

Theorem 4.2.3. Let A be the generator of an analytic semigroup (T'(t))so0 of angle

0 € (O,%] on a Banach space X. For Banach spaces Z, Usuch that X1 S Z S X we

take C € L(Z,U) and B € L(U,X_1). If there exists 5 >0 and v >0 such that
(i) g (A51B) c FiL,,
(ii) D(A") S Z,

(iii) B+~ <1,
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then
(a) the triple (A, B,C') is compatible,
(b) B is p-admissible for every p > ﬁ; if B=0, then also for p=1,
(c) C is p-admissible for every p < %,
(d) (B,C) is p-admissible for every ﬁ <p< %; if =0, then also for p=1,
(e) for every 0<e<1-(B+~) and ﬁ <p< % there exists M >0 such that
|Fel, < Mte, 0<t<1.
This means that every F € L(U) is a p-admissible feedback for (A, B,C), and
(A_1 + BFC)|x generates an analytic semigroup.
PROOF. (a) Let 0 <0 <a <1 then by [ENOO, Prop. I1.5.14 and Prop. 11.5.33]
D(A*) S X4 S FAS D(AY).
Hypothesis (7i7) implies that 1 - 8 > ~, then applying (i) and (ii) we obtain

rg(AT1B) c F{'yc D(A") c Z.

(c) Let t >0, then using (i7) one obtains
ICT )] cxo) < ICAT | cxn [ATT ()] 2x)-
Furthermore by [RR93| Lem. 11.36]
(4.4) JAYT(t)| z(x) < Mt™  for every t € (0,1].

This permits us to conclude that for every p < }/ [AYT ()| € LP(0,1) for every
x € D(A), hence C is p-admissible.

(b) The closed graph theorem together with condition (z) imply that A~}B e L(U, FA )
thus,

vi= AZjBuel” ((0,1), F'y)
for every uw e LP ((0,1),U).
Since rg (T(t)) ¢ D (A*®) := Nen D (A") for every ¢ > 0, we can define

K:(0,1] > L(F5X), tw AT(t).
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Then K is strongly continuous on (0, 1] and by [ENO0O, Prop. I1.5.13] there exists
M > 0 such that

[P K (t)z]x < sup [s"AT(s)z]x < Ma|pa

s€(0,1]
for every x € Fi! ;. Tt thus follows that
(4.5) k(t) = | K(t)| £(r,x) € Mt for all te(0,1],
this imply
q< % and 8 >0,
g>1and 3 =0.

Choosing r = o0 in Lemma one obtains that for ¢ = -5 there exists M > 0
such that for every u e C ([O, ] U)

"AlT_l(l—s)Bu(s)ds .

1
= Hf AT (1 -s)A~{ Bu(s)ds

b
=[(K = 0) (D x < [ K x ol < [Elqfulp,

ke L1(0,1) if{

provided
q=i= <%andﬁ>0<:>p> and >0,
L->1

-p
q=15 and (8 = Oapzlandﬁ—o.
Since C'([0,1],U) is dense in LP ([0,1],U) the proof is concluded.

(d) Again, since rg(T(t)) ¢ D(A*) for every ¢t > 0, we can define the following
strongly continuous function

L:(0,1] > L(F{5,X), tm A"T(1).
Then by ([#.4) and (4.5) there exists M > 0 such that
l(t) = ”L(t)HL(FIA_B,X)
<o (5)].. 4 (5)
2/l zex) 2

< ]\7[15*(5*’7).

£(Fi,.X)

Choosing p LB <r< %y in Lemma we obtam 1=5+1>pB+~and thus

q(8+7) <1 implying [ € L7 (0, 1).
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Let u e C'([0,1],U), then by Lemma there exists M > 0 such that

() L)

1 t
<1CA g ([ | [ AT = )4 Bus)ds
<NCA | gy (L %)
(4. <V, s

C fot T_1(t - s)Bu(s)ds

, 1
at)
X

I

This implies that for ﬁ <r < = the input-output map has a unique continuous

1
!
extension
Fi: LT ((0,0),U) = L ((0,1),0).
Since L ((0,t),U) L5 ((0,t),U) for r > ﬁ, considering also (b) and (c), one
can conclude that (B,(C') is jointly p-admissible for every p € (ﬁ, %), if 5=0
then also for p=1.
(e) Jensen’s inequality implies that for 1 < p < r < oo and uw € L7 ([0,¢],U) c
Ly ([0,2},U)
11
[ulp <te{ul,.
This together with (4.6]) implies that for ﬁ <p<r< % and u € L" ([0,t],U) there
exists M; > 0 such that

1,1
Tty

_p-1
-EUMSWEUWSAﬂwmﬁﬁﬁﬂﬁfﬁIWMM

Let 0<e<1~(f+7) and define r == 15— €
dense in L7 ([0,¢],U)

—

ﬁ, %) Then since L" ([0,¢],U) is

| Fll, < Myt' %+ < My,
Thus we can apply Theorem and conclude that (A_; + BF C’)| + generates a Cp-
semigroup (S(t))wo on X for every F e L(U).
It remains to prove that (S(t)):so is analytic.

Since A generates an analytic semigroup of angle 6 € (O, %] then by Lemma for
¢ € (-6,0) also A., generate analytic semigroups.

Using again Lemma [4.2.2 one obtains that

(A¢’_1 + BFC)|X and (A—d%—l + BFO)IX
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are also generators for every F € £L(U). Hence replacing F' by e F also
(A¢7_1 + €i¢BFC)|X and (A_¢’_1 + €_i¢BFC)|X

are generators. This together with Theorem part (b) permits us to conclude that
(A_1 + BFC),x generates an analytic semigroup for every F' € L(U). O

If the Banach space Z is the domain of a closed operator K, then the condition D(AY) c Z
can be verified by the following result, see [RR93), Lem. 11.39)].

Lemma 4.2.4. Let A be the generator of an analytic semigroup (T(t))s0 on the Banach
space X and let K be a closed linear operator such that D(A) ¢ Z := D(K). If for
a€(0,1) and every p > py > 0 there exists M >0 such that

|Fca < M- (o] + | Ax])  for all z € D(A),

then D(AY) c Z for every v > a.

4.3. Example

We conclude this chapter with an application of Theorem [4.2.3]
Let us consider a heated metal bar of length 7 modeled as a segment [0, 7].

As state space we choose the Banach space X := L' ([0,7]), since its norm represents
the total heat at time ¢ > 0, and consider the state function x(s,t) representing the
temperature in the point s € [0, 7] at time ¢ > 0. Clearly, as in section the “maximal”
operator describing the system is given by

42

m= T with domain D(A,,) =W>0,7] c X =L'0,7].
s

We first consider the case where there is no heat exchange between the ends of the bar
and the environment. This corresponds to the boundary operator

L:W20,7] > U, Lf=(f(0), f'(m)),
for U := C? and the system operator given by
A= Am|kerL-

We now modify our system, such that the heat exchange between the ends of the bar
and the environment is equal to the temperature in s = 7. That means, introducing the



66 Weiss—Staffans perturbation of analytic semigroups

operator
™ T\\*
oW =z-0 of=(f(3). 7(3))
the system operator becomes

A*:= A,  with domain  D(A%®):={zeD(A,,): Lr=dx}.

Clearly A? is a boundary perturbation of the generator A, thus similarly as in Lemmal3.1.2]
using the Dirichlet-operator D) (see Lemma [3.1.1)), we can write A® as a Weiss-Staffans
perturbation of the generator A

A(I) = (A—l + (2 - A_l)qu)) |X,
for B:=(2-A_1)Dye L(U,X_1) and C:=® e L(Z,U).

Since A is the generator of an analytic semigroup on X, in order to obtain the generator
property of A%, one can apply Theorem and show that conditions (7), (#i) and (i)
are satisfied.

Condition (i). We show that ker(2 - A,,) ¢ F{A, where
ker(2 - Am) = <fag>
for f(s):=e V2 and g(s) := s

Modifying f and g in a small neighborhood of the endpoints s =0 and s = 7, one obtains
W € D(A) and (hflg)) W C D(A) converging with respect to
the norm of X to f and g respectively with
‘ X} < o0

sup{HAhgf) ‘X} < 00 and sup{HAhSJ)
Thus, f, g€ F{, and condition (i) of Theorem is satisfied for 8 = 0.

sequences of functions (hflf ))

neN neN

Conditions (ii) and (iii). Since K := & with domain D(K) = Z is a closed operator on X
we can use Lemma [£.2.4 and show

1
D(AY)c Z for all > o
Namely, following [ENOO, Expl. T11.2.2], for every f € D(A) and € > 0 we have

W9
I 1x < =1 fllx + el Afllx,

thus, choosing p:=¢1>9

/ 1 1
17 1x <9 (p31/1x + 2 H1AS )
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Thus for every v > &, D(A7) ¢ Z and conditions (ii) and (éii) of Theorem are

PR
satisfied, and A% generates an analytic semigroup.






CHAPTER 5

Non autonomous Weiss—Staffans perturbation

In this section we shall apply Theorem to the following problem.

Given the generator A of a Co-semigroup ()0 on X and a family of (unbounded)

operators (P(t)),z- How can we associate a time evolution to the (in a suitable way
defined) sums “A(t) = A+ P(t)”?

5.1. Evolution semigroups

For our approach to this question, we start from a o-finite measure space (2,3, ;) and a

separable Banach space X.

Definition 5.1.1. Let 1 < p < co. An operator M € L(LP(€, X)) is called a bounded
multiplication operator if there exists an operator valued function M (-) € L= (Q, Ls(X))
such that

(5.1) (Mf)(s)=M(s)f(s) Vfel’(R, X), ae se.

In particular, each ¢ € L*°(Q,C) yields the multiplication operator M, e L(LP(2, X))
defined by

(Myf)(s)=o¢(s)f(s) forae. sef.

For a systematic investigation of such operators see, e.g., [How74], [Eva76], [AT05] and
[Hey14].

Clearly, every operator M e L(Lr(€2, X)) of the form (5.1)) commutes with M for every ¢ €
L>(,C). Surprisingly the opposite also holds as proved by Evans in [Eva76, Theorem
5.7] in the case © = R™ and by [AT05, Thm. 2.3] in the general case.

Theorem 5.1.2. Let X be a separable Banach space and M € L(Lr (2, X)) such that
MM, = MyM Ve L=(Q,C).

Then for every s € Q there exists M(s) € L(X) such that
69
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e M(-)x is measurable for every xr € X,
o (Mf)(s)=M(s)f(s) for a.e. s€Q and every feLP(Q,X).

The operators M (s) are determined up to a set of measure zero and | M| = esssup,.q | M (s)].

We now introduce a second concept.

Definition 5.1.3. A family of bounded linear operators (U(t,s));ss on X is called an

exponentially bounded, strongly measurable evolution family if
o U(t,t)=1Ix VteR,
o U(t,r)U(r,s)=U(t,s) Vs<r<it,
o (t,s)~U(t,s) from {(¢,s) e R?:¢ > s} into L(X) is strongly measurable,

e there exist M > 1 and w € R such that |U(¢t,s)| < Mew(t=5) Vit > s.

The second property is also known as Chapman-Kolmogorov equation.

Given an exponentially bounded strongly measurable evolution family (U(t,s)):ss on X
one can define on the space X = LP(R, X)), 1 < p < oo, a family of bounded linear operators
as

(5.2) (T@)f)(s)=U(s,s=t)f(s—-t) VfelP(R,X), seR, t>0.

If the bounded evolution family is strongly continuous one can prove that the family
(T(t))=0 is a Co-semigroup (see [CL99|, Chapter 3.2] and [EvaT76l, Section 6]).

We thus make the following definition.

Definition 5.1.4. A strongly continuous semigroup (7'(t));0 on X = LP(R, X) is called
an evolution semigroup if there exists an exponentially bounded, strongly measurable
evolution family (U(t,s))ws on X such that (5.2)) holds.

Remark 5.1.5. Denoting by (S(t))0 the right-shift semigroup on X', one notices that
for an evolution semigroup (7'(t) )0

T(t)S(-t)f(s) =U(s,s-1)f(s) V[fedk.
Thus for every t > 0 the operator T'(¢)S(-t) is a multiplication operator on X.

Using Theorem and following the proof of [RRS96, Theorem 3.4] and [How74,
Theorem 1] one can characterize evolution semigroup as follows.



5.1 Evolution semigroups 71

Theorem 5.1.6. Let X be a separable Banach space and (T(t))i0 a Co-semigroup on
X =1LP(R, X) with generator (G, D(Q)).

Then the following are equivalent.
(1) (T(t))ws0 is an evolution semigroup.
(2) TW)(of) = (SW)P)T () f Vt20,feX, peL>(R).
(3) For every ¢ € CX(R) and f € D(G), ¢f € D(G) and
G(of)=-9'f +¢Gf.

PROOF. (1) = (3): Let ¢ € CL(R) and f € D(G), then

T@)(ef)-of _(SOO)TE)f) = df tno
t t

¢'f+oGf.

(3) = (2): For ¢ € C1(R) and f € D(G) let us define
u(t) = (S()e)(T(t)f), t=0.

Then u(t) € D(G) for every t >0 and

Gu(t) = -¢'T(t)f + (S)P)GT(t)f.
Furthermore u(-) is continuously differentiable with

w(t) ==¢"T(t)f+(S)P)GT(t)f.
Thus u(-) is the solution of the wellposed Cauchy-Problem

{u(t) = Gu(t), t>0,
u(0) = 9¢f,

hence (S(t)p)T(t)f =T (t)of for every ¢ € CLH(R) and f € D(G). By a density argument
one obtains (2).

(2) = (1) : First introduce the space X := LP(R, X') = LP(R?, X') where the second equality
holds since we can identify every element f(s,t) e LP(R?, X') with f(t) = f(-,t) e LP(R, X)
for a.e. teR.

In this way we can consider

T(t)S(~t) ift>0,

0 else

M(t) = {
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as an operator acting on LP(R?, X'). By hypothesis M commutes with multiplication by
all bounded measurable function t — 1 (t) and s — ¢(s), hence, since L*(R) ® L>=(R) is
dense in L>°(R?) with respect to the weak-* topology, M commutes with multiplication by
any function (¢,s) ~ ¥(t,s) in L*(R?). Thus we can apply Theorem and conclude
that there exists a strongly measurable function M (+,+) on R? such that

(Mf)(s,t) = M(s,t)f(s,t) forall s,teR and feLP(R? X).
Define

U(t,s)=M(t,t-s) fortz>s.

Since (t,s) = (t,t —s) is a bijective, Borel-measure-preserving function on R?, U(s,*) is
strongly measurable.
It remains to show that (U(t,s)):ss satisfies the Chapman-Kolmogorov equation.

To this aim let f e X, then
(T(@t+r)f)(s)

(M(t+1)S(t +7)f) (5)
= M(t+r,s)f(s—t-r)
= U(s,s=t-r)f(s=t-r).
On the other hand
(T@T(r)f)(s) = M@BSEOM(r)S(r)f) ()
= M(t,s)M(r,s—=t)f(s—t-r)
= U(s,s=t)U(s=t,s=t-7r)f(s-t-r).

Therefore
U(t,r)U(r,s)=U(t,s) forallt>r>s.

5.2. Non autonomous Weiss—Staffans perturbations

Let (A, D(A)) be the generator of an exponentially stable Cp-semigroup (et4):o on the
Banach space X.
Further let U and Z be Banach spaces such that X; - Z - X.

Given operators

x
if

C(-) e L=(R,L(Z,U)),
BeL®(R,L(U X)),
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we define (perturbed) operators on X by
D(Ap(t)) = {xeZ:Ajx+BC(t)xe X},
Ap(t) = A, +BC(t) forae. teR.

We are interested in conditions on the operators C and B such that the operator family
(Ap(t))ir generates a time evolution. In order to do this, we perturb the generator G of
the “evolution semigroup” (7'(%))ss0 associated to A on the space X = LP(R, X), 1 <p < oo,
and apply Theorem to this situation.

Let D be the generator of the right-shift semigroup (S(t));s0 on X and A the multiplica-
tion operator (Af)(s):= Af(s) for every s € R defined on X{! := L?(R, X7).

Then A generates a semigroup (e4),,, on X given by

(e f)(s) = e f(s) VseR.

Since the two semigroups (S(t))ss0 and (e*4);5¢ commute, their product
T(t) :=eAS(t) = S(t)e, >0,
defines a Cy-semigroup on X (see [ENOOL 1.5.15]) and is called the evolution semigroup

associated to A. The idea behind this definition is to add the time variable to the original
problem.

The generator G of this semigroup is formally given by the sum A+ D (for more details
see [Nag95, Theorem 4.3]).

It is clear that, starting from X, we can define at least three Sobolev towers, each one

corresponding to one of the generators introduced above. This is visualized the picture

below.
XA = 1/(R X ) i / x5
X =1r(R,X)
xpP X7 Xt = 1P (R, X,)

FIGURE 1. Sobolev Towers.

In our case it will be useful to concentrate on the one corresponding to A, i.e., on the
black “skew” tower.
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On the extrapolated space with respect to A, given by X4 = L?(R, X_;), we can again
define a right-shift semigroup (5’ (t))es0 and then the product semigroup

T(t) = e15(t) = S(t)e!*t, 20,
with generator G, again formally given by G = A_; + D.
If we define the spaces
Z LP(R, Z)
u LP(R,U),

the operators C and B from above satisfy C € £L(Z,U) and B e L(U, X4). See the diagram
below.

XA =1P(R, X )

T~

X=17(R,X) U=1R,U)

T

Z=1*(R,2)

T

XlG Xl'A:Lp(RaXl)
N) C

D = D(D)n D(A)

FI1GURE 2. The setting.

Our aim is now to define the sum
Gp:=G+BC

on a suitable domain and give conditions on the operators B and C such that this sum

becomes the generator of a Cy-semigroup.

In order to do this we first need the following lemma.

Lemma 5.2.1. [f there exists t >0 and M >0 such that

(5.3) H Ji Tt = ) Bu(r)dr vue L2([0,4].1),

p
i ds < M |ulLoo.20
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then
(5.4) R\, G)Be L(U,X)
for every A > 0.

PrROOF. Remark allows us to compute the Laplace-transform of ¢ ~ B,u where
ueLlr([0,00),U) as

L(B.w)(\) = RO, G)BL(u)(N), for A>0
satisfying

- Mp
(5. RO GBL@) (e < 5l )

For ug €U and p > X apply (5.5) to u(+) = ey, and obtain
MB,LL

| R(A, G)Bug| x < WHUOHM

Thus for every A >0
RO\G)BeL(U,X).

This result can be used to prove the following fact.

Corollary 5.2.2. If in addition to condition (5.3)) the operator B be is injective and such
that rg(B) n X = {0}, then one can define a norm on rg(R(A,é)B) making it into a
Banach space. Furthermore one can define the direct sum

Z =1g(R()\,G)B) ® D(G)
and therefore D(G) & Z - X.

PROOF. Since B is injective, the operator W(\) := R(\,G)B is continuous, injective

and surjective on its image, thus it is invertible and its inverse
T(A)! defined on rg(R(\, G)B)

is a closed operator. Thus rg(R(),G)B) endowed with the graph norm of ¥(\)! is a
Banach space.

Using the fact that rg(B)n X = {0} we can define
Z =rg(R(\,G)B) @ D(G)
for A > 0.
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Using the resolvent equality, it is clear that this definition does not depend on the choice
of A and thanks to Lemma [5.2.1] we have Z > X. O

Analogously to Lemma [5.2.1| one can prove the following.

Lemma 5.2.3. If there exists t >0 and M >0 such that

t T
f C/ T(r—s)Bu(s)ds
0 0
then CR(\, G)B is well defined on WP(R,U) and admits a bounded extension

dr<MHu||Lp(0t w  YueWgP([0,], W' (R,U))

(5.6) T'(\) e L)
for every A > 0.
PROOF. Analogously to Theorem for A > 0 one can compute the Laplace trans-
form of (Foew)(+) = C f; T(+~r)Bu(r)dr for every u e Wy(R,,WL»(R,U)) obtaining
L(Fou)(N) = CRN, G)BL(u)(N)  for A > 0.

Applying Holder’s inequality, we obtain that there exists a constant M, depending on
A > 0 such that

|CR(A, G)BL(uw)(MN)|v < Ml (f0.0pa0)

for every u e Wy P(R,, Wi»(R,U)).

Now let uy € WP(R,U) and define t = @(t) = (A + 1)2te tuy € Wy P(R,, Whe(R,U)).
Then

ICR(A, GYBL(@)(N)|v = [CR(A, G)Buou

S M 10,00y )

My(\+ 1)(p!)1/p
= D \|U0||u-

Thus CR(\, G)B: Whr(R,U) - U can be extended to a bounded operator I'(A\) on . [

Using Theorem we prove the main result of this section.

Theorem 5.2.4. Let the operator B € L(U, X)) be injective and such that rg(B)nX = {0}.
Let the following conditions be satisfied.

a’s There exists X € p(A) such that R(\,A_1)Bc Z.
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b’: There exists t >0 and M >0 such that
t
(57) [ IeT)flds < MUf, fe X
c’: There exists t >0 and M >0 such that

t P
(5.8) f T(t=r)Bu(r)dr| <Ml weL([0.01.00).
0

d’: There exists t >0 and M >0 such that
t ro.
(5.9) / C f T(r-s)Bu(s)ds
0 0
where Wy ([0, ], Whe (R, U)) i={ue Wr»([0,t], W» (R,U)) : u(0) = 0}.

dr <M ulf ooz, weWoP([0,8], W' (R,U)),

e’: 1ep(F) for onet>0. Here Fy e L (Lp([O,t],U)) is the continuous extension of
W(l)ap([o,t], W (R,U))2urC f T (s - r)Bu(r)dr.
0

Then C admits a bounded extension C onto the Banach space Z = D(G) @ rg(R(\, G)B)
and the operator

D(Gp)={feZ:Gf+BCfeX},
Gp:=G+BC

generates an evolution semigroup (S(t))so0 on X.

We describe the situation of Theorem by inserting Z and C' in diagram .

XA =1P(R, X )

T

X =L(R, X) U=Lr(R,U)
T \
Z=1r(R,2)
Xy \Xf‘ =LP(R, X1)
N C

D = D(D)n D(A)

F1GURE 3. The new setting.
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Remarks.
e The left part of (5.7) is well-defined since X! is T'(¢) invariant, and X{* > Z.

e The left part of ((5.9)) is well-defined since, letting (Sy(t)):0 be the right-shift on
U with generator Dy, then for u € Wé’p([O, t], Wtr (R, U))

(fo (- s)zs’u(sws) ()= [ e By (r - s)u(s) (Vs
= — AT Bu(r)(-) + A7 fo re(r_s)A‘lB%(SU(T‘ - s)u(s)(-))ds
= —A7'Bu(r)() + A [OTT(r - 5)B[u'(s)(-) = Dyu(s)(-)]ds.

Using conditions a’ and d’, one concludes that (for T(r- S)Bu(s)ds) () e Z.

Thus one can define the operator F,, € L(Lr([0,00),U)) as the continuous exten-
sion of the operator

WEP(R,, WY (R,U)) 31w C f T(o = r)Bu(r)dr.
0
We can now start with the proof of Theorem [5.2.4]

PRrROOF. We first show that all the conditions in Theorem [1.3.3] are satisfied.

As the core needed in Theorem we take the space D := D(A)n D(D).

We show that C admits a continuous extension C on Z. Then each condition of Theorem
5.2.4] implies the corresponding condition of Theorem and the conclusions follows.

To do so we notice that
CT(s)f =CA'T(-)Af

is a continuous function for f e X{* > D. This together with assumption b’ permits us to
apply [TV09, Cor. 1.6], which, with an argument based on the Laplace transform, imply
that C admits a G-bounded extension C’ on D(G).

We now show that C can be extended to a continuous operator C” on rg(R(\, G)B) for a
A>0.

Since
T(A) e L(rg(T(N)),U)
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it follows that
)TN e L(rg(W(N)),U).
For x = U (A)ue U(\) (WLP(R,U)) one has that
TP\ 'z =CR(\,G)Bu = Cz.
Using that W(A\) (W'P(R,U)) is dense in rg(W(A)) it follows that C has a bounded ex-
tension
C" e L(rg(R(\,G)B),U).
On the space Z = D(G) @ rg(R(), G)B) define the operator C as
Cr:=C"z+C"zy
for z = x1+ x5 with z; € D(G) and 25 € rg(R(\, G)B)
Clearly Ce E(Z ,U) and, by the resolvent equation, it does not depend on the choice of

A>0.

It remains to prove that the semigroup (S(t))0 generated by Gp is an evolution semi-

group. We do this using Theorem [5.1.6]
To this aim we first show for every f € Z and ¢ € C1(R) that
ofeZ and
(G+BC)pf =-¢'f+ (G +BC)f.

Let f €D and ¢ € C}(R), then clearly ¢f € D and

(5.10) (G+BC)of =Gof +BC of

(5.11) =¢' f+¢Gf+BCopf

(5.12) =o' f+¢Gf + dBCSf
=¢'f+d(G+BC)J.

In (5.11)) we used that G is the generator of an evolution semigroup and in (5.12)) that
C and B are both multiplication operators. Since D is dense in D(G), the same formula
holds for every f € D(G) and ¢ € CL(R).

With similar arguments we obtain for f € W(A\)(W'P(R,U)) and ¢ € C}(R) that ¢f € Z
and

(5.13) (G+BC)of =¢'f+d(G+BC")f.
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As before one just uses a density argument and obtains that (5.13]) holds for every f €
rg(R(\, G)B) and ¢ € C1(R).

Summing up, we conclude that for every f € D(Gp) and ¢ € CL(R), ¢f € D(Gp) and

Gpof ==¢'f +9oGpf,

therefore (S(t))0 is an evolution semigroup. O

We conclude this section by proving a lemma giving a “pointwise” condition implying b’.
The proof follows the one in [RRS96, Theorem 4.2].

Lemma 5.2.5. If there exists t >0 and M >0 such that

t
(5.14) [0 |C (s +r)e x|t dr < M|
for a.e. se€R and every x € D(A), then

(5.15) [ 1eTe) sl < ) £l

for every f e D(A).

PROOF. For f e D(A) we obtain

[ ier @ sigar

/0 | f: |C(s) (T(r) f) ()| dsdr
fot [:o IC(s)e™ f(s—r)|Fdsdr
fo t f: |C (s +r)er £ ()7 dsdr

(5.16) = [:o f0t|C(s+r)eTAf(s)|€,drds
(517 < [ MG s

M| f1%

hence (5.15) holds. In (5.16) we used the Fubini-Tonelli Theorem and in (5.17) the
assumption ([5.14]). O
We use this lemma in Example 6.2, where it will simplify some computations.

Instead of using this semigroup approach, one could choose a direct approach as Schnaubelt
did in [Sch02]. There, under “strong” hypotheses (see [Sch02, Def. 3.8]), he obtains a
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strongly continuous evolution family [Sch02, Thm .4.4]. We decided to avoid this proce-
dure since the conditions appearing in [Sch02 Def. 3.8] are not easy to verify, at least

not in the cases that we will treat in Chapter [6]






CHAPTER 6

Non autonomous boundary perturbations

In this chapter we apply the results of Chapter 5| to time-dependent boundary pertur-
bations generalizing the problem considered in Chapter [3| to nonautonomous perturba-

tions.

In order to proceed we first recall (see also Chapter |3) Greiner’s approach [Gre87] trans-
forming a perturbation of the domain of a generator into a multiplicative and so by
[ENO0OL Sect. III.3.d] into an additive perturbation.

On two Banach spaces X and 0X we consider linear operators
An:D(A,)c X - X,
L:D(A,) - 0X.

Assume that Z = (D(An),|-|) is a third Banach space continuously embedded in X
and

Anm e L(Z,X),
LeLl(Z,0X).

On these operators we make the following assumptions throughout this section.

o A=Ay ker(ry generates a Cop-semigroup (et1) 50 on X.

e [ is surjective.
For an operator ® € £L(Z,0X) we consider the perturbed operator

D(Ag):={xeZ:Lx=ox},
Agpx = Az,  for every x € D(Ag).

The question under which conditions Ag generates a Cy-semigroup on X has been treated
in Chapter 3
In this chapter we consider the case where ® is also time-dependent, i.e.,

t— ®(t) e L(Z,0X), teR.
83
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We then obtain a family of perturbed operators

D(Ag(t)):={xeZ:Lr=o(t)x}, teR,
Agp(t)x = Az, telR,

and look for conditions such that these operators generate a time evolution.

6.1. The setting

To treat this problem we follow the approach of Greiner, see Lemma|3.1.2] and write each
Ag(t) as an additive perturbation of the generator A.

For simplicity we assume the semigroup (e4)5 to be exponentially stable, i.e., w(A) <O0.
As in Lemma [3.1.1| we note by D, the Dirichlet operator

Do = (Llkern,, ) : 0X — X.
Then, as in Lemma [3.1.2) Ag(t) can be written as an additive perturbation.

Lemma 6.1.1. Let x € X and t € R. Then x € D(Ag(t)) if and only if (I — Do®(t))x €
D(A). Furthermore

Ag(t) = (A — AL Dy®(t))x, teR.

We now proceed by assuming
O() e (R, L(Z,0X))
and setting U := 9X. Then we are exactly in the setting of Section [5.2] with
C=C()=d() e L=(R,L(Z,0X)),
B=B=-A1DyeL>(R,L(0X,X 1)),
and B is injective such that rg(B) n X = {0}.

Thus, applying Theorem we can associate a time evolution to (Ag¢(t)),.z- The
following result shows that in this case the “compatibility” condition a’ of Theorem [5.2.4
is automatically fulfilled.

Corollary 6.1.2. Assume that there exists 1 < p < oo such that conditions b’-e’ of
Theorem are satisfied. Then there exists an evolution family (U(t,s))ss associated

to (Ae(t)) e
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PROOF. The only condition to show is a’. Indeed, for A € p(A) we obtain
rg(R()\, A,l)B) = rg(—R(A, A*l)AleO)
=1g(Do = AR(A, A-1) Do)
c ker(An) + D(A)
c D(A,) =Z.

6.2. Nonautonomous flows in networks

A concrete example for the abstract setting above is given by flows in time dependent
networks.
We describe the situation.
Definition 6.2.1. A directed graph G is a triple G = (V, E, ¢) where for some n,m e N
o V:={vy,...,v,} is the set of the vertices,
e F:={ey,...,en} is the set of the edges,

e v: K — V xV is the incidence function.

For an edge e € E, ¢(e) = (v;, v;) means that the edge e connects the vertex v; to v;.

The following matrices describe the graph completely (see also [KS05, Section 1 and 2],
[Bay12| Section 6]).

(a) The outgoing incidence matrix @ = (¢;;)nxm, Where

_ |1, if v eV such that p(e;) = (v;,v),
N 0, else.

(b) The incoming incidence matrix ®" = (¢}, )nxm, Where

. 1, if Jv eV such that ¢(e;) = (v,v;),
N 0, else.

(¢) The adjacency matrix A = (ax)nxn = P (27)T.

(d) The adjacency matrix of the line graph B = (b )pxn == (®7)TP".
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We parametrize every edge by the interval [0,1]. We denote by ¢ and 7 € R the time
variables, and by s € [0,1] the space variable.

e On every edge we consider the following transport equation

d d
El‘j(t,S) Zngfljj(t,S), tZT,

where ¢; > 0 is the (constant) velocity of the material along the edge e;.

e We denote by 0 < w;;(t) <1 the proportion of material going from vertex v; into
edge e; at time t € R, and we assume that ¥, w;j(t) = 1 for every ¢ € R, i.e.,

there is no loss of material in the vertices.

e In every vertex the following Kirchhoff law holds

24 (1, 1) = w;; (1) Z ohre(t,0) Vi
k=1

e The initial condition is given by
zi(7,8) = f;(s), se[0,1].

In order to reformulate the problem on the space X =: L'([0,1],C™) endowed with the
norm | f|l, = X7, fo |£:(s)|ds we consider the operators
, d
A(t) = diag (cjg)jl N teR,

......

with domain

D(A(1))

{geWh([0,1],€™)] (1) e rg(@,(1))" and @ g(1) = ®"9(0)}
{g e Wh([0,1],€™)] g(1) = B.()g(0) }.
Here ®_,(t) = (wij(t))nxm is the weighted outgoing incidence matrix, and B, (¢) := (®(¢))7®"

the weighted adjacency matrix of the line graph at time ¢ € R. This allows us to reformu-

late our problem as a nonautonomous abstract Cauchy problem as follows
(t) = A(t)x(t), t> so,

nACP
( ){IE(T) = fr.

In order to use the result of Section [6.1] we take

o Z:=W1([0,1],C™) and 9X = C™,
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o [.:=4, € L(Z,0X) the point evaluation at 1,

o O(t) =B, (£)dy € L(Z,0X), teR,

.....

Then

e [ is surjective,

o (A, ker L) = (A, D(A)) is the generator of the nilpotent semigroup (et4);sq given
by

fi(s+cit) f0<s+ct<l

0 else

(€4f)(s) = {

for fe X, se[0,1],7€{1,...,m},
o A(t) =As(t), teR.

By Corollary (A(t)), vields an associated measurable evolution family if conditions
b’—e’ of Theorem [5.2.4] are satisfied. In our case we choose p = 1.

In order to prove b’ we show that condition (5.14) of Lemma holds for ¢ = 1. For
r=(21(-),...,2m(:))T € D(A), it follows that

r1(-+crr)

1
[ B, (s+1)d : dr
0

T (- + 1)

1

f |C (s +r)er Az cmdr
0

(Cm

z1(cir)

1
[ B,(s+71) : dr.
0

T (CmT)

Cm

Since B, (t) is column stochastic for every t € R, we obtain
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. z1(crr)
‘/(; B,(s+7) : dr

T (ConT) om

IN

1 m
| S lesemldr
0 j=].

2 f sl

1

min {c;:j=1,.

}Ilvax‘

In order to check the other conditions we first need to compute the following expres-

sion.

Let ¢ = m and u e W' ([0,¢], WLL(R,C™)), then denoting by - the variable in
R and by = the variable in [0, ]

¢
f A Byu(r) (- =t +7)dr
0

. _A—iBu(t)(-)+A-}fo el ”AlB ~(u(r) (-~ t+7))dr

fo Tt - ) Bu(r)(-)dr

_ Dou(t)() - fo te(t‘T)ADod%(u(r)(-—t+r))dr
_ 11[071]®u(t)(-)—fote(t"’)A‘lﬂ[oyl]®d%(u(r)('—t+r))dr
= wO - [ (E@OC- ) ret-m),  dr
= u(t)() - (f wfo e} (g (1) (=) () )

cJt+* 1

we have >0, thus

-----
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Using this one obtains
b t-1+1 t-1+1
H[ Tt = ) Bu(r) (-)dr A TP Lk
0

X 2[: ([01 Cj Cj
:i/: ([t |uj(l)(s—t+l)|dl)ds

c

J

- ift (f: \uj(l)(s—t+l)|ds)dl

)|dl)ds

:jil[t ([: |uj(l)(s)|ds)dl
<|

U|| L1([0,¢],L (R,C™))

and condition ¢’ follows.
Fort= ——2— and ue W' ([0,¢], WL1(R,C™)) we have

(Fa)(r) = Bo() (ulmax {0,252 P —remax{o, 225 h)
= 0.

.....

Thus conditions d’ and e’ hold and Theorem [ allows to conclude that there exists a
strongly measurable evolution family on X associated to (nACP).






CHAPTER 7

Conclusions and open questions

In this thesis work we present a perturbation result and illustrate it by many examples.

However, some questions remain open.

In Chapter |5| we start from a family of unbounded operators (Ap(t))ir on the Banach
space X and translate the associated nonautonomous Cauchy problem into an autonomous
one on X = LP(R,X), 1 < p < oo, by considering the respective evolution semigroup.
This strategy is well-known and has been used by e.g., [How74], [Eva76], [CL99],
[Nei81], [RRS96], [RSRVO00|, [Nag95|, [INN02]|, [Nic96|, [Nic97], [Nic00] and many
others.

Applying Theorem we were able to obtain an evolution semigroup in Theorem [5.2.4}
This evolution semigroup yields a strongly measurable evolution family associated to

(Ap(1))icr-

However, for the solutions of a nonautonomous Cauchy problem one expects at least
continuity. In order to obtain this, as explained in [CL99, Prop. 3.11], one needs an
evolution semigroup on the space Cy(R, X).

However, if one modifies the setting in Chapter [5| by considering Cy(R, X') instead of
LP(R, X)), one runs into serious problems and needs stronger hypotheses (e.g. [RRS96,
Sect. 3]).
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APPENDIX A

A.1. Estimating the p-Norm of a triangular Toeplitz matrix
For the proof of Lemma [1.1.19 we needed the following result.

Lemma A.1.1. For a Banach space X endow X = X™, n € N, with the p-norm

n 1
o)), = (3 el
k=1

for some 1 < p < +oo. Moreover, let Ty, ..., T,-1 € L(X). Then the norm of the Toeplitz

operator matrix

T 0O O 0
7 1y 0
T=(Gm)a=| L. 0 o | <D
. ‘. T1 TO 0
T..1 ... ... Ty T7 Ty e
can be estimated as
n—1
171 <> 175
§=0
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PROOF. Let x = (z1,...,2,)T € X. Then one can estimate
j

n j P 1
1T = (33 s )"

<(S(S 1Tl 1al))

j=1"i=1

<

(S(BIAT - [ Tcal) * Gl ol D)) )

(G N e R ) R (EA N EX N EA )

(IR GTREN )] B ((CANE R )]

N

n—1
2Tl Nl
7=0

where the second last step follows from Young’s inequality applied to the convolution of
sequences. [
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Deutsche Zusammenfassung

In dieser Arbeit wird folgende Problematik untersucht:

Gegeben der Generator (A, D (A)) einer Co-Halbgruppe (T'(t))is0 auf einem Banachraum
X. Fir welche Operatoren P auf X ist die Summe Ap := A+ P wieder ein Genera-
tor?

Viele Ergebnisse sind dazu bekannt (siche [ENOO, Sects. I11.1-3]), aber es gibt noch keine
allgemeine alle Spezialfalle umfassende Theorie.

Um die Summe Ap in verniinftiger Weise zu definieren, brauchen wir zunachst Voraus-
setzungen an den Operator (P, D(P)). Was wir annehmen ist, dass er auf dem zu A
gehorigen Sobolevturm (siche [ENO0O|, Sect. II.5.a]) wirkt. Besser gesagt, dass ein Ba-

nachraum Z existiert, sodass
XAS5 25 X und PelL(Z,X4),

wobei X' der Definitionsbereich von A versehen mit der Graphennorm ist, wihrend X4
der extrapolierte Raum ist, der zu A gehort (siche [ENOQO, Sect. I1.5.a}).

In diesem Fall definiere ich Ap := (A_; + P)|x, wobei A_; der Generator der extrapolierten
Halbgruppe ist (siche [ENOOL Sect. I1.5.a]), genauer

Apr=Ajx+Px firzxeD(Ap)=z€Z:A1z+PzeX.

Dies deckt drei bekannte Situationen ab:
e beschrinkte Storungen [ENOO, Sect. III.1],
e Desch—Schappacher Storungen [ENOOQ, Sect. 111.3.a],
e Miyadera—Voigt Storungen [ENO0Q, Sect. III.3.c].

In Arbeiten tiber Wohlgestelltheit von lineare Kontrollsysteme mit Feedback haben Weiss
und Staffans ein allgemeineres Ergebnis zu dieser Problematik dargestellt (siehe [Wei94al,
Thms. 6.1 and 7.2] und [Sta05|, Sects. 7.1 & 7.4]).
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100 Deutsche Zusammenfassung

In Kapitel [I] dieser Arbeit bearbeiten wir den Weiss—Staffans Ansatz, indem wir das

Ergebnis in einer rein operatortheoretischen Perspektive diskutieren.

Die Idee dahinter ist, mit Hilfe eines zuséaztlichen Banachraumes U die Storung in zwei

Teile zu spalten, d.h. P zu schreiben als
P=BoC wobei CeL(Z U)und BeL(U X%).

Es ist dann so, als ob wir einen “Miyadera—Voigt Teil” C' und einen “Desch—Schappacher
Teil” B hatten. Diese Interpretation spiegelt sich weiter in den Voraussetzungen, die wir

fiir Theorem [1.2.1] gemacht haben.

Die Ergebnissen dieses Kapitel, die zu Theorem fiihren, sind Teil einer Zusamme-
narbeit mit M. Adler und K.-J. Engel und wurden in [ABE14] publiziert.

Das Kapitel wird abgeschlossen mit einer Verallgemeinerung von Theorem [1.2.1] siehe

Theorem [.3.3

Im Kapitel [2| verwenden wir Theorem [1.3.3] um die Wohlgestelltheit von linearen Kon-
trollsystemen durch die Generatoreigenschaft einer Operatormatrix zu charakterisieren
(vgl. dazu [BE14]).

Im Kapitel [3] wird eine Verallgemeinerung des Greinerschen Ansatzes zu Randstorun-
gen [Gre8T| vorgestellt. Mit Hilfe von Theorem konnten wir dort unbeschréankten
Randstorungen handeln. Die Ergebnisse dieses Kapitels sind Teil einer Zusammenarbeit
mit M. Adler und K.-J. Engel und wurden in [ABE14] veréffentlicht.

Im Kapitel 4] betrachten wir den Spezialfall, indem der zu storende Generator A eine
analytische Halbgruppe (7(t))ss0 erzeugt. In diesem Fall konnen wir mit Hilfe von
Favardraumen und abstrakten Holderrdumen die Bedingungen, die in Theorem [1.2.1
vorkommen, vereinfachen und Theorem beweisen.

Die Ergebnisse dieses Kapitels sind Teil einer Zusammenarbeit mit M. Adler und K.-

J. Engel und werden in einem gemeinsamen Paper erscheinen.

Im Kapitel [f|wird Theorem [I.3.3|angewendet, um zeitabhingige Weiss—Staffans Storungen
zu betrachten. Dies geschieht mit Hilfe sogenannter Evolutionshalbgruppen. Unter Aus-
nutzung verschiedener Sobolevtiirme und unserer Verallgemeinerung des Weiss—Staffans

Storungssatzes (Theorem |1.3.3]) gelingt es uns in Theorem eine Evolutionshalbgruppe
zu erhalten, die einen nichtautonomen Cauchy-Problem entspricht.
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Die Arbeit wird abgeschlossen mit Kapitel [6, in dem die Ergebnisse von Kapitel [5] auf
zeitabhéngigen Randstorungen angewendet werden. Dies wird durch ein abschlieBendes

Beispiel iiber zeitabhangige Fliisse auf Netzwerke illustriert.
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